
PACS numbers: 73.22.Pr, 71.70.Di

DENSITY OF STATES IN DIRAC MATERIALS IN EXTERNAL MAGNETIC
AND STRAIN GAUGE FIELDS
V. O. Shubnyi1, a, S. G. Sharapov2, b

1Department of Physics, Taras Shevchenko National University of Kiev
2Bogolyubov Institute for Theoretical Physics, National Academy of Science of Ukraine

Abstract
We study a gapped graphene monolayer in a combination of uniform magnetic field and strain-induced uniform pseudo-
magnetic field. The presence of two fields completely removes the valley degeneracy. The resulting density of states shows
a complicated behavior that can be tuned by adjusting the strength of the fields. We analyze how these features can be
observed in the sublattice, valley and full density of states. The analytical expression for the valley DOS is derived.
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1. Introduction

The text of the presentation is based on our paper
[1].

The carbon atoms in monolayer graphene form a
honeycomb lattice due to sp2 hybridisation of their or-
bitals. Since the honeycomb lattice is not a Bravais
lattice, one has to consider the honeycomb lattice as
a triangular Bravais lattice with two atoms per until
cell. Thus one naturally arrives at a two-component
spinor wave function of the quasiparticle excitations in
graphene (see Ref. [2] for some analogies with a real
spin). The two-component form of the wave function
along with the band structure results in the Dirac form
of the effective theory for graphene.

The Dirac fermions had shown up the celebrated
magneto-transport and STS properties of graphene (see
Refs. [3, 4, 5] for the reviews). Recently STM/STS
measurements allowed not only to observe relativistic
Landau levels, but also to resolve directly their sublat-
tice specific features [6].

In the presence of a gap ∆ driven by inversion sym-
metry breaking, the LLL splits into two levels with the
energy 𝐸0 = 𝜂∆sgn (𝑒𝐵), where 𝜂 = ± distinguishes
inequivalent K and K′ points of the Brillouin zone and
an external magnetic field B = ∇ × A = (0, 0, 𝐵) is
applied perpendicularly to the plane of graphene along
the positive 𝑧 axis [7]. Here 𝑒 = −|𝑒| is the electron
charge and A is the vector electromagnetic potential.
The individual sublattices are valley polarized for the
LLL [8].

There is a close connection between the impact of
deformation and external electromagnetic field on the
electron structure of graphene. Change in hopping
energy between 𝐴 and 𝐵 atoms induced by strain can
be described by vector potential Apm analogous to the
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vector potential A of the external magnetic field (see
Refs. [9, 10] for a review).

The corresponding field, Bpm = ∇×Apm, is called
pseudomagnetic field (PMF), because it is directed op-
positely in K and K′ valleys. This implies that the
LLL breaks the electron-hole symmetry, with the LLL
energy, 𝐸0 = ∆sgn (𝐵pm) for both K and K′ points.
Furthermore, the states corresponding to the LLL are
sublattice polarized, because they reside exclusively on
either 𝐴 or 𝐵 sublattice [8].

The latest experiments [11] show that it is possible
to create a homogeneous PMF of order of a few Tesla.
Therefore, there is a good chance that the STS/STM
measurements of the Dirac Landau levels similar to that
done in Ref. [6] are now possible on strained graphene.
Thus the purpose of the present work is to study the
DOS (including the sublattice resolved) in a combina-
tion of a constant PMF 𝐵pm created by non-uniform
strain and magnetic field 𝐵.

2. Model

We consider gapped monolayer graphene in the con-
tinuum approximation described by the effective Hamil-
tonian

𝐻 =

(︂
𝐻K 0
0 𝐻K′

)︂
, (1)

The full Hamiltonian (1) acts on wave function with
four components

Ψ = (𝜓∙
K, 𝜓

∘
K, 𝜓

∘
K′ , 𝜓∙

K′)
𝑇
, (2)

where ∙ and ∘ denote, respectively, 𝐴 and 𝐵 sublatti-
ces and we followed the notations of Refs. [7, 4] with
exchanging the sublattices in the K′ valley. Thus the
Hamiltonian (1) includes two blocks corresponding to
K and K′ valleys

𝐻K = 𝑣𝐹𝜏𝜏𝜏
(︁
−𝑖~∇− 𝑒

𝑐
A−Apm

)︁
+ 𝜏3∆, (3)

𝐻K′ = −𝑣𝐹𝜏𝜏𝜏
(︁
−𝑖~∇− 𝑒

𝑐
A+Apm

)︁
− 𝜏3∆. (4)



Here 𝜏𝜏𝜏 = (𝜏1, 𝜏2) and 𝜏3 are Pauli matrices acting in
the sublattice space, 𝑣𝐹 is the Fermi velocity, the gap ∆
corresponds to the energy difference 2∆ between the 𝐴
and 𝐵 sublattices, A and Apm are the the electromag-
netic and strain induced vector potentials, respectively.
We completely neglect the spin splitting.

With the 𝑥-axis aligned in the zigzag direction, the
strain-induced vector potential reads [13, 14] (see also
the reviews [9, 10])

Apm =
~𝛽𝜅
2𝑎0

(︂
𝑢𝑥𝑥 − 𝑢𝑦𝑦
−2𝑢𝑥𝑦

)︂
, (5)

where 𝛽 = −𝜕 ln 𝑡/𝜕 ln 𝑎|𝑎=𝑎0
≈ 3 is the dimension-

less electron Grüneisen parameter for the lattice de-
formation, 𝑡 the nearest-neighbour hopping parameter,
𝜅 ≈ 1/3 is a parameter related to graphene’s elastic
property [13], 𝑎 is the length of the carbon-carbon bond,
(𝑎0 is the length of the unstrained bond), and 𝑢𝑖𝑗 with
𝑖, 𝑗 = 𝑥, 𝑦 is the strain tensor as defined in classical
continuum mechanics [9, 10].

The sign of the PMF depends on the valley, and, for
example, in K valley,

𝐵pm = −~𝛽𝜅
𝑎0

(︂
𝜕𝑥𝑢𝑥𝑦 +

1

2
𝜕𝑦(𝑢𝑥𝑥 − 𝑢𝑦𝑦)

)︂
, (6)

whereas it has the opposite sign in K′ valley, because
Apm enters Eqs. (3) and (4) with the opposite signs.
We restrict ourselves to a constant PMF. Thus we
arrive at the model with two independent K points cha-
racterized by the following combinations of the fields,
𝐵± = 𝑒𝐵/𝑐±𝐵pm.

3. Green’s function, sublattice and valley re-
solved DOS

We rely on the Green’s function (GF) machinery
that automatically takes into account the degeneracy
of levels and avoids the necessity to work with different
directions of fields separately. We will use the GF’s
corresponding to the separate K points. In particular,
we are interested in the translation invariant part ̃︀𝐺
of the GF that allows to derive both the DOS and the
transport coefficients. Its derivation has been discussed
in many papers (see, e.g., Refs. [15, 16, 17, 18]).

The corresponding contribution of the K point to
the DOS per spin and unit area on 𝐴 and 𝐵 sublattices
reads

𝐷K
𝐴,𝐵(𝜀) =

1

2𝜋𝑖

∫︁
𝑑2𝑝

(2𝜋)2
[ ̃︀𝐺K

𝑖𝑖 (𝜀− 𝑖0,p)− ̃︀𝐺K
𝑖𝑖 (𝜀+ 𝑖0,p)]

(7)
with 𝑖 = 1, 2 for 𝐴 and 𝐵 sublattices. It follows from
Eq. (1) that̃︀𝐺K′

(i𝜔,p) = ̃︀𝐺K(𝑣𝐹 → −𝑣𝐹 ,∆ → −∆, 𝐵+ → 𝐵−)
(8)

and

𝐷K′

𝐵,𝐴(𝜀) =
1

2𝜋𝑖

∫︁
𝑑2𝑝

(2𝜋)2
[ ̃︀𝐺K′

𝑖𝑖 (𝜀−𝑖0,p)− ̃︀𝐺K′

𝑖𝑖 (𝜀+𝑖0,p)]

(9)
with 𝑖 = 1, 2 for 𝐵 and 𝐴 sublattices, i.e. exchanging
the sublattices.

4. Expressions for numerical and analytical
calculation of the DOS

Integrating the GF[19], we arrive at the final result

𝐷K,K′

𝐴,𝐵 (𝜀) = 𝐷
K,K′(0)
𝐴,𝐵 (𝜀) +𝐷

K,K′(𝑛≥1)
𝐴,𝐵 (𝜀). (10)

Here 𝐷K,K′(0)
𝐴,𝐵 (𝜀) is the LLL contribution to the valley

and sublattice resolved DOS and 𝐷K,K′(𝑛≥1)
𝐴,𝐵 (𝜀) is the

corresponding contribution from the Landau levels with
𝑛 ≥ 1. Explicit expressions for these terms are

𝐷
K(0)
𝐴 (𝜀) = |𝐵+|

2𝜋 𝜃(𝐵+)𝛿(𝜀−∆),

𝐷
K′(0)
𝐴 (𝜀) = |𝐵−|

2𝜋 𝜃(−𝐵−)𝛿(𝜀−∆), (11)

𝐷
K(0)
𝐵 (𝜀) = |𝐵+|

2𝜋 𝜃(−𝐵+)𝛿(𝜀+∆),

𝐷
K′(0)
𝐵 (𝜀) = |𝐵−|

2𝜋 𝜃(𝐵−)𝛿(𝜀+∆), (12)

and for the Landau levels with 𝑛 ≥ 1,

𝐷
K,K′(𝑛≥1)
𝐴 (𝜀) =

∞∑︁
𝑛=1

|𝐵±|
2𝜋

[︁𝑀±
𝑛 +∆

2𝑀±
𝑛

𝛿(𝜀−𝑀±
𝑛 )

+
𝑀±

𝑛 −∆

2𝑀±
𝑛

𝛿(𝜀+𝑀±
𝑛 )

]︁
,(13)

𝐷
K,K′(𝑛≥1)
𝐵 (𝜀) =

∞∑︁
𝑛=1

|𝐵±|
2𝜋

[︁𝑀±
𝑛 −∆

2𝑀±
𝑛

𝛿(𝜀−𝑀±
𝑛 )

+
𝑀±

𝑛 +∆

2𝑀±
𝑛

𝛿(𝜀+𝑀±
𝑛 )

]︁
,(14)

where ± sign corresponds to K and K′ points. As
expected, presence of PMF removes degeneracy of the
levels with 𝑛 ≥ 1 [12] .

In section 5 we compute the sublattice and valley
resolved DOS numerically on the base of Eqs. (11),
(12), (13) and (14) by widening 𝛿-fuction peaks to a
Lorentzian shape, viz.

𝛿(𝜀−𝑀𝑛) →
1

𝜋

1

(𝜀−𝑀𝑛)2 + Γ2
𝑛

, (15)

where Γ𝑛 is the 𝑛-th level width. Such broadening of
Landau levels with a constant Γ was found to be rather
a good approximation valid in not very strong magnetic
fields.

4.1. Analytical expression for the valley DOS

Although the expressions for the sublattice and valley
DOS presented in Sec. 3 are sufficient for the numerical
study presented in Sec. 5, it is always useful to have a
simple analytical expression for the DOS. We adopt the
results of Ref. [20], and calculate the sum over Landau
levels analytically

𝐷K,K′
(𝜀) = 1

2𝜋2

{︃
− |𝐵±|𝜃(∓𝐵±)

Γ
(𝜀−Δ)2+Γ2

−|𝐵±|𝜃(±𝐵±)
Γ

(𝜀+Δ)2+Γ2 + Γ ln Λ2

2|𝐵±|

−Im

[︂
(𝜀+ iΓ)𝜓

(︂
Δ2−(𝜀+iΓ)2

2|𝐵±|

)︂]︂}︃
. (16)

Here 𝜓 is the digamma function, ± sign corresponds to
K and K′ points, the width of all levels Γ is assumed



to be the same, and Λ is the cutoff energy that has the
order of bandwidth.

5. Results
Now we use Eqs. (11), (12), (13) and (14) to study

the valley, sublattice and the full DOS numerically. For
simplicity we assume that all Landau levels have the
same width Γ. In this case the valley DOS and then the
full DOS can also be calculated using Eq. (16). In all
numerical work we take the value of the Fermi velocity,
𝑣𝐹 = 106 m/s that corresponds to the Landau energy
scale, 𝜀0 = (~𝑣2𝐹𝐵±)

1/2 = 25.7
√︀
𝐵±[T] meV. The gap

∆ that lifts the energy degeneracy of the 𝐴 and 𝐵
sublattices and breaks the inversion symmetry was ob-
served for a graphene monolayer on top of SiC, graphite
[5], and hexagonal boron nitride [22]. Its value ranges
from 10 meV to several tens of meV.

Fig. 1 demonstrates how the full density of states,
is formed by the contributions from the valley resol-
ved DOS: left panel (a) is for |𝑒𝐵| < |𝐵pm| and the
right panel (b) is for |𝑒𝐵| > |𝐵pm|. The two curves in
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Fig. 1. The full DOS, 𝐷(𝜀), (thick solid) and the valley-
resolved DOS, 𝐷K,K′

(𝜀), (thin solid and thin dashed)
in arbitrary units as the functions of energy 𝜀/𝜀0, where
𝜀0 = (~𝑣2𝐹𝐵+)

1/2 = 25.7
√︀
𝐵+[T] meV is the Landau

scale for K valley. (a): 𝐵 = 5 T and 𝐵pm = 18 T. (b):
𝐵 = 10 T and 𝐵pm = 1 T. The gap ∆ = 50 meV and
the scattering rate Γ = 10 meV in the both cases.

the bottom part of the figure show the valley resolved
DOS, 𝐷K,K′

(𝜀). The curves for K and K′ points have
the peaks corresponding to the relativistic Landau le-
vels with the energies ∼ ±

√︀
𝑛|𝐵±|. The positions of

the peaks corresponding to the LLL with 𝐸0 = ±∆
distinguish the cases (a) the PMF dominated regime,
|𝑒𝐵| < |𝐵pm|, when both peaks have the same sign of
the energy, and (b) the magnetic field dominated re-
gime, |𝑒𝐵| > |𝐵pm|, when the peaks have the opposite
energy sign. Those are rather trivial consequences of
having a superposition of magnetic and PMF.

It is instructive to represent the dependences of the
full DOS, 𝐷(𝜀), on the fields 𝐵 and 𝐵pm employing
the density plot. Figs. 2 (a) and (b) on the top panel
show the full DOS, 𝐷(𝜀,𝐵,𝐵pm) as a function of energy
𝜀 in meV and magnetic field 𝐵 in T for 𝐵pm = 0 T
and 𝐵pm = 8 T. Figs. 2 (c) and (d) in the bottom
panel show the full DOS, 𝐷(𝜀,𝐵,𝐵pm) as a function of
energy 𝜀 in meV and PMF 𝐵pm in T for 𝐵 = 0 T and
𝐵 = 8 T. One can find a similar DOS map for the STS
measurements [5] of graphene on chlorinated SiO2. The
density plot [5] allows to observe at higher fields the
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Fig. 2. Density map of the full DOS 𝐷(𝜀,𝐵,𝐵pm) as
a function of energy 𝜀 in meV, magnetic field 𝐵 in
T and PMF in T. Top left panel: (a): for a con-
stant 𝐵pm = 0 T. Top right panel: (b): for a con-
stant 𝐵pm = 8 T. Bottom left panel: (c): for a
constant 𝐵 = 0 T. Bottom right panel: (d): for
a constant 𝐵 = 8 T. The gap ∆ = 50 meV, the
scattering rate Γ = 5 meV and the Landau scale
𝜀0 = (~𝑣2𝐹𝐵±)

1/2 = 25.7
√︀
𝐵±[T] meV in all cases.

sequence of broadened Landau levels with separated
peaks.

Finally, we illustrate in Fig. 3 how the full DOS is
distributed between the sublattices. The DOS on 𝐴
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Fig. 3. The sublattice resolved DOS, 𝐷𝐴(𝜀) (solid) and
𝐷𝐵(𝜀) (dashed) in arbitrary units as the functions of
energy 𝜀/𝜀0. The gap ∆ = 50 meV and the scattering
rate Γ = 10 meV in all cases.

and 𝐵 sublattices, 𝐷𝐴,𝐵(𝜀), are shown by solid and
dashed curves, respectively. Fig. 3 (a) (top left panel)
describes unstrained graphene in the external magnetic



field. It corresponds to the situation studied experimen-
tally in [6]. The LLL is valley polarized. Furthermore,
the sublattice asymmetry is also seen for higher levels,
because we took a large value of the gap ∆ = 50 meV.
Fig. 3 (b) (top right panel) describes strained graphene
in zero magnetic field. As it should be, the LLL is
indeed completely sublattice polarized, while higher
levels are polarized in the same fashion as in Fig. 3 (a).
The PMF dominated regime, |𝑒𝐵| < |𝐵pm|, is shown in
Fig. 3 (c) (bottom left panel). The LLL polarization is
similar with Fig. 3 (b). The magnetic field dominated
regime, |𝑒𝐵| > |𝐵pm|, is shown in Fig. 3 (d) (bottom
right panel) and it is similar to Fig. 3 (a). Fig. 3 (c) and
(d) are computed for the same values of the parameters
as Fig. 1 (a) and (b), respectively. When both fields
are present the asymmetry between the sublattices can
be enhanced even for higher levels.

We note that in the present work the sublattice asym-
metry is directly brought by the inversion symmetry
gap ∆. We established that the presence of PMF and
magnetic field further enhances this effect. It is shown
in [23] that the local sublattice symmetry can be broken
just by the deformation. This deformation is not a pure
shear, so it produces not only the PMF, but also a
scalar potential.

6. Conclusion
In the present work we had in mind that the sublat-

tice resolved DOS can be measured by STS. However,
the full DOS can also be experimentally found by measu-
ring the quantum capacitance [21] which is proportional
to the thermally smeared DOS. The corresponding con-
volution with a Fermi distribution is easily expressed
in terms of the digamma function [24], so that the
presented here results can be easily applied for this
case.

In conclusion we note, that controlling the valley de-
gree of freedom is important for possible valleytronics
applications of the new materials. In this respect a
simultaneous tuning of the strain (PMF) and magnetic
field is rather useful, because it allows to remove the
valley degeneracy. Thus the experimental testing of
the features discussed in this work would be helpful for
development of valleytronics.

We gratefully acknowledge E.V. Gorbar, V.P. Gusy-
nin and V.M. Loktev for helpful discussions. S.G.Sh.
acknowledges the support of EC for the RISE Project
CoExAN GA644076.
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