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Abstract 

The entropy of the i-th ideal gas iS  in thermodynamics is expressed by a formula that 

contains the term ii nRn ln−  ( in  —  the number of moles of a gas). So that entropy is not an 

additive quantity, as for constant volume )()()( 2121 nSnSnnS +≠+ . Assuming that entropy 

of a mixture of different ideal gases is equal to the sum of entropy of its components, physics 

get the following formula for a mixture of 1n  and 2n  gas moles, which contains the term 

( )[ ]22112121 lnln()ln() nnnnnnnnR +−++ . This term is equal to the difference 

)()()( 2121 nnSnSnS +−+ . The same term is present in the formula for the entropy change in 

consequence of a mixing process of two ideal gases, initially separated by an impenetrable 

septum. When passing to a mixture (mixing) of identical gases, the indicated term 

“disappears”. The inexplicable within the framework of the physics the appearance and the 

“disappearance” of this term due to the nonadditivity of the entropy of ideal gas is the essence 

of various formulations of the Gibbs paradox, whose physical explanation search lasts more 

than 100 years. 
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1. Introduction 

The Gibbs paradox arises in the theoretical consideration of the problem of entropy 

change when two ideal gases initially separated by an impenetrable septum are mixed. The 

value of the entropy of mixing process does not depend on the properties of the gases being 

mixed, as long as they are different, but it jumps to zero when it comes to a mixing of 
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identical gases. This behavior of entropy of mixing process is paradoxical. Attempts to explain 

the Gibbs paradox have been undertaken for more than a hundred years (Khaytun, 2010). 

At one time, the author analyzed the arguments that lead to the Gibbs paradox and 

showed that the conclusion about a paradoxical jump in the entropy of mixing process is a 

consequence of two premises: “the formula for the entropy of a pure ideal gas contains the 

term ii nRn ln− ” and “the entropy of a mixture of ideal gases is equal to the sum of 

entropies of components of the mixture” (Ihnatovych, 2010). In this communication, the 

author intends to show that the two premises are logically incompatible: a function that is 

expressed by a formula containing the summand nan ln  is not additive. 

 

2. On the additivity of quantities and properties 

“ADDITIVITY is a property of quantities, consisting in the fact that the value of a 

quantity corresponding to an entire object is equal to the sum of the values of the quantities 

corresponding to its parts for any division of the object into parts” (Mathematical 

encyclopedia, Vol. 1 1977, p. 94). 

∑=
i

iАА ,  (1) 

where А  is the value of some additive quantity corresponding to the whole object, iА  are 

values of the quantities corresponding to its parts. 

Now let us clarify which properties in physics are called additive. 

“When the numerical value x  of a value representing a given property can be 

calculated by the mixing rule from numerical values x  of the same value taken for the 

component parts, then this property is called additive. In this case  

ii xmmx ∑= ,  

where im  — the masses ... of the constituent parts and imm ∑= ” (Khvolson, 1933, p. 59). 

( x  —   specific value of the value — V. I.) 

The values of specific property are determined by: 
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where ia  are values of specific property of the components of the mixture, im  are the masses 

of the components of the mixture, сa  — the values of specific property of the mixtures, and 

сm  is the mass of the mixture. 

∑=
i

ic mm .  (3) 

The mass fraction of the mixture component ix  is determined by: 
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The formula expressing values of specific additive properties of mixtures through 

values of specific properties of components follows from (1) — (4): 

∑=
i

iiс axa .  (5) 

If we assume that ia  are not specific, but the, ix  molar fractions of the components, 

then the average molar parameters of the mixture will be determined by formula (5). 

For the calculation of molar parameters, ix  are found by the formula: 
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where in  — the number of moles of components, cn - the total number of moles in the 

mixture, iN  — the number of molecules of the components, cN  — total number of 

molecules in the mixture. 

It follows from formula (5) that specific (molar) additive properties of the mixture 

depend on specific (molar) properties and specific (molar) fractions of components of the 

mixture, but do not depend on the mass of the mixture. From this it follows that such 

properties of substances whose specific (molar) values do not depend on their quantity, that is, 

those properties whose values for a certain amount of matter are directly proportional to the 

amount of matter, i.e., parameters iii Nnm ,, , can be additive. It also follows from formula 

(5) that the specific properties of mixtures of identical components are equal to specific 

properties of components. 
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3. On the additive properties of ideal gases 

The additive properties of mixtures of ideal gases are (see, for example, (Belyaev, 

1987)): mass, weight, heat capacity, internal energy, and also — if different parts have the 

same pressure — volume, and — if different parts have the same volume — density and 

pressure. It is easy to see that all these properties are directly proportional to the amounts of 

gases. We draw attention to the fact that the pressure and density are additive properties of the 

mixture under the condition that its volume is constant, and the volume of the mixture is an 

additive property under the condition of constant pressure: only under such conditions, these 

properties of an ideal gas are directly proportional to its quantity (parameters Nnm ,, ). 

The pressure, temperature and volume of an ideal gas are related to each other by the 

thermal equations of the state of an ideal gas: 

 kTNRTnRT
M
mVp ii

i

i
ii === .   (7) 

where ip  — pressure, iV  — volume, T  — thermodynamic (absolute) temperature, iM  — 

molecular mass of gas, R  — universal gas constant, k  — Boltzmann constant. 

The same equation relates the corresponding properties of mixtures of ideal gases. If we 

derive from formula (7) formulas expressing some additive property of the gas ( ip , iV , im , 

iM )  through other properties of gases, then these formulas will be valid for additive 

properties of mixtures of ideal gases. And other formulas connecting some additive properties 

of pure gases are valid for the corresponding additive properties of mixtures. This follows 

from formula (5) and from the proportionality of additive properties to the quantities of gases. 

 

4. On the additivity of the entropy of ideal gases and the Gibbs paradox 

The entropy of an ideal gas in thermodynamics is expressed by the formula: 
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where Vic  is the molar heat capacity of a gas at a constant volume, iS0  is a constant that 

depends only on the nature of the gas. 

According to (8), the entropy is not a quantity proportional to the amount of gas, 

respectively, is not an additive quantity. As a consequence, for a two-component mixture 

from the formula (8) the next formula follows (see (Ihnatovych, 2010)): 
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where сS  is the expression obtained on the basis of the formula (8) when corresponding 

parameters of the mixture are substituted into it. 

It is assumed that the entropy of a mixture of ideal gases is equal to the sum of the 

entropies of the components of the mixture, and a formula of the form (9) expresses the 

entropy of the mixture. Therefore, the appearance of the second term in this formula is not 

attributed to the nonadditivity of the entropy function of an ideal gas, and for over 100 years it 

has been attempted to explain by some specific properties of the mixtures in comparison with 

pure gases, which constitutes one of the directions for finding the solution of the Gibbs 

paradox. 

For the case of mixing of two different ideal gases with the same initial temperatures 

and pressures, it follows from formula (9) (and a number of others) that the value of entropy 

of mixing is equal to the second term in formula (9). Since in the case of the identity of the 

components formula (9) does not become to the formula (8), it becomes a necessary to 

explain the «disappearance» of the second term in formula (9) when changing from a mixture 

(mixing) of different ideal gases to a mixture (mixing) of identical ideal gases. This is the 

content of other formulations of the Gibbs paradox. 

Gel’fer, Lyuboshits, Podgoretskij (1975) derived the formula for the entropy of an ideal 

gas is containing a term of the form )/ln( NVkN on the basis of the requirement «the 

additivity of entropy with respect to the separation of the system into subsystems» (Gel’fer et 

al., 1975, p.16), where the subsystems are formed by dividing the volume of the gas into 

parts. In other words, an additive quantity whose value for an integer is equal to the sum of 

the values for parts not for any partitioning of the system into parts, but only if the pressures 

in the parts are equal, is called additive. The fact that a function defined under this condition 

turns out to be non-additive if the volume is constant is further considering by other authors as 

a paradox, to the solution of which they make a lot of efforts. 

Terletsky (1975) obtains an expression for the entropy of an ideal gas containing a term 

VkN ln  and asserts that it does not satisfy the additivity principle, since entropy does not 

increase by a α  factor with a simultaneous increase of N  and V  in α  time  (Terletsky, 

1984, P. 3). For the entropy has this property (additivity when the pressures in parts are 

equal), the author introduces the term )/ln( NVkN  into the formula, and then begins to 
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discuss the paradox caused by the nonadditivity of the function obtained by him, when the 

volumes are equal. 

 

5. Conclusion 

Thus, the underlying paradox of Gibbs is a glaring contradiction. The formula for the 

entropy of an ideal gas is obtained on the basis of the requirement that the entropy of an ideal 

gas be additive under the condition that pressures of the parts are equal, that leads to 

nonadditivity of the entropy provided that volumes of the parts are equal. The entropy of the 

mixture is found on the assumption of its additivity, provided that volumes of the parts are 

equal. A rational explanation of the results obtained on the basis of these logically 

incompatible premises is sought for more than 100 years. 
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