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The Gibbs Paradox arises when considering rather simple questions concerning 

the entropy of ideal gases, but remains unresolved for more than a century. There are 

several formulations of this paradox. In the formulation that J. W. Gibbs himself 

discussed, we are talking about an inexplicable jump in the entropy of mixing of ideal 

gases during the transition from mixing of different to mixing of identical ideal gases. 

Here we show that when obtaining an opinion on the indicated jump, a false premise is 

used: “a formula that contains the term )lnln( 2211 nnnnR  and a formula that 

contains the term )ln()( 2121 nnnnR   express different values of the same 

function”. Without this false premise, the conclusion about an inexplicable jump in the 

entropy of mixing of ideal gases does not arise. 

 

Introduction 

The Gibbs Paradox is one of the most mysterious physical paradoxes. It has been known for 

over a hundred years. It was explained or discussed by J.W. Gibbs, M. Planck, J.D. van der Waals, 

A. Sommerfeld and other well-known physicists (see [1–7]). There are several dozens of solutions 

to this paradox, but there is no such that can be called generally accepted. Various solutions to this 

paradox are presented in many textbooks (see, e.g., [2,4,10–12]), but papers containing new 

solutions appear again and again (see, e.g., [6, 13–17]). 

There are several formulations (versions, kinds) of the Gibbs paradox. One of them, which 

was discussed by J. W. Gibbs and which we, by the example of J. van Lith [17], call the original 

Gibbs paradox, arises when considering the magnitude of the entropy of mixing of two ideal gases 

separated by an initially impenetrable partition. If different gases have the same temperatures, 

volumes and pressures, and the number of moles of each gas is equal n , then after removing the 

partition and mixing the gases, the entropy of the system increases by the entropy of mixing equal 

to nnR ln2 , where R  is the universal gas constant. If identical gases with the same temperature and 

pressure mix, then the entropy of mixing is zero. Thus, during the transition from mixing different 

gases to mixing identical ideal gases, the entropy of mixing makes a jump, the value of which does 

not depend on how and how different the gases were. This behavior of the entropy of mixing is 

paradoxical (see, e.g., [1,2,5,8–11,13,14,16–20]). 
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A common feature of all works devoted to this formulation of the Gibbs paradox is that 

authors did not take into account the fact that the conclusion about a paradoxical jump in the 

entropy of mixing is not based on processing empirical data, but arises by reasoning based on 

certain premises. They did not analyze this reasoning and did not notice that there is a false premise 

used in obtaining a conclusion about the paradoxical jump in the entropy of mixing. To discover 

this premise, let us reproduce and analyze the reasoning that will adhere to this conclusion. 

These considerations can be divided into three parts. In the first part, the entropy of mixing of 

various ideal gases is found. In the second part, the entropy of mixing of identical ideal gases is 

found. In the third part, a conclusion on the jump in the entropy of mixing during the transition 

from mixing different gases to mixing identical gases is drawn, based on a comparison of the found 

values. 

 

Getting formulas for the entropy of mixing ideal gases and conclusions 

about the paradoxical jump in the entropy of mixing 

Among the premises on the basis of which the entropy of mixing of ideal gases is found (see, 

for example, [1,2,8,10–13,17]), there are formulas that express the entropy of a number of systems. 

The entropy of moles of the i-th ideal gas, the volume of which is equal iV , and the 

temperature is equal iT , is expressed by the formula: 
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where Vic  is the molar heat capacities of the i-th ideal gas at a constant volume, which depends on 

the nature of the gas; is0  is constant, which depends on the nature of the gas. 

The entropy of a system consisting of two ideal gases separated by an impermeable partition, 

the quantities of which are equal 1n  and 2n  moles and volumes 1V  and 2V  is expressed by the 

formula: 

),(),(),,,( 2221112211 VnSVnSVnVnS  , (2) 

where ),( 11 VnS  and ),( 22 VnS  are entropies of gases. 

The entropy of a mixture 1n  and 2n  moles of different ideal gases, the volume of which is 

equal V , according to the Gibbs theorem, is expressed by the formula: 

),(),(),,( 221121 VnSVnSVnnS m  , (3) 

where ),( 11 VnS  и ),( 21 VnS  are entropies of gases. 



 3 

The change in the entropy of the system during transition from the initial state I to the final state 

II is expressed by the formula: 

III SSS  , (4) 

where IS  is the entropy of the system in the initial state, IIS  is the entropy of the system in the final 

state, ip  is pressure of the i-th ideal gas. 

A number of parameters of an ideal gas are related to the equation of state: 

iiii RTnVp  , (5) 

where ip  is pressure of the i-th ideal gas. 

Further on the values related to systems of different gases will be denoted by superscripts d : 

d
IS , d

IIS , dS , and the values related to systems of identical ideal gases will be denoted by 

superscripts i : i
IS , i

IIS , iS . 

Based on the formulas above, we derive formulas for the entropy of mixing of different and 

identical ideal gases whose temperatures are the same. 

Suppose that 1n  and 2n  moles of ideal gases 1 and 2 with equal temperature and pressure are 

separated by an impermeable partition. Volumes of the gases are equal 1V  and 2V . From (1) and (2) 

follows the formula for entropy of this system: 
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After removing the partition the mixture is formed with of 1n  and 2n  moles of ideal gases 1 

and 2 of volume 21 VV  . From (1) and (3) follows the formula for entropy of this mixture: 
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From (4), (6), (7) follows the formula for dS  the entropy of mixing 1n  and 2n  moles of 

different ideal gases 1 and 2 with equal temperature and pressure that are separated before mixing 

by an impermeable partition: 
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In the case where the gases that are separated by a partition have not only the same 

temperature, but also the same pressure value, from (5) follows: 
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and from (8) and (9) follows: 

)lnln()ln()(),( 2211212121 nnnnRnnnnRnnS d  . (10) 

If nnn  21 , then from (10) follows 

2ln2),( RnnnS d  . (11) 

If 121  nn , then from (10) follows 

2ln2RS d  . (12) 

Now let us consider the case of mixing of identical ideal gases. 

Suppose, 1n  and 2n  moles of identical ideal gases (3 and 3), whose temperatures are equal T , 

and the volumes 1V  and 2V , are separated by an impenetrable partition. From (1) and (2) follows the 

formula for entropy of this system: 
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After removing the partition, 21 nn   moles of pure ideal gas 3 of volume 21 VV   are formed, 

its entropy according to (1) is equal to 
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From (4), (13), (14) follows the formula for iS  the entropy of mixing of 1n  and 2n  moles of 

identical ideal gases that have equal temperature and pressure values and are separated by an 

impermeable partition before the mixing: 
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For the case of mixing identical gases with the same temperatures and pressures from (15) and 

(9) follows: 

0)1,1(),(),( 21  iii SnnSnnS . (16) 

Comparing formulas (10)–(12) with formula (16), we obtain the conclusion on the jump in the 

entropy of mixing during the transition from mixing different to mixing identical ideal gases. 

This conclusion seems absolutely certain. The conclusion about the jump in the entropy of 

mixing follows from the fact that the value ),( 21 nnS d , according to (10)–(12), is not equal to 

zero, and the entropy value ),( 21 nnS i , according to (16), is equal to zero. Each of formulas (10)–

(12), (16) is obtained on the basis of the original formulas by means of a mathematical derivation, 

the correctness of which can be easily verified, since when receiving each intermediate formula, it 

is indicated from which initial and intermediate formulas it follows. 
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Why does the conclusion about the paradoxical jump of the entropy of 

mixing appear 

To reveal the error that leads to the conclusion about the jump in the entropy of mixing, we 

consider the question: what determines the difference between the values of ),( 21 nnS d , which is 

expressed by formulas (10)–(12), and ),( 21 nnS i , which is expressed by formula (16)? 

If we analyze the derivation of formulas (10)–(12) and (16), we can see that formulas (10)–

(12) are special cases of formula (8), formula (16) is a special case of formula (15), and the 

difference between formulas (10)–(12) and formula (16) is due to the difference between formula 

(8) and formula (15): formula (8) contains the term )lnln( 2211 nnnnR  , and formula (15) the 

term )ln()( 2121 nnnnR  . The value that is called the jump of the entropy of mixing when 

going from mixing different to mixing identical gases, i.e., the difference in the entropy of mixing 

),(),( 2121 nnSnnS id  , is nothing but the difference between these terms equal to 

22112121 lnln)ln()( nRnnRnnnRnn  . 

The difference between the terms )lnln( 2211 nnnnR   and )ln()( 2121 nnnnR   is due 

to the fact that they are different functions of 1n and 2n . Therefore, the difference between 

formulas (10)–(12) and (16), which express the entropies of mixing of different and identical gases 

),( 21 nnS d  and ),( 21 nnS i , is due to the fact that ),( 21 nnS d  and ),( 21 nnS i  are different 

functions of the quantities 1n and 2n . 

The fact that different functions of quantities 1n  and 2n  have different meanings in the case 

of identical values 1n  and 2n , there is nothing paradoxical or inexplicable. However, those who, 

based on a comparison of formulas (11), (12) and (16), make a conclusion about a paradoxical jump 

in the entropy of mixing from nnR ln2  or 2ln2R  to zero, proceed from an assumption that 

nnR ln2 , 2ln2R  and 0 are different values of one and the same function — the entropy of mixing 

ideal gases. 

In other words, when obtaining a conclusion about the paradoxical jump in the entropy of 

mixing under consideration, a false premise is used: “a function ),( 21 nnS d , whose formula 

contains the term )lnln( 2211 nnnnR  , and a function ),( 21 nnS i , whose formula contains 

the term )ln()( 2121 nnnnR  , are special cases of the same function — the entropy of mixing of 

ideal gases” . Without using this false premise, one cannot draw a conclusion about a jump in the 

entropy of mixing. Indeed, if we proceed from the true premise that “ ),( 21 nnS d and ),( 21 nnS i  

are different functions”, then from a comparison of formulas (10)–(12) and (16), we cannot 
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conclude that during the transition from mixing different gases to mixing identical gases, some 

function value jumps. 

The value of a single-valued function, which is expressed by some formula, is determined by 

values of the parameters and arguments that are included in this formula. Since it is generally 

accepted that formula (16) for the case of identical ideal gases expresses the value of the same 

function, which for the case of various ideal gases is expressed by formulas (10)–(12), many 

authors looked for the parameter of ideal gases, due to the difference in values of which the formula 

(16) differs from formulas (10)–(12). In fact, they tried to solve an insoluble problem: to find a gas 

parameter that differs from 1n  and 2n , whose difference in values determines the difference in 

values of )lnln( 2211 nnnnR   and )ln()( 2121 nnnnR  . 

Conclusions 

The appearance of the Gibbs paradox in the formulation of the conclusion about the entropy 

jump of the mixing of ideal gases during the transition from mixing of different ideal gases to 

mixing of identical ideal gases is due to the use of a false premise: “formula that contain the term 

)lnln( 2211 nnnnR   and formula that contain the term )ln()( 2121 nnnnR   express 

different values of the same function”. Because this assumption is considered to be true, given the 

jump is inexplicable. If you remove this false premise, then this formulation of the Gibbs paradox is 

eliminated. 
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