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Introduction

Many physical phenomena and processes in nature and technology are described by
ordinary differential equations and their systems. The classical theory of ordinary differential
equations is a powerful tool for investigation and solving mathematical models of various
applied problems.

The manual can be helpful for students who want to study the concepts of differential
equations and methods of solving them.

The proposed manual consists of five main chapters. Each of them contains theoretical
part and provides examples and figures to help clarify the theory and show some applications.

The first part deals with first-order differential equations: concept of the first-order
differential equation, its solutions, initial value problem and its solution. Here the reader may
find some practical problems arising in various fields of science.

The next part is concerned with the theory of higher-order differential equations. Here
students could find the methods of solving and application of such kinds of equations. Special
attention is paid to the linear homogeneous and nonhomogeneous differential equations with
constant coefficients. In addition, the one can get acquainted with exploring mechanical
vibrations by differential equations.

The third part is devoted to systems of differential equations. There are the basic
definitions and theoretical principles that should be relied upon when solving problems of a
given topic.

In the fifth chapter it is introduced the concept of stability theory. This question is one of
basic in so-called qualitative theory of differential equations.

The last part deals with the basic consepts of integral equations. Here students may find
out about Volterra and Fredholm equations, their properties and solving method.

Each topic is provided review questions and exercises, which will allow students to
master the skills of solving practical problems and prepare for examination. Answers are given
at the end of the manual.

This textbook is designed for students studying the discipline Differential and Integral

Equations. The manual can be used to provide full-time, distance or mixed education.
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1. First-Order Differential Equations

1.1 Basic Concepts and Definitions

|. General Definitions

LDeﬁnition.]The relationship which connects the independent variable x, the unknown

function y(x) and its derivatives (or differentials) is called the nth-order
differential equation with respect to function y = y(x) and may be written as

follows

F(x,y,y.y",...,y™) = 0.

L Definition.] The order of a differential equation is the order of the highest derivative (or

differential) that appears in the equation.

If the unknown function y(x) is a function of one variable, then the differential equation
has ordinary derivatives and is called ordinary differential equation, abbreviated by ODE.
Likewise, if the unknown function is a function of several variables (dependents upon two or
more variables), then the differential equation has partial derivatives and is called a partial
differential equation, abbreviated by PDE. The order of a differential equation does not
depend on whether or not we’ve got ordinary or partial derivatives in the differential equation.

[ Example 1. ]

a) y' + x3y = sinxy - the first-order ODE with respect to function y = y(x);

b) y'""" + e*y" = x + y - the third-order ODE with respect to function y = y(x);

C) Z—’; + xg—z = x3y - the first-order PDE with respect to function u = u(x, y);

2 2
d) ‘;2—;‘ + ZZ—’; = 0 - the second-order PDE with respect to function u = u(x, y).

Further we will deal only with ordinary differential equations.

L Deﬁnition.]Any function y = ¢ (x) which satisfies the differential equation (when put into

the equation, converts it into an identity) is called the solution or integral of a

differential equation.




[Deﬁnition,]The process of searching the corresponding function y = ¢(x) is called

an integration of differential equation.

We say that we integrate (or solve) the differential equation when we discover the

function y(x) (or the set of functions y(x)).

Il. The First-order ODE (General Concepts)

[ Deﬁnition.] The first-order differential equation with respect to y = y(x) is an ODE of

the form
F(x,y,y)=0
or (if it can be solved for the derivative y' = Z—z)
Y =) (1.1)

There exists yet another form of the first-order ODE:
P(x,y)dx + Q(x,y)dy = 0,
where P(x,y) and Q(x,y) are known functions. Here both variables x and y have the equal

rights, that is any of them can be considered as a function of another.

[Deﬂnition.]Function y = ¢(x,C) is called the general solution of the first-order

differential equation if it satisfies the differential equation (1.1) for any specific
value of the constant C. C is called the constant of integration. The relation
®(x,y,C) = 0, which contains implicitly the solution of differential equation,

is called the complete integral of the equation (1.1).

Solving the relationship @(x,y,C) =0 for y, we obtain the general solution.
Unfortunately, it is not always possible to express y in terms of elementary functions, and, in
such cases, we used to leave the general solution in implicit form.

The geometric meaning of the integral curves of an equation y' = f(x,y) is the
following: it specifies a derivative (that is, a slope) at every point in the plane. The equation
defines a direction field (or slope field) on the plane, that is, a field of directional vectors such
that at each point (x, y) the tangent of the angle of inclination of the vector (tangent line) with
the x-axis is equal to f(x, y). A solution of the differential equation is a function whose graph

has the given slope at every point it goes through. These curves nowhere intersect one another
7



and are nowhere tangent to one another. These curves are called integral curves of the given

differential equation.

y
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Thus, we get the slope field where the tangent of the

angle of inclination is defined by

tana =y’ zx-l;c_Zy. Figure 1.1

At each point (x, y), we evaluate the slope
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and, then, draw a short line segment with the slope
obtained (Fig.1.1).
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solutions of the differential equation we use them as Figure 1.2

guides for sketching the integral curves of the given equation (Fig. 1.2).

Geometrically the general solution y = ¢(x, C) or complete integral @(x,y,C) = 01isa
family of curves in a coordinate plane, which depends on a single parameter C.

Hence, there are an infinite number of solutions of the differential equation.

[ Example 3. ] W ol
Let us consider the differential equation "‘\"‘a‘ . y/,; n
y' = 2x. 5’\ W /’
It is easy to see that the general solution is \\\ﬂ..\ : /,/" 2
y=x%2+C, \\ R /f x
where C is an arbitrary costant. FIEP NS Z;_Z P r
Thus, we obtain integral curves that depends I

on € (Fig. 1.3). Figure 1.3




I1l.Initial Value Problem

[ Deﬁnition.] Function y = ¢(x, C,) that is derived from the general solution by setting the

constants C to particular values (C = C,), is called a particular solution. In this
case, the implicit function @(x, y, Cy) = 0 is called a particular integral of the
equation. A particular solution or integral is associated with only one curve of

this family that passes through a certain given point on the plane.

Consider the following problem: among all the solutions of the differential equation

y' = f(x,y), itis necessary to find a solution that satisfies the condition: y = y, for x = x,,

where x, and y, are given numbers. This condition is called the initial condition and is written
as follows:

y(x0) = Yo OF Y|x=x, = Yo- (1.2)

Hence, from the family of integral curves, which are determined by the general solution

or general integral of the equation, we have to select the integral curve that passes through a

given point My (xq; Vo)-

[ Deﬁnition.] A differential equation together with an initial condition, which specifies the

value of the unknown function at the given point in the domain
v =fxy), (1.1)

y(x0) = ¥o (1.2)
is called an initial value problem or Cauchy problem.

To solve the Cauchy problem means to find the particular solution y = ¢(x) of the
differential equation (1.1), such that it satisfies the condition (1.2): ¢(xq) = .
[ Theorem. ]

Cauchy Theorem About Existence and Uniqueness.

If in the differential equation

v =f(xy)

function f(x, y) and its partial derivative with respect to y, Z—£, are continuous

in some region D in an xy-plane containing some point M, (x,; v,), then there

Is only one solution of this equation y = ¢(x) which satisfies the condition

@ (x0) = Yo




Geometrically that means, there exists one and only one such function y = ¢(x), the
graph of which passes through the point M, (x,; y,). No matter what the initial conditions
y =y, for x = x,, it is possible to find a value C = C, such that the function y = ¢(x, Cy)
satisfies the given initial condition. It is assumed here that the values x, and y, belongs to the

range of the variables x and y in which the conditions of the existence theorem are fulfilled.
[ Example 4. ] e /

Let us consider the differential equation \\ Z
y' =2x when y(1) = 3. >
Previously we have got the general solution of the 6
equation: j 2
y =x%+C. 3
Let us find the initial value problem (y, = 3, x, = 1) ?
y()=1*+C=3and C=3-1=2. - 110‘1:‘”: o=

Hence, the particular solution is 3 A1 o

y =x%+2, B
Figure 1.4

the graph of which passes through the point M,(1;3)
(Fig. 1.4).

[Deﬁnition.]A function y = ¢(x) is called the singular solution of the differential

equation y' = f(x,y), if uniqueness of solution is violated at some points of

the domain of the equation.

Geometrically this means that more than one integral curve passes through the
point My (x,; ¥o). Such points are called singular points.

A singular solution of a differential equation is not described by the general integral,
which is it cannot be obtained by assigning definite values to the arbitrary constants in the
general solution.

Usually, singular solutions appear in differential equations when there is a need to divide
in a term that might be equal to zero. Therefore, when one is solving a differential equation
and using division one must check what happens if the term is equal to zero, and whether it

leads to a singular solution. More about singular solutions you may find in [1,13,17].
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Review Questions

. What do you mean by differential equation?
. What is the order of a differential equation?

. What equation is called an ordinary differential equation?

1

2

3

4. What do you mean by the solution of a differential equation?

5. What do you mean by the general solution of a differential equation?

6. What equation is called the first-order differential equation?

7. What is the general solution and general integral of the first-order differential equation?

8. What is a particular solution and a particular integral of the first-order differential
equation?

9. What is the geometric meaning of the solution of the differential equation?

10. What is the initial condition for the first-order differential equation? What is the geometric
meaning of the initial condition for the first-order differential equation?

11. Formulate the Cauchy problem for the first-order differential equation.

12. Formulate the Existence and Uniqueness Theorem for the solution of the Cauchy problem
of the first-order differential equation. Give a geometric interpretation of this theorem.

13. What solutions are called singular?

11



1.2 Separable Differential Equations

|. Method of Solving

[ Deﬁnition.] A first-order differential equation y' = f(x,y) is called a separable equation

if the function f(x,y) can be factored into the product of two functions
of x and y:

y'=91) hk) (1.3)
where are g(y) and h(x) are continuous functions.

Let us consider the derivative y’ as the ratio of two differentials Z—i’, then rewrite an

equation (1.3) as

Y g b
dx =gy X).
Move dx to the right side of equation
dy = g(y) - h(x)dx.
and divide both sides of equation by g(y), assuming that g(y) # O:

dy
FON h(x)dx.

If there exists a number y, such that g(y,) = 0, then this number is the singular

solution of the differential equation.

Considering y as known function of x, the equation obtained may be regarded as the
equality of two differentials. The primitives of them will differ by a constant C. Let us integrate
the left side with respect to y and the right side with respect to x.

Thus,

f%=fh(x)dx+€,

where C is an integration constant.
Calculating the integrals, we get the general solution (complete integral) of the given

equation.

12



Separable equation could be written in the form
P(x,y)dx + Q(x,y)dy =0, (1.4)
if P(x,y) = M;(x)N;(y) and Q(x,y) = Mp(x)N,(y).
Divide both sides of equation (1.4) by N;(y)M,(x), excluding the points at where
N;(y) = 0and M, (x) = 0:

M, (x) N, () ,
VA R ) R

or
M, (x) N )
X =- y.
M, (x) N1 (y)
Let us integrate the left side with respect to y and the right side with respect to x.

Thus

MG __fowdy+a

X =
M, (x) N (y)
where C is an integration constant.

[ Example 1. ]
Solve the differential equation

x2yty' +1=1.
It is clear, that this differential equation is separable. So, let us separate the differential
equation.
Rewrite it as
x2y?dy = (y — 1)dx.
Divide both sides of equation by x2(y — 1):

Integrate the left side with respect to y and the right side with respect to x

fyz d—f1d+c
G- )T

Hence, we get the complete integral of the given equation.

2

Y ety —1]= —2+¢
2 y by X '

13



Since, after dividing by x2(y — 1) we can lose the solutions x = 0 and (y — 1) = 0, that
Isy =1. Letusseeif x = 0andy = 1 are solutions of the differential equation.

Substituting directly x = 0 into the equation we obtain, that it is not the solution.

However, substitution of y = 1 into the equation gives us 0 = 0. Hence, it is the solution.
The solution y = 1 is not described by the general integral, thus, y = 1 is a singular solution

of a given differential equation.

[ Example 2. ]

Find the complete integral of the differential equation
(y —xy)dx + (x + xy)dy = 0.
Factorize the expressions in the both parenthesis:
y(1—-x)dx+x(1+y)dy =0.
Thus, this differential equation is separable. So, let us separate the differential equation
dividing the equation by xy # 0:

1—x 1+y
dx+Tdy=O.

X

Integrate both sides

1—x 1+y
[ [H24y ¢
X y

In|x| —x + In|y| +y =C.
Since the constant of integration is arbitrary, we may represent the
constant € as C =In|C;|, where C; > 0. Then
In|xy| +IneY™* = In|C;]|,
In(|xyle”™™) =In|C,|, =|xyle”™ =[(4l.
Hence the complete integral of the equation is
xyeY™™ = +(;
or
xye¥™™* = (,,C, = +C;.
Since we assume that xy # 0, then we have to check whether functions x =0
and y = 0 are solutions of the differential equation.

Substituting directly x = 0 and y = 0 into the equation both are solutions.
14



On the other hand, they can be obtained from the general integral when C = 0.

Thus, x = 0 and y = 0 are particular solutions of the equation.

[ Example 3. ]

Find the particular solution of differential equation (solve the Cauchy problem)
T
y' cotx = —y, y (—) = —1.

Lety' = Z—z, then

Ecotx =—y

and

ydx + cotxdy = 0.

First, separate the equation

dy  dx
y  cotx’
Hence,
— = —tanxdx

and then integrate both sides

dy
7=—jtanxdx+ln€,

In|y| = In|cos x| + InC.
Thus, the complete integral of the equation is
In|y| =InC |cos x|,
y =C -cosx.

Apply the initial condition x, = % y, = —1 to get the value of C:

1=C-cosm
=C - cos,

C =-2.
Thus, it gives a particular solution (the Cauchy problem solution)

y = —2cosx.

15



Il. Some Applications of Separable Differential Equations

In order to illustrate the applications of differential equations we consider the easiest

mathematical models in different fields of science: biology, chemistry and physics.

1. Biology (Population Growth and Decay)

Let us consider some population (people in a country, bacteria in a laboratory culture,
wild animals in a forest, ect.). Denote as N(t) the total amount population at time ¢, and
suppose that this function is real-valued, positive and differentiable (it is some kind of
simplification of a process, since at any given time t is necessarily an integer). Hence, the rate
of growth is regarded as a derivative with respect to t of the function N (t).We assume that the
rate of growth of population at a certain time is proportional to the total population at that time.

This assumption can be expressed as

=K-N(b), (1.5)

where K, K > 0 is called the growth constant or the decay constant (depending on the species
and could be found experimentally). That constant is often described as the difference between
the birth rate and the death rate.
The equation (1.5) is separable differential equation. Its solution is
N(t) = Cekt, (1.6)

If we know the population N, at an initial time (t = 0): N(0) = N, # 0, then we may

find the law describing population of species
N(t) = Nyekt.
Such a model of growth for human population was invented by the English economist
Thomas Malthus in 1798. N(E)A N(£)=Noe*"
It is obvious that
e if K > 0, we have growth, the population grows
and continues to expand to infinity when t — oo Ny
(Fig. 1.5).

Figure 1.5

16



e if K >0, we have decay, the population will N

shrink and tends to 0 (Fig. 1.6). N, W

The Malthusian model is not precise and has many

T

limitations. First, this model does not regard the limitations
of space and resources (for example, food). Figure 1.6
Second, for human population, this hypothesis do not take into account some social factor,
technological and economic changes, etc.

In any case, the Malthusian model was the first step to analyze mathematically the
changes of population. This idea was developed in the works of Pierre Francois Verhulst,

Raymond Pearl, Alfred James Lotka and Vito Volterra, etc.

2. Chemistry (Bi-molecular Reaction)

Let us consider a tank which contains the chemicals X and Y. Suppose that they are

undergoing the chemical reaction 2X 5 Y that involves the collision of two molecules of
reactant X (so-called bi-molecular reaction). Here, the rate of decomposition of X is
proportional (K is a coeffitient) to the square of the concentration of X. Assume that the initial
(t = 0) concentration of X is X, while the initial concentration of Y is zero.

In this case the mathematical model is

_1axe K-X%(t), X(0) = X,.
2 dt ’
Let us solve this separable differential equation
dX(t)
j —ZKJdt = —t)=2Kt+C.
General solution is
X(OA
X(t) = KT C X,
Solving the initial value problem X(0) = X,, we obtain X = ZKX);_ZH
X(t) = L
2KX,t + 1 :

Thus, we get the function (Fig. 1.7) predicting the

) ] o Figure 1.7
concentration of chemical X along with time.

17



3. Physics (Radioactive Decay)

Experimentally it was found that rate of radioactive decay is proportional to the number
of atoms (N(t)) present. The proportionality constant A is called the decay
constant. Mathematical model of this statement could be written by the first-order differential
equation

dN(t)
dt

The negative sign indicates that the amount of the radioactive material N decreases over time,

= A-N(t).

as the decay events follow one after another. If N(0) = N,, in which N, is the number of atoms
present at the initial moment of time, then the solution is
N(t) = Nye .
The half-life period T of a radioactive material is the time reguired to decay to one-half

of the initial amount of the material. Thus, it follows from the given law that at the moment T
N,
N(t) = 7" = Nye T,

Let us find the half-life period:

No _ 1 1 1
7:NOe AT o §=e” = —/1T=ln5 =3 T=zlr12.

The coefficient % is called the average lifetime of a radioactive atom and is denoted by 7.

Hence, the half-life T and the average lifetime t are related to each other by the formula:
T=1Iln2 = 0.6937.

These parameters vary widely for different substances. For example, the half-life

of Polonium-212 is less than one microseconds, but the half-life of Thorium-232 is more than

one billion years.

4. Physics (Newton’s Law of Cooling)

Let us consider the solid of initial temperature T, is placed in the environment of the
temperature T,, T, > T, (the cup of hot tea in the cold room). Obviously, eventually the
temperature of the solid must approach the temperature of the environment. Experiments
showed that the cooling rate approximately proportional to the difference between the

temperature of the solid and the temperature of the environment (Newzon s law of cooling).
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Thus, if T = T(t) is the temperature of the solid at time ¢, then this Law could be written
in the form of differential equation

dT(t) a-A
dt - C (Te - T(t));

where C is the heat capacity of the body, A is the surface area of the body through which the

heat is transferred, a is the heat transfer coefficient depending on the geometry of the solid,

state of the surface and other factors.

Denoting % = K, we obtain

dT(t
% =K(T, = T(t)),T(0) = T,.
The given initial value problem has the
: T(t)
solution i | - i
T() =T, + (Ty — T,)e ™"
T(t)=T,+ (T, — Te)e‘Kt To 0 <K10< Ky < Ky

Thus, while cooling, the temperature of any

solid exponentially approaches the temperature

of the surrounding medium. The cooling rate

depends on the parameter K. With increase of the

parameter K, the cooling occurs faster (Fig. 1.8). Figure 1.8
More examples of application of the first-order differential equations you may find in
[1,12,14,15,17].

Review Questions

1. Give the definition of separable differential equation and formulate the method of its
integration.
2. What are the forms separable differential equation? Write down examples of each form.

3. How do you find the singular solutions for separable differential equation?

4. Is it possible to claim that only one integral curve of the equation y' =3 i/? passes
through the point (0, 2)?

5. What is the order of the differential equation if its general integral has the form:

a) p(x,y,C) =0; b) p(x,y,C,C;) =0?
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Exercises 1.2

1-10. Find the general solution or integral of the differential equation:
(v —1D%dx+ (1 -x)3dy =0;

.xy9 — y2dx — y(4 + x?)dy = 0;

|

2
3.cosxcosydx —sinxsinydy = 0;
4. Inxsin®ydx — x cosydy = 0;
5. (xy? —y¥)dx — (x%*y + x*)dy = 0;
6.yy' +x=1;
7. (Jxy —2vx)y' —y = 0;
8. (1+y)eYy+1=0;
9. (14 x2)y" =xy — yV1 + x2;
10.y' = Sy
11-15. Find the particular solution or integral of the differential equation:
11. 3x3/ydx + (1 —x*)dy = 0, y(0) = 0.
12. ydx — (4 + x*)Inydy =0, y(2) = 1.
13. sin? x cos? y dx — cos?xdy = 0, y(0) = /4.
14.y'e™*=x—-1, y(1) = —e.
15.y'(x +Vx) = /1—y, y(0)=1.

Answers.
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1.3 Homogeneous Differential Equations

. Homogeneous Differential Equations

[ Deﬁnition.] The function f(x,y) is called homogeneous function of the n-th degree (n is

natural) with respect to the variables x and y, if for any number A the following

identity is true:

fAx, Ay) = A" f (x, y). (1.7)
For example, function f(x,y) = x? + y% — xy is homogeneous of the second degree,

since
fx,2y) = (Ax)* + () — Ax)(Ay) = 22 (x* + y* —xy) = 1f(x,¥).

Consider the equality (1.7) for A = i

(1Y) = Sy = fey =2 (1)

X
Hence, any homogeneous of the n-th degree function could be written in the form

4
fey) =x"¢(2). (1.8)
[ Deﬂnition.] First-order differential equation of the form
y'=fxy) (1.9)

is called homogeneous with respect to the variables x and y if the function

f(x,y) is homogeneous of zero degree with respect to the variables x and y.

Since the ratio of two homogeneous functions of the same degree is a homogeneous

function of zero degree, we could consider alternative form of the equation.

[ Definition.] First-order differential equation in the differential form
P(x,y)dx + Q(x,y)dy =0 (1.10)
is called homogeneous with respect to the variables x and y if functions P(x, y)

and Q(x, y) are homogeneous functions of the same degree.

Using (1.8), homogeneous equations (1.9) or (1.10) can be transformed into an equation
r— (2
y —g(x). (1.11)
where the right part of which is a function of the relationship %
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A homogeneous equation can be solved by substitution % = u, where u = u(x) Is new

unknown function, which leads to a separable differential equation.
Thus
y=ux=y =u'x+u

Putting the expressions for y and y’ into the equation (1.11), we get

u'x+u=g(u) or x(jl—l; = g(u) — u.
This is the separable differential equation
du dx
g(u)——u = gu) #+ u.
Integrating we obtain the general solution (complete integral) with respect to function wu:
[o=[Zwe
gu)—u X

Putting after integration the expression % in place of u, we get the solution of the original

differential equation.

It is not necessary to reduce homogeneous equations to the form (1.11) when solving. We

may make a substitution y = ux directly.

[ Example 1. ]

Find the general solution of the equation

—xy' =yInZ
y—xy =ymnz-
Rewrite the equation in the form:

xy’=y—y1nX,
X
y Y.y y

’:———1 —_=
Y X xnx d)()

X
Thus, this equation is homogeneous.

For solving let us make the substitution
%=u(x) >y=ux, y =u'x+u.

Substituting this expression into the equation gives:
22



ux+u=u—ulnu,

du
X Ix =ulnu.
Divide by xu In u to obtain the separable equation
du dx
ulnu  x
Let us integrate the left and the right side of the equation:
du dx
Julnu - 7+lnC,

In|lnu| = In|x| +InC,
In[lnu| = InC |x|.
Thus, by exponentiation we obtain solution with respect to u:
Inu = +Cx,
u = e“~,
Returning to the old variable by substitution u = % we get the general solution of the
original equation

— eClx

)

< oR|e

xe1¥,

[ Example 2. ]
Solve the equation

(x% + y?)dx — 2xydy = 0.
It is easy to see that the polynomials P(x,y) = x? + y% and Q(x,y) = —2xy are
homogeneous functions of the second order.
Therefore, the original differential equation is homogeneous.
Solving the equation with respect to derivative, we get

2
dy  xt+y? 1+(%)
dx 7~ 2xy  2¥

X

Let us plug the substitution

3;}=u(x) > y=ux, y =ux+u.
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into the differential equation obtained.

Then
, 14 u?
ux+u= ,
2u
du 1+ u?
x dx  2u t
1 —u?
xdu = dx.
2u
Separate the variables
2u dy = dx
1—u? u= X

and integrate both sides

JZud_ dxlC
1_u2u—xn,

—In|1 —u?| =In|x| = InC,
In|x(1 —u?)| =InC.
Now exponentiate both sides and obtain
x(1—-u?) =+C=0C,.

Returning to the old variable by u = 3;’ we get the complete integral of the differential

equation
yZ
or
x? —y? = xC,.
[ Example 3. ]

Find the solution of the initial value problem:
xdy —ydx = ydy, y(—=1)=1.
Let us transform the equation:
(x —y)dy —ydx = 0.
Then it is easy to see that the polynomials P(x,y) =x—y and Q(x,y) = —y are
homogeneous functions of the first order. Thus, the differential equation is homogeneous.
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Suppose that y = ux, where u is a new function depending on x.
Then
dy = xdu + udx.
Put the expressions into the equation and simplify
(x — ux)(xdu + udx) — uxdx = 0,
x? (1 —u)du+ (xu — u?x —ux)dx = 0,
and obtain
x? (1 —uw)du — u?xdx = 0.
Now let us rewrite the differential equation to get everything separated out:
1—u dx
2 du = -
Integrate the last expression to obtain

1—u dx
[t [
u X

———In|u| = In|x| - C,
u

1
—+ In|ux| = C.
u

Plugging the substitution back in, we get the complete integral

X
—+1n
y

X
—x|=C
y

or
x =y(C —In|y|).

where C is an arbitrary real number.

Applying the initial condition and solving for C gives
y(_l) = 1'
—1=1(C—-1n1),
C=-1
Then the particular integral is

x = —y(1+ In|y)).
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Il. Equations Reducible to Homogeneous Equations

Let us consider the equation

. ax+byy+c¢

y'=£( ) (1.12)
a,x + b,y + ¢,

where a4, a,, by, b,, ¢, ¢, are some real numbers, and f (u) is an arbitrary continuous on some

interval function. Equations of the form (1.12) could be reducible to homogeneous equation.

If c;, = ¢, = 0 then equation (1.12) is obviously homogeneous.

. a,x + by
=
a,x + b,y
Now let ¢; # 0 and(or) ¢, # 0.
1) if the determinant A = lel + 0 then equation (1.12) is converted into a separable
292

equation by substitution
x =t+ x, y=2z+Yy,,
where (xo,¥,) 1S the point of intersection of two straight lines
a;x +b;y+c, =0 and a,x + b,y +¢c, =0,
defined as solutions of a system of equations

{alxo + blyo + Cl == O,
azxo + bzyo + CZ == O.

a, by

2) if the determinant A =
ab,

= ( then the differential equation (1.12) is transformed

into separable equation by using the change of variable:

a;x + by = z.
[ Example 4. ]
Solve the equation
, 2x+y+1
Y T T Xty -1

Let us convert the equation into a homogeneous.
Calculate the determinant

_ |21 2

A= 12 =3#0.
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Since the determinant is not equal to zero, we make the substitution
x=t+x5 y=z+Yy,

where (x,, y,) We get from the system

{2x+y+1=0, - {xoz—l,
x+2y—1=0; Yo

Il
=

Thus,
dy dz

x=t—1, y=z+1 = dx=dt, dy=dz = y’=a—a.

Plugging these expressions into the original equation, we obtain
dz 2t—2+z+1+1 dz 2t+z
_ - st _ = .
dt t—14+2z+2-1 dt t+ 2z
As a result we get the homogeneous equation with respect to t and z
2+2
_ t
1+22
t

z' =

which is solved by substitution

%zu > zt)=ut = zZ=ut+u
Then
u’t+u=—2+u s u't=—2+u o e u?+u+1
1+ 2u 1+ 2u 1+ 2u
Let us separate the variables
1 14 2u dt

———du
2u24+u+1 t

and integrate
1 1+ 2u dt
B [ % g,

2) ur+u+1
1 dw?+u+1) dt

-5/ = [£-mic,
2 u?+u+1

1
—Elnlu2 +u + 1| = In[t| — In|C;].

Transforming the expression obtained, we get the complete integral
C;

t =
vui+u+1

27
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tvu?+u+1=0¢C,.

Put % = u, then

Vz2 4zt + t2 = C,,
z° 4zt +t% = sz,
Passing to original variables x and y by formulas
t=x+1, z=y-1,
G-+ -DE+ D+ +1)? =067
we finally get the complete integral of the original differential equation

x2+y2+xy+x—y=C, (C=C,>-1).

[ Example 5. ]

Solve the equation

(x+y+2)dx+ (2x+ 2y —1)dy = 0.
Since A = | % ;| = 0, we make a substitution

x+y=z = y=z—x, dy=dz—dx.
Putting these expressions into the original equation, we get
(z+2)dx+ (2z—1)(dz—dx) = 0.
The equation is reduced to the separable differential equation
(3—2)dx+ (2z—1)dz = 0.
Solving it, we get

22—1d _d
3 z = dx.

Z —
Let us integrate the equation

2z—1
f dz=fdx+C.

z—3
Then
2z+5In|z—-3|=x+C.
Since z = x + y, we obtain the final solution in implicit form

x+2y+5Injx+y—-3|=C.
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Review Questions

1. What function is called homogeneous?

2. Are the following functions homogeneous? If so, specify the degree of homogeneity:

axtrxy-y?, x+2y . (VZF—2)5. x 2 L yHl
1) y_zx ] 2) ln 3y+5x1 3) x2+y2 ) 4) yey + 4‘ y y 5) X S1n x y

3. Formulate the definition of homogeneous differential equation.
4. What is the method of finding the general solution of a homogeneous differential equation?
5. The differential equation is written in the form: P(x, y)dx + Q(x,y)dy = 0.
Under what condition will this equation be homogeneous? Separable?
6. What differential equations could be reduced to homogeneous? What is the method of their

solving?

Exercises 1.3

1-12. Find the general solution or integral of the differential equation:

1.y’=2+§. 2. (x +y)dx + 2xdy = 0.

Jy—xy =x+yy. 4. ydy + (x — 2y)dx = 0.

5. ydx + (2,/xy — x)dy = 0. 6.y = x(y — Ve¥).

7. xsin% -y +x = ysini. 8. xy + y% = (2x% + xy)y'.
1 y _ . y I .Y —

9. xy -ln;—x+y lnx. 10. (xy y)smx X.

11. (x -2y +3)dy+ (2x+y — 1)dx = 0.
12. (x—y+4)dy+ (x+y—2)dx =0.
13-18. Find the particular solution or integral of the differential equation:
13. (2x — 3y)dx + xdy =0, y(1) =-—1.
14. (5\/xy — y)dx + xdy = 0, y(1) = 25.
15. xy' —y = x cos? %, y(3) = 0.
16.xy' =y(3+Iny —Inx), y(1)=1/e.
17.xy' —y=x- tan%, y(1) =n/2.
18.2(x +y)dy + 3x+3y—1)dx =0, y(0) =2.

Answers.
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1.4 First-Order Linear Differential Equations

|. Basic Definition

[ Deﬁnition.}A differential equation of the form

y' +Px)y =QXx), (1.13)
where P(x) and Q(x) are given continuous functions defined on some interval,

is called a first-order linear differential equation.

Note that linear differential equation is linear in the unknown function y and its
derivative y'.
L Deﬁnition.]lf Q(x) = 0 then the equation
y'+P(x)y =0, (1.14)
is called linear homogeneous differential equation corresponding the

nonhomogeneous equation (1.13).

The equation (1.14) is the separable differential equation

dy
I = Py
Let us separate the variables
dy
— = —P(x)dx
y
and integrate both sides of equation
In|y| = —jP(x)dx + In|C].
Finally, we obtain the general solution of (1.14)

y(x) = Ce™J PMax, (1.15)
[Deﬁnition.}lf Q(x) # 0 then the equation (1.13) is called a linear nonhomogeneous

differential equation.

Let us consider two basic methods of solving linear nonhomogeneous differential
equations:
. Bernoulli’s method;

. Method of variation of a constant (Lagrange’s method).
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Il. Bernoulli’s method

Bernoulli's method is based on the idea that the solution of the nonhomogeneous equation
(1.13)
y' +Px)y=0(x), Qx)#0,
could be represented as the product of two functions
y=u-v, (1.16)
where u = u(x) and v = v(x) are unknown functions. One of them may be arbitrary (but
unequal zero), while the other should be determined from the equation (1.13).
Let us differentiate the equality (1.16)
y' =u'v+uv'.
Plugging the expressions for y and y' into the equation (1.13)
u'v+uv' +P(x) -uv =Q(x),
we get
u'v+ul + P(x)v) = Q(x). (1.17)
Let us choose the function v(x) such that the expression in parenthesis is equal to zero,
that is
v+ P(x)v=0.
That idea leads us to the system of equations (obtained from (1.17))
{v’ + P(x)v =0,
u'v=0(=).
The first equation is linear homogeneous differential equation of the form (1.14) and its
general solution is
v=_Ce [P ¢ 20,
Since the function v(x) is arbitrary, it is sufficient to choose any nonzero solution, let
us put C; = 1. Then the particular solution is
v = e~/ P()dx
Substituting the value of the function v(x) into the second equation of the system, we
obtain the separable differential equation for u(x):

du
o P(x)ax —
T e Q(x).
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Hence
du = Q(x)el PMdx gy,

Integrate the both sides of equation
u = f Q(x)el PMax gy 4 .

Putting the expressions obtained for functions u and v into the equation (1.16), we finally

obtain the general solution of the linear nonhomogeneous differential equation (1.13):

y(x)=u-v= (f Q(x)el POIAx gy 4 C) e~/ P@)dx

[ Example 1. ]

Find the general solution

1

sinx’

y' —ycotx =

This equation is linear nonhomogeneous differential equation with respect to y and y’,

1

sinx’

where P(x) = cotx, Q(x) =

Let
y = uv.
Then
y' =u'v+uv

Putting y and y' into the original equation

u'v+ uv’ — uvcotx =

)

sin x

u'v+ulv' —vcotx) = —.
sin x

To determine the unknown functions u(x) and v(x) we get the system of equations

v —vcotx =0,
1

sinx

uv-=

Solve the first equation by separating the variables

dv )
dx = vcotx
and integrating both sides of the equation
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dv
f7=fcotxdx+ln|61|,

In|v| = In|sinx| + In|C;].
Hence,

In|v| = In|C; sin x|

v=Csinx, where C = +(;.

Since the function v(x) is arbitrary, it is sufficient to choose the particular solution

v = sin x.

for C; = 1.

Plug the function v(x) = sin x into second equation of the system

du 1 dx
—sinx = — =>~du=_2 )
dx sin x sin4 x

Find the function u(x) by integration

dx
Jdu=j ——+C,
sin4 x

whence

u=—cotx +C.
Substituting the functions u and v into y = uv

y = (—cotx + C) sinx,

we get the general solution of the original equation

y = —cosx + Csinx.

lll. Method of Variation of a Constant (Lagrange’s Method)

The idea of Lagrange’s method is that in order to obtain the general solution of

nonhomogeneous DE (1.13) we use the general solution (1.15) of homogeneous DE (1.14)

where the arbitrary constant is replaced by the function of an independent variable.This

function must be chosen such that the nonhomogeneous DE (1.13) is fulfilled.

Let us look through the algorithm of the method.
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First, we write down the homogeneous DE (1.14) corresponding to nonhomogeneous DE
(1.13)
y'+PXx)y =0,
Then we integrate it and obtain the general solution in the form (1.15):
y(x) = Ce~ JP@ax,
Next, we search the solution of nonhomogeneous DE (1.13) in the form (1.15)
considering C as some undetermined function C(x)
y(x) = C(x)e™J P(dx, (1.18)
We have to differentiate it using the product and chain rules
y' () = C'(0)e™ TP 4 €)™ PO (—P(x))
and substitute the expressions for y(x) and y'(x) into (4.1).
Hence,
C'(x)e~ /PO 4 C(x)e= I P@AX(—P(x)) + P(x)C(x)e~/ PWE = Q(x).
Thus, we obtain the separable equation with respect to unknown function C (x):
C'(x)e~JPMdx = o(x).

Integrating it, we get
C(x) = j Q(x) el PMaxgy 4 €.

Putting the function obtained of C(x) into (1.18), we find a general solution of the

nonhomogeneous DE (1.13)

1. The solution (1.19) has the same form as the solution obtained by Bernoulli’s

y(x) = (J Q(x)el POdx gy 4 5) e~ JP@ax, (1.19)

method.
2. Let us rewrite (1.19) as

y(x) — C”ve—fP(x)dx + e—fP(x)dx f Q(x)efP(x)dx dx.
It is easy to see, that the general solution of nonhomogeneous DE (1.13) is equal the

sum of the general solution y,, of corresponding homogeneous DE (1.14) and of the particular

solution y,,, of nonhomogeneous DE (1.13): ¥y = y,p, + Ypn-
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[ Example 2. ]
Solve the initial value problem

y' +2xy = 3x2e™*,  y(0) = —1.
Let us solve this linear differential equationit by the method of variation of a constant.
Write down and solve the homogeneous DE corresponding to original nonhomogeneous
DE

y' 4+ 2xy = 0.
Separate the variables
dy
— = —2xvy,
dx Xy
d
il = —2xdx

and integrate it

dy
J7=—2dex+ln|6|.

Hence,

In|y| = In|C| = —x?,

ln|%| = —x?,
y = Ce ",

Thus, the solution of the nonhomogeneous DE is

y=Cxe™, ()
considering C as some undetermined function of variable x.
Differentiate the equality (x)
y' =C'(x)e™ + C(x)e ™ (—2x).
Plugging y and y' into the original equation, we get
C'(x)e ™ —2xC(x)e™™ + 2xC(x)e ™" = 3x2e™*".
Hence
C'(x)e™*" = 3x2e™*".
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Then
C'(x) = 3x?
and, upon integration,
C(x) =x3+C.

Substituting C(x) into (*), we obtain the general solution of the original equation

Here y = y,n + Ypn, Where yg,h=C~e"‘2 Is general solution of corresponding

y=(x3+C)e™ = Ce™ +x3™,

homogeneous DE, while y,, = x3e™* is of the particular solution of nonhomogeneous DE.

Now, let us solve the Cauchy problem.

Apply the initial condition y(0) = —1 to find the value of C:
—1=(0+C)e® > C=-1.

The solution of the initial value problem is then

y=(x3—-1e*.

[ Example 3. ]
Solve the equation

(x+y)y =1.
Since the equation contains the product yy’, it is impossible to rewrite this equation in
the form (1.13) and it is not linear with respect to function y(x). However, it is linear with
respect to function x(y).

Indeed, transforming the equation

dy 1
" Gy
dx
dy (x + ),
we obtain
xX'—x=y

the linear nonhomogeneous differential equation with respect to function x(y).

Let us solve it by Lagrange’s method.
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Find the general solution of corresponding homogeneous equation
x'—x =0,

which can be solved by separating the variables

dx_
dy "
dx_
Y—dy

Integrating the equation obtained
In|x| =y +InC,
we get, upon potentiation,
x = Ce”.
Hence, the general solution of the nonhomogeneous equation is in the form
x = C(y)e”.
Differentiate the equality (*)
x'=C'"(y)e? + C(y)e”.
Substituting expressions for x and x’ into initial equation, we get
C'y)er +C(y)e? —C(y)e¥ =y
and
C'(y)er =y.
This yields
C'(y) =ye™,
C(y) = jye‘ydy + C.

Integrating by parts, we obtain
Cy)=—eY(y+1)+C.

Plugging the function C(y) into (*), we get the general solution of the original equation

X = (C —eY(y+ 1))93’
or
x=Ce¥—(y+1).
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IV. Some Applications of Linear Differential Equations

1. Physics (Series RL Circuit) LA

Let us consider a simple electrical circuit consists of a
resistor R and an inductor L connected in series (Fig. 1.9), Vt() § L
with a constant electromotive force V.

The voltage across the resistor is given by [R. R

The voltage across the inductor is given by L - I' (¢). Figure 1.9

From Kirchhoff’s Law for electrical circuits (the directed sum of the voltages around

circuit must be zero) it follows that if t > 0, the current I = I(t) satisfies the differential

equation
dl
L e +RI=V.
This differential equation may be written in the form
dl R |4
a1 T

which is a first-order linear differential equation.

Applying the formula (1.19), we obtain
V (R . R vV R .
I(t) = (jzefzdt dt + C) . e_fzdt = (Eeft + C) . e‘zt

Suppose that I = 0 when t = 0, then € = —%, and the solution of initial value problem

|74 _R,
1(t) =§(1—e L )
Observe that as t infinitely increases, I approaches %, which is the current predicted by

Ohm’s law when no inductance is present.

In general electromotive force V is a function of t. Let the reader find the current I(t) in

the case when V (t) = V, sin 2nnt, for natural n.
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2. Physics (Newton’s Law of Cooling)

Let us consider the solid of initial temperature T, is placed in the environment of the
temperature T, (t), thus, here T, (t) is not costant (see page 18.), but it changes with time.

According to Newton’s law of cooling, for the temperature of the solid at time T = T (t),
could be written the differential equation

dr(t) a-A
dt - C (Te(t) - T(t)):

where C is the heat capacity of the body, A is the surface area of the body through which the

heat is transferred, « is the heat transfer coefficient.

Denoting % = K, we obtain the linear nonhomogeneous differential equation

IO | ere) = kT
T-l_ (t) = KT, (b).

The given initial value problem has the solution

T(t) =T, + (T, — T,)e X
The general solution of this equation (by (1.19))

T(t) = e Kt <f KT, (t)eXtdt + C),

where C is an arbitrary constant of integration, which may be determined from the initial
condition T(0) = T,.

3. Physics (Falling with Air Resistance)

Consider a body of mass m, which is dropped from some height. Let us find its velocity
as a function of time v(t), assuming that the air resistance is proportional to the velocity of
the body (with constant of proportionality K).

Let force F is the force acting on the body in the direction of motion (downward force).
This force is resultant of two forces: the force of gravity mg (g is the gravitational constant),
and the force of air resistance - Kv (we choose minus sign since it has opposite direction to
that of the velocity).

Thus, the force F acting on a falling object of mass m is given by the difference

mg — Kv.
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However, according to Newton's second law of motion, the net force F on a body is
proportional to its acceleration a = %, provided the net force acting on the body is not zero,

that is F = ma.

Hence
ma = mg — Kv
or
dv
mE =mg — Kv.
Finally, we obtain the linear nonhomogeneous differential equation
dv K
a + Ev =g.

General solution of this equation is
_K mg
t) =Ce m +—,
v(e) = Ce K
where C is a constant of integration.

Let us determine C from the initial condition v(0) = v, (initial velocity of the body).

Substituting this condition into general solution, we get

m m
U0=C+7g = C=v0_7‘g.
Thus,
_ mgy _K, mg
U(t) = (170 - 7) e m + 7

Review Questions

1. What equation is called the first-order linear differential equation?

2. What equation is called nonhomogeneous first-order linear differential equation?

3. What equation is called linear homogeneous differential equation corresponding the
nonhomogeneous equation?

4. What is the idea of Bernoulli’s method? What are the steps of Bernoulli’s method?

5. What is the idea of Lagrange’s method? What are the steps of Lagrange’s method?

6. What is the structure of the general solution of the first-order linear differential equation?
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Exercises 1.4
1-12. Find the general solution or integral of the differential equation:
I y _
1. y — ; = 3x.

2.y’+4%+x=0.

3.x%y"+2xy—1=0.

4.y — 7y = 8e3*.

5 (x> + 1)y —xy = x3 + x.
6. LY _ Y _p2vx —

dx x
7.y' cosx — ysinx = cos? x.
8. xy'Inx = 5x — y.

d
9. é-coszx + y = tanx.

10. y'(x% +4) —xy = Vx% + 4.
11. y2dx + (5xy — 4)dy = 0. (Accept x(y) as an unknown function)

1.9 _ ¥

“dx  x+ye~1/¥

(Accept x(y) as an unknown function)

13-18. Find the particular solution or integral of the differential equation:
13. y' + 3y = xe™ 3%, y(0) = 0.
14.y'(1 —x?) =xy + 1, y(\/3/2) = 2r/3.
15. Z—z+ ey =e?, y(0)=1/e.
16. (1 —x%)y' — 2xy = (1 — x%)?%, y(3) = 40.
17. xZ—z—y = x%sinx, y(r/2) = m.
18.xy'Inx =x +Inx, y(e?)=2In2.

Answers.
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1.5 Bernoulli’s Equation

[ Deﬁnition.] The first-order differential equation of the form

y'+ Py =Qx)y", (1.20)
where n € R,n # 0,n # 1, P(x) and Q(x) are continuous functions of x, is

called Bernoulli’s equation.

If n = 0 then equation (1.20) is a linear nonhomogeneous DE. If n = 1 then equation
(1.20) is a separable DE.

For any n € R (n # 0,n # 1) the Bernoulli’s equation could be reduced to a linear

equation by substitution.
First, we divide the equation (1.20) by y™ (y # 0) and get
y "y + POyt = Q(x). (1.21)
Then, we use the substitution

7 = yl—n,
where z = z(x) is a new unknown function.
Differentiating the equality
, _dz a Yy=my"
Z =00 " n)y -y
we obtain
—MNaA,! Z,
y y - 1 _ n'

Substituting these expressions into (1.21), we get

T nz’ + P(x)z = Q(x),

zZ'+(1—n)P(x)z = (1 —n)Q(x).
The equation obtained is a linear differential equation with respect to function z(x). It
could be solved by Bernoulli’s or Lagrange’s methods.
We may solve Bernoulli’s equation by Bernoulli’s method directly substituting y = uwv.

In this case, we do not need to reduce the equation to linear.
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[ Example 1. ]
Find the general solution of the equation

’ X — 24,2
y + e xey“.
Since the left side of the equation is linear with respect to y and y’and the right side has

a form x2y?, given equation is Bernoulli’s equation.
Let us convert it to linear DE.

First, we divide both sides by y? (y # 0):

11
y—2+—-—=x2,

y: o xy

I.,—2 1 -1 2

yy oy =xt (*)

Second, we make a substitution

and differentiate the function z(x)
==

yl -2 — _ZI.

_2 !

z' -y~ °-y,

Putting the expressions for y~1 and y’'y~2 into (*), we get

—z' +—z =x*
x

or

’ 1 2
p— . Xk
Z ——Z=——X ( )

The equation obtained is the first-order linear nonhomogeneous equation with respect to
z(x). To solve it, we use Bernoulli’s method.

Let

and
z'=u'v+uv'.

Plugging z and z' into (*x), we get
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or

1
uv+uv —— uv = —x
X

2

! (1_1 )__2
uv+tul|v ;U— X=.

According to Bernoulli’s method, we have to consider the system of equations

1
{v’——v=0,
X

u'v =—x2.

First equation is separable DE. Hence
dv

dx,

1
vooX
dv 1
- 1o
v X

In|v| =InC|x|,

v=x (C=1).
Put v = x into second equation
u'x = —x?,
u' =—x
Integrate it
du = —x dx,
fdu=—fxdx+C,
2
U=-—— + C.

Then the general solution of the equation (**) is given by

x? x3
z=uv=<C—7)x=Cx—7.

Returning to the function y by substituition z = y~1, we have

1_26‘x—x3
y_ 2

_ 2
y_ZCx—x3'



Since we have lost the solution y = 0 while dividing by y?2, the general solution is given
by

_ 2
{y_ZCx—x3'
y = 0.

[ Example 2. ]

Solve the equation

x2y?y' + xy3 = 1.
Dividing the equation by x?y?:

we obtain the Bernoulli’s equation.
Let us solve it by Bernoulli’s method directly.
Substituting
y=uv and y' =u'v+uv’
into the equation, we obtain

'+ , +uv 1
wrvt+uw +— = ———
X x2u?vp?’

u’v+u(v’ +E) =L.
X x2y2p?

Determine the unknown functions u(x) and v(x) from the system of equations

v
v'+- =0,
X
. 1
uv= 2U2 )2 .
Solving first separable equation, we get the particular solution
dv dx
v ox’

Injv|=n|x" = v=-
X

Putting v into second equation, we obtain separable equation
du 1 x?

dx x x2u?
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u?du = xdx.

Integrate it
fuzdu=fxdx+6,
u3_x2+C
3 2 3
Thus,
3—3x2+c
u > ,
3|3 .
= |=x*+C.
u 2x
Hence, we get
313 5
= et — C' —
y =uv 2x + "

Finally, the general solution of the original Bernoulli’s equation is

_3.C
Y= 2x  x3

[ Example 3. ]

Find the solution of Cauchy problem

2 ! 1
(x*Iny —x)y" =1y, y(§)=1-

Since the equation contains In y, this equation is not linear with respect to function y(x).
However, after the following transformations
dy
x%’lny —x)—==vy,
Py —x)—-=y

dy ¥
dx x%lny—x’

dx x*Iny—x
dy y
we obtain
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Finally, the equation

x In
o= Y g2
y y

is Bernoulli’s equation with respect to function x(y).
Let us solve it by Bernoulli’s method:
x=uly) vy = x'=uv+uv.
Putting x and x’ into the equation obtained, we have

w Iny

u'v+uv' +— =—uvs,
y y
v In
u'v+u (v’ + —) =2,
y y
Consider the equation
v
v +-—=0,
y
separate variables
v v
dy y
dv._ dy
v oy’
integrate both sides of equation
dv dy
v )y
and find the function v(y)
1
Injv| = —Inly|] = v=—

Substituting v = % into (*) and separating variables, we get

, 1 Iny 1
U-— =—u‘—
y y y
du Iny

dy  y?



Integrate both sides of equation

In In d In 1
[12q, - SV P A
y p _dy 1 y y y oy
U——Z,
y y
This yields u(y)
1 In 1
_1__hmy 1 .
u y Yy
_ y
Iny+1—-Cy’

Hence, general solution of the original equation is

@) =ul)vO) = e

Let us apply the initial condition x = % ,y = 1:

1 1 c "
—_ = 3 = —1.
2 Inl1+1-C-1

Thus the particular solution is

- Iny+y+1

Review Questions

1. What differential equation is called Bernoulli's equation?
2. What is the method of reduction the Bernoulli’s equation to a linear equation?

3. What is the difference between Bernoulli's equation and nonhomogeneous first-order linear

differential equation?
4. What is the method of solving of Bernoulli's equation?
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Exercises 1.5

1-10. Solve the differential equation:
1.y +y=xVx.
2.y + 2% = 3x2y*/3,

Yy ¥
3.y x—1 x-1
4.y'+2% = 2VY

x  cosZx’
5. 4xy" + 3y = —e*x*y®.

9

1
6.y'+y=‘32x\/;=0» y(O):Z

2
7.9 + 22 = y2(x3 + 1) sinx, y(0) = 1.

x3+1
8. ydx + (x + x%y?)dy = 0. (Accept x(y) as an unknown function)
9.y — 2y tanx + y%sin? x = 0.
10. y'(y? + 2y + x?) + 2x = 0, y(1) = 0. (Accept x(y) as an unknown function)

Answers
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1.6 Exact Differential Equations

|. The Concept of Exact DE

[ Deﬁnition.] The first-order differential equation of the form

M(x,y)dx + N(x,y)dy =0 (1.22)
is called an exact differential equation if M(x,y) and N(x,y) are continuous

differentiable functions of two variables x and y, such that there exist
continuous partial derivatives Z—IZ : ‘;—: and the following equality is fulfilled

oM 0N

% "o (1.23)

Let us remind some facts from the theory of line integrals of vector fields.

[ Deﬂnition.] Expression P(x,y)dx + Q(x,y)dy is called an exact differential of some

. _ e 0P _0Q . .
function u = u(x, y) if 3y~ o It is denoted by

du(x,y) = P(x,y)dx + Q(x,y)dy.
In this case, the function u = u(x, y) could be found by formula

(x.y)

x y
u(x,y) =]( )P(x,y)dx+Q(x,y)dy =f P(x,y) dx+f Q(x,y) dy.
X0,Yo Xo Yo

It is easy to see that the left side of (1.22) under the condition (1.23) is exact differential
of some function. That is, the equation (1.22) is an equation of the form

du(x,y) =0
and, consequently, its complete integral is
u(x,y) =C.

We vyields that the function u(x, y) will have the form

x y
u(x,y) = f M(x,yy) dx + f NGx,y) dy,
X0 Yo

where (x,, y,) is a fixed point in the neighborhood of which there is a solution of (1.22).
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Finally, the complete integral of exact differential equation (1.22) is

x y
f M(x,y,) dx + f N(x,y)dy = C. (1.24)
X0 Yo

[ Example 1. ]
Solve the equation

(x+y—1Ddx+ (x+eY)dy = 0.
Here we have
M(x,y)=x+y—1, N(x,y) =x+e”.

First, we evaluate the partial derivatives of M(x,y), N(x,y) to test for exactness of the

equation
oM JdN
-t w !
oM _ AN

According to the test ( ) this differential equation is exact.

ay  ox

To solve it, we use formula (1.24) directly

X y
j x+y,—1) dx+f (x+e¥)dy = C;.
X0 Yo

Thus,
X

+ Goy+eNl}, =

X0

X y 1
j (x+y0—1)dx+J (x+e¥)dy = (Ex2+xy0—x>
Xo Yo

1

1
= (Exz + Xy — x) — (Exoz + XoYo — xo) + (xy+e?) — (xyo+e¥o) =

1 2 1 2
= (Ex + xy+e¥ — x) - (Exo + XYoo — x0+e3’0) = (.
Since (x,, y,) is a fixed point, the expression in the second parenthesis is some constant:
1 2

= %o + XgYo — Xo+eYe = C,.

Hence, the complete integral of the original equation is

1
Exz + xy+e¥ —x = C.
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Il. Integrating Factor

Consider the differential equation
M(x,y)dx + N(x,y)dy =0 (1.25)
where M(x,y) and N(x, y) are continuous differentiable functions of two variables x and y,
such that there exist continuous partial derivatives Z—I: and Z—Z , but
oM ON
3y + "

Obvious, that the equation (1.25) is not exact. However, it is sometimes possible to
convert the left side of equation into an exact differential by multiplying all terms of the
equation by the special function u(x,y) — the integrating factor. In this case, the general
solution of the equation thus obtained coincides with the general solution of the original
equation (1.25).

In order to find u(x, y), we consider the equation

u(x, yI)M(x, y)dx + p(x, y)N (x, y)dy = 0. (1.26)

Accorging to the idea of using integrating factor, it is exact equation and the following

condition is fulfilled

ouM _ OuN
oy ox
Let us differentiate the functions:
oM ou ON ou

or
M——N—=p(=———

oy dx " \ox dy/)
The equation obtained is the partial differential equation of first order that defines

ou 0 N oM
gy Vg u( ) (1.27)

the integrating factor u(x, y).
Unfortunately, in general case solving that equation is more complicated then integrating
the original equation (1.25). However, there are some particular cases when this partial

differential equation could be solved.
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Let us consider the simplest cases of choosing the integrating factor u(x, y).

1. Suppose that integrating factor is a function depends only of x, that is u = u(x).

Then the equation (1.27) is transformed into odinary differential equation

ou ON oM
W-n (-
d0x dx dy
or
aM 9N
1o _(G—5)
U ox N

(2_om)
dx 0dy

If the right side of this equation depends only on x (T = F(x)), then there exists

the integrating factor u(x) that is expressed by integral

G —5)
Inp = j%dx
or
(e
u(x) = ol TN Ax
2. Similarly, if integrating factor is a function depends only of y (x = u(y)) and
(5:-%)
expression ~2—22Z js not dependent on x, then
N oM
1o _(6r=5)
uaoy M
and
)
uy) =elm
[ Example 2. ]

Solve the equation
(y+Inx)dx —xdy =0
Here we have:
M(x,y)=y+1Inx, N(x,y)=—x.
Let us test the equation for exactness
oM " oN

ay T ox
53
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Since % * = this differential equation is not exact

Let us convert the equation into exact equation by using the integrating factor depending
only of x, u = u(x).

Evaluate

» ay)_1+1 2

N T —x X
Hence,

(6M ON

J=)

_ _ —f%ax _ _—aInjx| _ nx-2 _ L
u(x) =e’" nw = e Ix™ = g2Inix] = plnx =
Multiply all terms of the equation by the function u(x)
1 1
F(y+1nx)dx—x -de =0,
! (y +Inx)d ! dy =0
2 y+lInx)dx 2 y =0.
Now we have M, (x,y) = x—(y +1Inx), Ni(x,y) = —i. Let us test the equation for
exactness
oM; 1 oN, 1
dy  x2’ ox  x2
This differential equation is exact, since % = %.
Solving it, we use formula (1.24) directly
x In x Y1
j (yg 2>dx—j —dy = (.
Xo X X yox
Integrating by parts
1
In x u=Inx du=- 1
——dx = X =——1nx+ —dx———lnx——+C
x2 1 1 X
dv=— v=—=
X X
we obtain
x Inx y 1 1\ " y
N S IC
xo X X Yo X X X X/ xg X7 o
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Yo 1 1 vy 1 1 v

=———-—-Inx——+—+—Inxg+——=+—=
X X X Xg X Xg X X
1 1 1 1
:(——lnx———z)+(&+—lnx0 +—) = (;.
X X X Xo X Xo

Since (x,, yo) is a fixed point, the expression (%

1 1Y) .
+ x—ln X + x—) IS some constant.
0

0 0

Hence, the complete integral of the original equation is

“lhx+-+2=c
X X X

and the general solution is

y=Cx—Inx—1.

[ Example 3. ]

Find the complete integral of the equation

xdx + (y? + x? + y)dy = 0.
Since
a—M=a—x=Oqta—N=i(yz+xz+y) = 2x,
dy 0dy dx 0x
this differential equation is not exact.
We may convert the equation into exact equation by multiplying by the integrating factor
depending only of y:

(g_N_%_I‘;) 2x
u(y) = el T W = 5V = pf2dy = g2y,

Multiply all terms of the equation by the function u(y) = e?Y
xe?Ydx + (y? + x% + y)e?Ydy = 0,
Now we have M, (x,y) = x—lz (y+Inx), N;(x,y) = — % Let us test the equation for

exactness.

This differential equation is exact, since

oM, Oxe?
= = 2xe?y
oN, 0 dy  ox’

W = @(}/2 + x2% + y)ezy = 2xe?y
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Let us use formula (1.24) directly

x y
j xe?Yo dx + J (v? +x% +y)e? dy = C,.
X0 Yo

Then

X y y
f xe?Yo dx +f x2e? dy + f (y? + y)e® dy = C,.
X0 Yo Yo

Solving the third integral by parts, we get
u=y*+y du=2y+1

eZy eZy
|2+ e ay - e |= 0t - @y nSdy -
dv = e?y v=— 2 2
2
u=2y-:1 du=22 ; 02V o2y o2V
= ey eV =0ty -Qy+1)—+ | 5dy=
dv:— vV =— 2 4 2
2 4
, e?y ey ey e
= (y +y)7—(2y+1)T+T+C—y T-I—C.
Hence,
x? * ey e\ ¥
— 52Yp 2 2 —
Fe) (=7 T)
Xo Yo
x2 a2 e2y ey e2Yo e?Yo
— 2 o2y 20 L2y, 22 2 _ 42 — .2 —
2 ¢ g TN Y T T T TV
e?y e?y X0 R
=<x27+y27>‘<79”°+y02 2 >=Cl'

. : 2 250 . :
Since the expression (’% e?Yo 4 y,? %) Is some constant, the complete integral of the

original equation is

e?y e?y
2 + 2 — C
YT

or
(x2 +y%)e? =C.
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Review Questions

1. What equation is called exact differential equation?

2. The differential equation is written in the form: P(x, y)dx + Q(x,y)dy = 0.
Under what condition will this equation be exact?

3. What is the method of solving of exact differential equation?

4. What is the integrating factor? Why do we need the integrating factor?

5. What are the methods of finding of the integrating factor?

Exercises 1.6

1-6. Solve the differential equation:
1. (x + In|y|)dx + (1 + % + siny) dy = 0.

2. 2y — 3)dx + (2x + 3y*)dy = 0.
3.2xcos?ydx + (2y —x%sin2y)dy = 0, y(0) = 0.
4.3x%e¥ + (x3¢¥ —1)y'=0, y(0) = 1.
5.eVdx+ (1 —xe¥)dy =0.
6. (y® —4y?x + 12x3)dx + (3y%x — 4yx?)dy = 0, y(1) = 0.
7-9. Solve the differential equation by using the integrating factor depending only
of x, u = u(x).
7. (x*y? — 1)dx + 2x3ydy = 0.
8. (x? —3y?)dx + 2xydy = 0
9.cosydx + (siny + e*)dy =0, y(0) = 0.
10-12. Solve the differential equation by using the integrating factor depending only
ofy, u = u(y).
10. (1 + 3x%siny)dx — x cotydy = 0.
11. xdx + (e?Y — x?)dy = 0, y(0) = 0.
12. (y? cosx + yIny)dx + (ysinx + x)dy = 0.

Answers.
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2. Higher-Order Differential Equations

2.1 Basic Concepts and Definitions

I. Basic Concepts and Definitions

[ Deﬁnition.] The n-th order differential equation has a form

F(x, y,y’,y",...,y(n)) =0, (2.1)
or, if it can be solved for n-th derivative,
y® = flxyy,y" ..., y"D), (2.2)

where functions F and f are continuous functions of the specified arguments.

LDeﬂnition.]The solution or integral of a differential equation (2.2) is any n-times
continuously differentiable function y = ¢(x) (¢(x), ¢'(x), ¢"(x), ...,

¢ ™=V (x) are continuous functions) such that when putting into (2.2), converts

the equation into an identity

[Definition.] If the function y = ¢(x,Cy,C,,...,C,), where C,,C,,...,C, are arbitrary

constants satisfies the equation (2.2) for any values of the constants, then the

function is called the general solution of the n-th order differential equation.

L Deﬁnition.} If the implicit function @(x,y,C;,C,,...,C,) = 0 satisfies the equation for

any values of the arbitrary constants C;, C,,..., C,,, then the function is called

the complete integral of the n-th order differential equation.

[ Definition.}A differential equation (2.2) together with an initial condition
y® = flxyy,y" .., y® ), (2.2)

y(x0) = ¥0,¥'(%0) = Yo -r YV (x0) = ¥g (23)
is called an initial value problem or Cauchy problem for n-th order differential

equation.

For this problem, we have a theorem on the existence and uniqueness of solution, similar

to the corresponding theorem on the solution of the first-order equations.
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[ Theorem. ]

Cauchy Theorem About Existence and Uniqueness.

If in the differential equation
y® =f(y,y,y" ... y"Y)

function f(x,y,vy",y",...,y™ V) and its partial derivative with respect to

af of of
ay ] ay/ JEREEE) ay(”—l)

are continuous in some region D containing some point

MO(xO;yO;y(’,;...;yé"_l)), then there is only one solution to this equation
y = ¢(x), which satisfies the condition y(x,) = yo, V' (x0) = V4 -

y@ D (xg) = v,

Thus, for any initial conditions there are unique values of constants C; = C?,C, =
Cl,...,C, = C2 such that function y = ¢p(x, C2,C2,...,C2) is a solution of the equation and

satisfies the conditions (2.3).

L Deﬁnition.] The solutiony = ¢ (x, €2, C2,...,C2) is called the particular solution of (2.2).

The function @(x,y,CP,C2,...,C0) =0, which implicitly defines the

particular solution, is called the particular integral of the equation (2.2).

[ Deﬂnition.} The graph of any solution of n-th order differential equation is called integral

curve. General solution determines a set of integral curves, but the particular

solution corresponds to only one integral curve.

Il. Some Problems that Leads to Higher-Order Differential Equations

1. Physics (Newton’s Second Law of Motion)
It is well-known that the relationship of acceleration a of a body of constant mass m and

the force F acting on the body is written by the equation F = ma. Let s = s(t) be the

d?s

displacement of the body from some original point, measured positive upward, then a = =

Assume that the motion of the body is along a vertical line.
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Let us consider several cases.

o If the force F depends only on time t, then the equation has a form

2s
mm = F(t)
e |fthe force F is proportional to the velocity v(t) = % (for example, if a body moves

in a liquid or gaseous environment it experiences a frictional force), that is

ds

F=—-Kv(t) = —-K—,

where K in turn is proportional to the viscosity.

Then the equation has a form

d?s ds
Mz~ " at
or
d?s ds
n1a25-+1(ag~— 0

o |f the force F depends on the position s (for example, elastic force F = —ks, force of

gravitational attraction F = —G %), then the equation has a form

L5 _Fe)
mdtz— S).

2. Physics (Series RLC Circuit)

Let us consider a simple electrical circuit consists of a resistor R, an inductor L and a
capacitor C connected in series, with a constant electromotive force I/.

From Kirchhoff’s Law for electrical circuits the current I = I(t) satisfies the differential

equation

dl 1 3
LE + RI(t) + Eq(t) = E(t),

where q(t) denotes electrical charge.

Since I(t) = % , we could write the equation in terms of g and obtain a second-order

linear differential equation
P L SN
dt? dc Tc T T '

60



Review Questions

1. What is the n-th order differential equation?

2. What is general solution of the n-th order differential equation?

3. What is particular solution of the n-th order differential equation?

5. What is general and particular integral of the n-th order differential equation?

6. How many arbitrary constants has the solution of the second-order differential equation?
7. Formulate the Cauchy problem for the n-th order differential equation and for the second-
order differential equation.

8. What is geometric meaning of the particular integral of the n-th order differential equation?
9. Formulate the Existence and Uniqueness Theorem for the solution of the Cauchy problem

of the n-th order differential equation.
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2.2 Higher-Order Differential Equations:

Reduction of Order

Sometimes n-th order differential equations can be reduced to the lower-order (for
example first order) equations followed by usage of solving methods for these types of

equations. Let us consider three particular cases of reduction of order.

. Differential equation of the form y™ = f(x)
Let us consider the DE
y® = f (), 24)
where the right side of the equation depends only on the variable x.

Let us multiply both sides of equation by dx and integrate the equation obtained

jy(") dx = ff(x) dx.
Since y™ = (y™=D)’ we get
y(n_l) = ¢1(x) + (4,
where ¢, (x) is primitive of f(x), and C; is a constant of integration. As a result, we obtain

(n — 1)-th order differential equations.

Integrating once more, we obtain

Jy(”‘l) dx = j ¢, (x) dx + f C,dx
or
YD = y(x) + Cyx + G,
where ¢, (x) is primitive of ¢, (x), and C,, C, are constants of integration.

Continuing the process of integration (n times), we finally obtain the general solution of
(2.4):

C; 1 C, 5
y = ¢, (x) + rx” + X"+ G x + Gy,

1)! (n—2)!
where C,, C,, ..., C,, are constants of integration.
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[ Example 1. ]
Find the general solution of the equation

y® = sin 3x.
This is forth-order differential equation of the form (2.4), if n = 4. To solve such an

equation we have to integrate with respect to x four times:

1
fy(4) (x)dx=Jsin3xdx=>y”’ = —§c053x+C1;

1 1
fy’”dx=—§fc033xdx+f61dx:»y” = —§sin3x+Clx+Cz;

1
jy”dx=—§fsin3xdx+fC1xdx+jCzdx

2

1 X
= y' =ﬁc053x+C17+sz+C3.

1 x?
jy’dx =57 cos3xdx+jC17dx+fC2xdx+fC3dx
Finally, we get the general solution of the equation

3 xZ

1 X
y' =asin3x+C1Z+C27+C3x+C4.

Il. Differential equation of the form F(x,y®, y*+D . ym) =,
1. Let us consider the second-order differential equation that does not contain the

original function. That is

y'=fxy’) or F(x,y',y") =0. (2.5)
It is possible to reduce the equation to the first-order DE by replacing
y' = px),
where p = p(x) is a new unknown function.
Then
y'=p'(x)

and the equation (2.5) is reduced to the first-order differential equation with respect to function
p(x) of the form
F(x,p,p") =0. (2.6)
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Suppose, the general solution of the equation (2.6) is p = ¢(x, C;). Then, returning to
original function y(x), we get
p=y"
As a result, we obtain first-order differential equation with respect to function y(x):

y, = ¢(X, Cl)
Integrating the equation, we get the general solution of (2.5)

y = f ¢(x,Cy) dx + C,.

Particular case of (2.5) is an equation of the form
y'=f0") (2.7)
that does not contain the original function y(x) and the independent variable x.
Using the same substitution
y =pk)=y"=px),
we obtain separable differential equation
p'=f).

Integrating, we find the function p(x), and then the function y(x).

2. Let us consider the equation
F(x,y("),y(k“),...,y(”)) =0 (2.8)
that does not contain the original function and its (k — 1) first derivatives.
The order of this equation could be reduced by k units by substitution
y® = p(x).
Thus,
y & = p'(0),y* 2 = p"(2), ... y =p"(x)
As a result, the equation (2.8) converts into (n — k)-th order differential equations
F(x,p,p',...,p™ ) = 0.
If the equation obtained is solvable, then we determine the function
y% = p(x).
Integrating k times, we find the function y(x).
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The particular case of the equation (2.8) is
F(x,y®™b,yM) =0 (2.9)
that contains only two derivatives y™~1 and y™ of the original function.
By substitution y™*=D = p(x), y™ = p’(x), (2.9) is reduced to the equation
F(x,p,p") = 0.

[ Example 2. ]
Solve the equation

" 2 !
y +;y = X.
Since this second-order differential equation does not contain function y, let us reduce
the order by substitution
y' =pkx)=y" =p'(x)
Thus, we get the first-order differential equation with respect to p(x):
.2
p + ;p = X.
This is nonhomogeneous linear differential equation. Let us solve this equation by
Bernoulli’s method.
p=ux)vx)=>p =uv+uv'.

Hence,
uv+uv +—uv =x,
X
! ! 2
uv+ulv +;v = x.

To determine the unknown functions u(x) and v(x) we solve the system of equations

2
{v’ +-v=0,
X
u'v =x.
Integrating the first equation
dv 2
_— = _v'
dx X
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dv _ 2dx
v o X

In|v| = —21n|x]|,
we get
v(x) = e

Then, we solve the second equation

jduzfx3dx

X
u(x) = 7 + C;.

Thus, the function p(x) is

x? C

x* 1
—u(x)v(x)—< +C1>x =—4—

4  xZ

Now we recall that p = y’ and obtain the first-order differential equation

Separate the variables

and integrate

are [ (5 &)ar

Hence, we get the general solution of the original second-order differential equation
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[ Example 3. ]

Find the general solution of equation

yWx =y".
Since this equation has a form F(x, y™®=1, (™) = 0 (2.9), let us reduce the order by
substitution
y" = px).
Then y™® = p’(x) and we rewrite the equation as follows

p'x =p.
Separate variables
dp
ax” P
dp dx
p X
and integrate both sides of equation
f dp (dx
P X
In|p| = In|x| + In C;.
Thus,
p = C;x.
Replacing p by y", we obtain
y" = Cyx.

This is the equation of the form (2.4). Integrating it three times, we get

2
fy”’dxszlxdx:y” =C17+CZ,

X3

xZ
'[y"dx=fC17dx+fCde=>y'=C1€+C2x+C3,

x3 x4 x?
jy’dx = jClde+szxdx +fC3dx:>y= Clﬁ+627+63x+64,
and, finally,
y = C~'1X4 + C~'2x2 + C3X + C4_,

= Ci ~ C
where C; = ﬁ, C, = 72
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Il.Differential equation of the form F(y,y',y",...,y™) = 0.
1. Let us consider the second-order differential equation
y'=fy’) or F(y,y,y") =0 (2.10)

that does not contain the independent variable explicitly.

It is possible to reduce the order of equation by substitution

y' =pW),
where p = p(y) is new unknown function. Then
y"(x) = py(¥) - yx = pyp.
Plugging derivatives y’ and y'’ into the original equation (2.10), we get a new first-order

differential equation with respect to p(y)

Solving this equation, we may determine the function p(y) = ¢ (y, C;) and then, while

returning to function y(x) by p = y’, we obtain
y' =1, C).
This is separable differential equation with respect to function y
dy
a - (,b(y, Cl)
Separating the variables

dy _
d(,Cy) B

fqb(;l.ycl) =de'

we get the complete integral of the original equation (2.10)

dx

and integrating the equation

dy
| a5+
Particular case of (2.10) is
y'=f) (2.12)

that does not contain the independent variable and first derivative of y .
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By the same substitution
y' =p®), ¥" =pyp,
we convert the equation (2.12) into separable differential equation

pyp = f ().

2. The general case of the equation (2.10) is the equation of the form
F(,y,y",....y™) =0 (2.13)
that does not contain the independent variable explicitly.
Reduction the order of equation we provide by substitution
y' =p),
y" = pyp,
mn ! ! ! ! ! n ! ! n ! 2
y" = (pyp), = (pyp), -2 = (pyyp +Pypyp) 0 =130 + (03) P2, ...
As a result, the equation (2.13) is converted into
! n ! 2
F(y,p, 030, 0yy0* + (py) 0%...) = 0.

Simplifying and solving this equation, we determine the function p(y) and then find y(x)

from the equation
y' =¢W,G).

[ Example 4. ]

Find the complete integral of the equation

y" coty = 2(y")*.
This equation does not contain independent variable x, thus, it is the equation of the form
(2.10).
Let us make a substitution
y' =py)=>y"=pp.
Putting y' and y” into the equation, we get the equation with respect to p(y):

p'p coty = p?,
dp o
& coty = p.
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Separating variables

dp J
— = | tanydy,
fp d

we obtain
In|p| = —In|cosy| + InC;,
p(y) = Cfsly-
Since p(y) = y’, we get
,_ G

Y = Cos y
Separate the variables

dy (¢

dx cosy

and integrate the equality

jcosydy=C1de.

Finally, we obtain the complete integral of the original equation
siny = Cyx + C,.
The general solution of the equation is

y = arcsin(C;x + C,).

[ Example 5. ]
Solve the Cauchy problem
y'+y—-1=0, y(0) =1, y'(0) = 1.
Here we have the equation of the form (2.12), and it does not contain independent variable
x. Let

y' =p®), y"=pp
Then the equation can be written as
pp+ty—1=0

or
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Separate the variables and integrate

dep=f(1—y)dy,

2 2
p ye G ) 2
—_— = _—— —_— == - .
> y 2+2 => p 2y —y“ +(;

Hence, the function p(y) is defined as
p(y) = /2y —y2 + .
Returning to the original variable y(x) by p(y) = y’, we obtain differential equation:
y' = +/2y —y2 + C,.
Let us find constant C;, applying the initial condition. Since y = 1 and y’ = 1 when x =

0, we have

1=+/2-1+C>1=%/1+C;.
Since y'(0) = 1 > 0, we choose «+» sign for square root and, finally, get
C, =0.
Thus, we obtain

y = £J2y "

Separating and integrating this equation

dy j
———— = | dx,
J\/Zy—yz

=X+C2,

=5
V1= —-1)?
gives the function
arcsin(y —1) = x + C,.
Determine C, from the initial conditions. Since y = 1,x = 0, we have
arcsin(1—-1)=0+C, > C, = 0.
Consequently, the solution of Cauchy problem is
arcsin(y — 1) = x,
y—1=sinx

or

y =sinx + 1.
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Review Questions

. What is the method of solving of the equation y™ = f(x)?
. What is the method of solving of the equation F(x,y’,y") = 0?
. What is the method of solving of the equation F(y,y',y") = 0?

. For what kind of the differential equations we use substitution y’ = p(x)?

1
2
3
4
5. For what kind of the differential equations we use substitution y' = p(y)?
6. How can we reduce the order of the differential equation y” = f(y,y") ?

7. How can we reduce the order of the differential equation F(x,y®,y®*+D,  y®) =07
8. How can we reduce the order of the differential equation F(x,y(k_l),yk) =07?

9. How can we reduce the order of the differential equation y" = f(y)?

10. How can we reduce the order of the differential equation F(y,y’,y",...,y™) = 0?

Exercises 2.2

1-14. Find the general solution or integral of the differential equation:

1.y" = sin 2x. 2.y'" = e*/*%,

3.y" =Inx. 4. x%y" = 2.

5.xy" —y' =0. 6.y"(e*+1)+y =0.
7.x%y" + xy' = 1. 8.y" +y' tan2x = sin 2x.
9.2xy'y" = (' )* + 1. 10. 2yy" = (y')>.
11.y"By+4)-30')*=0. 12.yy" =y*y' + (v')*
13.y" = 8/y53. 14.yy" + (y')? = 1.

15-20. Find the particular solution or integral of the differential equation:
15.y" =sin3x, y(n/2) =0, y'(n/2)=4/9.
16.xy" =1, y(1) =0, y'(1) = 2.
17.y" - —y' =x(x—1), y(0)=0, y'(0) =—1.
18.yy"+ (') - (')*=0, y(0)=1, y'(0)=1/2.
19.9" (x> + 1) =2xy', y(1)=1/3, y'(1) =2.

20.2yy" = (y')* —y? y(0) =1, y'(0)=1.
Answers.
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2.3 Linear Higher-Order Differential Equations.

Basic Concepts

|. Basic Concepts and Definitions

[ Deﬁnition.] The linear n-th order differential equation is the equation of the form

Yy 4+ a; )y @ P+ a0y + @ (0)y = f(x), (2.14)
where coefficients a,,...,a,, and f are given continuous functions of variable

x or constants. The function f(x) is called the right-handed member of the

equation.

Obvious, that the equation (2.14) is linear with respect to unknown function y = y(x)

and its derivatives y’,y",...,y™.

[ Deﬁnition.} If f(x) # 0 then the equation (2.14) is called nonhomogeneous linear.

If f(x) =0 then the equation (2.14) is called homogeneous linear and is

written as

y® 4+ qy® Dy ta, 1y +a,y=0. (2.15)

Let us consider some basic concepts and properties of this kind of the equations using
the example of the second order linear homogeneous differential equations, that is for
y'+ay' +a,y=0, (2.16)

where a4, a, are given continuous functions of variable x or constants.

[ Theorem. ]

Principle of Superposition
If y, = y,(x) and y, = y,(x) are particular solutions of the equation (2.16)

then function Ay, (x) + By,(x), where A, B are real numbers, is also a

solution of this equation.

Proof. Since y, and y, are solutions of the equation (2.16), then

' tay tay,; =0
and

)’2” + a13’2’ + a,y, = 0.
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Putting the sum Ay, + By, directly into the equation, we get
(Ay: + By;)" + a,(Ay, + By,)" + a;(Ay, + By,) =
=A" +ay, +ay) + B "+ a1y, +azy;) =A-0+B-0=0.
Hence, Ay, (x) + By, (x) is a solution of the equation (2.16).

The same property holds true for the equation (2.15) too.

Il. Linear Independence of Functions

Consider the system of differentiable on the interval (a, b) functions {y;, y2, ... ¥n}.

[ Deﬂnition.] The expression a;y; (x) + ayy,(x) + -+ + a,y,(x), where aq, a5, ... a, are

real numbers, is called the linear combination of the functions y,, y,, ... ¥n.

[ Definition.] Functions y,,y,, ... y,, are called linearly dependent on an interval (a, b), if

there exist nonzero constants a4, a5, ... a, such that
ayy1 oy, + o+ apy, =0
forall x € (a,b).
Otherwise, they are called linearly independent. That is a;y; + a,y, + -

-+ a,y, =0ifandonlyif ¢; =a, == a, =0.

Obvious, that two functions y, and y,are linearly dependent if their ratio on the interval
(a, b) are proportional, that is

i’/_l = Aory, = Ay,, where A = const.
2

Hence, if 2 % 1 , then y, and y, are linearly independent.

Y2

[ Example 1. ]

a) Functions e~ and e* are linearly independent on (—oo, +0), since the ratio — = e

eX

X

does not remain constant as x varies.

b) Functions 2e* and e”* are linearly dependent, because the ratio Zeix = 2 = const.
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General method to investigate the linear independence of the system of functions

{y1, V2, ... Y} is so-called Wronskian method.

[ Deﬁnition.] Wronskian or determinant of Wronski of the system of functions {y,, y,, ... ¥}

is the determinant of the form

Y1 Y2 o Yn

y' y' y’
W(ylﬂyZﬂ yn) = 1 2 n

yl(n—1) yz(n—l) yr(ln—l)

[ Theorem ]
If the functions y;, y,, ... 3, are linearly dependent then, since differentiation

Is a linear operation, the columns of the Wronskian are linearly dependent too

and W(yy,y,, ... yp) =0.

In general, the converse is not true: if Wronskian vanish, this does not imply that the
functions are linearly dependent. However, the converse is true in many special cases. For
example, if the functions are polynomials, trigonometrical or exponential and Wronskian

vanish, then the functions are linearly dependent.

Thus, the Wronskian can be used to show that a set of differentiable functions is linearly
independent on an interval by showing that W (y,, y5, ... ¥,) Z 0. However, it may vanish at

some isolated points.

[ Example 2. ]
Investigate if functions y; = 1, y, = x, y; = x?2 are linear dependent.

Let us evaluate the Wronskian

Y Y2 V3 1 x x?
WL yays) = |2 Y2 ys'|=lo 1 2x[|=2=%0.
i’y ¥l lo 0 2

Thus, functions y, = 1, y, = x, y; = x?2 are linear independent on (—oo, +0).
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IIl. Structure of the Solution of Linear Homogeneous Differential Equation

Consider the equation of the form (2.15):
y™ +a,y@ D 4 q,y™D4 | +a, 1y +a,y =0.
Let system of particular solutions of the equation (2.14) y; = y,(x), y, = y,(x),...,

Yn = Yn(x) is linear independent, that is

Y1 Y2 o Yn
Y1 V5 e Yy
W(:Vli yz;---;Yn) = 1 2 n =0.

[ Deﬁnition.} The linear independent system of n particular solutions y;, y,,..., y, of the

n-th order linear homogeneous differential equation is called the fundamental

system of solutions on the interval (a, b).

[ Theorem ]
General solution of n-th order linear homogeneous differential equation is

written in the form of linear combination
y = Cy; + Gyt +Cyn, (2.16)
where C; (i =1,2,...,n) are arbitrary constants, y,,y,,...,¥, is the

fundamental system of solutions of equation.

IV. Solution of the Second-Order Linear Homogeneous Differential

Equation

Let us consider differential equations
y'+a,y' +a,y=0, (2.17)
where a,, a, are given continuous functions of variable x or constants.

Suppose, that it is known one of the particular solutions of the equation y; = y, (x).
Another particular solution y, = y,(x), so that y, and y, are linearly independent, could be
found by formula

o— Ja1(x)dx
y, = yldex. (2.18)
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Thus, the general solution of the equation (2.17) is of the form

e~ [a,(x)dx

S dx, (2.19)

y=0Cy + Cz)’1j

where C,, C, are arbitrary constants.

[ Example 3. ]
Solve the equation

(1—x2)y" —2xy' + 2y = 0.
It is easy to verify that y = x is a particular solution of the equation. Plugging the solution
directly into equation, we get
(1—x3)(x)" —2x(x) +2x = —2x + 2x = 0.

Let us find the second particular solution by formula (2.18), noting, that a, (x) = 1__2;2.

e L o~ In|1-x?| 1
y2=Xj 2 dX=XJTdX=ijdX=

—j(1+ o )d—(1+11|1+| nl1 )
e 200 T2/ T Ty T A T T

1 1
= —1+—In|1 + x| ——In|1 — x|.
+2x n|1+ x| 2 n| x|

Consequently, the general solution of the equation is the linear combination of y, and y,:
iy, +c(11|1+| L it — 1)
y = Cix 225 n X x n X ,

where C,, C, are arbitrary constants.

Review Questions

1. What is the form of the linear n-th order differential equation?

3. Formulate the definition of the linear dependence and independence of the system of
functions.

4. What determinant is called Wronskian?

5. How could we investigate the linear independence of the system of functions by Wronskian?
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6. What conclusions can we make about the functions y; and y, defined on the interval (a, b),
if the Wronskian W (y,, y,) is zero?

7. Which two particular solutions of a second-order linear homogeneous equation are called
linearly independent?

8. Which of the given pairs of functions are linearly independent in for any x:

Dy, = e, y, = 2e3%;

2)y, = cosx,y, = sin®x;

3) y1 = xF,y, = x™ (k # m);

4) y; =3cosx,y, = 5sinx?

9. What is called a fundamental system of solutions of a linear homogeneous equation?

10. Formulate the theorem about the structure of general solution of the second order linear
homogeneous differential equation (Principle of Superposition).

11. What is the form of particular solutions of a linear homogeneous differential equation?

Exersises 2.3
1-4. Investigate if functions y4, y,, y3 are linear independent on (a, b):
1.y, =e%, y, = xe*, y; = x%e* on (—, +0);
2.y, =1, y, = arcsin 2x, y; = arccos 2x on (—1,1);
3.y, =In(5x), y, = In(3x), y; =In(9x) on (0, +0);
4.y, =Vx, y, =Vx +1, y3 =vx +20n [0, +0);
5-8. Solve the equation if the particular solution y, is known.
sinx

4 2 !
.y +-y +y=0, y = ;

X

n 1 ! 1 R J— .
6. y'=-y' +5y=0, y1=x
7. y" —tanxy' + 2y =0, y; =sinx;
8. (1+x2)y" —2xy'+2y=0, y, =x.

Answers.
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2.4 Linear Homogeneous Differential Equations
with Constant Coefficients

[ Deﬁnition.] Linear homogeneous differential equations with constant coefficients is the

equation of the form
y® + a,y® D+, +a,_,y' +a,y =0, (2.20)

where a,, ..., a,, are some given real numbers.

I. Second-Order Linear Homogeneous Differential Equations with
Constant Coefficients

Consider second-order linear homogeneous differential equations with constant

coefficients
y'+a,y' +a,y =0, (2.21)
where a;and a, are real numbers.

According to the previous chapter 2.3, in order to find the general solution of the equation
(2.21), it is sufficient to find two linear independent particular solutions (the fundamental
system of solutions).

Let us find the particular solutions. We may get some solutions analyzing the form of
equation: y" +a,y’' + a,y = 0. Since a, and a, are real numbers, we need particular
solutions as functions whose first and second derivatives are similar to the original function.
One of the functions that comes back to itself after two derivatives is an exponential function.

Hence, we assume that the solutions of (2.21) have a form

y = e,
where A is some number (real or complex). Let us find A.
Plug the solution and its derivatives into (2.21). Since
y' = eM, y" = )2,
we get
A2e?* + q e + a,e?* =0,

e*(A2 + a;1 +a,) = 0.
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Whereas e?* # 0, we obtain
A +adl+a, =0, (2.22)

[Deﬁnition.]The equation (2.22) is called a characteristic or auxiliary equation with

respect to equation (2.21).

Equation (2.22) is a quadratic equation and so we obtain two roots: 1; and 4,. Once we
have these two roots we have two particular solutions of the differential equation (2.21):
y; = e’ and y, = e?2*,

Let us look through the three cases of the solutions of the equation (2.22).

Case 1. The roots of the characteristic equation (2.22) are real and distinct:
A # A, ER.

Then the particular solutions are y; = e?1* and y, = e*2*. These solutions are linearly
independent for x € (—oo, +00) because

Y1 _ p(a—2)x

# const,
Y2
or by Wronskian method
yl yz e/llx e/lzx
W (y,, =" 7% = = eMitlx (), — ) 0.
(yl YZ) yi vy Ale/'llx Azelzx € ( 2 1) *

Hence, y; = eM* and y, = e?2* is the fundamental system of solutions of (2.21).
According to the formula (2.16), the general solution of (2.21) is
y = CieM* + Cyet?*, (2.23)

Case 2. The roots of the characteristic equation (2.22) are real and equal:

a,
/11=/12=/1=—?€R.

Then the particular solutions are y; = e** and y, = xe?*.
It is easy to verify that xe?* is a solution of (2.21):

(xe?™)" + a; (xe™) + a,xe? = (22e? + 12xe™) + a, (e + Axe?) + a,xe™™ =

= 214a, |e*+ (AZ +a A+ a2> xe? = 0.
[

=-224a;=0 =0
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These two solutions are linearly independent for x € (—oo, +0),since

1
& = — #* const.

Y2
Thus, y; = e** and y, = xe?* is the fundamental system of solutions of (2.21), and the

general solution is

y = Ci e + Cyxe?™, (2.24)

Case 3. The roots of the characteristic equation (2.22) are complex:

A =a+ib, A, =a—ib,a,b € Rand b # 0.
The particular solutions may be written in the form
y, = e(@+ib)x y, = e(@-ibx
These are complex functions of a real argument that satisfy the differential equation
(2.21). Let us rewrite the complex solutions in the form

y, = e@FiX — X cosh x + e sin b x,

y, = e@7)X = ¢@X cosh x — {e% sin b x.
Hence, we have that the particular solutions are y; = e** cosb x, y, = e**sinb x.
Since

vy, e cosbx
— = W = cotbx # const,
y, e*¥sinbx

v, = e cosbxandy, = e sin b x form the fundamental system of solutions of (2.21), the

general solution is

We do not need integration for solving the linear equation (2.21).

y =e*(C;cosbx+ C,sinbx). (2.25)

The process of solving consists of two steps:
e finding the roots of the characteristic equation (2.22)

e applying formulas (2.23) - (2.25).
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[ Example 1. ]
Find the solution of the equation

y" +5y"'—6y=0.

It is the second-order linear homogeneous differential equations with constant
coefficients of the form (2.21).

Let us write the corresponding characteristic equation

A+51-6=0
and find its roots
A =1, A, = —6.

Since the roots are real and distinct 1, + A, € R, we have two linear independent

particular solutions:
y; =e*and y, = e"6%,
According to (2.23), general solution of the given equation is

y = Ce* + Ce %%,

[ Example 2. ]
Solve the equation

y"+6y"+9y =0.

Write the characteristic equation

A2+61+9=A+3)=0.
Thus, we have two equal real roots

AMor=-3ER.

Then the particular solutions are

y, = e 3*andy, = xe 3%,
By formula (2.24), we write the general solution of the original equation

y = Cie 3% + C,xe 3%,

[ Example 3. ]
Find the solution

y"'—4y"'+5y=0.
Let us solve the characteristic equation
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A2 —4145=0,

D=(-4)2-4-5=-4<0 =D =vV—-4=+2i,

4+ 2i ,
/11,2: 2 =2il

Hence, we obtain complex roots, where real part is a = 2 and imaginary partis b = 1.
Then the particular solutions are

y, =e**cosx, y,=e*sinx.
According to formula (2.25), the general solution of a given equation is

y = e?*(C; cos x + C, sinx).

[ Example 4. ]
Solve the initial value problem

y"+4y =0, y(0)=1,y'(0) = 4.
First, we write the corresponding characteristic equation

A2 +4=0.
This equation has pure imaginary roots
/11,2 - iZl

Then the linear independent particular solutions are
y1(x) = cos2x, y,(x) = sin2x,
and the general solution of the given homogeneous equation is
y = (; cos 2x + C, sin 2x.

Now we find the particular solution that satisfies the given initial conditions and
determine the corresponding values of C; and C,.

Plug

y = C;cos2x + C,sin2x and y' = —2C; sin2x + 2C, cos 2x

into the initial conditions to get the following system of equations with respect to ¢, and C,:

{Cl+62'0=1, :>61:1,

Finally, the solution of Cauchy problem is

Yy = cos 2x + 2 sin 2x.
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Il. Higher-Order Linear Homogeneous Differential Equations
with Constant Coefficients

Similar method could be applied to the higher-order linear homogeneous differential
equations with constant coefficients (2.20).
Consider
y® +a,y™@ D 4+ a,y™Dy . ta, 1y +a,y =0,
where a4, a,, ... a, are real numbers.

The particular solutions of (2.20) have a form
y = e,
where A is some number (real or complex).
To find A we use the characteristic equation
A+ a A"+ +a, = 0. (2.26)
This equation is n-th order algebraic equation and it has n solutions real or complex (including
repeated roots). Let denote these roots by 1,,1,,...,4,,.
1. The roots of the characteristic equation (2.26) are real and distinct.
Then the particular linearly independent solutions are
phix

e)tzx e)lnx.

) ) ey

2. The roots of the characteristic equation (2.26) are real and A is a root of
multiplicity k > 1, that is A4 occurs k times in the list of roots:
Then, the particular solution e**corresponds to each distinct root A; and for the root A

of multiplicity k > 1 we have the following k particularsolutions

e xel = xZeM | x

k=1pAx
3. The roots of the characteristic equation (2.26) are complex.
If a £ ib occurs only once in the list of roots then the particular solutions are
e cosbx and e** sinb x.
If a + ib has a multiplicity of k > 1 then we obtain the following set of 2k particular
solutions of the form

e** cosbx, xe% cosb x, N xk=1e% cos b x;

e®sinbx, xe*sinb x, ) x*=1e% gin p x.
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Thus, let us denote corresponding particular solutions by y,,vy,,...,y,.

fundamental system of solutions of differential equation (2.20).
According to the formula (2.16), the general solution of (2.20) is
y = Cl)’l + Czyz +... +Cn)’n-

[ Example 5. ]
Solve the equation

ylll _ Zy" _ 3yl — 0.

It is the

Here we have the third-order linear homogeneous differential equation of the form (2.20).

Write the corresponding characteristic equation
A3—-212-31=0

and solve it
/11 = 0,
A2 =21-3)=0> |1, =1,
/13 = 3

Since all roots are real and distinct, they correspond to particular solutions
@ =1 y(x)=e*  y3(x)=e’*%
Thus, the general solution of the original equation is

y = Cl + Cze_x + C3e3x.

[ Example 6. ]

Find general solution of equation

yV +2y" =2y —y =0.

It is forth-order linear homogeneous differential equation of the form (2.20).

Let us solve the corresponding characteristic equation
AP+223-21-1=0.
It is easy to see, that A, = 1 is one of the solutions. Then
A=—1DA3+32+31+1)=0=>L—-1)A+1)3=0.
Finally, we have
M=1 A, =43=1, =—1.

Thus, we have two real roots here, 2, = 1 and A, 3 , = —1 which is multiplicity of 3.
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The fundamental system of solutions is

X X X

y1(x) = e”, y2(x) =e™, y3(x) = xe™*, ya(x) = x%e™*.
The linear combination of these particular solutions is a general solution of the equation

y = Cie* + C,e™ + C3xe™ + Cyx?e™

or
y = Cie* + e *(Cy + C3x + Cyx?).
[ Example 7. ]
Solve the equation
vy +2y" +2y" +y +y=0.
Write the corresponding characteristic equation
DB+ +283+222+21+1=0,
A+1D)A*+222+1)=0
A+1DA%2+1)2=0.
Here we have one of the solutions 1; = —1. Another four solution are complex each with
multiplicity 2

A’Z,3 == il, /14_,5 = il.

Hence, the particular solutions are

X

y1(x) =e™,
y,(x) = cosx, y3(x) = sinx,
y4(x) = xcosx, ys(x) = xsinx.
The linear combination of the fundamental system of solutions give us a general solution
of the equation
y==Ce*+C,cosx+ Cysinx + C,xcosx + Ccxsinx
or

y=Ce ™+ (Cy + Cyx) cosx + (C3 + Csx) sin x.
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Review Questions

1. What is the form of the linear n-th order differential equation with constant coefficients?
2. What is the form of the second-order linear homogeneous differential equation with constant
coefficients?

3. What is the form of particular solutions of a linear homogeneous differential equation with
constant coefficients?

4. Can the function y = In x be a solution to the equation y"” + py' + qy = 0, p,q = const ?
5. What equation is called characteristic of second-order linear homogeneous equation with
constant coefficients?

6. What is the form of general solution of second-order linear homogeneous equation with
constant coefficients, if roots of the characteristic equation are:

1) real and distinct, 1; # A,;

2) real and equal, 1, = 4,;

3) pure imaginary, A, , = *ib;

4) complex, A, , = a £ ib?

7. Formulate an algorithm for solving a linear homogeneous differential equation with constant

coefficients.

Exercises 2.4

1-16. Find general solution:

1.y" —y' —12y =0.
2.y" +7y" + 6y =0.
3.y" +4y"+4y =0.
4.y" —4y"+13y =0.
59" +8y' =0.

6.y" + 25y =0.

7.y" =2y" —y'+ 2y =0.
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8.y"" +2y" —15y' = 0.
9.y" —8y" + 16y =0.
10.y"" = 3y"' — 2y = 0.
11.y"" = 3y" +3y'—y = 0.
12. 9" + 64y’ = 0.
13.yV —y"" + 9" —y' = 0.
14.y"V +18y" + 81y = 0.
15.yV — 49" = 0.
16.yV — 81y’ = 0.
17-21. Solve the initial value problem:
17.y" +5y"+ 6y =0, y(0) =1, y'(0) = —6.
18.y" —10y'+ 25y =0, y(0) =0, y'(0) = 1.
19.y" =2y’ +10y =0, y(m/6) =0, y'(n/6) = e™°,
20.9y" +y =0, y(3n/2) =2, y'(3n/2) = 0.
21.y" +3y'=0, y(0)=1, y'(0) =2.

Answers.
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2.5 Linear Nonhomogeneous Differential
Equations with Constant Coefficients.
General Method

|. Basic Concepts

[ Deﬁnition.]The linear nonhomogeneous n-th order differential equation with constant

coefficients is the equation of the form

y™ +a,y® D 4+ a,y™@ D4 ta, 1y +a,y = f(x), (2.27)
where coefficients a4, a,,...,a, are real numbers and f(x) = 0 is given
continuous function of variable x € (a, b).

The function f(x) is called the right-sided member of the equation.

[ Deﬁnition.] The equation of the form (if f(x) = 0)
y® 4+ a,y® D+ ay®Dt  ta, 1y +a,y=0 (2.28)

is called the related homogeneous or complementary equation.

[ Theorem. ]

About the structure of the general solution of the linear

nonhomogeneous differential equation

The general solution y, of a nonhomogeneous equation (2.27) is the sum of the
general solution y, of the related homogeneous equation (2.28) and a
particular solution y,, of the nonhomogeneous equation (2.27), that is

Yg = Yn + Yp- (2.29)

Il. Method of Variation of Constants (Lagrange Method)

Let us consider second-order linear nonhomogeneous differential equation with constant

coefficients
y'+ a9y +ay = f(x). (2.30)
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Then the related homogeneous equation has a form
y"'+ a1y +a,y =0. (2.31)
General solution of the equation (2.30) is written by formula (2.29), where
Yn = C1y1(x) + G2y, (x) (2.32)
Is a general solution of the related homogeneous equation. It has one of the form (2.23), (2.24)
or (2.25).
Let us find general solution y, of a nonhomogeneous equation (2.30) in the form (2.32)
Vg = C1(x0)y; (x) + Co(x)y, (%), (2.33)
considering C;and C, as some undetermined functions of x.
Differentiate y,
Vg = Ciy1 + Gy + Ciyr + Gy,
and choose the functions C; and C, so that
Ciyy + G2y, = 0.
Then
Vg = C1y1 + C2y;.
Differentiate the expression obtained
y;’ = Gy + Cyy' + Ciyr + Gys.
Let us put y,, y4 and y4 into the equation (2.30).
Hence
y'+ay' +axy =
= C1y1 + Gy + Ciyr + Cy; + a.(Cyg + Gyz) + ap(Cryg + Goy,) =
= C(y1 + ay1 + axy) + G (7 + ay; + axy,) + Ciyg + Gy, = f(x).
Since y; and y, are the solutions of (2.31), the expressions in the first two parentheses
are zero.
Thus,
Ciyi + Cyz = f(x). (2.34)
Finally we have, that the function (2.26) will be the solution of (2.30) provided the
functions C; (x) and C, (x) satisfy the system of

{ C1(0)y1(x) + G (x)y2(x) = 0,

C1(x)y1(x) + 9C02' ()y2(x) = f ().

(2.35)



System (2.35) is linear nonhomogeneous system of equations with respect to C; (x) and

Vi Y2

! !

C,(x). Since the determinant of this system y
1 2

is the Wronskian for the linear

independent partial solutions of (2.31) (y;(x) and y,(x)), itis not equal to zero:

Y1 Y2

/ /
172

Hence, the system (2.35) has the unique solution. It could be solved by Cramer’s method

Wy, y2) = * 0.

(or any other method):

30 f@)
Wy, y2)

y1(x) - f(x)
W, y2)

Ci(x) =

C(x) =

Integrating, we obtain

Ci(x) = — %dx +C,,

where C;and C, are constants of integration.
Substituiting C; (x) and C,(x) into (2.33), we get the general solution of (2.30):
Yg = Cry1 (x) + Coy, (x) —

[y () - f(x) y1(x) - f(x)
W(y1,¥2) Wy, y2)
The solution (2.36) satisfies the theorem about the structure of the general solution of the

dx - y;(x) + dx - y,(x). (2.36)

linear nonhomogeneous equation, that is
Yg =Ynt Vp
where

yn = Ciy1 (%) + Gy, (x)
is the general solution of the linear homogeneous equation (2.31) and

C (n® @ @ f@
= W1, y2) ax - yi () + W(1,¥2) dx- y2(0)

is the particular solution of the linear nonhomogeneous equation (2.30).
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Lagrange Method could be applied for solving n-th order linear nonhomogeneous

differential equation (2.27). In this case, the functions
Vg = C1(0)y1(x) + Co(x)y2 () + -+ + Co () yn (),

where y,(x), y,(x),... y,,(x) are linear independent particular solutions of (2.28), and
functions C; (x), C,(x), ... C,,(x) are determined from the system
(C1()y1(x) + G (x0)y () +... +Cr(X)yn (x) = 0,
C1()y1(x) + G()ya(x)+... +Cr () yn(x) = 0,
L 200 + Gy 0+ Gy P () = 0,
"0 + GO0y P+ Gy () = F().

[ Example 1. ]
Solve the equation

Here we have the second-order linear nonhomogeneous differential equation.

First, let us find the general solution of corresponding homogeneous equation
yll _ yl — O

Solve the characteristic equation

/11=0,
/1221.

Thus, we have two distinct real roots and the particular solutions are y, (x) = e%* =1

2—-1=0=>

and y,(x) = e”~.
By formula (2.23), we write the general solution of the homogeneous equation
Yr = C1y1(x) + Cy2(x) = €y + Cre™.
Second, let us find the general solution of nonhomogeneous equation in the form
Vg = C1(x) + Cy(x)e*, ()
where C; (x) and C,(x) are unknown functions determined from the system (2.35).
Since y;(x) =1, y,(x) =e* and y;(x) =0, y;(x) = e*,we write down the system

with respect to functions C; (x) and C;(x):

92



Ci(x) -1+ C(x)e* =

Cy(x)e* = praE
Solve the system
GO =, ) =
eX(e*+1) e*+1

Integrate the equalities obtained

C.(x) = f 1 o = J1+ex—exd B J1+exd +f e* dy =
1= e+ 1 = e*+1 = ex+1x e*+1 =

d(e*+1) X .
jdx+f ] =—x+1Inle* +1|+C;,

c _j j dx _je%Wx_je*x—1+1d__
2(x) = ex(ex+1) e2X(1+ex) Je*x+1 x=

e *+1

=j(e_x_1+ex(ef:+1))dx=f(e‘x—1)dx+fwz

e*+1

= —e*—x+Inle*+ 1|+ C,.
Plugging functions C;(x) and C,(x) into (*), we obtain the general solution of the
original equation

Yy =—x+Inle* + 1|+ + (—e™ —x + Inle* + 1| + (,)e* =

=C +Ce*—x+In(e*+1)—1—xe*+e*In(e*+1) =
=C, +Ce*+ (e*+1)(n(e*+1)—x) — 1.

[ Example 2. ]

Find the general solution of the equation

n 1
y'+y' =

cos?x
We first need the general solution for the corresponding homogeneous differential
equation

ylll + yl — 0.
The characteristic equation

AB+1=0
has three roots A, = 0, 4,3 = =i.
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Write down the fundamental system of solutions
y1(x) =1,  y,(x) =cosx,  y3(x)=sinx
and the general solution for the homogeneous equation
yp = C; + C,cosx + C3sinx.
Thus, the solution of nonhomogeneous equation has the form
Vg = C1(x) + C2(x) cosx + C3(x) sin x.
The system with respect to Cy (x), C;(x), C3(x) is

Ci(x) - 14 Cy(x)cosx + C5(x) sinx = 0,
Ci(x)-0—Cy(x)sinx + C3(x)cosx =0,

Ci(x)-0—-0C, — C3 inx = :
1(x) >(x) cosx — C3(x) sinx .

Solve the system by Cramer’s rule.
The main determinant (Wronskian) is

1 cosx sSinx
0 —sinx cosx
0 —cosx —sinx

Let us calculate the auxiliary determinants

_ | —sinx cosx

. | = sin®x + cos?x = 1.
—cosx —sinx

A=W(,Yy2,¥3) =

0 COS X sin x
A =0 —sinx  cosx| _ 1 | cosx sinxl_ 1
1 1 . cos2x | —sinx cosxl cos?x’
>— —Ccosx —sinx
cos?x
1 0 sin x
0 COS X 1
0 0 COS X 1
A2= 1 = . e — .
. — —sinx COS X
> —Sinx COS*X
cos?x
1 CoS X 0 ~sinx 0
A, = 0 —sinx 0 |_ 1 |- _SIX
3= 1 =2 =——
COS X
0 —cosx > cos?x cos™X
Ccos?x
As a result, we have
Cl(x) = = szj = tanx + C,;
1) cos? x 1(%) cos? x 1
CL(x) C,(x) lfdx In[tan (5 + )| + €
xX) = — = x) = — = In an(— —)| ;
2 COS X 2 COS X 2 4 2
C () sin x C.00) j sin x p Jd(cosx) 1 L
xX) = — = x) = — x=| —=— .
3 cos? x 3 cos? x cos? x CoS X 3
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Putting C;(x), C;(x), C3(x) into y,, we obtain the general solution of the initial

nonhomogeneous equation

¥y = C; + tanx + (C‘Z +1n|tan(g+z)|)cosx+ (C‘g _ )sinx —

4 COS X
~ ~ ~ X T
=(C; +Cycosx + (5 smx+tanx+cosx-ln|tan(§+z)| — tanx =

~ ~ ~ X T
=(C; +Cycosx + C3 sinx+cosx-ln|tan(§+z)|.

Review Questions

1. What is the form of the n-th order linear nonhomogeneous differential equation with
constant coefficients?

2. What is the form of the second-order linear nonhomogeneous differential equation with
constant coefficients?

3. What equation is called the related homogeneous or complementary?

4. Formulate the theorem about the structure of the general solution of the linear
nonhomogeneous differential equation.

5. What is the idea of the method of variation of constants (Lagrange Method) for solving

second-order linear nonhomogeneous differential equation?

Exercises 2.5

1-10. Solve by Lagrange Method:

1L.y" +y= —. 2.y" +y = cotx.
3.y —y = ez+1' 4.y" —2y' +y= %
" 1 " ! 1
5.y +9y=sin3x. 6.y +2y+y=;.
7.y" +4y = = 8.y" +y= —a
9.y" +y=tanx, y(0)=0, y'(0) = 1. 10.y"" +y' = —
Answers.
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2.6 Linear Nonhomogeneous Differential
Equations with Constant Coefficients.

Method of undetermined coefficients

|. Basic Concepts

Consider the linear nonhomogeneous differential equation with constant coefficients

y™ +a,y® D 4+ a,y™@ D4 ta, 1y +a,y = f(x), (2.37)
where the right-sided function could be written in the form
f(x) =e**(P,(x)cos fx + Q,,(x) sin Bx) (2.38)

where «, [ are real numbers, P,(x) and Q,,(x) are the polynomials of degree n and m,
respectively.

In this case, solving the equation by Lagrange method leads to complicated and
cumbersome operations while integrating. Thus, we seek for the general solution as a sum of
the general solution y,, of the related homogeneous equation and a particular solution y,, of
the nonhomogeneous equation. To find a particular solution y, of (2.37) it is better to use
the method of undetermined coefficients.

The idea of the method is seeking a particular solution y,, in the form corresponding to

the structure of the right-sided function (2.38) of the nonhomogeneous equation (2.37):

v, = x"e®(P(x) cos  x + Q;(x) sin B x), (2.39)
where r is the multiplicity of the root A = a + i of the characteristic equation
A+ a A+ +a, =0; (2.40)

P,(x) and Q,(x) are polynomials of degree I, | = max{n, m} with unknown (undetermined)
coefficients. The coefficients of the polynomials P,(x) and Q,;(x) are determined by direct
substitution of the trial solution y,, into the nonhomogeneous differential equation (2.37).

1. If f(x) has a form of an exponential, polynomial or trigonometric function or a
combination of these functions, then it corresponds to the form (2.38).

2. The numbers a and £ are the same in (2.38) and (2.39).
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3. If the number a + Bi (from 2.38) does not coincide with a root of the characteristic
equation (2.40) thenr = 0.
4. If the expression (2.38) contains at least one of the functions cos fx or sin Sx then the

expected expression y, (2.39) includes both functions.

Let us consider some cases of applying the method of undetermined coefficients.

Case1. f(x) = P,(x)
The right-sided function (2.38) of the equation (2.37) has the form
f(x) = Py(x),
where P, (x) is a polynomial of degree n, « = 0 and g = 0.
Then
a)if a+pBi =0+ then A =0 isnot the root of characteristic equation (2.40) and

r = 0, hence, the particular solution of (2.37) has a form

Yp = Isn(x);

.....

solution of (2.37) has a form

yp = x" B, (x).
Here
P(x) =Apx™ + A x4+ -+ A,
is a polynomial of degree n, where 4,, A,,..., A, are unknown coefficients.

To determine coefficients A,, A,..., A, we have to find y,;,y,;’,...,yén) and, then, put

them into the equation (2.37) and compare the coefficients with the like powers of x in the
right and left sides. These coefficients must be identical, that leads us to the system (n + 1)

linear equations with respect to 4,, A44,..., A,.

[ Example 1. ]
Solve the equation

y" 4+ 3y' — 4y = 4x? + 3.
The solution of the equation is written in the form

Yg =YntVp-
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First, we need the general solution for the corresponding homogeneous differential
equation
y"+3y' —4y = 0.
The characteristic equation
A+31-4=0
has two distinct real roots 1, = 1 and 1, = —4.
The general solution for the homogeneous equation is
yn = Cie* + Cre™*.
Since the right-sided function has the form of polynomial
P,(x) =4x%+3,(n=2),
thena=0and f =0, thatisa + fi =0 # A, andr = 0.
Hence,
¥, = Ax* + Bx + C.
To determine 4, B, C puty, into the original equation
Yp = 2Ax + B, Vp = 2A.
Thus
2A+ 3(2Ax + B) — 4(Ax*> + Bx + C) = 4x?* + 3,
—4Ax? + (6A — 4B)x + 2A + 3B — 4C = 4x? + 3.
Comparing the coefficients with the like powers of x in the right and left sides, we obtain

x? —44A =4,
xt 64— 4B =0,
x°12A+ 3B —4C = 3.

This gives us
Consequently

Finally, the general solution is

Vg = Cie* + Cre™ — x? — 3x — 4.
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[ Example 2. ]

Find the general solution of the equation

y" —y"=x—-1.
Let us solve the corresponding homogeneous equation
y"=y"=0.
Since the characteristic equation
AB—-12=0
has the roots 4, , = 0,43 = 1, the solution of homogeneous equation is
yn = C; + Cx + Cze”.
The right-sided function of the original equation contains only a polynomial
P(x)=x—-1,(n=1),
and a +Bi=0+0i=0=2,,,17=2.
Therefore, we seek a particular solution in the form
Vp = x*(Ax + B) = Ax® + Bx?.
Differentiate it
yp = 3Ax? + 2Bx, Yy, = 6Ax +2B,  y, = 6A.
Plugging into the original equation, we get
64 — (64x +2B) =x —1,
—6Ax + 6A+ 2B =x — 1.
Comparing the coefficients with the like powers ofxin the right and left sides, we obtain

x1 —64 =1,
x°1 64 + 2B = —1.

Determine the coefficients:

Hence, the particular solution is
1

Vp = —gx3 + x2.

Thus, the general solution is given by

1
Vg = C; + Cox + Cze* —gx3 + x2.
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Case 2. f(x) = P, (x)e**
The right-sided function (2.38) of the equation (2.37) has the form
f(x) = P (x)e™,
where a # 0 is real number, g = 0 and B, (x) is a polynomial of degree n.
Then
a)if a+ pfi=a+#A1 then 1 = a is not the root of characteristic equation (2.40) and

r = 0, hence, the particular solution of (2.37) has a form
Yp = B (2);

.....

solution of (2.37) has a form

Yy = x"e™ B, (x).

Here
P(x)=Apx" + A x™ 1+ -+ A,
Is a polynomial of degree n, where 4,, A,,..., A, are unknown coefficients.
[ Example 3. ]

Solve the initial value problem (Cauchy problem)

1
y"+y' =2y = 3xe”*, y(0) = 3, y'(0) = -3
To solve the Cauchy problem we have to find general solution of the equation and then
use the initial condition to find constants for particular solution.
Write the characteristic equation for corresponding homogeneous equation and find its
roots

Al = 1,
2.2 = —2.

Since roots are real and distinct, the general solution of homogeneous equation is

4+1-2=0=>

yn = Ce* + Cye %,
The right-sided function of the original equation has a form f(x) = 3xe”*, where
P,(x) =3x,(n=1),

and a+ Bi =14 0i =1 = A, (is a solution of the characteristic equation), r = 1.
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Therefore, we seek a particular solution in the form
Vp = x(Ax + B)e* = (Ax* + Bx)e™.
Differentiating twice, we have
yp = (24x + B)e* + (Ax* + Bx)e* = (Ax* + (2A + B)x + B)e”,
Vp = (24x + 24+ B)e* + (Ax* + (24 + B)x + B)e* =
= (Ax? + (4A + B)x + 2A + 2B)e*.
Substitution into the original equation gives us
(Ax? + (4A+ B)x + 2A + 2B)e* + (Ax? + (2A + B)x + B)e* — 2(Ax? + Bx)e* =
= 3xe?,
which reduces to
6Ax + 2A + 3B = 3x.
Comparing the coefficients with the like powers of x in the right and left sides, we get
for Aand B:

xl 64 = 3,
x%124+ 3B =0.
Therefore,
4=t g-_1
> )

and the particular solution is

1 2 1 X
=5+ 57

Thus, the general solution of the given equation is

1 1
Vg = Cie* + Ce™ + (Exz — §x) e*.

To solve the Cauchy problem we have to use initial conditions

1
y©@=3  y0)=-3.

Differentiate the general solution

1 1 1
Vg = Cre* —2C,e™* + (x — §> e* + (Exz — —x) e*.
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Hence,

1 1
y(0) = (Clex + C,e %% + (—xz — —x) ex> =C, +C, =3,
2 3 x=0
1 1 1
y'(0) = (Clex —2C,e %% + (x — —) e* + (—xz — —x) ex> =C,—2C, = —=
3 2% 73 o

Therefore,

Gri=3 [Cl=2,
1 =

C,—2C, = —=, C, =1
3

Finally, we get the solution of the Cauchy problem

= De¥ -2x 12_1 X
y e”+e -I-ZX 3xe.

Case 3. f(x) = B,(x) cos fx + Q,,,(x) sin Bx
The right-sided function (2.38) of the equation (2.37) has the form
f(x) = B,(x)cos fx + Q,,(x) sin Bx,
where § # 0 is real number, « = 0 and P,(x), Q,,(x) are polynomials of degree n and m
respectively.
Then
a) if a+ pi = pBi # Athen A = i is not the root of characteristic equation (2.40) and
r = 0, hence, the particular solution of (2.37) has a form
Yy = P(x) cos Bx + Q;(x) sin Bx;
b) ifa + pi = pi = 1,, _, then A = Bi is a root of the multiplicity r and the particular
solution of (2.37) has a form
v, = x" (P (x) cos Bx + Q,(x) sin fx),
where
P(x) = Agx™ + A;x™ 1 +...+4,,  Q,(x) = Byx™ + Bjx™" '+...+B,
are polynomials of degree [ = max{n,m}, where A, A,,..., A;, By, By,..., B, are

unknown coefficients.
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[ Example 4. ]

Find the general solution of equation

y" +3y" + 2y = 2 cos 3x + 4 sin 3x.
First, we need the general solution for the corresponding homogeneous differential
equation
y"+3y"'+2y=0.
The characteristic equation
A24+31+2=0
has two distinct real roots 1, = —1and 1, = —2.
Then the general solution of homogeneous equation is
yh = Cie ™ + Cye %%,
The right-sided function of the original equation has a form
f(x) = 2cos3x + 4sin 3x,
where
B(x)=2,(n=0),0,(x) =4,(m=0),and a + fi =3i # A;,,r=0.
Therefore, a particular solution has the form
Yp = Acos3x + B sin 3x.
The derivatives for y,, have the form
y}; = —3Asin 3x + 3B cos 3x,
Yp = —9Acos3x — 9B sin 3x.
Substitute this into the given equation
—9A cos3x — 9B sin3x + 3(—3Asin3x + 3B cos 3x) + 2(Acos3x + Bsin3x) =
= 2cos3x + 4sin3x
and simplify
(—9A +9B + 2A) cos3x + (—9B — 94 + 2B) sin 3x = 2 cos 3x + 4 sin 3x,
(=7A+9B) cos3x + (—7B — 9A) sin 3x = 2 cos 3x + 4 sin 3x.
Equating the coefficients of cos3x and sin3x, we get the system for determining
coefficients A and B:

cos3x|—7A+ 9B = 2,
sin3x1—94 — 7B = 4.
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5 1
whenceA = ——,B = ——.
13 13

As a result, the particular solution is written as

5 1

Vp = —Ecos 3x —Esin 3x.

Finally, the general solution is given by

_ _ 1 .
Vg = Cie™* + Cre 2"—1—3c053x—1—351n3x.

[ Example 5. ]
Solve the equation

y" +y = xsinx.

Let us find the solution of corresponding homogeneous equation

y'+y=0.
Since the characteristic equation
A2+1=0
has complex roots
Aip = *i,

It follows that the general solution of homogeneous equation is
yn = €y cosx + C, sin x.
The right-sided function of the original equation has a form
f(x) = xsinx,
where
P,(x)=0,(n=0), Qm(x)=x,(m=1), [ = max{0,1} =1,

anda+pBi=0+i=A1,,r=1.

Hence, a particular solution has the form

¥, = x - ((Ax + B) cosx + (Cx + D) sinx) = (Ax* + Bx) cosx + (Cx? + Dx) sinx.
Differentiate it
yp = (2Ax 4+ B + Cx* + Dx) cosx + (2Cx + D — Ax* — Bx)sinx,
yp = (2D + 2A — Ax* — Bx + 4Cx) cosx + (2C — 2B — Cx* — Dx — 4Ax) sinx,

and plug derivatives into the original equation
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(2D + 24 — Ax? — Bx + 4Cx) cosx + (2C — 2B — Cx? — Dx — 4Ax) sinx +
+(Ax? + Bx) cosx + (Cx? + Dx) sinx = x sin x,
(2D + 2A — Ax? — Bx + 4Cx + Ax? + Bx) cosx +
+(2C — 2B — Cx? — Dx — 4Ax + Cx? + Dx) sinx = x sinx,
(2D + 2A 4+ 4Cx) cosx + (2C — 2B — 4Ax) sinx = x sin x.
Equating the coefficients of x cosx,xsinx,cosx and sinx, we get the system for
determining unknown coefficients:

X COS X 4C = 0,
xsinx| —44=1,
cosx |2D+ 2A =0,
sinx |2C —2B =0.

This givesus € =0, A= —=, D ==, B=0.

Consequently,

1, 1
Yp = 7% cosx+szmx.

Hence, the general solution is

1 1
yg = Gy cosx + C;sinx —sz CoOSXx + —x sin x.

Case4. f(x) = e™(Py(x)cos B x + Q,,(x)sinf x)
The right-sided function (2.38) of the equation (2.37) has the form
f(x) =e**(B,(x)cos B x + Q,,(x)sin S x),
where a # 0,  # 0 are real numbers and P,(x), Q,,(x) are polynomials of degree n and m
respectively.
a)if a+ pBi#A then 1= a+ Biis not the root of characteristic equation (2.40) and
r = 0, hence, the particular solution of (2.37) has a form
¥, = €% (B,(x) cos Bx + Q;(x) sin Bx);
b)ifa+pi=21,, ,then 1= a+ Biisaroot of the multiplicity r and the particular

solution of (2.37) has a form

¥, = x"e%(P,(x) cos Bx + Q;(x) sin px),
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where
P(x) =Apx"+ A x™ 1+ 4+ A,
Q,(x) = Box™ + Byx™" '+...4+B,

are polynomials of degree [ = max{n,m}, where Ay, A,,..., 4;, By, Bj,.

unknown coefficients.

[ Example 6. ]

Find the solution of the equation

y" —4y'+ 13y = e* cosx.
To find the solution of the corresponding homogeneous equation
y" —4y'+ 13y =0,
we use the characteristic equation
A2 —41+13 =0.
Since A, = 2 £ 3i are complex, then
yn, = e?*(C; cos 3x + C, sin 3x).
The right-sided function of the original equation has a form
f(x) =e*cosx,
where
P,(x)=1,(n=0), Q,(x) =0,(m=0), [=max{0,0}=0,
anda+pi=1+i+# A, 7=0.
Thus, a particular solution is written in the form
Yp = e*(Acosx + B sinx).

Plug function y, and its derivatives

!

Vp = e*(Acosx + Bsinx) + e*(—Asinx + Bcosx) =
= ex((A + B)cosx + (B —A) sinx),

.., B, are

Vp = ex((A + B)cosx+ (B—A) sinx) +e*(—(A+ B)sinx + (B—A)cosx) =

= e*(2B cosx — 2A sinx)
into the original equation
e*(2B cosx — 2Asinx) — 4ex((A + B)cosx+ (B—A) sinx) +

+13e*(Acosx + Bsinx) = e* cosx,
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which reduces to
(94 — 2B)cosx + (2A + 9B) sinx = cos x.

Equating the coefficients of cosx and sinx, we get the system for determining

coefficients A and B:

cosx|94 — 2B =1,
sinx|2A+ 9B = 0.

2

Thus, we get A = 2 andB = —=.
13 13

The particular solution is
(9 2
yp =e (ECOSX — ESIHX).
Consequently, the general solution of the nonhomogeneous equation is

9 2
Vg = €**(Cycos3x + C,sin3x) + e* <Ecosx —Esinx).

Il. The Superposition Principle

If the right-sided function of a linear nonhomogeneous differential equation with
constant coefficients (2.37) is a sum of several functions of the form (2.38) then the partial
solution of such an equation could be found by using the superposition principle. We

formulate it for the case of the second-order differential equation.

[ Theorem. ]
Principle of Superposition

Let the function y;,,(x) be a particular solution of the equation

y'+ay' +ay = fi(x)

and the function y,,, (x) be a particular solution of the equation
y'+ay' +azy = fo(x).

Then the sum of the functions
yp(x) = ylp(x) + Vop (x)

Is a solution of the linear nonhomogeneous differential equation

y'+ay' +ay = fi(x) + f(x).
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Proof. Let us prove the statement by direct substitution of y;,, + y,, into the equation
D1p T Y2p)" t a1 (V1p + y2p) + az()’1p + yZp) = f1(x) + f2(x).
Hence,
(3’1p" + a1 y1p’ + azY1p) + (3’2p" + a1z + aZyZp) = f1(x) + f2(x).
Since y;," + a1y1p" + axy1p, = fi(x) and y,," + a1z, + ayy,, = f2(x), it follows

that we have an identity and the theorem is proved.

[ Example 7. ]

Solve the equation

y" 4+ 9y = coshx.
The right-sided function could be written as a sum of functions of the form (2.38)

f(x) = coshx = # = %e" +%e‘x = f1(x) + f,(x).

According to the superposition principle, the general solution of the equation has a form
Yg =Yn+ Y1ip + Vop-
First, we have to solve the corresponding homogeneous equation
y"+9y =0.
Since the characteristic equation A% + 9 = 0 has complex roots 4, , = +3i, the general
solution of homogeneous equation is
yn = C; cos 3x + C, sin 3x.
Particular solution y;,,, corresponding the first addend f; (x) = %ex of the right-sided
function, has a form
Vip = Ae*,
since P,(x) = % (m=0)anda + Li =1+ Ay, (r=0).
Let us differentiate y,,
Yip = Ae*,y1p = Ae”

and plug into the equation

1
"+ 9y ==e*.
y'+9y =ce
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Thus
1
Ae* + 94e* = Eex,

which reduces to

104e* = lex => A= i
2 20

Therefore, the first particular solution is

1 X
Vip = %e .

Second particular solution y,,, has a form
yzp == Be_x,

since for f,(x) = %e‘x we have P, (x) = % (m=0)anda+ fi=—-1+ 1, =0).
Differentiate y,,
Y2p = —Be™,yz, = Be™
and plug into the equation
y' +9y = %e‘x.

Hence,

and that leads us to

1
10Be* = —e* => B = —.
e e 50
As a result, we have
1 —X
Yap :%e

Finally, we have the general solution of a given equation
_ 1 1
Yg = Yn + Y1p + Y2p = C; cos3x + 6251n3x+%ex +55¢ x
or

_ 1
yg = C; cos3x + C; sin3x + 1—Ocosh X.
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Review Questions

1. What form should the right-sided function have for applying the method of undetermined
coefficients?

2. What is the idea of the method of undetermined coefficients for solving linear
nonhomogeneous differential equation?

3. Is it possible to apply the method of undetermined coefficients for solving any linear
nonhomogeneous differential equation?

4. Is there a relationship between the roots of the characteristic equation and the form of the
particular solution of the nonhomogeneous equation? If so, what is this relationship?

5. Determine the form of the particular solution of a linear nonhomogeneous equation, if the

roots of its characteristic equation and the right-sided function are known:

1) A, =1, A, =0, f(x) = ax? + bx + c;

2) A =—1, A, =1, f(x) =e*(ax + b);

3) A, =-1, Ay, =—1, f(x) =e*(ax + b);

4) A = 20, A, = =21, f(x) =asin2x + b cos 2x;
5 A, =2i, Ay = —2i, f(x) = e*(cos 2x + sin 2x);
6) A, =-1, A, =0, f(x) =ae™ + bx +c;

7 =2 A, =1, f(x) =e** +e¥;

8) A, =2—-i, A,=2+4Ii, f(x) = e* +sinx.

6. Formulate the Superposition Principle for second order linear nonhomogeneous differential
equation.

7. What method is general: the method of variation of constants or the method of
undetermined coefficients?

8. What are advantages of the method of variation of constants? What are the disadvantages?

9. What are advantages of the method of undetermined coefficients?
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Exercises 2.6

1-10. For the given equation, write down the general solution and the particular

solution (do not evaluate undetermined coefficients):

L y" +2y'+5y=e"2*(x*-7x+2); 2.y" +4y +3y =xe™%

3. y' =8y =x3—2x; 4.y" —10y' + 25y = e>*(1 — x?).
5.y" —2y"+ 10y = xe* cos 2x. 6.y" + 16y = (x% — 7) sin 4x.
7.y" — 6y + 13y = e3¥ sin 2x. 8.y" +10y = x? + xe 1% sinnx.

9.y" —36y = xe % — % + sin 6x.
10. y" 4+ 9y’ + 25y = e3* cos 4x + x sin 4x.

11-11. Find general solution by method of undetermined coefficients:
11.y" +3y"'— 10y = 10x* + 4x — 5. 12.y" —4y' —5y = (27x — 39)e™**,

13. 9" —4y" + 3y = 10e3*. 14.y" +4y' = —2xe™*,
15.y"" + 16y = (34x + 13)e™*. 16.y" + 4y + 4y = 3xe~?*,
17.y" + 5y" = 50 cos 5x. 18.y" —4y'+ 5y = 2cosx + 65sinx.

19.y" + 4y = 10 cos 2x — 6 sin 2x. 20.y" — 4y = e**sin 2x.

21.y" —2y' + 2y = e*sinx. 22.y" —3y' =e3* +12x — 7.
23-24. Find the particular solution

23.y" + 4y = (6x + 5)e”?*, y(0) =0, y'(0) =3/4.

24.y" 4+ 2y' — 8y = (12x + 20)e?*, y(0) =0, y'(0) = 1.

25.y" —2y'+ 10y = 74sin3x, y(0) =6, y'(0) = 3.

26.y" +y=—-8sinx —6¢cosx, y(n/2)=—-n/2, y'(n/2) = —-2m.

27.y" —4y' + 13y = e**cos3x, y(0) =1, y'(0) = —1.

Answers.

111



2.7 Exploring Mechanical Vibrations by

Differential Equations

Let us look now through one of applications of second-order differential equations — the
simplest case of so-called mechanical vibrations. We determine “Vibrations” as some
oscillations in mechanical system. Oscillations could be periodic (the motion of a pendulum)
or random (balloon swaying in the wind), desirable (the mobile-phone vibration for call) or
undesirable (large amplitude oscillations of an aircraft wing).

The mechanical vibration analysis is a powerful mathematical tool for modeling and
predicting potential vibration problems. It could help to modify engineering systems before
they are manufactured.

We are going to explore vibrations of a load that is hanging from a spring.

I. Problem Statement
Let us consider the mass m,
attached to a spring of a constant

stiffness ¢ (spring rigidity). Figure 2.1 L

shows of the spring without and with Dositive Direction
the mass attached to it.
We denote by [ the deviation

of the mass from equilibrium position

(the string is stretched a distance [
Positive Direction
beyond its natural length L). Figure 2.1
Consider the coordinate line with the origin at the equilibrium position and positive

direction downward.

In the equilibrium position (Fig. 2.1), the force of the weight P= mg (g is a gravitational
constant) is balanced by the restoring force of the spring, which according to Hooke's law is
proportional to the length of the segment [ (the mass of spring is negligible compared to m).

Thus,

mg = cl.
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Let the mass be pulled down and released (Fig. 2.2).

Denote by y = y(t) the coordinate of the center of mass

of the weigth after t seconds. The force acting on the mass R =—ky
is given by Newton’s second law of motion >
ﬁ = ma,
. i < F=—cy
where a is acceleration. 0
Since @ = 2 Y Pm
dt?’ |
P=my". .
. Y P =my"
The force of the weight P is balanced by the restoring .. . .
force of the spring Figure 2.2

F= —cy.
Suppose that the motion of the mass is restricted by a resistance force (the motion is

damped) operating in a negative direction and proportional to velocity

R=—ky,

where k = const > 0 (shock absorber).

If we assume that the motion is free (there is no alternating force or motion is applied to
mechanical system) then by Newton’s second law we have

my" = —cy —ky’,
or, after division by m and denoting % = w?, % = 2K,
y" 4+ 2Ky' + w?y = 0.

If the motion is forced (there is some alternating force or motion is applied to mechanical

system) then we have
y" + 2Ky’ + w?y = f(t).

If the mass moves in a frictionless medium (the motion is undamped and R= 0) then

K = 0 and the equation has a forms
y"'+w?y =0

or

y" +w?y = f(0).
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Thus, we have a second-order linear differential equation with constant coefficients
(homogeneous (free oscillations) or nonhomogeneous (forced oscillations)).

If it is known initial (when t = 0) displacement from the equilibrium position y, = y(0)
and initial velocity y', = y'(0), then we have the initial value problem (Cauchy problem) for
corresponding linear differential equation.

Let us look through some examples.

Il. Free, Undamped Vibrations
In this case, the differential equation becomes
y" + w?y = 0.
Solve the characteristic equation
P +w>=0 = A, = twi,
and write the solution of the equation
y = C; cos wt + C, sin wt.
Let us make the following transformations

y = Clcoswt+Czsincot =

2 4 2 L -
Cf + ;| ———=coswt + sin wt |.
,/C + C2 CL + C?

Denote
/CZ + CZ =
Cy
——sma —=COSCZ.
JCE+CZ JCE+C?
Then

y = A(sin a cos wt + cos a sin wt)
or
y = Asin(wt + ).
These oscillations are called harmonic. The integral curves are sine curves (Fig. 2.3).

The period of oscillations is T = 2:"
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Here Y1 y = Asin(wt + ).
w — the frequency - number of oscillations during
time 2m (depends on spring rigidity and mass), Yo
A — the amplitude (the greatest deviation from 4
equilibrium), wom o
a — the initial phase. 0 /
Amplitude and initial phase are expressed by \/
C; and C,, that is they are depended on initial
conditions. Figure 2.3
lIl. Free, Damped Vibrations
In this case the differential equation is
y" +2Ky' + w?y = 0.
Upon solving for the roots of the characteristic equation we get
P +2K0+w?=0 = A,=—-K+/K?—-w?
The general solution depends on K and w.
Here we have three cases.
a) Underdamping: K? < w?.
Then
Ao, =—K+VK? - w?=—-K=+ w,i
and
y = e Kt(C, cosw,t + C, sin w; t)
or
y = Ae Xt sin(w,t + a).
In this case the spring oscillates while 4
returning to equilibrium position, that is
the oscillation  amplitude  decreases B A /\ A ="
exponentially, since Ae Xt -0, t > 0 \/ \/ Y
(Fig. 2.4) Figure 2.4
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b) Overdamping: K? > w?.
The roots of the characteristic equation are real and negative

Mo,=—-K+JK?—w?2=—-K+h
The general solution of the differential equation has the form
y = Ce~ KMt 4 ¢ o=(K=h)t
It follows from this formula that there are no oscillations (Fig. 2.5), the motion

Is aperiodical and the system returns to equilibrium relatively quickly (since y = 0, t — o).

y
Yo
0 t
Figure 2.5
c) Critical Damping: K? = w?. y
In this case 4,, = —K, and Yo

y = Cie Kt + Cte ™8t = (C; + C,t)e KL,
The value of y(t) may even increase at the

beginning of the process because of the linear

factor C; + C,t. But then y(t) decreases rapidly 0 .
i i -Kt
(Fig. 2.6) due to the exponential factor e and Figure 2.6

y—0, t—- oo

IV. Undamped, Forced Vibrations
Suppose now that an external force acts on the oscillatory system. Let us consider the

case when this force varies with time according to a harmonic law with frequency q

f(t) = Dsingqt.
In the undamped case, the following differential equation is

D
"+ w?y = Hsingqt, — = H.
y w"y sin q m
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This is a linear nonhomogeneous differential equation with a right-sided function of the
form (2.38). The general solution is the sum of the general solution of the homogeneous
equation y, and a particular solution of the nonhomogeneous equation y,,.

Since

P +w>=0 = A, = twi,
the general solution of the homogeneous equation is written as
yn = Asin(wt + a).

To find the particular solution of the nonhomogeneous equation we use the method of
unknown coefficients. That leads us to two different cases: when w # g and when w = gq.

a) if w # q then

Yp = acosqt + bsingqt.
Plugging into the equation and solving the system obtained, we get
H

a=0, b=a)2—_qz

Hence, the general solution is
y = Asin(wt + a) + %sin qt.
w*—q
The solution is a superposition of two Y
sine waves at different frequencies. It is nice
and well behaved for all time (Fig. 2.7). ¥ )
0

When w and g are quite close to each other,

the amplitude of the second wave is large

and the amplitude of vibrations is also large. Figure 2.7
b) if w = q then
yn = t(acosqt + bsinqt).
Plugging into the equation and solving the system obtained, we get
a= 7 b=0.
2w’
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Here we have the solution that is a superposition of two sine waves at equal frequencies

(the frequency of the external force coincides with the frequency of free oscillations of the
system). The second term —%tcos qt shows that the amplitude increases dramatically

and goes to infinity as t — oo (Fig. 2.8). This phenomenon is called resonance.
y Resonance occurs often in  mechanics,

electronics, optics, acoustics and astrophysics.
A /\ Sometimes it is desired. For example, while

A
5 \/\\/ : projecting musical instruments or electrical resonance
of turned circuits in radio that allow radio frequencies

to be selectively received.

(=]

However, resonance can be destructive and

Figure 2.8 dangerous phenomenon. For example, structural

resonance of a suspension bridge induced by winds can lead to its catastrophic collapse
(Tacoma Narrows Bridge on 7 of November 1940). Another example is a flutter of aircraft
wing. Airplane wing is attached to the fuselage and has a natural structural frequency. The
wind and the aerodynamic force that it generates on the wing represents the external force,
which is applied with a periodic frequency. When those frequencies coincide, the system
enters resonance and the amplitude of the vibration increases infinitely. If it goes on for a

certain time, the wing will collapsed. You may read more about flutter in [16].

V. Forced, Damped Vibrations

Let us consider more realistic model of the forced oscillations - the damping of forced
oscillations. An external force varies with time according to a harmonic law with frequency q.

In this case, the differential equation has a form
y" + 2Ky' + w?y = H sin gt.

Solve the characteristic equation
AZ+2K/1+(1)2=0 e /11’2=_Ki KZ_(I)Z.
Consider the most common case in mechanics when K2 < w?, when the resistance of

the medium is small.
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Then A, , = —K + VK2 — 0w? = —K + w,i and
yn, = Ae Kt sin(w,t + ).
The particular solution has a form
Yp = acosqt + bsingqt.
Plugging it into the equation, evaluating a, b and reducing the result, we obtain
_ H
N J(@? — q2)? + 4K2q?

Vp sin(qt + 6),

—2pq
w2—q?’

where tand =

Consequently, the general solution is

H
y = Ae Kt sin(wt + a) + sin(qt + §).
\/(wz — q2)2 + 4K2q?

The resulting oscillation
y
consists of two damped oscillations

at different frequencies w and q. yo‘/\
a) If g # w (and they are very ,

of T~— T

different) and % IS quite large, then

we have nonresonant case (Fig. 2.9). Figure 2.9

b)If g =q"and g*is very close to w, then, for small values of % coefficient

- \/(wz—qz)2+4K2q2

acquires its maximum value. In this case, there is a dramatically

increasing of the amplitude of the forced oscillations, which leads to the phenomenon of

resonance (Fig. 2.10).

<
S

VAMAMWVAnnnﬂnnn/\/\nﬂﬂﬂnﬂf\ﬂﬂMM i
oIV

Figure 2.10.

You may read more about mechanical oscillations in [1,17,14].
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3. Systems of Ordinary
Differential Equations

3.1 Basic Concepts and Definitions

|. Basic Concepts

Solving some problems, we do not have single dependent variable and single differential
equation. Sometimes it is required to find several functions. That leads to system of several

equations and several dependent variables.

[Deﬁnition.]The set of differential equations each of which contains an independent

variable x, the unknown functions y,, y,, ..., y,, and their derivatives, that is

Fi (x;YL)’z'---')’n'Yi')’é'---')’7;;---;3’1(71);3’2(71);---:yrgn)) =0 (31)

where i = 1,2,...,n, is called the system of n-order differential equations.

LDeﬂnition.]The system of first-order differential equations that contains n unknown

functions y,, y5, ..., y, has a form

Fi(x,y1, Y2 - Y Y1, Y2s -+, Yn) = 0,
F(6,Y1 Y2, -3 Yo Y1 Yar- -0 Yn) = 0, (3.2)

Fn(x:)’1»3’2»---:yn,y{,yé,---, 1’1) = 0.

Solving system (3.2) with respect to derivatives of unknown functions, we get

(dy
d_xl - fl(x'yl’yz""'yn):
dy,

{2 = Coynya..yn), (3.3)
dy ...........................

Ld__: = fn(x; Y1, Y2, "'yn)-

The system of this form is called normal. Note that the number of equations is equal to

the number of required functions.
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( )

Definition. | The solution of the system (3.3) is a set of n functions y;, y,, ..., ¥, Which

& J

satisfy each equation of the system.

( )

\ Definition. | Initial conditions for the system (3.3) has a form:

y1(x0) = ¥2,¥2(x0) = ¥3, .. Yu(x0) = 2. (3.4)

[ Deﬁnition.] Initial value problem (Cauchy problem) for the system (3.3) consists of the

system (3.3) and initial conditions (3.4). To solve Cauchy problem means to
determine the functions y;,vy,,...,y, Which satisfy the system and given

initial conditions.

[ Theorem. ]
About Existence and Uniqueness of the Solution

If in the system of differential equations (3.3)

(dy
d_xl = fl(nyllyZJ"'lyn)l

dy
{ d_xz = fz(x;)ﬁ;yz;---;yn);

dy
kd_; = fn(X,Y1,yZ,---,yn),

each of functions f;(x, y;,v,,...,¥,) (i = 1,2,...,n) and its partial derivative
with respect to y; are continuous in some region D ¢ R™*! containing some
point My(x0,vY,y2,...,yY), then there is only one solution to this system

y1 = o1(x),y, = p,(x),..., v, = ¢, (x) which satisfies the initial condition
y1(x0) = ¥1,¥2(x0) = ¥3, - yn(x0) = 5.

[ Deﬁnition.]The set of n functions y; = ¢,(x,Cy, ..., C), Vo, = P(x,Cq,...,Cp), ...,

Yn = On(x,Cq,...,Cy,) is called the general solution of the system (3.3) if these
functions satisfy each equation of the system and constants Cj,...,C,, are

uniquely determined from the condition (3.4)

h1(x0,C1, Cy, ..., Cy) = y{):
¢P2(xg, C1,C,...,Cp) = yg;

Pn(x0,C1, Co, -, Cn) = Y.

121



[ Deﬁnition.] The solution obtained from general solution for certain values of constants

C;,C,,...,C, is called the particular solution of the system.

Il. Some Applications of the Systems of Differential Equations

1. Biology (Simple Case of Competition of Species)

Let us consider populations of two species in terms of competition. Assume that the
growth rate per individual of each population is reduced by an amount proportional to the other
population. If positive functions x(t) and y(t) present the amount of populations then we have

the system of linear differential equations of the form

{ x'(t) = ax — ay,
y'(t) = —fx + by,

where a, a, [, b are positive costants. Here a, b represent the exponential or Malthusian

growth at low densities, and «, [ are coefficients of reduction of corresponding population.

2. Biology (Predator-prey System)

Let us consider populations of two species in terms of predator—prey interactions (for
example, foxes and rabbits).

Assume that the amount of population of prey is described by positive function x(t), the
rate of change x'(t) is proportional to its size and that species always finds enough food.
Meanwhile, the positive function y(t) presents the population of predators, the rate of change
y'(t) is also proportional to its size, but their food supply depends on the size of the prey
population. To simplify the system we do not consider environmental changes, genetic
adaptation etc.

Under these assumptions, we get the following system of differential equations
{ x'(t) = ax — axy,
y'(t) = —by + Bxy,
where a, a, B, b are positive costants.
Here a represents the reproductive exponential growth of prey population, parameter
shows how often predators meet prey (that leads to killing the prey). Number b is a loss rate
predators (natural death or emigration), 8 represents the growth of the population the rate at

which predators consume prey (that leads to growth of predators population).
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The system obtained is called the Lotka-Volterra equations (predator-prey equations).
This is the system of the first-order nonlinear differential equations. The Lotka-Volterra
equations were developed in the beginning of 20th century. They describe not only the
dynamics of biological systems, but are used in the theory of autocatalytic chemical reactions,
economic theory etc.

3. Physics (Series RL Circuit) R, R,

2 4
Let us consider two electrical circuits (Fig. 3.1). ! 6

The first one consists of a resistor R, an inductor L,
connected in seriesand AC voltage source V (t). The

second one consists of a resistor R, an inductor L,.
3 5

These circuits interact due to mutual induction M. Figure 3.1
Let I;(t) and I,(t) are currents of the left and rightelectrical circuits respectively and
Um 1S a voltage drop on the segment between points k and m. According to the Kirchhoff’s
Law for electrical circuits (the directed sum of the voltages around a circuit is zero) we get
Uy + Uz H Uz =0, Uyg + Usg + Ugy = 0.
Considering, that
Upp = Rily, Ups = Lo’y + MI';, uzy = —V(0),
Uys = LI’y + MI'y, Use = Ryl Ugq = 0,
we obtain the system of linear differential equations

{Lllll + MIIZ + Rlll = V(t),
L21,2 + Mlll + Rzlz == 0

Review Questions

1. What is the system of n-order differential equations?

2. What is the general (particular) solution of the system of first-order differential equations?
3. What system of differential equations is called normal?

4. Formulate the Cauchy problem for the system of first-order differential equations.

5. Formulate the Existence and Uniqueness Theorem for the solution of the Cauchy problem

of the system of first-order differential equations.
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3.2 Systems of Linear Differential Equations

[ Deﬁnition.] A normal system of differential equations is called linear if each equation of

the system is linear with respect to the required function and their derivatives

y1 = a1 (X)y; + a2 (X)y2+... tag, ()y, + f1(x),
V2 = A1 ()1 + Az (X)yo+... Haz (), + f2(X), (3.5)
yr,1 = anl(x)yl + Ay (X)YZ"'- .- +ann(x)yn + fn(x)'

where functions a;;j(x) and f;(x)(i,j =1,2,...,n) are determined and

continuous for x € (a, b).

If a;; are constants then (3.5) is called the linear system with constant
coefficients.

[ Deﬁnition.] The linear system is called homogeneous if for all x € (a, b) functions f;(x)
are identically equal zero

yi = a;1(X)y; + a2 (X)y+... +ag, (X)yn,
V2 = Ay1(X)y1 + axp(X)y2t... +az, (X)yn,

!

VYn = An1(X)y1 + A2 () y2+.. . +apn (X) Y.

(3.6)

| Definition. | System of functions Yy (), ok (), Y () (k = 1.2,...,m) is called
fundamental if Wronskian

Y11 Y12 - Vin
W (yy) = Y21 Y22 - Yon

Yn1 Yn2 - Ynn
Is not equal zero at least in one point from interval (a, b).

[ Theorem. ]

General solution y, of the homogeneous linear system (3.6) in the interval
(a, b) is a linear combination

n
Vi = Covre + Covacto +C¥e = ) Covger (kK =12,.,m)  (37)
i=1
of the n particular linear independent solutions y,, V,x,

system of solutions).

.., Yni (fundamental
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[ Theorem. ]
General solution y, of the homogeneous linear system (3.5) in interval (a, b)

Is a sum of general solution y, of the corresponding homogeneous linear

system (3.6) and any particular solution y;, of the system (3.5):

n
Ve =Yk t Vi = 2 Ciyik + Yo (k=12,...,n). (3.8)

=1

You may read more about linear systems in [1,11,13,17].

Review Questions

1. What system of differential equations is called linear?
2. What system of differential equations is called homogeneous (nonhomogeneous)?

3. Which of the following systems is homogeneous (nonhomogeneous)?

x'(t) = 3x + 2y, x'(t) =y,
) {Y'(t) = 2x -, 2) {y’(t) = —x,
x'(t)=2x—y+3, x'(t) =4x -5y +t,
3) {y’(t) =x+3y—1, K {y’(t) ==—x+y.

4. What form has the linear system of differential equations with constant coefficients?

5. What is called the fundamental system of solutions of a linear homogeneous system of
differential equations?

6. Formulate the theorem about the structure of the general solution of a linear homogeneous
system of differential equations.

7. Formulate the theorem about the structure of the general solution of a linear

nonhomogeneous system of differential equations.
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3.3 Systems of Linear Differential Equations

with Constant Coefficients

There are several methods of solving homogeneous systems of equations with constant
coefficients. The following methods are the most commonly used:
e elimination method;

e method of eigenvalues and eigenvectors.

|. Elimination Method

Let us consider first the elimination method. The main idea of this method is the reduction
of n equations to a single linear equation of the n-th order. This method is useful for simple
systems, especially for systems of the second order.

Consider the homogeneous system of two first-order differential equations with constant

coefficients:

dx
T =t ay, xi = ayx + az,
or ’ (39)

where x = x(t), y = y(t) are differentiable functions of independent variable t, coefficients
a; and b; are constants (in general case, a; and b; are functions of t).
1. Differentiate the first equation of the system with respect to t:
Xt = G X¢ + Azt
2. Plug the expression for y; (from the second equation) into the equation obtained:
xte = a1x; + az (byx + byy).
3. Find the expression for y from the first equation

1
y = a_z(xt —a;x)

and put it into the equation obtained

1
Xiy = a1 x{ + a, (blx + b, a—(x{ — alx)>.
2

126


https://math24.net/method-eigenvalues-eigenvectors.html

Simplify the expression
X{y = a1 x{ + a,bix + b,x; — bya, x,
xtr = (ag + bp)x; + (azby — byay)x,
x¢e — (ag + by)x; — (azby — byaq)x =0,
or
xiy + Ax{ + Bx = 0,
where A = —(a; + b,) and B = —(a,b, — b,a,).

4. The equation obtained is the second-order linear differential equation with constant
coefficients. Solve the equation and find the general solution of the equation with respect to
x(t):

x(t) = ¢(t, Gy, C3).

5. Plug function x(t) and its derivative x'(t) into

y = a_z(xt — a;x)

and find the general solution with respect to y(t)
Y(t) = l/J(t, Clr CZ)
6. The set of functions

X(t) = ¢(t, Cl» CZ): Y(t) = l/)(t, le CZ)
give the general solution of given linear system.

[ Example 1. ]
Find the general solution of linear system

{x{ = 5x + 4y,
yi = 4x + 5y.

Here we have the homogeneous system with respect to unknown functions x(t) and y(t).
Let us apply the elimination method.
Differentiate the first equation of the system with respect to t:
xiy = 5x; + 4y|.
Plug the expression for y; (from the second equation y; = 4x + 5y) into the equation
obtained:

x¢y = 5x¢ + 4(4x + 5y),
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x{y = 5x; + 16x + 20y.

Find the expression for y from the first equation

1
y =70 —5x)

and put it into the equation obtained

xX¢y = 5x¢ + 16x + 20 -%(x{ — 5x).
Thus,
x¢y —10x{ + 9x = 0.
Here we have the second order linear homogeneous differential equation of the form.
Write the corresponding characteristic equation
A2—101+9=0
and solve it

/11=1,
12:9'

Since all roots are real and distinct, then the partial solutions are
x,(t) = e*and x,(t) = e®*.
Thus, the general solution of the original equation is
x(t) = Cie* + C,e.
Let us find the derivative of x(t)
x'(t) = Cie* + 9C, e,

Put x(t) and x'(t) into y = %(x{ — 5x) and find
1
y(t) = Z(Cle" +9C,e% — 5(C,e* + (,e%%)) =

1
- Z(Clex + 9C2€9x - 5C18x - 562€9x) == _Clex + Czegx.

Then the general solution of given linear system is
x(t) = Cie* + C,e%%, y(t) = —Cie* + C e,
It could be written in the vector form

Col=af el
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() _ fe (0] (&5 o |
yy (t)} - {_ ex} and {yz(t)} = { 9x} are two linear independent solutions formed

where {
e
the fundamental system of solutions.

[ Example 2. ]
Integrate the system

dy+2 4z =0
dx y—2=50

a2 oy _3s=3
dx YT AT

with the initial conditions

First, we have to solve the system.
The given system is nonhomogeneous with respect to unknown function y(x) and z(x).

Let us apply the elimination method.
Differentiate the first equation with respect to x:

Put the expression for Z—i from the second equation of system into the equation obtained
d’y ~_dy

—+2——43x — 3z) =0,

T2 + T Bx—y+3z2)

d?y  d
2 Y x+ay—122=0

dx? dx
ituti _ (v
Substituting z = Z (dx + Zy) we get
d?y _dy 1 /dy
—+2—-12 4y —12-—|—+ 2y ) = 0.
dx2+ dx x4y 4(dx+ y)

Thus, we obtain second order nonhomogeneous linear differential equation with constant

coefficients with respect to y(x):



The characteristic equation
A2—21-2=0
has two distinct real roots 1, = 2and 4, = —1.
Hence, the general solution for the homogeneous equation is
yn = Ce?* + C,e™™,
Since the right-sided function has the form of polynomial B,(x) = 12x + 3,(n = 1),
thena=0and f = 0,thatisa + fi =0 # A, andr = 0.
Hence,
Yp = Ax + B.
To determine A4, B put y, into the original equation
—A—2(Ax +B) =12x + 3,
—2Ax —A—2B =12x + 3.
Comparing the coefficients with the like powers of x in the right and left sides, we obtain

x| —24=12,
x°—A - 2B = 3.
This givesus A = —6, B = %

Consequently
Yp = —6x + .
Finally, the general solution is

3
y(x) =yp+y, = Cie** + Ce™ — 6x + >

Now, let us find z(x).

- ivative & — 2X _C.om% — 6 i _l(w :
Plug y(x) and its derivative = 2C;e“* —Cy,e™ — 6 into z = Z (dx + Zy).

1 3
z(x) = Z(ZClezx —Ce™*—6+2 (Cler + C,e™ —6x + E)) =

1
= Z(4C1€2x + Cze_x —12x — 3)

Hence,
3

1
z(x) = C,e®* + ZCZe‘x — 3x — 7
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Finally, the general solution of the given system is

3
y(x) = Cie?* + C,e™ — 6x + >

z(x)=Ce2x+1C e"‘—3x—E
! 42 4

Let us choose the costants C; and C, so that the initial conditions are satisfied
y(0) =0, z(0) = 0.

Putting y(x) and z(x) into the conditions, we get

0=C +C, + ;
1 3
0=0C; + ZCZ 7
whence
- 3
1~ E;
C, = -3.
Thus, the solution that satisfies the given initial conditions has the form
y(x) = %er —3e ™™ — 6x +E
2 2’
z(x) = Eeu —EC e * —3x _3
2 472 4

1. The elimination method can be applied to both homogeneous and nonhomogeneous

systems. In the first case, the system is reduced to a linear homogeneous equation, and in the

second - usually to a linear nonhomogeneous equation. Moreover, if all the coefficients a;; of

the linear system are constants, then the equations obtained are with constant coefficients.

2. The elimination method can be applied to normal systems with more equations and

unknown functions, but its realization is complicated. Therefore, there are other methods for

solving such systems.
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Il. Method of eigenvalues and eigenvectors
Let us consider the method for the linear homogeneous differential equations with

constant coefficients with respect to three unknown functions x(t), y(t), z(t):

x'(t) = aj1x + a,y + ay32,
y,(t) = ale + a22y + a23Z, (310)
Z'(t) = az x + as,y + a3z,

where coefficients a;; (i,j = 1,2,3) are real numbers.
This system could be written in the matrix form (matrix differential equation)

X'(t)=A4-X(),

11 Aq2 Qg3 x(t)
is a matrix of coefficients of the system, X(t) =| y(¢t) | is a

z(t)

where 4 = <a21 a;, Qo3
a3q Adzp dz3

x'(t)
y'(®)
z'(t)

column of unknown functions, X'(t) = Is a column of derivatives of unknown

functions.
Let us seek the particular solution of the system (3.10) in the following form

x(t) = ae’, y(t) = Be?t, z(t) =yelt,
where a, 8, y, A are constants that is required to determine in such a way that the functions

(3.11)

(3.11) should satisfy the system (3.10).
Plugging these functions into (3.10), we get
ale? = a e’ + a;,fe + apzye’t,
et = ay ae? + a,,fe?t + ayzye’t,
ylett = az ae? + az,fet + aszsye’t,

and, canceling out the factor e* # 0, obtain
ad = a;a + a;pf + a3y,
{ﬁl = az1a + Az f + ayzy,
YA = azia + azf + azzy,
or, in matrix form,

()=+(¢)
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a
[Deﬁnition.]Vector (ﬁ) that satisfies this equation is called an eigenvector of the
Y

matrix A, and the number A is called an eigenvalue.

Collecting coefficients of «, 5, y, we get the system

(a;; —Da+af +azy =0,
a21a + (azz - )‘.)ﬁ + a23]/ = 0, (312)
as1@ + azf + (azz — )y = 0.

This is a homogeneous system of linear algebraic equations in «, 8, y. This system has a

non-trivial solution, if and only if the determinant of the system is zero:

a1 — 1 ap aq3
a21 azz - /1 a23 = O (313)
asq as; azz — A

[ Deﬁnition.] Equation (3.13) is called the auxiliary or characteristic equation of the system
(3.10) (of a matrix A).

It could be written in the form

|A—2AE| =0, (3.14)
100
where A is a matrix of coefficients of the system (3.10), E ={ 01 0) IS a unit matrix.
001

Solving determinant (3.13), we get the algebraic equation of third degree for A. It has
three roots A;,4,,15 (eigenvalue or characteristic numbers of A). Substituting each
eigenvalue A; into the system (3.12) and solving it, we find corresponding the eigenvector
{a;, B;,v;} (this system of equations will have an infinite set of solutions, thus, eigenvectors
can be determined only to within a constant factor).

Let us consider the possible cases.

Case 1. The roots of the characteristic equation are real and distinct:
A4, Ay, A5 € R.
For each root A; (i = 1, 2,3) write the system (3.12) and determine the coefficients
«;, Bi, v;- One of them is arbitrary and usally we choose it equal to unity. As a result, we

have for each eigenvalue A; corresponding eigenvector {«;, 5;,v;}-
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Thus, we obtain:
1. for root 4, the particular solution of the system (3.10) is
x,(t) = aye™t, v, (t) = Brett, z1(t) = yreMt;
2. for root A, the particular solution of the system (3.10) is
x,(t) = aye’et, v, (8) = et z,(t) = ye*2t;
3. for root A5 the particular solution of the system (3.10) is
x3(t) = aze™t, y3(t) = Bze’st, z3(t) = yze™s.
It can be shown that these functions form the fundamental system of particular solutions
of the system. The general solution of the system (3.10) is written in the form
x(t) = Cx1(t) + Coxa (1) + C3x3(0),
y(t) = Ciy1(t) + Gy (8) + C3y3(0),
z(t) = C1z1(t) + Coz,(¢) + C325(0).
Hence,
x(t) = Cia et + Cra,e?2t + Cyaze?st,
y(t) = C1B1eMt + C,B,e%2t + C3pe™st, (3.15)
z(t) = Cyye™Mt + Cyy,e?2t + Cayysetst,

x(t) aq a; as
y(t) = CeMt {,31}4‘ Cye’2t {ﬁz}"‘ Cse’st {ﬁ3}
z(1) V1 V2 V3

Here C;, C,, Cs are arbitrary constants. One can find values of the constants such that the

or

solution will satisfy the given initial conditions.

[ Example 3. ]
Integrate the system

x'(t) = 6x — 12y — z,

y,(t) =x_3y_Zr
z'(t) = —4x + 12y + 3z.

This is linear homogeneous system with respect to three unknown functions x(t), y(t)
and z(t).
Let us apply the matrix method.
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Form the characteristic equation of that system
6—-—1 —12 -1
1 -3-42 —-1]=0.
—4 12 3-21
Solving the determinant, we get
(6—1D)(A*—-9)—48—-12+4(3+)+12(6 -1 +12(3—-1) =0,
and, finally,
A2 —612+111—6 = 0.

The equation obtained has three real and distinct roots 4, = 1,4, = 2,43 = 3. These

6 —-12 -1
numbers are eigenvalues of matrix A = ( 1 -3 —1>. Now, let us find corresponding
-4 12 3

eigenvectors {a;, B;,v;} and particular solutions of given system
x () = aet, oy (0) = Bett,  z(t) = Lt (i = 1,2,3).
Form the system (3.12) for each root A; and determine {«a;, 8;, v;}.
1. For A; = 1 we have

(6—1Day —126, —y1 =0,

a;+(=3—-1Dp—y1=0,

5“1 - 1231 - )/1 = O,
{“1 —4B1—r1 =0,
—40(1 + 12ﬁ1 + 2]/1 = O.

Adding the first equation to the third one, we obtain

{a1+y1=0,
a; —4p; —y, =0.

Choose a; as a free variable. Let a; = 1, then from the first equation we have y; = —1, and

from the second equation we get §; = % Thus, the eigenvector corresponding 4, is

{ay, Br. 71} = {1;%; —1},

and particular solution of the system is

1
x,(t) = arett =et,  y(t) = Beht = Eet, z,(t) = y,ettt = —et,
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2. For 1, = 2 we get

(6 —2)a, — 12, —y, =0,
a,+(=3-=2)B, -y, =0,

da, — 126, —y, =0,
{“2 — 5B, —y2 =0,
—40(2 + 12B2 + ]/2 = 0

In this system, the first and third equations are the same. We consider two independent

equations
4a, — 126, — v, =0,
{052 — 5B, -y, =0.
Add them by pre-multiplying the second equation by (—1). This yields:

{3“2 - 732 = O,
Y2 = @z — 5p,.
Take a, as a free variable. Let a, = 1, then 8, = %,yz = —% :

Consequently, we get the eigenvector
3 8
) ) = 11_1 — )
{az, B2, 72} { 7 7}
and the particular solution is

8

3
X, (t) = aze’2t = e?t, y2(t) = Bre’et = 7321:» z,(t) = y,e’t = _792t-

3. For the root A; = 3 we have

(6 —3)as — 1283 —y; =0,
az+(—=3-3)B3—y3 =0,
3“3 - 12ﬁ3 - ]/3 - 0,
{“3 —6B3—y3 =0,
—4a; + 1265 = 0.
Adding the first equation to the third one, we get
{_“2 — Y2 =0,
a, — 6B, —y, =0;
{az ="7Y2
6B, = az — v
Puta; = 1,theny; = —1and f; = §
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Thus, the eigenvector is

1
{a3J ,33,]/3} = {1'§: _1}
and the particular solution is
1
x3(t) = azetst = e3t,  y,(t) = Bzetst = §e3t, Z3(t) = yzetst = —e3t,

Particular solutions form the fundamental system of solutions. According to formula

(3.15) the general solution of the system is written as

x(t) = Ciet + Cre?t + (e,

1 3 1
y(t) = §C1€t + 7C262t + §C3e3t,

8
z(t) = —Clet—7CzeZt — Cze3t.

Case 2. The roots of the characteristic equation are distinct,

but include two complex conjugate roots:
A =a+ib, 1, =a—1ib, A3 ER.

In this case, the form of particular solutions is determined similarly to the Case I. The

solutions corresponding the pair 4, , = a £ ib have the form
C, pe (@it

However, since the original system of equations does not include complex numbers and
functions, the solutions should be real. Using Euler's formulas, we separate real and imaginary
parts of particular solutions

C,e(@+Dt = ¢ e% cos bt + C,ie® sin bt,
C,e@ )t — (C,eat cos bt — C,ie® sin bt.

Obviously, both solutions are a linear combination of two linearly independent functions
real part e cosbt and imaginary part e% sinbt. Thus, we obtain two real linearly
independent particular solutions.

On practice it enough to find the particular solution only for 1; = a + ib, since the root

A, = a — ib does not give us new linearly independent real solutions.
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Then the general solution of the system (3.10) can be written as a linear combination of

all linearly independent partial solutions with arbitrary constants.

[ Example 4. ]

Solve the initial value problem for the system
x'(t)=x+y, x(0) =7,
y)=—x+y—-z y(0)=2
z'(t) =3y + z, z(0) = 1.

Let us solve the system by matrix method.
Form the characteristic equation

1-21 1 0
-1 1-21 -1
0 3 1-1

and solve it
1-2D3+31-D+1-1)=0,
(1-1)A*-21+5)=0.
There are three roots (one real and pair of complex conjugate)
=1 A=1+2i 3=1-2i.
For each eigenvalue A;we solve the system (3.12).
1.Fori, =1

—a,+0-B;—y1 =0,
0'a1+3,31+0')/1=0;
{:81:01

—a; —y1 = 0.

{0'(11+ﬁ1+0']/1=0,

Plugging @; = 1, we obtain y; = —1.
Thus, the corresponding eigenvector is
{ai, B, 71} = {1,0,-1},
and the particular solution is written as following
x(t) = aye’it = e, y1(t) = Bt =0, z,(t) = yeht = —et.

2.For A, =1+ 2i we get

—Zlaz + ﬂz = 0,
—a; = 2if, —y2 =0,
Sﬂz - 21]/2 - O
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Put a, = 1 and obtain from the system: 8, = 2i,y, = 3.
Hence, the eigenvector is
{az, B2, 72} = {1,2i,3},
and the particular solution is
xz(t) — aze’lzt — e(1+2i)t, yz(t) — ,Bze’lzt — Zie(1+2i)t, Z,(t) = ]/28’12’: — 3e1+20)t
Let us find real (Re) and imaginary (Im) parts of the obtained solutions:
x,(t) = e(12Dt = ot(cos 2t + i sin 2t),
Rex, (t) = et cos2t, Imx, (t) = etsin2t;
y,(t) = 2ie*2Dt = ¢t (2i cos 2t — 2 sin 2t),
Rey, (t) = —2etsin2t, Imy, (t) = 2et cos 2t;
z,(t) = 3e(1+2D¢ = ¢t(3 cos 2t + 3isin 2t),
Re z, (t) = 3et cos 2t, Im z, (t) = 3etsin 2t.
3. Since for A; = 1 — 2i particular solutions consist of the same linear independent
parts, we do not solve the system (3.12) for that eigenvalue.
Consequently, the particular solutions obtained in steps 1. and 2. form the fundamental
system of solution.
Thus the general solution of the given system is
x(t) = Ciet + C,et cos 2t + Czet sin 2t,
y(t) = C; - 0 — 2C,et sin 2t + 2C;et cos 2t,
z(t) = —C et + 3C,et cos 2t + 3C;et sin 2t.
Now, let us choose the constants C,, C,, C; so that the initial conditions x(0) = 7,
y(0) = 2, z(0) = 1 are satisfied.

7261+Cz+0,
2=0-0+3C,
1:—Cl+362+0,

C,=50C,=20Cs=1.
As a result, we obtain the solution of the initial value problem
x(t) = 5et + 2et cos 2t + et sin 2t
y(t) = —4etsin 2t + 2et cos 2t,
z(t) = —5et + 6e’ cos 2t + 3et sin 2t.
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Case 3. The roots of the characteristic equation are real and
A is a root of multiplicity m (m = 2, 3).
The solution of the system corresponding to this eigenvalue is defined as follows
e ifm =2, then
x(t) = (At + B)e™,
y(t) = (Ct + D)e*,
z(t) = (Et + F)e’t;
e ifm = 3,then
x(t) = (At? + Bt + C)e’,
y(t) = (Dt? + Et + F)e™,
z(t) = (Gt? + Ht + N)e’.
Solution depends on m arbitrary constants: 4,B,C,...,N. These constants could be
determined by using the method of undetermined coefficients.
We have to express the coefficients through arbitrary m of them, then, putalternately one

of them equal to one and the rest constants equal to zero. As a result, we obtain m linearly
independent partial solutions of the system (3.10).

[ Example 5. ]
Solve the system

xX'(t)=x—y+z
y(®)=x+y—z
z'(t) = -y + 2z
Let us form the characteristic equation of that system
1-14 -1 1
1 1-24 -1 =0,
0 —1 2—-1

1-2DQ2-DND-1-1A-D+@2-1) =0,
(1-21+25)(2-21) =0.
The solutions of that equation are




1. For the root A; = 2 system (3.12) has a form

—a;—f1+y1=0,
a;— B —v1 =0,

—p1 =0,
or
{.31 =0,
a; —y1 =0.

Plugging @; = 1, we gety; = 1.
Thus, we obtain one of the particular solutions of the system
X1 (t) = qpert = e2t,y, (t) = pre’t = 0,z,(t) = y,ehrt = e?t,
2. For the solution of multiplicity m = 2: A = A, = A3 = 1, the corresponding solution
has a form:
x5 5(t) = (At + B)e*, y, () = (Ct + D)e™, z,5(t) = (Et + F)e™,
where A, B, C, D, E, F are undetermined coefficients.
Finding derivatives of these functions and putting them into the original system, we
obtain

A-et + (At + B)et = (At + B)et — (Ct + D)et + (Et + F)et,
C-et+ (Ct+ D)et = (At + B)et + (Ct + D)et — (Et + F)et,
E-et+ (Et+ F)et = —(Ct+ D)et + 2(Et + F)et.

After reducing by et # 0 and collecting similar addends, we get

(C—E)t+A+D—-F=0,
(A—E)t+B—C—F =0,
(C—E)t+D+E—F=0.

Comparing the coefficients with the same powers of t in the right and left sides in each

equation, we get a system for the coefficients A, B,C, D, E, F:

C—-—E=0,
A—E=0,
A+D—-F =0,
B—-C—-F=0,
D+E—-F=0.

Since the solution depends on only two different arbitrary constants, let us express, for

example, C,D,E,F by A and B. From the second equation we have: E = A. Then, from the
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first equation, we get C = A. Forth equation givesus F = B — C, thatis F = B — A. From the
third equationwe getD = F —A,orD =B —A— A = B — 2A.
Thus,

)

O I
I

>

)

— A,
— 24,

% w

F
D=
where A and B are arbitrary real numbers.

Now we find two different solution:
e letA=1,B=0,thenC=1,D=-2,E=1,F =—1.
e fA=0B=1,thenC=0,D =1,E=0,F =1.
Thus we obtain two linearly independent particular solutions corresponding to the root
A=1:
x,(t) = tet, y2(t) = (t — 2)et, z,(t) = (t — 1e’,
x3(t) = e, y3(t) = e, z3(t) = e”.
Finally, the general solution of the original system is
x(t) = Cie?t + Cytet + Cset,
y(t) = C,(t — 2)et + Czet,
z(t) = Cie?t + C,(t — et + Cet.

Review Questions

1. What methods are the most commonly used for solving linear homogeneous systems of
differential equations?

2. What is the idea of the elimination method?

3. Is it possible to use theelimination method for solving linear homogeneous
(nonhomogeneous) systems of differential equations?

4. What are advantages and disadvantages of the elimination method?

5. Is it possible to use the matrix method (method of eigenvalues and eigenvectors) for solving

linear homogeneous (nonhomogeneous) systems of differential equations?
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6. What is the idea of the matrix method for solving linear homogeneous systems of
differential equations?

7. What form have the particular solutions of linear homogeneous systems of differential
equations?

8. What is the characteristic equation of the linear homogeneous systems of differential
equations with constant coefficients?

9. What are eigenvalues of a matrix of coefficients of the system? What are eigenvectors?

10. How many arbitrary constants does the general solution of the following systems contain?

VN e x'(t) =x + 4y,
D {6 —aee gy o 0 2) {0 = 4r+3y-2
y y=51 z'(t) = 2x + z.

Exercises 3.3

1-10. Solve the systems by elimination method

Y= ©=x
3 x’(t) = _y+e3t’ 4 {xl(t) — 2y—5x+et'
. y’(t) = —x+2€3t; ' y,(t) :x—6y+e_2t;
x'(t) =y +t, B N
> {yl(t) =x + ef, x(0)=1, y(0)=0;
x'(t) =2x+y+cost, B -
> {y’(t) — —x+2sine,  XO=0y0)=0;
{4x’(t) — y’(t) + 3x = sint, o {X”(t) = x
“x'(t) +y = cost; b =y,
xl(t) =X —2Z,
0. y,(t) = X,
Z'(t) =x—y;
x'(t) =y +z
10. {y(®) =x+2z x(0)=-1, y0)=1, z(0)=0.
Z’(t) =X + y’
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11-17. Find general solutions of the systems by matrix method

1 {x'(t) =x—y, 12 {x’(t) =3x—y,
() =—4xty; () =4x —y;
x’(t) =x—2y_Z;

13. {x () =x =3y, 14.y'(t) = —x+y+z

y'(t) =3x +y;

Z'(t)=x—z
x'(t) =x—y+z x'(t) =3x—y+z
15.y'(t) =x+y—z 16. {y'(t) = —x + 5y — z,
Z'(t) =2x —vy; zZ'(t) =x—y+ 3z
x'(t) =x—z
17. {y'(t) = x,
zZ'(t) = x —y.

18-24. Find particular solutions of the systems by matrix method
x'(t) =2x+y, _ s
19 {x’(t) = 3x + 2y,
) =x+2y,
{x’(t) = —3x + 2y,
W) =-2x+y,

x(0) =2, y(0)=—3;

20 x(0)=1, y(0)=0;

x'(t) =x— 5y, _ _1,
2 Ll ®0=3 yo=3
x'(t)=x+y,

22. {y,(t) s, *@=2 YO =1

xX'(t)=—x+y+z
23. {y'(t) =x—y+z x(0)=1, y(0)=0, z(0)=0;
Z(t)=x+y+z
x'(t) =y +z
{y’(t) =x+2z x(0)=-1, y0)=1, z(0)=0.
zZ'(t) =x+y,

24,

Answers.
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4. Equilibrium Solutions and

Their Classification

4.1 Elements of the Stability Theory

Since differential equations are widely used in various practical problems, it should be
remembered that usually the initial conditions are obtained by some kind of measurement.
Unfortunately, any measurements cannot be accurate. This puts us before the question of the
influence of small changes in the initial conditions on the solution of the differential equation.

If small changes in the initial conditions can significantly change the solution, then such
a solution cannot describe the phenomenon under study. Thus, we must understand under what
conditions small changes in the initial conditions occur small changes in the solution.

This question is one of basic in so-called qualitative theory of differential equations. It

helps us understand what happens with the solution (and phenomenon) as time increases.
|. Basic Definitions and Concepts

Let us consider the first order differential equation
y'=fty). (4.1)
Function ¢@(t), y(t),t = t,, are the particular solutions of the equation (4.1) under the

initial conditions y(t,) = @(t,) and y(t,) = y(t,) respectively.

[ Deﬂnition.] Solution ¢(t) is called stable in the sense of Lyapunov if for any ¢ > 0 there

exists 8(&) > 0, such that if y
L ()
ly(to) — (k)| < 8(e), vl Vo~ o,
26*},&0) -
then I /\
|
ORTIGIER: o+ :

for all values t > t, (Fig. 4.1). OFigure 41

Stability in the sense of Lyapunov means that solution ¢(t) starting "close enough™ to

y(t) remains "close enough" forever.
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[ Deﬁnition.] Solution ¢(t) is called asymptotically stable if

e it IS stable in the sense of 4 e -

Lyapunov;
o(toll -
e there exists 8, > 0, such that if 28 ye)["

ly(to) — @ (to)| < 6,

then

tllrglo(y(t) —@(t))=0. Figure 4.2

In this case, solution ¢(t) starting "close enough™ not only remains "close enough™ to

y(t), but also gradually converge to y(t) as t increases (Fig. 4.2).

[ Definition.] If the solution ¢(t) is not stable, it is called unstable.
To determine the unstability it is enough to find &, > 0 that forany § > 0 there

exist at least one solution y(t) such that
ly(to) —@(to)| <6

and for t; > ¢,
ly(t1) — ()] = &.

[ Example 1. ]
Investigate for stability the solution of initial value problem

y' ==y, y(0)=y.
Let us integrate the differential equation. Using separation of variables, we obtain
y(t) =Ce™,

where C is an arbitrary constant.

From the initial condition y(0) = y, we get the particular solution
t

@(t) = yoe ™.
Consider the initial value problem

!

y' ==y, y(0) =Yy,
Thus,

t

y(t) = yoe™".
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Let € > 0 be known. According to the definition of stability in the sense of Lyapunov,

we have to find the corresponding number §(g) > 0, such that if
1Yo — yol < 6(e), d

then y0¥
— (t) = yoe™
ly@®) —p@®)| <&, t=t. yﬂ\x
i y(t) = Foe™" e
Since o\

ly(®) — @O = 1¥5e™" — yoe™ | = 135 — yole™,

it easy to see that the last inequality holds true forany § < «.

Thus, the solution ¢(t) is stable (Fig. 4.3).

Figure 4.3

More over, since
lim (y(£) = ¢(£)) = lim (5 — yo) e = 0,

the solution ¢(t) is asymptotically stable.

[ Example 2. ]
Investigate for stability the solution of initial value problem

y' =sin?y,  y(0) =0.
Let us integrate the differential equation. Using separation of variables, we obtain

y(t) = arccot(C —t),

where C is an arbitrary constant.
From the initial condition y(0) = 0 we get the particular solution

o(t) =0.

Consider the initial value problem

y' =sin?y, y(0) =y, = y(t) = arccot(coty, — t).

Since )
. m
L!l_,rg(y(t) o <p(t)) = y(t) = arccot(coty; — t)
= tlim arccot(cotyy, — t) =,
we get that however small y; > 0 is, there exists t; > -
> 2
0 such that y(t;) > 1. 0 em=0 t <€

Thus, the solution ¢ (t) = 0 is unstable (Fig. 4.4).
Figure 4.4
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The investigation the solution y = ¢(t) for stability is reduced to the investigation for
stability the solution x(t) = 0 (trivial solution) of some auxiliary differential equation.

The auxiliary differential equation is obtained by substituting

x(t) =y() — ()
into the original equation (16.1)
y'=fty).
As a result, we get
x'=f(tx(®) +o®) - ¢'(®)

and, since ¢'(t) = f(t, o(©)),

x'=f(t,x@®) + @) — f(t, o) = F(¢t,x). (4.2)
It is obvious, that equation (4.2) has trivial solution
x(t) =0

and F(t,0) = 0 for any t.

[ Theorem. ]

The solution ¢(t) of differential equation (4.1) is stable in the sense of

Lyapunov (asymptotically stable) if and only if the trivial solution x(t) = 0 of
auxiliary differential equation (4.2) is stable in the sense of Lyapunov

(asymptotically stable).

Similarly, we could define the concept of stability for the solution of the system of

differential equations

(dy,

L 60V )
dy,

{7 = YL yayn), (4.3)
dy ...........................

Kd_tn = fn(t; Y1,Y2,- --;yn);

Let functions ¢, (t), @,(t), ..., @,(t) be partial solution of (4.3) which satisfies the

initial conditions

y1(to) = 91(t0), ¥2(to) = @2(to), ... Yu(te) = @n(to),
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and y, (t),y,(t), ..., y,(t) be partial solution of (4.3) which satisfies the changed initial
conditions

y1(to) = ¥1(to), ¥2(to) = ¥2(to), ... Yn(to) = ¥n(to),

[ Deﬁnition.] Solution ¢4 (t), @,(t), ..., @,(t) is called stable in the sense of Lyapunov if

forany & > 0 there exists §(e) > 0, such that if
lyi (o) — @ (to)| < 6(e), k=1,2,..n,
then
lyvi () — o ()| < &,k =1,2,..n,
for all values t > ¢,.

[ Deﬁnition.] Solution ¢4 (t), @, (t), ... @,(t) is called asymptotically stable if

e itis stable in the sense of Lyapunov;
e there exists &, > 0, such that if
|yi(to) — @i (to)l < 8o,k =1,2,..m,
then
tlLIEIO(Yk(t) —pr()=0k=12,..n

Similarly, the investigation the solution ¢, (t), @, (t), ... @, (t) for stability is reduced
to the investigation for stability the solution y, (t) = 0,k = 1,2, ...n (trivial solution) of some
auxiliary system of differential equations obtained by substituting

X, (t) =y (t) — @i (t), k =1,2,...n.
In this case, system (4.3) could be written in the form

rdx, F(t )
— = ) x ) x ) ’x )
dt 1 1 2 n
dx,

< ? - FZ (t, X1, X2, ’ xn)'
dx,
= Fn(ti X1, X2, rxn)r

and F,(t,0,0,...,0) =0,k = 1,2, ...n, forany t.
Thus, it is enough to investigate for stability the trivial solution
x,(t)=0,k=12,..n.
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Definition of stability could be written as follows.

[ Deﬁnition.] Trivial solution x; (t) = 0,k = 1,2, ...n, is called stable if forany & > 0 there
exists 6(&) > 0, such that if

n

Z X (to) < &%(e),
k=1
then
n
Z xi(t) < e
k=1
for all values t > ¢,.
[ Example 3. ]
Investigate for stability the trivial solution of initial value problem
dx,
TR x1(to) = X10,
dx,

—=x, X,(ty) = x,9.
dt 1 2(0) 20

Let us integrate the initial value problem for this system (for example by elimination
method).

We obtain

x1(t) = xq9 cost — x,0 Sint,

X, (t) = xq9 Sint + x,, cos t.
It easy to see, that

x?+ x2 = xi, + x2,.
Thus, for any € > 0 we may choose 6 < ¢, and

xi+ x2 < &2
for all values t > ¢,,.

Hence, the trivial solution is stable.

You may read more about stability theory in [1,9,14,17].
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Review Questions

1. What is the idea of stability theory?

2. Formulate the definition of stability in the sense of Lyapunov of the solution of differential
equations (system of differential equations).

3. What does the stability in the sense of Lyapunov mean?

4. Formulate the definition of asymptotical stability of the solution of differential equations
(system of differential equations).

5. What does the asymptotical stability mean?

6. What solutios do we called unstable? What does it mean?

7. How could we simplify the process of investigation for stability?

Exercises 4.1

1-5. Investigate for stability the solution of initial value problem
1.y =1+t—-y, y(0) =0;
2.y'=t(y—-1), y(1) =2
3.y =tly—1), y(1) =0;
4. y' =y@y?-1), y(0) =0;
5.y =y(y*-1), y(0) =-1.
6-7. Investigate for stability the solution of initial value problem depending on the

parameter a.
6. y' ==, y(1) =0;

7. y"=ay, y(to) = Yo
Answers.
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4.2 Equilibrium Solutions of

the Autonomous Differential Equation

[ Deﬁnition.] The first-order differential equation of the form

dy
= (44)

is called an autonomous differential equation (the right-sided function does not

depend on t).

Since any autonomous differential equation is separable, the general solution is
d
j A f dt
f)

j D i (4.5)
f)

Unfortunately, integration of function % could be complicated and lead to the

cumbersome expressions. This, in turn, leads to difficulties in the qualitative analysis of

or

solutions, in particular, investigation for stability.
It is convenient to consider the independent variable t as indicating time and solution of
the equation as describing some motion. Then function f(y) is the rate of change of some

function y(t) expressed implicitly (without variable t).

[Deﬂnition.]Any constant solution of differential equation (y(t) = C) is called an

equilibrium solution.
Since the derivative of a constant function is zero, we may find equilibrium solutions of

the equation (4.4) by solving the equation

f)=0.

1. According to Cauchy theorem about existence and uniqueness of the solution of
differential equation, if function f(y) and Z—£ are continuous in some region, then

the equilibrium solution y(t) = C is unique and no other solution can intersect it.

152



2. If differential equation (4.4) describes a certain process, then the equilibrium solutions
show cases where the process does not change (balance level), since the rate of change is zero.

3. You may read more about autonomous differential equation in [1,11].

Let us remind that function f (y) defines a direction field on the plane. This direction field
could show us some properties of the solutions. The equilibrium solutions, when % = 0, give

us horizontal dashes of a direction field.
In addition, we consider two more situations that appear between each pair of equilibrium

solutions (or +oo):

e when Z—Jt’ = f(y) > 0, the dashes have positive slopes and the solutions increase
(from the previous equilibrium solution (or —oo) to the next equilibrium solution

(or +0));
e when % = f(y) < 0, the dashes have negative slopes and the solutions decrease.

Applying this investigation we can classify the equilibrium solutions by the behavior of

other solutions near them.

[Deﬂnition.]The equilibrium solution y(t) = C is called stable (asymptotically) if all

nearby solutions approach to C as t increases (the straight line y = C attracts

nearby integral curves to itself) (Fig. 4.5).

In this case f(y)>0 for ye (C—-46,C) and f(y) <0 fory e (C,C+ ) with
sufficiently small § > 0.

[Deﬂnition.]The equilibrium solution y(t) = C is called unstable if none of nearby

solutions approaches to C as t increases (the straight line y = C repel nearby

integral curves from itself) (Fig. 4.5).

In this case f(y) <0 for ye (C—-46,C) and f(y) >0 fory e (C,C+ ) with
sufficiently small § > 0.

[ Deﬁnition.] The equilibrium solution y(t) = C is called semistable if, when t increases,

nearby solutions approach to € from one side but do not approach to C from
the other side (Fig. 4.5).

In this case f(y) holds the sign when moving through the point y = C.
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/ y
/ t t \ t / t
stable unstable semistable semistable
Figure 4.5

[ Examplel. ] t’l‘f‘t"‘r’ﬂ'»yt’ﬂ‘f‘l'l‘fﬂ'
Investigate for stability the equilibrium solutions of the ~ -~~~ " “[““"~ """~
cquatior SRR
dy PV AR A j /' v /, VARV A /‘
E=(y—2)(y—1) Tl T
L R Y B | i'71 [N R R R |
First, let us solve the equation A R

y—2)(y—1)=0. Figure 4.6

There are two equilibrium solutions
y=2and y=1.
Second, let us consider the direction field for the equation (Fig. 4.6). Notice that here we
have two sets of horizontal directions, that correspond to equilibrium solutions.
Thus,

y (=,1) y=1 (1,2) y =2 (2, +0)
dy ) 1 positive equilibrium | negative | equilibrium | positive
dt O=2)0-D| increase solution decrease solution increase

Since moving through the point y = 1 derivative }/
changes the sign from "' + " to ' ="', the equilibrium y=2

—/
e
solution y = 1 is stable. §§

Since moving through the point y = 2 derivative
changes the sign from "' — "' to

y=1
_ 0" 4+, the equilibrium / ; /
solution y = 2 is unstable. / /

[

Figure 4.7

According to the results obtained, we could make
the sketch of the solutions of given equation (Fig. 4.7).
The straight line y = 1 attracts nearby solutions to itself. The straight line y = 2 repel

nearby integral curves from itself.
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[ Example 2. ]
Investigate for stability the equilibrium solution of the differential equation

dy 5
-0 -D%
Solving the equation Y
y-D*=0, / /
we obtain the equilibrium solution is /
/
y=1. ——

Since derivative holds the sign "+ "

when moving through the point y = 1, this

B
1

EneE

BN

equilibrium solution is semistable.
The sketch of the integral curves is on the Figure 4.8
Figure 4.8.

Review Questions

1. What is the autonomous differential equation?

2. What solutions of differential equation are called equilibrium?

3. What does the stability of equilibrium solution mean? Formulate the conditions.

4. What equilibrium solution is called unstable? What does it mean? Formulate the conditions.
5. What equilibrium solution do we called semistable? What does it mean?

7. Formulate the process of investigation the equilibrium solution for stability.

Exercises 4.2
1-5. Investigate for stability the equilibrium solutions of the autonomous differential
equation
1. y’=—§(y+1); 2. y' =3y —3); 3. y' =y3 -2y
4. y' = %y(y —2)’(y —4); 5 y'=siny.
Answers.
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4.3 Equilibrium Solutions of the Linear System
of Differential Equations

with Constant Coefficients

Let us consider the linear system of the form

{x’(t) = ay1X + a2y,
y'(t) = azx + azy,
where a4, a,,, a,q, a,, are real numbers.

(4.6)

It is easy to see that x(t) = 0, y(t) = 0 is a solution of given system.

[ Deﬁnition.] Solution x(t) = 0, y(t) = 0 is called an equilibrium solution (equilibrium

point) of the system.

ay1 dg

It is unique if the determinant of the matrix of coefficients A = (a21 ayy

) IS nonzero.

In opposite case the system has an infinite number of equilibrium solutions. Further we
consider only the case detA # 0.

We could investigate the behavior of other solutions of the system (4.6) near the
equilibrium solution. Do the other solutions to the system move towards this solution or do
they move away from this solution as t — o? Is equilibrium solution stable or unstable? To
answer these questions we need only the eigenvalues of matrix A.

Let us apply the matrix method.

Form the characteristic equation of that system

a;; — A aqz
azq ay, — A

= 0. (4.7)

Solving the determinant, we get the quadratic equation

A2 —(ayq + az)A + (a11az; — az1a;;) = 0.

It has two roots 1, 4, (eigenvalues or characteristic numbers of A).

Let us investigate the behavior of solutions of the system (4.6) near the equilibrium point
with respect to eigenvalues of A.

More over we could plot their graphs, since the solution of the system we could consider
as parametric equations {x(t), y(t)} in the plane.
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Such curves are called trajectories (orbits). The XOY plane is called the phase plane and

the set of trajectories form the phase portrait of solutions.
|. The roots of the characteristic equation are real and distinct

Substituting each eigenvalue 4; into the system

(o + a1 =0 49
and solving it, we find corresponding eigenvectors {a;, 3;},i = 1, 2.
The general solution of the system (4.6) is written in the form
{x(t) = CyaeMt + C,a,e?2t,

4.9
y(t) = Cipre™t + (P, e, (+9)
where C;, C, are arbitrary constants.

Let us consider the possible cases.

Case1. 1, #1,,4, <4, <0
According to the form of solution (4.9), the equilibrium point x =0,y =0 is

asymptotically stable. For any values of C; and C, every solution tends exponentially to the

At

equilibrium point as ¢ — o, since = - 0,¢ — co.

If C, #0 then §—> B2 ¢ 5 0 and corresponding

az,
curves have the the same tangent line in the origin of
B1

ag

coordinates. If C, = 0 then straight line y = —x is one of

trajectories. The phase portrait is shown in Figure 4.9 Figure 4.9

(schematically). Arrows show the direction of moving along

the curves as t increases. In this case the equilibrium point is called the stable node.
Case2.4, 1,4, >0,4,>0

The shape of trajectories is the same as in Casel. but

the direction of moving along the curves changes, since
every solution tends outwards the equilibrium point as
t — oo (Fig. 4.10). In this case the equilibrium point is called
the unstable node. Figure 4.10
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Case3.4;, #1,,4,>0,4,<0
If C; # 0,C, # 0 itis easy to see from the solution (4.9) that the point moves along the
trajectories outwards the equilibrium pointx =0,y =0ast - coand ast — —oo.
If C; = 0, a, # 0 then the solution is
{x(t) = C,a,e’2t,

y(t) = C,B,e™".
B2

Hence, it is the straight line y = —X. The point moves
2

.

along that line towards the equilibrium point as t — co.
If C, = 0, a; # 0 then the solution is
x(t) = Cia et
y(t) = CipreMt.

Thus, the point moves along straight line yz%x

1

J

- : Figure 4.11
outwards the origin of coordinates as t — oo,

In this case the equilibrium point is called the saddle (Fig. 4.11). It is unstable.
B1

—xare called separatrices.
1

The straight lines y = %x andy =
2

Cased4.1,=0,4,<0
Let us rewrite the solution (4.9) in the form
x(t) = Ciay + Ca,e2t,
{y(t) = 1By + CB,e™t.
If C, = 0, a; # 0 then the solution is
x(t) = Ciaq, B
bo=am =r=a
B1

ay

In this case the whole line y =—x consists of the

i

—

equilibrium points.

If C, # 0,a, # 0 then trajectories are rays parallel to the Figure 4.12
straight line y = %x (Fig. 4.12).
2

The point moves along that rays towards the equilibrium pointsas t — o. Liney = %x
1

Is called the line of stable fixed points.
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Case 5.1, =0,1, >0 g
The shape of trajectories is the same as in Case 4. but the §

direction of moving along the rays is outwards the equilibrium

points as t — oo (Fig. 4.13). Line y = B1  is called the line of ‘s

a i
Figure 4.13

unstable fixed points.

[ Example 1. ]

Investigate the equilibrium point x = 0, y = 0 of the linear system

{x'(t) = —x, y
y'(t) = 2x — 2y.
Let us find the eigenvalues of matrix A. \

Form the characteristic equation of that system

_1—; ! —20— ,1| =0

Thus, we get the quadratic equation
A+1DHA+2)=0,

and eigenvaluesof Aare 4, = -2, 1, = —1. Figure 4.14

Both eigenvalues are negative, thus, the equilibrium point is the stable node (Case 1.).
Using (4.8), we could find eigenvectors {a, 8} = {0,1}, {a,, 5.} = {1,2}.

Thus, the general solution of the system is

{x(t) = Ciet,
y(t) = 2Ce ¢ + C,e™ %,

where C;, C, are arbitrary constants. The phase portrait is shown in Figure 4.14.

[ Example 2. ]
Investigate the equilibrium point x = 0, y = 0 of the linear system
x'(t) = x,
{ y'(t) = —2y.
First, we write down the characteristic equation of the system
|1 —A 0 _
0 —2—-2
Solving determinant, we obtain the quadratic equation
1-21D)(-2-21)=0.
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Thus, eigenvaluesof Aare 4, =1, 4, = —2. Y

Since eigenvalues has different signs, we obtain that
the equilibrium point is the saddle (unstable) (Case 3.).

Finding eigenvectors

{ai, 81} = {1,0}, {ay, B} ={0,—1},

we get the general solution of the system

{ x(t) = Cyet,
y(t) = —Ce™ %,
where C;, C, are arbitrary constants. Figure 4.15

The phase portrait is shown in Figure 4.15. In this case, the separatrices coincide with the
coordinate axes.

Il. The roots of the characteristic equation are complex conjugate roots:
).1=a+ib, ),2=a—ib

General solution have the form

{x(t) = e*(a,cos bt + B, sin bt),
y(t) = e (a,cos bt + B,sin bt),

where a5, 3, are linear combinations of a4, ;.

(4.10)

Let us consider the possible cases.

Case1.4,, = *ib
Here we have

{x(t) = q,cos bt + [5; sin bt,
y(t) = a, cos bt + B,sinbt.

Since solutions represented by periodic functions of ¢,
trajectories are closed curves (ellipses or circles centered the
equilibrium point x = 0,y = 0) (Fig. 4.16).
Obviously, that points of curves near the origin of
coordinates stay close to x = 0,y = 0 for any ¢ > ¢,. Thus, this Figure 4.16
point is stable. But it is not asymptotically stable for t — co.

In this case, equilibrium point is called the center.
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The direction of rotation is determined by the sign of the coefficient a,; (a,; > 0 —

counterclockwise, a,; < 0 — clockwise).

Case2.14,,=a+ib, a<0b+0

From (4.10) we get that the first factor e%t,a < 0 tends to
zero as t — oo, but the second factor is a T-periodic function.
Thus, for t =ty + kT, k = 1,2, ..., trajectories do not close,
unlike the center (Case 1), but approach the origin of
coordinates (Fig. 4.17). The phase trajectories are spirals. If
a,; >0 they are twisted counterclockwise, if a;; <0 —
clockwise. Figure 4.17

The equilibrium point is called the stable focus.

Case3.4,,=atib,a>0b=+0

The shape of trajectories is the same as in previous case but
motion along the curves occurs in opposite direction as t — oo o
(Fig. 4.18). If a,; > 0 they are untwisted counterclockwise, if
a,; <0 — clockwise.

In this case the equilibrium point is called the unstable Figure 4.18

focus.

[ Example 3. ]
Investigate the equilibrium point x = 0, y = 0 of the linear system
x'(t)=x+y,
{y'(t) =—x+y.
Write down the characteristic equation of the system

1-41 1
-1 1-2

Hence, we obtain the quadratic equation
(1-21)?+1=0.

Eigenvalues of A are complex conjugate

= 0.
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/11’2 == 1 i l
Thus, since a=1>0,b # 0, the equilibrium y/

point is the unstable focus (Case 3).

General solution could be written in the form /_\

{x(t) = e'(C;cost + C, sint), \ (/”
y(t) = et(C,cost — Cysint), \_,‘*-‘-‘?D ;
=

where C,, C, are arbitrary constants.

The phase portrait is shown in Figure 4.19. Figure 4.19
[ Example 4. ]

Investigate the equilibrium point x = 0, y = 0 of the linear system

{x’(t) =Y,

y'(t) = —x.
Since the characteristic equation of the system is

o7 Ll=2+1=0
we obtain complex conjugate eigenvalues of A
My = i

Here a = 0, b # 0, and the equilibrium point is the center Y

(stable) (Case 1).

General solution is ﬁ%
=

0 t
{x(t) = Cycost + C,sint, /
y(t) = C,cost — C; sint,

where C;, C, are arbitrary constants.

The phase portrait is shown in Figure 4.20. Figure 4.20

Ill. The roots of the characteristic equation are real and equal

The general solution of the system corresponding to this eigenvalues has the form
{x(t) = (ay + Bit)e™,
y(t) = (az + Bat)e’,

where a4, 5, a,, B, are arbitrary constants.

(4.11)
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Case1.4, =4,<0
If g, #0, B, # 0 then the phase portrait is shown
schematically in Figure 4.21.
The equilibrium point is called the stable singular node.
If B, = B, = 0 then the general solution is
{x(t) = a eMt,
y(t) = aett,
where a;, a, are arbitrary constants.

The trajectories are straight lines y = %x (Fig. 4.22). In

this case, the equilibrium point is called the stable dicritical
node.
Both types of equilibrium points are asymptotically stable,

since exponential function e?:t, 1, < 0, decreases faster than

other polynomial factor and lim te*1t = 0.

t—ooo

Case2.4,=1,>0

Figure 4.21

Figure 4.22

The shape of trajectories is the same as in previous case but motion along the curves is

outwards the origin of coordinates. Both types of equilibrium points are unstable.

N

Figure 4.23 Figure 4.24
Figure 4.23 represent us the unstable singular node, Figure 4.24 — the unstable dicritical
node.
[ Example 5. ]

Investigate the equilibrium point x = 0, y = 0 of the linear system

{x’(t) =5x—y,
y'(t) = x + 3y.
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Let us solve the characteristic equation of the system

5-14 -1
1 3—-41

Eigenvalues of A are y
)'1,2 = 4‘

=12-814+16=(1—4)2 =0.

General solution is

{X(t) = (Cit + Cp)e™,
y() = (Cit + C, — Cy)e™,

where C;, C, are arbitrary constants.

Since A;, =4 > 0 and C; Z 0, the equilibrium point is
the unstable singular node (Case 2). Figure 4.25
The phase portrait is shown in Figure 4.25.

You may find more examples in [9,17].

Review Questions

1. What is equilibrium solution of the linear homogeneous systems of differential equations
with constant coefficients?

2. How many equilibrium solutions does the linear homogeneous systems of differential
equations with constant coefficients have?

3. What is an idea of investigation of the equilibrium solution of the linear homogeneous
systems of differential equations with constant coefficients?

4. What is a phase portrait?

5. Under what condition is an equilibrium solution a stable node (an unstable node)? What is
the phase portrait in this case?

6. Under what condition is an equilibrium solution a saddle? What is the phase portrait in this
case?

7. Under what condition is an equilibrium solution a center? What is the phase portrait in this
case?

8. Under what condition is an equilibrium solution a stable focus (an unstable focus)? What is

the phase portrait in this case?

164



9. Under what condition is an equilibrium solution a stable singular node (an unstable singular
node)? What is the phase portrait in this case?
10. Under what condition is an equilibrium solution a stable dicritical node (an unstable

dicritical node)? What is the phase portrait in this case?

Exercises 4.3

1-10. Investigate the equilibrium point x = 0, y = 0 of the linear system

1 {x'(t) = —x — 2y,
" y'(t) = 5x —12y;

) {x’(t) =-3x+y,
') = —5x +y;
3 {x'(t) =x —2y,
" y'(t) = 2x — 3y;
4 { x'(t) = 2x,
@) =x+y

{x’(t) =x— 2y,

W®=x-y

6 { x'(t) = 2y,
Cy'(6) = 2x + 3y;

{x’(t) = —5x — 5y,

CLy'() = 2x + 2y;
{x’(t) = 12x — 5y,

" ly'(t) = 5x + 12y.

\l

oo

9-10. Investigate equilibrium points of the system depending on the parameter a.
{x’(t) =ax +Yy,
W) = —x +ay;

x'(t) =ax+y,
10. { ,
y'(t) = x + ay.
Answers.
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5. Integral Equations

Along with differential equations, so-called integral equations are often used. They can
be applied for solving and analyzing problems in geo- and astrophysics, radiative transfer,

oscillation, heat flow, diffusion, electrostatic potential theory, ect.

|. Basic Definitions and Concepts.

[ Deﬂnition.} Equation containing the unknown function under an integral sign is called an

integral equation.
If it involves the unknown function linearly then it is called linear integral

equation.

For example,

y(t) — fol tzy(z)dz = 2t, t € [0,2], is a linear integral equation;

y(t) = fot%dz is a nonlinear integral equation.

[ Definition.] Function y = ¢(x) which satisfies the integral equation (when put into the

equation, converts it into an identity) is called the solution of a integral

equation.

For example, it is easy to see (by direct substitution), that function y(t) = 3t is the

solution of the first equation

1
y(t) — f tzy(z)dz = 2t, t € [0,2].
0

Let us look through the classification of the linear integral equations.

LDeﬂnition.] Integral equation is called Fredholm integral equation if the limits of the

integral are both fixed numbers.

Integral equation is called Volterra integral equation if one of limits is variable.
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L Deﬁnition.] Integral equation is called an equation of the first kind if the unknown function

is placed only in the integral.
It is called an equation of the second kind if the unknown function is placed

both inside and outside the integral.

Fredholm integral equations are more complicated then Volterra equations, and integral

equations of the first kind are more complicated then equations the second of kind.

Il. Volterra equation

[ Deﬁnition.}The integral equation of the form

f K(t, 2)y(2)dz = f(£) G.1)

is called Volterra integral equation of the first kind.

[ Deﬁnition.} The integral equation of the form

t
y() — f K(t,2)y(2)dz = f(©) (5.2)

is called Volterra integral equation of the second kind.

L Deﬂnition.] Function K (t, z), defined on {(t,z):t € [a, b],z € [a, x]}, is called a kernel

function.

L Deﬂnition.] Function f(t), defined on [a, b], is called a right-sided function.

If £(t) = 0 then an integral equation is called homogeneous, otherwise, it is

nonhomogeneous.

Without limiting the generality we may define a = 0.
Thus, futher we are going to consider:

e \olterra integral equation of the first kind

j K(t,2)y(2)dz = £(¢) (5.3)
0
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e Volterra integral equation of the second kind

ﬂﬂ—fKUJW@Mz=ﬂU (5.4)
0

Since Volterra integral equation of the second kind are seems to be easier to solve, it is
convenient to transform Volterra equation of the first kind into Volterra integral equation of
the second kind.

E)K(t z)

Consider the equation (5.3), where K(t,z), , f(t) and f'(t) are continuos on

{(t' Z): t E [01 b])Z E [O, x]}
Let us differentiate (5.3) with respect to t.

Hence,

LOK (¢,
Koy + [ 2o
0

IfK(t,t) # 0, t € [0,b],and f'(0) = 0, then, dividing the equality by K (¢, t), we obtain
Volterra integral equation of the second kind

y(2)dz = f'(¢).

f'(@®)
K(t,t)

6K(t Z)
y(t) + K t)f y(z)dz =

Ill. Method of Successive Approximations for Volterra Integral Equation

Consider Volterra integral equation of the second kind

ﬂﬂ—jK@JW&MZ=ﬂ® (5.4)

Let us constract the sequence of fuctions {y,(t), y,(t), ..., y,(t), ... }:

yﬂ0=ﬂﬂ+fK@@m&Mz

yxo=ﬂm+jxm@m@mL

0

n@=f@+jK@@wﬂ@mZ
0
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The solution of a given integral equation is the limit as n — oo of the sequence obtained

(&) = lim y,(t).

[ Example 1. ]

Find the solution of integral equation

ﬂﬂ—j@—ﬂﬂ@w=t
0

Let

yot) = f(O) =t.
Evaluate y, (t)

t

t t ZZ Z3 t3
y,(t) = t+j (t —2)y,(2)dz = t+j (t—2)zdz=t—[t———=|| =t———.
0 0 23/, 2-3
Then we find y, (t)
t Z3 t3 t5
nu>=t+L(t—@(z—;;ﬂdz=t—2.3+23.45-
Continuing the process, we obtain
t3 t5 t7 (_1)nt2n+1 n (_1)kt2k+1
OGS TR o T A @
Finally,
n (_1)nt2n+1 © (_1)kt2k+1
Y(t) :rlll_{roloyn(t) = Al_r)glo W= W=Slnt.
k=0 k=0
Thus, the solution of given integral equation is
y(t) = sint.
IV. Fredholm equation
[ Deﬁnition.] The integral equation of the form
b
A [ K@@= O (55)
a

is called Fredholm integral equation of the first kind.
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[ Deﬁnition.] The integral equation of the form

b
o f K(t,2)y()dz = f(©) (5.6)

is called Fredholm integral equation of the second kind.

Number A is some numerical parameter. It can be both real and complex.

[ Deﬁnition.] Function K (¢, z), defined on {(t,z):t € [a, b],z € [a, b]}, is called a kernel

function.

[ Deﬁnition.] Function f(t), defined on [a, b], is called a right-sided function.

If £(t) = 0 then an integral equation is called homogeneous, otherwise, it is

nonhomogeneous.

Obviously that homogeneous equation of the second kind

b
y(t) — Af K(t,z)y(z)dz=0 (5.7)

always has solution y(t) = 0 (trivial solution).

[Definition.]Values of A that corresponds to nontrivial solutions of (5.7) are called

eigenvalues of the equation (of the kernel K(t, z)), and every corresponding

non-trivial solution is called eigenfunction.

[ Theorem. ]
Integral equation (5.7) has at least one real eigenvalue.

[ Theorem. ]

If kernel K(t,z) is square integrable on the rectangle {(t,z):t € [a,b],z €

[a, b]}, a, b — real numbers

b rb
f f |K(t,z)|?dtdz < oo,
a a

then each eigenvalue corresponds to a finite number of eigenfunctions.

The number of these eigenfunctions is called range of corresponding eigenvalue.
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[ Theorem. ]

The Fredholm Alternative

There are only two possibilities

1. Nonhomogeneous linear integral Fredholm equation of the second kind
(5.6)

b
y@y—yfxachyw=fu)

has unique solution, whatever its right-sided function f(t).

2. The corresponding homogeneous equation (5.7)

b
y(t) — Aj K(t,z)y(z)dz =0

has nontrivial solutions.

[ Theorem. ]

The necessary and sufficient condition for the existence of a solution y(t) of

the nonhomogeneous equation (5.6) is

b
[ o@yerez=o, 58

where @ (z) is a solution of the transposed equation

b—
o(t) — )Ij K(z, t)p(z)dz = 0.

a

If the condition (5.8) holds, then the equation (5.6) has an infinite number of solutions.

The Fredholm Alternative is very convenient to use in practice. Instead of proving
existense of the solution of (5.6), it is sometimes easier to prove that the homogeneous equation

(5.7) has only trivial solution. Then the equation (5.6) also has solutions.
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V. Method of Successive Approximations for Fredholm Integral Equation

Consider Fredholm integral equation of the second kind
b
y© -1 [ Ke2y@)dz = £0) (5.6)
a
If || < % where M > 0 and

b b
M? = f j |K (t,2)|*dtdz,
a a

then there exists the solution of the equation (5.6) and it may be found by method of successive
approximations.

Let us constract the sequence of fuctions {y,(t), y,(t), ..., y,(t), ... }:

yo(t) = f (),

b
(0 = £(O) + 2 j K(t,2)yo(2)dz,

b
Ya(6) = F(O) + 2 j K(t, Dy, (2)dz,

b
Yu(t) = f(t) + AJ K(t,z)y,_,(2)dz.

The solution of a given integral equation is the limit as n — oo of the sequence obtained

(&) = lim y,(t).

[ Example 2. ]

Find the solution of integral equation

® 1fn(>d—'t =
y 2noyz z=sint——.

First, let us check the condition of existence.

Here the kernel function K(t,z) = 1 and

A T s s
M? =f ] |K(t,z)|2dtdz=f f dtdz =n? = M =m.
0 Jo o Jo
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1

Sinced = — < — = - the solution of a given equation exists.

1
2T M
Let
_ 1
Yo(t) = smt—;.
Next, evaluate y; (t)
. 1 1 (™. 1 _ 1 1 Z\|T
y1(t) = sint —;+%L (smz—;)dz = =sint _E-I_E(_COSZ_E)L)
1 1

=sint——+—.
T 27

Then

t)—'t1+1 n(' 1+1)d—'t1+3
y,(t) = sin ) sinz ——+——Jdz=sint ——+_—,

(t) = sint 1+1]n(' 1+3)d-'t L
y3(t) = sint —— 0 sinz — — z=sint ——

21 A1 8m’
1 1 (™/ 1 7 _ 1 15
ya(t) = sint—E+% . <smz—;+%)dz =smt—;+ﬁ,
As a result, we obtain
_ 1 2"—1
yu(t) = smt—;+ T
The solution could be found from the limit
_ 1 2n—1 _
y(t) = TllLHJO yu(t) = 71113010 (smt - + T ) = sint.

Thus,
y(t) = sint.

You may find more information about integral equations in [10].

Review Questions

1. What is integral equation?

2. What is the integral equation of the first kind? of the second kind?

3. What difference between Volterra and Fredholm integral equations?

4. What is kernel function in integral equation?
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5. What is eigenvalue and eigenfunction for integral equation?
6. What is the condition of existence of solution of Fredholm equations?
7. Formulate the Fredholm Alternative. Why this theorem is important?

8. What is the method of successive approximations for integral equations?

Exercises 5.1
1-8. Solve the integral equations by method of successive approximations

1L y®)— [ (t-2y(2)dz=1;
2.y - [ y(2)dz=1;
3. y(t) - [, tzy(2)dz = 1 —t?;
4. y(t) — foty(z)dz = 2t + t?;
5. y(t)+ %fon cos?zy(z)dz =1;
6. y(t)+ fog sinty(z)dz = 2sint;
7. y(®) -4 [ (t? - Ozy(2)dz = t;

8. y(t)+ %fotzety(z)dz = get.

Answers.
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ANSWERS

Answers to exercises 1.2

1 1 .

o T =6 2.In(4 +x?) +9—y2=C(;3.sinxcosy = C; 4. In? x — cot?’y = C; 5. In|xy| +
Yy=x _ r. —1)2 2 _ (. _ — . y X _ . _ CVitx? | _
o = C 6. (x—1)2+y?>=C; 7. y—vx+C=Inly|; 8. (¥ +1e*=C; 9. y=—7—;10. y=
ecaresinx, 11y = /In3|1 — x2|; 12. arctan(x/2) =In?y +n/4; 13. tany =1 —x + tanx; 14. y =
e*(x—2);15. In(Vx +1) = — /1 —y.

Return to exercises

Answers to exercises 1.3
_ . 2 _ . Y 2 2 — - — _ ).
1.y =2x(C+1In|x|);2. x + (x + 3y)* =C; 3.arctanx+lnCw/x +y2=0;4x=((y—x)InC(y —x);
— 06 o -0 _ L0t 9 2 ;a2 —Y(1nY_ :
5.\/E+\/§lnCy—0,6.e +InCx=0;7.Cx=¢e ; 8.y = Cxe ,9.lnx—x(1nx 1)+C,10.

In|Cx| =—cos¥; 1. x2+xy—y?—x+3y=C;12. x> +2xy—y?> —4x+8y =C;13. y = x — 2x3;

Yy
14. 2—1n|x|=§\/§; 15. x = 3e"™"; 16. x—2=ln%; 17. y=x-arcsinx; 18. 3x+2y —4+

2In|lx+y—1| =0.
Return to exercises

Answers to exercises 1.4
1L.y=x(C+3x);2.y=C/x*—x%2/6);3. y=(C+x)/x%; 4 y=Ce’™ —2e3%, 5. y=CVx2+1+

x2+1;6.y= e2V*(C + x); 7. y = (C +§+isin2x); 8. y= £+5x. 1 9, y = Ce 80X 4 tanx — 1;

Inx ’

Cosx

4 .
10,y = Vx?+4(C +arctan?); 11.x = S35 12.x = eV (C +y); 13,y = 3x%e ™ 14y = T

15.y=e"® +e¥*—1;16. y=x3+x2+x+1;17.y = x(2 — cosx); 18. y = Inx - In|In x|.
Return to exercises

Answers to exercises 1.5
= (- N e 3,33y = T o any =
ly x—2+Ce z) ;2.y 3=Cxs e ; 3.y c—x'4' y2 — tanx

Incosx+C

5.y =x3(e* + 0);

_ —x(1l x )2_ _ secx _ 1 _ sec’x 2 2 _ -y
6.y=e (Ze +1 ,7.y—x—3+1,8.x——y(y+c),9.y—tanx_x+c,1O.x +yc=e"Y.

Return to exercises

Answers to exercises 1.6
2
1.y+x7—cosy+xln|y| =C;2.2xy—3x+y>=0C;3.2y> +x%cos2y +x2=0;4. x3e¥—y+1=

0;5 xeV+y=C;6.y3x—2y?x2+3x*-3=0; 7. /,sziz, y2x+§=C;8.u=x—14,

yZ_xZ

—=C;9.
X
=C.1l.u=e%, x2+ 2y —1e? =0, 12.

x X

— 5~ —-X —v—-—1=0- 1 3
u=e>* e *cosy—y 1—0,10.,u—siny,x+

siny
U= i, ysinx +xlny = C.
Return to exercises

Answers to exercises 2.2

1. y=(-1/4)sin2x+Cix+Cy; 2. y=—64e™/*+Cx>+Cox+C3; 3. y=(1/2)x*Inx —

(3/4))62 + Clx + Cz, 4, y = -2 lnlxl + Cl.x + Cz, 5. y = C1x2 + Cz, 6. y = Cl(x - e_x) + Cz, 7. y =
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(1/2)In?|x| + C;In|x| + C,; 8. y =C, + Cysinx —x — (1/2)sin2x; 9. y = %m+ C,; 10.
y=(Cix+C)% 11 y=(1/3)In|3y + 4| = C,x + C5; 12. x = (1/C) In|y/(y + C;)| + Cy; 13. (Cyx +
C))?=Cy*—8;14.x=(1/2){yy2+C, +Cy;15.y =1/3 - (1/9)sin3x; 16. y = xIn|x| + x — 1; 17.
y=x*/8—-x3/6+x%/2—x;18. x=y+1In|ly|—1;19.y =x3/3+x—1;20.y =1 + sinx.

Return to exercises

Answers to exercises 2.3
1. yes; 2. no; 3. no;, 4. yes; 5y=C(;

sinx_Czcosx; 6. y=Cx+Cyxlnx; 7. y=C;sinx +

C, (1 —sinxIn |tan (E + ;—C)D 8.y =Cix— CD';(x2 - 1)x;
Return to exercises

Answers to exercises 2.4

1. y=Ce 3+ Ce*; 2. y=Cie™*+Ce™®; 3. y=e 2(C;+Cx); 4. y=e?*(C;cos3x+
C,sin3x);5.y=C; + C,e™8%,6.y =C,cos5x + C,sin5x; 7.y = Cie ™ + C,e* + C3e**;8. y=C, +
Cze_sx + C3e3x; 9 y = Cl + €4x(CZ + C3X), 10 y = e_x(Cl + sz) + C3e3x; 11. y = ex(Cl + sz +
C3x?);12. y =C, + C,cos8x + C3sin8x; 13. y = C; + C,e* + C3cosx + Cysinx; 14. y = cosx (C; +
Cyx) +sinx (C3 + Cyx); 15. ¥y = C; + Cox + C3x% + Cpe™2* + Cse?*; 16. y = Cy + Cre 3% + (3e3* +
Cycos3x + Cssin3x;17.y = 4e 3% —3e72%;18. y = xe>¥; 19. y = —%ex cos3x; 20. y=2 sing; 21.
y = %(5 — 2e73%),

Return to exercises

Answers to exercises 2.5
1.y =Cycosx + Cysinx + cosxIn|cosx|; 2. y = C; cosx + C, sinx + sinxIn|tan(x/2)|; 3.y =

Cie* + Cre™ +%((ex +e™)In(e* +1) — (xe* +1));4. y = Cie* + C,xe* + xe*In|x|; 5.y =
C; cos3x + C, sin3x — gcos 3x + %sin 3xIn|sin3x|; 6.y = Cie™* + Coxe™™ + xe ¥In|x|; 7.y =

1
2 cos

C; cos 2x + C, sin 2x — cos 2x In|sin x| — (x +%cotx) sin2x;8. y =C;cosx + C,sinx + = 9.y=

1+sinx

2sinx +cosx-lntan(§+%); 10y =C; + Cy,cosx + C; sinx+ln| — x cosx + sinx - In|cos x|.

CosXx

Return to exercises

Answers to exercises 2.6

1.y = e ™(C, cos 2x + C,sin 2x) + (Ax? + Bx + C)e™?%; 2. y = Ce 3% + C,e™* + (Ax? + Bx)e™3%; 3.
y=0Cy+ Cre®* + Ax* + Bx3 + Cx?> + Dx; 4. vy =(C; + Cx)e> + (Ax3 + Bx? + Cx)e>*; 5. y=
e*(Cy cos 3x + C, sin3x) + e*((Ax + B) cos 2x + (Cx + D) sin2x); 6. y = Cycos4x + C,sin4dx +
(Ax3 + Bx? + Cx) cos 4x + (Dx3 + Ex? + Fx) sin 4x; 7. y = e3*(C; cos 2x + C, sin 2x) +
e3*(Ax cos 2x + Bxsin2x); 8. y = C; + C,e 1% + Ax® + Bx? + Cx + e 1%%((Dx + E) cos x + (Fx +
G)sinx); 9. y = Cre™%% + C,e%% + (Ax? + Bx)e %% + C cos 6x + Dsin6x; 10. y = e 3*(Cy cos 4x +
C, sin4x) + e 3¥*(Ax cos 4x + Bx sin4x) + (Cx + D) cos4x + (Ex + F) sin4x; 11.  y=Ce® +
Ce™™ —x2 —x; 12. y = Cie ™ + (e + (x — 1)e™*; 13. y = C,e* + C,e?* + 5xe3%; 14. y=C, +
Cre ™ + (x2/4 + x/8)e™; 15. y = C;cos4x + C,sindx + (2x + 1)e™; 16. y = e 2*(C, + C,x) +
(1/2)x3e™%%; 17. y=C, + C,e >* +sin5x —cos5x; 18. y =e?*(C;cosx + C,sinx) + cosx +
(1/2)sinx; 19. y = C; cos 2x + C, sin 2x + (3/2)x cos 2x + (5/2)x sin 2x; 20. y = C;e™2* + C,e?* —
e?* (2cos2x +sin2x)/20; 21. y = e*(Cycosx + C,sinx) — (1/2)xe* cosx; 22. y = C, + C,e3* +
(1/3)xe3* —2x%2 + x; 23. y = —cos2x +sin2x + (3x/4 + 1)e™2*; 24. y = (1/3)e™** — (1/3)e?* +
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(x% + 3x)e?*; 25. y = e*(—6cos3x +sin3x) + 12cos3x + 2sin3x; 26. y = —3cosx + mwsinx +
x(4 cosx — 3sinx); 27. y = e?**(cos 3x — sin 3x + (1/6)x sin 3x).
Return to exercises

Answers to exercises 3.3
1. x(t) = Cie 2  + Cre?t, y(t) = 2C1e7 % — 2C,e?; 2. x(t) = Cycost+ Cysint,y(t) = —C;sint +

Cycost; 3. x(t) = Ciet + Cre™t + %e“,y(t) = —Cet + Cet + ge”; 4., x(t) =Cie ™™+ Ce™t +

7 ot 1 ot _1 -4t -7t o 1 ¢, 3 -2t _3 t 45 -t 1, + _
¢ tze ,y(t)—zCle + Cye +oe te 5. x(t)—4e +oe " +te 1, y(t) =
5 5 4 1 13 1 3 1.

Zet —e t +5tet —t 6. x(t)= (—5+5t) et —Ecost,y(t) = (2 _Et) et —2cost —>sint; 7.
x(t) = Cie 4+ Ce 35 y(t) = Cie™t + 3C,e7 3t + cost; 8. x(t) = Ciet + C,e t + Cysint +
Cycost,y(t) = Ciet + Cre ™t — Cysint — C3cost; 9. x(t) = Ciet + C,cost + Cssint,y(t) = Ciet —
Cysint + C3cost,z(t) = (C, — C3)cost + (C, + C3) sint; 10. x(t) = —e~ % y(t) = e~ %, z(t) = 0; 11.
x(t) = Cie ™t + CRe3%, y(t) = 2Ce™t — 2C,e35 12. x(t) = Cret + Cytet, y(t) = (2C, — Cy)et + 2C,tet;
13.  x(t) = Cyetcos3t + C,sin3t,y(t) = Cietsin3t — Cret cos3t; 14. x(t) = C; + 3C,e%t, y(t) =
—2C,e%t + Cze7 4, z(t) = C, + Cre?t — 2Cze7%; 15. x(t) = Ciet + Ce?t + Cze7t, y(t) = Ciet —
3C,e7t z(t) = Cret + Cre?t — 5Cze7t; 16. x(t) = Cie?t + C,e3t + C3e%, y(t) = Ce3t + 2C5e%, z(t) =
—C,e?t + Cye3t — Cze®; 17. x(t) = Ciet + Cycost + C3sint,y(t) = Ciet — C,sint + C3cost,z(t) =
(C, — C3)cost + (Cy + C3)sint; 18. x(t) = 5, y(t) = 3e%; 19. x(t) = e' +e*,y(t) = —et + %e‘“;
20. x(t) = —e L y(t) = %te‘t; 21. x(t) =3 cos2t +sin2t,y(t) = gcos 2t +§sin 2t; 22. x(t) =
2e%tcost —e?'sint,y(t) = e** cost — 3e?tsint; 23. x(t) = %e‘t + %eZt + %e‘Zt,y(t) = ée‘t +

%e” - %e‘”,z(t) = —%e‘t + geZt; 24. x(t) = —e b, y(t) = et z(t) = 0.

Return to exercises

Answers to exercises 4.1
1. asymptotically stable; 2. unstable; 3. unstable; 4. asymptotically stable; 5. unstable; 6. a > 0, asymptotically

stable; a < 0, unstable; 7. a < 0, asymptotically stable; a > 0, unstable.
Return to exercises

Answers to exercises 4.2
1. y=—1, stable; 2. y =3, unstable; 3. y = 0, semistable; y = 2, unstable; 4. y = 0, stable; y = 2,

semistable; y = 4, unstable; 5. y = +2kn, k € Z, unstable; y = +(2k + 1)m, k € Z, stable.
Return to exercises

Answers to exercises 4.3
1. stable node; 2. stable focus; 3. stable singular node; 4. unstable node; 5. center; 6. saddle; 7. line of stable

fixed points; 8. unstable focus; 9. a = 0, center; a < 0, stable focus; a > 0, unstable focus; 10. a < —1,
stable node; a = —1, any point ony = x, stable; —1 < a <1, saddle; a =1, any point ony = —x,
unstable; a < 1, unstable node.

Return to exercises

Answers to exercises 5.1
1.y=cost;2.y=et;3.y=1;4.y=2t;5.y=§;6.y=sint;?.y:t2;8.y=et.
Return to exersises
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INDEX

asymptotical stability 145, 147, 152
autonomous differential equation 151
auxiliary equation 79, 132

Bernoulli’s equation 41

Bernoulli’s method 30

Cauchy problem 8, 57, 120

Cauchy theorem about existence and uniqueness 8, 58, 120
center 159

characteristic 79, 132

complete integral 7, 57

constant of integration 6

determinant of Wronski 74

direction field 6

elimination method 125

equilibrium solution 151, 155

exact differential equation 49

first-order differential equation 6
first-order linear differential equation 29
focus 160

Fredholm Alternative 170

Fredholm integral equation 165, 168
frequencyl14

fundamental system of solutions 75
general solution of the system of DE 120
homogeneous differential equations 20
homogeneous function of the nth degree 20
initial condition 8, 57, 120

integral equation 165

initial phase 114

initial value problem 8, 57, 120

integral curves 6 7

integral of differential equation 5, 57
integrating factor 51

integration of differential equation 6
kernel function 169

Lagrange’s method 32, 88

linear combination of the functions 73
linear homogeneous differential equations with constant coefficients 78
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linear independence of functions 73

linear system of DE with constant coefficients 123
linearly dependent functions 73

matrix method 131

mechanical vibrations 111

method of eigenvalues and eigenvectors 131
method of successive approximations 167, 171
method of undetermined coefficients 95
method of variation of a constant 32, 88

node 156, 161

nonhomogeneous linear normal system of DE 119
order of a differential equation 5

ordinary differential equation 5

partial differential equation 5

particular integral 8, 58

particular solution 8, 58

particular solution of the system of DE 121
phase portrait 156

principle of superposition 72, 106

reduction of order 61

reduction to homogeneous equations 25
resonance 115

saddle 157

semistable solution 152

separable differential equations 11

singular points 8

singular solution 8

slope field 6

solution of differential equation 5, 57

solution of integral equation 165

stability in the sense of Lyapunov 144, 147
structure of solution of the linear nonhomogeneous differential equation 88
system of DE 119

nth-order differential equation 72

nth-order differential equation with constant coefficients 88
the line of unstable fixed points 158

nth-order differential equation 5, 57

unstable solution 145, 152

Volterra integral equation 165, 166
Wronskian 74

Wronskian method 74
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