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We calculate the exact value and find the polynomial of the best weighted
polynomial approximation of kernels of the form

𝒦𝜆,𝑠(𝑡, 𝐴,𝐵) :=
𝐴+𝐵𝑡

(𝑡2 + 𝜆2)𝑠+1
, (1)

where 𝐴 and 𝐵 are fixed complex numbers, 𝜆 > 0, 𝑠 ∈ N, in the mean square
metric.

Let us note, for 𝐴 = 𝑠 = 0 and 𝐵 = 1
𝜋 , the kernel (1) coincides with

the Poisson kernel 𝑃𝑡(𝜆) = 1
𝜋

𝑡
𝜆2+𝑡2 as function of the variable 𝜆. A special

case of kernels (1) are integral kernels defined in the upper half-plane by the
well-known biharmonic Poisson integrals

ℬ(𝑓 ; 𝑡;𝜆) := 2𝜆3

𝜋

∫︁ ∞

−∞

𝑓(𝑥+ 𝑡)

(𝑥2 + 𝜆2)2
d𝑥.

which give the solution of the biharmonic equation

∇2(∇2𝑈) = 0, ∇ :=
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝜆2
,

in the upper half-plane of the complex plane (𝜆 > 0) under the boundary
conditions

lim
𝜆→0+

𝑈(𝑥, 𝜆) = 𝑓(𝑥), lim
𝜆→0+

𝜕

𝜕𝜆
𝑈(𝑥, 𝜆) = 0.

Denote by 𝑃𝑛−1 the set of all algebraic polynomials with complex coeffi-
cients of degree at most 𝑛− 1 and consider the quantity

ℰ𝑛(𝒦𝜆,𝑠)2,𝜌𝑛 := inf
𝑝∈𝑃𝑛−1

(︁∫︁ ∞

−∞

⃒⃒
⃒⃒ 𝐴+𝐵𝑡

(𝑡2 + 𝜆2)𝑠+1
− 𝑝(𝑡)

⃒⃒
⃒⃒
2

d𝑡

|𝜌𝑛(𝑡)|2
)︁1/2

of best weighted approximation of the kernel 𝒦𝜆,𝑠(𝑡, 𝐴,𝐵) by all possible
polynomials from the set 𝑃𝑛−1 in the mean square metric with the weight

1
|𝜌𝑛(𝑡)|2 , 𝜌𝑛(𝑡) = 𝜌0

∏︀𝑛
𝑘=1(𝑡−𝑎𝑘), where 𝑎𝑘 = 𝛼𝑘+i𝛽𝑘, 𝛽𝑘 > 0, 𝑘 = 1, 2, . . . , 𝑛,

and 𝜌0 ̸= 0 is a constant.
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Theorem 1. Let 𝐴,𝐵 be any fixed real numbers, 𝜆 > 0 and 𝑠 ∈ N. Then for
any 𝑛 ∈ N

ℰ2𝑛(𝒦𝜆,𝑠)2,𝜌𝑛 =
4𝜋

(2𝜆)2𝑠+3𝜇𝑛(𝜆,a)|𝜌0|2
𝑠∑︁

𝑘=0

𝑠∑︁

𝑙=0

(︀
𝑙+𝑘
𝑙

)︀
𝐺𝑘𝐺𝑙,

where 𝜇𝑛(𝜆,a) =
∏︀𝑛
𝑘=1

[︁
𝛼2
𝑘+(𝛽𝑘+𝜆)

2
]︁
, 𝑎𝑗 = 𝛼𝑗+i𝛽𝑗, 𝛽𝑗 > 0, 𝑗 = 1, 2, . . . , 𝑛,

𝐺𝑘 = 𝐺𝑘(𝜆,a) =

𝑠−𝑘∑︁

𝑗=0

(𝑠+𝑗𝑠 )i𝑠−𝑘−𝑗𝜈𝑠−𝑘−𝑗(i𝜆,ā)
(2𝜆)𝑘+𝑗

(︁
𝐵𝜆(𝑠(𝑠+𝑗)−2𝑗)

𝑠(𝑠+𝑗) − i𝐴
)︁
.

Similar extremal problems for the kernels (1) was solved: in the case of
𝑠 = 0 in [1] (see, also [2]), in the case of 𝑠 = 1 in [3].
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