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МОДЕЛИРОВАНИЕ 

КРУГЛОГО ДИЭЛЕКТРИЧЕСКОГО ВОЛНОВОДА

ПЕРЕДАЧИ ЭЛЕКТРОМАГНИТНОЙ ЭНЕРГИИ 

Àííîòàöèÿ. Â äàííîé ñòàòüå èçó÷àþòñÿ ÒÌ-ïîëÿðèçîâàííûå ýëåê-
òðîìàãíèòíûå âîëíû, ðàñïðîñòðàíÿþùèåñÿ â äèýëåêòðè÷åñêîì âîëíî-
âîäå êðóãîâîãî ñå÷åíèÿ, çàïîëíåííîé ñðåäîé. Ðàçðàáîòàí èòåðàöèîííûé
àëãîðèòì, ñ ïîìîùüþ êîòîðîãî îïðåäåëÿþòñÿ çíà÷åíèÿ ñîáñòâåííûõ
ôóíêöèé è ñïåêòðàëüíîãî ïàðàìåòðà ïðè ñîîòâåòñòâóþùèõ êðàåâûõ
óñëîâèÿõ. Ïðåäñòàâëåíû ÷èñëåííûå ðåçóëüòàòû ðàñ÷åòîâ.

Êëþ÷åâûå ñëîâà: ýëåêòðîìàãíèòíîå ïîëå, äèýëåêòðè÷åñêèé âîëíî-
âîä, íåëèíåéíàÿ çàäà÷à, ÷èñëåííûå ðåçóëüòàòû, ðàñ÷åò.

Abstract. The article deals with TM-polarized electromagnetic waves
propagating in a dielectric waveguide of circular cross section filled with a
medium. An iterative algorithm has been developed, with the help of which
the values of the eigenfunctions and the spectral parameter are determined
under corresponding boundary conditions. Numerical results of calculations
are presented.

Êeywords: electromagnetic field, dielectric waveguide, nonlinear problem,
numerical results, calculation.

Ðàññìîòðèì òðåõìåðíîå ïðîñòðàíñòâî R3 ñ äåêàðòîâûìè êîîð-
äèíàòàìè Îxyz. Ýòî ïðîñòðàíñòâî çàïîëíåíî èçîòðîïíîé ñðåäîé
áåç èñòî÷íèêîâ ñ äèýëåêòðè÷åñêîé ïðîíèöàåìîñòüþ 3 = const. Â
ýòó ñðåäó ïîìåùåí êðóãëûé äèýëåêòðè÷åñêèé âîëíîâîä ñ îáðàçó-
þùåé, ïàðàëëåëüíîé îñè Îz è êðóãîâûì ïîïåðå÷íîì ñå÷åíèåì 
W = {x : 0  x2 + y2  R2

2}.
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Ýëåêòðîìàãíèòíîå ïîëå ãàðìîíè÷åñêè çàâèñèò îò âðåìåíè [1–3]:

E

(r, , z, t) = E+(r, , z)cos t + E–(r, , z)sin t,

(1)
H

(r, , z, t) = H+(r, , z)cos t + H–(r, , z)sin t,

ãäå  – êðóãîâàÿ ÷àñòîòà; E

, E+, E–, H


, H+, H– – äåéñòâèòåëüíûå ôóíêöèè.

Âåçäå íèæå âðåìåííîé ìíîæèòåëü ïðîïóùåí. 
Îáðàçóåì êîìïëåêñíûå àìïëèòóäû ïîëåé E, H

E = E+ + iE–,
(2)

H = H+ + iH–,

ãäå E(Er, E, Ez)
T, H(Hr, H, Hz)

T è ()T îçíà÷àåò îïåðàöèþ òðàíñïîíèðî-
âàíèÿ. Êàæäàÿ êîìïîíåíòà E, H ÿâëÿåòñÿ ôóíêöèåé òðåõ ïðîñòðàíñòâåí-
íûõ ïåðåìåííûõ.

Ýëåêòðîìàãíèòíîå ïîëå E, H óäîâëåòâîðÿåò ñèñòåìå óðàâíåíèé
Ìàêñâåëëà [1–3]

rotH


= –iE

, (3)

rotE


= –iH

, (4)

óñëîâèÿì íåïðåðûâíîñòè êàñàòåëüíûõ ñîñòàâëÿþùèõ ïîëåé E, H
íà ãðàíèöàõ ðàçäåëà ñðåä r = R1 è r = R2 è óñëîâèþ èçëó÷åíèÿ íà
áåñêîíå÷íîñòè: ýëåêòðîìàãíèòíîå ïîëå ýêñïîíåíöèàëüíî çàòóõàåò
ïðè r .

Ïóñòü äèýëåêòðè÷åñêàÿ ïðîíèöàåìîñòü âíóòðè âîëíîâîäà ÿâ-
ëÿåòñÿ ñêàëÿðíîé ôóíêöèåé è âíóòðè, è âíå âîëíîâîäà è îïðåäå-
ëÿåòñÿ ñëåäóþùèì îáðàçîì:

1, 0, 0 < r < R1,

 =   (1,8 + E)0, R1 < r < R2, (5)

3, 0, r >R2,

ãäå 1, 2, 3 – âåùåñòâåííûå ïîëîæèòåëüíûå ïîñòîÿííûå. Ñðåäà ïðåäïîëà-
ãàåòñÿ èçîòðîïíîé è íåìàãíèòíîé, âî âñåì ïðîñòðàíñòâå ïîëàãàåì  = 0.

Ïîâåðõíîñòíûå âîëíû, ðàñïðîñòðàíÿþùèåñÿ âäîëü îáðàçóþ-
ùåé âîëíîâîäà, îïðåäåëÿåì ïðè ðåøåíèè óðàâíåíèé Ìàêñâåëëà
âî âñåì ïðîñòðàíñòâå.

Íà ðèñ. 1 ïðåäñòàâëåíà ãåîìåòðèÿ çàäà÷è. Öèëèíäð íåîãðàíè-
÷åííî ïðîäîëæàåòñÿ â íàïðàâëåíèè îñè z.
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Ðèñ. 1. Ãåîìåòðèÿ çàäà÷è

Ðàññìîòðèì ÒÌ-âîëíû 

E = (Er, 0, Ez)
T, H = (0, H, 0)T, (6)

ãäå Er = Er(r, , z), E = E(r, , z), H = H(r, , z).

Ìîæåì ïîêàçàòü, ÷òî äëÿ ðàññìàòðèâàåìîé ãåîìåòðèè è âû-
áðàííîé íåëèíåéíîñòè êîìïîíåíòû ïîëåé ìîãóò áûòü ïðåäñòàâëå-
íû â ôîðìå: 

Er = Er(r)e
iz, Ez = Ez(r)e

iz, H = H(r)e
iz, (7)

ãäå  – íåèçâåñòíûé âåùåñòâåííûé ñïåêòðàëüíûé ïàðàìåòð (ïîñòîÿííàÿ
ðàñïðîñòðàíåíèÿ ýëåêòðîìàãíèòíîé âîëíû).

Îáîçíà÷èì k2
0 = 200. Ïîäñòàâèâ êîìïîíåíòû (7) â (3) ïîëó÷èì

{2Er + i
Ez

r
= k2

0
Er, i i

1
r

r

(rEr) – 
1
r

r

(r
Ez

r
) = k2

0
Ez, (8)

ãäå k2
0 = 200 è  = 0, 0, 0 –äèýëåêòðè÷åñêàÿ è ìàãíèòíàÿ ïðî-

íèöàåìîñòè ñâîáîäíîãî ïðîñòðàíñòâà.

Îáîçíà÷àÿ 
Er(r, ) = 1(r, ), (9)
iEz(r, ) = 2(r, ),

ïîëó÷èì èç (8)

{22 + ( – k2
0
)1 = 0, – 

1
r (r1) – 

1
r (r2) = k2

0
2 = 0, (10)

ãäå ïðîèçâîäíàÿ îáîçíà÷àåò äèôôåðåíöèðîâàíèå ïî r ; 1(r, ), 2(r, ) –
âåùåñòâåííûå ôóíêöèè.

Íàéäåì òå äåéñòâèòåëüíûå çíà÷åíèÿ ñïåêòðàëüíîãî ïàðàìåòðà ,
äëÿ êîòîðûõ ñóùåñòâóþò äåéñòâèòåëüíûå íå ðàâíûå òîæäåñòâåííî
íóëþ ðåøåíèÿ 1(r, ), 2(r, ), ñèñòåìû óðàâíåíèé (10).
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Ïîëàãàåì, ÷òî ôóíêöèè 1(r, ), 2(r, ) äèôôåðåíöèðóåìû òà-
êèì îáðàçîì, ÷òî 

1C [0,R1]C[R1,R2]C[R2,+]C1[0,R1]C1[R1,R2]C1[R2,+],
(11)

2C[0,+]C 1[0,R1]C1[R1,R2]C1[R2,+]C2[0,R1]C2[R1,R2]C2[R2,+],

Ïðèíèìàåì, ÷òî 2 > 3.
Ïðè r > R1 ïîëó÷èì  = 10 è ñèñòåìà (10) áóäåò èìåòü âèä

{22 + k2
11 = 0, – 

1
r (r1) – 

1
r (r2) = k2

012 = 0, (12)

ãäå k2
1 = 2 –  k2

01.

Âûðàæàÿ ôóíêöèþ 1 èç ïåðâîãî óðàâíåíèÿ è ïîäñòàâëÿÿ åãî
âî âòîðîå óðàâíåíèå ñèñòåìû, ïîëó÷èì óðàâíåíèå äëÿ ôóíêöèè 2:

– 


k2
1

1
r (r2) – 

1
r (r2) – k2

012 = 0. (13)

Óðàâíåíèå (13) ÿâëÿåòñÿ óðàâíåíèåì Áåññåëÿ è åãî ìîæíî çà-
ïèñàòü â âèäå 

1
r (r2) + k2

012 = 0. (14)

Òîãäà ðåøåíèå ñèñòåìû (11) èìååò âèä

1(r) =  


k1

(C1I 0(k1r) + C1K 0(k1r)),
(15)

2(r) = (C1I0(k1r) + C2K0(k1r)),

Ôóíêöèè I0 è K0 – ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ è
ôóíêöèÿ Ìàêäîíàëüäà íóëåâûõ ïîðÿäêîâ ñîîòâåòñòâåííî. Ôóíê-
öèÿ Ìàêäîíàëüäà K0(r) ñòðåìèòñÿ ê áåñêîíå÷íîñòè ïðè r  à
ôóíêöèÿ Áåññåëÿ I0(r) îãðàíè÷åíà ïðè r . Ïðèíèìàÿ âî âíè-
ìàíèå óñëîâèå îãðàíè÷åííîñòè ïîëÿ âî âñÿêîé êîíå÷íîé îáëàñòè
è ó÷èòûâàÿ, ÷òî I 0(r) = I1(r), ïîëó÷àåì èç (12)

1(r) =  


k1

C1K1(k1r),
(16)

2(r) = C1I0(k1r).

Ïðè R1 < r < R2 èìååì  = (1,8 + E)0. Òîãäà ñèñòåìà (10)
ïðèìåò âèä

{2 + ((2 – k2
0(1,8 + (2

1 + 2
2))1 = 0,

(17)
–

1
r (r) – 

1
r (r2) – k2

0(1,8 + (2
1 + 2

2))2 = 0.
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Ïðè r > R2 èìååì  = 30. Òîãäà ñèñòåìà (10) ïðèìåò âèä

{2 + k2
31 = 0,

(18)
–

1
r (r) – 

1
r (r2) – k2

032 = 0,

ãäå k2
3 = 2 – k2

03.

Ðåøåíèå ñèñòåìû (18) áóäåò èìåòü ñëåäóþùèé âèä

1(r) =  


k2
1

(C3I 0(k3r) + C4K 0(k3r),
(19)

2(r) = C3I 0(k3r) + C4K0(k3r).

Èçâåñòíî, ÷òî ôóíêöèÿ I0(r) ñòðåìèòñÿ ê áåñêîíå÷íîñòè ïðè 
r , a ôóíêöèÿ K0(r) ñòðåìèòñÿ ê íóëþ ïðè  r . Ïðèíèìàÿ
âî âíèìàíèå äàííûå óñëîâèÿ è ó÷èòûâàÿ òî, ÷òî K 0(r) = –K1(r), ïî-
ëó÷àåì èç (19)

1(r) =  


k2
3

C4K1(k3r),
(20)

2(r) = C4K0(k3r).

Êàê èçâåñòíî, êàñàòåëüíûå ñîñòàâëÿþùèå ýëåêòðîìàãíèòíîãî
ïîëÿ íåïðåðûâíû íà ãðàíèöå ðàçäåëà ñðåä. Â ðàññìàòðèâàåìîì
ñëó÷àå êàñàòåëüíûì ñîñòàâëÿþùèìè ÿâëÿþòñÿ êîìïîíåíòû Ez è
H. Èç ýòîãî óñëîâèÿ ïîëó÷àåì 

Ez(R1 + 0) = Ez(R1 – 0), H(R1 + 0) = H(R1 – 0),
(21)

Ez(R2 + 0) = Ez(R2 – 0), H(R2 + 0) = H(R3 – 0).

Êîìïîíåíòà Er ÿâëÿåòñÿ íîðìàëüíîé êîìïîíåíòîé è íà ãðà-
íèöå ðàçäåëà ñðåä íåïðåðûâíà. 

Èç âûøåñêàçàííîãî ïîëó÷àåì óñëîâèÿ ñîïðÿæåíèÿ äëÿ ôóíê-
öèé 1 è 2: 

[1]|r=R
1

= 0, [2]|r=R
1

= 0, [1]|r=R
2

= 0, [2]|r=R
2

= 0, (22)

ãäå [ f ]|
x=x0

= lim
xx0–0

f (x) –  lim
xx0+0

f (x).

Òîãäà èç (22) ïîëó÷àåì 

1(R1 – 0) = (1,8 + )(R1 + 0), (R1 – 0) = (R1 + 0), (23)

(1,8 + )(R2 – 0) = 3(R2 + 0), (R2 – 0) = (R2 + 0), (24)

ãäå  =  + ,  = (, )
T.
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Ìîæíî óâèäåòü, ÷òî ïðè óìíîæåíèè â (3) ïîëåé E, H íà ïðî-
èçâîëüíóþ ïîñòîÿííóþ C0  0 è êîýôôèöèåíòà íåëèíåéíîñòè íà
C–2

0 ñèñòåìà óðàâíåíèé Ìàêñâåëëà íå èçìåíÿåòñÿ. Îäíàêî ýòî îáñòî-
ÿòåëüñòâî íå äàåò âîçìîæíîñòè âûáîðà äîïîëíèòåëüíîãî óñëîâèÿ
íîðìèðîâêè. Ïîñêîëüêó ïðè ðàñ÷åòàõ ñ êîíêðåòíûì êîýôôèöèåí-
òîì  îêàæåòñÿ, ÷òî ýòîò êîýôôèöèåíò íîðìèðîâàí íà íåèçâåñòíóþ
ïîñòîÿííóþ C–2

0 . Ñ÷èòàÿ ïîñòîÿííóþ Ñ1 çàäàííîé è ðàâíîé åäèíè-
öå, èç (16), (20), (23), (24) ïîëó÷àåì äèñïåðñèîííîå óðàâíåíèå 

() = (2 + r =R2–0)(R2 – 0) – 
3
k3

K1(k3R2)

K0(k3R2)
(R2 – 0). (25)

Òåïåðü ìû ìîæåì ñôîðìóëèðîâàòü íåëèíåéíóþ çàäà÷ó ñîïðÿ-
æåíèÿ íà ñîáñòâåííûå çíà÷åíèÿ, ê êîòîðîé ñâåëàñü èñõîäíàÿ çà-
äà÷à î ðàñïðîñòðàíåíèè âîëí. Òðåáóåòñÿ îòûñêàòüñîáñòâåííûå
çíà÷åíèÿ  è ñîîòâåòñòâóþùèå èì íå ðàâíûå òîæäåñòâåííî íóëþ
ôóíêöèè 1, 2, îïðåäåëÿåìûå âûðàæåíèÿìè (16) ïðè r < R1 è
(20) ïðè  r < R2, óäîâëåòâîðÿþùèå ñèñòåìå óðàâíåíèé (17) ïðè  R1
< r < R2 óñëîâèÿì ñîïðÿæåíèÿ (22).

Äëÿ ïîëó÷åíèÿ ÷èñëåííûõ ðåçóëüòàòîâ ðåøàëàñü ñèñòåìà äèô-
ôåðåíöèàëüíûõ óðàâíåíèé (17) ïðè j = 0 + jh0, j = 0, N – 1

______
, ñ íå-

êîòîðûì øàãîì h0, ãäå   (3, *), * < max(1, 2) (â ëèíåéíîé çà-
äà÷å) è (â íåëèíåéíîé çàäà÷å). Çàòåì âû÷èñëèì çíà÷åíèå (j) è
îïðåäåëèì îòðåçêè èçìåíåíèÿ çíàê ôóíêöèè  (j). Íà êàæäîì îò-
ðåçêå çíà÷åíèå ëîêàëèçèðîâàííîãî êîðíÿ óðàâíåíèÿ () = 0 óòî÷-
íÿëîñü ìåòîäîì äèõîòîìèè.

Ðåçóëüòàòû ðàñ÷åòîâ ïðåäñòàâëåíû íà ðèñ. 2–6.
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Ðèñ. 2. Çàâèñèìîñòü ïîñòîÿííîé
ðàñïðîñòðàíåíèÿ 2 îò ðàäèóñà R2.

Ïðè ðàñ÷åòå èñïîëüçîâàëèñü 
ñëåäóþùèå çíà÷åíèå ïàðàìåòðîâ: 

1 = 4, 2 = 9, 3 = 1, 
R1 = 2,2 < R2 < 12,  = 0, k0 = 1

Ðèñ. 3. Çàâèñèìîñòü ïîñòîÿííîé 
ðàñïðîñòðàíåíèÿ 2 îò ðàäèóñà R2. 

Ïðè ðàñ÷åòå èñïîëüçîâàëèñü 
ñëåäóþùèå çíà÷åíèå ïàðàìåòðîâ: 

1 = 4, 2 = 9, 3 = 1, 
R1 = 2,2 < R2 < 12,  = 0,01
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Ðèñ. 6. Çàâèñèìîñòü ïîñòîÿííîé ðàñïðîñòðàíåíèÿ 2 îò ïîñòîÿííîé Ñ4. 
Ïðè ðàñ÷åòå èñïîëüçîâàëèñü ñëåäóþùèå çíà÷åíèå ïàðàìåòðîâ: 

1 = 4, 2 = 9, 3 = 1, R1 = 2, R2 = 4,  = 0,01, k0 = 1

Ðèñ. 5. Çàâèñèìîñòü ïîñòîÿííîé 
ðàñïðîñòðàíåíèÿ 2 îò êîýôôèöèåíòà

íåëèíåéíîñòè . Ïðè ðàñ÷åòå 
èñïîëüçîâàëèñü ñëåäóþùèå 

çíà÷åíèå ïàðàìåòðîâ: 
1 = 4, 2 = 9, 3 = 1, R1 = 2, 

R2 = 4, k0 = 1

Ðèñ. 5. Çàâèñèìîñòü ïîñòîÿííîé 
ðàñïðîñòðàíåíèÿ 2 îò êîýôôèöèåíòà

íåëèíåéíîñòè . Ïðè ðàñ÷åòå 
èñïîëüçîâàëèñü ñëåäóþùèå 

çíà÷åíèå ïàðàìåòðîâ: 
1 = 4, 2 = 9, 3 = 1, R1 = 2, 

R2 = 4, k0 = 1


