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Abstract

This work explores and implements a method for leveling illumination in various types of images.
Issues such as insufficient or uneven lighting can lead to the loss of important details, low contrast or
incorrect color reproduction. On the other hand, excessive lighting may cause overexposed areas which
leads to image information being lost. This problem is particularly relevant in the processing of medical
images, where poor lighting can make them look too dark and hide important details, particularly in
the shadowed areas. The practical part of the work presents a mathematical model that describes
the transition from the variational (optimization) formulation of the problem to its differential form.
To evaluate effectiveness of existing numerical methods from the field of mathematical physics in the
context of illumination leveling, a comparative analysis is conducted. Experiments were carried out
to determine the computation time and number of iterations required to obtain images with leveled

illumination.

Keywords: Poisson’s equation, variational problem formulation, computational methods, elliptic second order

equation, equalization of illumination

Introduction

The issue of image illumination refers to the influence
of lighting on the quality and perception of an image [1].
Insufficient or uneven lighting can lead to loss of detail,
reduced contrast, and inaccurate color reproduction. In
contrast, excessive illumination may cause overexposed
regions in which the details of the image are irretrievably
lost. In particular, during the acquisition and analysis
of medical images, the challenge of insufficient illumina-
tion often arises, resulting in dark images with poorly
distinguishable details, especially within shadowed re-
gions. A specific and critical challenge in this context
is the problem of non-uniform illumination across the
object of study, which significantly hinders accurate
visual interpretation. To address such illumination-
related issues, mathematical methods of varying com-
plexity are employed for the analysis and correction of
unevenly illuminated images. One class of techniques
utilizes matrix filtering operations, based on convolution
principles well-established in linear algebra [2]. These
methods are relatively simple to implement in software
and require minimal computational resources. More
sophisticated approaches, such as those based on the
Laplace and Fourier transforms, offer superior visual re-
sults in correcting illumination irregularities but require
significantly greater computational time and processing
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power [3]. The most advanced mathematical framework
for addressing uneven illumination problems is based on
the variational principle. This approach reformulates
the correction task as an optimization problem, specifi-
cally the minimization of a quadratic functional, which
leads to solving the Poisson equation with boundary
conditions tailored to the illumination problem. A wide
range of methods have been developed to solve both the
principal classes of mathematical physics problems and
the associated optimization problems with functional
constraints defined by process-specific equations [3], [4].
The primary numerical methods for solving the Poisson
equation include the finite difference method and the
finite element method [2], [4], [5]. It is worth noting
that the finite element method has distinct advantages
over the finite difference method, particularly when
dealing with image regions characterized by complex
geometries. In this paper, we present an image analysis
method based on the variational principle in combina-
tion with the finite difference method.

1. Problem formulation
1.1. Technical formulation of the problem

The technical objective of this work is to analyze
unevenly illuminated images using the gradient field
derived from these images to reconstruct a visually
enhanced representation. Furthermore, the study aims
to examine classical computational methods for solving
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second-order elliptic partial differential equations, which
form the mathematical foundation of the variational
approach employed in Poisson image processing.

1.2. Mathematical formulation of the problem:
transition from the variational formulation
of the problem to the differential

To correct uneven illumination in an image, it is es-
sential to preserve the boundary features of all objects
present within the scene. Effective object differentia-
tion requires access to the image’s gradient information.
In the case of a full-color digital image represented in
the RGB color space, this information is encoded as
two gradient matrices for each color channel [6]. The
Poisson-based approach retains this gradient informa-
tion by formulating a quadratic functional I;(u), which
is minimized to correct the illumination.

Il(u)=//(u;—u;)zds+//(u;—u;)zdsemin,
G G

where u — denotes the target image to be reconstructed.
The partial derivatives u’, g", u; = Z—: represent the
gradients of u in the horizontal and vertical directions,
respectively. v — denotes the input image with known
gradient fields, given in the form of matrices computed

as vl = % " =% The domain G defines the compu-

0x y dy
tational region corresponding to the image.
To effectively correct uneven illumination in the im-
age, it is necessary to minimize an additional functional,

defined as follows:

Ir(u) = //- (u —ﬁ)zds — min.
G

Here, u denotes the average illumination value. The
functional I,(u) is formulated to minimize the variance,
where a decrease in variance indicates a more uniform
distribution of pixel brightness across the image. Thus,
the problem of equalizing uneven illumination is ex-
pressed through the following variational formulation:

T(w) = ayI{(w) + oy I, (u) =

—a1<//u—u ds+//u—v )
+a2// u—u 2 ds > min, ay+a, =1.

In functional I(u), the parameters a; and a, are
weighting factors that control the relative influence
of functionals I,(u) and I,(u), respectively. It is evident
that this combined functional I'(«) can also be expressed
using a single parameter:

I(u) = oy <1 -+ % 'Iz(u)> ~ I (u)+
1

+/1-12(u)=//(u;—

G

+//(u;—v;)2ds+ﬂ//(u—ﬁ)zds—wnin,
G G

vl ) ds+

The final equivalence transformation, denoted by
«~», holds under the condition that the extremals of
the original and the resulting functionals coincide. It
should also be noted that A = ay/a;, where a; # 0.
a; # 0, because if a; = 0, all information about the
original image (the gradient field) would be lost, making
the problem meaningless.

To complete the mathematical formulation of the vari-
ational problem, it is necessary to specify the boundary
conditions. Considering that object boundaries are not
accurately captured at the edges of the entire image
and that variance minimization for I, is better achieved
with free (unfixed) boundaries, the following approach
is adopted:

ou _ Ou
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ox o0x

du _ Ou
dy Up

du _ Ou
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- =0,
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where I'" — border of the investigated image.

This variational problem can be easily converted into
its differential form by applying the Euler-Lagrange
equation, which is given by

0S (u, u, u;,) 9

oS (u ux, uy)
ou ox oul, B

ox

9 6S(u,u;,u’y) 0
o\ )

=(u;—U;)2+(u —U) +/l(u—u)2.

S (i) ;

After simplification, we get the equation:

14 12 12
Uy + Uy, —Au—vxx+v — Au.

The resulting equation is the Poisson equation. Tak-
ing into account the boundary conditions (where the
derivatives along the normal direction are zero), it is
evident that if u*(x, y) is a solution, then the function
u*(x,y) + C, where C is an arbitrary constant, is also a
solution. We can prove this by verifying:

W+ O+ W +C)) = A" +C) = v + v}, — Au* + C)

based on the original equation:
W) + W)y,

In other words, to solve the problem, we can set u = 0
in order to determine the unique solution. This solution
can then be easily constrained within the allowable pixel
intensity values (for real numbers, between 0 and 1, or
for integers, between 0 and 255), for example, using the

classic formula:
U — Upip ]
Unax — Umin

2. Computational experiments

— At =0l + ), — Au.

U= Upip
u=

or u= [255-
u

max — Ymin

2.1. A numerical method for solving the
problem

The mathematical model under consideration involves
a well-known second-order linear equation from the field
of mathematical physics.

u—Au=—-Af, A>0 (1)

303



Bceeyxpaincora nayxoso-npaxmuuna xonpepenyis cmydenmis, acnipaHmie ma MOA0OUT BUEHUL

where

> f

0y?

2
Coar=2Ly

"~ ox2

0%u

_u
0y?

Au =
0x2

bl

In equation (1), we assume that the function f(x,y)
is known. This implies that Af can be easily computed
using the classical and well-known difference schemes.
The boundary conditions for equation (1) are given by
the vanishing of the derivatives.

We now proceed to derive the difference equation
for equation (1). To achieve this we apply central
difference schemes at each grid point (x;,y;), where

i=1N,+2, j=1N,+2 We assume uniform step
sizes in both the x— and y—coordinates, denoted as
hy and h, respectively. The resulting equation is as
follows:

0%u N u(xi—l’yj) _2u(xi’yj)+u(xi+l’yj)
ox ey (hy)? ' @
9%u uxs yymp) = 2ux;, y;) + ulxs Vi)
0 ey (h,)? '

In a similar manner, we express the second derivatives
of the known function f(x,y) on the right-hand side of
equation (1):

O f N Sz y) =2y + F(xig15 )
0x? ) (h? ’
*f N S yi—) =2 (x5 y) + F (X pj40)
92 (h,)? '

After performing the necessary mathematical trans-
formations and grouping the coefficients correspond-
ing to the points (x[’yj)’ (xi—l’yj)7 (xi+1’yj)s (x[7yj—1)
and (x;, y;41), we obtain the five-point finite difference
scheme for equation (1) in the updated notation.

Uiy —2ui,j +uigy i
2 12 —
X y
Jficrj=2fij+ fir1) N Jijor=2fi;+ fijn (4)
h2 n
i=2, N +1,j=2,N, +1.

u; i1 —2u; :+u;
i,j—1 i,j ij+1
+

We introduce new notation into the finite difference
equation (4) to simplify its representation.

e coefficient associated with u;_; ;: AX;; = 1/h2;

e coefficient associated with u;,; ;: CX;; = 1/h2;

e coefficient associated with u; ;_;: AY;; = 1/h§;
e coefficient associated with u; ;12 CY; ; = l/hf,;
e coefficient associated with u; ;: B; ; = 2/h§+2/h§+/1;

e coefficient of the right side of the equation D; ;:

D = Jicvj=2fij+ fivy  fijo1 = 2fi+ fijn
W 2 * 2 '
X y

Thus, equation 4 is transformed into the following
finite difference equation:
AX; ju +CX; Uiy,

i-1.j jHAY o+

+CY, juj ji1 = By juy ;= D, j
i=2, N +1,j=2,N,+1.

2.2. Testing the numerical method on various
images

The developed algorithm was tested on 30 different
images. The timing results for the first six images are
presented in Tables 1 and 2. The algorithm based on
the SciPy library of the Python programming language
demonstrated good performance.It should also be noted
that computational methods of linear algebra solve
systems of linear algebraic equations more efficiently
when the system matrices exhibit diagonal dominance.
The greater the difference between the absolute value
of the diagonal element and the sum of the absolute
values of the other elements in the same row (for each
row), the faster the convergence of the iterative method
or algorithm. The calculation error for the iterative
methods, whose results are reported in the tables, was
set to e = 107",

Table 1. Time characteristics of finding a solution to
the problem using the Seidel method for six different
images

Im | Height | Width | Total | Time for | Time for
Pixels| 4=0.0001 | 2=0.0005

1 216 197 | 42552 0,21 0,09

2 450 297 133650 0,39 0,14

3 216 218 | 47088 0,23 0,12

4 249 186 | 46314 0,08 0,04

5 192 256 | 49152 0,26 0,19

6 341 404 | 137764 0,59 0,30

Im | Height | Width | Total | Time for | Time for
Pixels| 4=0.001 | 1=0.01

1 216 197 | 42552 0,06 0,01

2 450 297 133650 0,08 0,02

3 216 218 | 47088 0,07 0,01

4 249 186 | 46314 0,03 0,01

5 192 256 | 49152 0,10 0,01

6 341 404 | 137764 0,20 0,03

The visual results obtained from the implementation
of the program are shown below in Figures 1-4.

Conclusion

The practical outcome of this work is a compara-
tive analysis of unevenly illuminated images based on
the field of given image gradients, aimed at achieving
visually improved results. Mathematical formulations
were derived to construct an approximate solution to
the problem of equalizing the uneven distribution of
pixel intensities. The study also includes an analysis
of classical computational methods for solving second-
order elliptic equations of mathematical physics, which
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rmat of .jpg, our method does n
ffect badly. Besides the subjectiv
abiective standards are listed in Table 1.

Figure 1. Original picture «im3.png»

ilnatinn

Figure 2. Processed picture «im3.png», 4 = 0.0005

Figure 3. Original picture «im5.png»

Table 2. Time characteristics of finding a solution to a
problem (for six different images) using built-in Python
tools, namely the Scipy library for solving a system of
linear equations

Im | Height | Width | Total | Time for | Time for
Pixels| 1=0.05 A=0.1
216 197 | 42552 0,003 0,002
450 297 133650 0,007 0,005
216 218 | 47088 0,003 0,002
249 186 | 46314 0,003 0,002
192 256 | 49152 0,004 0,002
341 404 | 137764| 0,008 0,005
Im | Height | Width | Total | Time for | Time for
Pixels| 1=0.15 A=0.2
216 197 | 42552 0,002 0,001
450 297 |133650| 0,003 0,003
216 218 | 47088 0,001 0,001
249 186 | 46314 0,002 0,001
192 256 | 49152 0,002 0,001
341 404 | 137764| 0,003 0,003

ST W N

STk W N

Figure 4. Processed picture «im5.png», 4 = 0.01

form the basis of the variational Poisson image pro-
cessing approach. Among the evaluated methods, Sei-
del’s method demonstrated the poorest performance in
terms of computation time, whereas the block relax-
ation method implemented through the built-in SciPy
library in Python showed the best time efficiency. To
achieve faster convergence for a given accuracy, it is
recommended to employ multigrid approximation meth-
ods, which significantly reduce the number of iterations
and thus decrease overall execution time. It is also
worth noting that the speed of iterative methods and
algorithms can be further improved if calculations are
performed in the normalized system (values from 0 to
1) rather than in the traditional scale (0 to 255).
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