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INTRODUCTION 

The study of disciplines that can be combined under the concept of 

Theoretical Fundamentals of Electrical Engineering requires continuous 

independent work on educational literature, solving problems, and individual tasks. 

Thus, satisfactory mastering the discipline is impossible without solving problems.  

The main purpose of this tutorial is to help the students who study Theoretical 

Fundamentals of Electrical Engineering at universities at the time when the teaching 

hours are decreasing and distance learning is of great importance.  

Here we deal with one section of theoretical fundamentals of electrical 

engineering – single phase DC circuits, and split the material into eight chapters, 

each of which includes a set of the solution of typical problems. Some typical 

calculations are complex and time-consuming tasks, each of which consists of a 

number of subtasks or several independent tasks. The step-by-step process of doing 

standard calculations is shown to develop creative skills of students in the 

comparative analysis of the results, which is typical for engineering practice.  

The tutorial takes into account the intensive development of modern computer 

technology: all calculations and graphing are adapted to the use of the computer 

mathematical system MathCAD.  
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1. FUNDAMENTALS OF LINEAR ELECTRICAL DC CIRCUITS 

 

Basic definitions of electrical dc circuits 

When any person begins to explore the world of electricity, it is vital to start 

with understanding the basics of voltage, current and resistance.  

 At first, these concepts can be difficult to understand because we cannot “see” 

them. We must use measurement tools such as multimeters, spectrum analyzers, and 

oscilloscopes to visualize what is happening with the charge in a system or a device.  

Secondly, we will study how each of the circuit elements behaves individually 

and how their interaction is governed by circuit laws when they are interconnected. 

 

An electrical network is a set of devices connected together and intended for 

transmission, distribution and mutual transformation of electric and other kinds of 

energy if the processes proceeding in devices can be described by means of concepts 

of electromotive force, current and voltage. 

An electrical circuit is a graphic representation of the network providing one 

or more closed loops for one or more currents to flow. 

The network topology terms are as follows: 

• a branch is formed of one or several circuit elements connected in series; 

• a node is the point of connection between three or more branches; a node is 

represented by a dot sign; 

• a loop is any closed path in a circuit. A loop is said to be independent if it 

contains at least one branch which is not a part of any other independent loop; 

• a mesh is a loop that has no other loops inside. 

 

Voltage is the potential difference between two points: 1 2φ φU = −  

Current is the rate of movement of electrical charges. The electric current is 

the time rate of charge passing through a specified area 
dq

i
dt

= . If the current flows 
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in one direction and does not change its value over time, then it is called Direct 

Current (DC). 

 

The elements of a DC electrical circuit 

A resistor is a passive two-terminal electrical element in which an irreversible 

conversion of electric energy into heat energy takes place when the current flows 

through it.  

A resistor implements electrical resistance as a circuit element. The resistor 

helps to control/ reduce the flow of current in a circuit. 

Resistive elements for which the volt-ampere characteristic is a straight line 

are called linear. 

Resistance is the parameter of the linear resistive element which equals the 

ratio of voltage across its terminals to the current passing through it: 

U
R

I
=  

An ideal source of electromotive force is a source of electric energy which 

provides the unchanged value of the potential difference across its output terminals.  

It is generally accepted that the internal resistance of an ideal source of 

electromotive force is equal to zero, namely the output voltage is independent of the 

current across the source. 

An ideal source of current is such an electric energy source that provides 

output current with constant value. Its internal resistance is equal to infinity; 

therefore, the output voltage is dependent on the load resistance value. 
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Basic laws for electrical DC circuits 

Ohm’s Law for a linear circuit establishes the relation between the voltage 

across the terminals of a branch or one element and the current flowing through all 

the elements of this branch or through one element. 

1φ φab a bU IR= − =  

1 1

φ φ
a b ab

U
I

R R

−
= =  

R1Ia

Uab

b

 

( )1 2 3 1 2 3

φ φad a d

ab bc cd

U

U U U

IR IR IR I R R R

= − =

= + + =

= + + = + +

 

1 2 3 1 2 3

φ φ
ad a d

U
I

R R R R R R

−
= =

+ + + +
 

R1Ia d

Uab

b c

Ubc Ucd

Uad

R2 R3

 

φ φ

φ φ

ab

ab

a b

a b

U IR E

E U E
I

R R

= − = − 

− + +
= =

 
R E

a bc

Uab

I

 

 

Kirchhoff’s Current Law (KCL) for DC circuits. KCL is the First Kirchhoff’s 

Law. It states that arithmetical sum of the currents entering a node is exactly equal 

to the arithmetical sum of the currents leaving the same node:  

1

0
n

k

k

I
=

=  

Kirchhoff’s Voltage Law (KVL) for DC circuits. KVL is the Second 

Kirchhoff’s Law. It states that the algebraic sum of the voltages across each element 

individually within any closed loop is equal to zero: 

1

0
m

k
k

U
=

=  

An alternative form of Kirchhoff’s Voltage Law states that the algebraic sum 

of the voltages across resistors within the closed loop equals the algebraic sum of 

the EMFs in the same closed loop: 
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1 1

n m

k k k
k k

I R E
= =

=   

 

Combinations in electrical circuits. 

Series connection is such a connection of elements in the branch of electrical 

circuit between two nodes when the same current flows through all the elements. 

 

Fig. 1.1 

Applying Kirchhoff’s Voltage law, for the circuit in Fig. 1.1, a , we obtain  

1 2 3        ... nU U U U U= + + + + . 

After applying Ohm’s law for each voltage of the previous equation, we have 

1 2 3        ...  eq nIR IR IR IR IR= + + + + . 

( )1 2 3        ...  eq nIR I R R R R= + + + + , 

thus  1 2 3

1

       ...
n

k

k

eq nR R R R R R
=

= + + + + = . 

Parallel connection is such a connection of elements in the electrical circuit 

in which all the elements are connected between two nodes (Fig. 1.2, a and b). 

 

Fig. 1.2 

According to Kirchhoff’s Current Law, we can write the equation:  
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1 2 3          ...  nI I I I I= + + + +  

or 

1 2 3e n

U U U U U

R R R R R
= + + +    + . 

Consequently, the resistors connected in parallel may be replaced with one 

equivalent resistor (Fig. 1.2, c), whose resistance is given by: 

1 2 3

1 1 1 1 1

eq nR R R R R
= + + +   +  

In the general case: 

1

1 1
n

eq kk
R R

=

= .  

 

The method for analyzing the electrical circuits 

In the study of linear circuits, five methods are used to analyze the circuits. 

Every method of analysis is based on a particular principle or law. These four 

methods and their corresponding principles are given in Table 1.1 below.  

Table 1.1 

Methods of Analysis  Principles of Analysis 

Method of Direct Application of 

Kirchhoff’s Laws 

Kirchhoff’s Current Law; 

Kirchhoff’s Voltage Law 

Mesh analysis method  Kirchhoff’s Voltage Law 

Node analysis method Kirchhoff’s Current Law; 

Ohm’s law 

Superposition method Principle of superposition 

Thevenin’s method Thevenin’s Equivalent Circuit 
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2. CONNECTIONS OF RESISTIVE ELEMENTS 

 IN ELECTRICAL CIRCUITS 

 

Problem 2.1 

 In this series-parallel circuit, resistors R1 and R2 are in series with each other, 

but the resistor R3 is neither in series nor in parallel with R1 or R2: 

1R

3R

2R

 

Fig. 2.1 

Normally, the first step of a mathematical analysis of a circuit such as this is 

to determine the total circuit resistance or the equivalent circuit resistance. In other 

words, we need to calculate how much resistance the voltage source “sees” in the 

network formed by R1, R2 and R3. 

If the circuit were a simple series configuration, our task would be easy. 

1R

3R

2R
eqR

 

Fig. 2.2 

The equivalent circuit resistance of the 

series connection is given by: 

1 2 3eqR R R R= + + . 

After the calculation, we can replace the 

series connection with one resistor 

whose resistance is equal to eqR . 

 

Similarly, if the circuit were a simple parallel configuration, we would have 

no difficulty in calculating a total resistance. 
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eqR1R 3R2R

 

Fig. 2.3 

The equivalent circuit 

resistance of the parallel 

connection is given by: 

1 2 3

1 1 1 1

eqR R R R
= + + . 

After calculating, we can also 

replace the parallel connection 

with one resistor whose 

resistance is equal to eqR . 

Notice that our circuit is neither purely series nor purely parallel, so the 

calculation of total resistance is not a simple one-step operation. However, there is 

a way to simplify the circuit to either a simple series or simple parallel circuit.  

Task:  

Describe how that might be done and demonstrate it using the numerical 

values for resistors R1, R2 and R3. 

 

Problem 2.2  

Identify which of these components are connected directly in series with each 

other, and which are connected directly in parallel with each other. Assume that the 

open wire ends are connection points to a power source. 

 

Fig. 2.4 
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Problem 2.3  

Identify which of these components are connected directly in series with each 

other, and which are connected directly in parallel with each other. Assume that the 

open wire ends are connection points to a power source. In the circuits where ground 

symbols appear consider the ground as the other side of the power source. 

 

Fig. 2.5 

 

Problem 2.4 

Calculate the resistance between points A and B (RAB) for the following 

resistor networks: 

 

Fig. 2.6 
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Problem 2.5 

Determine the equivalent resistance of each circuit in Fig. 2.7 between 

terminals 1-1` for two cases: 

1. when points 2 and 2 form an open circuit; 

2. when points 2 and 2 are short-circuited. 

Resistances in Ohms are given. 

 

1R 2R

4R

3R

160

1

1

2

2

120

40

40

 

а) 

2R

4R

1

1

2

2

300

400

600

1R 300

3R

 

b) 

Fig. 2.7 
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3. THE DIRECT APPLICATION OF OHM’S LAW AND 

KIRCHHOFF’S LAWS 

 

Problem 3.1 

Determine the reading of the voltmeter for the specified parameters of the 

circuit: 

R1 = 10 Ω;  

R2 = 20 Ω;  

E1 = 60 V;  

E2 = 20 V;  

E3 = 10 V; 

U =  40 V. 

+

− +

−

+−

2E

3E

V

1E

1R

U

2R

 

 

Fig. 3.1 

 

Solution 

 

An ideal voltmeter is an open circuit. An open circuit is a limiting approximation for a real 

voltmeter, which will have some large (but not infinite) resistance. 

An ideal ammeter is a short circuit. A short circuit is a limiting approximation for a real ammeter, 

which will have some small (but not zero) resistance. 

 

In a given circuit, one current flows through the elements connected in series. 

We arbitrarily set the positive direction of current flow, for example, 

counterclockwise and, by applying the second Kirchhoff's law, write the equation 

with respect to the terminals of the voltage source U. 

( )1 2 1 2U I R R E E=  + − −  

Then 

1 2

1 2

40 60 20
4 .

10 20

U E E
I A

R R

+ + + +
= = =

+ +
 

 

+

− +

−

+−

2E

2R
3E

1E

1R

U Ia b

 

Fig. 3.2 

The reading of the voltmeter is calculated as: 
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3 1 1 10 4 10 60 10VU E IR E V= + − = +  − = −  

or 

3 2 2 10 40 20 4 20 10 .VU E U E IR V= + + − = + + −  = −  

Regardless of the direction of the circuit, the same values of the voltmeter are 

obtained. 

 

Problem 3.2 

Determine the reading of the voltmeter for the specified parameters of the 

circuit: 
1 2 3100 , 50 , 30 , 20 .E V R R R= =  =  =   

2R

1R

A

3R

E

 

а) 

2R

1R

V

3R

E

 

б) 

Fig. 3.3 

Problem 3.3 

Look at the figure below and determine the electric current through R1 if  

Resistor 1 (R1) = 4 Ω, 

Resistor 2 (R2) = 4 Ω, 

Resistor 3 (R3) = 8 Ω, 

Electric voltage (U) = 40 V. 

1R

3R

2R

U
 

Fig. 3.4 

Solution. 

It is known that the electric current flows from high potential to low potential. 

As a result, the direction of electric current in the circuit above is the same as a 

clockwise direction according to the polarity of a single-cell battery. 
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The typical single-celled and two-celled battery symbols are shown. In this schematic symbol, the 

longer line represents the positive terminal, and the shorter line is the negative terminal. You might 

also see batteries with more than two lines which indicate more than one cell in the battery. 

 

At first, we calculate the equivalent resistance (Req) by replacing all resistors 

with one. After that we calculate the electric current using Ohm’s law: 

1R

3R

2R

UI

1I

2I

eqR



UI
a

b

 

Fig. 3.5 

eq

eq

U
U IR I

R
=  =  

 

where U = voltage, I = electric current, Req = the equivalent resistance. 

Calculation of the equivalent resistance: 

Resistor R1 and resistor R2 are connected in parallel. The equivalent resistance 

is calculated as: 

1 2
12

12 1 2 1 2

1 1 1 4 4
2 .

4 4

R R
R

R R R R R


= +  = = = 

+ +
 

3R

UI

a b

abU

12R

 

Fig. 3.5 

Now we have resistor R12 and resistor R3 which are connected in series. The 

equivalent resistance is equal to: 

13 3 2 8 10 .eqR R R= + = + =   

Calculation of the electric current that flows through the branch with a battery 

(input current): 
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40
4 .

10eq

U
I A

R
= = =   

The electric current that flows through the branch with the battery and R3 is equal to 

4 Amperes. 

Calculation of the currents that flow through parallel branches: 

3R

UI

a b

abU

12R



1R

3R

2R

UI

1I

2I
a

b
abU

 

Fig. 3.6 

If the battery, resistors R3 and R12 are connected in series and form mesh, then 

the electric current flowing through the battery flows through resistors R3 and R12 

and is equal to 4 Amp. 

Based on Ohm’s law, we find the electric voltage Uab : 

12 4 2 8 .abU IR V= =  =  

Based on second Kirchhoff’s law, it is equal to 

3 8 4 8 40 .abU IR U V A V+ =  +   =  

Then 

1

1

2

2

8
2 ,

4

8
2 .

4

ab

ab

U
I A

R

U
I A

R

= = =

= = =

 

Based on first Kirchhoff’s law, we find: 

1 2 2 2 4I I I A A A+ =  + =  

There is a rule allowing us to determine the currents flowing through the two 

branches connected in parallel if only the input current is known.   
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1 2
1 2Е

U U U
Ι Ι Ι

R R R
= +  = +   

1 2
1 1 2 2

1 2
Е

R R
U IR I I R I R

R R
= = = =

+
 1R 2R

I

1I 2I

U

 

Fig. 3.7 

 

1 2 2
1 1 1

1 2 1 2

1 2 1
2 2 2

1 2 1 2

R R R
I R I I I

R R R R

R R R
I R I I I

R R R R

=  =
+ +

=  =
+ +

  

 

Problem 3.4 

Look at Fig. 3.8 and determine all electric currents if  

Resistor 1 (R1) = 4 Ω, 

Resistor 2 (R2) = 6 Ω, 

Resistor 3 (R3) = 1.6 Ω, 

Electric voltage (U) = 16 V. 

1R

3R

2R

U
 

Fig. 3.8 

 

Problem 3.5 

For electric circuit in Fig. 3.9 

Resistor 1 (R1) = 100 Ω, 

Resistor 2 (R2) = 150 Ω, 

Resistor 3 (R3) = 50 Ω, 

Electric voltage (U) = 150 V.  

Fig. 3.8 

By how many times do the values of all currents change after the switch is 

closed? 
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Solution. 

To answer the problem task, we compare the current through each branch 

before connecting R3 with the corresponding value of the current after switching. 

Analyzing the circuit before switching (switch S is opened). 

The currents through two parallel branches are determined by Ohm’s law: 

1

1

2

2

150
1.5 ,

100

150
1 .

150

U
I A

R

U
I A

R

= = =

= = =

 

3 0I =  – as the branch is opened. 

Based on the Kirchhoff’s current law, the input current of the parallel connection is 

calculated as 

1 2 1.5 1 2.5Ι Ι Ι A= + = + =  

Analyzing the circuit after switching (switch S is closed). 

We find the currents through three parallel branches using Ohm’s law again: 

 

 

Based on the Kirchhoff’s current law, the input current of the parallel connection is 

calculated as: 

1 2 3 1.5 1 3 5.5 .Ι Ι Ι Ι A= + + = + + =  

 As a result, we make a conclusion that the more resistors are connected in 

parallel, the less equivalent resistance and the more is the input current of the parallel 

connection. 

 In this problem,  

- the input current after switching is risen by about twice; 

1

1

2

2

3

3

150
1.5 ,

100

150
1 ,

150

150
3 .

50

U
I A

R

U
I A

R

U
I A

R

= = =

= = =

= = =
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- the currents through the parallel branches do not change except for the current 

through the R3. 

 

Problem 3.6 

Complete the table of values for this circuit: 

 

Fig. 3.9 

 R1 R2 R3 Total 

U     

I     

R 220 Ω 130 Ω 470 Ω  

P     

 

Problem 3.7 

Complete the table of values for this circuit: 

 

Fig. 3.10 

 R1 R2 R3 Total 

U     

I    10 mA 

R 4.7 kΩ 2.7 kΩ 3.9 kΩ  

P     
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Problem 3.8 

Complete the table of values for this circuit: 

 

Fig. 3.11 

 R1 R2 R3 R4 R5 Total 

U       

I       

R 790 Ω 1 kΩ 8.6 kΩ 2.2 kΩ 630 Ω  

P       

 

Problem 3.9 

Determine the resistance R and its power for the specified parameters of the 

circuit. 

 

Fig. 3.12 

 

Solution. 

Here we have the battery voltage (10 volts) and the circuit current (2 amps). 

We do not know the resistance of the resistor in ohms and the power dissipated by 
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it in watts. According to Ohm’s Law, we use the equation that helps to find the 

answers by means of the known quantities of voltage and current: 

E
E IR R

I
=  =  

2P EI I R= =  

Inserting the known quantities of voltage (E) and current (I) into these two 

equations, we can determine circuit resistance (R) and power dissipation (P): 

2 2

10 V
5 ,

2 A

10 2 20 W or 2 5 20 W.

E
R

I

P EI P I R

= = = 

= =  = = =  =

 

For the circuit conditions of 10 volts and 2 amps, the resistor resistance must 

be 5 Ω. If we were designing a circuit to operate at these values, we would have to 

specify a resistor with a minimum power rating of 20 watts, or else it would overheat 

and fail. 

 

Рroblem 3.10 

For the specified parameters of the circuit in Fig. 3.13, determine the currents 

and compare the power of batteries with the power of consumption. 

R1=20 Ω 

R2=20 Ω 

R3=80 Ω 

R4=120 Ω 

R5=80 Ω 

R6=400 Ω 

R7=36 Ω 

U=100 V 

 

1R 2R

U

3R

7R

4R 5R 6R

8A

9A

V

 

Fig. 3.13 

Solution 

 In order to determine the currents, we should: 

- replace all measurement tools with their internal resistances; 
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- label the nodes. These labels serve as references and do not have another meaning. 

The usefulness of these labels will be understood soon; 

-  find out the equivalent resistance. 

1R 2R

U

3R

7R

4R 5R 6R

1
2 3 2

4 55

 

Fig. 3.14 

 

Calculation of the equivalent resistance: 

 In order to simplify the calculation of equivalent resistance, let us represent 

the given circuit in a different way (see Fig. 3.15): 

1I

2I

1R

2R 3R

7R 6R

2

3

4R 5R

4

5

1

3I

6I

7I

4I 5I

 

Fig. 3.15 

 

 Then we replace 2R  and 3R  with 23R ; and 4R  and 5R  with 45R . 
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2 3
23

2 3

4 5
45

4 5

20 80
16 ,

20 80

120 80
48 ,

120 80

R R
R

R R

R R
R

R R


= = = 

+ +


= = = 

+ +

 

After that 23 45 7, andR R R  are in series 

which are in parallel with 6R  (Fig. 

3.16). 

The equivalent resistanse is equil to the 

sum of 1R  and the parallel conection: 

( )

( )

( )
( )

6 23 7 45
1

6 23 7 45

400 16 36 48
20 100

400 16 36 48

Е

R R R R
R R

R R R R

+ +
= + =

+ + +

 + +
= + = 

+ + +

 

 

1I

1R

23R

7R 6R

2

3

45R

4

5

1

6I

7I

 

Fig. 3.16 

By means of Ohm’s law, the input current can be given as: 

1

100
1 А.

100Е

U
I

R
= = =  

The currents through the parallel branches can be calculated either by Ohm’s law or 

the rule for two parallel branches: 

( ) ( )
25 23 7 45

6 6 1
6 6 23 7 45

16 36 48
or 1 0.2 А,

400 16 36 48

U R R R
I I I

R R R R R

+ + + +
= = = =

+ + + + + +
 

( ) ( )
25 6

7 7 1
23 7 45 6 23 7 45

400
or 1 0.8 А,

400 16 36 48

U R
I I I

R R R R R R R
= = = =

+ + + + + + + +
 

3
2 7

3 2

3
3 7 7 2

3 2

5
4 7

4 5

4
5 7 7 4

4 5

80
0.8 0.64 А,

80 20

20
0.8 0.16 А,

80 20

80
0.8 0.32 А,

80 120

120
0.8 0.48 А.

80 120

R
I I

R R

R
I I I I

R R

R
I I

R R

R
I I I I

R R

= =  =
+ +

= = − =  =
+ +

= =  =
+ +

= = − =  =
+ +
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The currents through the branches with ammeters are found by using the first 

Kirchhoff’s law: 

8 1 2

9 5 6 1 2

9 1 4

1 0.64 0.36 А,

0.48 0.2 0.68 А

or

1 0.32 0.68 А

I I I

I I I I I

I I I

= − = − =

= + = − = + =

= − = − =

 1R 2R

U

3R

7R

4R 5R 6R

1
2 3 2

4 55

1I 2I 3I

6I7I

4I 5I

8I

9I
 

Fig. 3.17 

Problem 3.11 

 For the circuit in Fig. 3.18, the instruments reading are known: voltmeter V 

reads 120 V; wattmeter W reads 240 W. The resistances are given: r1=16 Ω, 

r2=40 Ω. Determine the currents, resistance r3 and input voltage U. Check the power 

balance. 

 

 

Fig. 3.18 

 

 Solution. 

 Voltmeter V measures the voltage U23 across the section of the parallel 

connection r2 and r3. According to Ohm’s law, the currents flowing through each 

parallel branch can be determined as: 

23
2

2

120
3 А,

40

U
I

r
= = =  
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23
3

3

U
I

r
=   – and as r3 is unknown, the current 3I  cannot be determined by this 

equation.  

 Wattmeter W measures the power consumed by r3 which can be represented 

by the equation: 
2

2 23
3 3 23 3

3
W

U
P I r U I

r
= = = . This equation allows us to find the 

resistance r3 and currents 3I : 

2 2
23

3

120
60

240W

U
r

P
= = =   

3
23

240
2 .

120

WP
I A

U
= = =  

The input current is calculated by the first Kirchhoff’s law: 

1 2 3 3 2 5 .I I I A= + = + =  

 In accordance with the second Kirchhoff’s law for the loop r1 – r2 –U, the 

input voltage is: 1 1 23 5 16 120 200 .U I r U V= + =  + =  

The power of the generator is 1 200 5 1000 .GP UI W= =  =  

The total consumption power is: 2 2 2
1 1 2 2 3 3 1000 .CP I r I r I r W= + + =  

As the power balance G CP P=  is true, the problem is solved perfectly. 

 

Problem 3.12 

 For the specified parameters of the circuit in Fig. 3.19, determine the currents 

and compare the power of batteries with the power of consumption. 

 

Fig. 3.19 
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Solution. 

It is known that when we solve any system of equations concerning multiple 

unknown values, we need the same number of equations.  

The first and most straightforward network analysis technique is called the 

Direct Application of Kirchhoff’s Laws. According to this method, we assume the 

directions of currents through the branches of the given network arbitrarily, then 

write the equations describing their relationships to each other by means of 

Kirchhoff’s and Ohm’s laws. 

If the number of equations that is equal to the number of unknown currents, 

we can solve the simultaneous equations and determine all currents. 

Let us use this circuit to illustrate the method of Direct Application of 

Kirchhoff’s Laws. 

The first step is to assume the directions of currents arbitrarily (Fig. 3.20). We 

will determine real directions of the currents after we mathematically solve the 

system of equations and find the currents (any “wrong” current direction will be 

shown up as negative numbers in our solution). 

 

Fig. 3.20 

 

Kirchhoff’s Current Law (KCL) states that the algebraic sum of currents 

entering and exiting a node must equal zero, so we can relate these three currents (I1, 

I2, and I3) to each other in a single equation.  
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Note that any current entering the node has a positive sign, and any current 

exiting the node has a negative sign: 

-I1 +I2- I3=0 

The next step is to label all voltage drop polarities across resistors according 

to the assumed directions of the currents. 

The battery polarities, of course, remain according to their symbols (the short 

end is negative, and the long end is positive). It is alright if the polarity of a resistor 

voltage drop does not match with the polarity of the nearest battery. 

Kirchhoff’s Voltage Law (KVL) states that the algebraic sum of voltages 

across all elements in a loop must equal zero, so we can create more equations to 

find the currents (I1, I2, and I3) for our simultaneous equations. To obtain a KVL 

equation, we  

1) choose the moving direction for each mesh (the choice of starting points 

and directions is arbitrary);  

2) apply KVL to each mesh summing up voltage drops in it, as though we 

were measuring voltages across each element of mesh with a real voltmeter.   

First, we choose the moving direction for the left mesh, starting with the 

upper-left corner and moving anticlockwise. The result obtained is as follows: 

1 1 1 2 2 0.BU I R I R+ + =  

Then we choose the moving direction for the right mesh, starting with the 

upper-right corner and moving counterclockwise, and find the following result: 

2 2 2 3 3 0.BU I R I R+ + =  

After solving the system of equations,  

1 2 3

1 1 1 2 2

2 2 2 3 3

0

0

0

B

B

I I I

U I R I R

U I R I R

− + − =


+ + =
 + + =

 

we get 

1 2 3 1

1 2 2

2 3 3

0 5 ,

28 4 2 0 4 ,

7 2 1 0 1 .

I I I I A

I I I A

I I I A

− + − = = − 
 

+ + =  = − 
 + + = =
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 Now we have to check our calculation. For this we should compare the power 

of batteries with the power of consumption. If the power balance G CP P=  is true, the 

problem is solved perfectly. 

The power of the generator is calculated as: 

( ) ( ) ( ) ( )1 1 2 3 28 5 28 1 133 .G B BP U I U I W= − + − =  +  − =  

The total power consumption is calculated: 

( ) ( )
2 22 2 2 2

1 1 2 2 3 3 5 4 4 2 1 1 133 .CP I R I R I R W= + + = −  + −  +  =  

The power balance G CP P=  is right. 

 

Problem 3.13 

For the given electrical circuit, we 

know the following parameters: 

1 100 VE = , 3 150 VE = , 5 AJ = , 

1 10R =  , 2 20R =  , 3 25R =  , 

4 15R =  , 5 15R =  . 

 

Determine the currents. 

 
 

3R

1R

2R
1E

5R4R

J

3E

 

Fig.3.21 

 

Solution. 

Step 1. Label the number of nodes q=3 

and branches k=5.  

Step 2. Choose the current directions 

through the branches. 

Step 3. Write q-1=2 equations for the 

nodes by means of Kirchhoff’s current 

law, for example: 

3R

3I

4I

1R1I

2R

2I
1E

5R4R

J

3E

1
2

3

 

Fig.3.22 
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- for node 2: 
4 2 1 0I J I I+ − − = , 

- for node 3: 
2 3 1 0I I I− + = . 

 
Step 4. Determine the number of circuit meshes and choose arbitrarily positive 

directions of the traversal around these meshes. 

Step 5. Write p-(q-1) equations for the meshes by means of Kirchhoff’s voltage law. 

Notice that if the mesh includes a current source, then Kirchhoff's voltage law for 

this mesh is not applied. 

2 2 4 4 3 3 3I R I R I R E− − − = − , 

( )2 2 1 1 5 1I R I R R E− + = − . 

Step 6. Solve the system of the following equations: 

( )

4 2 1 4 2 1

2 3 1 2 3 1

2 2 4 4 3 3 3 2 4 3

2 2 1 1 5 1 2 1

0 5

0 0

20 15 25 150

20 25 100

I J I I I I I

I I I I I I

I R I R I R E I I I

I R I R R E I I

+ − − = − − = −
 − + = − + = 

 
− − − = − −  −  −  = − 
 − + = −  −  = −

 

The solution of the system gives the branch currents: 

1 4.565A,I =  2 0.707A,I =  3 5.272A,I =  4 0.272AI = . 

 

Problem 3.14 

For the given electrical 

circuit, it is known that 

1 20 VE = , 2 10 VE = , 

6 20 VE = , 10 AJ = , 

1 5R =  , 4 5R =  , 

5 15R =  , 6 10R =  . 

Determine the currents. 

R5
J

R6

R4

R1

E2

E6

E1

 

Fig. 3.23 
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Solution. 

Step 1. Label the number of nodes q=4 

and branches k=6. 

Step 2. Choose arbitrary current 

directions through branches. 

Step 3. Draw up q-1=3 equations for 

nodes by means of Kirchhoff’s current 

law: 
 

R5
J

R6

R4

R1

E2

E6

E1

I1

I2

I4

I5

I6

1

2

3

4

 

Fig.3.24 

- for node 1: 2 1 0J I I− − − = , 

- for node 2: 1 4 6 0I I I+ − = , 

- for node 3: 2 4 5 0I I I− − = , 

Step 4. Determine the number of circuit meshes and choose arbitrarily positive 

directions of the traversal around these meshes. 

Step 5. Write p-(q-1) equations for the meshes by means of Kirchhoff’s voltage law. 

One mesh includes a current source, so the equation for this mesh is not given by 

Kirchhoff's voltage law because we do not know the voltage across the current 

source. 

1 1 4 4 1 2I R I R E E− = − , 

6 6 5 5 4 4 6I R I R I R E− + = . 

Step 6. Solve the system of the following equations:  

2 1 2 1

1 4 6 1 4 6

2 4 5 2 4 5

1 1 4 4 1 2 1 4

6 6 5 5 4 4 6 6 5 4

0 10

0 0

0 0

5 5 10

10 15 5 20

J I I I I

I I I I I I

I I I I I I

I R I R E E I I

I R I R I R E I I I

− − − = − − = 
 

+ − = + − =
 
 

− − =  − − = 
 − = −  −  =
 

− + =  −  +  =  

 

The solution of the system gives the branch currents: 

1 1.273A,I =  2 8.727A,I =  4 3.273A,I =  5 5.455A,I = 6 4.545AI = . 
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Problem 3.15 

For the given electrical circuit, we 

know the following parameters: 

2 1AI = , 3 5 AI = , 4 2 AI = ,  

1 4R =  , 2 2R =  , 3 10R =  , 

4 4R =  . 

Determine the EMFs 1 2E , E  and 

resistance R . 

I 1

2

1E

R

3

3

1IR1

R2

R3

R4

2E

I4

I2

3I

 

Fig. 3.25 

Solution. 

Step 1. Label the number of nodes q=3 and branches k=5. 

Step 2. If there are five unknown quantities( )1 2 1, , , ,E E R I  I , solve the system 

consisting of five equations. 

Step 3. Draw up two equations for the nodes by means of Kirchhoff’s current law: 

- for node1:  1 3 0I I I− − = ; 

- for node 2: 1 2 4 0I I I+ − = . 

Step 4. Choose arbitrarily the positive directions of the traversal around the meshes 

and write down 3 equations for these meshes by means of Kirchhoff’s voltage law: 

1 3 1 0;IR I R E+ − =  

1 2 2 3 3 2;I R I R I R E−  − = −  

2 3 4 4 2I R I R E . +  =  

Step 5. After solving the created system, the results are obtained: 
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1 3 1 4 2

3 11 2 4

1 3 1 2

2 1 2 2 31 2 2 3 3 2

32 3 4 4 2

1 1 3

1 0 2 1A;

1 5 1 6 A;2 0

3 0 5 10 8 18 A;

18 1 2 1 104
4 2 Ω;

55

3 6 4 5 2 34 V.

. I I I . I I I   

. I I I  . I I I

. IR I R E . E  

E I R I R. I R I R I R E
. R

I. I R I R E

. E IR I R   


− − = = − =


= + = + =+ − = 


+ − =  = + = 
 + −  +  − −  − = −
 = = =
  +  =

= + =  +  =









 

Problem 3.16 

For the specified parameters of the circuit in Fig. 3.26, determine the currents, 

resistance r1 and compare the power of sources with the power of consumption. 

E1 = 120 V, E4 = 80 V,  

E5 = 6 V, r2 = r4 = 6 Ω,  

r3 = r5 = 2 Ω,  

r6 = 3 Ω. 

 

  

Fig. 3.26 

Problem 3.17 

For the specified parameters of the circuit in Fig. 3.22, determine the currents, 

resistance r6, EMF E1 and compare the power of sources with the power of 

consumption. 

R1= R2=1 Ω, 

R3=4 Ω, R4=2 Ω, R5=1 Ω, 

E2=3 V, IА1=4 А, IА4=3 А. 

4R

2R

3R1A

4A

1E

2E

1R

6R

5R

1I

4I

 

Fig. 3.27 
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Problem 3.18 

For the specified parameters of the circuit in Fig. 3.28, determine the currents, 

EMF E1 and compare the power of sources with the power of consumption.  

1

2

3 4

5

5

2 ;

6 ;

4 ;

5 ;

1 А,

2 А.

R

R

R R

R

J

I

= 

= 

= = 

= 

=

=

 

Determine 1E  

4R

2R
3R

1E

J
1R

5R
5I

 

Fig. 3.28 

 

Problem 3.19  

For the specified parameters of the circuit in Fig. 3.29, determine the currents, 

parameters of elements 0 2 1 6, , ,E E R R  and compare the power of sources with the 

power of consumption.  

148 WP =  – the generator power;  

6 20 WRP =  – the power of consumption 

by 6R ; 

2 3

4 5

3 5

4 ; 10 ;

5 ; 20 ;

2 А; 1А.

R R

R R

I I

=  = 

=  = 

= =

 

 

0E
2E

4R

1R

3R

6R

2R

5R

3I

5I

 

Fig. 3.29 
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4. THE MESH METHOD OF CIRCUIT CALCULATION 

(MAXWELL’S METHOD) 

Problem 4.1  

Solve the DC circuit by applying the mesh analysis and find the currents 

1 2 3, ,Ι Ι Ι . The following parameters are given for the scheme in Fig. 4.1. 

1 210 ; 20 .E V E V= =  

1

2

3

10 ;

20 ;

40 .

R

R

R

= 

= 

= 

 
2I

3I

2R

3R

1R

1I

2E
1E

11I 22I

 

Fig. 4.1 

The first step in the Mesh Current method is to identify the “loops” within the 

circuit encompassing all components. There are two meshes in the circuit. In our 

example circuit, the loop formed by E1, R2 and R1 will be the first while the loop 

formed by E2, R3 and R2 will be the second. 

So, we need to assign two mesh currents. It is better to have all the mesh 

current loops flowing in the same direction (usually clockwise) to prevent errors 

when drawing up the equations. 

A mesh current is the current passing through the elements which are not 

shared by other loops. For example, the current of R1 is I1=I11, the current of R2 is I2 

= -I22. But how about the elements shared between two meshes such as R3? The 

current of such an element is the algebraic sum of both meshes. Let us assume that 

the current of R3 is defined with the direction from top to bottom, algebraic sum 

means that its current would be I11−I22. If one assumes the inverse direction, i.e., 

from the bottom to the top, it would be I22−I11 because I11 is passing through R3 with 

the same direction of its defined current, but I22 is passing with the reverse direction. 

First, we define current directions for all elements and find them in terms of 

mesh currents. For this purpose, the equations for unknown mesh currents are: 
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( )

( )

11 1 3 22 3 1

11 3 22 2 3 2

,I R R I R E

I R I R R E

 + − =

− + + = −

 

With the numerals: 

( )

( )

11 22

11 22

10 40 40 10,

40 20 40 20

I I

I I

+ − =

− + + = −

 

Therefore, 
11 220.143, 0.429I I= − = − . 

The branch currents are as follows: 

1 11

2 22

3 2 1

0.143 ,

0.429 ,

0.429 0.143 0.286 .

I I A

I I A

I I I A

= − =

= − =

= − = − =

 

They change the direction as mesh 

currents have “-” sign before the result 

values (see Fig. 4.2). 

2I

3I

2R

3R

1R

1I

2E
1E

 

Fig. 4.2 

The power balance equation is given by: 

2 2 2

1 1 2 2 1 1 2 2 3 3E I E I I R I R I R− + = + +  

The total power of sources is calculated as: 

1 1 2 2 10 0.143 20 0.429 7.15GP E I E I W= − + = −  +  = . 

The total power consumption is equal to: 

2 2 2 2 2 2

1 1 2 2 3 3 0.143 10 0.429 20 0.286 40 7.157 .CP I R I R I R W= + + =  +  +  =  

If G CP P=  , then problem is solved correctly. 

 

Problem 4.2  

For the circuit in Fig. 4.3, we know the parameters and reading of the ammeter 

1 8I = A. Determine the other currents and compare the power of sources with the 

power of consumers. 
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3I

2I

4I

5I

1I

2

6 2

21R

2R
4R

R 6

5R

3

1E

3E

6V

E 80V

3R
I

A

 

Fig. 4.3 

Solution. 

 To analyze the given circuit, we apply the Mesh Method of Circuit 

Calculation. For this, we arbitrarily assume positive directions for real and mesh 

currents. 

III

3I

2I

4I

5I

1I

2

6 2

21R

2R
4R

R 6

5R

3

1E

3E

6V

E 80V

3R
I

A

II
I

 

Fig. 4.4 

As 1 3 5, ,III II II I I I I I I= = = = −   , then  

2 1 3

4 3

,

.

III II

II I

I I I I I

I I I I I

= − = −

= + = +
 

The system of equations is as follows: 

( ) ( )

( ) ( ) ( )

( ) ( )

4 4

3 4 2 5 4 2 3

1 2 2 1

I II

II I III

III II

I R R I R E

I R R R R I R I R E

I R R I R E

+ − = −


+ + + − − = −


+ − =

 

Taking into consideration that 8IIII A= , we obtain: 
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( ) ( )

( ) ( ) ( )

( ) ( ) 11

6 2 2 80 9.56 ,

2 2 6 3 2 6 6 1.76 ,

53.44 .2 6 6

I II I

II I III II

III II

I I I A

I I I I A

E VI I E

+ − = − = −
 

+ + + − − = −  = − 
  =+ − = 

 

We find the currents flowing through the circuit branches: 

1

2

3

4

5

8 ,

6.24 ,

1.76 ,

11.32 ,

1.76 ,

9.56 .

III

III II

II

II I

II

I

I I A

I I I A

I I A

I I I A

I I A

I I A

= =

= − =

= =

= + =

= = −

= − =  

Then we compare the power of sources with the power of consumption to 

make sure the calculation is correct. 

The power of consumption is calculated as: 

2 2 2 2 2 2

1 1 2 2 3 3 4 4 5 5 1182CP I R I R I R I R I R I R W= + + + + + + =  

The power of sources is equal to: 

1 1 3 3 1182 .GP E I E I E I W=  −  +  =  

As the powers ( G CP P= ) are the same, the currents are determined correctly. 

 

Problem 4.3. For the electrical circuits in Fig. 4.5, use the given parameters to 

determine the currents by the mesh current method. 

1

3 4

1 2

3 4

5

1A; 120 ;

40 ; 20 ;

20 ; 40 ;

50 ; 40 ;

10

J   E  V  

E  V  E  V

R   R   

R   R   

R  .

= =

= =

=  = 

=  = 

= 

 

J

+
−

+
−

+−

2R

3E

4E

3R

5R
4R

2

3

4

1R

1E

1

 

Fig. 4.5 

Solution. 
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Firstly, identify the “loops” within the circuit encompassing all components 

as is shown in Fig. 4.6. 

J

+
−

+
−

+−

2R

3E

4E

3R

5R
4R

2

3

4

1R

1E

1

IIII

III

II

2I
1I

4I

3I

5I

 

Fig. 4.6 

After determining mesh current directions for each “loop”, the unknown mesh 

currents can be found by means of the system of equations: 

( )

( )

1 2 3 3 2 1 3

3 3 4 5 4 3 4

,I II III

I II III

I R R R I R I R E E

I R I R R R I R E E

 + + − − = −

− + + + − = +

 

With the numerals: 

( )

( )

20 40 50 50 40 1 120 40,

50 50 40 10 40 1 40 20

I II

I II

I I

I I

+ + − −  = −

− + + + −  = +

 

Therefore, 2, 2I III I= = . 

The branch currents are as follows: 

1

2

3

4

5

2 ,

1 ,

0 ,

1 ,

2 .

I

I

II I

Ii

II

I I A

I I J A

I I I A

I I J A

I I A

= =

= − =

= − =

= − =

= =

 

The power balance equation is given by: 

( ) 2 2 2 2 2

1 1 3 3 4 4 4 4 4 2 2 1 1 2 2 3 3 4 4 5 5E I E I E I J E I R I R I R I R I R I R I R +  +  +  − − = + + + +  

The total power of sources is calculated as: 
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( )

( )

1 1 3 3 4 4 42

0

1 1 4 4 4 4 4 2 2

120 2 40 0 20 1 1 20 1 40 1 40 200

GP E I E I E I J U

E I E I J E I R I R

W

=  +  +  +  =

=  +  +  − − =

=  +  +  +  −  −  =

. 

The total power consumption is equal to: 

2 2 2 2 2

1 1 2 2 3 3 4 4 5 5

2 2 2 2 2
2 20 1 40 0 50 1 40 2 10 200 .

CP I R I R I R I R I R

W

= + + + + =

=  +  +  +  +  =
 

If G CP P=  , then problem is solved correctly. 

 

Problem 4.4. For the electrical circuits in Fig. 4.7 , use the given parameters to 

determine the currents by the mesh current method. 

1 40 VE = , 2 80 VE = , 

3 20 VE = , 4 120 VE = , 

1 20R =  , 2 10R =  , 

3 10R =  , 4 10R =  , 

5 40R =  , 6 60R =  . 

11J 22J

33J

2R

5R

1R

4R
3R

6R

2I
3I

1I

5I 6I

4I

1E

4E

3E2E

 

Fig. 4.7 

 

Solution. 

Step 1. Determine the number of independent meshes.  

Step 2. Choose arbitrarily the positive directions of the unknown mesh currents 

11 22 33J , J , J , for example in a clockwise direction.  

Step 3. Write the equations for independent meshes by means of Kirchhoff’s voltage 

law, 
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11 11 12 22 13 33 2 4

21 11 22 22 23 33 3 4

31 11 32 22 33 33 2 3 1

;

;

R J R J R J E E

R J R J R J E E

R J R J R J E E E .

− − = − 


− + − = + 
− − + = − − − 

 

 

where  

11 5 4 2R R R R= + +  – is the self-resistance of the first mesh; 

22 6 3 4R R R R= + +  – is the self-resistance of the second mesh; 

33 2 3 1R R R R= + +  - is the self-resistance of the third mesh; 

12 21 4R R R= = −  – is the mutual resistance of the first and the second meshes; 

13 31 2R R R= = −  - is the mutual resistance of the first and the third meshes; 

23 32 3R R R= = −  - is the mutual resistance of the second and the third meshes; 

11 1 2E E E= +  – is the EMF across the first mesh; 

22 2 3E E E= − −  – is the EMF across the second mesh.  

The system of equations according to the mesh current method can be written 

as: 

5 4 2 11 4 22 2 33 2 4

4 11 6 3 4 22 3 33 3 4

2 11 3 22 2 3 1 33 2 3 1

;

;

( R R R )J R J R J E E

R J ( R R R )J R J E E

R J R J ( R R R )J E E E .

+ + − − = − 


− + + + − = + 
− − + + + = − − − 

 

With the numerical data: 

11 22 33

11 22 33

11 22 33

60 10 10 40;

10 80 10 140;

10 10 40 140;

J J J

J J J

J J J

− − = − 


− + − = 
− − + = − 

 or 

11 22 33

11 22 33

11 22 33

6 1 1 4;

1 8 1 14;

1 1 4 14

J J J

J J J

J J J .

− − = − 


− + − = 
− − + = − 

 

Step 4. The solution of the system of equations will give: 

11 22 331 05A; 119A; 3 47AJ , J , J , .= − = = −  

Step 5. Calculate the real currents in the common branch of the two circuits as the 

algebraic sum of the corresponding mesh currents: 
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1 33

2 11 33

3 22 33

4 22 11

5 11

6 22

( 3 47) 3 47 A;

1 05 ( 3 47) 2 42 A;

119 3 47 4 66 A;

119 1 05 2 24 A;

1 05 A;

119 A

I = J = , = ,  

I = J J = , , = ,  

I = J J = , + , = ,  

I = J J = , + , = ,  

I = J = ,  

I = J = ,  .

− − −

− − − −

−

−

−

 

If the direction of the mesh current and actual current coincide, then the mesh 

current is taken with plus. If the direction of the mesh current and actual current is 

opposite, then the mesh current is taken with minus. 
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5. NODE-ANALYSIS METHOD 

 

Problem 5.1  

For the given circuit, determine the branch currents using the Node-analysis 

Method. 

J
1E 20V

1R 2R

4R 5R

5

10

10

20 4 A

 

 

Fig. 5.1 

Solution 

Step 1. There are three principal nodes in the circuit above. They are labelled as 1, 

2, and 3 in Fig.5.2. 

J
1E 20V

1R 2R

4R 5R

5

10

10

20 4 A

 

1 2

3 3  

Fig. 5.2 

Node 3 is a reference node (Ground). 

Step 2. The unknown potentials 1 2,   as the node voltages, U1 and U2, are labelled 

in Fig. 5.3. 

J
1E 20V

1R 2R

4R 5R

5

10

10

20 4 A

 

3

21

 

Fig. 5.3 
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In Fig. 5.3, 13 1 3 1 10U =  − =  − =  is the voltage from node 1 with respect to 

ground and 23 2 3 1 20U =  − =  − =   is the voltage from node 2 with respect to 

ground. 

Step 3. In this case, we will get two nodal equations, since there are two principal 

nodes, 1 and 2, other than Ground.  

The nodal equation at node 1 is 

1 2 1

1 2 4 2 1

1 1 1 1 1
E

R R R R R

   
 + + −  =    
   

 

The nodal equation at node 2 is 

2 1

2 5 2

1 1 1
J

R R R

   
 + −  =   

  
 

Step 4. We find the unknown potentials 1 2,   by solving Equation 1 and 

Equation 2. 

1 2 1

1 2 4 2 1

2 1

2 5 2

1 2

2 1

1 2

2 1

1 1 1 1 1
;

1 1 1
.

1 1 1 1 1
20 ;

5 10 10 10 5

1 1 1
4.

10 20 10

0.4 0.1 4;

0.15 0.1 4.

E
R R R R R

J
R R R

    
 + + −  =     
   


   

 + −  =   
  

    
 + + −  =    
    


    + −  =       

  −   =


  −   =

 

We get 
1 20V =  and 

2 40V = . 

Step 5. Now, we can find the current flowing through each resistor by using Ohm’s 

law. For this, we assume the movement directions of the currents flowing through 

the branches (Fig. 5.4). 
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J
1E 20V

1R 2R

4R 5R

5

10

10

20 4 A

 

3

21 2I
3I

4I
5I1I

 

Fig. 5.4 

1 3 1
1

1

2 1
2

2

3

1 3
4

4

2 3
5

5

20 0 20
=0;

5

40 20
=2 A;

10

;

20 0
=2 A;

10

40 0
2 A.

20

E
Ι

R

Ι
R

Ι J

Ι
R

Ι
R

 −  − − −
= =

 −  −
= =

=

 −  −
= =

 −  −
= = =

 

The power balance equation is as follows: 

2 2 2 2

1 1 23 1 1 2 2 4 4 5 5E I JU I R I R I R I R− + = + + +  

The total power of sources is calculated as: 

( ) ( )23 2 3 4 40 0 160GP JU J W= =  − =  − =  

The total power consumption is equal to: 

2 2 2 2 2 2 2 2

1 1 2 2 4 4 5 5 0 5 2 10 2 10 2 20 160 .CP I R I R I R I R W= + + + =  +  +  +  =  

If G CP P=  , then problem is solved correctly. 
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Problem 5.2  

For the electrical circuit, we know: 

4J =  A, 
1 120E =  V, 

2 60E =  V, 

1 2 20R R= =  , 3 5R =  , 4 15R =   

Determine the currents by the node 

potential method. 
 

R1 R2

1
2

3

R3

R4

E1 E2

I2I1

I3

I4

J

 

Fig. 5.5 

Solution. 

There are three principal nodes in the circuit above. They are labelled as 1, 

2, and 3 in Fig. 5.5. Node 3 is the reference node ( 3 0  = ). 

For the nodes with unknown potentials, the system of the node equations is 

as follows: 

11 1 12 2
1 1

21 1 22 2
2 2

;

.

G G EG J

G G EG J

 −  = + 

−  +  =  






+

    (5.1) 

Here 11 22,G G are self-conductances of the nodes (the total conductance of branches 

which are joined to the appropriate node): 

11

1 2 3

1 1 1
G

R R R
= + + ,       22

3 4

1 1
G

R R
= + . 

12 21,G G  are the mutual conductances of the nodes (the total conductance of branches 

which join nodes 1 and 2): 

12 21

3

1
G G

R
= = . 

EG is the algebraic sum of multiplications of the branch EMFs, joined to the node 

k, by the conductance of this branches; 

J is an algebraic sum of the currents of current sources in branches which are 

joined to the node k. 
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For node 1: 1 2

1 1
1 2

E E
EG J

R R
+ = +  ,  

for node 2: 
2 2

EG J J+ =  . 

Then the system (5.1) may be rewritten: 

1 2
1 2

1 2 3 3 1 2

1 2

3 2 3

1 1 1 1
;

1 1 1
.

E E

R R R R R R

J
R R R

 
+ +  −  = + 

 

 
−  + + =






 
 






 

With the numerals and after simplification, we obtain: 

1 2

1 2

1 1 1 1 120 60
;

20 20 5 5 20 20

1 1 1
4.

5 20 5

 
+ +  −  = + 

 

 
−  + + 






=
 






  or  
1 2

1 2

0,3 0,2 9;

0,2 0,267 4.





 −  =

−  +  =
 

 

From here 1 80 =  V, 2 75 =  V. 

The branch currents are calculated by Ohm’s law: 

3 1 1
1

1

0 80 120
2

20

E
I

R

 −  + − +
= = =  A, 

3 1 2
2

2

0 80 60
1

20

E
I

R

 −  + − +
= = = − , 

1 2
3

3

80 75
1

5
I

R

 −  −
= = =  A,   

 2 3
4

4

75 0
5

15
I

R

 −  −
= = =  A. 

The power balance is ( ) 2 2 2 2

1 1 2 2 4 4 1 1 2 2 3 3 4 4E I E I I R J I R I R I R I R+ + = + + +  

( ) ( ) 2 2 2 2120 2 60 1 5 15 4 2 20 1 20 1 5 5 15 +  − +  =  +  +  +   

480 W=480 W. 

The power balance is right.  The problem is solved correctly. 
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Problem 5.3. 

Determine the currents by node 

potential method for the circuit shown 

in Fig. 5.6. 

10J =  A, 2 90E =  V,  

3 5E =  V,  
7 12E =  V,  

1 8R =  , 6 4R =  , 

2 3 4 5 10R R R R= = = =  . 

 

3E

5R

1I

J 1R

2R

2E

3R

7E

6R4R

1

2

3
4

7I

3I

2I

5I

6I4I

 

Fig. 5.6 

Solution. 

Assume 4 0  = , then 3 7 12E V = = . For the nodes with unknown potentials ,1 2   

we write a system of the node equations: 

  

2
1 2 3

1 5 2 5 2 2

1 2 3

5 4 5 6 6

1 1 1 1 1

1 1 1 1 1
0

E
J

R R R R R R

R R R R R

      
 + + −  −  = +      

     


     
− +  + + −  =     

     

    (5.2) 

Where 

the self-conductance of node 1 is 11

1 5 2

1 1 1
G

R R R
= + +  Sm, 

the self-conductance of node 2 is 22

4 5 6

1 1 1
G

R R R
= + +  Sm, 

the mutual conductance of nodes 1 and 2 is 12 21

5

1
G G

R
= = −  Sm, 

the mutual conductance of nodes 1 and 3 is 13 31

2

1
G G

R
= = −  Sm, 

the nodal current of node 1 is 2
11

2

E
J J

R
= +  A, 

the nodal current of node 2 is 22 0J = . 
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Then we can replace the equations (5.2) with (5.3) 

1 11 2 12 3 13 11

1 21 2 22 3 23 0

G G G J

G G G

 +  +  =

 +  +  =

      (5.3) 

After solving this system of equations (5.3), we find the unknown potentials 

,1 2  : 

1 2 1

1 2 2

0.325 0.1 20.2 69

0.1 0.45 3 22

V

V

 −  =   
 

−  +  =     

The branch currents are calculated by using Ohm’s law 

1 4
1

1

69
8.61

8
I A

R

 − 
= = = , 

3 1 2
2

2

12 69 90
3.3

10

E
I A

R

 − + − +
= = = , 

4 3 3
3

3

12 5
0.7

10

E
I A

R

 −  + − +
= = = − ,   

2 4
4

4

22
2.2

10
I A

R

 − 
= = = , 

1 2
5

5

69 22
4.7

10
I A

R

 −  −
= = = , 

2 3
6

6

22 12
2.5

4
I A

R

 −  −
= = = , 

Using first Kirchhoff’s law, we can find 7I  

( )7 2 6 3 3.3 2.5 0.7 1.5I I I I J A= − − − = − − − =  

The power balance is calculated as: 

( ) 2 2 2 2 2 2

2 2 3 3 7 7 1 4 1 1 2 2 3 3 4 4 5 5 6 6E I E I E I J I R I R I R I R I R I R+ + +  − = + + + + +  

( ) ( )

( )
22 2 2 2 2

90 3.3 5 0.7 12 1.5 69 0 10

8.61 8 3.3 10 0.7 10 2.2 10 4.7 10 2.5 4

 +  − +  + −  =

=  +  + −  +  +  + 
 

1001.59 W≈1001.66 W.  
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6. THE METHOD OF EQUIVALENT TRANSFORMATIONS 

 AND STAR-DELTA TRANSFORMATION 

Problem 6.1.  

For the electrical circuit known as 

Wheatstone bridge and presented in Fig. 

6.1, we know the following parameters: 

1 20R =  , 
2 40R =  , 3 60R =  , 

4 30R =  , 5 30R =  . 

Determine the equivalent resistance 
eqR . 

 

3R

5R

2R 4R

1

2

3

1R

4

 

Fig. 6.1 

Solution.   

There are neither series nor parallel connections of resistive elements in the 

given electric circuit. But there are two star-connections 1 5 2R R R− − , 3 5 4R R R− −  

and two delta-connections  1 5 3R R R− −  and 4 5 2R R R− −  here. As a result of 

transformation of any of these four last connections, the scheme becomes simpler 

and has the mixed connection.  

To determine the equivalent resistance of the given circuit, the star-delta 

transformation is required.  

 Note! If 1 3

4 2

R R

R R
= , then I5=0, and, as a result, the branch containing 5R can be 

replaced with the open circuit. 

 For the given circuit 1 3

4 2

R R

R R
 .  

We need both delta-star and star-delta transformations to find the equivalent 

resistance and then compare the results. 

Firstly, we convert a delta 1 5 3R R R− −  into equivalent star (see Fig. 6.2). 
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3R

5R

2R 4R

1

2

3

1R

4

 

15R
35R

2R 4R

1

2

3

13R

4

 

a b 

Fig. 6.2 

In order to transform delta 1 5 3R R R− −  (Fig. 6.2 a) into equivalent star

13 15 35R R R− −  (fig. 6.2 b), the formulas of a delta-star transformation are applied: 

1 3
13

1 5 3

20 60
10,909

20 60 30

R R
R

R R R

 
= = = 

+ + + +
 

1 5
15

1 5 3

20 30
5,45

20 60 30

R R
R

R R R

 
= = = 

+ + + +
 

3 5
35

1 5 3

30 60
16,36

20 60 30

R R
R

R R R

 
= = = 

+ + + +
 

After the transformation (Fig. 6.2 b), the resistive elements 15R , 2R  and 35R , 

4R  are connected in series consistently. Their equivalent resistances are as follows: 

215 2 2 40 5,45 45,45R R R= + = + =   

435 4 35 30 16,36 46,36R R R= + = + =   

The resistors 215R  and 354R  are joined in parallel. Their equivalent resistances 

are  

215 435
6

215 435

45,45 46,36
22,95

45,45 46,36

R R
R

R R

 
= = = 

+ +
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Now the resistors 
6R  and 

13R  are connected in series. The equivalent 

resistance of the circuit is equal to:   

13 6 10,909 22,95 33,86eqR R R− = + = + =  . 

Then we convert a star 3 5 4R R R− −  into an equivalent delta connection (see 

Fig. 6.3). 

3R

5R

2R 4R

1

2

3

1R

4

 

1R
35R

2R

54R

1

3

34R4

 

a b 

Fig. 6.3 

To transform delta 3 5 4R R R− −  (fig. 6.3 a) into equivalent star 35 54 34R R R− −  

(fig. 6.2 b), the formulas of a star-delta transformation are applied: 

3 5
35 3 5

4

60 30
60 30 150

30

R R
R R R

R

 
= + + = + + =   

5 4
54 5 4

3

30 30
30 30 75

60

R R
R R R

R

 
= + + = + + =   

3 4
34 3 4

5

60 30
60 30 150

30

R R
R R R

R

 
= + + = + + =   

After transformation (Fig. 6.3 b), the resistors ( )1 35,R R  and ( )2 54,R R  are 

joined in parallel. Their equivalent resistances are as follows: 

1 35
6

1 435

20 150
17,65

20 150

R R
R

R R

 
= = = 

+ +
 

2 54
7

2 54

40 75
26,08

40 75

R R
R

R R

 
= = = 

+ +
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After that the resistors 
6R  and  

7R  are connected in series. Their equivalent 

resistance is 8 6 7 17,65 26,08 43,73R R R= + = + =  . 

The resistors 8R  and 34R  are joined in parallel. The equivalent resistance of 

the circuit is equal to: 

8 34

8 34

43,73 150
33,86

43,73 150
eq

R R
R

R R
−

 
= = = 

+ +
 

We make sure that applying both delta-star and star-delta transformations to 

find the equivalent resistance gives the same result: 

eq eqR R− −=  

 

Problem 6.2.  

We have the direct current electric circuit (Fig. 6.4) with the parameters of 

energy sources (V) and resistances (Ω). The task is to calculate the currents in all 

branches of the electric circuit. 

R2 = 10 R1=26

E2 = 20

R3=18

R4=14

R5=20

R6=8

а

I3

I2

I1

cb

I6

I4

I5

 

Fig. 6.4 

Solution. 

The given circuit is a simple one which can be analyzed by the Method of 

Direct Application of Ohm’s law, but first we should define equivalent resistance of 

the circuit relative to the terminals of the EMF source.  
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There are neither series connections nor parallel ones here. The connections 

3 5 6, ,R R R  and 
1 6 4, ,R R R  form a Delta-connection and the connections 

5 6 1, ,R R R  and 

3 6 4, ,R R R form a Star-connection.  

R2 = 10 R1=26

E2 = 20

R3=18

R4=14

R5=20

R6=8

а

I3

I2

I1

cb

I6

I4

I5

R2 = 10 R1=26

E2 = 20
R36=3.13

R4=14

R56=3.48

аI2

I1

cb

I4

R35=7.83

R2 = 10

E2 = 20

Rn=10.83

I2

R35=7.83

 

а)      b)      c) 

Fig. 6.5 

 

By replacing the  -connection of resistances 
3 5 6, ,R R R  that forms the bridge 

(Fig. 6.5, a) with equivalent Y-connection, we obtain the new configuration of the 

given circuit (Fig. 6.5, b). 

3 5
35

3 5 6

18 20
7.83

18 20 8

R R
R

R R R


= = = 

+ + + +
 

3 6
36

3 5 6

18 8
3.13

18 20 8

R R
R

R R R


= = = 

+ + + +
 

5 6
56

3 5 6

20 8
3.48

18 20 8

R R
R

R R R


= = = 

+ + + +
 

The input circuit resistance (Fig. 6.5, c) with regard to the terminals of the 

EMF source is calculated as: 

1 56 4 36

1 36 4 56

( ) ( ) (26 3.48) (14 3.13)
10.83

26 3.48 14 3.13
n

R R R R
R

R R R R

+  + +  +
= = = 

+ + + + + +
, 

inp 2 53 10 7.83 10.83 28.66nR R R R= + + = + + = . 

The input current of the bridge scheme is 
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2
2

20
0.698 A

28.66inp

E
I

R
= = = . 

The currents of the parallel branches (Fig. 1, b) are calculated as: 

2 36
1

1 36 4 56

4 2 1

( ) 0.698 (14 3.13)
0.256 A;

26 3.48 14 3.13

0.698 0.256 0.44 A

I R R
I

R R R R

I I I

 +  +
= = =

+ + + + + +

= − = − =

 

To calculate the currents 
3 5 6, ,I I I  through the branches of the bridge we can 

use Ohm’s law. First we find the voltages 
аbU , 

bcU : 

аb 2 35 4 36 0.698 7.89 0.44 3.13 6.89U I R I R V=  +  =  +  = , 

bc 1 56 4 36 0.256 3.48 0.44 3.13 0,486 VU I R I R= −  +  = −  +  = . 

According to Ohm’s law and first Kirchhoff’s law, we obtain: 

аb bc
3 6

3 6

6.89 0.486
0.382 A, 0.061 A

18 8

U U
I I

R R
= = = = = =  

5 2 3 0.698 0.382 0.316 AI I I= − = − = . 

To sum up:  

1 2 3 4

5 6

0.256 A, 0.698 A, 0.382 A, 0.44 A

0.316 A, 0.061A

I I I I

I I

= = = =

= =
 

The power balance equation is as follows: 

2 2 2 2 2 2

2 2 1 1 2 2 3 3 4 4 5 5 6 6E I I R I R I R I R I R I R =  +  +  +  +  +   

20 0.698 0.256 2.26 0.698 2.1 0.382 2.18 0.44 2.14 0.315 2.2 0.061 2.8 =  +  +  +  +  +   

13.96 Wt 13.94 Wt . 

 

Problem 6.3.  

Find all currents while substituting the resistance triangle 4 5 6R R R− −  with an 

equivalent star.  
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1 50E =  V, 
2 30E =  V,  3 100E =  V, 

1 3,5R =  , 
2 2R =  , 3 7R =  ,  

4 6R =  , 5 6R =  , 6 12R =  . 

 

1

2

3

1R
1E

1I

2E
2R

2I

3I3R3E

4R

5R

6R

12I

23I

31I

 

Fig. 6.5 

Solution.  

It is known that any mechanical structure can operate by an electric motor. 

Supposing an electrical circuit is a simplified example where a three-phase generator 

through a three-phase power line supplies a three-phase motor.  

Firstly, we transform the delta 4 5 6R R R− −  into star 45 46 65R R R− −  and, by 

using the formulas of transformation, obtain the resistance of equivalent star: 

4 5
45

4 5 6

6 6
1,5

6 6 12

R R
R

R R R

 
= = = 

+ + + +
 

4 6
46

4 5 6

6 12
3

6 6 12

R R
R

R R R

 
= = = 

+ + + +
 

6 5
65

4 5 6

12 6
3

6 6 12

R R
R

R R R

 
= = = 

+ + + +
 

The result of a delta-star transformation is shown in Fig. 6.5.  

1

2

3

45

1E
1I 1R 45R

2E 2R 46R
2I

3I3E 3R 65R

 

Fig. 6.5 
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Three branches are connected in parallel, and we can apply the node potential 

method to find the currents (fig. 6.5).  

Let us assume 
5 0  =  , then the nodal equation at node 

4 is as follows: 

  

1 2 3
4

1 45 2 46 3 65 1 45 2 46 3 65

1 2 3

1 45 2 46 3 65 44
4 4 5 45

44

1 45 2 46 3 65

1 1 1

,
1 1 1

E E E

R R R R R R R R R R R R

E E E

R R R R R R J
U

G

R R R R R R

 
 + + = + +  

+ + + + + + 

+ +
+ + +

 =  −  = = =

+ +
+ + +

    

where 44

1 45 2 46 3 65

1 1 1 1 1 1
0,5

3,5 1,5 2 3 7 3
G

R R R R R R
= + + = + + =

+ + + + + +
 

1 2 3
44

1 45 2 46 3 65

50 30 100
26

3,5 1,5 2 3 7 3

E E E
J

R R R R R R
= + + = + + =

+ + + + + +
 

44
4

44

26
52V

0,5

J

G
 = = = . 

 

The branch currents are calculated by Ohm’s law: 

5 4 1
1

1 45

0 52 50
0,4A

5

E
I

R R

 −  + − +
= = = −

+
 A, 

5 4 2
2

2 46

0 52 30
4,4A

5

E
I

R R

 −  + − +
= = = −

+
, 

5 4 3
3

3 65

0 52 100
4,8A

10

E
I

R R

 −  + − +
= = =

+
 A.  

1 45 2 46
12

4

0,4 1,5 4,4 3
2,1A

6

I R I R
I

R

− −  + 
= = =  

2 46 3 65
23

6

4,4 3 4,8 3
2,3A

12

I R I R
I

R

− −  − 
= = = −  

3 65 1 45
31

5

4,8 3 0,4 1,5
2,5A

6

I R I R
I

R

−  + 
= = =  

The power balance equation is: 

2 2 2 2 2 2

1 1 2 2 3 3 1 1 2 2 3 3 12 4 23 6 31 5E I E I E I I R I R I R I R I R I R+ + = + + + + +  
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The total power of sources is calculated as: 

( ) ( )1 1 2 2 3 3 50 0,4 30 4,4 100 4,8 328GP E I E I E I W= + + =  − +  − +  =  

The total power consumption is equal to: 

2 2 2 2 2 2

1 1 2 2 3 3 12 4 23 6 31 5

2 2 2 2 2 2
0,4 3,5 4,4 2 4,8 7 2,1 6 2,3 12 2,5 6 328 .

CP I R I R I R I R I R I R

W

= + + + + + =

=  +  +  +  +  +  =
 

If 
G CP P=  , the problem is solved correctly. 
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7. THE SUPERPOSITION METHOD 

Problem 7.1 

Let us consider the familiar two-source, two-resistor circuit one more time (fig. 

7.1, a).  First of all, we try superposition to find I1, I2, I3, UR1, UR2. 

J

+

−1E 10V

1I 3I

2I

2R

1R 10
5

1A

 

а) 

+

−1E 10V

11I

21I

2R

1R 10
5

  

b) 

J

13I 33I

21I

2R

1R 10
5

1A

a

b  

 c) 

Fig. 7.1 

Step 1. We set the positive directions of actual currents (see Fig. 7.1, a). 

Step 2. Now we are to calculate currents in all branches of the given circuit 

from each energy source separately. 

For this purpose, we should deactivate (turn off) one of the sources – the order 

does not matter.   

Firstly, we deactivate the current source – set the value of J to zero, which has 

the same effect as replacing J with an open circuit (Fig. 7.1, b).  The result is a simple 

voltage divider, and we can easily calculate the partial results using Ohm’s law. 

We indicate a partial current in the 1st branch as 
11I  and a particular current in 

the 2nd branch as 
21I  ,  when EMF acts only in the 1st branch. So, we obtain: 
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1
11 21

1 2

31

10
0,667 ,

10 5

0

E
I I A

R R

I

= = = =
+ +

=

 

Then we indicate a particular voltage across R1 as 
11U  and a particular voltage 

across R2 as 
21U  ,  when EMF acts only in the 1st branch. Thus, we obtain: 

11 11 1

21 21 2

0,667 10 6.67 ,

0,667 5 3.33 .

U I R V

U I R V

=  =  =

=  =  =
 

 

Secondly, we go back to the original circuit and turn off the other source – set 

E1 to zero, which is the same as replacing it with a short circuit (Fig. 8.1, c). To 

calculate these partial currents, it is convenient to use Ohm’s law and equivalent 

transformations of circuit. Shorting E causes R1 to be in parallel with R2. 

We indicate a partial current in the 1st branch as 13I  and a partial current in the 

2nd branch as 23I ,  when current source acts only in the 3rd branch. So, we have:  

1 2 2
13

1 1 2 1 2 1

1 2 1
23

2 1 2 2 2 1

33

1 5
1 0.333 ,

10 5

1 10
1 0.667 ,

10 5

.

ab

ab

U R R R
I J J A

R R R R R R

U R R R
I J J A

R R R R R R

I J

 
= =  =  =  = 

+ + + 

 
= =  =  =  = 

+ + + 

=

 

Next we indicate particular voltages across R1 as 
13U  and partial voltages across 

R2 as 
23U  when the current source acts only in the 3rd branch, and calculate: 

13 13 1

23 23 2

0,333 10 3.33 ,

0,667 5 3.33 .

U I R V

U I R V

=  =  =

=  =  =
 

 Step 3. The complete answer is the algebraic sum (superposition) of the two 

partial answers. 

1 11 13

2 31 32

3

1 11 13

2 21 23

0.667 0.333 0.334 ,

0.667 0.667 1.334 ,

1 ,

6.67 3.33 3.34 ,

3.33 3.33 6.66 .

R

R

I I I A

I I I A

I J A

U U U V

U U U V

= − = − =

= + = + =

= =

= − = − =

= + = + =
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Problem 7.2 

For the circuit shown in Fig. 8.2, use 

superposition to find the power which is 

being dissipated in R3. 

+

−1E 50V

3R

1R

10

20

+

− 2E100V

2R

35

4R

40

5R

65
 

Fig. 7.2 

 

By using superposition, we cannot find “partial powers”: we should find either 

a total voltage or a total current and then calculate the power. So, we find U3.  

Step 1. Start by deactivating E2 (Fig. 7.3, a).  

31U

+

−1E
3R

1R
2R

4R 5R

11I

 

11I

+

−1E
325R

1R

4R

31U

 

a) b) 

Fig. 7.3 

       We note that the series combination of R2 and R5 is in parallel with R3. 

( ) ( )3 2 5

325

3 2 5

20 35 60
16.67

20 35 60

R R R
R

R R R

+ +
= = = 

+ + + +
. 

According to Ohm’s law, the partial voltage across R3 when E1 acts is equal 

to: 

1
31 11 325 325

325 1 4

50
16.67 12.5

16.67 10 40

E
U I R R V

R R R

 
= = = = 

+ + + + 
. 
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Step 2. Return to the original circuit and deactivate E1. Note that with E1 is shorted, 

and the series combination of R1 and R4 is in parallel with R3. 

+

−3R

1R
2R

4R 5R

2E

22I

32U

 

+

−

2R

5R

2E

22I

32U
134R

 

a) b) 

Fig. 7.4 

 

( ) ( )3 1 4

134

3 1 4

20 10 40
14.29

20 10 40

R R R
R

R R R

+ +
= = = 

+ + + +
. 

According to Ohm’s law, the particular voltage across R3 when E2 acts is equal 

to: 

2
32 22 134 134

134 2 5

100
14.29 12.5

14.29 35 65

E
U I R R V

R R R

   
= = = =   

+ + + +  
. 

Step 3. The complete solution is the sum of the two partial answers: 

3 31 32 12.5 12.5 25U U U V= + = + =  

And finally, 

3

2 2

3

3

25
31.25

20
R

U
P W

R
= = = . 
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Problem 7.3 

Find the branch currents of the 

following circuit using the 

superposition method if the 

following parameters are known: 

1 120 VE = , 4 45 VE = ,  

1 20R =  , 
2 30R =  ,  

3 15R =  , 5 60R =  . 

 

 

3R

5R

3I 4I

1R

1I

2R

2I

1E
4E

5I

 

Fig. 7.5 

Solution.   

First, we assume the positive direction for each branch current. The circuit has 

two energy sources, so according to the superposition principle, we analyze each 

energy source separately.  

3R

5R

3I  4I 

1R

1I 

2R

2I 

1E

5I 

 

Fig. 7.6, a 

3R

5R

3I  4I 

1R

1I 

2R

2I 

4E

5I 

 

Fig. 7.6, b 

We deactivate the E4  -  set the value of E4 to zero, which has the same effect 

as replacing E4 with the short circuit (Fig. 7.6, a).  The result is a simple voltage 

divider, and we can easily calculate the partial results using Ohm’s law. 

Then we indicate and calculate a partial current in each branch, when EMF acts 

only in the 1st branch.  
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After deactivating, E4 forms the short circuit, so 
34 0R = , 

3 0I  =  and 
4 2I I = . 

The equivalent resistance eqR   is calculated as: 

2 5
1

2 5

30 60
20 40

30 60
eq

R R
R R

R R

 
= + = + = 

+ +
. 

The partial current 1I   is calculated by Ohm’s law: 

1
1

120
3A

40eq

E
I

R
 = = = . 

The current 2I   is determined by means of the current dispersion rule:  

5
2 1

2 5

60
3 2A

30 60

R
I I

R R
 = = =

+ +
. 

The current 5I   is determined by means of Kirchhoff’s current law: 

5 1 2 3 2 1AI I I  = − = − = . 

Then we return to the original circuit and turn off the other source: we set E1 

to zero, which is the same as replacing it with a short circuit (Fig. 7.6, b). To calculate 

these partial currents, it is convenient to use Ohm’s law and equivalent 

transformations of a circuit.  

The resistors 1 5,R R  and ( )2 54,R R  are joined in parallel. Their equivalent 

resistance is equal to: 

1 5
15

1 5

20 60
15

20 60

R R
R

R R

 
= = = 

+ +
.  

Then the resistors 6R  and 2R  are connected in series and this connection can 

be replaced with one: 

15,2 15 2 15 30 45R R R= + = + =  .  

The equivalent resistance of the partial circuit is equal to:   

3 15,2

3 15,2

15 45
7,5

15 45
eq

R R
R

R R

 
= = = 

+ +
. 

The partial current 4I   is calculated by Ohm’s law: 4
4

45
4A

7,5eq

E
I

R
 = = = . 
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The partial current 
3I   is calculated by Ohm’s law, too: 4

3

3

45
3A

15

E
I

R
 = = = . 

The current 
2I   is determined by means of Kirchhoff’s current law: 

2 4 3 3 2 1AI I I  = − = − = . 

The currents 
1I  , 5I   are determined by means of the current dispersion rule:  

5
1 2

1 5

60
1 0,75A

20 60

R
I I

R R
 = = =

+ +
,     1

5 2

1 5

20
1 0,25A

20 60

R
I I

R R
 = = =

+ +
. 

 In accordance with the superposition principle, we define the currents in the 

branches as the appropriate partial currents produced by a separate energy source, 

while taking into account their directions: 

1 1 1 3 0,75 2,25AI I I = − = − = , 

2 2 2 2 1 1AI I I = − = − = , 

3 3 3 0 3 3AI I I = + = + = , 

4 4 4 2 4 2AI I I = − = − = − , 

5 5 5 1 0,25 1,25AI I I = + = + = . 

 

Problem 7.4 

Determine the branch current in 

the given circuit (Fig. 7.7), if 

16 VE = , 1AJ = ,  

1 2 3 4 5 6R R R R R= = = = =  . 

 

 

3R

3I

4I

1R1I

2R

2I

E

5I5R4R

J

 

Fig. 7.7 
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Solution.  

First of all, we assume the positive direction of the branch currents in the given 

circuit (see Fig. 7.7) and deactivate the current source: we set the value of J to zero, 

which has the same effect as replacing J with an open circuit (fig. 7.8). 

We determine the equivalent 

resistance 
eqR as: 

( )

( )

2 3 4

1 5

2 3 4

6 6 6
6 6 16

6 6 6

eq

R R R
R R R

R R R

+
= + + =

+ +

+
= + + = 

+ +

 

3I 

4I 

1I 

2I 

5I 

1R

E

5R

2R3R

4R

 

Fig. 7.8 

Next we determine the partial brunch currents: 

1 5

16
1A

16eq

E
I I

R
 = = = = ,              3 4

2 1

2 3 4

6 6
1 0,667A

6 6 6

R R
I I

R R R

+ +
 = = =

+ + + +
,     

3 4 1 2 1 0,667 0,333AI I I I   = = − = − = . 

Secondly, we deactivate the other source: set E to zero, which is the same as 

replacing it with a short circuit (Fig. 8.1, c).   

3I  4I 

1I 

2I 

5I 

1R

J

5R

2R

4R

3R

 

a 

J

1R

5R

1I 

5I 

23R

24R

34R

 

b 

Fig.7.9 
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To determine the currents in the partial circuit (Fig. 7.9 b), we transform the 

resistance triangle 2 3 4R R R− −  into the equivalent star. Taking into account that the 

resistances of triangle 
2 3 4R R R− −  are the same, we obtain 

2 3
23 24 34

2 3 4

2
R R

R R R
R R R


= = = = 

+ +
. 

As a result of transformation, there is a circuit in Fig. 7.9 b, from where we 

find the currents 1 5,I I  : 

5 24
1

1 23 5 24

2 6
1 0,5A

2 6 2 6

R R
I J

R R R R

+ +
= = =

+ + + + + +
,     

5 1 1 0,5 0,5AI J I = − = − =  

According to Kirchhoff’s voltage law for a loop 1 2 5R R R− − , we determine 

the current 2I  : 

1 1 2 2 5 5 0I R I R I R  + − = , from here 5 5 1 1
2

2

0,5 6 0,5 6
0

6

I R I R
I

R

 −  − 
 = = = . 

Using Kirchhoff’s current law, we determine the other currents: 

4 2 5 0,5AI I I  = + = ,        3 1 2 0,5AI I I  = − = . 

In accordance with the superposition principle, we determine the actual 

branch currents: 

1 1 1 1 0,5 1,5AI I I = + = + = , 

2 2 2 0,667AI I I = − − = − , 

3 3 3 0,333 0,5 0,833AI I I = + = + = , 

4 4 4 0,333 0,5 0,167AI I I = − = − = − , 

5 5 5 1 0,5 0,5AI I I = − = − = . 
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8. THEVENIN’S THEOREM  

AND EQUIVALENT GENERATOR METHOD 

Problem 8.1 

Consider the circuit in Fig. 8.1. The task is to replace the given circuit with 

the Thevenin equivalent circuit. 

E1
+

−

R1

R2

9 V

1.5 k  

3 k  
J 6 mA

 

Fig. 8.1 

Step 1. Determine the open-circuit voltage using whatever method you prefer. Use 

the node voltage in this case. 

E1
+

−

R1

R2

J

a

b

+

−

. .O C abU U=

 

Fig. 8.2 

1

1
. .

1 2

3

3

3 3

1 1

9
6 10

1.5 10 12
1 1

1.5 10 3 10

O C ab

E
J

R
U U

R R

V

−

+

= = =

+

+ 
= =

+
 

 

 

. . 12Th O CE U V= =  

Step 2. Determine the short-circuit current using whatever method you prefer. We 

decide to use Kirchhoff’s first law, but carefully as the short circuit introduces some 

undesirable effects into the circuit analysis. 
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E1
+

−

R1

R2

J

a

b

. .S CI

 

Fig. 8.3 

a: because of the short circuit, 

0abU = ; 

b: because of the short circuit, 

2
0R abU U= =  and 2

2

2

0
R

R

U
I

R
= = .  

So 2R  plays no role and can be 

removed. 

E1
+

−

R1
J

a

b

. .S CI

I1

 

Fig. 8.4 

1

1
. .

1

3

3

9
6 10 12

1.5 10

S C R

E
I I J J

R

mA−

= + = + =

= +  =


 

As a result, we can calculate as: 

. .
3

. .

12
1

12 10

O C
Th

S C

U V
R k

I A−
= = = 


 

And the given circuit can be replaced with Thevenin equivalent circuit: 

E1
+

−

R1

R2

J

a

b

+

−
ThE

ThR
same as

a

b
 

Fig. 8.5 

12

1

Th

Th

E V

R k

=

= 
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The alternative method for ThR . If the circuit consists of independent sources 

and resistors only, then the Thevenin resistance can also be found by de-activating 

the independent sources and finding the equivalent resistance regarding the output 

terminals. 

De-activating the sources: 

R1

R2

a

b  

Fig. 8.6 

3 3

1 2

3 3

1 2

1.5 10 3 10
1

1.5 10 3 10
Th ab

R R
R R k

R R

   
= = = = 

+  + 
 

 

Problem 8.2 

Attach different load resistors varying from 1 Ω to 100 kΩ to the output 

terminals of the circuit in Fig. 8.1 (problem 8.1). For each load resistance, calculate 

the load voltage (as well as current and power) for each of the circuits (Fig. 8.7). 

E1
+

−

R1

R2

9 V

1.5 k  

3 k  
J 6 mA

varR

 

Fig. 8.7 

We have already learned that the given circuit (Fig. 8.7) can be replaced with 

the Thevenin equivalent circuit and how to determine ETh and RTh which were 

calculated in problem 8.1. As a result, we have a circuit shown in Fig. 8.8, b.  
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E1
+

−

R1

R2

J
varR

+

−
ThE

ThR
same as

a

b

a

b

varR

loadI

loadU

12 V

1 k  

loadI

 

a                                                                                 b 

Fig. 8.8 

Appling Ohm’s law for the Thevenin equivalent circuit (Fig. 8.8, b), we can 

calculate the required values as: 

- current through the load resistor  
var

Th
load

Th

E
I

R R
=

+
; 

- load voltage across output terminals a-b varload ab loadU U I R= =  

- load power 2

varload load load loadP U I I R= =   

Table 8.1 

var loadR R=  loadU  loadI  loadP  

1 Ω 11.99 mV 11.99 mA 0.144 mW 

10 Ω 118.8 mV 11.88 mA 1.41 mW 

100 Ω 1.091 V 10.91 mA 11.90 mW 

1 kΩ 6.0 V 6.0 mA 36 mW 

10 kΩ 10.91 V 1.09 mA 11.9 mW 

100 kΩ 11.88 V 0.119 mA 1.41 mW 

 

Now we can plot the graph of three functions 

( ), ( ), ( )load load load load load loadU R I R P R , using the table above, and based on these 

points, sketch the graph of these functions. 
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
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( )load loadP R

( )load loadI R

( )load loadU R

maxloadP P=

 

Fig. 8.9 

The plot presents the data showing dependence of the voltage across the load, 

currents through the load, and the load power on the change of the resistance of this 

load. 

As is seen from this graph, the increase in the load resistance leads to the load 

power increase, then it reaches the peak and slowly goes down. 

The table and the graph show that the Maximum Power Transfer occurs in 

the load when the load resistance loadR is equal to the source resistance ThR , i.e. 

1load ThR R k= =  . This is called a “matched condition” and, generally, maximum 

power is transferred from an active device such as a power supply or battery to an 

external device when the impedance of the external device exactly matches the 

impedance of the source. 

 

Problem 8.3 

Consider DC electric circuit (Fig. 8.10, a) with the following parameters of 

energy sources: 1 6240 V, 600VE E= = , and the resistances: 1 18R =  , 2 120R = 

, 3 200R =  , 4 200R =  , 5 80R =  .  Determine the current 1I  flowing through 

the branch with resistor 1R .  
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4R2R

1R

1I 3R

1

1E

2

3

6E

5R

4

      

1E

1R

. .O CU

inR

1

2

1I

 

a        b 

Fig. 8.10 

Solution. 

According to Thevenin’s Theorem the current through 1R does not change if the 

circuit relative to nodes 1 and 2 is replaced with a simple equivalent circuit (named 

the Thevenin Equivalent Circuit), consisting of a single resistance in series with a 

voltage source (Fig. 8.10, b).  

Step 1. Calculate ETh and RTh. 

In order to determine ETh , it is necessary to design an open circuit relative to 

nodes 1 and 2, assuming that R1→∞ and I1 = 0 (Fig. 8.11). 

2R

6E
4R

5R

3R

1

2

3

4
5I

I
 

Fig. 8.11 
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Using any method, we determine the voltage across points 1 and 2 
12U .  

Note: After forming an open circuit, the points 1 and 2 are not the nodes. To 

find the voltage 
12V  , we calculate the currents I flowing through E6 and R3 , and 

5I  

flowing through the R2 and R3. 

The equivalent resistance 
eqR  for the circuit shown in Fig. 8.11 regarding 

terminals 3 and 1 of a source EMF is given by: 

2 5 4
3

2 5 4

( ) (120 80) 200
200 300

120 80 200
.eq

R R R
R R

R R R

+ + 
= + = + = 

+ + + +
 

 

According to Ohm’s law: 

6 600
2A.

300eq

E
I

R
= = =  

Using the rule for determining currents of a voltage divider, we find: 

4
5

2 4 5

200
2 1A

120 200 80

R
I I

R R R
= = =

+ + + +
 

The voltage 12U  using Kirchhoff’s voltage law is equal to: 

12 5 5 3 80 1 200 2 480VU R I R I= + =  +  = . 

The voltage 12U  is an open-circuit voltage . .O CU  appearing across the terminals 

of the removed branch. 

 

In order to determine RTh , we deactivate the sources replacing EMF by a short 

circuit (Fig. 8.12) and calculate the equivalent resistance regarding the output 

terminals 1 and 2. 

3 4
6 5

3 4

200 200
80 180

200 200

R R
R R

R R

 
= + = + = 

+ +
, 

6 2

6 2

180 120
72

180 120
Th in

R R
R R

R R

 
= = = = 

+ +
. 
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1

3R

5R

4R

4

3

 

a 

 

2R

4R

3R

2R

1,3 2

4

b 

Fig. 8.12 

 

Step 2. After replacing the given circuit by Thevenin Equivalent Circuit and  

determining its parameters (Fig. 8.13), we can find the current I1 using Ohm’s law: 

1
1

1

. . 480 240
8А

72 18in

o cU E
I

R R

+ +
= = =

+ +
 

1E

1R

. .O CU

inR

1

2

1I

 

Fig. 8.13 

 

Problem 8.4 

The parameters of sources are: 5AJ = , 1 25 VE = , 2 120VE = , 5 60 VE =  

and the resistances are 1 10R =  , 3 25R =  , 4 15R =  , 5 30R =  . Define the 

current 3I in the branch with resistor 3R .  
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4R

1R

3I

3R

1
1E

23

2E
5R

5E

4

J

 

Fig. 8.14 

Solution. 

Step 1. Calculate the Thevenin 

Equivalent Circuit parameters –ETh and 

RTh.. 

In order to determine ETh , we remove 

the branch with resistor 3R  (Fig. 8.15).   

The open circuit voltage across points 

1 and 2 is equal to ETh  

. . 12Th O CE U U= =  

4R

1R

1
1E

23

2E
5R

5E

4

J

2I

4I

 

Fig. 8.15 

To find the voltage 12U between points 1 and 2, we analyze the circuit in 

Fig. 8.15 using the nodal method: 

3

2 1 5
4 4

4 1 5 4 1 5

0

1 1
165

E E E
J V

R R R R R R

 =

  +
 + = + +   = 

+ + 
 

The branch currents are calculated as: 

3 4 1 5
2

1 5

2A
E E

I
R R

 −  + +
= = −

+
,  
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4 3 2
4 2

4

3A
E

I J I
R

 −  −
= = − − = − . 

The voltage 
12U  is found by Kirchhoff’s voltage law: 

12 5 2 5 4 4 75VU R I E R I= − + = −  

or 

12 1 1 2 75VU E R I= − = −  

The voltage 
12U  is an open-circuit voltage O.C.U  appearing across the terminals 

of the removed branch with 3R . 

In order to determine the internal resistance of the Thevenin Equivalent Circuit, 

we replace each source with its internal resistance ( 0,E JR R= → ), and the 

removed branch regarding points 1 and 2 remains as an open circuit (Fig. 8.16).  

The internal resistance of the Thevenin Equivalent Circuit equals the equivalent 

resistance regarding the points 1 and 2 (Fig. 8.16). 

( )

( )

1 4 5

1 4 5

10 15 30 450
8,1818

10 15 30 55

Th in

R R R
R R

R R R

 +
= = =

+ +

 +
= = = 

+ +

  

4R

1R

1

23

5R

4
 

Fig. 8.16 

Step 2. After replacing the given circuit with the Thevenin Equivalent Circuit 

and determining its parameters (Fig. 8.17), we find the current I3 using Ohm’s law: 
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3

3

. . 75
2.26А

8,1818 25in

o cU
I

R R

−
= = = −

+ +
 

3R

. .O CU

inR

1

2

3I

 

Fig. 8.17 

 

Problem 8.4 

The parameters of energy sources are: 10AJ = , 2 20 VE = , 3 10VE = , 

6 10 VE = , and the resistances are: 1 20R =  , 2 10R =  , 4 5R =  , 5 5R =  , 

6 15R =  . Determine the current 5I  in the branch with the resistor 5R .  

 

1R

2R

5R

4R

6R

6E
3E

2E

J

5I

 

Fig. 8.18 
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Solution.  

Step 1. Calculate the Thevenin 

Equivalent Circuit parameters –ETh and 

RTh.. 

To determine ETh , we remove the 

branch with the resistor 5R  (Fig. 8.19).   

The open circuit voltage across points 

1 and 2 is equal to ETh  

. . 12Th O CE U U= =  

1R

2R

4R

6R

6E
3E

2E

J

1

2

11I

22I

J

6I

 

Fig. 8.19 

 

To find the voltage 12U between points 1 and 2 , we analyze the circuit in Fig. 

8.19 and calculate the current 6I  by applying the currents method. 

( )

( )

11 2 4 6 22 2 3 2 6

11 2 22 1 2 1 2 3

,

.

I R R R I R E E E

I R I R R JR E E

 + + − = − − −

− + + − = +

 

With the numerals:  

11 22

11 22

30 10 40,

10 30 30.

I I

I I

− = −

− + =

  

The mesh currents equal 11 1,125AI = − , 22 0,625AI =  

The branch current is 6 11 1,125AI I= = − , 2 11 5 5,1818AI I= − = − . 

 

To find the voltage 12U , we use Kirchhoff’s voltage law: 

12 3 6 6 6 10 10 15 1,125 3,125VU E E R I= − − − = − − +  = − . 

Voltage 12U  is an open-circuit voltage O.C.U  appearing across the terminals of 

the removed branch. 
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In order to determine RTh, we deactivate the sources replacing EMF with a short 

circuit and the current source with an open circuit (Fig. 8.20). Then we calculate the 

equivalent resistance regarding the output terminals 1 and 2. 

1 2
7 4

1 2

20 10
5 11,667

30

R R
R R

R R


= + =

+


= + = 

 

7 6

7 6

6,5626Th in

R R
R R

R R


= = = 

+
. 

1R

2R

4R

6R

1

2

 

Fig. 8.20 

 

Step 2. After replacing the given circuit with the Thevenin Equivalent Circuit 

and determining its parameters (Fig. 8.21), we can find the current I3 using Ohm’s 

law: 

5

5

. . 3,125
0,2703А

6,5626 5in

O CU
I

R R

−
= = = −

+ +
 

5R

. .O CU

inR

1

2

5I

 

Fig. 8.21 
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