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Abstract

We develop a unified description of dense fermionic matter that consistently incorporates Pauli
degeneracy, interaction effects, and pairing correlations. The condition that the temperature is much

smaller than the Fermi energy leads to a natural

separation between Sommerfeld, Fermi-liquid, and

pairing regimes, and how these contributions enter the equation of state. The resulting EOS is applied
to the Tolman—Oppenheimer—Volkoff equations to analyze neutron-star structure. We demonstrate
that Pauli degeneracy provides the dominant pressure, interactions determine the stiffness of the EOS,
and pairing correlations produce subleading but potentially significant corrections, especially in quark
matter. Implications for mass—radius constraints and modern observations are discussed.
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Introduction

The study of strongly interacting matter under ex-
treme conditions remains one of the central problems of
modern nuclear and high-energy physics. Experimen-
tal observations of elliptic flow in non-central heavy-
ion collisions provide compelling evidence for the for-
mation of a strongly interacting quark—gluon plasma
(QGP), followed by its evolution toward a hadronic
phase [1].

After hadronization, the system can be described as
a hadron resonance gas in the grand canonical ensem-
ble, where conserved charges rather than individual
particle numbers determine the relevant chemical po-
tentials. Among such approaches, the van der Waals
(vdW) model provides a natural framework to incorpo-
rate short-range repulsion and intermediate-range at-
traction between hadrons [2, 3]. This provides an effec-
tive phenomenological description.

However, the standard vdW model is incomplete in
two important aspects. First, it neglects quantum-
statistical (Pauli) effects, which generate universal ex-
change contributions even in the absence of interac-
tions. Second, it does not include pairing (BCS-type)
correlations, which can significantly modify thermody-
namic properties at low temperatures.

In this work, we develop a consistent extension of the
vdW-based equation of state that incorporates both
Pauli and pairing corrections and analyze their impact
on the thermodynamics of hadronic and quark mat-

%y.kryvenko-emetov@kpi.ua

ter, as well as on the macroscopic structure of compact
stars through the Tolman—Oppenheimer—Volkoff equa-
tions [4, 5, 6].

1. Quantum-statistical (Pauli)
corrections

In addition to interaction effects, fermionic systems
exhibit universal quantum-statistical corrections due to
the Pauli exclusion principle [7].

In the dilute regime, the virial expansion reads with
the convention

P
7 = n+ By(T)n? + 0(n?), (1)

the fermionic exchange correction is positive,

Pauli AT
BP(T) = =L,
2 25/2¢

(2)

which can be interpreted as
dependent excluded volume.
Thus, the effective virial coefficient becomes

a temperature-

a;; .
Bff(T) =b;; — % + 6,;BF*(T). (3)

The virial Pauli correction is applicable only in the
dilute regime nA3, <« 1. In neutron-star interiors,
where T' < €, the appropriate manifestation of the
Pauli principle is instead the degenerate Fermi pres-

sure.
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Table 1. Pauli contribution to the proton—proton virial
coefficient for R) = 0.5 fm and g = 4.

Table 2. Relative pairing correction to the degenerate
quark pressure, 0P, ;. /Pr = 4(A/p,)?, for representa-
tive values of quark chemical potential x, and pairing

T (MeV) BF™ (fm®) B (fm®) gap A.
10 5.88 7.97
20 2.08 4.17 qu (MGV) A (MGV) 5Ppair/PF
15000 8?;2 Zg; 400 25 0.0156
150 0.101 2.20 jgg ?g g‘fggg
200 0066 216 400 100 0.2500
‘ 450 25 0.0123
450 50 0.0494
450 75 0.1111
450 100 0.1975
B 500 25 0.0100
_ 500 50 0.0400
E 500 75 0.0900
Q B 500 100 0.1600
550 25 0.0083
| 550 50 0.0331
550 75 0.0744
550 100 0.1322
600 25 0.0069
0 50 100 150 200 600 50 0.0278
T [MeV] 600 75 0.0625
600 100 0.1111

Figure 1. Comparison of the Pauli contribution, the
classical excluded-volume term, and the resulting effec-
tive proton—proton virial coefficient.

2. Pairing (BCS) corrections

At temperatures T' « T, fermionic systems undergo
pairing [8] , leading to a modification of the thermody-
namic potential.

In the BCS approximation, the condensation energy
is

1
AQE—EN(@) A2 (4)
where N (0) is the density of states at the Fermi surface.

At fixed chemical potential, this leads to a pressure
increase

1

oP -
2

-
pair

N(®) A2, (5)
and a corresponding decrease in energy density.

At fixed chemical potential this increases the pres-
sure. Its impact on the EOS stiffness at fixed density
depends on neutrality, beta equilibrium, and the den-
sity dependence of the gap.

3. Implications for compact stars

the struc-
Tolman—

The equation of state determines
ture of compact stars through the
Oppenheimer—Volkoff equations.

Pairing and Pauli corrections modify the EOS:

P(e) = Ry(e) +P(e), (6)

which in turn affects the mass-radius relation.

To leading order, the relative change of the maxi-
mum mass scales as

where f g characterizes the volume fraction of the star
affected by the correction.

oM,

ﬂ’\’feff

M,

max

- 7

For ultrarelativistic quark matter, the relative pair-
ing correction to the degenerate Fermi pressure is

:4( )

Thus, the effect decreases as uq_2 and grows with AZ.
For p, = 400-600 MeV and A = 25-100 MeV, one
finds

oP

pair

Pr

A

Hq

(8)

0P .
Pt 0.7% 25
P, %-25%,

(9)

which shows that color-superconducting pairing can
provide a substantial correction to the quark-matter
equation of state.

4. Simultaneous inclusion of Pauli
degeneracy and pairing correlations
in quark matter

For cold quark matter in neutron-star interiors, the
Pauli principle and pairing correlations must be incor-
porated simultaneously at the level of the degenerate
equation of state.
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Figure 2. Relative pairing correction to the degenerate
quark pressure as a function of quark chemical poten-
tial for several values of the pairing gap.

In the ultrarelativistic limit, the Pauli principle gen-
erates [1] the dominant degeneracy pressure,

= I
B 1872(he)®’
(10)
where g = 18 for three colors and three light flavors.
Pairing correlations in the color-superconducting
phase [9] produce an additional condensation contri-
bution

gig

Fr = Sty

ep = 3P,

5P Ay 11
pair — 7T2<h0)37 spair — 7 Y4 pair- ( )
Thus, the total equation of state can be written as
4 272
gp pgA
P, = ! 31 — B, 12
tot (:uq) 2472 (hc)g + 2 (ﬁC)g bag ( )
4 2A2
gu prgA
6tot(“q) = 1 n + Bbag' (13)

8n2(he)3 w2 (he)3

The relative importance of pairing with respect to

the Pauli degeneracy pressure is
o _T28° _ | A
Pr g K p2’

Therefore, in quark cores of neutron stars the Pauli
principle provides the dominant background stiffness
of the EOS, while pairing correlations produce a sub-
stantial correction that can reach the level of several
percent and, for large gaps, up to O(10%)-0(20%).

Table 3 shows representative numerical estimates for
cold quark matter when the Pauli degeneracy pressure
and pairing correlations are included simultaneously.
One sees that the Pauli principle provides the dominant
background stiffness of the equation of state through
the degenerate Fermi pressure Pp ,ule, whereas the
pairing contribution produces an additional positive
correction of order 0P, ,;, o< 2 A%

For moderate gaps, A ~ 50 MeV, the pairing con-
tribution remains at the level of several percent of Pp.
For larger gaps, A ~ 100 MeV, the effect can reach the
level of ~ 10%—20%, which is large enough to notice-
ably modify the equation of state and, consequently,
the TOV mass-radius relation.

(9=18).  (14)

Table 3. Representative estimates for quark matter
with simultaneous Pauli and pairing contributions.

/’l‘q A np PF 5Ppair/PF
(MeV) (MeV) (fm™3) (MeV fm—3)
400 50 0.844 253 0.063
450 50 1.20 406 0.049
450 100 1.20 406 0.197
500 100 1.65 618 0.160
550 100 2.19 905 0.132
600 100 2.85 1281 0.111

5. Low-temperature regimes of dense
fermionic matter in neutron stars

The thermodynamic properties of dense matter in
neutron-star interiors are controlled by the hierarchy
between the temperature 7', the Fermi energy e, and,
when present, the pairing gap A and critical tempera-
ture T,. In realistic neutron stars one typically has

T <ep, (15)

which places the system deep in the degenerate regime.
In this section, we summarize the appropriate theoret-
ical descriptions in different temperature domains.

6. Degenerate regime: T < ep

For all relevant components (electrons, nucleons, and

possibly quarks), the Fermi energy is of order
ep ~ 10-100 MeV (16)

for nucleons and up to several hundred MeV for quarks,
while the stellar temperature satisfies

T ~1072-10"! MeV. (17)
Thus,
T
— < L (18)
€F

In this regime, thermodynamic quantities admit the
Sommerfeld expansion. For a generic observable

o0 1
Hﬂ:L () ey (9)
one obtains
M w2
uﬂ=/¢@ﬁ+gwww+wﬂ» (20)
0

As a consequence, the equation of state (EOS) takes
the form

P(T,p) = RB()+0(T?),  &(T,n) = o) +0(T?),

(21)

so that the zero-temperature EOS provides the domi-
nant contribution.

In this regime, the Pauli principle manifests itself

through the degeneracy pressure

(22)

rather than through the virial expansion valid for dilute
gases.

PFOCIU47
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7. Interacting normal phase: Landau
Fermi liquid

For nucleonic matter, the interparticle interaction
is strong. Nevertheless, at low temperatures the sys-
tem can be described within the framework of Landau
Fermi-liquid theory.

In this approach, the system is represented as a gas
of quasiparticles with dispersion relation €(p) near the
Fermi surface. The effects of interactions are encoded
in:

¢ the effective mass m*,

o the Landau parameters F), Gy, ..,

o the renormalized density of states N*(0).

The thermodynamic quantities retain the same func-
tional structure as in the ideal Fermi gas, but with
renormalized parameters. In particular, the pressure
may be schematically written as
P,

P = PF(m*) + int» (23)
where Py represents the degeneracy (Pauli) contribu-
tion and P, encodes interaction effects.

Thus, the statement that dense matter becomes
“more ideal” at high density should be understood
in the sense that the low-energy excitations are well
described by weakly interacting quasiparticles, rather

than that the underlying interaction is weak.

8. Superfluid phase: T' < T,

At sufficiently low temperatures, attractive channels
in the interaction lead to Cooper pairing and the for-
mation of a superfluid or superconducting phase. The
critical temperature is related to the pairing gap as

T, ~ 0.57 A(0). (24)

In the paired phase, the thermodynamic potential
acquires an additional condensation contribution,

AQ = %N(@)N, (25)

which leads to a correction to the pressure at fixed
chemical potential,

1
O P, i ™ EN(@)AQ. (26)
The total pressure can therefore be written as
P = PF + P)int + 6Ppair' (27)

At fixed chemical potential the pairing contribution
increases the pressure. At fixed density, however, its ef-
fect on the EOS stiffness depends on the self-consistent
adjustment of chemical potentials under neutrality and
beta-equilibrium conditions.

In contrast to the normal phase, low-temperature
corrections are no longer polynomial in T', but instead
become exponentially suppressed,

SP(T) ~ e 2/T, (28)

9. Hierarchy of regimes

The above discussion leads to the following hierarchy
of physical regimes:

o Dilute regime: n)\3, < 1
Virial expansion applies; Pauli effects appear as
corrections to by.
Degenerate regime: T < ep
Sommerfeld expansion; Pauli principle manifests
as degeneracy pressure.
Interacting regime: T < ¢
Landau Fermi-liquid description; interactions en-
coded in quasiparticles.
Paired regime: T' < T,
Superfluid /superconducting phase; pairing correc-
tions oc AZ.

10. Physical interpretation

In neutron-star matter, the pressure is dominated
by Pauli degeneracy. Strong interactions modify this
background via renormalization of quasiparticle prop-
erties, while pairing correlations provide an additional,
typically subleading but non-negligible correction.

Thus, the equation of state of dense matter can be
viewed as a superposition of three physically distinct
contributions:

P = PPauli + 131 + Ppairing' ‘

(29)

nteraction

11. Connection between the
low-temperature hierarchy, the
TOV equations, and the
mass—radius relation

The hierarchy of temperature scales discussed above
determines not only the microscopic description of
dense matter, but also the way in which the equation
of state enters the stellar structure problem.

The hydrostatic equilibrium of a spherically sym-
metric compact star is governed by the Tolman—
Oppenheimer—Volkoff (TOV) equations,

dP _ Gle(r) + P(r)/c?][m(r) + 4xr3 P(r)/c?
dr 2 [1 _ 2Gm2(7")]
rc
(30)
I amrepr) (31)
5 = Anrie(r),
supplemented by the equation of state
P = P(e). (32)

Therefore, any change in the microscopic physics af-
fects the stellar mass-radius relation only through the
induced modification of the EOS.

Degenerate regime: T' < €. Since neutron-star
matter is deeply degenerate, the dominant EOS is its
zero-temperature form,

P(EﬂT) = .P@(&‘) + 5PT(5),

0P, =O(T?), (33)
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as follows from the Sommerfeld expansion. Because
T/ep < 1, these thermal corrections are usually small
compared with the bulk pressure and produce only neg-
ligible changes in the TOV solutions for mature neu-
tron stars.

Thus, for the global structure problem one may usu-
ally approximate

P(e,T) =~ By(e). (34)

Interacting normal phase: Landau Fermi liquid.
In the normal phase, strong interactions do not in-
validate the low-temperature description, but instead
renormalize it. The EOS may then be written schemat-
ically as

P(E) = PPau1i<5) + Pint (6)5 (35)

where Pp,,; denotes the degeneracy-pressure back-
ground and P, contains the interaction-induced renor-
malization of the quasiparticle spectrum and compress-
ibility.

From the point of view of the TOV equations, the
crucial quantity is not the microscopic separation be-
tween these terms, but the net stiffness of the EOS,
that is, the rate at which the pressure increases with en-
ergy density. A stiffer EOS generally provides stronger
resistance against gravitational compression and there-
fore tends to increase both the radius and the maxi-
mum mass of the star.

Paired phase: T' < T,. When the temperature falls
below the critical value, pairing correlations modify the
thermodynamic potential and add an additional contri-
bution to the pressure. The EOS then takes the form

P(‘S) = PPauli(E) + }Dint (€> + 5Ppair<6)7 (36)
with
1
5Ppair ~ §N(@)A2 (37)

in the simplest BCS estimate at fixed chemical poten-
tial.

In the paired phase, low-temperature corrections are
no longer controlled only by the Sommerfeld 72 expan-
sion, because the pairing gap suppresses fermionic exci-
tations and qualitatively changes the thermodynamics.
Nevertheless, for the structure problem the main ef-
fect is again encoded in the modified zero-temperature
EOS.

Impact on the TOV solutions. The above hierar-
chy implies a clear ordering of structural effects:

1. The Pauli principle provides the dominant degen-

eracy pressure and thus sets the basic scale of stel-
lar support against gravity.
Strong interactions modify the compressibility and
symmetry properties of dense matter, thereby de-
termining the detailed stiffness of the EOS and
hence the quantitative shape of the mass—radius
curve.

3. Pairing correlations provide an additional correc-
tion to the pressure, which is usually small for
nucleonic superfluidity but can be much larger in
paired quark matter.

Thus, the TOV mass-radius relation is controlled by

the effective hierarchy

= PPauli +Pint = PPauli +‘Pint +6Ppair .

(38)

P, Pauli

Scaling estimate for M (R). If pairing or residual
thermal effects provide only a small correction to the
background EOS,

|0P| < F,, |0e| < &g, (39)

their impact on the TOV solution may be estimated
perturbatively. To leading order, one expects

SR /6P oM 6P
—_— — —_— Y —_— 4
R < -F)0 > core 7 M fe < ‘F)Q > core 7 ( O)

where f.4 denotes the effective volume fraction of the
star in which the correction is operative.
This estimate immediately explains why the various
regimes contribute differently to the global structure:
o Sommerfeld T? corrections are extremely small be-
cause T'/ep < 1, so their effect on M(R) is negli-
gible for cold stars.
Landau-Fermi-liquid renormalizations are built
into the bulk EOS and therefore strongly affect
the entire mass-radius curve.
Nucleonic pairing usually changes the pressure
only weakly and hence produces small corrections
to M(R).
Color-superconducting quark pairing may gener-
ate a sizable correction to the pressure in the in-
ner core and can therefore noticeably shift both
the radius and the maximum mass.

Physical interpretation. The low-temperature hi-
erarchy is therefore directly reflected in the macro-
scopic structure problem. The condition T' < € jus-
tifies the use of a degenerate zero-temperature EOS
as the baseline input for the TOV equations. Landau
theory describes how interactions renormalize this base-
line. Pairing then modifies the same EOS at the next
level of approximation.

As a result, the mass—radius relation of a cold neu-
tron star should be viewed as a macroscopic manifesta-
tion of the hierarchy

T<ep, TsT, (41)
together with the decomposition
P(E) = PPauli (6) + ‘Pinteraction (5) + Ppairing (6) (42)

In this sense, the TOV equations provide the bridge
between the microscopic physics of degenerate fermions
and the observable global characteristics of compact
stars.
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12. Observational implications

The hierarchy of contributions to the equation of
state discussed above has direct consequences for ob-
servable properties of neutron stars. In particular, the
existence of neutron stars with masses close to 2 M [6]
imposes a strong lower bound on the stiffness of the
high-density EOS. Any realistic model must therefore
provide sufficient pressure at several times nuclear sat-
uration density, which in our framework is primarily
ensured by the Pauli degeneracy pressure together with
interaction-induced stiffening.

Recent measurements of neutron-star radii from
NICER observations indicate typical values in the
range

R ~11-13 km (43)
for stars with masses around 1.4 M. These constraints
disfavour equations of state that are either too soft (in-
sufficient pressure at intermediate densities) or too stiff
(overly large radii), thereby placing nontrivial bounds
on the interaction contribution P, ;.

Within this context, pairing effects play a qualita-
tively different role in nucleonic and quark matter. In
nucleonic matter, the pairing gap is small compared to
the Fermi energy, and the corresponding pressure cor-
rection is negligible for the global structure, although
it is crucial for thermal evolution. In contrast, if a
quark core is present, color-superconducting pairing
may generate corrections at the level of ~ 10%—20%
of the degeneracy pressure, potentially leading to ob-
servable shifts in the mass—radius relation.

Therefore, precision measurements of neutron-star
masses and radii provide an indirect probe of the hier-
archy

— P,

interaction

— P

pairing>»

Peaui (44)
and may help to constrain not only the stiffness of
dense matter, but also the possible presence of paired
quark phases in the inner core.

Conclusion

In this work, we have developed a consistent exten-
sion of the van der Waals equation of state [10], [3], [2]
for hadronic matter by incorporating both quantum-
statistical (Pauli) and pairing (BCS) corrections.

The Pauli principle generates a temperature-
dependent contribution to the second virial coefficient,
acting as an effective repulsion.

In contrast, pairing correlations produce a positive
correction to the pressure at fixed chemical potential,
leading to a stiffening of the equation of state at low
temperatures.

We demonstrated that these effects operate in differ-
ent physical regimes: Pauli corrections dominate in the
dilute and moderately degenerate regime, while pairing
effects become important near the Fermi surface.

The impact of these corrections on macroscopic ob-
servables was analyzed using scaling arguments within
the Tolman—Oppenheimer—Volkoff framework. It was

shown that nucleonic pairing produces only small cor-
rections to the mass—radius relation, whereas color-
superconducting quark matter may lead to significant
modifications if pairing occurs in a substantial fraction
of the stellar core.

Thus, the combined inclusion of Pauli and pairing
effects provides a systematic and physically transpar-
ent framework for connecting microscopic many-body
physics with the thermodynamics of dense matter and
the structure of compact stars.

We have shown that the EOS of dense matter is gov-
erned by the hierarchy
P,

interaction

PPauli - - Ppairing' (45)

Pauli degeneracy provides the dominant pressure, in-
teractions determine the stiffness of the EOS, and pair-
ing correlations produce subleading but potentially sig-
nificant corrections.

The TOV equations translate this hierarchy into ob-
servable neutron-star properties.
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