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Introduction

This textbook is designed for students of the second year of technical university. It
covers three content areas to be studied in the third semester: Numerical Series, Functional
Series and Fourier Series.

The manual can be helpful for students who want to study the concepts of series and
apply them for solving some tasks.

Each part contains basic mathematical conceptions and explains new mathematical
terms. The most important concepts are explained and illustrated by figures and examples.

The first part deal with numerical series: concept of series, its sum and convergence.
Here students could find different tests for studying convergence of series.

The second and third sections are devoted to functional series. The second part
includes general theory for functional series. In the third chapter it is introduced the concept
of power series, Taylor’s and Maclaurin’s series expansions and their applications for
solving differential equations and in approximation theory.

The last part concerned with the concept of Fourier series expansions for a function.



1. Numerical Series
1.1 Basic Concepts and Definitions of Numerical Series

I. Consider the infinite sequence of numbers
a;, Qa,, Qasz,.. Qy,..
Definition. The expression
a +a,+az+--+a, + -

is called a numerical series and is denoted by

(00]

2 a, (1.1)

n=1
The numbers a4, a,, as, .. a, .. are called the terms of the series and the
number n is called the index of summation.
Since we can find the sum of only finite amount of numbers, how should we
understand the meaning of infinite sum?
Let us define the sequence
S| = aq;

52 = al +a2,'
Sp=ay+ta; +az+ - +ay;

Definition. The sum of the first n terms of a series is called the nth partial sum of
the series.

Hence, we can define the sum of series as

oo
limS,, = E a, -
n—-oo

n=1

Definition. If there exist a finite limit of the sequence {S,,}
limS, =S

n—-oo

it is called the sum of the series (1) and we say the series converges (is convergent).



If the limit does not exist (for example, {S,,} tends to infinity), then the series (1.1)

has no sum and diverges (is divergent).

Examples. The following series are useful in later development.

1. Consider the series

Za”‘1=1+a+a2+a3+~-+a”+-~
n=1

This is a geometric progression with the first term 1 and ratio a, (a # 0).

The sum of the first n terms of the geometric progression is

_.n
Snz%, when a # 1.

Let us consider several cases.

Case 1. If |a| > 1, then |a|™ - oo,n — oo and

limS,, = lim = Fo0,

n—-oo n-oco 1—a
Therefore, the limit of {S,,} does not exist and, according to definition, the series is
divergent.

Case 2. If |a| < 1, then |a|™ - 0,n — o and

. . 1-a™ . 1 a™ 1
lim§, = lim = lim ( — ) = :
n—-oo n-oo 1—a n-oo \1—a 1—-a

In this case the series is convergent and

- 1
n-1 _

za 1—a’

n=1

Case 3. If a = 1, then

Za"‘1=1+1+---
n=1

S,=1+1+4-+1=n.

n times

and

Thus

limS, = limn = oo
n—-oo n—->oo

and the series is divergent.



Case 4. If a = —1, then

Za"_1=1—1+1—1+---

n=1
In this case

s — {0, when n is even,
n 1, when n is odd.

Therefore, the series is divergent.
2. Prove that the following series (harmonic series) is divergent
il—l+1+1+1+ +1+
n 2 3 4 n

n=1

Let us group the terms of series

1+1+1 - 1+1+1+1 1+ +1 1+ +1 +
L A G A A GRS R (AR

Each group contains twice the number of terms as the preceding group. Since

increasing the denominator decreases the value of a fraction, we have

1 1 1 1 1

372737377
1 1 1 1 1 1 1 1 1
stet7tg”sts s g™ 2
1 1 1 1 1 1
PR T TR TR TIE Y
1 1 1 1 1
—17+-~~+—32>—32+~--+—32=§;...

Since the sum of the terms within each set of parentheses is greater than % we obtain

the following inequalities:

1 1 1
Sp>1+5+-=2>15=3"2;
1 1 1 1
Sg>1+s+-+o>4-2;
1 1 1

1 1
516>1+§+E+§+§=5'§;
1 1

S >1+1+1+1+ +-=6 1
32 2 22 227" 2"

Using mathematical induction, it can be proved that for every positive integer m



It follows that S,, can be made as large as desired by taking n sufficiently large and
lim§, =

n—-oo

Since {S,,} diverges, the given series is divergent.

Properties of Numerical Series.

I. If a series obtained from a given series (1.1) by suppression of some amount of its
terms converges, then the given series itself is convergent. Conversely, if a given series
converges, then a series obtained from a given series (1.1) by suppression of some amount
of its terms also converges.

Proof. Rewrite the series (1.1) as follows

(0.0]

zan—a1+a2+a3+ ta; + Z

Let S,, be the sum of the first n terms, C;, (k < n) — the sum of k suppressed terms

(it is constant value independent of n). Define o,,_;, = S,, — Cy, the sum of terms that
enter into the sum S,, but do not enter into C,. Then
Sn = Ck + On—k-

From this relation it follows that if limo,_, exists, then exists lim S, as well.

n—-0oo n—-oo

Conversely, if th exists, then lim o,,_, also exists, which proves property.

n—oo

Il. If a series
a +a,+az+--+a, +--
converges and its sum is S, then the series
Ca, + Ca, + Caz + ---+Ca, + -,
where C is some fixed number, also converges, and its sum is CS.
Proof. Since the original series is convergent and
limS,, = llm (a1 + - ta,) =

n—oo

we have
limo, = 11m (Cal + - +Ca,) = 11m C(a1 + - ta,) = CllmS = CS.

n—oo

Thus, the series Ca; + Ca, + -+ +Ca,, + --- is convergent and its sum is CS.



I11. If the series
a +a, +--+a, + -
and
by + by + -+ +by + -
converge and their sums, respectively, are S, and S, then the series
(a; + by) + (az + b)) +---+(a, + by) + -
and
(ay — by) + (az — by) + - +(ay — by) + -+
are also convergent and their sums are S, + S, and S, — S, respectively.
Proof. Let us prove the property for the first new series.
Since the original series are convergent and

limS,, = lim(a; +--+a,) =S,
n-co n-co
and
7lli_>n<}oSb" = rlli_{g(bl + o+ by) = S,
we get for the new series
limS, = lim ((a; + by) + (@ +by) + - +(an + byp)) =

= lim ((a; + a, + - +a,) + (by + by + -+ b)) =
n—-oo
n—-oo n—oo

= limSan + limen = Sa + Sb'
n—oo

n—oo

Therefore, the series (a; + by) + (a, + by) + - +(a, + b,) + -+ is convergent.

For the second series the proof is similar.

One of the main questions about series is that of whether the given series converges
or diverges. But it is complicated to find out by using limit of partial sums, because we
should know the general formula for partial sum. But finding general formula is complicated
process in the most of cases. That’s why we need sufficient conditions to decide the problem

of convergence. We shall also establish the necessary condition for convergence.
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1.2 Necessary Condition for Convergence of a Series

Theorem 1.1
If a series converges, then its nth term tends to zero as n — o (lim a,, = 0).
n—-oo
Proof.
Let us consider the convergent series
Ean=al+a2+a3+---+an+---
n=1
According to definition, we have for the sequence of partial sums {S,, }
limS,, =S,
n—-oo

where S is a finite fixed number - the sum of series.
It is obvious that

(o1 = g Sne1 = 5

Subtracting the second equation from the first termwise, we obtain

limS, — limS,_.;, =5-S5S=0.
n—oo

n—oo
But
limS, — lim§,_; = lim (S, — S,_1) = lima, = 0.
n—->0o n—-oo n—-oo n—-0oo
Hence,
lima, = 0.
n—->0oo

Note. Remember this theorem gives us a requirement for convergence, but not a

guarantee of convergence. That is, if lim a,, = 0, the series may be divergent!

n—>00

For example, let us consider harmonic series

Zl—1+1+1+1+ +1+
n 2 3 4 n

n=1

We have proved that it is divergent, but

1
lim — = 0.
n—)00n

Therefore, from the fact that lim a,, = 0, it does not follow that the series converges.

n—-oo
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To examine convergence of a series it is not enough to prove that lim a,, = 0, since

n—oo

that may be true for divergent as well as for convergent series.
As a corollary for this theorem we have a test for divergence of the series.
Divergence test.

If the nth term of a series does not tends to zero as n — oo (lima,, # 0), then the
n—-oo

series diverges.
Example.

Consider the series

(00]

Z - —1+2+3+ R
s5n+1 6 11 16 5n+1

n=1

1- n 1- 0,

the given series is divergent.

1.3 Comparing Series with Positive Terms

Consider two series with positive terms:

N5

a,=a; +a, +--+a, +- - (1.1)
n=1
and
z n=by+by+ -+ by + - (1.2)
n=1

Comparison Test I.
If vn>1, a, < b, and the series (1.2) converges, then the series (1.1) is also
convergent.
Proof. Let s, and a,, be, respectively, the partial sums of the first and the second
series:
Sp,=a,ta,+---+a,,

0, = by + by + - + by,
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The series (1.2) converges and

limo, = o.

n—-oo

Sincevn>1, 0<a, < b,,
Sp <o, < 0.
Thus, we have that the sequence of partial sums {s,,} increases as n increases and it
is bounded. It follows that it has a limit
lims, =s
n-co
and
s <a.
Example.
Consider the series
ziz TR I

nn 22 33 nn

Since
1 1 1 1 1 1

33 <2—2, H<2—4,... o <2_n""
The series 1 + ziz + 213 + -+ zin + --- IS converges because its terms, beginning with
the second, form a geometric progression with common ratio % The sum of this series is
1
equal to 1 >
Hence, according to Comparison Test |, the given series also converges, and its sum
does not exceed 1 %

Comparison Test II.
If vn>1, a, = b, and the series (1.2) diverges, then the series (1.1) is also
divergent.
Proof. Sincevn > 1, a, = b,, > 0,
Sp = Op.
The series (1.2) is diverges and its partial sums increases with increasing n. It follows
that
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limg,, = co.
n—-oo

As a result
lims, = co.
n—oo

That is the series (1.1) is divergent.
Example.

The series

i L SN S
=Vn +1 V2 /3 Vn+1
Is divergent because its terms are greater than the corresponding terms of the harmonic series
v 2 _1 + . + 4 - +
Z n+1 2 3 n+1

n=1

Limit Comparison Test.

Consider

If c is positive finite number then either both series care convergent or both series
are divergent.
Proof. Since 0 < ¢ < oo, there exist two positive finite numbers, m and M, such that

m<c<M.

Hence, for large enough n the quotient Z—” is close to ¢ and there exists a positive

n

integer N such that if n > N we have

an
m<—<M.
by,

Thus, multiplying the inequality by b,,
mb, < a, < Mb,, n > N.
If ). b,, is divergent then ), mb,, diverges and so since mb,, < a,, for all sufficiently
large n by the Comparison Test Il the series ) a,, also diverges.
Similarly, if ), b,, converges then ), Mb,, is convergent and so since a,, < Mb,, for

all sufficiently large n by the Comparison Test | the series )’ a,, is also convergent.
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Example. Consider the series

(0.0]

2, t_to o1
Slnzn—Sll’l2 sm4 smzn

n=1

Let us compare it to convergent series (geometric progression)

OOE 1—1+1+ +1+
2n 2 4 2n
n=1

Since
Sin ==
. 2n
Ay =1
on

according to Limit Comparison Test, the given series converges.

1.4 Tests of Convergence

There are a lot of series involving quite complicated expressions that makes it
challenging the application of comparison tests. We introduce sufficient tests that are useful

while determining convergence or divergence of series.

|. Ratio Test (D’Alembert’s Test)

Consider the positive-term series

(ee)

ap=a;t+a, +--+a,+- -

Suppose

a
lim —2 = p, (1.3)

then
o the series is convergent for D < 1;
o the series is divergent for D > 1;

o for D =1 apply a different test (the series may be convergent or divergent).
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Proof.

1) Let D < 1. Consider anumber € > 0 suchthat D + ¢ < 1.

According to (1.3) and the definition of a limit, there exists the number N(¢) = N
that for all values of n > N,

An+1
an

—D|<e,

that is

An+1
an

D—e< <D+e.

Hence, Vvn > N,

Ane1 < (D + &)ay

and
an+1 < (D +¢€)ay
aysz < (D +&)ayss < (D +€)*ay
ayss < (D +&)ays, < (D +€)ay
Now we get two series
a; +a; +--+ay+ayy +ayyp + oo
and

ay + (D +&)ay + (D + &)%ay + -
The second series converges as the geometric progression and, according the
Comparison Test | and Property I, the original series is convergent.
2) LetD > 1.
According to (1.3) and the definition of a limit, there exists the number N(¢) = N

that for all values of n > N,

An+1
a’TL

> 1.

Hence,
aptq > Ap.

Therefore, the sequence {a,,,n = N} increases and lim a,, # 0. But this means that
n—>00

the original series diverges.



then
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Example. Test the following series for convergence

21—1+1+1+1+ +1+
n! 2 6 24 n!

n=1

Let us apply the Ratio Test.

Here,
1 I 1 B 1
M= T I DI T 12 (it 1) nl(n+1)
n!
Hence,
. An+1 . n! .
nl—rLlo an nl_}ﬂ;) nl(n+1) nl—g:lon +1
The given series is convergent.
I1. Root Test (Cauchy’s Test)
Consider the positive-term series
a,=a, +a, +--+a,+--
n=1
Suppose
lim%/a, = C, (1.4)
n—oo

o the series is convergent for C < 1;

o the series is divergent for C > 1;

o for C = 1 apply a different test (the series may be convergent or divergent).
Proof.

1) Let € < 1. Consider a number € > 0 such that C + ¢ < 1.

According to (1.4) and the definition of a limit, there exists the number N(¢) = N

that for all values of n > N,

that is

Yan -l <e

C—e<a, <C+e.
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Hence, Vn = N,
a, < (C+e)™

Since the series );(C + &)™ converges as the geometric progression, the original
series is convergent according the Comparison Test | and Property 1.

2) LetC > 1.

According to (1.3) and the definition of a limit, there exists the number N(¢) = N
that for all values of n > N,

Ya, > 1.
Hence, a, > 1 and

lima, # 0.

n—-oo

Therefore, the original series diverges.

Example. Test the following series for convergence

(00
n

n 1 4 9
Z(Snn—l) =E+E+6_4+"'+(3nn—1) L

n=1

According the Root Test

lim " | (5 )n—l' n 1o
oo [3n—1) “al%3n-1 3"
The series is convergent.
I11. Integral Test
Consider the positive-term series
Zan=a1+a2+a3+---+an+an+1+---
n=1

and let f(n) = a,,, where f is the function obtained by replacing x with n.
If for every real number x =1 f(x) is a positive-valued, continuous and

nonincreasing function, then the series

o converges if [ 1°° f(x) dx is convergent;

o diverges if f1°° f(x) dx is divergent.
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Proof.

Consider the positive-valued, continuous and nonincreasing for every real number
x = 1 function y = f(x), such that f(n) = a,, (Fig. 1, Fig.2).

For positive integer n > 1 the area of the circumscribed rectangular polygon
(Fig1.) is

D FO) = F) +f@)+ -+ fn 1.
k=1

ay
Y a, y=f(x) y=f(x)
n|ann - n|ann n
ol 1 23 ... mn+l X ol 1 23 ... mn+l X
Figure 1. Figure 2.

In the same fashion we get the area of the inscribed rectangular polygon (Fig 2.)

n

D F) = @)+ fB) + -+ f),

k=2
Since | 1” f(x) dx is the area of the curvilinear trapezoid created by the function y =

f(x), forl1 <x <n,

zn:f(k) anf(X)dx < nz_:lf(k)-
k=2 1 k=1

Denote the nth partial sum of the series ).;°-, f (k) as S,,, then previous inequality

may be written
Si= () < [ f@dr <50
1

If the improper integral flwf(x) dx is convergent and equals K > 0, then, according
to preceding inequalities,
S,—f()<K,or S, <f(1)+K

for every positive integer n > 1.
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Hence, the sequence {S,,} is monotone increasing and bounded for n > 1. Therefore,

it exists the finite limit lim S,, = S and the series ),;—, a,, converges.

n—->oo

If the improper integral is divergent, then
Jim [ FG) dx = oo
and since flnf(x) dx < S,_;, we have limS,_; = oo. Thus, the series Y a, IS
n—oo

divergent.

Example. Test for convergence the series

(00]

1 _ 1 1 1
zn—p—1+2—p+3—p+“'+n—p+“'
n=1

This series is called hyperharmonic series

Let us apply the integral test, putting

_ 1
fx) = ooy
This function satisfy all the conditions of theorem. Consider the improper integrals

for various values of p.

Forp > 1,
(') b b

L o DN 1 o 1 11
jx_l’ PN T T e A —p)ar i, e (—p)bP 1—p p-T
1 1

the integral is convergent and, hence, the series converges.

Forp =1,

b—oo

o) b
1 1

j—dx = lim j—dx = limIn|x||? = limInb — In1 = oo,
X X b—oo b—oo

1 1

the integral is divergent and, hence, the series diverges.

Forp < 1,

oo b

1 _ 1 _ 1 x1P _ pi-p 1 B
fx—pdx—lm —de—lm _bl—>r£101—p_1—p_oo'
1

b—oo X b— oo 1 — p
1 1

the integral is divergent and, hence, the series diverges.
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The summing-up is

convergent for p > 1,
dlvergent for p < 1.
1

1.5 Alternating Series

I. Previously, we have considered positive-term series. But there are many series out
of there that have both positive and negative terms.

One of the simplest, and the most useful, series of this type is an alternating series,

whose terms have alternating signs. It could be written in one of the forms

a, —a, +az —a,+--+(—1)"1a, + Z( D" 1a (1.5)

or

—a;+a; —azta,=-+(="a, +-- = 2(—1)“% = — Z(—l)"_lan
n=1 n=1

where a,, > 0 for every n.

Since tests that we looked at for series convergence have required that all the terms
in the series be positive, we cannot apply them to alternating series. The test that we are
going to consider now will be a test for alternating series.

I1. Alternating Series Test (Leibniz’s Theorem)

Consider the alternating series

a, —a, +as —a, +--+(-1D"1a, + Z( D" 1a,, (a, > 0).

If the following two conditions are satisfied:
o a1>a2>a3>"'>an>an+1>"',

o lima, =0;
n—-oo

then the series is convergent, its sum is positive and does not exceed the first term.
Proof.

1) Let us consider the sum of the first n = 2m terms:

Som = (a1 —az) + (a3 —ay) + -+ (Azm—1 — A2m)-
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Since a,, > a,,, for every n, each of the expressions in parentheses is positive and
the sum S,,,, > 0. Moreover, it increases with increasing m.
Rewrite this sum as follows
Som = a1 — (az — az) — (@ — ay) — - — (Azm—2 — A2m—1) — Aom-
According to the condition a, > a,,,, each of the parentheses is positive and,
subtracting these parentheses from a, we get

Som < aq.

Hence, the sequence {S,,,,} is increasing and bounded above. Consequently, {S,,,}
has the limit:
limS,,,=Sand 0 < S < a,.

m— oo
2) Now let us consider the sum of the first n = 2m + 1 terms:
Som+1 = Q1 — Az + = Ay + A1 = Som + Aomsr-

Since lima,, = 0, it follows that

n—oo

lim Symyq = T}li_llrgo(SZm + ayme1) = %iIEOSZm + %ilrganm+1 =S.

m—oo

Therefore, we have proved that lim S,, = S both for even n and for odd n. The

n—oo

original series is convergent.

Corollary. If the alternating series is convergent, then the error obtained when
replacing S by S,, does not exceed in absolute value the first of the suppressed terms, that
IS

1S = Sul = Irl < anqa

Example. Test the series

for convergence.

Since
o 1>l>l>...>l>i>...;
2 3 n n+1
o lim-=0;
n—-oon

this series converges.
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I11. Absolute and Conditional Convergence.
The alternating series is a special case of so called plus-minus series. Plus-minus

series has both positive and negative terms. For example

> sin—nn sinﬂ sin—gn i sin—Sn sin—gn sin—7n
4 . T 2 4  SInm 4 2 4
= -+ + + -+ -+ cee =
Z n2 51n4 9 16 25 36 + 49 +

2 +4+18 50 36 98+
Let us give an important sufficient condition for the convergence of a plus-minus

series.

Definition. The plus-minus series

(0]

Zan=a1+a2+a3+---+an+--- (1.6)
n=1

is called absolutely convergent if a series made up of the absolute values of its terms

D lan] = lag] + laa] + las] + = + lay| + - (1.7)

n=1

converges.

If the series (1.6) converges, while the series (1.7) diverges, then the given plus-minus
series is called a conditionally convergent series.

Theorem 1.2 (Sufficient condition)

If the plus-minus series

oo}

zan=a1+a2+a3+---+an+--- (1.6)
n=1

Is such that a series made up of the absolute values of its terms

(00]
D lan | = laa] + lag + la| + -+ lag| + - (1.7)

n=1

converges, then the given series is also convergent.
Proof. Assume, that S,, and o,, are the nth partial sums of the series (1.6) and (1.7).
Let s;,, be the sum of all positive terms and s,,, the sum of absolute values of all negative

terms of the sum S,,, then
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Sn = S1n — Son and On = S1n + Son-

Since the series (1.7) converges, lim o,, = o and the values of s, and s,,, are less
n—>0oo

then o. Moreover, the sequences {s,,} and {s,,} have limits s, and s, respectively.

Hence,

lim§, = 11m (51n Son) = S1 — Sy.

n—oo

Thus, the plus-minus series (1.6) converges.
Examples.

1. Consider the series

> sin—nn sinn sin—3n i sin—5n sin—3n sin—7n
4 . T 2 4 SInT 4 2 4
= — 4+ + + + + + + -
Z nz oMy Ty 9 16 ' 25 36 49
n=

Test the series
o | . T 3

sin= sinT
Z 51n4| + + 9 +

n:

sinm
16

sin nn
4

+ ot

+ .-

n2

for convergence.

Since ‘S Tal < —2 and Y- 173 - is convergent as hyperharmonic series (p = 2 > 1),

..Tn

4
n2

according to the Comparison Test I, the series Y57 2

IS convergent. Hence, the series

TL'TI.

Yy n2 also converges. Moreover, it is absolutely convergent.
2. The series

1
1——4——_4..
Stg gt ——

1 1 (1)7’11 Oo(l)nl
s TE

( )Tl—l

n

is conditionally convergent, since it is convergent, but ), 1| =y 17 dlverges

Properties of absolutely convergent and conditionally convergent series

I. If Y0~ a, is absolutely convergent and its sum is S then any rearrangement of the
terms of );_, a, is absolutely convergent and its sum is S.

1. If }7°-; a, is conditionally convergent and o is any real number then there is a

rearrangement of the terms of Y.;_; a,, whose sum will be o.
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2. Functional Series

2.1 The Concept of a Functional Series

Consider the series

(0]

Zun(x) =u; (%) +uy (x) + -+ u,(x) + - (2.1)

n=1

Definition. The series whose terms are functions of x is called functional series.

For example,
= In™x In?x In3x In"x
1) z 3 = lnx+?+?+---+ 3 + -5
n=1

2) Z(x+3)n= (C+3)+ (x+3)2+@+3) ot X+ 3+

n=1

For each real number x (definite numerical value) we get different numerical series,
which may be prove to be convergent or divergent.

Definition. The set of all those values of x for which the functional series converges
is called the domain of convergence of the series.

The method of determining the domain of convergence is based on investigating the
series made up of the absolute values of its terms (Qn-;|u,(x)|). To determine the
convergence of these positive-term series we apply Ratio or Root Tests.

Example.

Find the domain of convergence of the series

n

- In"™x In“x In
Z 3 =1nx+—23 + 33 + - 3

n=1

Applying the Root Test, we get

n
. n _ .
g, Vln ()= i

Thus, the series converges when |Inx| < 1 and diverges when |Inx| > 1.

In"x
n3

Let us solve the inequality

|Inx| < 1,
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-1<lnx <1,

1
-<x<e.
e

Hence, the interval of convergence is G,e). At the extremities of the interval it is

impossible to investigate the series by means of Root Test. But we can do it separately by

investigation of numerical series obtained in the points x = e and x = !

For x = e we have

1

n3

NgE

(0]
In"e
n3
n=1

Since it is hyperharmonic series and p =

1

w =

> 1, it converges.
Forx = iwe get

Q|

I o G Vi
z nd Z n3
n=1 n=1

It is absolutely convergent alternating series, since the series made up of the absolute

. 1 .
values of its terms )., — Is convergent.

. . In"x .
Finally, the domain of convergence of X2, —= is

1
cefie]
e

Definition. The sum of the functional series in the domain of convergence is some
function of x: S(x).

Denote by S,,(x) the nth partial sum of the series (2.1). If the series converges then
its sum can be written in a form

S(x) = Sp(x) + 1 (%),
where r,, (x) is called the remainder of the series (2.1) and

Tn(X) = Upy1 (X) + Upip (x) + -+
Since

lim ,(x) = lim (S(x) = 5,(x)) = 0,

we get, that the remainder of the convergent series approaches to zero as n tends to infinity.



26

2.2 Uniform Convergence of a Functional Series

Definition. The functional series

(00

D @)

n=1

is called dominated in some range of x if there exists a convergent numerical positive-term

0o
n=1

such that for all values of x from this range the following relations are fulfilled:

series

()l < ay, ()< ag, .., |up)] < ap, ..

In other words, the series is dominated if each of its terms does not exceed, in absolute
value, the corresponding term of some convergent numerical series with positive terms.

It follows from the definition that a series dominated in some range converges
absolutely at all points of this range.

Definition. The functional series Y.;°-; u,, (x) is called a uniformly convergent on the
interval [a, b] if for any arbitrary small € > 0 there is an integer N such that for alln > N
the inequality

1S(x) = Sp(0)| < ¢
will be fulfilled for any x of the interval [a, b].

Properties of uniformly convergent series
I. A dominated series is a series that uniformly converges.

Il. The sum of a series of continuous functions Y;-; u, (x) dominated on some

interval [a, b] is a function continuous on that interval.

Note. This property holds true only for dominated series. Some nondominated

functional series with continuous terms have for the sum a discontinuous function.

I11. Let there be a series of continuous functions ).,°; u,,(x) dominated on some

interval [a, b] and let S(x) be the sum of the series. Then the integral of S(x)
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from « to x, which limits belong to the interval [a, b], is equal to the sum of

integrals of the terms of the given series:

IS(t) dt = fzun (H)dt = ful(t) dt+fu2(t) dt + ...+Iun(t) dt + -

Note. If a series is not dominated, term-by-term integration of it is not always

possible.

IV. If the series };—, u, (x) made up of the functions having continuous derivatives
on the interval [a, b] converges to the sum S(x) and the series
u () +u )+ e+ () +
made up of the derivatives of its terms is dominated on the same interval, then
the sum of the series of derivatives is equal to the derivative of the sum of the

original series; that is,

!

§'(x) = (Z un(x)> =u' () +up(x) + - u () +

n=1

Note. The requirement of dominance of a series of derivatives is extremely essential,

and if not fulfilled it can make term-by-term differentiation of the series impossible

The proofs of these properties are beyond of our course, but reader could find them
in [1].
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3. Power Series

3.1 The Concept of a Power Series
I. Let us consider the most useful case of a functional series — power series.
Definition. A power series about a (or just power series) is any functional series

that can be written in the form

(0.0]

Z a,(x—a)"=ay+a(x—a)ta,(x—a)*+-+a,(x—a)*+-- (3.1)
n=0
where a, a,, a4, a,, ..., a, are real numbers and a,, are called coefficients of the series.

When a = 0, we have special case of power series

anxn :a0+a1x+a2x2+°"+anxn+°“ (3'2)
n=0

Substituting y = x — a, we obtain the series of type (3.2) from the series of type (3.1)

oo (00]

D ax—aym = an

n=0 n=0
We are going to look through the properties of the power series for the type (3.2). Due
to the substitution, all the properties are retained completely for a series of the type (3.1).
I1. Interval of Convergence.

Consider the power series

(e0)

Z apx™ = ag + a;x + axx® + -+ ax™ +
n=0

The question of convergence is very important for power series. The domain of
convergence is always some interval, which can be degenerate into a point or spread over
the real axis (in particular cases).

Theorem 3.1 (Abel’s Theorem).

1. If a power series converges for a nonzero value x,, then it converges absolutely
whenever |x| < |xq].

2. If a power series diverges for a nonzero value x,, then it diverges whenever

x| > [x2].
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Proof. 1). Since the numerical series

(0.e]
n __ 2 n
ap,x; = ag+a.xy +axy +--+ayxy + -
n=0

converges, it follows that a,x* = 0, n — oco. Thus, there exists a number M > 0 such that
vn =0, |a, x| < M.

Rewrite the common term of the series (3.2)

n

< M-

n
TL|:

a,x a, x| - —
|n |n1| X1

X
X1
. oo X n . . . .
For |x| < |x;| the series }7— o M - |x—| IS convergent as a geometric progression with
1

X

common ratio < 1. According to the Comparison Test, we have, the series Yo ,la, x"|

X1
converges and the series Y..—, a,x™" is absolutely convergent.

2). Let the series (3.2) is divergent at some point x,. Assume, that at the point x3,
|x3] > |x,|, the series .., a,x} converges. By virtue of the first part (just proved), it
should be convergent at the point x, as well, since |x,| < |x3|. But this contradicts the
condition that at the point x, the series diverges. Hence, the series diverges at the point x
as well.

From Abel’s Theorem we have the structure of the domain of convergence (Fig. 3).

Series converges

—-X, /_\ X,
_/ 0N \

Sel‘les dl\-’erg es S eries di\? el'g es

Figure 3.
Thus, the domain of convergence of a power series is an interval with center at the
coordinate origin. It is obvious, that there exists number R, |x;| < R < |x,|, such that for
any point x lying inside this interval, the series converges and converges absolutely, while

for points lying outside it, the series diverges (Fig. 4).

Series converges

R NR
L

Series diverges Series diverges

Figure 4.
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Definition. The number R is called the radius of convergence of the power series.
The interval (—R, R) is called the interval of convergence.

At the end points of the interval convergence and divergence of a given series should
be investigated separately. To determine the convergence of these positive-term series we
apply Ratio or Root Tests.

Example. Determine the interval of convergence of the series

=y 1 x x? x"
22n+2 Sttt ottt

n=0

Applying Root Test directly, we obtain

Hence, the series converges when % < 1, thatis, if |x| < 2. The series diverges

when |x| > 2. The radius of convergence is R = 2.

ZTL
2n+2

If x = 2,then )7, = Z;‘{;O% and it diverges since lim a,, = lim = i * 0.

n—oo n—oo 4
=2)"
2n+2

If x =—2,then X7,

= fo:o% and it diverges since lim = = i # 0.

n—>00

Finally, the domain of convergence is (-2, 2).

For the power series about a

(0.0]

z an(x - a)n =aqay+ al(x - Cl) + az(x — a)2 + -+ an(x — a)n + ...

n=0
we have that it is converges for values of x that satisfy the inequality (Fig. 5)
|x —a| <R,
—R<x—a<R,
a—R<x<a+R.

Series converges

a-R a+R
Series diverges Series diverges

Figure 5.
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Example. Determine the interval of convergence of the series

* _1\n 132 133 _1\n
Z%z(x_m(x LR D AN Gl L
n=1

4 9 n2

Applying Ratio Test, we obtain

(X _ 1)n+1 ,
nZ
The series is convergent when
lx —1| < 1,
-1<x-1<1,
O0<x<?2

If x = 2, then

SQ2-1D)" v 1
Z nZz n2
n=0 n=0

and it converges as hyperharmonic series.
If x =0, then

S (0-1D" (D"
z n2 - n2
n=0 n=0

and it is absolutely convergent diverges since Yo, |(_nl2)

1 .
= Y=o is convergent.

Therefore, the domain of convergence is [0, 2].

I11. Properties of Power Series.

Theorem 3.2

The power series Y.>°_, a,x™ is dominated on any interval [—r, r] that lies completely
inside the interval of convergence ([—r,r] € (=R, R)).

Proof. Since r < R, the number positive-term series

(0]
D lanlr™ = lagl + las 7 + lag|r? + -+ |ay "
n=0
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converges. But when |x| < r, the term of the series )., , a,x™ do not exceed, in absolute
value, the corresponding terms of series Y., |a,|r"™. Therefore, the series Y., a,x™ IS

dominated on the interval [—r, 7].

Theorem 3.3

The sum of a power series )., a,x™ is a continuous function on every interval lying
entirely within the interval of convergence.

Proof. Since the series on this interval is dominated and its terms are continuous
functions of x, according to the Property Il. of the dominated functional series, we have,

that the sum of the series }.o_, a,x™ is a continuous function.

Theorem 3.4
If the limits of integration oc and £ lie within the interval of convergence of a power
series ([, 8] € (—R, R)), then the integral of the sum of the series is equal to the sum of

the integrals of the terms of the series:

B B
jS(x)dx=jZanx"dx=
n=0

X X
B B B B
=ja0 dx+ja1xdx+ja2x2 dx+---+janx”dx+--- (3.3)
X o4 o4 o4

Proof. Since limits of integration may be taken in the interval the series on this
interval [—r,r], where series is dominated, and according to the Property Ill. of the

dominated functional series, we can fulfill the term-by-term integration.

Theorem 3.5
Inside the interval of convergence (—R, R) of the power series Y.;_, a,x™ (3.2) the
derivative of the sum is equal to the sum of the series obtained by termwise differentiation

of the original series, that is for x € (—R, R)

!

S'(x) = (Z anxn) = Z(anx")’ = a; +2a,x + 3a3x% + -+ na,x" 1+ (3.4)

n=0 n=0
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Proof. First, let us prove that the series

Z(anx")’ = a; + 2a,x + 3azx* + -+ na,x" "t + -
n=0
is dominated on any interval [-r,r] € (—R, R).
Consider the point r such that » < p < R. Since the series (3.2) converges at this

point, we have lima,p™ = 0 and there exist positive number M such that forany n € N

n—oo
lanp™| < M.

Then for x € [—7,7]

n-1

<nMq™1,

na,x < |na,r = nla
Ina,x"| < Ina,r" ! = nla,p™ |

WMWq=£<L

Now investigate for convergence the series
M
;(1 +2q+3¢*+ - +ng"t+ ).

Let us apply the Root Test

lim {/ng" 1 =¢q < 1.

n—->0oo
Thus, the terms of the series Yo, (a,x™) =Y, na,x™ 1, forx € [-r,r], are less,

in absolute value, than the terms of the convergent numerical positive-term series

%Z;‘{;lnqn‘l. Therefore, the series (3.4) is dominated on the interval [—r, 7], and, since

every interior point of the interval (—R, R) may be included in some interval [—r,r], it
follows that the series (3.4) converges for any x € (—R, R).

According to the Property 1V. of the dominated functional series, we have, that

!

S'(x) = (Z anx”> = Z(anx")’ =a; + 2a,x + 3azx%? + -+ na,x" 1 + -

n=0 n=0

Note. Series (3.4) may be differentiated again term by term, and this may be continued
as many times as you need. The interval of convergence of each series obtained by

differentiation is the same interval (—R, R).
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3.2 Taylor’s and Maclaurin’s Series

I. Power Series Representation for Function

Since the convergent power series has a sum, we say, that a power series determines
a function f(x) whose domain is the interval of converges of the series. That is, for any x €
(=R,R)

(00]

f(x)= Z a,(x—a)"=ap+a;(x—a) +a,(x—a) +-+a,(x —a)t + -

n=0

If the function f(x) is defined in this way, then }.7°_, a,(x — a)™ is a power series
representation for f(x) (f is represented by the power series)

Power series representation for functions is useful in advanced mathematics and
applications, numerical computation using power series provide the basis for the
construction of mathematical tables, the same ideas are used in calculators.

Il. Taylor’s and Maclaurin’s Series

Consider the function f(x) has derivatives of all orders in the neighborhood of the
point x = a. Assume that the function has a power series representation about x = a

fxX)=ay+a,(x—a)+a,(x—a)>+-+a,(x—a)* + - (3.5)
Obviously, we have to determine the coefficients of the series representation.
First, according to the equality (3.5), we have for x = a

fla)=ay+a,(a—a)+ay(a—a)*+-+a,(a—a)* + - = a,.
Thus,
ap = f(a).
Second, let us find first derivative of the function and its power series:
f'(x) =a, + 2a,(x —a) + 3az(x — a)? + - + na,(x —a)* 1 + -,
and put x = a into the equality obtained
f'(a)=a; +2a,(a—a) + - +na,(a—a)* 1+ =aqj.
Hence,
f'(a) = a.
Continue applying differentiation and find the second derivative
f"(x) =2a,+3 2a3(x—a) +--+nn-1a,(x—a)* 2+



35

Then forx = a

f"(a) = 2a,
and
_fa) _ f(a)
T

Using the third derivative gives
f"(x)=3"2a3+4-3-2a,(x—a)+-+nn—Dn-2)a,(x—a)" 3+

and forx = a

a _ flll(a) _ flll(a)
3T 3.2 31
From the fourth derivativeasx = a
(@) (@)
“Ty32T T4
Now we are ready to write the formula for general term. Since
ffx)=nn-1)(n-2) .- 2a, +(n+1)(n—-1)..- 2a,_1(x —a) + -

we obtain

@

n n!

Therefore, the power series representation for the function f(x) about x = a is

Foo =Y D gy -
n=0

n
=f(a)+ f'(a)(x —a) + ! 2(!a) (x—a)*+ -+ ! n(!a) x—a)*+-- (3.6)
It is called the Taylor Series for f(x) about x = a.
Let us rewrite equality (3.6) as
f(x) = Py(x) + Ry (), (3.7)
where B, (x) is the nth degree Taylor polynomial for f(x)
P = f@ + F @G - ) + o Dy 4t D gy
and R,,(x) is the reminder term (from Single Variable Calculus)
(n+1)
R,(x) = @) (x —a)™1, ¢ € (a,x). (3.8)

(n+ 1)!
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Since P, (x) is the nth partial sum of the series (3.6), its limit as n — oo is equal to the
sum of the series. That is
fG) = lim P,(o)
Consider equality (3.7) as n — oo, then
fG) = lim P(x) + lim Ry() = £(2) + Jim Ry ()
Therefore,
lim R, (x) = 0.
n—00
From the foregoing it follows that the Taylor series (3.6) is a given function f(x) only
when 1{% R,(x) =0.
If rlll_r)go R, (x) # 0, then the series is not the given function, although it may converge

to a different function.

Since formula (3.8) is quite complicated to prove that the reminder term approaches
to zero, it is better to use another sufficient condition.

Theorem 3.6

If the function f(x) has derivatives of all orders in the neighborhood of the point x =
a and there exists such number M that for any x from this neighborhood

If™M)| <M,

then the Taylor series (3.6) converges to the function f(x).

Proof. Let us consider the reminder term of (3.6) given by (3.8)

FOD(E)
R,(x) = m(x —a)™*1, ¢ € (a,x).
Hence,
|f(n+1)(€)| -— |x _ a|n+1
= — < _—_—
IRn ()| =y e —al™ = M=m—=5
since lim 22" = 0. we obtain

n-ooco M+1)!

lim R,,(x) = 0.
n—>0o

Thus, the Taylor series (3.6) converges to the function f(x).
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If a = 0, then the Taylor Series for f(x) about x = 0 is called the Maclaurin Series

for f(x) and

- f0)
f) =) —=an =
n=0
= f(0)+ f'(0)x + f”Z(IO) xZ+ -+ ftl('o) x4 (3.9)

The Maclaurin series (3.7) is a given function f(x) only when lim R, (x) = 0,
n—oo

where

FUDE s
- X

n+ 1)! » $€0,0).

Rp(x) =
I11. Examples of Expansion of Functions in Maclaurin Series
1. Expansion of the function f(x) = e*.
The function f(x) = e* has a derivative of any order

M (x) = e*.

Since the values of the function and its first n derivatives at the point x = 0

fO) =f(0) = =fM(O0)==1,

we obtain
x? x3 x"
eX=1txt oottt

Let us prove that this series presentation is true for every real number x.
Consider the neighborhood (—#4, #) of the point x = 0. Here for any x from (—#, h)

lfF™ )| =le*] < et = m.

(3.10)

Hence, lim R, (x) = 0.
n—-oo

2. Expansion of the function f(x) = sinx.

Let us find the successive derivatives of f(x) = sinx.

f(x) =sinx, f(0) = 0;
f'(x) = cosx = sin (x +§) f'(0) = 1;
f"(x) = —sinx = sin (x + 2%) f"(0) =0;
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f”'(x) = —CcOoSx = sin (x + 3%), f”'(O) = —1
fV(x) = sinx = sin (x + 4%), FV(0) = 0;
fOE) = sin(x +n3), f™(0) =sinn;

Substituting the values into (3.9) we get an expansion:
x3 XS x2n+1

R TR e VTR

TR (3.11)

Since |f ™ (x)| = |sin (x + nz)| < 1, we have limR,,(x) = 0.
2 n—oo

3. Expansion of the function f(x) = cos x.
Finding the values of the derivatives for x = 0 of the function f(x) = cosx and

substituting them into (3.9), we obtain the expansion
x2 x4 x2n

—_— — — — — 0 8 — n
cosx =1 2!+4! + (—1) 2

4o (3.12)

Since |f(")(x)| = |cos (x + n§)| < 1, we have limR,(x) = 0.

n—oo

4. Expansion of the function f(x) = (1 + x)™ (the Binomial Series).
Consider the function

fO)=0+x)™,

where m is an arbitrary constant number.

Since f'(x) = m(1 + x)™! = m((j:gm, the function £ (x) satisfies the differential
equation
(1+x)f'(x) =mf(x) (3.13)
and the condition
£(0) = 1. (3.14)

Let us find a power series
fO)=14+ax+ax*+ - +ax™+ -
that satisfies the equation (3.13) and condition (3.14).
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Putting this series into (3.13), we obtain
(1+x)(a; + 2a,x + 3a3x* + -+ na,x" 1 + ) =
=m(l+ax+a,x>+azx3+-+a,x"+ )
Collecting the coefficients of identical powers of x in different parts of the equation,
we find
a; =m, a; + 2a, = may, - nap,+ M+ Da,_; = ma,,

Therefore, we get

ag = 1,

a =m,

(m—1a,
a, = T =,

(m—-2)a, (Mm-2)(m-1)a,
3 2-3 ’

a3=

_m(m—l)---(m—n+1)
An = 2:.3...n '
These are binomial coefficients.

Hence, we obtain
m m 1 m m 1 e m n | 1
¥x2 + e + ( ) '( )

If m is a positive integer, then a,,,,; = a4+, = -+ = 0 and the series converted into

1+x)"=1+mx+ x™+ - (3.15)

a polynomial.
For m fractional or negative integer, we have an infinite series.

Let us determine the interval of convergence of series (3.15) by applying the Ratio

Test:
mm—-—1)---(m—-n+1) mim—-1)--(m—-—n+2)
uTL+1 = Tl' xn) un = (n _ 1)' n-1
R (7 m(m—-1)---(m—-n+1)(n—1)! o m-—-n+1
lim = x| = lim |—| lx| = |x|
n-o | U, noo| mm-—1)--(m—n+ 2)n! n—co n

Therefore, series (3.15) converges for x € (—1,1).
At the end points x = —1 and x = 1 the question of convergence or divergence of a
series (3.15) is decided separately for each specific series.
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Finally,

m(m—1 mm—-1)---(m—n+1
(1+x)m=1+mx+%x2+---+ ( )n'( )x”+---,

x € (—1,1). (3.16)
Let us look through some particular cases.

1. Form = —1, we have

1
=1—-x+x*—x3+-+ (D" 4+, € (-1,1). (317
o=l xtxtox (-1 x€(-11). (317)
Changing x by —x, we get
1
1_x=1+x+x2+x3+---+x"+---, x € (—1,1). (3.18)

1
2. Form = P we have

1 1 1-3 1-3-(2n—1)
N =14+ —x — ——x2 3 .+ (=11 ng...
Ttx=ltox =¥ * 576" D s e st T

e[-1,1]. (3.19)

1
3.Form = — we have

LIPS S SUPRIS S BPUD 1)111-3----(211—1) -
Trx = 2724 216" 2-4-6-8---2n" ’
x € (=1,1]. (3.20)

The binomial expansion is very useful for obtaining the expansion of other functions.

5. Expansion of the function f(x) = In(1 + x).
Since foxﬁdx =In(1+ x)lz =In(1+ x), let us apply Theorem 3.4 about

integration of power series and expansion (3.16).

Hence,
X X
ln(1+x)=j1+xdx=f(1—x+x2—x3+---+(—1)"x"+---)dx=
0 0
x2 3 xM
= ——F —— ... - l—... e (—1,1).
x—= +3 + (-1 n+ x € ( )

Series is divergent for |[x| > 1 and x = —1, butas x = 1 we get
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1 1 1 (—1)"‘1
1n2=1—5+§—z+”'+T+"'
Therefore,
x%®  x3 x"
ln(1+x)=x—7+?—~-+(—1)"‘17+---, x € (—1,1]. (3.21)

6. Expansion of the function f(x) = arctanx.

Here we are going to use the same idea as for logarithmic function.

1 1

Since fox ——dx = arctanxlﬁ = arctanx, let us find the expansion for — using
formula (3.17). Changing x by x2, we obtain
1+1x2 =1-x?+x*—x®+-+ (D" 4+, x€e(-11).
Applying Theorem 3.4
X X
1 2 4 6 Nn,.2n
arctanx=f1+x2dx= j(l—x +x*—x4+ -+ (1) 4+ - )dx =
0 0
X3 x5 x2n+1
=x—?+?+---+(—1)"2n+ Tt XE (—1,1).
Series is divergent for |[x| > 1 and x = —1, but for x = 1 and x = —1 we get
arctanl = - 1 —l+l— e 1" + -
4 3 5 2n+1 ’
arctan(—1) = 2o +1—1+ +(_1—)n+1 + -
4 3 5 2n+1
Thus,
x3 xS x2n+1
arctanx=x—?+?—---+(—1)"2n+1+---, x€[-1,1]. (3.22)

7. Expansion of the function f(x) = arctanx.

Similarly, we get the expansion

x3 N 3-x° N 3:5-x7 +m+3-5----(2n—1)x2"+1+m

2:3 2-4-5 2-4-6-7 2:4-6--2n-2n+1)
x €[-1,1]. (3.23)

arcsinx = x +
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3.3 Application of Power Series.

I. Approximation of VValues of Functions

We can use Maclaurin or Taylor series to approximate values of functions at the
specific point x. Let us illustrate this application by examples.

Examples.

1. Approximate the number e with an error less than 1073,

Let us use the expansion (3.10) for x = 1

1 1 1
e=1+1dgtgtt—t:

Here we should choose appropriate n to approximate the function e* within the
desired accuracy.

Since forany x € [—1,1]: |e*| < 3, we can estimate the residual term as follows

3
RuC| = [ g™ sﬁ.

If we need the error to be less than 1073, it is enough to solve inequality

m <1073,
Solving the inequality by trying various n, we obtain, that forn = 6
5 = i ~ 0.0006 < 1073 = 0.001.
(m+1) 7!
Thus, we have
1 1 1 1 1
e=2+tgmtptgtg®

~2+05+0.167 4+ 0.042 + 0.008 + 0.001 = 2.718.
2. Use the first two nonzero terms of the Maclaurin series to evaluate sin0.1
approximately and estimate the error in this approximation.
Consider the Maclaurin series (3.11) for sinx as x = 0.1

. _ (0.1)3 (0.1)° B 0.001 0.00001
sin0.1 = 0.1 — 3 + q —-=01- 2T + 3 _

Since the series obtained is alternating, according to Corollary to Alternating Series

Test the error does not exceed in absolute value the third term
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0.00001 _ 0.00001
50 120
Hence, to six decimal places

~ 0.00000008.

1
sin0.1 = 0.1 — ~ 0.099833

3!

I1. Evaluating Indeterminate Forms

Sometimes we can evaluate indeterminate forms by expressing the functions
involved as Taylor series.

Examples.

1. Evaluate

- In(14+x)
lim—.
x—0 arctanx

We represent In(1 + x) and arctanx as a corresponding Maclaurin series

2 x> x%  x3 x*
_ %—x+ln(1+x) 0 7—x+(x—7+?—7+”')
lim ={—}=11m 3 = =
x—0 X — arctanx 0 x—0 ( X X )
X—|\x—=+F -
3 5
x3 x* x3 3x
L3 TF T(-F+)
lim lim = 1.
x—0x3 x5+“ x—0x3 1 3x2+”
3 5 3 5
2. Evaluate
2 —2eX71

et sin(x — 1)

Here we are going to use a Taylor series representation in powers (x — 1) for e*™1
and sin(x — 1). This can be obtained by replacing x by (x — 1) in the series (3.10) and
(3.11).

Thus,

_ 2 _ 3
(x 2!1) N (x 3!1) .

(x—1)° (x—-1)°
v s

e l=1+x-1+

sinx—1)=(x—-1) —

Therefore,



44

2—2(1+(x—1)+M )

li 2!
im 3 =
x-1 (X—l)—(xg!l) +
_ 2
| —2(x—1)—2%+--- - 1)(-2- (- 1)+ )
= lim (x — 1) = lim (x —1)? -
c-p-E - (1-E5 )

I11. Evaluating Nonelementary Integrals
The approximation can then be used for integration of the functions. Of course, we

are going to use this technique with functions for which the traditional calculus methods do
not work. For example, we may need to compute f% dx. Since a primitive for % cannot

be expressed in terms of elementary functions, this integral cannot be done by the classical
integration techniques.

Examples.
1. Express [ == dx as a power series

Expand the integrand in a series using (3.11)

5 2n+1
_xd xS e X
sinx X7 3r st D mg it
x x B
xZ x4— xZn
S A -
TR e T T

This series is convergent for all values of x. Integrating termwise, we get

sin x x? x* x2n
j dx=j1——+—— "+ (D)t rdx =

X 3! 5! (2n + 1)!
x3 x5 x7 x2n+1
= —_ — _1 n
*Taates Tttt O G ransn T

2. Evaluate the integral folsi%dx with an error of less than 1073.

Let us use the result of previous example

fsinx 1 1 1 1 1 N
X N 313 5'5 7'7 919 11111

The series on the right side is alternating, and we find by numerical evaluation that
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1
717~ 0.0002
is the first term to be numerically less than 1073 = 0.001. Therefore? for evaluating this

integral with an error of less than 1073 we should calculate first three terms of the series

1
jsmxd -2 Y 0946
x ¥ 733 55 T

0

IV. Series Solutions to Differential Equations
There are a lot of differential equations that can’t be solved explicitly in terms of finite
combinations of elementary functions. However, it is important to be able to solve such
equations because they arise from the problems of physics or mechanics.
Let us consider the method of power series solution to Cauchy problem for differential
equation. There are two main cases of applying this method.
First Case.
We represent the solution as a Taylor series, the sum of finite number of terms of this
series will be approximately equal to the desired particular solution.
Consider, for example, the Cauchy problem for second order differential equation
y'=FQ,yy"), (3.24)
y(xo) =yo, ¥'(x0) =1 (3.25)
Assume that the solution y = y(x) exists and may be represented in the form of a
Taylor series

y" (%) y" (x0)
2! 3!

Since we know y(x,) and y'(x,) from (3.25), we have to find the values of y"'(x,),

y(x) =y(xo) +y'(x0) (x — x0) + (x — x0)* + (x —x0)> + -+ (3.26)
y""(x0), ... y™(xg), ... We can do it by means of equation (3.24) and conditions (3.25).
From the equation (3.24) we obtain
v (%) = F(xo»y(xo);y'(xo))-
Differentiate both sides of (3.24) with respect to x
y'" = (F(x, y,y’))' = Ex(,y,y)+ EGy,y)y +F,(xy,y)y".  (3.37)

Substituting x,, we get y'"' (x,).
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Differentiating (3.37) once again, we obtain y!"(x,) and so on.

Then, we put these values of derivatives into (3.26). This series represents the solution
of the Cauchy problem (3.24), (3.25) in the interval of convergence.

Note. The same idea could be applied to the equations of any order.

Example 1. Find the first four nonzero terms of the series representation for the
solution of the Cauchy problem

y'=xy*-1 yD)=1
Let us consider a Taylor series representation

124 1 124 1
y@) =y +y - D+ P w1+ P -1y 4
Here we have from the condition
y(1) =1

and from the equation
’ 2
yM=1-(y) -1=0
Differentiating the equation, we get
y'=(xy*+ Dy =y +2xyy’.
Then,
r 2 !
y"(1) = (y(1)” +2y(Wy' () = 1.
Differentiate again
y" =+ 2xyy)x = 4yy' + 2xy"% + 2xyy”
and calculate at x = 1
rr ! ! 2 14
Y1) =4y(Dy'™ +2(y'(D)" +2y(My" () = 2.
Next,

yV = 6y'? + 6yy" + 6xy'y" + 2xyy""
andatx =1

yV(1) = 10.
Finally, putting these values back into the solution we obtain

1 2, 2 , 10 .
J’(x)=1+i(x—1) +§(x—1) +Z(x_1) F e =

+(x—1)2+(x—1)3+5(x—1)4+m

=1 2 3 12
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Second Case.
We suppose that there exists a power series solution of the form
y(x) = ag + a,(x — x0) + a,(x — x9)? + az(x — x0)3 + -+ a,(x — x0)" + -
and the task is to determine the coefficients a,, a,, a,, ---. This task is accomplished by
differentiating the power series term by term, substituting into the differential equation and
equating coefficients of the same powers of x.
Example 2. Find the series representation for the solution of the Cauchy problem
y'—xy=0 y(0)=0 y'(0)=1
We are looking for a solution in the form,
y(x) = ag + a;x + a,x? + azx3 + -+ ax™ + -
Let us differentiate this series twice
y'(x) = a; + 2a,x + 3azx* + -+ na,x" 1 + -,
y"'(x) = 2a, +3-2a3x + -+ n(n— Da,x" 2 + -
From the initial conditions we can find
vy(0)=a,=0 and y'(0) =a, = 1.
Plugging the series expressions into the equation, we get the identity
2a, + 3 2azx + - +nn—1Dax" 2+ = a;x? + ax3 + -+ ap_zx™ % + -

Collecting coefficients of the same powers of x, we obtain

a, =0, as; =0, 4-3a,=a;,=1, - nn-1a, =a,_s.
Hence,
1 1
Ay =31 as =0, ag=0, G =3I a7
1
ag = 0, aq =0, 10

azm-1 = 0, azm = 0, a3m+1=3-4-6-7---3m-(3m+1)'

Substituting the coefficients obtained into the series, we get the solution

1 1

74+
3:4:6-7--3m-(3m+1)

This series converges for all values of x.

1
y(x)=x+-—x*+

- 3m+1
3.4 3-4-6-7" X
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Example 3. Find the series solution of the equation
y'+y=0.
Assume, that the solution is in the form,

y(X) =agt+ax+ a2x2 + a3x3 + .. 4 anxn 4= z anxn
n=0

Differentiate this series termwise

oo

yll(x) =2a, +3-2azx ++nn—1ax" %+ = Z n(n — Da,x" 2.

n=2
and plug into the equation

0

Z nn—1Da,x"2+ z a,x" = 0.
n=0

n=2
Let us combine everything into a single series. To do this we rewrite the first series
as follows

Z(n +2)(n + Dayx™
n=0
It helps us to collect the coefficients of the same powers of x easier.
Therefore,
Z(n +2)(n+ 1)a,x™ + 2 a,x™ = 0.
n=0 n=0
And
Z((n +2)(n+ Da,y, +a,)x™ =0,
n=0
Hence,

n+2)(n+1a,, +a, =0.
As a result, we obtain the recursion formula for calculating coefficients
—a,
T E DM+ 1)’

If a, and a, are known, we can detemine the remaining coefficients recursively.

n=20123,--
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For example,
_ _ "% _ %, _ _ 4 _ 4
n=20:a, 1T 2= o n=1: az >3 30
_ > a4z Ao _ Qo _ 3. _—asz a, _ 4
nEe T T T 234 4l e T 5T 2.3.4-5 5l
— 4 _ Q4  —Qp Qo _c. _—4s  —a; G
AT e T 5.6 6 e e T 67 7
n =2k ay = (—1)kF—2_, n=2k+1: aypy = (1) —t
(2k)! 2k + 1)V’
Putting the coefficients obtained into the series, we get
A 2 a, ap ,
y(x)—a0+a1x—2' 3'x +4lx +5' S
a
1k Qo zk _1k 1 2k+1
TV g O eyt T
or

1 1 1 (—1)k
R 6, = 7 X2k 4 ...
y(x)—a0<1 z'x +4'x ax -+ (2k)!x + >+

1 1 1 (—1)k
—_ a5 2k+1 4 ... ) —
+a1<x 3'x +5|x 7'x + - +(2k+1)!x + )—

VDS e N e
—aoz .X +a1 _Omx .

Do not worry about the fact that we don’t know what a, and a, are. We actually need

these to be in the problem to get the correct solution as arbitrary constants.

Since the series Y5, (;k)), 2k and Y5 Oéki)l),xz"“ are well known Maclaurin

series for cos x and sin x, we could write the solution as
y(x) = aycosx + a; sinx.
Note. Usually we are not able to express power series solutions of differential
equations in terms of known functions.
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4. Fourier Series

4.1 The Concept of a Fourier Series
I. Harmonic Oscillations and Periodic Functions

There are many processes in nature and technic that are repeated at regular intervals
of time. Such the processes are called periodic. For example mechanical oscillations of a
string, electromagnetic vibrations and so on.

Mathematically, we can describe periodic processes by using periodic functions. The
periodic function is a function that repeats its values at regular intervals or periods. That is,
f(x) is periodic if there exists positive number T such that for any x from the domain of
function the equality f(x + T) = f(x) holds.

The simplest example of an oscilations is a harmonic oscilation provided by the
function

f(x) = asin(wx + @), x =0,
where a is an amplitude (maximum displacement from the equilibrium position), w —

angular frequence and ¢, — initial phase. General period for this functionis T = 2;”
This function is called the simple harmonic and can also be written in the form
f(x) = asin(wx + ¢@y) = Acoswx + B sin wx,
Where a = VA% + B?, tang, = %.
Let us look through the oscillations obtained by adding several simple harmonics. For

example, function

1 1
f(x) =sinx +§sin3x +§sin 5x

N . - . 1 . 1 .
iIsasum of three simple harmonics sin x, 5 sin 3x and -sin 5x.

The graphs of these functions and their sum are shown on the Figure 6.

~ N N
f(zrf:ﬂpx+%sin 3x+lssin5 7 ST TN\ %sin 3x

7Y 2 B R , i~
Tstnsx

sinx

Figure 6.
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Let us add a lot more simple harmonics (Fig.7)

. 1. 1. 1 | 1
f(x)—smx+§sm3x+§sm5x+---+Esm49x+ﬁsm51x.

Figure 7.

Thus, the sum of simple harmonics give us new much more complicated periodic
oscillations.

Naturally, the question arises whether it is possible to determine complicated periodic
function as a sum of simple harmonics. Generally, it is impossible if the sum is finite, but
infinite sums of simple harmonics (trigonometric series) could represent other periodic
functions, even if they are a bit weird.

A functional series of the form

(00]
a a
7O+a1 cosx + b; sinx + a, cos 2x + b, sin 2x + --- =70+Z(ancosnx+bnsinnx)

n=1
is called a trigonometric series. The constants a,, a,, and b,, are called coefficients of the

trigonometric series.
If such a series is convergent, then its sum is periodic function with period 2, since

cos nx and sin nx are periodic functions with period 2.

I1. Expansion of 2m-periodic Functions in Fourier Series

Consider the trigonometric series convergent to 2m-periodic function in interval
[—m, 7]

a
f(x) = 70 + Z (a, cosnx + b, sinnx) (4.1)
n=1
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Suppose that the series is termwise integrable. This is possible if the series (4.1) is
convergent absolutely at each point of interval [—m, r].

Let us evaluate the coefficients of trigonometric series (4.1).

Integrate both sides of equality (4.1) from —m to «:

T

s A [e'e) s

a
ff(x)dx= j;odx+z fancosnxdx+ ansinnxdx )
—TT n=1

—TT —TT -1

Compute separately each integral on the right side:

i
Qo
f 7dx = 1a,
—TT

s
Vs

sin nx
a, cosnxdx = a, =0
n lg
—TT
A
) cosnx ™
b, sinnxdx = —b, | =
n g
—TT

Whence

fnf(x)dx = 1a,

and

VA
1
o = — Jf(x)dx.
-
To evaluate coefficient a,,,, m # 0, multiply both sides of (4.1) by cos mx and

integrate termwise from —m to 7:

Vs T
a
ff(x)cosmxdx=70 fcosmxdx+
o o
o5} T T

+z fancosnxcosmxdx+ fbnsinnxcosmxdx :
n=1 —TT

-1

Since,



s

2

T
1
f sinnx cosmxdx = = f sin(n + m)x + sin(n —m)xdx = 0,
—TT -7

T

Vs
1
j cosnx cosmx dx = > J cos(n + m)x + cos(n —m)xdx = 0, m+n
—TT

—TT

A A
1 x|™
fcoszmxdx=— f(1+c052mx)dx=— =1
2 21_,
—TT —T1T
we obtain
A A
jf(x) cosmx dx = a,, f cos’mx dx = ma,,
-7 -7
and

T

1
G = — jf(x) cos m xdx.

-7
Multiplying both sides of (4.1) by sin mx, integrating termwise from —m to = and

remembering, that

s s
1
j sinnx cosmx dx = 5 j sin(n + m)x + sin(n —m)x dx = 0,
—T -7
s T
j sinnx sinmx dx = 5 J cos(n —m)x — cos(n +m)xdx = 0, m#n
—TT

—TT

T
Vs

s
_ 1 X
jsmzmxdx == j(l —cos2mx)dx == =m
2 20,
-1 -1

we find

A Y
jf(x) sinmx dx = by, J sin? mx dx = by,
o o
and

s

1
b,, = - ff(x) sinm xdx.

-1

53
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Definition. The trigonometric series

f(x) = % + Z (a, cosnx + b, sinnx), (4.2)
n=1
where
1 1 [
ao = — ff(x)dx, an = — Jf(x) cos n xdx, (4.3)
- -
1 A
b, = - f f(x)sinnxdx (4.4)
—TT

is called a Fourier series of the function f(x). The coefficients a,, a,, and b,, are called

Fourier coefficients of the function f(x).

I1. Sufficient Conditions for Expandability

To find the Fourier coefficients, it was assumed that trigonometrical series (4.1) is
convergent. But what properties should the function f(x) possess for the Fourier series
(4.2) to converge and so that the sum of the Fourier series is equal to the values of the
function f(x) at the corresponding points?

Before we state the theorem about sufficient conditions for representing a function
by Fourier series, let us look through some definitions.

Definition. The function is called piecewise smooth if it can be divided into finite
number of distinct parts and on each part both the function and its first derivative are
continuous.

A piecewise smooth function may not be ]

continuous everywhere (Fig. 8). However the only \ :
discontinuities that are allowed are a finite number 1 //\

of jump and removable discontinuities of the first . I

kind (for the point x = c there exist the one-sided Figure 8.

limits

lim £(x) = f(c+0) and lim £(x) = f(c - 0)).
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Theorem 4.1. (Sufficient conditions for representing a function by Fourier series)

If the 27 -periodic function f(x) is a piecewise smooth on the interval [—m, ], then
the Fourier series for f(x) converges at all points.

At the points of its continuity the values of the sum of series S(x) is equal to the
values of the function f(x).

At the points of discontinuities of f(x) the sum is the average of the two one-sided
limits; that is for the point x = c:

NGRS (G

The proof of this theorem is out of our course.

Since the set of functions that may be represented by Fourier series is broad, the
Fourier series have a lot of applications in various sections of mathematics, physics and

mechanics.

Example.

Find the Fourier series expansion for the 2 -periodic function

f(x)—{l’ —n<x<0, y

3 O0<x<m. ! 0 : : !
Function f(x) is piecewise smooth H I v

and has a jump discontinuity at x =0 3r 2r = o  ~ 27 3r ¥

(Fig. 9). Hence, it admits expansion in a Figure 9.
Fourier series.

Let us calculate the coefficients:
T 0 T
—1j()d -1 jd +3jd —1(|0 +3x[5) = 4
ao—n fx x—n X X —T[x—rr Xlo) =%
—1T -7 0

T 0 T
1 1
n = — jf(x)cosnxdx == fcosnxdx+3fcosnxdx =
—TT

-1
s
-+
0

1 (sinnx 0 N sinn x

n\ n |_, n
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T 0 b
1 1
b, = ff(x)sinnxdx= - fsinnxdx+3jsinnxdx =
-1 -1 0
1/ cosnx|° cosnx|® 1
=—<— | -3 | ) =—(—14+cosnm—3cosnm+3) =
/[ n g n I nm

2 2 0, for n even number;
_ —_— —_ = — —_ —_ n = 4‘
nm (1 =cosnm) nm 1=(=D% {E' for n odd number .

Thus, we obtain the series

(0]

B 4 sin(2n— 1)x
f(x)_ZJ’EZ m—1

n=1

At the points of discontinuities this series converges to value 2 — the average of the
two one-sided limits.

Figure 10 shows how the partial sums S,, (S5, S11, S9 (purpur lines) ) of the series
more and more accurately represent the function f(x) (red line) asn — oo.

Figure 10.
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Let us look through some very important and useful properties of Fourier series.

Theorem 4.2 (for termwise differentiation of a Fourier series)

Let the function f(x) such that its derivative is piecewise smooth and its Fourier
series is continuous, then the Fourier series can be termwise differentiated and the result of
the differentiation is the Fourier series of the derivative.

Note. The Fourier series is continuous everywhere in the interval [—m, ] if it have
no discontinuities in [—m, ].

Theorem 4.3 (for termwise integration of Fourier series)

Let the function f(x) is piecewise smooth then the Fourier series of the function can
be termwise integrated and the result is a series (may not be the Fourier series for the integral

of the function) that converges to the integral of f(x).
4.2 Fourier Series for Even and Odd Functions

I. Expansion of 2m-periodic Even Functions in Fourier Series
Let the function f(x) is integrable in the interval [—m, 7r].
If the function is even (f(—x) = f(x)), then

jn fOo)dx = j fOodx + j f)dx = j f(=x)dx + f fx)dx =
- - 0 0 0

= ff(x)dx+ff(x)dx = fo(x)dx.
0 0 0

Similarly, if the function is odd (f (—x) = —f(x)), then

ff(x)dx = j)f(x)dx+ff(x)dx = ff(—X)dX+fnf(x)dx =

=—ff(x)dx+ff(x)dx=0.

Note. Product of even and odd functions is odd function, product of two even

functions is even function and product of two odd functions is even function.
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Let the function f(x) is 2m-periodic even function and admits expansion in a Fourier
series.

Hence,

17 2 r
a0=E Jf(x)dx =Ejf(x)dx,
= 0

ff(x)cosnxdx =%jf(x)cosnxdx, ne{l2,...};

— even function

jf(x)smnxdx—o n€{12,..}

—q odd function

Thus, the Fourier series of an even function contains “only cosines” and has the form

fx)= 70 z a, Cosnx, (4.5)
= ;J f(x)cosnxdx, ne€{0,1,2,...}; (4.5)

Example.

Find the Fourier series expansion for the 2 -periodic function

f(x) =Ix],
determined on the interval [—m, r].
},,
2 ;r 0 T 27 3 47 x
Figure 11.

Function f(x) is piecewise smooth and even (Fig. 11). Thus, the Fourier series has
the form

f(x) —70+Z a, COSN X.

n=1
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Let us calculate the coefficients:

T
Zf g 2 X
aAn = — = —_— — = ;
0= xdx ~5 T
0 0
T T
2 2 xsmnx 1 1 cosnx|™
a, =—fxcosnxdx =— ——fsmnxdx =—- > =
T T o N T n 0
0 0
0, for n even ;
1 1 2 nD*—-1 4
—— (cosnmt—1) =—((— —-1) =
Zn( m—1) nm (=D ) ———, fornodd.
n4m
Hence,

s 4i cos(2n— 1)x

[ =3 2 L an -1y

Consider 2m-periodic odd function the function f(x) and admits expansion in a
Fourier series.

Hence,

Jf(x)cosnxdx =0, n€{0,1,2,...};

N————_—,—_—
— odd function

jf(x)smnxdx— Jf(x)smnxdx n€{l,2,..}.

—xr even function

Thus, the Fourier series of an even function contains “only sines” and has the form

flx) = z b, sinnx, (4.7)
b —sz(x)sinnxdx n € {1,2,.} (4.8)
n—no , A .

Example.
Find the Fourier series expansion for the 2 -periodic function

-2, —nm<x<O0;
f(x)‘{z, 0<x<m.
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¥y
<> 2E—> <>
37 2 i’T 0 7] 27 EV -
1 1 1 _2 1 1
Figure 12.

Function f(x) is piecewise smooth and odd (Fig. 12). Thus, the Fourier series has the

form

flx)= ansinnx.

Let us calculate the coefficients:
a, =0, ne{0,1,2,...};

T VA
b _Zj v _4f_ D = 4 cosnx|™ _
n = f(X)Slnnxx—n sinn xdx = e
0 0
4 4 0, forneven;
=—(1- =—(1-(-1)"=1{8
nn( cosn) nn( =D" {E for n odd.

Thus,

8 = sin(2n—1)x
f@‘)—;z m—1

n=1
At the points of discontinuities this series converges to value 0 — the average of the

two one-sided limits.

4.3 Fourier Series for 2#-periodic Functions

Consider 2¢-periodic function (x) , that is piecewise smooth on the interval [—#, £].
Let us expand this function in a Fourier series.
Make the substitution

14
X =—.
/[
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Then the function f (%) IS 2 -periodic function of t.

Thus, it may be represented as a Fourier series on the interval [—m, ].

£t  aq - _
f (;) =5 + z(an cosnt + b, sinnt),
n=1

where

1 [ et 1 [ et
a0=E ff(;)dt, a":E ff(;)cosntdt,
-7 —TT

1 [ /ety
bn=; Jf(?)smntdt.
-1

Return to the original variable

£ T T
x=;t=>t=§x=>dt=zdx.
t |€ |—£’

X |TC |—T[

Hence, we obtain the Fourier series for 2¢-periodic function

(ee)

ao nmx . nmx
f(x)= 5 + z (a, cos e + b,, sin T)' (4.9)

n=1

where

£
1
a=7 | fedx
Ze

¢ ?
1 nmwx 1 . nmx
an =75 f(x) cos e dx, b, = 7 f(x) sin e dx. (4.10)
—¢ —¢

Theorem 4.2. (Sufficient conditions for representing a function by Fourier series)

If the 2¢ -periodic function f(x) is a piecewise smooth on the interval [—#, ¢], then
the Fourier series for f(x) converges at all points. At the points of its continuity the values
of the sum of series S(x) is equal to the values of the function f(x). At the points of

discontinuities of f(x) the sum is the average of the two one-sided limits.



The Fourier series of an even 2¢-periodic function f(x) has the form

nmx
’g )

ag -
fx) = ?+ z a, cos —
n=1

¢ ¢
2 2 nmx
ag = ?Jf(x)dx; a, = ?Jf(x) COSde.
0 0
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(4.11)

(4.12)

If 2¢-periodic function f(x) is odd then the Fourier series has the form

- nmx
fx) = z b, SinT,
n=1
Y

b, == [ £y sin ™™ du.
? ?
0
Example.
Find the Fourier series expansion for the function
0, —2<x<0;
f(x)z{%x, 0<x<?2,

defined on the interval [—2,2]. Period is 4 (Fig. 13).

YA

I
1
]
I
1
]
]
]
]
1
I
\

(4.13)

(4.14)

< < < < >
-6 -4 -2 0 2 4 6 X
Figure 13.

Function f(x) is piecewise smooth and ¢=2. Hence, the Fourier series has a form

ag - nmx . nmx
f(x)= > + Z (an oS —— + bnsmT).
n=

Let us calculate the coefficients:

2 2

_1j d—ljld—l

Qo =5 f(x)x—2 S xdx =
-2 0
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2 2

j d _1j‘x nnxd _1J nnxd _
f(x)cos X SCos——dx =7 | xcos——dx =
0
1( 2 nmx nmx 1 nmx 2
=1l ——fsm— X | =55 C0S—— . =
1 1 0, forn even;
= —1) = 1" —1) = 2
7 (cosnm —1) 2 ((-1) ) {_T' for n odd.
ném
2 2 2
b _1 _nnxd _1Jx _nnxd _1J _nnxd B
n=73 f(x)sin S—dx =5 [ gsin——dx =7 | xsin——dx =
=2 0 0
2
1 2 nnx2+ 2 nnxd _
=7| —xcos— e cos——dx | =
0
=l(—i cosnm + i -sinnnx 2) =£
4\ nm n2m? 2 1 nmwr

At the points of continuity of function

() = 1 N i 2 (2n — Dnx N (- nrx
f =7 N\ -2 T 2 w2 )
n=

At the points of discontinuities of f(x) this series converges to value % — the average of

the two one-sided limits.
4.4 Fourier Series for Functions Defined on an Arbitrary Interval
I. Let there be given, on some interval [a, b], Y\

a piecewise smooth function f(x) (Fig. 14). It is possible ‘yi

to represent this function in the form of a sum of a Fourier

series at the points of continuity. To do this, we should
consider so-called periodic extension of the function f(x). Figure 14.
Periodic extension is an arbitrary periodic piecewise smooth function g(x) with a

period 2L > b — a, which coincides with the function f(x) on the interval [a, b] (Fig. 15).
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| Sy

2-2L NVAC b ¢+21 P+4] %

Figure 15.

The simplest periodic extension of the function f(x) is the function A(x) is
when L = bz;a . We get it by taking the graph of the function f(x) on the interval [a, b] and

then repeating that graph to the right and left of the graph of the original function (Fig. 16).

YA\
h(x)
'_/ /’M’_/ I
: I X I : :
:__/ 1 1 1 :
| 1 1 | | | }
0 a b X
Figure 16.
In any case we can expand periodic extensions in a Fourier series of the form
Ao = nmx . nmx
f(x)= 7+ Z(an cosT+ b, smT), (4.11)
n=1

where

1 L
a =1 [ Fedn

L L
1 nnxd b 1 _ nnxd 112
an =7 f(x) cos 7 ax, n=7 f(x) sin 7 dx. (4.12)
—L —-L
At all points of interval [a, b] (with exception of points of discontinuity) the sum of
this series coincides with the given function. That means we have expanded the function

f(x) in a Fourier series on the interval [a, b].
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I1. Let a piecewise smooth function f(x) be given on the interval [0, £].
According to 1., since L = g there exists a Fourier series expansion for this function
on the interval [0, ]

2nmx 2nmx

f(x) ——+2(ancos 7 + b, sin 7 ), (4.13)

where
4
2
@ =5 j feodx

2nmx 2nmx

dx, f f(x)sin dx. (4.14)

j f(x) cos

Let us consider two important cases. We can construct the odd or the even extension
of f(x) on the interval [—#,0].

If we redefine the given function as YN
_(f(=x), x€[-4£0], \y
R T ) ! R
_L -
we get an even function (Fig. 17), and the expansion 0 Lx
in a Fourier series contains only cosines. Figure 17.
Flx) = 7 z cos =X (4.15)
£
2 2 nmx
= —J f(x)dx; a, =-| f(x)cos—dx. (4.16)
? ? ?
0 0
Thus, we have expanded in cosines the function f(x) on the interval [0, ]
YA
If we redefine the given function as M
_(—f(=x), x€[-¢0], =L - N
fodd(x) - { f(x), x € [0' e], i\/—' L %
we get an odd function (Fig. 18), and the expansion '

in a Fourier series contains only sines. Figure 18.



where

a nmx
Flx) = z by sin"—-,
n=1

?
b _ZJ‘ ] nnxd
n=7 f(x)sin 7 X.
0

Thus, we have expanded in sines the function f(x) on the interval [0, £].
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(4.17)

(4.18)
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