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1. Introduction

Non-Newtonian (or complex) fluids often appear in nature and industry. Good examples of such fluids are toothpaste,
ketchup, magma, blood, mucus or emulsions such as mayonnaise among many others. A special type of complex fluids
are concentrated suspensions, which can be found, for example, in medicine (blood) or in building industry (cement). The
dynamical behaviour of suspensions is still far from being well understood as developing a faithful mathematical model of
such processes is not an easy task.

We are interested in an equation modelling suspensions which was proposed in [1]. In the last years, several authors
have studied for this equation the existence and uniqueness of solutions [2,3], the asymptotic behaviour [4,5] and numerical
approximations [6-8].

In our previous paper [8] we studied a sequence of approximative problems for this model, in which finite-difference
schemes were used to deal with the partial derivative with respect to the spatial variable. The problem was split in three
steps: a partial differential equation with a large diffusion, an infinite system of ordinary differential equations and finally a
finite system of ordinary differential equations. For initial data satisfying suitable assumptions it was proved that the iterate
limit of the solutions of the approximative problems in the space C([0, T], L*(R)) is equal to the solution of the original
equation.

In this paper we extend the results from [8] in two ways.
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First, we study the convergence of the fixed points of the approximative problems. It is well-known [2] that for certain
values of the parameters of the equation there exists a unique fixed point of the problem with support not included in
the interval [—1, 1]. This equilibrium is asymptotically stable [4] and the numerical simulations in [7] suggest that every
solution with initial data with support not included in [—1, 1] converges to this fixed point as time goes to +00. We prove
that each of the approximative problems possesses a unique fixed point and also that the iterate limit of the equilibria of the
approximative problems in the space L?(R) is equal to the equilibrium of the original equation with support not included in
the interval [—1, 1].

Second, we complete the sequence of approximations of the problem by implementing an implicit Euler scheme for
the discretization of the time derivative. We prove that the solution of the resulting system converges in the space
C([0, T], L*(R)) to the solution of the finite system of ordinary differential equations approximating the original equation.

Finally, some numerical simulations are provided in the last section.

2. Previous results

In the previous paper [8] the authors considered the convergence of finite-difference approximations of the problem

dp ?p 1 D(p(t))
&—D(P(t))ﬁ+T*OXR\[—1,1](U)P:Tao (o), (1)
p=0, p(0,0)=p"(0), ()

wherep =p(t,o), t € [0,T], 0 € R, Ty and « are positive constants.
Here, § is the Dirac -function with support in the origin,

D@@D:%[‘paﬂwa
o|>1

and ; is the indicator function in the interval I.
The function p(t, o) is a probability density at time t, so for any t € [0, T],
/p(t,o)da =1, (3)
R
p(t,o0) >0, foraa.o €R.

It is well-known [2] that for any p° € L' (R) N L* (R) such that p® > 0 a.e,, [, p°(0)do = 1, [ lo|p°(0)do < oo and
D (po) > 0 there exists a unique solution p = p (t, o) of problem (1)-(2), which satisfies (3).
We consider as a first step the approximative problem

D (p° ©) s

c c 1 2 1 ¢
3tp - D(p (t)) + E Bwp—l— TT)XR\[_L” (o)p" = (o), (4)

p° >0, p‘(0,0)=p(0), (5)

where p¢ = p°(t, o), c > 0is a large parameter and the §-function § is replaced by the step continuous from the right
function

. 1
0, ifo <——,
2c
1 1
dc(0) =qc, if —— < —,
¢ (@) 2c_a<2c
1
0, ifo>—.
2c

We would like to highlight the fact that the new term %ag(, pis an artificial diffusion which helps us to prove the convergence
of the approximative solutions. Such a trick is very common in the numerical approximations of problems in Physics. Also,

—%, Z—L] is the support of the map §., which approximates the §-function §,. Therefore, when ¢ — o0, the artificial
diffusion and the support of §. converge to 0 in unison.

Let p? be such that

PReE®. = 0ae, [ plors =1, (6)
R

p? —p® in’(R), op?— op® inLl'(R), asc — +oo. (7)
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It is proved in [8, Theorem 3] that such approximation exists and that the unique solution p to problem (4)-(5) converges
to the unique solution p to problem (1)-(2) in the space C ([0, T], X), where

X = {peLZ(R):/|o||p|dU <+oo},
R
endowed with the norm [|pllx = [|Ipll;2() —|—fR |o| |p| do. It is important to remark that for all t € [0, T] the solution satisfies

fR pe(t,o)do = 1and p°(t,o) > 0,fora.a. o € R, since it is a probability density.
Further, we shall consider the following approximating infinite system of ordinary differential equations:

dp{" 1\ ph ) —200" )+ (1 . Dy, (p§ (©)
T (Dh(pﬁ )+ E) - " =+ T Xz\l-2m 2] () i) = %52, (8)
0
p" ) =pl,; i€z, (9)

where h > 00; = ih,i € Z, ; = 2ny, withn; €N,

. 1, ifi¢[—2ny,2n4],
Xz\[-2ny,2m] () = 0, otherwise.

Here, pj,(t) = {pf’h (t)} denotes a sequence satisfying
Z

ie
P! () = p° (L, 01),

and we made the following approximations

c _ ﬁ c ~ (4 _ Olih c,h
D (p°(t)) = T /Wlp (t,0)do = Dy (p(t)) = T “gz;lp,- (), (10)

0, ifi < —MNp ¢,

52=5c(01)={67 if —npe <i<nypg, (11)
0, ifl‘ZTlh.c.

Also, c is taken such that z]ﬁ =np € Nand np . < 2n;.
We observe that the parameter h is the length of the intervals in the finite-difference approximation of the second
derivative 82_p, which is a diffusion term. The approximation is getting better as h goes to 0. Also, np is the number

of subintervals of length h of the interval [0, %], the support of the function §; in the positive semi-axis. The condition
np,c < 214 is equivalent to say that i < 1, that is, the support of §; is strictly included in the interval [—1, 1].
We define the following partition of the real line:
2y = {oi = ihYiez, 1! = [01, 01+ h).
For p? from (6) we define the step function
Bn(o) =D pl (ih) xp (o)
i€Z

and normalize it by setting

~0
De (o)
P2 4(0) = et (12)
”pc,h ”,_1 (R)
It holds that p? , — p? in L*(R) N L'(R) as h — 0.
Further, we fix ¢ € N and take a sequence h, — 0 such that ﬁ = np, c € N. Then conditions i = 2ny, n; € N,
Np,,c < 214 are satisfied. We take p?’h”’i = P(c).h,, (ihy,) as the initial data in problem (8) and define the step functions
ph(t,0) =Y pi"™ () xpn (0), (13)
i€Z '
where pﬁn (t) = {pf’h" (t)}iez is the unique solution to problem (8)-(9). It is proved in [8, Theorem 2] that
pf,, — p° strongly in C([0, T1; L*(R)), (14)
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where p° is the solution to problem (4)-(5) with initial data p?. As before, the solutions pgn satisfy that

/p,‘,n (t,o)do = pi™ (t)h, =1 and p{™ (t) >0, foranyte[0,T], i€Z.
R

i€Z

Let us consider now finite-dimensional approximations. We define the operator A : R*N+1 — R2N+1 py

r1 -1 o --- 0 0 07
-1 2 -1 o --- 0 0
0o -1 2 -1 . ... 0
N._ 1 . . . . .
o --- . -1 2 -1 0
0 o --- 0 -1 2 -1
L 0 0 o - 0 -1 = 2N+1)x(2N+1)
Then we consider the finite-dimensional system
dpy} 1 1 Dy (pf;” (t))
hi N N NN i
dl‘l = - (Dg (p; (t)> + E) (Agpfcl )i - T*OXZ\[72n1,2n1] (l) P;,,- + Taéa (16)

pii ) =plhn —N<i<N,

1
* 2ch

ah
oY (M) =2 > el

0 2nq<li|<N

where N > 2ny, 3 = 2ny, ny € N =npc €N, np < 2n; and

What we have done is to cut the tails of the system (8) off in order to work with a finite number of equations. The condition
N > 2n, implies that we solve the problem for ¢ in an interval containing [—1, 1]. It is obvious that N has to be large to get
good approximations.

For the initial data p?’ » from (12) we consider the approximations pﬁ{ ’ho given by

0
N,0 Peni .
Vo= ——>— for |i| <N, 17
pc,h,i Z hpgh, | | = ( )
li|<N

where p? , ; = p? , (ih). Then we define the step functions
pyN (e o) =Y pht (0 xi (o), (18)
i€Z
where {pf,fv (-)}I I is the unique solution to problem (16) with initial data (17) and pf,f’ (t) = 0if|i]| > N.Itis proved
, <N ,
in [8, Section 5] that
piN — pi inC([0, T], [*(R)) as N — oo,
where p§ is the function defined in (13) with initial data (12). Again, the property of being a probability density is satisfied:

/p,ﬁ“ (t,o)do =Y ppf (Oh=1 and pi} () =0, foranyt >0, |il <N.
R lil<N

3. Fixed points of approximations

Our aim in this section is to study the fixed points of the approximative problems and their convergence to the fixed
points of the original problem (1). For simplicity, we shall consider the particular case where Tp = 1.
First, recall that for Eq. (1) with Ty = 1 the fixed points, given by the solutions of

3%p D (p)
D (p) 302 Xr\[=1,11 () p + o

8o (0) =0, (19)

are the following [2]:
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e Any probability density p (-) with support in [—1, 1] solves (19). We note that all these solutions satisfy D (p) = 0;
o Iffao < % there are no more equilibria. If ¢ > % then there exists a unique fixed point p with positive value of D (p),
which is given by

%
LDe(HJ)/JW, ifo < —1,
2u
VDr4+1 1
27_{—-}—270', lf-]SO'fO,
= _ o o
p(o) = VD + 1 1 (20)
— — —0, if0<o <1,
20 20
DT o = 1,
2a
where
2
1 VAo —1
D* = (_2+°;> 21)

and z = +/D* is the unique positive solution of the equation

1
h(z)=22—|—z—cx+5=0.

We observe that when o > % the stationary point p is asymptotically stable [4]. Moreover, the numerical simulations
in [7] suggest that every solution with initial data satisfying D (po) > 0 converges to this fixed point as time goes to +oc.
We shall prove that for o > % the approximative problems possess a unique fixed point converging to (20).

3.1. Equation with large diffusion

Let us consider now the fixed points of problem (4). In order to find them we fix first D > 0 and solve first the following
ordinary differential equation:

1\ d*p° . D
D+ - T — Xr\[-1,1] (@) p" + —é: (0) = 0.
c/ do o

We note that in this case, unlike problem (1), there is no stationary solutions with D (p) = 0.
Taking into account the condition p° (6) — 0, as 0 — =00, it is not difficult to check that this equation possesses a
unique solution defined by

D o110)/ D+%’

ifo <-—1,
20,/D+ 1
p 1+/D+1 D
— 5 + 50, if —1<o0<——,
20 D+1 2a (D+ 1)
1+,/D+1
pp (o) = b ¢ _1 D — De o2, if—iSUSl,
20 D+ 8a(D+1)c 2a(D+1) 2c 2c
p 1+D+¢ D 1
— : — 0, if — <o <1,
20 D+ 20 (D+ 1) 2c
D . 1 .
U D+f, ifo > 1.
20,/D+ 1
Since

D(p,%):a/ pp(0)do =D, foranyD > 0,

lo|>1
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in order to obtain a fixed point it remains to find a positive value of D such that fR pp (0) do = 1. Calculating the integral
we obtain

1 2D 5 5 1 5
——— ——— | 24c +24c’D 4+ 24c* D+ — + 12 — 1) =1,
48c%a D + 1 C

and after the change of variablez = ,/D + % we finally have the equation
‘) =z+7° ! + 1.1 +a)z? 12 ! + ! 0 (22)
= — —_— - — = o _ —Z — — — = U.
& 24¢2 ¢ 2 c 2c  24c¢3

It follows from the Descarte’s rule of signs that for « > 0.5 and c large enough this polynomial possesses a unique positive

root z¢. More precisely, ¢ has to satisfy ¢ > \/% We will take ¢ > 1. Such condition is compatible with the meaning of the

term %Bﬁn pin (4), as this is an artificial diffusion that has to be small in order to approximate the original system properly,
which means that we need c to be large.
If we pass to the limit as ¢ — oo the polynomial g€ (z) tends to

2 2 1
g@)=z"|z +z+5—a .
By continuity, the root z° converges to the unique positive root of h (z), which is equal to z* = +/D*. Therefore,
1
DC:(ZC)Z—*—)D*>O,
c

where D* is given in (21). Hence, D° > 0, for ¢ large enough, and thus there is a unique stationary point p° (o) = Phe (0).
Moreover, it is easy to see using D° — D* that
p°—p inX.
Therefore, we have proved the following result.
Theorem 1. Let o > 0.5. Problem (4) possesses a unique fixed point p¢ for ¢ > 1 and
p°—p inX, asc — oo,

where p is the unique fixed point of problem (1) such that D(p) > 0 defined in (20).

3.2. Lattice dynamical system

Further, we will study the fixed points of Eq. (8) with ﬁ =npe € Nand np < 2ny = % As before, we fix first D > 0
and solve the following equation in differences

1

+ c . .

—7‘: (Pis1 — 2pi +pic1) +pi =0, ifi < —2ny,
Pit1 —2pi +pi-1 =0, if —2n; <i < —my,

D+: D .
s Wi =2t pio) = o i — e <0< mpe (23)
Pir1 —2pi+pic1 =0, ifnye <i<2ny,

D+ .
_7(pi+1 —2pi+pi1) +pi=0, ifi>2ny,

whose solution, taking into account that p; —; 0, is given by
1— 00

ciAal, ifi < —2ny,

A+Bi, if —2n <i< —np,
ch*’D i <i 24

—— i, if —np <i<np,

2(D—|— %)0{ h,c h,c ( )

A+Bi ifm<i<2m,
Cz)\l_l, ifi > 21’1],

={E+Fi—
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provided that
A =AC’D=1+ —gh = (25)
1 1,h D—I— \/[T D—I— 2h Ag:lh)’
and the constants Cy, A, B, E, F, A, B, C, satisfy the compatibility conditions
1 ~h
A—EB—A] ic, =0,
A—hiB A h+1c1=0,
h
A- ‘g gy lp___ D
2ch 2ch’ = 8c(D+1)a’
2ch+1 2ch+1 D (1+ 2ch)?
- B—E+ =_ -
2ch 2ch 8c(D+1)a (26)
— 1-=2ch- 1—2ch D (1 — 2ch)?
A+ B—E— F=-—
2ch 2ch 8c(D+ 1)«
At Bop—p—__ P
2ch 2ch 8c(D+1)a’
h
A+h%B Ay ch_o
_ 1 _E,
A+EB—A1 C,=0.
Solving this system we obtain:
Aﬁu (-1+ A7 h@+h) — 212 _ xﬁu (-1+ A7 h@—h) — 21
G= 1 - EA G = 1 - -1y @7)
D+ Dad(=14+27") (1+h—27") D+ Dada(-14+17") (1+h—27")
D (-1+A7")@+h) —2h _ D (=1+A7")@—h) —2h
A= 1 1 N A= 1 1 )
(D+7)e 4(-1+47") (D+3)a 4(-1+277)
-D  (=1+Ar7")h@+h) —2K _ D (=1+A7")h(@—h) -2k
= . B: ,
D+« 4(1+h-27" D+ 4(1+h—-27")
Dh D —14+AYh@+h) — 2k
F=————(1+ch)— - (C1eh) (+_1) ,
2D+ Y« D+ 4(1+h=27")
D D —1+1H)@+h —2h
E=—— (142 + ; (14 +_1)
8c(D+ ;) D+ 4(-1417")

For simplicity of notation here and throughout the paper, if no confusion is possible, sometimes we omit the indexes
¢, h, D and write just A.
We need to check first that ah Z|i|>2ﬂ1 p%’ = D. Indeed, we can easily compute that

A

ah —
Iléh )()‘ _1)
4(D+ 1)+ 20 +2n /4 (D+ 1) + 12

=D 3 =D foranyD > 0.
(h+a(@+1) +12)

We need to find Dj, > 0 such that Sy =3, p; th = 1. Using mathematical software we obtain

b¢ (D
Sp(D) =) piph= h (D) (28)

i€Z wfcl (D)

Please cite this article in press as: J. Valero, et al., Convergence of equilibria for numerical approximations of a suspension model, Computers and
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where

by (D) =D (—1—2¢* (=6 + h?)) + 2D (14 4c® (=3 — 3h + 2h%)) A{7
+ D (=14 2¢ (6 + 12h + 5h7)) (xﬁ;ﬁ)z :

2
wh (D) = 24c(1+ D (~1+457)".

With the change of variable D = —% — % + z% we derive first
> piph=1; (2)
i€Z

(4 + ch? — 4cz?) (1 — 12¢? — 12¢?h + 2¢2h* — 24c?z — 12c?hz — 24c%2?) ) (29)
B 24c3(h — 22)(h + 22)a -

and then the equation

c 4 hy 1 1 1 h # )
g, (2) =z +<1+2)z —(W+C—2—2+3+a)z
c 2c 4 8 2c  24c3  2c  96¢%2  12c¢ 8 8 4 48
Again, it follows from the Descarte’s rule of signs that for « > 0.5, ¢ > 1 and h small enough this polynomial possesses a
unique positive root z5. Moreover, since gy — g¢, as h — 0, we have
zy — z°,
where z€ is the unique positive solution to (22). Therefore,
2
D=1~ () o+ ()
Hence, D}, > 0 for h small enough. More precisely, h has to satisfy the following conditions:

>=D°>0, ash-— 0.

1+ 1 h+h2+h2 h? h3+h2a h*
2c  24c3  2¢c  96¢2  12c 8 8 4 48
These conditions are satisfied for h small enough. This is compatible with the mechanical meaning of this parameter
as described in Section 2. We can also draw some conclusions about the relationship between «, ¢ and h. From the first

inequality it is easily deduced that if @ — % and ¢ — +o0, then we need that h — 0. However, if ¢ is fixed and o — %
then h does not need to go to 0. On the other hand, from the second inequality, since “ZT“ — % > 0, it follows that when

¢ — +ooora — 400, then h — 0. Therefore, we obtain the following implications:

1. When c increases, the parameter h decreases.
2. When « increases, the parameter h decreases.

On the other hand, we can see that the function I}, (z) defined in (29) is strictly increasing forz > 0,z # g This follows
from the facts that the polynomial p (z) = 1 — 12¢? — 12c?h + 2c¢2h? — 24¢?z — 12c?hz — 24c?Z? s strictly decreasing for
44c(h?—4z%)
=
asz — 4oo,and If (z) - —oo,asz — (g)+ it is clear that z; > g In particular, we also deduce that the function

D+ Si(D) =1 (,/D +1+ %) is strictly increasing for D > 0.

We have obtained then the unique stationary solution of (8), given by pj, = { pf’;ﬁ } . As before, we define then the step
’ i€Z

z > 0 and that the rational function r (z) = is strictly increasing when z > 0,z # g Also, since I (z) — 400,

function
Py (0) = D pip X (0):

i€Z
We will prove that

P, — p° inl*R). (30)

Please cite this article in press as: J. Valero, et al., Convergence of equilibria for numerical approximations of a suspension model, Computers and
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We replace in (25) and (27) the value of D by D}, and add the indexes c, h to the notation of these constants (e.g. A will be
now A ). We note that A{ , = Ai:l,?". Then it is not difficult to check that when h — 0 the following convergences are true:

1

)\.{ih—l 1 1 1
.h - , (ih)h_)eq/D-%—f, (31)
- :
DC+E
. Dt L
Cin Cop = ~—eVrite,
2(0°+ 1)
(1 r)
A LA ,
o h 2(DC+%)O{
B D* B, D¢
h 20 +Ye’  h 2(0°+ o’
1
Ec_>DC(1+VDC+?) D
h 20 (D + 1) 8a (D¢ + 1) ¢’
FC
Fh—>0.

Thus, it follows that
B} (0) — p° (o) foranyo €R. (32)

Let us estimate the tails of pj, in the norm of the space I? (R). Let ¢ > 0 be arbitrary. We will prove the existence of hy
and T (¢) > 0 such that

/ (5 (0))* do <& forallh < ho. (33)
T(e)

Forany T > 0 we have that

00 o 2 Y . 2 _ 1
[ @@ dr < S (€) 050 h=(G) ns) T —

i=K(T,h) 11— (}‘ﬁ,h)

2
(= \? L ¢ \—2K(T,h) ()‘q.h)
- (Cz”’) A, —1 (i) T+25,

where K (T, h) € NissuchthatT —h < K (T, h) h < T.Then (31) implies that there exist C, hy > 0 such that
© 2 —2(T—h)
/ (B} (0)) do < C(AS,) " forall h < ho.
T

Since

—2(T—h) -—2Z

1
(A ™ —e V¥, ash—0,

—2(T(e)—h)
thereare T (¢) > 1, hy > Osuch thatC (kﬁqh) h < eforall h < hg. Therefore, (33) holds, and one can choose hg, T (&)
such that the same result is true for the integral | __OTO(S) (P (cr))2 do.
Now let us take the norm of the space L2 (—T (¢), T (g)). We observe that by (31) there exists a constant R (T) such that
for all h < hg it holds

(ci (Ag_h)")z < (CE)P () TF <R, i —K(T@e).h) —1<i<-2n,
(8)°
hZ
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2 2 2
ChZDc E¢ CZ DS
B4+ Fii———— ) < 3(E)+ 3( ”2) T? (e) + 3#)2# (&)
) h A0+ ) e
R (T), if — Mhe <1< Ny,

IA

N\ 2
vt (B)
(Ah—l—Bhi) 52(Ah> +2° T () S RT), e <0< 2m,

<R (T), if2n; <i<K (T(e),h)+ 1.
Therefore, (E; (U))2 < R(T)forallo € [—T (&), T (¢)]. Using this estimate, (32) and Lebesgue’s theorem we obtain
P — ¢ inl*(=T(e),T(e)). (34)
We can estimate the tails of B, in the norm of the space L! (R) in a similar way, proving therefore that
P, — p° inl'(®). (35)
Finally, combining (34) and (33) we can prove in a standard way that (30) is true.
Summing up the results we have the following theorem.
Theorem 2. Let « > 0.5 and ﬁ =npe € N,y < 2ny = % If ¢ = 1 and h is small enough, then problem (8) possesses a
unique fixed point p, and
P, —p° inl*(R)NL'(R), ash — 0,

where p° is the unique fixed point of problem (4).

3.3. Finite-dimensional approximations

The last step consists in studying the fixed points of problem (16) for h, c fixed and satisfying ﬁ = Npe € N,npe <

2n; = ;. Assume that N > 2n;.
In the same way as before, we fix first D > 0 and solve the following difference equation

D+1 . .
_7(pi+1 —2pi+pi-1) +pi =0, if —N<i< —2ny,

Pit1 — 2pi +pic1 =0, if —2n; <i < —ny,
1

c D . .
—Tc (Pit1 — 2pi + pi-1) = &C, if —npe <i<npg, (36)
Piv1 —2pi +pio1 =0, ifny <1< 2ny,
D+: . .
—T(Piﬂ—zPi'f'Piq)-f-Pi:O, if —2n; <i <N,
whose solution is defined by
Al 4+ Gyl if =N <i< —2ny,
A+Bi, if —2n; <i< —ny,
c,h,N . ChZD ) . .
Py ={E+Fi— ——— 2, if —npe <i<npe, (37)
i,D 2 (D T %) o h,c h,c
A+Bi, ifn,. <i<2n,
Cidl +GCory', if2ny <i<N.
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The compatibility conditions in this case are the following:

—2N —2N-1
% Ci+G =0,
1— X1
1 _1 1
A=2B—i "G =iG =0,
h+1 ht1 h+1
A—LB A e =A " G =0,
h 1
A ! B—E + ! F = D
2ch 2ch 8c(D+1)a’
2ch+1 2ch+1 D (1+ 2ch)?
a_ +B—E+ +F:— (+])
2ch 2ch 8c(D+ 1)« (38)
_ 1_2ChE 1—2ch  D(1—2ch)?
2ch 2ch  8c(D+1)e
+ —B—E 1F— b
2ch 2ch 8c(D+1)a’
_ +1- ES _hl
A+ ——B—1," C;—2, "C, =0,
. 1_ _1_
A—f—EB—)\]“Q—)Ll“Cz:O,
A2V 5 —2N-1
c 1 1 T =0
1+ 1 2
If we add to system (26) the equations
G =0,
C; =0,

and the same terms containing the constants C,, C; in the first two and the last two equations, then we obtain a new system
which shares the same solution with system (26). We have therefore the same number of variables and equations in system
(38) and the modified system (26). Moreover, the coefficients in system (38) converge to the corresponding ones in system
(26) when N — oo. Writing systems (26), (38) in the matrix form

¢ & _ C
M, pXp, p = bp ps
¢,N c,N (o
My p Xy p = by p,

and noting that My, , M,C,’g’ are invertible for N large enough, we have

-1 _
xic{,g = (Mifg) ho =~ (Mip) lbﬁ.o =X,p inR". (39)
For any D" > 0 we define then the step function

B @) = Y @),

i€Z

where p?'h;,N = 0if [i| > N. We will prove that if DN — D, then

oV S 5P in2®)NL(R), (40)

where P}, ph' = pﬁg X (o) is the step function which is defined from the solution of system (23) given by (24). For this
let us estimate the tails of this summatory. For K > 2n;, K € N, we have that

400 »
— h. —c,N N DN\ !
/ CND (U)dU_prDNNh_Z(Cl,h.DN< A ) +C2hDN ()”2,1}3 ) )h'
Kh i>K i>K

We note that x;"gN — xﬁqD is also true. Hence, for any € > 0 there exists K (¢) > 2n; such that

c,DN i €
E CZhDN (Alzh ) h< -, foranyN > K (¢).
i>K(€) 8
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On the other hand, we have that
—cN o h DV\NH DV\K©
ZC1hDN( )h— lhDNT<<)‘§,h> _<)‘§,h)
i>K(e) Avp —1
—eN DV\NFT h
= Cypov ()“i,h ) o
tn —1

Using mathematical software it can be calculated that

rc.N
—c,N h,DN
Cl,h,DN = N
h,DN
where
c,N N 1 DN 2/h ¢,DN %
rel = —ch ((2 +0 (57) 7+ 24w (357

+(—2+h)< ) +@+h (357 )MN),
140 ) (( CDw)z/h B (ki’.gN)ZN) ((] h (kﬁlgN)Z/h
- (Ai‘,ﬁ’N)%h - (Aﬁ;?N)ZN +(+h (Aﬁ;ﬁ”)“m) .

[Ny = 41 + cDV)ar (

Thus,
—cN Ny (DN "2N
Cy oV SL(C, h,D )(M:h ) forallN,

N
where L (c, h, D) is bounded as DV — D. Thus, using the formula for Aﬁ:‘; given in (25) we can check that there exists
N (¢) > 0such that

_ €
> o (- CDN) h<$ forallN>N(e).
i>K(e) 8
Arguing in the same way for negative i, we obtain the existence of K (¢) > 0 and N (¢) > K (¢) such that

—K(e)h +00 ¢
f CND (cr)da+/ p;ND (0)do < =, foranyN > N (¢).
— K(e)h 2

o0

From (39) it follows also the existence of Ny (¢) such that
K(e)
/;K(s)
—c,N,DN —,D: 1 . 2 . . -
Hence, p;, — P, inL’ (R). The convergence in the space L* (R) is proved in a similar way.
Using again mathematical software we check that

N (o) — {ND(O)‘dO<§, forany N > Nj (€) .

ah Z pChCIX,_D forany D > 0. (41)

2n; <|i|l<N D

In order to find a stationary point of (16) it remains to show the existence of D,C;N > 0 such that SE’N (D) =
> <N pc ”f,’vh = 1.In view of p;" CHNN p;”inL' (R), if DN — D, we have that
prgNNh — pr"é’h asN — oo.
lil<N i€z
Since ) ., piﬁﬁh = 1and the functionD — S;; (D) = >, pf”Sh is strictly increasing for D > 0 (see Section 3.2), one can
find two values D; < Dj < D, satisfying

ZP1D1h< 1< ZplDz

i€Z i€Z
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Then there exists Ny for which

pr[';]”h <1< prhNh if N > Ng.
lil<N li|l<N

If we prove that the map D + };_y p"h is continuous, then the existence of Dy > 0 such that 3", pc Mh=1

follows. Indeed, as the matrix Mﬁjg possesses a positive determinant and the coefficients of the system (38) depend

-1
continuously on D > 0, it follows that the vector of solutions of (38), x,clg = (MﬁB’) bf, » depends continuously on

c,h,N

D > 0 as well, and this implies easily the continuity of D ZM<N p;p" h. Therefore, for any N > Ny there is at least one

stationary point of (16), given by f)h’ = {p,c’[’;;’\,’V } . As before, we define then the step function
WO ) iez
Yo)y=) 0, ’Z’Lx,h ©).
i€Z
where pC hN = 0 if [ii > N. It is clear that DE’N — Dj. Indeed, suppose that there is a subsequence such that
h

Dh ' — D* # DS Then (40) implies that 1 = S (D;’Nj) — S (D*) # 1, which is a contradiction.
Thus, in view of (40), ﬁf,’N converges in L2 (R) N L' (R) to the unique stationary point of (8), Pp- Moreover, assume that
there exists another sequence 5;” > 0 such that S5 (BZN) = 1. In view of (41) we have BEN < « for any N. Thus

52'” — D and the corresponding stationary solution p;" converges to p} in L? (R) N L' (R) as well.
t remains to check that in fact p"" is the unique stationary point. Using mathematical software one can obtain that the
It remains to check that in fact 55 is the uni i int. Using mathematical sof btain that th
value of the summatory Y, _y p{" is given by
c,N
(D ¢ (D
S;’N(D) _Jdn N( )+ pj, ( )7
(D) + qj, (D)
where
2
P (D) = D(1 4+ 26 (=6 + %)) + 2D (—1 + 4¢3 + 3h — 2h1) 255 — D (~1+ 226 + 12h + 51) (357)

2
¢ (D) = —24c(1+ D)ar (—1 + Aﬁﬁj) ,

and

1+2-2N

[N (D) = D (=1+ 2¢2(6 + h(12 + 5h))) (Aﬁiﬁ)rm — D (=2 4823 + (3 — 2h)h)) (Aﬁ;‘,ﬁ)

3

2+2 2N
coteae e ()
2 22N
N(D) = 24c(1 + cD)a (—1 + kﬁ:g) ()\q g) .
It is easy to see that
Py (D)
q; (D)

uniformly in compact sets of (0, o), where Sf (D) is the summatory >, _, pc "1 in the previous approximation given in (28).
Also, from

lim S¢N (D) = = S¢(D),
N—oo

oy, YD) — o,

dD 3
N N
D), @gﬁ (D) — 0,
uniformly for D inside a compact set of (0, oo), and q;, (D) > 0 for any D > 0 we obtain that

L e o) — Ls¢ o),
il -
dp™" dp™"
uniformly in compact sets of (0, 0o). Let us consider an interval [D} — a, D}, 4+ a] witha > 0. As %sz (D) > 0forD > 0,

there exists N; > 0 such that < S,f N (D) > 0,forall D € [D}, — a,Df + a] and N > Ny, which implies that there can be
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only one value Dj" € [D§ — a, D§ + a] satisfying ™ (DE*N) = 1. But there cannot be a sequence 5?,” & [D, — a, Dy, + d]

satisfying this property, because this would be in contradiction with BZN — Dj. Therefore, DE’N is unique and consequently
sois pj".
We summarize the results of this section.

Theorem 3. Let « > 0.5 and ﬁ = NMpe € N, pe < 2m = %.Assume that N > 2nq. Let ¢ > 1 and h be small enough.
Problem (16) possesses a unique fixed point TJ;’N for N large enough and
N — pi inl*(R)NL' (R), asN — oo,

where p;, is the unique fixed point of problem (8).

3.4. Full convergence

Finally, we put together all the results of this section for a general perspective.
Let > 0.5. We take sequences ¢; — 00, ¢y € N, hpm, — 0(asn — 00), such that ﬁ = Np,cn € N. Letp,

P, f),c,, ﬁfl‘N be the fixed points of problems (1), (4), (8), (16), respectively. We have proved that
p’" — p inX, asm — oo,
P = ™ inL>(®R)NL' (R), ashym — O,
pmN = p - inl2R)NL'(R), asN — oc.
Hence, the following iterate limit holds:

lim lim lim pi™" =p in*(R) NL' (R).

m—00 n—00 N—o00

4. An implicit Euler numerical method

In order to complete the sequence of approximations developed in Section 2 we shall discretize now system (16) with
respect to the time variable using an implicit Euler scheme. Using the step s > 0 we consider the discrete moments of time

t, = ns,n > 0, and denote by p;""" = {p}}""}jj<n the approximation of the solution p$N (t) of problem (16) at t = t,. For

simplicity of notation we will write for the time being just p{ instead of pﬁ:? " for the components of the vector pﬁ’N ‘" Then
we obtain the following algebraic system:

DN c,N,n
pitt — pn 1 1 . A (Ph ) .
s (pz,N,n> + = ( le’cl,zv,n+l), — — Xz\[=2ny,2n,] ) P} + ———8,, (42)
s c T .
with initial data
po = {p{}i=n € RN "

System (42) can be rewritten as

1 h? 1
- (D’hV (p,ﬁ‘”’") + E) (dipf) + dopt)) + <? + ds <D§¥ (pﬁ’”’") + E)) A

h2 h2 hZDQI (pZ,N,n> 4
= ?P? - T*OXZ\[—znl,znl] @) p! + T(gé
where d; = 1ifi < N—1andd; = 0ifi = N, whereasd, = 1ifi > —N+1andd, = 0ifi = —N,and d; = 2if|i]| <N —1
and d; = 1 otherwise.

Denote B = h?/s,D" = D) (p,cl’N‘”> + % T" =2D"+ B,T" = D"+ B.Then we can express the system in the matrix form

an;,N,n-o—l — Cnp,CI’N’n + A", (44)
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where
" -0 0 - 0 0
-p" 1™ D" 0 e 0
0 -p" T =D
M" = . . . ;
0 . - . 0
o . T -
o o . 0 -D" T
oy (o™ . .
A} = ————=3; and C" is a diagonal matrix such that
h* 2
?—T, if |l| >2n1,
Ci? = 2 0

—, if |i] < 2n;.
s
The matrix M" is invertible, so system (44) has a unique solution for any n > 0 and p;™" € R?V+1,

Denote by |[|-||z2v+1 and (-, -)gav+1 the usual norm and scalar product in the space R2V+1, in which we also consider the
following equivalent norms:

N
Ipllaw =" il + D Ipil

i=—N
IIPIIIBN =h Z Ipil, forp e R¥N*L,
lil<N

First, we will define a semigroup with discrete time in the phase space

DY = {pe R pi 2 0, lply =1}

To this end we will establish some preliminary lemmas. Denote vt = max{v, 0}, v~ = max{—v, 0} forv € R, and p* =
(pty. ... py) forp € R?2N*1. Also, we introduce the matrix
0 0 0 0 0 0
1 -1 o --- 0 0
, 1|0 1 -1 0 - 0
BN = —| . , 45
TR : (45)
0 0 1 — 0
0

- 1
0 0 0 T -1 (2N+1)x (2N+1)
which satisfies AY = (B})' B

Lemma 4. Assume that s < To. If p{! > 0, for alli, then p?“ > 0, for all i, as well.

+
Proof. Since DY (pE’N’") > 0, multiplying (42) by (—pﬁ’N’"H) and arguing in a similar way to [6, Lemma 4.1] we obtain

+|? 1 +
H (—pﬁ‘”’"“) <-s (Dﬁ (pZ‘N‘”) + *) (AZ’ (—pZ’N‘”“) , (—mﬁ‘”‘”“) ) : (46)
R2N+1 C R2N+1
+
We will check that <A’,:’ (—p,CI’N’”H) , (—pf,’N’”H) ) > 0. Indeed
R2N+1
+ + - +
<Ag (_p}cl,N,rH»l) ’ (_p’cl,N,n+1) ) (A;;’ <(_p2,N,n+l> _ <_p’cl.N,n+1> ) ’ (_pZ,N,nH) )
R2N+1 R2N+1

N eNanr1)\ T 2 N c¢,Non+1) BN eNanr1\ T
By (_Pl{ ' ) — | B (_Ph’ ’ ) » By (_ph' ' ) ;
R2N+1 R2N+1
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and the result follows from

C, n C, n + ]
(0 () (o)) = z( (o) = o)) (o) = (o))

17N71 . : 1 N—1 ) 1
=-z 2 (=P (- - = 2 (=) (-p) " <o.

i=—N i=—N

2

+
Therefore, we get from (46) that C’N'"“) =0,s0p/*!' > Oforalli. m

< 0. Hence (—ph

N,n+1
‘( p; n+)

Lemma 5. Let p;™" be such that ", _y prh = 1. Then p;™"*" satisfies ", _ pj™'h = 1.

R2N+1

Proof. It is easy to see that the matrix A’,:’ satisfies

(AU, V) v = (U, A V) vy =0, Vu e RV, (47)

(i=0)
ifv=nh (1, o1 l] , 1., 1>.Therefore, multiplying (42) by v we have
p?“ -, 1 ; ;
> h_T—O Z p'h Zsch—1 .
lil<N 2ny <|il<N lil<nc

, 1
Since ) <, 8ch = [, 8c (o) do = 1, we obtain
= ~a

> (e =p) =0,

lil<N

and the result follows. W

It follows from these lemmata that if 0 < s < Ty and pj™ % ¢ DV, then py™" € DV for any n > 1. Thus, we can correctly

define the discrete semigroup Shqs : DV — DN by Sy (n pi™ 0) = p;"""". This map is continuous with respect to the initial
N.O
datap; ™.

. . . . . SIN
Further, we will obtain an estimate of the solution pf[’N ‘" in the norm of the space I

Lemma 6. Assume that 0 < s < T. Then there exist C, § > 0 (independent of N and s) such that

foralln > 1andp e DV,

c,N,n

ph 5 C + e—&sn

—1N pc h 1N ’ (48)

Proof. We multiply (42) by the vector v = (|i|) ;<. Arguing as in the proof of Lemma 16 in [8] we obtain

n+1 _ (p}iN ") npe N\ 20
AR i |z|+—2p, i< - LS s~ Y |z|+(DN( C”")+;) 2
li=N 0 =N « i=—mhc To iz,

_ 3 N (x+1 2+ 1 _x
= 2Toh? h3  Toh?

Sl < (1 —~ ?> > pllil+ K, ¥n=0.

lil=N lil=N

Thus,
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Since0 < 1 — TST] < 1, by induction we have

> Pl < (1—%> > p) |l|+SKZ<]—f>

li<N 0 [iI<N

=S
< e "™ NP2 i| + KTy, ¥n > 0.
lil=N

Then using )", _ pi < ; we have

Now we are ready to prove the main result of this section stating the convergence of the solutions of problem (42) to the
solutions of problem (16).
Fors > 0 denote by p;""*

c,N,n+1

jus u

< Cp B0 [y

—1N c,h SN *

I

= {p;;"""}n=0 the unique solution to problem (42) with initial data .-

Lemma 7. Assume that 0 < s < To. Let T > 0 and ng be such that sng < T < (ng + 1) s. For any solution pc Ns g to (42) with

initial data p;™"° € DV and any solution p;™ (-) to (16) with initial data p;""° € DV it holds:

an+l K1 (¢t —,N,0 c,N,0
th (tnyr1) — Him < efne) H — Py

" + (eK1(fn+1) _ 1) sDy, (49)

CNO ¢, h, N and T, but not on s.

forn=0,...,ng — 1, where the constants K;, D, can depend on ph ( ), e

Proof. First we note by Lemma 13 in [8] p;" () € €2 ([0, T], R®*¥*") and then

dpy (ta) Le 2 d’pt (&)

Pt (tas1) =it () +5

dt 2 dez
for some & € ]ty, tn1[. Define the map GV : R2N+1 x R2N+T — R2N+1 py
1 1 . Dy ()
(6" o) =~ (Dﬁ P+ 7) (AR ), — = X2, 2m) (D Pi + =6
i Cc Ty o
2 c N
Since d is continuous, it is uniformly bounded in [0, T]. Then
H CIOET Al
") = " + s 6N (P @ @) = G (B ) [+ M . (50)
Following a similar argument as in [6, p. 2698] we obtain the estimate:
6Y 100 = G (2. @) |y = K (s = @allpw + 1p1 = pallpw gzl + 1)), (51)
for any p;, q; € DV, where K depends on o, h, Ty and c.
On the other hand, in view of Lemma 6 we get
pi™" w <CHe¥n p,CI‘N‘0 o <, foralln>0, (52)
where C does not depend on s.
Therefore, using (50)-(52) we have
[ vy = = [ e = ™
+ sk (5" (@) - p;” M+ @+ " ) ) + M )
= | e =
+sK1( (tn)—p,can 1N+‘ c.N.n+1 p;Nn m)—f—szM(T).
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Now by (42), (52) and ‘DN ( ek ") < 7 we deduce that

so that
“Ph (tn+l)_ cNn

By induction we obtain

c,N,n+1 c,N,n
py — Py

< sk, (53)

*lN

c,N,n

N (tn) — pi wt S%Ks.

av = <(1+sKy)|p

(1+sKk)™! —1
™ SKl
SK3

Ki(n+1)s _ s
+ (e 1) =

an+1 (0) cNO

IA

s%K;

(1+ sk)™ |pf

th (tnt1) —

ilN

€K1 (n+1)s

IA

piN (0) — pp™°

lN

forn=0,...,np—1. N
We consider the initial data p'cv ’hO given by (17). Then we define the step functions
Py o) = D P Kty (D X1, (0),
nezt i€z

ch_[ c,N,n

where py, Py is the unique solution to problem (42) with initial data pC b % and pfl ,N "= 0if|i| > N.

}mgN, n>0

Lemma 8. Let T > 0. Then p;,"* converges to p;™ in C([0, T1,[? (R)) as s — 0F, where p" (t, o) is the function defined
in (18) with the same initial data p?’f
Proof. LetT =T + 1andt € [0, T]. Forany 0 < s < 1 there exists n (s) such that t € [tacs)s ts)+1) C [0, T]. Then
2
=h
v = H2_ P

icR

2
<2n)y ™ =it (%))‘ +2hy

ieR ieR

2
N,s c,N,n(s c,N
C ( ) h,i © ph,l ()‘

2
DZ,N (tn(s)) - pzi\l (t)’ .

In view of t,) — t and pi‘” € C([0, T], I? (R)) there exists s; > 0, which does not depend on t € [0, T], such that Dier
2

‘p,ﬂ? (tn(s)) — p;‘,?’ (t)‘ < j—h if s < s1. Applying Lemma 7 we obtain the existence of s, > 0 (not dependingon t € [0, T])

such that

2
) ’pc ;= (%))‘

ieR

c,N,n(s) 2

py - (tn)

R2N+1
< C c N,n(s) c,N 2
— Py (tﬂ(s)) W

<G (I(1T_1>S<i’

if s < s,. Thus, there is s3 > 0 such that forany t € [0, T] and any s < s3 one has

ch 2
t, ) —pN (t, ) <e N
L2(R)

Finally, we will put together the three convergences from Section 2 and this new one.

We take sequences ¢, — 00, ¢y € N, hpm — 0(asn — 00), such that # = nhn € N. Let us consider the sequence
of initial data p°, p, p?mqhn’m and p'c"nfhn’m described in Section 2. Let p, p“™, phn e phn L phn n':' ** be the solutions to problems
(1), (4),(8), (16) and (42), respectively, with the corresponding initial conditions p° ,pCm, pCm,hn . and pCm i

Then from the results in Section 2 and Lemma 8 we have the following convergences:
pims — i in € ([0, T1, I (R)) as s — 07,
pimN — pi - inC([0, T], L*(R)) as N — oo,

pit = p™ inC([0,T],[*(R)) asn — oo,
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Table 1
@ =0.6; h=0.001; N=10000; s =0.1.

Value of ¢ Time 5™ " 1 @y ™" = B 2wy 155 = Bl2 ey
t=0.0 1.0 1.08085618491
t=0.1 1.0 0.882963512592
t=0.5 1.0 0.494129450788

¢=>50 t=1.2 1.0 0.23640717103 0.125390802601
t=438 1.0 0.0192086602722
t=10.0 1.0 0.001139880963
t=0.0 1.0 1.10354101408
t=0.1 1.0 0.907744048993
t=0.6 1.0 0.46468164988

¢=125 t=13 1.0 0.241399232916 0.0831586822063
t=6.2 1.0 0.019267902446
t =10.0 1.0 0.00432273450475
t=0.0 1.0 1.12440163552
t=0.1 1.0 0.930302934472
t=0.6 1.0 0.490055110457

¢ =500 t=15 1.0 0.234584869029 0.0400867762899
t=9.2 1.0 0.0196430452113
t =10.0 1.0 0.0163811084573

pm = p inC([0, T], 2(R) NL (R)) asm — oo.
Hence, we obtain the iterate limit

lim lim lim lim pﬁrg’:'s =p inC([0, T], [*(R)).

m—00 n—>00 N—00 s— 0+

5. Numerical simulations

This section is devoted to illustrate graphically the numerical simulations given by the discrete finite-difference
approximations from the previous section. We shall consider two different initial conditions, the first one being a Gaussian
density and the second one being a constant density inside an interval and zero outside of it. Let us point out that the
examples reported below are only a small sample intended for showing the behaviour of the approximations, and that
similar results are obtained when initial conditions are changed.

Gaussian density

Consider the problem (1) with initial condition given by the Gaussian function having a mean of —2 and a standard

deviation of 0.4:
1 ,1(@)2
0
(o) = e 204 )
0.4+/21

Let us fixed the parameters = 0.6,h = 0.001,s = 0.1and N = 10*. Figs. 1-3 depict the solution p;’N’” of (42) (with initial
data p’: ’,10 given by (17)) for different values of n and ¢ and the fixed points p, 5;';’1\' of problems (1) and (42), respectively. Table 1
collects, on the one hand, the numeric measures describing how fast the solutions of the discrete system (42) converge to

the unique fixed point of the system and, on the other hand, the distance in the space L?(R) of the unique fixed point ﬁf;N
of system (42) to the unique fixed point p of Eq. (1) with positive value of D(p).

Uniform density on an interval

Consider the problem (1) with initial condition given by the function

0 )1, ifo e[-2.5,-1.5],
p(o) = {0, otherwise.

Let us fixed the same parameters & = 0.6, h = 0.001,s = 0.1 and N = 10*. Figs. 4-6 and Table 2 show similar results as in
the previous example.

These numerical simulations suggest that the fixed point p is not only asymptotically stable but every solution with initial
data py satisfying D(pg) > 0 converges to it as time tends to +oo.
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Table 2
a =0.6; h=0.001; N =10000; s =0.1.

Value of ¢ Time ™"l ) ™" = B ey 1™ — Plli2ce)
t=0.0 1.0 1.20499712827
t=0.1 1.0 0.931089684917
t=0.6 1.0 0.447116512478

€=30 t=12 1.0 0.239084976463 0125390802601
t=438 1.0 0.0192266615085
t =10.0 1.0 0.00112649297488
t=0.0 1.0 1.22968032642
t=0.1 1.0 0.954905314626
t=0.6 1.0 0.473224445693

€=12 t=13 1.0 0.243729229683 0.0831586822063
t=6.2 1.0 0.0192858187493
t=10.0 1.0 0.00431010522074
t=20.0 1.0 1.24998608633
t=0.1 1.0 0.976049250289
t=06 1.0 0.498354753926

¢ =500 t=15 1.0 0.236303475973 0.0400867762899
t=92 1.0 0.0196628831918
t=10.0 1.0 0.0163955298278

-n=0.1
n=0.5]]
-n=12
-n=4.8

:F

SIS

=)
5

Fig.1. « = 0.6; ¢ =50.0; h =0.001; N = 10000; s = 0.1.

6. Conclusions

In this paper we have completed the mathematical study of the numerical scheme which was introduced in [8] in order
to study the non-Newtonian suspension model (1). In that paper, as explained in Section 2, the convergence of the solutions
of a sequence of approximative problems to the solution of the initial-value problem (1)-(2) was proved. In the present
paper, we have extended such results in two ways.

First, we have checked that in the approximative equations there exists a unique fixed point, and that it converges to the
unique equilibrium of the original equation with support outside the interval [—1, 1].

Second, we have considered a full discretized system (for both spatial and temporal variables), implementing in this
way numerical simulations of the solutions. What is more, these simulations allow for formulating an interesting and
realistic hypothesis about the asymptotic behaviour of solutions of the original equations.

The main advantage of our approximative scheme is the fact that we have been able to perform a rigorous mathematical
analysis of the convergence of the solutions and, moreover, we have shown that the essential features of the dynamics of the
approximative systems are the same as in the original equation (in particular, the limit point of the approximative solutions
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1.1 T T T
1 ’ : - t=s-n=0.1
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Fig.2. @ =0.6; ¢ = 125.0; h =0.001; N = 10000; s = 0.1.
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Fig. 3. Parameters: « = 0.6; ¢ = 500.0; h = 0.001; N = 10000; s = 0.1.

as time goes to infinity is close to the unique equilibrium of the original equation with support outside the interval [—1, 1]).
Such results are much more difficult or even impossible to achieve for more complex approximations. Of course, since the
approximations are simpler, the convergence is slower as well, which is a drawback. However, as the dynamics in our model
is quite simple (it seems that all the solutions with support outside the interval [—1, 1] converge to a given fixed point as
time increases), this is not relevant.
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Fig.5. « = 0.6; ¢ = 125.0; h =0.001; N = 10000; s = 0.1.
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