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Let numbers 𝑚, 𝑙, 𝑛 ∈ N be arbitrarily chosen. On the finite interval (𝑎, 𝑏),
we present some results on d-characteristics of the following linear boundary-
value problem

(𝐿𝑦)(𝑡) := 𝑦′(𝑡) +𝐴(𝑡)𝑦(𝑡) = 𝑓(𝑡), 𝑡 ∈ (𝑎, 𝑏), (1)
𝐵𝑦 = 𝑐. (2)

Here the matrix function𝐴 ∈ (𝐶(𝑛−1))𝑚×𝑚, the vector function 𝑓 ∈ (𝐶(𝑛−1))𝑚,
the numerical vector 𝑐 ∈ C𝑙 and the linear continuous operator
𝐵 : (𝐶(𝑛))𝑚 → C𝑙 are arbitrarily chosen.

We also let boundary condition (2) to be overdetermined (𝑙 > 𝑚) or unde-
termined (𝑙 < 𝑚) with respect to the differential system (1).

Using the linear continuous operator

(𝐿,𝐵) : (𝐶(𝑛))𝑚 → (𝐶(𝑛−1))𝑚 × C𝑙, (3)

we rewrite the boundary-value problem (1), (2) in the form of the equation

(𝐿,𝐵)𝑦 = (𝑓, 𝑐).

Theorem 1. Operator (3) is Fredholm with index 𝑚− 𝑙.
By 𝑌 ∈ (𝐶(𝑛))𝑚×𝑚 we denote a unique solution of the following matrix

Cauchy problem:

𝑌 ′(𝑡) +𝐴(𝑡)𝑌 (𝑡) = 𝑂𝑚, 𝑡 ∈ (𝑎, 𝑏), 𝑌 (𝑎) = 𝐼𝑚, (4)

where 𝑂𝑚 and 𝐼𝑚 denote the null and identity 𝑚×𝑚 matrices, respectively.

Definition 1. We call a complex numerical 𝑙 ×𝑚 matrix characteristic for
the boundary-value problem (1), (2) if each column of this matrix is the result
of the action of the operator 𝐵 upon the column with the same number of
the matrix function 𝑌 . We denote this characteristic matrix by 𝑀(𝐿,𝐵).

Theorem 2. For 𝑑-characteristics of the Fredholm operator (3), the relations

dimker(𝐿,𝐵) = 𝑚− rank𝑀(𝐿,𝐵), (5)
dim coker(𝐿,𝐵) = 𝑙 − rank𝑀(𝐿,𝐵). (6)

are true.
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Corollary 1. Operator (3) is invertible (i.e., a topological isomorphism) if
and only if 𝑙 = 𝑚 and the square matrix 𝑀(𝐿,𝐵) is nonsingular.

Together with the problem (1), (2), consider a sequence of boundary-value
problems of the form

(𝐿𝑘𝑦)(𝑡) := 𝑦′(𝑡) +𝐴𝑘(𝑡)𝑦(𝑡) = 𝑓𝑘(𝑡), 𝑡 ∈ (𝑎, 𝑏), (7)
𝐵𝑘𝑦 = 𝑐𝑘. (8)

Here, 𝑘 ∈ N, 𝐴𝑘 ∈ (𝐶(𝑛−1))𝑚×𝑚, 𝑓𝑘 ∈ (𝐶(𝑛−1))𝑚, 𝑐𝑘 ∈ C𝑙, and 𝐵𝑘 is a linear
continuous operator on the pair of the spaces (𝐶(𝑛))𝑚 and C𝑙.

Let associate the boundary-value problems (7), (8) with the sequence of
linear continuous operators (𝐿𝑘, 𝐵𝑘) : (𝐶

(𝑛))𝑚 → (𝐶(𝑛−1))𝑚 × C𝑙 and the se-
quence of their characteristic matrices 𝑀(𝐿𝑘, 𝐵𝑘) ∈ C𝑙×𝑚. As usual,
(𝐿𝑘, 𝐵𝑘)

𝑠−→ (𝐿,𝐵) denotes the convergence of the sequence of operators
(𝐿𝑘, 𝐵𝑘) to (𝐿,𝐵) in the strong operator topology. Here, all limits are con-
sidered as 𝑘 →∞.

Theorem 3. If (𝐿𝑘, 𝐵𝑘)
𝑠−→ (𝐿,𝐵), then 𝑀(𝐿𝑘, 𝐵𝑘)→𝑀(𝐿,𝐵) (as 𝑘 →∞).

Theorem 4. Suppose that

(𝐿𝑘, 𝐵𝑘)
𝑠−→ (𝐿,𝐵) as 𝑘 →∞. (9)

Then dimker(𝐿𝑘, 𝐵𝑘) 6 dimker(𝐿,𝐵) for all 𝑘 ≫ 1,

dim coker(𝐿𝑘, 𝐵𝑘) 6 dim coker(𝐿,𝐵) for all 𝑘 ≫ 1.

Assuming that condition (9) is satisfied, we obtain the following.

Corollary 2. If operator (3) is invertible, then operators (𝐿𝑘, 𝐵𝑘) are also
invertible for all 𝑘 ≫ 1.

Corollary 3. If the boundary-value problem (1), (2) has a solution for any
given right-hand sides, then this is also true for the boundary-value problems
(7), (8) for all 𝑘 ≫ 1.

Corollary 4. If the boundary-value problem (1), (2) has only a trivial solution
in the case of zero right-hand sides, then this is also true for the boundary-
value problems (7), (8) for all 𝑘 ≫ 1.

This result was published in [1].
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