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ABSTRACT. In this paper we consider sufficient conditions for the existence of
uniform compact global attractor for non-autonomous dynamical systems in
special classes of infinite-dimensional phase spaces. The obtained generaliza-
tions allow us to avoid the restrictive compactness assumptions on the space of
shifts of non-autonomous terms in particular evolution problems. The results
are applied to several evolution inclusions.

1. Introduction. The standard scheme of investigation of uniform the long-time
behavior for all solutions of non-autonomous problems covers non-autonomous prob-
lems of the form

Aeu(t) = Aoy (u(t)), (1)
where o(s), s > 0, is a functional parameter called the time symbol of equation
(1) (t is replaced by s). In applications to mathematical physics equations, a func-
tion o (s) consists of all time-dependent terms of the equation under consideration:
external forces, parameters of mediums, interaction functions, control functions,
etc; Chepyzhov and Vishik [4, 5, 8]; Sell [36]; Zgurovsky et al. [46] and references
therein; see also Hale [16]; Ladyzhenskaya [30]; Mel'nik and Valero [32]; Iovane,
Kapustyan and Valero [17]. In the mentioned above papers and books it is assumed
that the symbol o of equation (1) belongs to a Hausdorfl topological space Z of
functions defined on R, with values in some complete metric space. Usually, in
applications, the topology in the space =, is a local convergence topology on any
segment [t1,t2] C Ry. Further, they consider the family of equations (1) with vari-
ous symbols o(s) belonging to a set ¥ C Z,. The set ¥ is called the symbol space
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of the family of equations (1). It is assumed that the set X, together with any
symbol o(s) € X, contains all positive translations of o(s): o(t+s) =T (t)o(s) € &
for any t,s > 0. The symbol space X is invariant with respect to the translation
semigroup {T'(t)}>0: T(t)X C X for any ¢ > 0. To prove the existence of unifor-
m trajectory attractors they suppose that the symbol space ¥ with the topology
induced from =, is a compact metric space. Mostly in applications, as a symbol
space X it is naturally to consider the hull of translation-compact function og(s) in
an appropriate Hausdorff topological space =y. The direct realization of this ap-
proach to differential-operator inclusions, PDEs with Caratheodory’s nonlinearities,
optimization problems, etc, is problematic without any additional assumptions for
parameters of Problem (1) and requires the translation-compactness of the symbol
o(s) in some compact Hausdorff topological space of measurable multivalued map-
pings acts from R to some metric space of operators from (V — 2‘/*)7 where V is
a Banach space and V* is its dual space, satisfying (possibly) only growth and sign
assumptions. To avoid this technical difficulties we present an alternative approach
for the existence and construction of the uniform global attractor for classes of
non-autonomous dynamical systems in special classes of infinite-dimensional phase
spaces.

2. Main constructions and results. Let p > 2 and ¢ > 1 be such that %—&—% =1,
(V; H; V*) to be evolution triple such that V' C H with compact embedding. For
each t1,t2 € R, 0 < t1 <ty < 400, consider the space

Wiy 1o == {y(:) € Lp(t1,t2; V) : y'(+) € Ly(t1,t2; V™) },

where y'(-) is a derivative of an element y(-) € L,(t1,t2; V) in the sense of distribu-
tions D*([t1,t2]; V*). The space Wy, +, endowed with the norm

||yHWt1,t2 = ||yHLp(t1,t2;V) + Hy,”Lq(tl,tz;V*)? (JBS th,tzv

is a reflexive Banach space. Note that W, ;, C C([t1,t2]; H) with continuous and
dense embedding; Gajewsky et al [11, Chapter IV]. For each 7 > 0, consider the
Fréchet space

WIOC([T,—l—oo)) ={y:[r,+00) = H : I}, 1,y € Wy, 1, for each [t1,t2] C [T, 4+00)},

where II;, ¢, is the restriction operator to the finite time interval [¢1,t2]. We recall
that the sequence {f,,},>1 converges in W'°¢([r, +00)) (in C°°([r, +-00); H) respec-
tively) to f € W'¢([r,+00)) (to f € C'°¢([r,+o0); H) respectively) as n — +oo
if and only if the sequence {Il;, 1, fn}n>1 converges in Wy, 4, (in C([t1,t2]; H) re-
spectively) to II;, 4, f as n — +oo for each finite time interval [t1,t2] C [T, +00).
Further we denote that

T(h)y() = H0,+oo y( + h)’ Y€ WIOC(R+)a h > 0;

where Ry = [0,400) and Iy o is the restriction operator to the time interval
[0, +00).

Throughout the paper we consider the family of solution sets {K}};>0 such that
Kt c W'¢([r, +00)) for each 7 > 0 and K # 0 for some 75 > 0. In the most
of applications as K} can be considered the family of globally defined on [r,+00)
weak solutions for particular non-autonomous evolution problem (see Section 4).

To state the main assumptions on the family of solution sets {K}},;>0 it is
necessary to formulate two auxiliary definitions.
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A function ¢ € L¥°(Ry), v > 1, is called translation bounded function in
Loo(Ry) if
t+1
sup [ [pl)Pds < 4o
t>0 Jt

Chepyzhov and Vishik [7, p. 105]. A function ¢ € LI°¢(R.) is called a translation
uniform integrable (t.u.i.) function in LYP¢(R,) if

t+1
i sup [ o(s)L(s)| = K)ds =0
K—+oco t>0 J¢

Gorban et al. [13]. Note that Dunford-Pettis compactness criterion provides that
¢ € LY°(R,) is a tawi. function in LI°¢(Ry) if and only if for every sequence
of elements {7,},>1 C Ry, the sequence {¢(- + 7,)},>1 contains a subsequence
converging weakly in L°°(R, ). Note that for each v > 1, every translation bounded
in LlfC(RJr) function is t.u.i. in L!°¢(R,); Gorban et al. [13].

Main assumptions. Let the following two assumptions hold:

(A1) there exist a t.u.i. in L°(R,) function ¢; : Ry — Ry and a constant oy > 0
such that for each T > 0, y € K, and to > t; > 7, the following inequality
holds:

ly(t)l13 — Nu(tD)IZ + o / @)Lt < / et 2)

(A2) there exist a t.u.i. in LY°(R,) function co : Ry — Ry and a constant ag > 0
such that for each 7 > 0, y € K, and ta > t; > 7, the following inequality

holds:
to to to
| WOt <o [ lu@lde+ [ ®)
t1 ty t1

To characterize the uniform long-time behavior of solutions for non-autonomous
dissipative dynamical system consider the united trajectory space KCJ; for the family
of solutions {K}},>0 shifted to zero:

KE = J{Tmy(-+7) : y(-) e I, h >0} c W (Ry), (4)

7>0

and the extended united trajectory space for the family {K}},>¢:
K:+ = ClCIOC(R+;H) I:KS} 5 (5)

where cloioe, 5[] is the closure in C'°¢(Ry; H). Since T(h)K{ C K for cach
h > 0, then
T(h)KT C KT for each h > 0, (6)

due to
pcrecw, ;1) (T (h)u, T(h)v) < poroe(r, ;i) (u,v) for each u,v € C°°(Ry; H),

where pcioe(r ;) is the standard metric on Fréchet space C"¢(R,; H). Therefore
the set
X:={y(0) : ye £} (7)
is closed in H (it follows from Theorem 3.1). We endow this set X with metric
px(r1,m2) = |1 — 22||H, 71,72 € X

Then we obtain that (X,p) is a Polish space (complete separable metric space).
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Let us define the multivalued semiflow (m-semiflow) G : Ry x X — 2%:
G(t,yo) = {y(t) : y(-) € K* and y(0) =yo}, t=0,y €X. (8)
According to (6), (7), and (8) for each t > 0 and yo € X the set G(¢,yp) is
nonempty. Moreover, the following two conditions hold:
(i) G(0,-) = I is the identity map;
(ii) G (t1 + t27y0) cG (tl, G (t27y0)) , Vi, ts € R+, Vy() e X,
where G (t,D) = éJDG (t,y), D CX.
y
We denote by distx(C,D) = sup.ccinfqep p(c,d) the Hausdorff semidistance
between nonempty subsets C' and D of the Polish space X. Recall that the set ® C X
is a global attractor of the m-semiflow G if it satisfies the following conditions:
(i) ® attracts each bounded subset B C X, i.e.

distx(G(t, B),®) = 0, t— +o0; (9)

(ii) % is negatively semi-invariant set, i.e. $ C G (¢, R) for each t > 0;
(iii) % is the minimal set among all nonempty closed subsets C' C X that satisfy
(9).

In this paper we examine the uniform long-time behavior of solution sets {K} } >0
in the strong topology of the natural phase space H (as time ¢t — +00) in the sense
of the existence of a compact global attractor for m-semiflow G generated by the
family of solution sets {K}};>0 and their shifts. The following theorem is the main
result of the paper.

Theorem 2.1. Let assumptions (A1)-(A2) hold. Then the m-semiflow G, defined
in (8), has a compact global attractor R in the phase space X.

3. Proof of Theorem 2.1. Before the proof of Theorem 2.1 we provide the fol-
lowing statement characterizing the compactness properties of the family X in the
topology induced from C'°¢(R,; H).

Theorem 3.1. Let assumptions (A1)-(A2) hold. Then the following two state-
ments hold:

(a) for each y € KT, the following estimate holds
ly@l7 < [lyO)[[Fre™*" +cay 20, (10)
where the positive constants cz3 and c4 do not depend ony € KT and t > 0;

(b) for any bounded in Loo(Ry; H) sequence {yn}n>1 C KT, there exist an in-
creasing sequence {ny}r>1 C N and an element y € Kt such that

”HT,Tynk - HT,TyHC([T,T};H) — 07 k— 00, (11)

for each finite time interval [7,T) C (0,+00). If, additionally, there exists
Yo € H such that y,, (0) = yo in H, then y(0) = yo.

Proof of Theorem 3.1. Let us prove statement (a). If statement (a) holds for each
y € K7, then inequality (10) holds for each y € K*, due to (5). The rest of the
proof of statement (a) establishes inequality (10) for each y € k).

For an arbitrary y € K, there exist 7,h > 0 and z(-) € K such that y(-) =
T(T 4+ h)z(-). Assumption (A1) implies the following inequality:

to ta
()l — ly(t)lE +a1/ Iy dt S/ ci(t+ 7+ h)dt, (12)

t1 t1
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for each to > t; > 0, where ¢; () is t.ui. in LP°¢(Ry). Since the embedding V C H
is compact, then this embedding is continuous. So, there exists a constant 5 > 0
such that ||b||g < B||b]|v for each b € V. According to (12), since the inequality
a? < 1+ aP holds for each a > 0, then the following inequality holds:

to to
oy~ el 05 [ @l < [ e e m4n) +oglae (3
t1 ty

for each to > t1 > 0, where a3 = % Let us set

p(t) = IIy(t)II?quas/O IIy(S)HfHdS—/O [e1(s +7+h) +as]ds, t>0.

Inequality (13) and Ball [3, Lemma 7.1] yield that %£p < 0 in D*((0,+00)), where

4 is the derivative operation in the sense of D*((0, +00)). Thus,

d . .
aﬂy(t)lﬁq +asly(®)|Iz — ler(t+ 7+ k) + as] <0 in D*((0,+00)).
Therefore,
d
7 [||y(t)\|§{ea3t] — et ey (t+ 7+ h) +as] <0in D*((0, +00)). (14)

Ball [3, Lemma 7.1] and inequality (14) imply

2
ly(t2) 3 < lly(ta)|[Fre— o= +/t e (2= e (¢ + 7+ h) + ag]dt,  (15)

for each ty > t; > 0. Therefore,

ta
ly(t2) 1% <[ly(tr)]| et & / e 270 [e (t 4 7 + h) + ag) dt <
t1
to+7+h
ly(t) e + 1+ / emealta=tTHh) o (1) gt <
ti1+7+h

K
ly(t1)||3 e 14 Foas

to+7+h
/ e~ =T o) (1) ey (1)] > K},
t1+7+h

for each K > 0, to > t; > 0. Since the function ¢; : Ry — Ry is t.u.i. in L°¢(Ry)
(see assumption (Al)), then there exists Ky > 0 such that

t+1
sup/ le1 (8)|I{]er(s)] > Ko}ds < 1.
t>0 Jt

Thus,
2 2 —ag(ta—t1) Ko @
()l <lly(t)le™ ™7 + 14— 4+ e +1,
3
that yields estimate (10) with ¢3 := a3 and ¢4 := 1 + 5—; + e + 1, where the
positive constants c3 and ¢4 do not depend on y € KT and ¢ > 0.

Let us prove statement (b). Let {y,},>1 C K* be an arbitrary sequence that is
bounded in L (Ry; H). Since K is the dense set in a Polish space K+ endowed
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with the topology induced from C'¢(R,;H), then for each n > 1 there exists
u, € K} such that

1
oc(Ry ; nyUn) < —, f hn>1. 16
pcroc ;1) (Yns Un) ~ for each n (16)

Note that a priori estimate (10) provides that the sequence {uy},>1 is bounded
in Loo(Ry; H). Therefore, the rest of the proof establishes statement (b) for the
sequence {uy }n>1-

Let us fix n > 1. Formula (4) provides the existence of 7,,h, > 0 and z,(-) €
K such that u,(-) = 2n(- + 7 + hy). Then, assumptions (A1) and (A2) yield

tz t2
e (£2) 3 — llem (£2) 3 + o0 / lun (OB dt < / er(t+ T+ b,
t1

t
to to 1:‘,2 (17)
/ ||un'(t)|?/*dt§a2/ ||un(t)|\"’/dt+/ et + 7+ ),
t1 t1 t1

for each to > t; > 0 and n > 1.
We remark that

to to
sup/ le1(t + T + hp)|dt < 0o and sup/ |ca(t + T + hp)|dt < 00,  (18)
n>1Jty n>1Jt;
for each ty > t; > 0, since the functions c1,co : Ry — Ry are t.au.i. in LI°¢(R,).
Formulae (17) and (18) imply that the sequence {uy, },>1 is bounded in W°¢(R, ).
Thus, Banach—Alaoglu theorem and Zgurovsky et al. [44, Theorems 1.16 and
1.21] yield that there exist an increasing sequence {ny}r>1 C N and elements
y € Wloe(R,) C C°¢(R,y; H) and ¢, € LI°°(R,) such that

Up, =Y weakly in L1°¢(R,; V),

up, =Y weakly in L°(Ry; V™),

Up,, =Y weakly in C'°°(Ry; H), (19)
Un,, (t) = y(¥) in H for a.e. t >0,

c1(- + 7oy +hp,) — @ weakly in LIS(Ry), &k — oo,

where the last convergence holds due to the fact that ¢; € LP°¢(R,) is t.u.i. in
LI°¢(R.). According to (19), we can pass to the limit in (2). So, we obtain that y
satisfies (2).

We consider the continuous and nonincreasing (by assumption (Al)) functions
on Ry:

t
Ti(t) = lum, (O)]13 — / €1(5 + Ty + iy )ds,

t (20)
70 = Ol ~ [ s k=1
cf. Kapustyan and Valero et al. [19]. The last two statements in (19) imply
Ji(t) = J(t), as k — +oo, for a.e. t > 0. (21)

Similarly to Zgurovsky et al. [46, p. 57] (see the book and references therein) we
show that (11) holds. By contradiction suppose the existence of a positive constant
L > 0, a finite interval [7,T] C (0,+00), and a subsequence {uy, };j>1 C {tn, }x>1
such that

e fuk; (8) =y @)l = [l () =yl = L,
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for each j > 1. Suppose also that ¢t; — ¢ € [1,T], as j — +oo. Continuity of
IL; ry : [, T] — H implies

lin inf {|ug, (t;) — y(to)llsr = L. (22)
On the other hand, we prove that
ug, (t;) = y(to) in H, j — +oo0. (23)
For this purpose we firstly note that from (19) we have
ug; (t;) = y(to) weakly in H, j — +o0. (24)
Secondly we prove that

limsup [[ug; (¢)[| - < ||y (to)l| - (25)
Jj—+oo
We consider the continuous nonincreasing functions J and Ji;, j > 1, defined in
(20). Let us fix an arbitrary € > 0. The continuity of J and (21) provide the
existence of ¢ € (7,1¢) such that lim;_, Ji, (t) = J(t) and |J() — J(to)| < €. Then,

Ty (1) = T(t0) < |1y (B) = TD| + 1T (@) = J(t0)] < [T, (D) = D) + <,

for rather large j > 1. Thus, limsup;_, | . Jx; (t;) < J(to) and inequality (25) holds.
Thirdly note that the convergence (23) holds due to (24), (25); cf. Gajewski et
al. [11, Chapter I]. Finally, we remark that statement (23) contradicts assumption
(22). Therefore, according to (16), the first statement of the theorem holds for each
sequence {y, }n>1 C K.
To finish the proof of statement (b) we note that if, additionally, there exists
yo € H such that y,, (0) — yo in H, then, according to the third convergence in

Let us provide the proof of the main result.

Proof of Theorem 2.1. Theorem 3.1 implies the following properties for the m-semi-
flow G, defined in (8):

(a) for each t > 0 the mapping G(¢t, -) : X — 2%\ {()} has a closed graph;

(b) for each t > 0 and yg € X the set G(¢,yo) is compact in X;

(c) the set G(1,C), where C' := {z € X : ||z]|% < ¢4 + 1}, is precompact and

attracts each bounded subset C' C X.

Indeed, property (a) follows from Theorem 3.1 (see formulae (5) and (8)); property
(b) directly follows from (a) and Theorem 3.1(b); property (c) holds, since G(1,C)
is precompact in X (Theorem 3.1(b) and formula (8)) and the following inequalities
and equality hold:

distx(G(t,C), G(1,C)) < distx(G(1,G(t — 1,C)),G(1,C)) <

distx(G(1,C),G(1,0)) = 0,
for sufficiently large t.
According to properties (a)-(c), Mel’'nik and Valero [31, Theorems 1, 2, Re-
mark 2, Proposition 1] yields that the m-semiflow G has a compact global attractor
R in the phase space X. O
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4. Applications. In the following three examples we examine the uniform global
attractor for the family of solution sets {KI} generated by particular evolution
problems. In all the cases we assume that

Vze€ H Y7 >0 Jy € K} such that y(r) = z.

This assumption guarantees the equality X = H.

Example 4.1 (Autonomous evolution problem) Let {'} be a family of solutions
for an autonomous problem on [r, +00), 7 > 0. Then we have:

Yh >0 T(h)K{ Cc Kd; (26)
Vr>0Vye kK y(-+71)ekd. (27)
So, K = K¢ If additionally we have that
K is closed in C'°°(R,; H), (28)
then
Kt =Kd.

It implies that the m-semiflow G (defined by (8)) is a classical multivalued semigroup
generated by an autonomous evolution problem.

Example 4.2 (Non-autonomous evolution problem) Let {K1} be a family of solu-
tions for non-autonomous problem on [7,4+00), 7 > 0, and the following condition
holds:

Vs>7 >0 Vye KT T 400y(t) € KT (29)

Then, according to Kapustyan et al. [21], formula

U(t,7,2) ={y(t) : y() € KI, y(r) =z} (30)
defines a m-semiprocess, that is

Vt>s>7 Ult,71,2) CU(t,s,U(s,T,2)).

One of the most important objects for m-semiprocess (30) is uniform global attrac-
tor; Chepyzhov and Vishik[7], Kapustyan et al. [20], Zgurovsky et al. [46]. It is a
set © such that for every bounded subset C' C H

supdisty(U(t +7,7,C),0) = 0, t— oo, (31)
7>0
and © is minimal among all closed sets satisfying this property. Then under as-
sumptions (Al), (A2) and from (29) it follows that the m-semiprocess (30) has the
compact uniform global attractor © C R, where R is the global attractor for the
m-semiflow (8).
Indeed,
Vi>7r>0VzeH U(t+7,7,2) CG(tz2). (32)

So, if & is a compact global attractor for the m-semiflow G then, according to
Kapustyan et al. [20], there exists a compact uniform global attractor © for m-
semiprocess U and, moreover, © C R.

In the following example we examine the existence of uniform global attractor for
non-autonomous differential-operator inclusion. The uniform trajectory attractors
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for classes of non-autonomous inclusions and equations were proved to exist in
Zgurovsky and Kasyanov [48] (see also Gorban et al. [13]).

Example 4.3 (Non-autonomous differential-operator inclusion) For the multivalued
map A : Ry x V — 2V "M} we consider the problem of long-time behavior of all
globally defined weak solutions for non-autonomous evolution inclusion

y'(t) + A(t,y(t) 30, (33)

ast = +o00. Let (-,-)y : V* x V —= R be the pairing in V* x V, that coincides on
H x V with the inner product (-,-) in the Hilbert space H.

We note that Problem (33) arises in many important models for distributed
parameter control problems and that large class of identification problems enter
this formulation. Let us indicate a problem which is one of the motivations for the
study of the non-autonomous evolution inclusion (33) (see, for example, Migérski
and Ochal [33]; Zgurovsky et al. [46] and references therein). In a subset 2 of R?,
we consider the nonstationary heat conduction equation

@fﬂy:finﬁx (0, +00)

ot
with initial conditions and suitable boundary ones. Here y = y(x,t) represents the
temperature at the point x € (2 and time ¢ > 0. It is supposed that f = f1 + fo,
where f5 is given and f; is a known function of the temperature of the form

—fi(z,t) € 9j(x,t,y(x,t)) ae. (z,t) € Q x (0,+00).

Here 0j(x,t,&) denotes generalized gradient of Clarke (see Clarke [9]) with respect
to the last variable of a function j : © x Ry x R — R which is assumed to be
locally Lipschitz in € (cf. Migérski and Ochal [33] and references therein). The
multivalued function 9j(x,t,-) : R — 2% is generally nonmonotone and it includes
the vertical jumps. In a physicist’s language it means that the law is characterized
by the generalized gradient of a nonsmooth potential j (cf. Panagiotopoulos [35]).
Models of physical interest includes also the next (see, for example, Balibrea et al.
[2] and references therein): a model of combustion in porous media; a model of
conduction of electrical impulses in nerve axons; a climate energy balance model;
etc.
Let the following assumptions hold:

(H1) (Growth condition) There exist a t.a.i. in LY¢(Ry) function ¢; : Ry — Ry
and a constant ¢ > 0 such that [|d||{. < ¢1(t) + coflul]}, for any u € V,
d € A(t,u), and a.e. t > 0;
(H2) (Sign condition) There exist a constant a > 0 and a t.u.i. in LY¢(R, ) function
B : Ry — Ry such that (d,u)y > allull}, — B(t) for any u € V, d € A(t,u),
and a.e. t > 0;
(H3) (Strong measurability) If C C V* is a closed set, then the set {(¢,u) €
(0,400) x V : A(t,u) N C # 0} is a Borel subset in (0, +00) x V;
(H4) (Pointwise pseudomonotonicity) Let for a.e. t > 0 the following two assump-
tions hold:
a) for every u € V the set A(t,u) is nonempty, convex, and weakly com-
pact one in V'*;
b) if a sequence {uy}n>1 converges weakly in V towards u € V as n —
+00, dy € A(t,uy,) for any n > 1, and limsup,,_, , . (dn, un — u)y < 0,
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then for any w € V there exists d(w) € A(¢,u) such that

. B S _ .
Bﬂi{iﬁdm“" Wy > {(dw),u — w)y

Let 0 < 7 < T < +00. As a weak solution of evolution inclusion (33) on the
interval [7,T] we consider an element u(-) of the space Ly(7,T;V) such that for
some d(-) € Ly(7,T; V*) it is fulfilled:

T

T
—/Xammmﬁf/ww@MWﬁﬂ)Weqﬂhﬂwx (34)

and d(t) € A(t,y(t)) for a.e. t € (7,T). For fixed nonnegative 7 and T, 7 < T, let
us consider
XT,T = Lp(Ta T; V)a :,T = Lq(Tv T; V*)7
Wer={yeXerlyeXr}, Ar:Xer— 2%m1\ {0},
Arr(y) ={d € X7 r|d(t) € A(t,y(t)) for ae. t € (1,T)},
where ' is a derivative of an element v € X, 7 in the sense of D([r, T]; V*) (see,
for example, Gajewski, Groger, and Zacharias [11, Definition IV.1.10]). Gajewski,

Groger, and Zacharias [11, Theorem IV.1.17] provide that the embedding W, 1 C
C([r,T); H) is continuous and dense. Moreover,

T
(WD), (1) = (ulr)v(r) = [ [ @00y + O u)v ]t @)

for any u,v € W, r.

Migérski [34, Lemma 7, p. 516] (see the paper and references therein) and the
assumptions above provide that the multivalued mapping A, r : X; 17 — PR \ {0}
satisfies the listed below properties:

(P1) There exists a positive constant ¢y = Cy(7,T') such that [|d|x:, < C1(1+
||y\|§(:1T) for any y € X, 7 and d € A, r(y);
(P2) There exist positive constants Cy = Co(7,T) and C3 = C3(7,T) such that
(dy)x,.r = Callyll, . — Cs for any y € X; 1 and d € A 7(y);
(P3) The multivalued mapping A, : X, 7 — 2577\ {§} is (generalized) pseu-
domonotone on W, r, i.e.
a) for every y € X, r the set A, r(y) is a nonempty, convex and weakly
compact one in X7 r;
b) A. 1 is upper semi-continuous from every finite dimensional subspace
X into X7 7 endowed with the weak topology;
c) if a sequence {yn,dp}n>1 C Wrr X X7 7 converges weakly in Wr p x
X7 towards (y,d) € Wor x XZ 1, dn € Az r(yn) for any n > 1, and
limsup,, , | oo (dn,¥n —¥Y)x,, < 0, then d € A, 7(y) and lim,_, oo (dp,
yTl>X7-,T = <d’ y>X7-,T'

Formula (34) and the definition of the derivative for an element from D([r, T]; V*)
yield that each weak solution y € X 7 of Problem (33) on [7, T] belongs to the space
W, and ¥’ + A, 7(y) > 0. On the contrary, suppose that y € W, 1 satisfies the
last inclusion, then y is a weak solution of Problem (33) on [r,T].

Assumption (H1), properties (P1)—(P3), and Denkowski, Migérski, and Papa-
georgiou [10, Theorem 1.3.73] (see also Zgurovsky, Mel'nik, and Kasyanov [44,
Chapter 2] and references therein) provide the existence of a weak solution of Cauchy
problem (33) with initial data y(7) = (") on the interval [, T}, for any y(7) € H.
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For fixed 7 and 7', such that 0 < 7 < T < 400, we denote
D7 (y ) = {y(-) | y is a weak solution of (33) on [r,T], y(r) =y}, ¢ € H.

We remark that DT,T(y(T)) # () and DT’T(y(T)) CWrp, if0 <7< T < 40
and y(7) € H. Moreover, the concatenation of weak solutions of Problem (33) is
a weak solutions too, i.e. if 0 < 7 <t < T,y € H, y(-) € Dy4(y"), and
v(-) € Dy, r(y(t)), then
_ [ uls), selnt,
=1 Uy e
belongs to D, r(y(M); cf. Zgurovsky et al. [46, pp. 55-56].
Gronwall’s lemma provides that for any finite time interval [7,7] C R4 each
weak solution y of Problem (33) on [r, T] satisfies the estimates

()3 —2 / B(6)ds + 20 [ € 18de < (o) —2 / “Ble)de,  (36)

t
ly@)IIF < lly(s)lFre 27 + 2/ (B€) +an)e 27 Sdg, (37)

where t,5 € [1,T], t > s; v > 0 is a constant such that ~|ul/}, < [Jul]{, for any
u € V; cf. Zgurovsky et al. [46, p. 56]. In the proof of (37) we used the inequality
lull?; — 1 < |jul/%; for any u € H.

Therefore, any weak solution y of Problem (33) on a finite time interval [7,T] C
R, can be extended to a global one, defined on [7,400). For arbitrary 7 > 0 and
y(") € H let D, (y™)) be the set of all weak solutions (defined on [r, +00)) of Problem
(33) with initial data y(7) = ™). Let us consider the family K} = U, cxDr(y(™)
of all weak solutions of Problem (33) defined on the semi-infinite time interval
[T, +00).

Properties (P1)—(P2) imply assumptions (Al) and (A2). Therefore, Theorem 2.1
yields that the m-semiflow G, defined in (8), has a compact global attractor  in
the phase space H.
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