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INTRODUCTION

The rapid improvement of the technology of the production of integrated semiconductor components, which provides the possibility of creating highly economical digital devices for processing and storing information, as well as the emergence of effective programming tools, have an increasingly significant impact not only on the ro-flow of measurement and control techniques, but also on approach to the construction of automatic control systems.
Conventional analog or digital controls are designed to perform a small number of basic functions. The use of the same digital calculators for control purposes can significantly expand the range of solved tasks, because they are programmable and can perform complex calculations.
Therefore, for digital object control, many new methods can be developed, which at the lower level can be used in the form of programmed algorithms, and at the upper levels - in the form of programs for the implementation of problem-oriented computing methods. Since generalized control with the backward or direct link is formed at all levels, multi-level control algorithms should be designed and used with respect to a particular object.






In this methodical manual, issues of digital control and simulation are considered only at the lower level. To describe the discrete processes used  - transformation, describing the function  as the sum of the elementary members contained in the tables  - transformations, or just dividing a numerator  to denominator. In the examples considered, tables are used to switch from continuous systems to discrete ones  - transformations as well  - forms of integrating links. To construct digital models of complex systems, the method of decomposing a transfer function into elementary fractions is used. Much of the material refers to the definition of the structure and parameters of corrective devices (regulators). In particular, examples of the use of parametric optimization of determination of parameters of PID-regulators using the Butterworth polynomials are considered.
Examples of implementation of digital regulators with successive and parallel pulsed filters are given.
An analysis of digital control systems is carried out on examples of synthesis of a digital control system with aperiodic transient process and research of combined control effect of a digital system with second order model. Transient processes in an electric drive with a digital PID controller using the Simulink model are investigated.
The appendix describes the order of execution of the calculation and graphic work on the synthesis of the structure and parameters of the digital controller for objects of the second in-line with the given input influences and variants of the task.
[bookmark: _Toc534880072]
1. GENERAL INFORMATION ABOUT DIGITAL SYSTEMS OF CONTROL (DCS)

[bookmark: _Toc534880073]1.1. Typical circuits of discrete control systems

Discrete systems differ from analog (continuous) because the signals at one or more points of these systems represent a sequence of pulses or a digital code.
In the literature on the control of the terms "impulse systems", "digital systems" are used quite arbitrarily.
Rather, the term "impulse" refers to systems with amplitude pulse modulation the term "digital" usually refers to systems in which signals are generated by computers or digital devices in the look-ahead codes. However, in real control systems, analog and pulse signals, as well as digital codes, can be present. Therefore, the term "discrete" systems are used in the broad sense to describe all systems in which signals have a digital or pulse shape.
In fig. 1 shows a typical impulse control system. The quantifier is a device whose output signal has the form of a periodic or no periodic sequence of pulses. In practice, quantization with a constant period and multiple quantizations are the most common.



Fig. 1. Typical pulse control system

The filter serves as an anti-aliasing function because most controlled processes are designed to receive analog signals.



Fig. 2 illustrates the principles of the quantizer. The continuous input signal  is quantized in time with the output signal  quantization is a sequence of pulses. It is assumed that in the considered system the quantum frequency is constant, and the amplitude of the pulse at the moment of closure is determined by the corresponding value of the input  the signal.


Fig. 2. Principles work of quantizer

In digital control systems (DCS), signals at one or more points are represented by digital codes used by digital devices or computers. The structure of such a system is shown in Fig. 3.


Fig. 3. Structural scheme of DCS
The presence of several points in the system of signals in the form of a digital code, for example, binary determines the use of digital-to-analog (DAC) and analog-to-digital (ADC) converters.
Although there are significant differences between the structures and the elements of the pulse and digital systems, the mathematical descriptions of these systems are similar and they can be investigated by the same analytical methods.
The DAC performs a decoding operation over the input data. On the output, we have an analog signal. The DAC is required as an interface (connecting) means between a digital channel or a computer and analog equipment. The DAC is also called a decoder.
ADC converts an analog signal into a digital code. ADC is the necessary interface equipment of the analog subsystem, the output signals which are supposed to be processed in the computer.
An integral part of the ADC is a sampling and storage device (DSS), which collects an analog signal and stores it to the next sample.
When the signals from multiple devices must be treated the same processor or information channels, to represent these signals as a sequence using the device, called a multiplexer. This sequence of signals is processed by the processor in time division mode.
For systems of digital control of real objects, it is important to the rational choice of the quantization period, which has a dominant role in the influence of ADC on the characteristics of the system.
Since the conversion time can only be reduced by using a higher-speed converter, the limitation on the maximum input signal frequency can be made less rigid when using a DSS input port of ADC. The DSS quantizes the input signal by time and then stores the signal value throughout the conversion time.


Quantization frequencies  (Hz) or  (rad/s) related to the quantization period Т correlations:


, .
The frequency of quantization depends on many factors associated with the signal transduction and system characteristics.
The DSS must work at such a frequency that the information that is contained in the input signal has not been lost during sampling and storage. For example, if the input signal is sinusoidal, then it is necessary to have a quantization frequency, which is more than twice the time-frequency of the input signal (VA Kafelnikov’s theorem).
The period of quantization is also related to the stability of the digital system. Therefore, for closed systems, the choice of the required quantization period is sometimes dictated by considerations of stability.

[bookmark: _Toc534880074]1.2. Simplification of structured circuits with ADCs and DACs

If the resolution of the ADC is very large, then the nonlinear effects of quantization on the level can be neglected; In this case, the decoder and encoder transformation functions can be represented by transmission coefficients. Then, the structural schemes of the ADC and the DAC are reduced to the scheme of the DSS, which is valid in the analytical study of digital systems.
Consider the control system (CS) with the position of the electric drive (ED) with digital control (Fig. 4).



Fig. 4. The system of control of the position of the electric drive from the DC
Signals bearing position and speed information are received from digital devices (they are presented in the form of quantization and latches). The quantifier converts the analog signal into a pulse at each clock point, and the latch keeps its re-vein unchanged until the next clock torque. The figure illustrates a situation in which two quantizers have different quantization periods (such systems are called multiple quantization systems).
Simplified structural scheme of the rice system. 4 is shown in Fig. 5, where the ADCs and DACs are replaced by a DSS.



Fig. 5. Simplified structural scheme of the control system


In this scheme, the controller is represented by a discrete transfer function, and analog elements - corresponding continuous transfer functions.
About how many sampling and storage operations are important in digital control systems, it is necessary to have a simple, easy to implement, model of the DSS.
Although DSS in practice is usually a single device, analytical sampling and storage operations are conveniently considered separately. The main element of the DSS is a fixer.

[bookmark: _Toc534880075]1.3. Digital model with quantizer and fixer

If the signal approximation between two consecutive samples is performed without a gap, then the device that implements such a mode is called a zero-order fixer or extrapolator. This type of fixer is used to simulate the fixation operation in the PVA. The work of the quantizer and latch is illustrated by a simple simplified scheme shown in Fig. 6



Fig. 6. Scheme of quantization and fixer



It is assumed that the capacitor instantaneously charges up to the voltage  at the time of sampling . Since the quantizer key is open during the period , then the capacitor retains charge until the next pulse from the quantizer arrives. It is assumed that the input impedance of an amplifier is infinite, so the discharge of the capacitor is absent. Thus, the latch of the zero order transforms the input pulses into a sequence of rectangular pulses.



The reaction of the latch on the impulse effect is written as:, where  - single step function. Then the transfer function of the lock of zero order .

The accuracy of the zero-order lock as an extrapolation device essentially depends on the quantization frequency . In practice, the zero-order fixer (ZOF) is used exclusively.
Research of digital control systems is usually done by digital modeling. To do this, you need to describe the continuous part with a discrete transfer function.
There are many ways to replace a continuous system with a digital model.
As a rule, the following three methods are used:
1) introduction into the continuous system of DSS;
2) numerical integration;
3) Approximation using Z-forms.
Consider a digital model based on the DSS.


Discrete transfer function of the integrator


;   .


Therefore  -   - integrator form with step approximation.
In the general case, the construction of a digital model based on the DSS is carried out according to the scheme




 – - transfer function based on discrete Laplace transform. Basic formulas  – - transformations are shown in tab. 1


;  .
[bookmark: _Toc534880076]Example 1.1


Define a discrete transfer function that is continuous ,  two methods:

– based on  – Laplace transformation



, ; ,

Table 1. Basic formulas - transformation
	Original
functions
	Image
continuous functions
	Z-transformation

	
	by Carson


	by Laplace


	by Laplace
	based on
Z-forms

	

	1
	

	

	1

	

	

	

	

	


	

	

	

	

	


	

	

	

	

	


	

	

	

	

	





;
– based on Z-forms

.




Since at,,, then for small values of the value  the two methods give practically the same results.

From the comparison of the two methods of digital modeling, it is seen that application  - forms determines a simpler model and is easy to apply to virtually any linear system at small quantization periods. In real microprocessor control systems, it is not always advisable to use a small period of discretion, which is limited by the speed of the controller. In these cases, it is necessary to apply schemes with sampling and storage devices (DSS).

Let's make a comparison of the two methods of simulation under the input influence  for the following parameter values:



         .
Then for the first option

.


Equation of condition



;      ;       .
For the second option

.


Equation of condition



;     ;     .

We compare the options using tab. 2. Graphs of transition processes are shown in Fig. 7. Curve 1 corresponds to the simulation of the first method (using Z - transformation) completely coincides with the exact transition defined by the equation . Curve 2, obtained using Z - forms, at a given sampling period Т differs sharply from the exact schedule of the transition process.

If you accept , then curve 2 will accept the position 3, shown by the dashed line.



Table 2. Comparison of two variants of modeling
	

	

	

	

	

	

	


	
	
	

	

	

	

	
	
	

	0
	1
	1
	0
	1
	0
	0
	0
	0

	1
	1
	1,45
	1
	1,2
	1
	0,55
	0,8
	0,55

	2
	1
	1,65
	1,45
	1,24
	1,2
	0,8
	0,96
	0,8

	3
	1
	1,74
	1,65
	1,25
	1,24
	0,91
	0,99
	0,91

	4
	1
	1,78
	1,74
	1,25
	1,25
	0,96
	1
	0,96

	5
	1
	
	1,78
	
	1,25
	0,98
	1
	0,98




Fig. 7. Graphs of transition processes
[bookmark: _Toc534880077]
2. DIGITAL CORRECTIVE DEVICES
[bookmark: _Toc534880078](REGULATORS)

To improve the quality of regulation of electromechanical systems (EMC) use special adjusting devices introduced in the direct control channels or in the backlinks. The most versatile means of correction is the use of digital regulators. Functions of digital regulators can be performed by pulsed filters or microcontrollers. Compared to analog, digital controllers provide much better quality control.
Another advantage is that the control algorithm can easily be changed by changing the controller program, especially when the controller is based on a microprocessor. In the design of digital regulators, their implementation should be taken into account.
There are many ways to implement a digital regulator. It may be a passive four-pole, located between two DSS.
It is also possible to implement a digital controller (DC) based on the computer. In this case, it must be remembered that the computers are inherent in such limiting factors as the amount of memory, the memory speed, the speed of the account. Therefore, it is not always analytically defined structure and parameters of the regulator can be realized on real elements.
Physical reliability is determined by the coefficients of the transfer function, which can be represented as the ratio of two polynomials

.

So that the DCs will be physically implemented, decomposition  in a power series should not contain positive degrees Z. Hate one member with a positive degree Z means "warning", that is, indicates that the output signal is ahead of the input.
In this manner that the transfer function will be implemented, the order of its denominator should be greater than the numerator order.
If the transfer function of the CR has the same number of poles and zeros, then it can be represented in the form

.


The condition of physical realization will be  if .

[bookmark: _Toc534880079]2.1. Continuous Impulse Filter (IF)

Pulse filter is an electric four-pole, located between two sampling and storage devices. The digital regulator can be implemented in the form of a sequential pulse filter, a pulse filter in the feedback or a combined type pulsed filter.
The implementation of a digital regulator in the form of a sequential IF is shown in Fig. 8.


Fig. 8. Diagram of the digital controller in the form of IF


The zero-order extrapolator (ZOE) connected to the digital controller output indicates that the digital signal before entering the continuous process input , undergoes a digital-to-analog conversion. This extrapolator is also stored in the block diagram of a sequential IF.

Transfer function  corresponds to an arbitrary electric circle; however, for reasons of simplicity and cheapness, preference is given to RC - four-pole or circuit-based operational amplifier. Based on Fig. 8 have

 or

.											(1)
This relationship allows you to determine the transfer function of the digital controller.
[bookmark: _Toc534880080]Example 2.1
Assume that the transfer function of the digital controller

, quantization period Т = 1 с.

Need to be realized  in the form of a sequential pulse filter in accordance with the structural scheme of Fig. 8

Substituting the meaning  in (1), get it

.
Let's expound the last expression on elementary fractions:

.							(2)


Bearing in mind that;  



where ,  and , 
image by Laplace IF will be recorded as follows

.						(3)
Transfer function of IF

												(4)

is realized in the form – four-pole, shown in Fig. 9, a. This transfer function can also be implemented on the operating amplifier (Fig. 9, b).


 Fig. 9. Principal electrical circuit of a four-pole

In this case, the transfer function of the IF will have the form: 

												(5)








where   МOhm;  МOhm;  microfarad; ; ; ;  МOhm.

[bookmark: _Toc534880081]2.2. Pulse filter in the feedback circuit

To show how the correction is implemented with the help of analog regulators in the feedback circuit, consider the system depicted in Fig. 10


Fig. 10. The structural scheme of the digital system
Compare this system with a digital system with a sequential corrective link (Figure 11).


Fig. 11. The structural scheme of the digital system





We will assume that the desired transfer function of the digital controller has been found . We will show that in the system shown in Fig. 11, the regulator in the feedback  can be synthesized, getting the ratio between  and . These systems have in the closed condition transfer functions, respectively:

;									(6)

;										(7)

Multiplying the numerator and denominator of the expression (6) to , get it

;				(8)
Comparing the transfer functions (7) and (8), we see that they will be equal if there are equal denominators. This is equivalent to equality

 or

.									(9)




Then with a known transfer function  digital controller, you can find the transfer function . However, when determining  it is important to keep in mind the condition of physical realization . In order for the transfer function to be physically implemented, the system should not respond to the output before the input signal appears. This is true for both continuous and digital systems.
[bookmark: _Toc534880082]Example 2.2
Let the system of Fig. 10

.									(10)



Since  has a different number of poles and zeros, and the zeros are simple and located inside the circle , then  can be implemented in the form of RC - schematics or on operational amplifiers.
Substituting (10) in (9), we get

.		(11)
Next, we will find the Laplace transform corresponding to each member of the expression (11), and we get (at Т = 1 с)



which implies



.											(12)
Expression (12) can be implemented on operational amplifiers (Figure 12). The parameters of the scheme are determined by the following relationships:




; ; ; .

Taking microfarad, we will have




 МOhm; ;  МOhm; ;

 МOhm.


Fig. 12. Scheme for Operational Amplifiers

[bookmark: _Toc534880083]3. BUILDING OF DIGITAL MODELS BY METHOD OF PLATING TRANSMITTED FUNCTIONS ON ELEMENTS OF DRILL

For systems that have high-order transfer functions to use for constructing digital models with the Z-transform table, you must represent the transfer function as the sum of simple add-ons.
Since in the general case the transfer function is represented by a fraction in the form of a polynomial of a numerator to a polynomial of a denominator of different degrees, then such a function, as is known from the mathematical analysis, can be unified in a single way into elementary fractions.
Suppose that in the general form the transfer function of the linear part of the system has the form:

						(13)


where  – respectively, the order (degree) of the numerator and denominator, and the order of the numerator is always less than or equal to the order of the denominator .



As can be seen from formula (13), the coefficient of adding the polynomial of the denominator containing the operator  to the maximum degree  should be equal to one. If the member has a coefficient  different from a unit, then the numerator and denominator fraction must be divided into this factor.
Any transfer function consisting of the ratio of the polynomial of the numerator to the polynomial denominator can be the only possible way to decompose into elementary fractions. The result of the expansion in the general form will look like this:



.		(14)
The coefficients of decomposition, as well as the roots, can be both real and complex.







In case of complex roots of a polynomial denominator, the summands of decomposition of the form   or so can be represented as a pairwise sum of two summands of the form   and  with complex coefficients ,  and complex roots , .
It should be noted that the complex roots of the polynomial and the complex coefficients of decomposition are always coupled together, with the actual part of the roots of the characteristic polynomial in a steady system is always negative.




If the coefficients of decomposition and  and the roots of the characteristic polynomial and  then you can write the following expression:
[image: ]







[image: ]





or 

where .
The given procedure can be extended to any pair of complex roots, depending on the degree (order) of the characteristic polynomial.




Uncertain decomposition coefficients can be determined using a known root substitution. Because the polynomials of the left and right sides of expression (14) after being brought to the common denominator must be identically equal, then their values are equal at any particular value of the roots . Giving roots  private values, we obtain an equation for determining indefinite decomposition coefficients .


Let us consider in the general form the decomposition of the transfer function (13) into elementary fractions, taking into account the decomposition structure (14) for the roots of the characteristic polynomial, included in (14) in the first degree. We count that the order of the numerator is strictly less than the order of the denominator , so the remainder  missing.





.					(15)

To determine uncertain decomposition coefficients  you need to release the equation (15) from the denominator and bring it to the equality of two polynomials:





.								(16)


Since equation (16) is an identity and is valid for any values of the roots , then it is advisable to give such values , so that all members of the right-hand side, in addition to one, go to zero. Thus obviously the roots of the denominator of the right-hand side of the expression (15).



For example, when substituting  all members of the right-hand side, containing the multiplier  turn to zero, after which it will be possible to determine the indefinite decomposition coefficients .


Similarly, we find coefficients for any elementary fraction


The method of indeterminate coefficients is based on using the known root substitution. According to this method, taking into account that equality (14) is an identity, bringing the elementary fractions to a common denominator, we obtain the identical polynomials in the numerators of the left and right parts. Equating coefficients at the same degrees p, we obtain a system of equations for determining the unknown coefficients of the right-hand side of identity (14).


In the example, we will show the application of the method of indefinite coefficients for decomposing a second order transfer function into elementary fractions. We accept the real roots of the characteristic polynomial and the degree of the polynomial of the numerator  and polynomial denominator. Then the transfer function (13) will have this form:

.									(17)

Characteristic polynomial denominator  in the case of real roots can be expanded into multipliers

							(18)


where  and  the roots of the quadratic equation, which can be found in the following formulas:



,  ,   а 
Then using the method of indeterminate coefficients, you can write the following identity:

.
Let's bring the right part of the obtained identity to a common denominator.

.
Equating the numerators of the left and right sides of the resulting expression.

.
Compare the uncertain coefficients of the right-hand side of the obtained dependence with certain values of the coefficients of the left-hand side at the same degrees р, as a result, we obtain a system of linear algebraic equations




from which will find the coefficients  and .
If the roots of the characteristic equation are complex


then according to the dependence (18) we obtain

.
Consequently, the transfer function (17) will take the form

.									(19)
The decomposition of polynomials of transfer functions into elementary fractions due to the complexity of finding the roots of a characteristic polynomial is expedient to perform in special mathematical software packages such as MATLAB, Mathcad, MAPLE, MATEMATICA, etc.
Formulas Z-transformations for transfer functions of the second order are presented in Table. 3








Table 3. Formulas of Z-transformations

	Transmitting
function
	Transformation
Laplace
	Z-transformation

	

	

	


	

	

	


	

	

	


	

	

	


	

	

	


	

	

	


	

	

	


	

	

	







[bookmark: _Toc534880084]
4. CHOICE OF STRUCTURE AND PARAMETERS
[bookmark: _Toc534880085]CORRECTION DEVICES WITH AID
[bookmark: _Toc534880086]PARAMETRIC OPTIMIZATION

In the theory of automatic control, approximate methods of calculations of automatic control systems are used, for example, the synthesis of logarithmic frequency characteristics. Using them you can define the structure and parameters of the automatic system. However, the transition process in such a system may be far from real.
Therefore, due to the widespread use of computer technology, it becomes urgent to use more precise methods of the analytical method for calculating automatic control systems, which allow determining the parameters of the system that provide the highest quality indicators.
One of the methods for solving this problem is parametric optimization, according to which the characteristic polynomial of a closed system is used. The type of transition process is given by the appropriate choice of the roots of this polynomial. At the same time, it is not necessary to determine the roots, because in the literature the standard characteristic polynomials for which the curves of transient processes are determined with a single step effect are given. These curves with optimal quality criteria are recommended as descriptions of the desired process.

One of the possible indicators of the quality of the transition process may be its deviation from the ideal step function , which can be estimated using the integral

,									(20)

where  – transitive function of the system.


By minimizing this integral, optimal transients can be determined for systems of a different order. In Fig. 13 such processes are for systems of 2 - 8 orders. In this case, along with the axis of abscissa in these graphs, the relative time is set aside , here  - the root of the characteristic polynomial, which determines the speed of the system.

One of the possible ways of optimizing processes on a parametric principle is the use of Butterworth filters, whose roots of characteristic polynomials are located in the left half-plane in the vicinity of the radius. .
In Fig. 13 and Tab. 4 shows the characteristics of the Butterworth filter.
[image: 2]
Fig. 13. Transient characteristics of Butterworth systems
Table 4. Characteristic polynomials of the Butterworth model
[image: 1]

[bookmark: _Toc534880087]Example 4.1
Perform parametric optimization for the technical object control system, the structural scheme of which is shown in Fig. 14


Fig. 14. Structural scheme of the control system (to example 4.1)


System parameters: 


When defining the parameters  and  used by Butterworth's model.
Transfer function of the regulator

.							(21)


If  then you can compensate for the effect of the constant  and improve system performance. Therefore, we will accept

.													(22)
Taking into account (22), the transfer function of the closed system is 

.								(23)
The characteristic polynomial will look like:

.										(24)
According to Table 4 is a characteristic polynomial of the standard Butterworth model of the second order

.
To ensure that the transient process in the synthesized system is satisfactory to the Butterworth policy, a condition must be fulfilled

										(25)
which implies

.

The value of the relative time according to the graph for the second order is equal .
Therefore

.

Coefficient  is determined by the dependence

.
Therefore

.
To determine the value of overregulation we define the roots of the characteristic equation

.

.
Transfer function of the considered system

									(26)

where .

The original of the expression (26) at 

.						(27)

To determine the overshoot, you need to find the constant and maximum value  in transition mode.

Steady value  equals

.

To determine the maximum value you must take the derivative  and equate it to zero



.

Therefore .

Substituting value  in (27), we obtain


 where .
Then the value of overregulation

.
In the considered example, the PI-regulator was adopted as a correction device, which simplified the parametric optimization problem. Therefore, consider an example of a second, with the same object of control, but chosen by the PID-regulator as a correction device.

[bookmark: _Toc534880088]Example 4.2
Perform parametric optimization for the second order object control system with a corrective device (Figure 15).


Fig. 15. Structural scheme of the control system (as in Example 4.2)

Transfer function of the correction device (regulator)

;
transfer function of a closed system






where ; .
According to the standard polynomial of the third order of the Butterworth model



coefficients  are determined from the system of equations

									(28)


From the third equation of the system (28) is determined , setting the value , from the first and second are the coefficients


 .



Value  is accepted so that  and  had positive values.
The digital model of the corrected control system will be determined by the transfer function of the continuous system

				(29)
and the digital regulator - according to the structural scheme presented in Fig. 16


Fig. 16. Structural scheme of the digital regulator

[bookmark: _Toc534880089]Example 4.3
Perform parametric optimization of the system with the fourth-order control object (Figure 17).


Fig. 17. Structural scheme of the control system (to example 4.3)
To determine the parameters of the regulator are the roots of the characteristic equation

.
Consequently, the transfer function of the control object will have the form

.			(29)
We adopt a PID controller that compensates for the oscillatory component of the denominator (29):

 				(30)

where .
The block diagram of the system with the digital PID controller (30) is shown in Fig. 18


Fig. 18. Structural diagram of digital-analog control system


A coefficient  is determined from the condition of the agreement of the characteristic polynomial of an adjusted closed system with the standard Butterworth polynomial.
The transmission function of a closed system with an analog regulator with allowance for parametric optimization is equal to

									(31)

where .
Simulink-model system Fig. 18 is shown in Fig. 19. (When setting up discrete blocks it is necessary to specify numerical values of sampling Т).
In the classic theory of operative number for the display of differential operation, the complex operator is p, and when modeled in the Matlab system, the symbolic operator s.
[image: ]U1
U2

Fig. 19. Simulink model of digital-analog control system (to example 4.3)
Graphs of transient processes with single step input influence are shown in Fig. 20
[image: ]t
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Fig. 20. Charts for changing the signal U2 at U1=1,0:
1 - in the absence of a digital regulator;
2 - when using the regulator
[bookmark: _Toc534880090]Example 4.4
Determine the structure and parameters of the digital controller of the control system of the speed of the electric drive of a direct current, the structural scheme of which is shown in Fig. 21


Fig. 21. Structural scheme of the control system
the speed of the electric drive

The electric drive with the following values of parameters is considered:

– given moment of inertia kg∙m2;

– active resistance of the anchor chain of the engine Оhm;

– electromagnetic constant time of the engine ;

– the coefficient of amplification of the thyristor converter (ТC) ;

– constant time of TC, ;

– speed feedback rate ;

– the transfer function of the continuous regulator ;

– the coefficient of proportionality of electric-driving force (moment) .
The transfer function of the engine 

					(32)


where  – transmission coefficient of the engine;  – electromechanical time constant of the electric motor.
The structural scheme in numerical form with the analog PID-controller is shown in Fig. 22


Fig. 22. Structural scheme of the control system
the speed of the electric motor with analog PID-regulator

Taking into account compensation by the regulator of the denominator of the transferable function of the engine, the structural diagram of Fig. 22 to be simplified (Fig. 23).


Fig. 23. Transformed structural scheme
electric speed control systems

The condition of parametric optimization of this system will be compliance with equality



from where to 



;  ;  .
Closed system transfer function

.							(33)
The structural scheme with a digital PID and the corresponding Simulink model of the electric drive control system are presented in Fig. 24

а)
[image: ] б)
Fig. 24. Structural scheme of digital-analog control system
electric actuator (a) and its Simulink - model (b)

Charts obtained as a result of computer simulation of the Fig. 24 and the formulas (32) are shown in Fig. 25
[image: ]t
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Fig. 25. Graphs of transitions  with a single
input influence: 1, 2 - according to the scheme of Fig. 24 respectively
without a regulator and a digital regulator; 3 - by transfer
functions of a closed system (CS).

Graphs 2, 3 on overregulation and time of the transition process almost coincide with the graphs of the Butterworth system and qualitatively different from the curve 1 of the non-optimal process.

[bookmark: _Toc534880091]5. CONSTRUCTION AND ANALYSIS OF DIGITAL 
[bookmark: _Toc534880092]CONTROL SYSTEMS

[bookmark: _Toc534880093]5.1. Synthesis of digital control systems with aperiodic transient process

Most of the control systems are designed in such a way that the transition process in them as quickly as possible reaches the necessary value. Such a class of control systems is called systems with a minimum transition time or systems optimal in speed.
The above synthesis of automated control systems, respectively, of parametric optimization, is aimed at obtaining a small minimum overregulation and a small time increment of the output variable. Almost this method is based on the use of the PID regulator. However, the structure of the digital controller has considerably greater flexibility, so there is a need to develop original methods that are different from the principles of the synthesis of continuous control systems.
Consider the transfer function of the controlled process

.										(34)
Let the serial digital controller have a transfer function

.											(35)


The introduction of the regulator leads to the compensation of all poles and zeros  and the emergence of a new pole . The transfer function of the open system (Figure 26) with the correction obtains a simple look

.


Fig. 26. The structural scheme of the digital control system

The corresponding transfer function of the closed system

.												(36)







This means that the system's output signal  reaches the required constant value for one period of quantization and from this moment retains this value. Overregulation is okay. However, it should be borne in mind that in reality the quality of the system should be judged by behavior . In this case, though  may have little overregulation or do not have it at all, is a real reaction  may be accompanied by ripples. Since the quantization period , it is accepted the much less constant time of parts of the controlled process, for this system one can expect that  pretty well coincides with . This type of system reaction is called an aperiodic transient process.
It is important to emphasize that the aperiodic process can be obtained only in the ideal case when perfect compensation of poles and zeros occurs.
In practice, the uncertainty of the poles and zeros of the controlled process that arises at the stage of its design and the limitation in the implementation of the transfer function of the regulator on the computer leads to the fact that it is impossible to achieve the ideal aperiodic process.
Therefore, we approach the synthesis of systems with the aperiodic transient process from the general positions.
Consider the structural scheme of the system depicted in Fig. 26. Let's record the transfer function of the closed system:

							.									(37)
The criterion of synthesis will be characterized by the following conditions:
1) the system must have a zero constant error for a certain input signal when the quantizer closes;
2) the duration of the transition process due to the time to reach the steady-state value should be minimal;
3) the digital regulator must be physically implemented.
From dependence (37) we have

,											(38)

and - error signal conversion

.											(39)
Let in the digital system depicted in Fig. 26, the controlled process is described by the transfer function

.								(40)
It is necessary to design a digital controller that provides an aperiodic transient process with an input signal of the type of single step function.



Since the transfer function  has poles of two more than zero, can not be selected , because it will result in a physically unrealized transfer function of the regulator. Therefore, we will accept . Then the transfer function of the closed system will be written in this form


where

.												(41)

In the general case, if the number of poles exceeds the number of zeros by more than one (the polynomial order of the denominator exceeds the order of the polynomial of the numerator by more than one), then  the error can not be zero.








If at a given input impact , where  - positive number;  - a polynomial of a variable  which has no zeros , then the minimum number of poles required to set a zero error is equal to , where  there is a difference between the number of poles and the number of zeros of the transfer function of the controlled process .



For example, for a single step function  and  (40) the error signal will be reduced to zero for two periods of quantization. Thus, according to the expressions (39), (40) and (41) at 

,

namely  will be zero for two quantization periods.

[bookmark: _Toc534880094]5.2. Combined digital control system for the control action with a given model

Combined control of the influence of control is used to compensate for the inertia of the object and to ensure the maximum speed of working out the prescriptive effect. The implementation of a digital system for such control is carried out using a microcontroller or a computer. The functional scheme is shown in Fig. 27


Fig. 27. Functional diagram of digital control system



The functional diagram includes a digital custom model (DCM), which generates a control signal , proportional output variable , digital correction device in the live channel (DCD); a digital controller (DC) and continuous control object (CCO), which is a controllable power converter and electric motor.
Docking of digital and continuous subsystems is carried out using a digital-analog device (DAC) and analog-to-digital (ADC) converters.
In order to obtain discrete transfer functions of digital devices, sample and storage devices with zero-order extrapolators are commonly used.
For the synthesis of the structure and parameters of digital devices, the transfer function of the control object is represented in a discrete form, using the Z-transform.
The continuous transfer function of the object with a semiconductor motor voltage converter can be represented by a second - order link

											(42)
which depending on the values of the coefficients and may look

											(43)

if the roots of the characteristic equation  valid negative or

											(44)


if the roots of the characteristic equation  complex .
To obtain a discrete transfer function corresponding to one (43), one can use the Z-transform formula


 where .
Therefore, represent (42) in the form of the sum of two aperiodic links of the first order


, де .
Then, taking into account the extrapolator of zero order, the discrete transfer function of the object will take the form:






where ; ; ; ;



; ; .
To compensate for the inertia of the object, the transfer function of the (DCD) must be accepted equally

.							(45)





In the general case for given transfer functions  and  and any regulator structure  transfer function of a closed system  taking into account that  will be equal to

.
This is an indication that in the idealized form the output variable reproduces the input effect without distortion in any structure of the digital controller.

Since, in the transfer function (45) with respect to Z, the order of the polynomial of the numerator is above the order of the polynomial of the denominator, then this one refers to physically unrealized ones. Therefore, we will use a given model presented in the digital form (Figure 28), which allows to reducing the order of the numerator polynomial .

 Fig. 28. The structural scheme of the custom model

To switch from continuous integrating links (І1 and І2) to discrete, the most rational use of stepwise and piecewise linear approximation:


;    .

The coefficients of the model  determined by the following dependencies:



;  ;  








where – given maximum speed values  and acceleration ;  and – maximum values of the variables of the model are taken  and ; – feedback factor for the output variable.



To determine the coefficients  and  we transfer point of connection of connections 1 and 2 to exit the given model (GM). Then we get from the output of the GM (Fig. 28) the next structural branch of the signal :



Fig. 29. Fragment of the structural scheme of branching the signal UT



According to the scheme of Fig. 29 coefficients ,  and С must be determined from the condition of equality of numerators and denominators of the right and left parts of the expressions:



.



Coefficient С must equal ; , and a coefficient  is determined from the equations



where .
When modeling a control object, the following numerical values of parameters are used





;  rad/s;  rad/s2; ; ;


; .
GM coefficients:



; ; .
Parameters of the transfer function (45):



; ; ;



; ; ;


; .


Direct transfer coefficients ,  and С:



; ; .

Discrete transfer function of the compensating channel  can be obtained directly through the continuous transfer function of the object (42)

.


For implementation in a discrete kind  it is enough to present it to the structural scheme and replace the parameter р on z substitution  (Fig. 30).


Fig. 30. The structural scheme combined control of the compensation channel 


[bookmark: _Toc534880095]6. SELECTION OF CORRESPONDS
[bookmark: _Toc534880096]DEVICES ON THE BASIS OF PID CONTROLLERS

[bookmark: _Toc534880097]6.1. Choosing to adjust the device based on the circuit of the analog real PID controller

The initial structural scheme of the control system is shown in Fig. 31


Fig. 31. The structural scheme of the control system object of the second order
The structure of the correction device (CD) is determined by the transfer function of the real PID controller, whose numerator is compensated by the denominator of the transfer function of the control object:

									(46)



where  – permanent integration unit;  – constant time of a real differentiating link, adopted by a small value, for example .

Size  is determined from the condition of the criterion of parametric optimization, that is, from the condition of equality



					(47)
where

.
So,


  and  .
In this way, all parameters of the real PID controller, which permits the parametric optimization criterion, are known.
An analog model of the PID controller is shown in Fig. 32.


Fig. 32. Analog model of PID-regulator

;

.

.
The values of capacitors and resistances are determined from the relations:

.

The permanent time of the differentiating link is assumed to be equal .

Then, choosing 




we find  ; ; ; .

[bookmark: _Toc534880098]6.2. Use as a corrective device digital PID controller
A digital PID controller has the structure shown in Fig. 33


Fig. 33. Digital PID controller






Link D is a digital real differentiation that responds to the Z-form , with a transmission factor  and constant time . To determine the proportional coefficients , integral  and differential   Constituents we write on the basis of the transfer function (46) equality:


where


and model coefficients Fig. 33 are determined from the equations:

.







The constant time of the differentiating link will be taken equal , parameters of the control object:   , feedback coefficient . Then we will get  
To determine the digital transfer function of the control object, we decompose the original expression into elementary fractions:

.								(48)
According to the Z- conversion table (Table. 1) each of the components (48) should be submitted as such

.
Then the Z-transforms will look like:

;




where ;  Т – period of discretion we accept .
We choose the constant time of the integrating link from the parametric optimization condition, using the transfer function of the closed system (Fig. 34).


Fig. 34. Closed control system with PID-regulator



where .
To meet the parametric optimization condition, we will write



 where we define . The time constant .
According to the digital controller model and object composed adjusted overall block diagram of the system (Fig. 35).


Fig. 35. The structural scheme of digital control system

Simulink model system of Fig. 35 at  presented in fig. 36.

With a single input effect , the output variable varies in time according to the graph shown in Fig. 37, from which it can be seen that the use of the PID controller to ensure the change of the transient process is practically consistent with parametric optimization.
[image: ]
Fig. 36. Simulink-model control system
[image: ]t
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Fig. 37. Transient characteristics of the optimized
transition process (1) and without PID controller (2)
[bookmark: _Toc534880099]
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P.1. The order of execution of calculation and graphic work


Determine the structure and parameters of the digital controller (CR) for a given control object , evaluate the static error of the locked system and examine the computer on the transition process.





;   – - transformation, ;


sampling period ;  DC  PID



1. Submit transmit function  in a discrete form .

2. Determine the transfer function of the digital controller (DC) .
3. Equate the numerator of the transfer function of the controller to the denominator of the transfer function of the object and find the coefficients of the regulator.
4. Determine the transfer function of the closed system and evaluate the static error.
5. Make a structural diagram of the algorithm for researching a digital model and examine the computer transition process with a given input effect.
6. For verification, perform computer simulation in the system of Matlab-Simulink digital-analog control system.

[bookmark: _Toc534880102]P.2. Options for the task of calculation and graphic work
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