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IlepeamoBa

Y oepesni 2009 poky B HTYY «KIII» Bijibysnacst rpajuiiiiina mopivna oJiiMiiajia 3
MaTeMaTHKH, SKa IIPOBOJUTHLC B paMKax I erany BeeykpalHchbKol otiMITia iy 3 MaTeMar-
TUKH JIJIsi CTY/CHTIB BUIIMX HaBUYAJbHUX 3aK/a/iB. OprkoMiTeT oJiMINajii 040/I0BaB
[Tepmuit mpopexkrop HTVY «KIII» FO. I. dxumenko.

Haitbisibini jiesieratiii npejicraBujin (paky/jabTeTu 3 BUCOKUM PIBHEM MaTeMaTU4dHOL
migarorosku: [[ICA, ®TI, OM®, OIIM, OEJI, PIOT.

[TepemorkiisiMu OJTIMITIAN CTAJIN:

abcosmrorHuit  mepemoxkenn: Cuiocapenko Ouiekciit  Osekcanposuu  (ITIICA,
2 Kype).

crapiai Kypcu: Ciocapenko Ogekciit Osekcanaposud, Kapbauepcbkuit OJiekciit
Lia (OTI, 5 kype) - nepie micte, Fomonros Kupuso Onexcangposua(ITIICA, 2 kypce)
ta Orues [Tasio Iroposuu (OTI, 2 kype) - apyre micie, Mucrenbkuii Bikrop Anaro-
piftoua (OM®, 4 kypc) ta Kosnenko Mukosa Bikroposuu (®PIIM, 3 kypce) - Tpere
MiCIIE.

nepiunii Kypc: Mopaseipka Karepuna Biraniisua (ITICA) - nepiie micue, Mo-
rusibamii Cepriit Cepriiiopua (ITICA) - npyre wmicne, Hosak Poman Iroposuu (ITICA)
- TPeTE MICIIE.

rexHiuHi hakynabrern: Yaposa Haramis Bosogumupisaa (PIOT, 1 kypc) - nep-
me wicie, Jdposy Bajgum [Masnosuu (OEJI, 1 kypce) - apyre micne, Jlsiyn Irop Bor-
manosua (PIOT, 1 kypce) Ta Hro Ban Mao (DEJI, 2 kypc) - Tpere wmicrie.

3 nepemoxx1iB I etamy 6ysio cchopmoBano 30ipHi yHiBepcuTeTy /it yaacTi B 11 erarmi
Bceeykpaincskol omimmiaan cepeg rexuiannx BH3iB B M. Cepacronoii. ¥V dinasi B3sin
y4gacThb moHaJ 150 cTyaeHTiB 3 pi3HUX BY3iB Y KpaiHH, MepeMOXKIliB Ta npu3epis [ Typy
omimMmmiaau. Ham yHiBepcuTeT IpeicTaBs/ii TPU KOMAH/IH.

Crynentn KIII rigno suctynmim B CeBacTornosi, MoKa3aBIyM Takl pe3yabTaTu:

B abcosmrorHomy 3adgiky: Cuiocapernko Ouekciit Osekcanpposuyd (ITICA, 2 kypc)
- nipyre wmicre, Kapbauescokuit Omexciit Linia (OTI, 5 kypce) - tpere micre, [onoaaos
Kupuno Ousekcannposua (IIICA, 2 kypce) - gerBepre wmicne, Hro Ban Mao (DEJI,
2 kypc) - chome Mmicte, Mopasenbka Karepuna Biraniisua (ITICA, 1 kype) - Bocbme
micue, Kosnenko Mukosia Bikroposuu (PIIM, 3 kypce) - ogunausite Micie.

B Kareropii M (crTynenTu creniajbHOCTE(, 0 TOTPEOYIOTH TOMTHOIEHOTO BUBYE-
nust Maremarukn): Ciocapenko Ouiekciii Ouekcangposnu (ITICA, 2 kypce) - meprie
micie, Kapbadescobkuit Ousekciit Liuia (OTI, 5 kype) - apyre micue, Fosognos Kupu-
710 Ousekcannposud (ITIICA, 2 kypc) - Tpete miciie, Mopagenbka Karepuna Birasiisaa
(IIICA, 1 xypc) - gerBepte wmicre, Kosnenko Mukosa Bikroposuu (OIIM, 3 kype) -
'siTe MICIIe.

B kareropii T (crysentu rexuiunux cnenjasbhocreit): Hro Ban Mao (OEJI,
2 Kypc) - ipyre Micrie.

B Tpymi noJjritexHivamx Ta igaycrpiaapuanx BH3: Ciocapenko Ogekciit Oure-
kcangposud (IIICA, 2 kypc) - apyre wmicie, Kapbadescokuit Ouekciit Liiia (OTI, 5
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Kypc) - tpere micie, Fosognos Kupuiio Osekcangposuu (ITICA, 2 kype) - derBepre
micrie, Hro Ban Mao (OEJL, 2 kypc) - n’sire miciie, Mopagenbka Karepuua Birasiisaa,
(IIICA, 1 kypc) - mocre micre, Koznernko Mukosia Bikroposud (OIIM, 3 xkype) - cbome
MicIe.

Oprkomiter Beeykpalnebkol cryjieHTchbKol osimiiajan 3 maremaruku (M. Cebacro-
noJib) Haropoaus komanry HTYY «KIII» rpamororo 3a akTuBHY ydacTh B OJiMIia
Ta, BUCOKWI PIBEHB MJNOTOBKH CepeJ KOMaH/ I MPOBLAHNX BUIUX HaBUYAJIHLHUX 3aKJ/Ia 1B
YKpaluu.

Kypi I erany Bceeykpaincokoi omivmmiagn 3 matematnkun B HTYY «KIII» Bupi-
IIMJI0 BUJIATU HaBUYAJbHUI IOCIOHUK 3 3aJladaMy (DaKyJbTETChbKUX TYPIiB OJiMINan 3
mMaTemMaTuku, I eramy oJsimmiajan Ta ix po3s’s3kamu. Hapejeni Takox ymosu 3ajaq 11
dbinaspHOTO erany osimmianu, sikuit mpoxoguB y M. Cesacrornoni B Tpasui 2009 p., a
TAKOXK PO3B sI3KM 3324 (pi"ajbHOro erany Beeykpaincbkol osiMmiaan 2008 p.

Kpim toro, y rpyaui 2008 poky Kadeapoio MareMaTuIHOI'O aHaJi3y Ta Teopil imo-
BipHOCTEH OYJ10 1TPOBEIeHO (PaKyJIbTETChKI TYPH OJIiMITa1 3 MareMaTuku. Meroro nux
oJiMmiajg Oy/I0 aKTUBIZYyBaTH 3I0HUX CTYIEHTIB JIJIsI BUBUCHHSI MaTeMATUKU, BUSBUTH
IX JIACHUI PEATUHT, 3aJly4UTH JIO0 y4acTl B MaTeMaTUYHUX OJIIMIIajlaX YHIBEpCUTET-
ChKOT'O Ta 3araJibHOJIEP>KABHOTO PiBHHA, siki BIjIOy1yThest BecHoo 2009 poky.

Beboro B osiiMiiiajii B3sJ10 y4acTh OHAJL YOTUPUCTA CTYJeHTIB 3 8 daky/ibreTin
HTVYY «KIlIl»: ITC, ®IOT, PAKC, DMM, OEJI, MMI®, OM®, PTO. [To koxxHOMY
(baxyapTeTy BUSBJIEHO MEPEMOKIIB. ADCOTIOTHUME IEPEMOXKISIMHI 110 KOKHOMY 3 da-
kysbrerip craqu: [TC - Jlaspinenko Ouer (1 kype); @IOT - Topogenpkuit Osekcanip
(1 xype); PAKC - Babenko Imurpo (1 kype); DPMM - Cuobojpentok Asina (1 kype);
OEJI - Hro Bar Mao (2 xypc); MMI® - Orienko Ouekciit (2 kypc); @MO - [lymunio
Bosiogmvup (1 xype); PT® - Bo Byit ®yk (1 kypce).

[eit 30ipHUK MICTUTH TAKOXK 3aJiadl OJIMINAJ JIJjisi IIKOJISIPIB, sIKi POBOJIMJIKCH B
rexuianoMy Jjirel HTYY «KIII» ocinnio 2008 p. Ta Ha (i3MKo-MaTeMaTHIHOMY (da-
kyabreti HTYY «KIII» B kBiTHI 2009 .

[le BujanHs 11POJIOBXKYE cepito 30IpHUKIB oJiMIiaHUX 3aja4 3 MaTemaTuku [1-6].
Taki 306ipHuKyU Oy)lyTh KOPUCHUMU 11pU POOOTI MaTEMATUUHUX I'YPTKIB, JIJisd CTYJIEHTIB
1 TIIKOJISIPIB, K1 IIKABAATHCSI MaTeMaTUKOIO.



1 Cryaenrcbka ogimmiaga HTYY "KIII"
3 martemMaTtuku 2009 poky

YMoBH 3aga49
Ilepuwut xypc

3amada 1.1. 3uaiitu Bcl Harypasabhi umncaa Big 1 go 10000, sgxi maooTh piBHO 6
JITBHUKIB, cepes aKux € 7 Ta 41.

3amada 1.2. Tpoe cryjentiB Ha napi rpatoTb B Taky rpy. Ilepiiuit nazubae ji0-

BLJIbHE HATypaJbHe TUCTO M, JAPYTUil — HaTypaJbHe TUCTIO 71, & TPETiil 3aliCye sIKyCh
MaTpuiio A 3 m psajgkaMu Ta n cToBIIgME. [lic/is 1poro rpasii 00UYKUCIIOITH BU3HA-
unnk det ATA. SIK10 {ioro 3HaueHHs BUXOANTD BiJ'€MHIM, TO BUIDAE TIEPIINii IPaBellb,
SAKITIO HYJbOBUM — TO JPYTHH, SIKIO K JOJATHUM — TO TpeTiid. [lix akuMm moMepom
rpatu Kpaiie 3a Bce? Homy?

Bamaga 1.3. YV Boponky B dopwmi napabonoiny z = 2 + y? kKunyan Ky/o pajiyca
R. 3HaiiTi KOOPAMHATHU EHTPY KyJIi MiC/s HaiHHS Ta 3aKIHIEHHs KOJUBAHbD.

Bamaua 1.4. 3uaiiTu obsacTh BU3HaUEHHs 1 moOymyBaTn rpadik OyHKIT

4 n o n
flz) = lim—xarctg(x+5+\/§)4(x+5 v5) :
n—o00 T n

Bagaua 1.5. [Tosnauumo depes o(q) cymy nudp HATYPaAIBHOIO YUCIIA (.

a) Hosectu, 1mo mist kKoxuOTO o € N icHye rpanutis

L(q) = nh_)rgo olo(...o(q)...));

n paziB
0) Bmaittu L(qo) mist go = 2009!

Bamaua 1.6. 3naiitn Bci Taki wHenepeprHi dyHKIil f, g, h: R — R, mo mist oymanh-

skux T,y € R Bukonyernest pishicrs f(z + y) = g(x)h(y).

3ama4a 1.7. losectu, 1o juig Beix x > 0, p > 1 cupaBejinBa HEPIBHICTH

(p—1)z
pp_l'

In(1+2) <

agaua 1.8. s dikcosanoro p > 0 moxjaajgemo

folz,y) = ]xlP+Jylp,  (z,y) € R

Busnauntu minimasbie 3nadensst Gyukuil f,(x,y), Koan rouka (x,y) npobirae 06a.
Jame vt + y* = 1.

$2009 dx

4021 4 44020 4 o 7

(0.9]
3azada 1.9. 3uaiitn inrerpan [
0
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Cmapwi xypcu

Baga4a 1.10. 3uaiiTu cepejiHe reOMeTpUIHe BCIX JIJILHUKIB YUCIA

1-(143)-(14+3+5)-...- (1+3+5+...+2009).

3amaga 1.11. [us. 3amaay 1.3.

Bagaua 1.12. Tlozuauumo depes o(q) cymy nudp HATYpaIbHOIO YUCIIA (.

a) Hus. 3amady 1.5.a) ;
6) 3uaitru L(qg) nuist go = 20097999,

3amada 1.13. 3naiitu Bci Taki HenepeppHi yHKIN f, g, h: R — R, 1m0 g Oyab-

AKuX T,y € R BUKOHYETHCsST PIBHICTH
f(sin? 2 4 cos® y) = g(cos® 2)h(sin’y).

Bamada 1.14. Haragaemo, 1o nodsitinut gaxmopians n!! HaTypasbHOTO UncIa N

BU3HAYAETHCS (DOPMYJIO0

y 1-3-...-n, 4gKImo 4mcao n — HemapHe,
nll —
2-4-...-n, ¢KIIO YMCJO N — TapHe,

1 3a jgomosienicrio 0!! = 1. ITokuaiemo

o xn

S(z) = Z — z e R.
n!!
n=0

2
Buaiitn  lim e~ 7 S(x).
T——+00

3amada 1.15. [Ius. 3amaay 1.8.

3amaqa 1.16. [us. 3ajauy 1.9.

3ama4da 1.17. 3uaiiTu 3arajbHUil Po3B’I30K Ju(EPEHINaJ bHOIO PIBHIHHSI

22y — a2y +y=1Inz.

Bagaua 1.18. Bunajkosi seqwanau {&,,n = 1,...,2009} — HezamexHi it ojHa-

KOBO PO3TOJIIJIEH] 338 3aKOHOM
1
P{&zl}zP{&zQ}zP{&zS}:g, 1 =1,...,2009.

3uaiTn #MOBIpHICTH MO

1 2009
A={ .
{2009(§1+ +€2°°9>>§l1+.. 4 1 }

) £2009




BigmoBial Ta po3B’a3Kn

1.1. Poss’asanma. JJobpe BijioMo, 1110 KOXKHE HaTypaJbHe uncjio N > 1 moxe OyTu
300paXkeHo y BUTJIsAIL

N =pi'-p -y,
HPUIOMY KIJIbKICTH HOTO JIJIBHUKIB JIOPIBHIOE
T(N)=(aq+1) ... (o, +1).
3 YMOBWU 3aJ1a4i BUILJIUBAE, ITI0
n>2, (ap+1)-...- (o, +1) =6,

3BiIKU N =2, a1 =1, s =2, p1 =7, pp =41 aboxn=2, a1 =1, ap = 2, p; = 41,
p2 = 7. B uepiiomy sunasky ojepxyemo N = 7-41% = 11767 (o 6iibie za 10000),
B ipyromy Maemo N = 41 - 72 = 2009.

Bigmosiab: Take unciio € jmmie ojne — e 2009.

1.2. Poss’azanna. KiaodoBuM Jijisg po3B’si3Ky € Take

TBepmxkenns. Trxuo m-n, mo det ATA = 0.

Toseemo fioro. Marpuis ATA mae posmipricts n x n. Ojnak
rang ATA < rang A < m < n.

Tomy ATA mae nenormit panr, Tobro det AAT = 0.
Tenep crae 3po3yMijo0 TaKTHUKA.

BiamoBizab: kpaliie 3a Bce rpaTy i JPyIrdM HOMEPOM — BiH 3aBKJIM MOXKe 3a0e3-
nequT cobl BUTpaIll, OOPaBIIK YUCJIO 1. OLJIbIIE 38 M.

1.3. Posé’asanna. Posrignemo nepepis mapabosioina i Ky/i (B ycTaJeHoOMy CTaHi)
SIKOIOCh pajiiaibHOIo TonHon (Hanpukiaas, XO0Z). B samexnocri Bijg pajiyca KyJi
MOKJIMBI JIBa, BUIIA/IKU, HaBeJleHl Ha puc. la Ta 10.

4 4
3 | > 3
/ N
[T
2 cost+3) | \/ 2
2}
B (0, :1:2) o J ,
1 \\// 4 ) 1
*‘; C (0, Y7
0 0
2 -1 0 1 2 2 -1 0 1 2
Puc. 1a. B3aemHe po3TaluyBaHHsA Puc. 16. BsaemHe posTawyBaHHs
napabonoiga Ta kyni, nepepi3z niowmtorwo XOZ. napabonoiga Ta kyni, nepepiz nnowmuoo XOZ.
MNepwnii BUNago«. Opyrnii Bunagok.



Posrignemo meprmit Bumajok. B Toumi gotuky A (:c,xQ) napaboin z = x° Ta

KOJIa IpoBeieMo AoTuaHy ST, KyroBuit KoedirienT tg f gKol, 09eBUIHO, JOPIBHIOE 2T,

BBakatoun Ha re, 110 LZCAT = 90°, ogepkumo ctg v = 2z (nuB. puc. la). Tomy ;gg‘ =

2x,1|BC| = 5. Takum arHOM, 1IEHTD KOJ1a Touka C' Mae KOOpMHATH (O, r°+ 2). st
SHaXO,IL}KeHHH BEJNTHHH T SATHIIIIOCA 3ACTOCYBATH /10 TPUKYTHHKA ABC' Teopewmy
[Tidaropa: :z: = R? — ( ) TOMy touka C' Ma€ KOOPJIUHATH (O R? + 4).

IIpu R = 5 BI/IXO,ZLI/ITB R? + Z = R. Ile cBijruuth 1ipo Te, 1o npu R < % MU MaEMO
BUIIAJI0K, 3o6pa>KeH1/Iﬁ na puc. 16, i romy C(0, R).

innosinb: xc =0, yo =0, 2¢ = .
e A “T\R2+1/4, R>1/2.

1.4. Poss’azanmsa. OyHkiio [ MOXKHA HEPEIUCATA B TAKOMY BHIVIsiIi:

o=t s ()" 5 (5) )

Posp’s13aBim BiJIIIOBIIHI KBaIpaTHI HEPIBHOCTI, JIET'KO IIEPEBIPUTH, ITI0

0o, —1] npu x € [—6,—4],
1,1) npu x € (—8,—6) U (—4, —2),

npn z = —8, r = —2,

mm

(=
(=
1

ool

| € (1,4+00)  upuz € (—o00, —8) U (-2, +00).

Tenep, BpaxoBy10UH CIIiBBITHOIIEHHSI

( . . .
e ichye (nocsiijioBricts ocuuiioe) 1pu « € (—oo, —1],

. . =0 mpu @ € (—1,1),
lim o™ <
n—00 =1 npu o = 17
| = +oo pu a € (1, 400),

1 moBeJIiHKY (PYHKINT arctg, ocTaTrouHO MaeMo:

(

He icuye 1pu x € [—6, —4],
=0 npu x € (=8, —6) U (—4, —2),
=z npu x = —8, xr = —2,

=2z nprt « € (—o00, —8) U (—2, +00).

f@) 4




10 -9 -8 -7 -6 -5 -4 -3 -
| B T o i e T

/ -18 4
-20

Puc. 2. Tpadpik dyHkuii f(z)

Bignosinb: Dy = (—00, —6) U (—4, +00); rpadik dyukuil 306paxeno na puc. 2.

1.5. Posé’azanna.

a) Hexaii jecsirkoBuit poskiiaj ancia g mae BUrJsij ky,ky,—1 ... k1, 70670
q=10"k,, + 10" Ky g+ ...+ 10ky + Ky (1.1)
Tomi
O'(q):km—f—km_l—f—...—f—kg—f—kl. (12)
3Bijicu BusHO, 1m0 0(q) < ¢ npu g > 10. Tomy rpanurs L(q) icHye Ta HaJIEXKUTDH

mvuoxuai {1,2,...,9}.

6) Bynemo nosmauaru gepe3 k mod ! ocrady Bij jifeHHsT HATYPAJbHOTO YUCTa Kk Ha
HarTypaJbie duco [. s Bignosim Ha nutanHs 0) KJIIOUOBUM € Take

gomod9 npu gymod9 # 0,

TBepakeHHd. L =
P (%) {9 npu gomod 9 = 0.

Hiiicrio, 3 dopmyr (1.1) ra (1.2) maemo

q—0(q)=99...9k,+ 99...9 k14 ... +9%: 9.
m — 1 pa3 m — 2 pa3u
Tomy qo = 0(q0) = 0(0(q0)) = ... = L(gp) mod 9.

Teuep, spaxosytouu Hepiuicrs 1 < L(qgp) < 9, ojiepKyemMo HoTpibHE TBEPJIZKEH-
Hel.

Ouesuino, 2009! : 9. 3acrocoByoun josejene Teppkenns L(2009!) = 9.

Binnosigs: 6) 9.




1.6. Poss’azanna. Posruisinemo criouarky waiinpocrimmii Bunagok: f = 0. Ockinbku
(byuKIil ¢ Ta h B npapiii YacTUHI PIBHIHHS MalOTh He3aJexKHI MiXK CODOI0 apryMeH-
TH, TO 3 HEOOXIJHICTIO OJHa 3 HUX TOTOXKHO JIOPIBHIOE HYJIEBI, a iHIIA € JOBLILHOIO
HEelepepBHOIO (PYHKITIETO.

Hexaii Teniep f # 0. Ioknagaroun B piBHsinal = 0, 011ep2KYEMO

Axo ¢g(0) = 0, To Mu npuxojumo o Bxke posrisinyroro sunajiky f = 0. Towmy,
nosnadatoun C; = g~ 1(0), Mmaemo

h(y) = Cif(y). (1.3)
Anagioriuno, noknanaioun y = 0 ta Co = h71(0), oneprkyemo
g(z) = Cof (z). (1.4)

[lizcrasasioun temep (1.3) i (1.4) B mogaTKOBe DIBHSAHHS, MAEMO

flx+y) =CiCof (x) f(y),

3BijiKu, ticsist 3aminu w(-) = C1Cyf(+), ocTaTouHO 0EPKUMO:

Wz +y) = w(w)w(y) (1.5

Hobpe BijioMo, 10 BCl HEe TOTOXKHO HyJIbOBI HenepepBHi po3B’sisku piBHsiHHs (1.5)

MalOTh BULJIS w(x) = ekx, ne k — nedxa giiicna xoncranta'l. ToMy MaloTh Micre
bopmysin

fla) =Gy e,
g(x) = Caf (x) = Cy e,
h(z) = CLf(x) = CyteM.

[oknamatoun jys 3pyqnocti a = Cy L h= Cy 1 omepxyemo Taky

BignoBiab: € Taki po3B’si3Ku PIBHSIHHS:

a) f =g =0, h — nopinbHa HemepepBHa QYHKIIIS;
0) f =h =0, g — noBisabHa HemepepBHA QYHKIIIS;
B) f(x) = abe*, g(x) = ae®®, h(z) = be*™, ne a,b € R\ {0}, k € R.

13a monomoroio sorapudgmysanna pisaanEsA (1.5) 3BOAUTLCA 10 KIACHIHOTO (yHKIIOHATLHOTO piBHAHHA Ko
p(z +y) =p(x) + p(y), saxe y kiaci nenepepBuux HyHKIEH Mae uine Jiniiini po3s’s3ku.

10



1.7. Jlosedenna. Moknagemo f(z) =In(1+ 2P), x > 0. Toui

7 . pmpr
f(x) = '(1 —I—xp)2

Ockisnbku f"(x) > 0mpu z € (0,¢/p—1)1 f'(x) <Ompu z € (/p—1,400), T
fI/naX - f/ (p\/p_ 1) - (p_ 1)1)}%1 - ppp__ll
. / / r / . (p—l)l‘
—/f(t)dt<0/fmaxdt_T\/717 x > 0.

1.8. Poss’azanns. Burisig opasia Jlame 4-ro crenensi HaBejeHuil Ha puc. 3.
N

-1 0 1

(p—1-2a").

Tomy

1

Puc. 3. Osan Jlame 4-ro ctenens

B cuity cumerpil JJocTaTHbO PO3B 3Ty 3a1ady JJisi UBePTI OBaJia, siKa, pO3TAIIOBAHA
B IIepIIOMY KBaJpaHTi. Llsg uBepTh, odeBHHO, JTOMYCKAE TaKy MapaMeTPHU3aIiio:

z(t) = v/cost, T
{y(t) e 1€ 0.2).

2
Suauenns fy(r,y) Ha il 1y3i npuitMae BAIVIAL

fp(t) — V/cost ¢ +sint ¢. (1.6)

B cuiy MOHOTOHHOCTl cbyHKLm J/x nupu x> 0, 10CTaTHLO 3HANTY MiHIMaJIbHE 3HAYEHHSI
byHKIIT fp( ) = cos? t + sin? t na upomixky t € [O, %)
Beznocepenim jgudepeHIioBaHHAM 3HaAX0IMO
~ —4 —4
f(t) = g sint cost (Cosp2 t—sinz t) :

IIpu p € (0,4) HoXi JiHa f]’?(t) nonaraa npn ¢ € (0,%) i Bin'emua mpu ¢ € (5, 5).
[Tpn p = 4 noxinna f,(t) sopisuioe 0 npn Beix t.
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[Ipu p € (4, 00) moxigHa fz(t) Bij'eMHa nipu t € [O E) 1 ntonaTHa npu t € (77 727)

3Bijcu (1 3BaXKal0UM HA CUMETPUUIHICTH (DYHKIIT fp( ) BinocHo 1y = §) maemo

0, p € (0,4),
Tmin = 4 OyJIb-siKa TOYKA BIJIPI3KY [0, %) , p=20,
z p € (4,00).

[Tincrapssiioan Taki 3HAYEHHS ty;, B Gopmyiy (1.6), ogep:KuMo Taky

Bigmosinp: 1 upu p € (0,4] ta 2714 npu p € (4, 00).

1.9. Poss’azanna. 3pobUBIIK B IHTErpaJi 3aMiHy 3MIHHOI i = %, OJIEP2KUMO:

oo
- 22009 7, B
© ] 4021 4020 Lo 4]
0

oo

B dy B 2010 dy
o y2011 <y—4021 + y—4020 + y—l + 1) o y4021 + y4020 +y+ 1
0 0

Towmy

00 2009 + x2010) dr o0 22009 74 1 2010
0 — _ = arctg x
x4021 + 4020 g1 ) 2402001 2010

0

0.9]

o 4020°

0
3BIJICH OJIEPKYEMO

s

8040
1.10. Posé’azanna. KnodoBuM JiJisi PO3B’'SA3KY € TakKe

Bigmosigb:

TBepmKkenus. Cepedne zeomempuune 6cix dabHUKLE HaMyparvbro20 wucaa N do-

PIBHIOE V'N.

st #ioro JioBejieHHs 1O3HAYUMO 4epe3 dy, . . ., d, BCl JiJibHUKK dnciia N, BIOPsijI-
KOBaHI 3a 3pOCTaHHAM. fIcHO, 10 JJ1d BCiX ¢ = 1,...,n BUKOHYETHCS CIiBBITHOIICHHS

didn—i—l—i = N. TOMy
(dy...dy)* = (didy) - (dody_y) - ... - (drd,) = N™,
ssigku /d; . ..d, = VN.

30KpeMa, B HAIIOMY BUIAJKY MaEMO:

Vi .dy=+/1-(1+3)-(1+3+5)-...-(1+3+5+...+2009) =
= V12.22.....10052 = 1005!

Bigmosians: 1005!.

1.11. Poss’azanns. Jlus. po3s’sizok 3aa4i 1.3.
1.12. Po3ss’a3anms.
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a) us. B po3s’s30k 3ajaui 1.5.

0) Bacrocyemo TBepikenHs Jjoejene B 1.5. 3HaiijieMo ocrady Bl JiieHHs duc/ia
200929 pa 9. Ockimbku 2009 = 2 mod 9, To 2009299 = 22099 10d 9. Haui,

ockiabku 25 = 64 = 1 mod 9, a 2004 : 6, o 22009 = 22009-2004 = 39 0 9.

Otxke, HIyKaHa ocTada JOpIiBHIOE 5, 1 L (20092009) = 5.

BinnoBiab: 5.

1.13. Posé’azanna. Onpasy 3ayBaskKuMO, IO yMOBa 3aJiaul He HAKJIAJAE YKOJTHUX
oOMeXkeHb Ha moBeiHky dbyHkiil f, g, h mosa sigpiskom [0, 1]. Tomy mocrarabo 3naiitu
Taki pyHKIIT Ha, IbOMY BiJIPI3KY, a TIOTIM y Oy/ib-SKUil C1IOCIO HENIEPEPBHO MPOJIOBXKUTH
ix Ha R. [aji mu OyjieM0 3aBK /i1 HESIBHO HPUITYCKATH, 10 00JIaCTh BU3HAYEHHS BCIX
byukmiit — Bigpizok [0, 1].

Posryisnemo crodarky naiinpocrimuii Bunagok: f = 0. Ockinbku HyHKINI g Ta h B
1pasiit 9acTUHI PIBHSIHHSI MalOTh HE3aJIEXKHI Mi2K cODOI0 apr'yMeHTH, TO 3 HEOOX1IHICTIO
OJIHa 3 HUX TOTOXKHO JIOPIBHIOE HYJIEBI, a 1HIIA € JOBLILHOIO HellepepBHOIO (DYHKITIEIO.

Hexait Teniep f # 0. Iloknanaroun B piBHsiHHI = 0, 0/IepKYEMO

f(cos®y) = g(1)h(sin’y).

dxmo g(1) = 0, To Mu npuxogumo j1o Bxke posrisgayroro sunajgky f = 0. Towmy,
nosnauatoun C; = g~ 1(1), Mmaemo

h(sin?y) = Oy f(cos?y). (1.7)
Anagtoriuno, noknagaoun y = 5 ta Co = h™'(1), onepxyemo
g(cos® z) = Cyf (sin® 1). (1.8)
[Tigcrasisiioun renep (1.7) 1 (1.8) B moyarkoBe piBHsIHHS, MAEMO
f(sin? 2 4 cos® y) = C1Cy f (sin® z) f (cos? y),

3BijKy, Hics saminm s = sin® x, t = cos?y, w(-) = C1Cyf(+), 0cTATOUHO OAEPKUMO:

w(s+t) =w(s)w(t). (1.9)

Jlobpe BiJIOMO, 10 BCI HE TOTOXKHO HYJIBLOBI HemepepBHi po3B’s3ku piBHsaHHs (1.9)

MaloTh BUDIIsT w(t) = eF ne k — nesika miiicna koncranrta’. ToMmy MaioTh Micle
bopmysin

f(t) _ 01—102—16k’t’
g(t) = Cof (1 —1) = Cyle" ™™,
h(t) = CLf(1 —t) = Cylef .

TMoknasaioun s spyqnocti a = C; 1, b= Oy, onepxyemo Taxy

23a momoMoroio JorapudMyBaHHS DiBHIHHS (1.9) 3BogUTHCA 70 Kjaacu4IHOrO (hyHKIIOHAILHOTO piBHAHHSA Kot
p(z+y) =p(z) + p(y), fKe y Kiaci HenepepBHUX QYHKINH Mae suiie JiHiitHl pO3B’A3KN.
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Bignosiapk: na sijpisky [0, 1] € Taxi poss’sizku:

a) f=g=0, h— jgoBlibHa HenepepBHa GYHKIL;
0) f =h =0, g — noBibHa HemepepBHA QYHKIIIS;
B) f(t) = abe™, g(t) = ae* ™, h(t) = beF ¥ nea,b € R\ {0}, k € R.

Bcei poss’sizku Ha R MOxKHa 0jiepKaTu HEIEPEPBHUM 1TPOJIOBXKEHHAM 1UX PYHKIIH Ha
(—00,0) Ta (1, +00).

1.14. Posg’asanma. B niepriny depry rnmokaxkemo, 1o 06J1acThio 3012KHOCT1 PsILy € BCs
piticaa Bick R. JIjisi 1iboro 3amnumiieMo e psiji y BULJIsi CyMK JIBOX — 38 HAPHUMU Ta,
3a HEIAPHUMH CTEIICHSIMU T

2n+1

jg: 1 25:(;7 _Fjg: 2n_+

n=0 n=0 n=

n 2n

8

3

ObuiBa psiyin cupaBa 30irajorhest Ha R 3a oznakoro JI'Anambepa, ockiibKy

.2/ (2n + 2)N .zt (2n + 3)!
lim = lim
n—oo  x2"/(2n)!! n—oo x2n 1 /(2n 4+ 1!

=0 He3aJIe2KHO B1Jl 3HAUCHHS T.

Buaiijiemo renep anasiTuaHuil Bupas jis cymu S(z) uporo psity. Ockijibku crere-
HEBUI Psiji MOXKHA [OYJIEHHO JinpepeHIiioBaT Ha BCiil 00J1acTi 3012KHOCTI, MAEMO:

S'(z) = 1+:U—|—Zn” —1+Z Z =1+4+25(z), zeR

n!l m!!

Jist 3HaxopKeHHs cymu S(x) 3a/umimiocs po3s’a3aTu JiHiiHe gudepeHiiaibae pis-
Hsanns nepimoro nopsyiky S’ = Sz + 1. Ckopucraemocst MmeTonom Bapiarii crasol. Bij-
noBijiHe ojHopiaHe Jjiniitne pisnsnns S’ = ST Mae 3arajbHuil po3s’sa30k S = Ke*'/2,
Beaxaioun K ¢ynkmieo Big z, maemo S’ = K'e* /2 + Kze® /2. Tlincrapasoan tenep

BCe 1€ B MMOYATKOBE PIBHAHHS, OJIEPYKIMO

K'e®'? = 1,

K:/er/de:/etz/th—l—C.
0

3BIJIKU

Tomy

14



Bpaxosytouu ouesuiay nouarkosy ymosy S(0) = 1, maemo C' = 1,

S(x) = €x2/2/€_t2/2 dt + ex2/2, i lim e_xQ/QS /e—’fg/2 dt +1 = \/ng 1.
r—+00 2
0 0
Bignosiae: (/3.

1.15. Pose’asanma. us. po3s’s30k 3ama4di 1.8.
1.16. Po3ss’asanma. us. po3s’sizok 3ama4di 1.9.
1.17. Po36 asanmns. PiBusinus moxcna nepenucaru y surisii (y + zy) = 2. Tomy

3

Y + zy = %+C. (1.10)

st po3B’si3aHHS 1ILOIO JIHIRHOTO AU epeHIiaJbHOr0 PIBHIHHS IIEPIIOro MOPIKY

CKOPUCTAEMOCsI METO/IOM Bapiaril crajol. Binnosinne oxgnopinge jiniitne pisusuns y' +

xy = 0 mMae 3arajibHUil pO3B’A30K Y = Ke 2. Braxaiouu K dyHKIIi€0 Bl X, MAEMO
932 12

y = Ke 7 — Kre 7.

[Tiscrasisioun Tenep Bee nie B pisasiabs (1.10), ogepkumo

2 3
Kle 7 = % + C,

3BIIKU
—2 22 —2 22
K = /< —|—C’>e?dx—x3 62—|—C/e2dx—x3 ez +(C e?dt—l—D
ToMy 3arajbHnii po3B’sSI30K PIBHSIHHSI M€ BUIJIST
x
x2 :L‘2 - 2 wz t2 x2
y=Ke 7 = 3 +Ce 7 /e2dt + De 7. (1.11)

0

3Haiiemo, 3a skux 3uHaderb C' 1 D crnpaBipKyOThC BKa3aHl MOYATKOBI yMOBH.
3 dopmysn (1.11) maemo
T

2 z? t2 z?
y'(z) = g — Cxe 2 /e2dt — Dze 7 4 C. (1.12)
0

Tenep 3 (1.11) i (1.12) 3naxomumo

2 2

y'(0)=C =0.
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[Tiscrasisiioun i 3navdenns B opmyiy (1.11), omepxkyemo

Binmosige: y(x) = % + %e‘x%.

1.18. Poses’asanna. Haramgaemo, mo mjst oyns skux n € N ta xq1,...,x, > 0 Mae
MICIIE HEPIBHICMD NPO CEPEIHE apudMemuHe ma cepedne 2apMoHIuHe

r1+...+tx, n
Z1 1

Ln

Y

3HAK PIBHOCTI B sIKiil JOCATAETHCS JIUIIE IPH T1 = Lo = ... = Tp. LOMY

P{A}P{WIOQ(&JF..-JFQOOSJ)Z 7 2009 }—

1
f_1+"'+§2009
1 2009
Py — (4. _ —
1 2009
1 2009
P — (G _ _
1 2009
3
:1—P{&:&:---252009}:1—ZP{§1252:---:§2009:i}:
i—1

3 2009 1 2009 1 2008
:1—21]]?{@:@}:1—3(5) :1—<§> .

i=1 j=1
1 2008
Bignosigs: 1 — (g) .
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2 Jlesiki 3amadvl paKyJIbTeTCHKOTO TYPY CTYAeHTChKOI
ommvmiaau HTYY “KIII”

YMoBU 3a7a49

—

Bamaua 2.1. /1 gKuX TPpUBUMIPHUX BEKTOPIB @ Ta b BUKOHYETLCS PIBHICTD
@+ b = |d—b|?

3amada 2.2. JlocniguTu Ha eKCTpeMyM (DYHKIIIO

332008

ﬂ@:@+3+~+

1! 2008!) e’ zeR

3amada 2.3. Pos3p’sizaru cucremy JiiHIHHUX PIBHsIHb B 3aJI€2KHOCTI BiJI llapamMeTpa,

Al )
rT— y+ z+t = 2,
20 — y+ z2—t = 1,
<3:1:—2y+2z = 3,
\)\SIZ—Qt = —1.

Baga4a 2.4. Busnaunru, ckijabKu aiibHEKIB Mae ducso 10!,

Bamada 2.5. Yu icuyiorsh KBajparni MmaTpuii A, B Taki, 1mo

AB — BA = E? (2.1)

. 1 1 1
3aga4a 2.6. 3naiitn lim z,,, ne =, = + + -+

n—0o n?+1 n?+ 2 VnZ4+n+1

x2
Bagaua 2.7. Hosectu, 1o s Beix x € R mae miciie nepiBHicTh €¥ + e % < 2e'z.

3amaqa 2.8. ke judepenniajibie piBHsiHHsA 1-10 HOPSIIKY ClIPaBJKYE (DyHKILis

T

f(x) = em2/e_t2dt, r € R?

0

3 SKOIO TTOYATKOBOIO YMOBOIO?
Bamaua 2.9. 3uaiitu cymy psjy o
n=1

3amada 2.10. Poskyactu dpyHKILi0O

gsinzx

(@) gl > 1,

T 1—2gcosx + ¢’
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B psiyt Dyp’e nHa inrepsasi (—m, 7).

x
Bagaua 2.11. Jlosectu HepiBHicTh ; <In(x+ 1), upu x > 0.

Baga4da 2.12. Yucnosa nocnifosricts {x,,n > 1} MicTurh juime 1ogaTHI QieHA

. .
Ta 3aJI0BOJIbHSAE YMOBY lim mtl — 2008. Buaiitn lim YTy

n—00 Iy, n—00
agaua 2.13. He ob6uuc/ioroun BUBHAYHUKIB, JIOBECTH, 110 JJ1si OYIb-sIKUX T, 1Y, 2 €
R
0z y z 01 1 1
z 0z yl |1 0 22 ¢
y z 0 x| |1 22 0 22
zy x 0 1 2 22 0

2T

nenepepsua 1 o6umncautn [ f(z)dz.
0

Bamaya 2.15. 3nuaiitn 2011 creninbp marpuni J = ( _01 (1) ) :

Bagada 2.16. 3unaiitu lim /3" + n2".

n—oo

Bamada 2.17. O0uuciauru

r1+1 2o+2 3+3 w4+4
562+2 563+3 ZC4+4 561+1
r3+3 xa+4 x1+1 29+ 2|
Ta+4 v14+1 290+2 a3+ 3

ne xi, i =1,...,4, — po3s’a3ku piuanua z* + 1022 + 10022 + 10002 + 10000 = 0.

Bagada 2.18. OnmcaT Ta HAMAJIOBATH IEOMETPHUIHE MICIe TaKuX TOYOK (x,Y)

. T —CcosSa T+ sina
koopauHaTHO! wiomuan R, mo Vo € R ) > 0.
Yy —sina y — cos«

3ama4da 2.19. 3Hali1iTh MHOXKUHY YCIX TOYOK ILJIONIUHHU, sIKI 3aJI0BOJIbHSIIOTH PiB-

VP V@ 3212+ /(@ 62+ (y—8)2+ /a2 + (y— 42 = 15.

Bamaua 2.20. 3HaiiTu HaMEHIy BiJCTaHb MiXK IJIOMWHOI T + ¥y + 2 +3 = 01

[IOBEPXHEI0 2 = x? + yQ.

Bamaua 2.21. 3naiiTn obsacTh BU3HaYeHHs Ta moOyyBaTn rpadik GyHKII

f(z) = lim In(z" +2" 4+ 1)

n—oo n
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Bianosigi Ta po3B’a3Kn

.1. Pos6’a3annA.3 piBHOCTI

— — — —.

(@,@) + (b,b) +2(@, b) = (@+b,a+b) = |a+b]* = |a - b* =
{

Q

—

maemo: (@, b) = 0.

Bignosiabk: /st opToroHaJbHIX BEKTOPIB.

2.2. Poss’azanna. BesnocepenaiM audepeHIiioBaHHAM JIETKO BIEBHUTHUCS, 11O
22008 o~

T

3Bijcu BuimBae, o GyHKIls f MOHOTOHHO CHaJae Ha BCli JIACHIA OCi.

r € R.

BiamoBiapk: Oynkiiis crajae Ha BClii JIHCHINE OCl, & OTKe He Ma€ TOUOK EKCTPEMYyMY.

2.3. Poss’azanma. 3aIuIeMo po3IIUPeHy MaTPUITI0 CUCTEMH Ta 3BeJIeMO 11 J10 CXi/I-
gacTol (popmu:

;ji_} ? 1 -1 1 1 2
A= 5 99 o 3|~ 0 1 —1 -3 =3
v 00 2|1 0 0 0 22—-2/)x—1

3sijicu BujHO, 1m0 rank A = 2 mpu A = 1 i rank A = 3 npu A # 1. Onuc po3B’sa3KiB
JIETKO OJIep»KaTh 3a, JIoNoMoroi obepuenoro xojuy merojay laycca. [Ipu A = 1 maemo
(x,y,2,t) = (2c0 — 1,¢1 + 3¢9 — 3,¢1,¢2), c1,¢0 E R anupu AN # 1 — (0,¢1 — %,cl, %),
c1 € R.

(2co — 1,¢1 43¢0 — 3,¢1,¢2), 1,00 €ER, A =1,
(O,Cl—%,cl,%), ca €R, NF#1.

2.4. Poss’asanna. Poskmagemo auciao 10! Ha mpocTi MHOXKHUKM:

BignoBigs: (r,y,2,t) = {

100=2-3-22.5.(2-3)-7-2°.3%.(2-5) =2%.3*.52. 7.

Toni 6ynb-sikuit aiabuuk dncaa 10! mae Burmsyy 28 - 3% . 5k .7k e |y C {0,1,..., 8},
ke C {0,1,...,4}, ks C {0,1,2}, ky C {0,1}. Toxi 3arasbHa KiJIbKICTH JILHUKIB
BU3HAUYAETHCs (3a npasuiom Muoxkennst), sk Cg - Ca - CY - Cl =9.5-3-2 = 270.

BignoBiab: 270.

2.5. Poss’azanma. YBejgeMo B po3riisij] CJaiji MaTPUIll — cyMmy 11 jilarOHAJIbHUX eJie-
n

MeHTIB: tr A = ) a;;. BesnocepeiHbo mepeBipstoThest IBI BJAACTUBOCTI CJTiTY:
i=1
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i) tr(A+ B) =trA+trB,
ii) tr AB = tr BA.
HemoxmmmsicTs criBBinHomenns (2.1) BUMIMBAE Temep 3 JIAHIIOTA PIBHOCTE
O0=trAB —trAB =trAB —tr BA=tr(AB — BA) =tr £ =n,

Je n — nopsiok marpunb A, B, F.
Bigmosias: Hi.

2.6. Poss’azanma. dnst Oynp-sikoro n € N cripaBeyinBl HEpiBHOCTI

n+tl <x<n—+1:zn.

yn_\/nQ—l—n—l—l_ T V/n2 1

Ockiynbku lim y, = lim 2z, = 1, T0o 3a Teopemoro 1po Tpu nociaigopHocri lim z,, = 1.
n—oo n—o0 n—oo

Bigmnosias: 1.

2.7. Poss’azanns. Po3kiajgemo JiiBy Ta 1paBy 4acCTUHM HEPIBHOCTI B CTEIEHEBUIl
psI:

oo oo
22" 22 22"
el +e = : 2e7 = : r €R.
i HZO (2n)! HZO 2nn!
Bpaxosytoun mepisnicts (2n)! > (2n)!! = 2"n!, onepxkyemo norpibHe.

2.8. Posg’asarmnsa. Dopmysia po3B’si3Ky JIHIHHOIO HEOAHOPIIHOIO jgudepeHiialbHO-
ro piBusnus 1-ro nopsanky 4y + p(z)y = q(x) mae Bursa:

y = e~ [ p(@)dz (C — /q(:c)efp(t)dtd:c) .

Tomy B sikocti p(x) moTpibHO B3sitn —2x, B sikocti ¢(z) — KoHCcTaHTy 1 1 HOKJIAcTH
C' = 0. Toxi nouarkosoio ymosoio 6yue y(0) = 0.

Bignosins: y' — 22y = 1, y(0) = 0.

2.9. Pose’azanmna. Moxaupi pi3ai crmocobu pos3p’s3annsg 3agadi. HaBenemo muie
OJINH 3 HUX.

Posrisinemo dyukmionanbry nocrigosuicrs { f,,n > 1}, e fo(x) = 27" x € R.
Bestocepeiaim JindepeHIiioBaHHsIM OEPKYEMO, 1110 Jijisi i > 1

fi(z) =-nln2.-27" f’(z) =n*In*2-27" r e R.

n n

o0 o0 o0

Ba osnakoio Beitepmrpacca pamu > fuo(x), > fr(x), D f/(x) 3biraiorbes piBHOMIp-
n=1 n=1 n=1

HO B okoJii x = 1. Tomy B 11bOMy OKOJI

n29.9%(9 " 00 " 00 50
1 2(23—(21);1):(2961—1) (an(x)> =) i) =2y nP27.
n=1 n=1 n=1
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2
(0 ¢]
[TijicraBisiioun croam 3nadennst © = 1, 0JepKyeMo piBHICTH Z o =

Bigmosias: 6.

2.10. Poss’azanns. Bukopucrosyioun dopmynn Eitnepa, sanumemo ¢ynknio f B
TaKOMY BUTJISAJIL:
1q e

(@) 7 q e q e
T)=—— : : = - — — — | .

Ternep 3a popMyJI010 JijIsi CYyMU HECKIHYEHHO CIIaJIHOI '€OMETPUUHOI HPOI'Pecii, MaeMo
JTAJII:

flz) = Zsinnx.

n=1 q”

o
BigmosBigp: > Sy

n=1 q"
2.11. Pose’azanns. Posrasnemo dyukiio f(x) =In(x+1) — 1 Tlomitumo, 1o

x
1 1 x
f(z) = — = 5 >0, x>0,

r+1 (x+1)2% (x+1)

Ockinbku f(0) = 0 1 dyskiis npu £ > 0 € MOHOTOHHO 3POCTAIOY0I0, TO HEPIBHICTH
BUKOHAHO.
2.12. Po3ss’AsanmA. Y MOBY 3aJiadl MOXKHA IePeIucaTy TaKuM YMHOM:

Ve>03IM e NVm > M: 2008 — e < 271 < 2008 + e.

Lm

Tomy mpu n > m

o = \/ $m+1,m. ) VT Fon,s

Lp—1

Je Y, — 1 upu n — oo, a Iy, , 3aJ10BOJIbHsAE HEPIBHICTD
(2008 — &)™/ < F < (2008 4 )/,

3BijcH
2008 — & < lim /z, < lim /z, < 2008 + «.

n—00 n—00

[Toknanatoun Tyt € — 0, ogepxkyemo lim /x, = 2008.

n—oo

Bigmosias: 2008.
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2.13. Posé’asanna. Hexait x,y,z # 0. Toxi

0 z y =z —— 0 T Y z
JIOMHOXKYEMO 2-mit, 3-1i1 Ta 9 9
xr 0 2z y . : : I |zyz 0 wyz© y°z
= |4-nit psAAKY BIANOBIJIHO HA| = —— 5 ) | =
y z 0 x ryz |xyz xz© 0 2%z
Yz, Tz Ta TY 9 9
zy x 0 zyz xy- xy 0
BUHOCHUMO 3 1-TO, 2-TO, 3- (1) é 12 12
= [T0 Ta 4-T0 CTOBIIIIB BLJIIIO- | = 9 = y2 .
BIJIHO TYz, T, Y Ta 2) b= 0w

2.14. Poss’asanma. 3 o3Haku Beitepiirpacca BUILIUBAE, 1110 PsiJl 30Ira€ThCs PiBHO-
mipro. Tomy dyukiisg f € HenepeppHo Ha R, a caMm psij MOXKHA IHTEIrpyBaTH IOUJICH-
HO. 3BIJICH OJIEPXKYEMO, II10

2T

cos? nx > 1
/f(x) / (n+1) :W;n(n+1):7r'
0 n=

Biamosian: 7.

2.15. Posé’azanns. Posrisinemo nepiii creneni

JQ:(_Ol _01):—]3, J=—J J'=E, J° =1

MerosoMm MaTeMaTUIHO! 1HAYKINI JIEFKO [TOKA3ATH, 1110
JH = ¥ = —p, J¥P =g, J*M=E k=0,1,2,....

Ockinbku 2011 = 502 - 4 + 3, roui J? = —J.

. . 0 —1
BignoBinb: (1 0 )

2.16. Poss’asanns.

2 n
lim v/3" +n2” = 3 lim \/1+n(§> =3

n—oo n—oo

ockiibku 1 < /1 +n (%)n <+14+n — 1.
n—o0

BinnosBiab: 3.

2.17. Poss’aszanma. Ockinbkn x;, ¢ = 1,...,4, — pO3B’I3KM PIBHSIHHST 3aITMCAHOTO
BUIIIE, TO 33 TeopeMoto Biera x1 + x9 + 23 + x4 = —10.
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Y BUBHAUHUKY JI0JIaMO JIO 1EPIIOro CTOBIII JIPYIUil, TpeTiit Ta YeTBepTuil, OTpu-
MaeEMO

T+ xo+r3+a4+10 29+2 23+3 24+ 4
331+SU2+£I?3+[E4+10 51734‘3 51744‘4 5171—|-1 .
1+ xo a3+ +10 x4 4+4 31 +1 20 +2]
1+ rot+r3s+r4+10 214+1 294+2 23+ 3

$2+2 .CL’3+3 $4+4
r3+3 x4+4 $1—|—1_
ri+4 v1+1 20 +2|
SL‘1—|—1 SL‘2+2 £L‘3—|—3

D:

|
S o oo

Bianosiab: 0.

2.18. Poss’azanns. Hapejemo Jiniiie oJiuH 3 PI3HUX MOXKJIMBUX PO3B’sI3KIB 3a/1a4l.
[lepenuireMo yMOBY TAKUM UHHOM:

)
)

r —cosa x —cos(a+
Vo e R |y —sina y—sin(a+
0 0

SIERCTE

0
0 > 0. (2.2)
1

Pazowm 3 roukoro G(x;y) 3 mykanoro 'MT posrisinemMo Bl TOUKM OJUHIIHOTO KOJIA
— Ay (cosa;sina) ta By (cos(a + Z);sin(a + Z)). 3 nepisrocri (2.2) sunsmsae, 1o
Bektopu GA,, GB,, k yTBOPIOIOTLH JiBY TPIiiKy BEKTOPIB ¥ IPOCTOPI /st OYIb SKOTO
a € R, inakme kaxyuan, Kyt LAGB, 3apxan € nojgaraum. Ile o3naqae, mo ToUKa,
(x;y) nexurb 1o roit ke (siBmit!) 6ik Bij npsimol Ay By, 110 it Touka O — moyaTok
KoOpauHAT. TakuM YMHOM, IIIyKaHe FeOMeTPUIHE MicIle TOU0K § € MepeTUHOM BUTJISITY

g - ﬂ Pa;
a€eR

ne P, — HAMIBILIONIKHA, 0 0OMEXKYEThCs TpsiMoio A, B, Ta MICTHTBH MOYAaTOK KOOP-
muHatT. Jlerko 6aduru, mo G € (BIAKPUTHM) KPYTOM, IO JOTUKAETHCS JIO BCIX MPIMUX
AnB,, T06T0 Kpyrom x? + y? < %

Bianosige: 2% + y? < % <Bi,£[KpI/ITI/II7'I kpyr 3 nertTpom B Touni O(0;0) i pajiycom

7)

2.19. Poss’azanma. Adxino rouka Hajgexxutb nboMy ' MT, To, Buxojisiuu 3 piBHsAHHS,
e O3HauaE, 1o cyma Biicranei Bij el jo rouok A(0;0), B(3;0), C(6;8), D(0;4)
qopisaioe 15. Ane moxkna nomitutu, mo AC = 10, BD = 5. lle o3nauag, 1mo equna,
touka 1mporo ['MT 1e Touka nepernny npsiMmux, 1mo mictaTsh Binpiskn AC, BD.

PiBHSIHHST 1UX TPAMUX:

4 4
AC y:§x, BD : y:—§x+4.
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N 3
[x TOuKy HepeTuHy JIerko 3HaiTu: 11 KoOp/uHaTH (5, 2.

3
Biamnosiab: <§, 2) .

2.20. Pose’azanns. PosrigremMo TOUYKY ~Ha 1apadoJIoili 3 KOOPAMHATH
My(xo, Yo, x% + y%) Tosi BijicTaHb BiJI ITIE] TOYKH JIO IIJIOIUHI

Cwotyotad 43 (wo+ )P+ (wo+3)P+25

d(Mp)
V3 V3
Tojii HaliKopoTIIa BijicTaHb OyJie Ipu Ty = —%, Yo = —%. TaxuMm 9uHOM HAHRKOPOTIIIA,
BijicTaHb Oy1e 27%
. . 2.5
BignoBiab: —.

V3

2.21. Poss’asanna. Jns v € (—oo, —2) Opu BEJUKHUX N IIiJ] 3HAKOM Jiorapudmy
CTOITh BIJI'€MHE YHCJI0, a IpU T = —2 IPaHuIl He icHye (1 moc/iIoBHICTh 3 MapHUME
n upsmye j1o In 2, a 3 venapuumu — jo 0). Ilpu z € (—2,2)

In (2" [(5)" +1+5]) In ((5)" + 1+ 57)

f(z) = lim =In2+ lim =1In2.
n—00 n n—00 n
Ao x x € [2,+00), TO
n 2\" ;1 2\, 1
f(z) = lim In (" [1+(2) +]) =Inz + lim n (14 () +30) =Inz.
n—00 n n—00 n

n2, ze€(-2,2),
Inz, z€[2,+00)

Bignosinb: Dy = (—2,+00), f(z) = {
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3 11 eran BceykpalHChKOl CTYA€HTCHKOI OJIIMITIaIn 3
MaTeMaTHUKI cepe/ CTYIeHTIB BUIMUX HAaBYAJILHUX
3aKJIadlB TeXHITHOT0, EKOHOMIYHOI'O Ta arpapHOro

npodiniB (CeBacromnosib, 2008 p.)

I eran Bceykpainchkoi crygerTcbKol osimmiaan y M. CeBacToroii nmpoBOuBCs
y TPHOX KATeropisx:

— Kamezopia "M": 1o 1i€l kaTeropii BIIHOCHIN CTYAEHTIB, sIKI HABYAIOTHCS 32 CIIe-
MIAaJIbHOCTSIMH, 110 HOTPEOYIOTH IMOrIUOJIEHOI0 BUBUCHHS MaTeMaTUKU;

— Kamezopia "T": no miel kareropii BiJHOCHJIM CTYJAEHTIB TEXHITHUX CIEIIAJIHHO-
cTeit;

— Kamezopia "C": no niel kareropii BiIHOCHJIN CTYIEHTIB, SIKi HABUAIOTHCS 38 €KO-
HOMIYHUMU Ta arpapHUMHU CHEIIaJbHOCTSIMU.

B npoMmy pos/iiii mojiaHo 3aBianHs BCix Kareropiit osimmiam 2008 p. 3 po3B’sizkamu.

YMoOBH 3aga4

Kameaopias "M"

3amada 3.1. fkuMm ymMoBaM MaloTh 3aJ0BOJILHSATH JICHI YKCIa ai, as, as, by, bo, b,

¢, mob cucreMa, JIHIHHUX PIBHAHD

—azTs + asr3 = by,
azry — ayrg = b,
—ar1 + a1T2 = b3,
a1T1 + asx9 + azxrz = ¢

Oys1a HECYMICHOTO?

Bamada 3.2. Ha Bcix croponax omykioro n-kytunka Aj As... A, 30BHI m0o0y10BaHO
HPABUILHI TPUKYTHUKH AlAan, Ay A3By, A3AuBs, ..., A,A1B, 1. Jdosectn, 1o
A\By + A3By + ...+ A,B, = 0.

Bamada 3.3. Jlano napabom y = 22 it y = 22 +m (m > 0). B akomy Bignomenmi
XOp/ia, nepirol mapabosin, 1Mo JOTHKAETHCs JI0 JPYTrol mapabosiu, MOIISEThCsT TOTKOIO

JIOTUKY?

Baga4da 3.4. [locainosnicts {a,}, n € N, 3agano 3a J0MOMOrow0 peKypeHTHOI

a
dbopMynu: a; = a, ay = b, a, = 5a,_1 — 4a,_2, n > 3. 3HaiiTH lim —.
n—00 4”

Bamaua 3.5. 3naiitu Bci Gynkuil f : R — R, sxi nupu Oyjib-sikux JiiicHux x, y
3aJ10BOJTbHsIOTE piBHsuus f(x) - f(y) — f(zy) =2y + 2 +y — 1.

o
x2+f2( )’

Va > 1. Josecru, mo icaye lim f(x) i mo s rpaxurs ve Oinbire, Hixk 1 + Z
Tr—r00

Bagaua 3.7. Oynkuist y = f(x) Buznadena Ha Bijpisky [0, 1] 1 y xoxHiit Toumi

Baga4da 3.6. Oyukuis f(z) sagoBosnbusie ymosu: f(1) =1, f'(x) =

1bOI'o BiJ[pizka Mae nepiiy ta apyry noxijxi. Bigjomo, mo f(0) = f(1) =01 |f"(x)] <
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1 Vz € [0, 1]. dke naiibisibiie 3uauennst Moxke HabyBaru Makcumym GyHkiii f(x) st
BCIX MOXKJIMBUX (DYHKIIIH, 1O 33 J0BOJILHSIIOTE 111 YMOBHU?

Bamaya 3.8. 3HaiiTu HEBJIACHWIT THTErPAJI

+00

/ 1 1 1
— —dx
1420 1+20) 2
0
,nea, BeR, af > 0.

Baga4da 3.9. Hexait muorownen P,(x) crenens n 3 mificaumu KoedilieHTaMu mpu

BCIX JIICHUX 3HAYEHHSAX T HaOyBa€ Jiniie J0JaTHIX 3HaUYeHb. JJoBecTn, 1110 MHOTOYJIEH
P,(x) MoxXHa HOJATH Y BUIJIsIJI CyMU KBaJPaTiB JIBOX MHOFoqﬂeHiB

3agaua 3.10. Posp’sizaru judepeniiiajibie piBHsHHS :cyy \/ T Ly

Kamezopia "T"

Bamada 3.11. fkum ymoBaM MalOTh 3aJI0BOJbLHSITH JIHCHI YKcaa a1, Ao, a3, by, bo,

bs, ¢, mob cucreMa JIHIRHUX PIBHSIHD

—agzwy + asr3z = by,
azri — a1r3 = bo,
—ar1 + a172 = bz,
a1T1 + X9 + a3xrz = ¢

MaJia 6e3J1i4 po3B’sA3KiB?

Bagaqga 3.12. Ha Bcix cropoHax omykJoro mectukyraunka AqAs...Ag 30BHI 1100y-
JIOBAHO HpaBI/IJIle TPUKY THUKI A1AsBg, AsAsBy, A3A4Bs, ..., AgA1Bs5. Hosectn,
10 AlBl + AQBQ + ...+ A6BG = 0

Bamada 3.13. Jano napaboiu y = x2 it y = x> + 1. Jlosecru, 1110 X0pJia 1epIiol
mapaboJIn, IO TOTUKAETHCS JI0 IPYTOl 1apabOoIH, MOMIISIETHC TOUKOO JTOTUKY HABIILI!

Bamada 3.14. Tlocaigosuicrs {a,}, n € N, 3ajaH0 3a J0M0MOr0I0 PEKypPEHTHOT

Qn
dopmymn: a1 = a, as = b, a, = 4a,_1 — 3a,_2, n > 3. 3HaiTH nh_g)lo -

3amada 3.15. 3naiitu Bci dynknil f: R — R, gki npu OyJb-siKuX JICHUX T, ¥, 2
3aJI0BOJIbHSATOTH PIBHSHHSA

fx)-fly) - f(z) = flayz) =zy+az+yz+ax+y+2

3amaqa 3.16. [us. 3ajauy 3.6.

Baga4da 3.17. Oyukuig y = f(z) Busnauena wa Bifgpizky [0, 1] 1 y xoxHiit Toumi
IbOTO BijIpizKka Mag mepiiy Ta apyry noxijgai. Bigomo, mo f(0) = f(1) =01 |f"(x)| <
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1 Vz € [0, 1]. Josecru, 1o naiibisibiie 3HaderHs, sike MOxKe HabyTu MakcuMyM (pyHKIIT
f(z) auist BCix MOKIMBUX (DYHKILH, 1110 33/[0BOJIbHSIIOTH 1l YMOBH, JIOPIBHIOE 3

Bamaua 3.18. 3HaiiTn HeBIACHUI iHTErpaJ

T 1\ 1

_ 24
/(14—:1:0‘ 1+$5>x:€
0

cnea, BeER, a>0, 5>0.
3ama4a 3.19. [us. 3amaay 3.9.

Bamaua 3.20. [Ba Tisa sarpiau g0 100°C', a moTiM OMICTHIN B CEPEIOBHUIIE, TEM-

eparypa gKoro mijATpuMyerbes nocriiinoro 1 jgopisaioe 0°C'. Yepes 10 xBusmH micjist
IOYATKY OXOJIOJI?)KEHHsI T1JI TeMIieparypa nepiioro 3ausuiacs jgo 80°C, a Tremneparypa
apyroro — g0 64°C. Yepes cKiJIbKU XBUJIWH BiJI TTOYATKY OXOJIOIKEHHST T TeMITepa-
Typa OJHOTO 3 HuX Oyze Ha 25°C' blibIle, HIXK TeMIepaTypa HIIOro, SIKIO MIBUJIKICTH

3MIHI TeMIlepaTypH Tija MPOMOPIiifHa PI3HUII TeMIepaTyp Tila i HaBKOJHIITHBOTO
cepeoBuIna’

Kamezaopis "C"

3amada 3.21. fdkum ymoBam MaloTh 3aJI0BOJIbHATH JIfiCH] Yncia ay, ag, as, by, bo,

b3, ¢, o0 cucTeMa JIHIRHIX PIBHAHD
—QazTo + A2T3 = bl,
asry — a1rz = by,
—apry + a1 = by,
a1T1 + aox9 + azxrz = ¢
MaJia, €JIMHNN PO3B 30K !
Baga4da 3.22. Ha Bcix croponax omykisoro tpukytauka ABC 30BHI 0OY10BaHO
npaBuibhi TpukyTHukn ABCY, BC Ay, C AB;. Hosecru, mo A1 A1+ BB;+CC; = 0.

3amada 3.23. [losecru, 1m0 BiJIpi30K OY/1b-SIKOI JOTUUIHOI 70 PIBHOOIYHOI rinepOo-

JIA, KW JIEKUTh MK 11 aCUMIITOTAMU, JIJIUTHCS TOYKOIO JOTUKY HABITLI.

Baga4ya 3.24. Tlocaigosricts {a,}, n € N, 3ajano 3a J0MOMOTO0 pPEeKypEHTHOI

. . Qn
dopmynu: a1 = a, as = b, a, = 3a,-1 — 2a,_2, n > 3. 3uaitTn lim —.
n—oo 21

Bamaua 3.25. Suaiitu Bci hynkiil f: R — R, ski npu Oyib-gkux JificHux &, ¥y, 2
33I0BONIBHAIOTE piBHsAHEA f (. — f(y)) =1 —2 —y.

2 X
. . . Tr—+a
3ama4da 3.26. ki unciiosBi 3HaUeHHA MOXKe HaOyBaTu lim ( ) , sK1mo 4a’+

x—o00 \ T + b2
b +2b<3, a,b€R?
Bagaua 3.27. Binowmo, mo dyukiis f(x) nHenepepsra Ha Bijpisky [0, 1], audepen-
nifosua B npomixkky (0,1), f(0) = 4, f(1) = 2, f'(z) > —2 Vo € [0,1]. Buaiitu
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byukuio f(x) i goBecru, mo iHmux GyHKIN, siKi 33/[0BOJIBHSIOTH YMOBY 3aJia4i, He
ICHYE.

agaua 3.28. /losectu, 1110

+00

1 1 1
- “dr =0
/(14—:1:0‘ 1+x5)xx ’

0

mea, ER, a>0, 5>0.

Baga4a 3.29. 3uaiitu HaliMeHIne 3HadYeHHs DYHKIT

f(x):/{\?/ﬂ—x’du, r € R

3agada 3.30. /Ipoe pobiTHHKIB BUrOTOBMIN 1TOHA] 29 onHakoBux jerajeit. Kijab-

KICTh JleTaJieil, BAIOTOBJEHUX HEPIIUM PODITHUKOM, 1110 3MeHIleHa Ha 2, Oyjie Oljibiie
HI?K y 3 pas3u MMepeBUIyBaTH KUIbKICTD JieTajieil, BATOTOBJIEHUX JPYTUM POOITHUKOM.
[Torpoena KibKiCTh JleTajeil, BATOTOBJIECHUX MEPITUM POOITHIUKOM, MEPEBUIILYE TTOBO-
€HY KILJIbKICTB JleTaJjeil, BUPOTOBJIEHUX JIDYyIUM pODITHUKOM, aJie MeHIe, Hik Ha 60.
CkijibKK Jlerajieil BAPOTOBUB KOXKE€H POOITHUK?

Bianosizi Ta po3B’a3Kn

3.1. Poses’asanna. BBenemo nosnaduenms:

0 —as a9 0 —as a9 b1
az 0 —a — as 0 —a; by
A= A=
—Qa92 Qq 0 —Qa92 Qq 0 b3
aq a9 as aq a9 as C

Tyr A1 A - marpuis i po3mupena MaTpuIls JaHOT JIHIHHOT CHCTEMY BIITTOBIIHO.
O6uncauMo Bei MiHOpH 3-TO MOPSIJIKY MaTpuil A:

0 —asz Qs 0 —asz ap
A(lg) =| a3 0 —a;|=0, Ag?’) =laz 0 —a;|=as (a% + a3 + a%) )
—as aq 0 ay az as
0 —ag as
A:(33) =| —as a; 0 |=—as (a% + a% + a%) :
aj az aj

Af’) =|—a a1 0 |=a (a% + ag + ag) .



KpiMm TOro BUBHAUHUK PO3IIUPEHOT MATPUIL JaHOI JIHIHHOT cucTeMu:

0 as a9 bl
as 0 —ay b2
—ag a1 0 bg
aq a9 as C

A= = — (a1b1 + asby + asbs) (af + a3 + a3) .

Posrysinemo jBa BUa KA.

1). Hexait a; = ay = ag = 0, 10610 a% + a% + a% = 0. Toui, skio Bcl ducia
by , by , b3 , ¢ TOPIBHIOIOTH HYJIIO, TO JlAHA CHCTEMA € CYMICHOIO 1 HeBU3HAUEHOIO (TOOTO
Mae 0esstiv po3B’a3KiB).

Ao x xoua 6 ojiue i3 unces by , by , by , ¢ BIIMIHHO Bij HYJIsI, TOOTO BUKOHYETHCS
ymoBa b? + b3 + b3 + ¢* # 0, To cucrema € HeCyMiCHOIO .

2). Hexait a% + a% + ag =# (0, TobTO X04a O OjHE 13 UnCces ay ,as , a3 BIMIHHO Bij
ayast. Toal xoya 6 oaMH 3 MIHODIB Aé?’), Aé?’), Af’) BinMiHHUR Bijn Hysnd. Lle osnadae,
mo paur marpuii A jgopiBHioe 3. ZKINO Ipu NbOMY BUKOHYETHCS yMOBA

a1b; + agby 4 asbz = 0,

TO PaHr pO3MHpeHol Marpuii A TakoXK [IOpIBHIOE 3, & TOMY B3TiIHO 3 TEOPEMOIO
Kponekepa-Kanemnn jgana cucrema € cymicHoro. OCKUIBKH YMCJIO HEBIJIOMUX JIOPiB-
HIOE paHry marpuili A, To jlaHa CyMiCHa CUCTEMa € BU3HAYEHOIO, TOOTO Ma€ €uHuii
PO3B’SI30K.

ko x aiby + azbs + azbs # 0, To paur posumpenol marpuni A popisuioe 4, T06TO
He JIOPIBHIOE paHry mMaTpuil A, a 1e o3Hadae, 0 JaHa CUCTeMa € HECYMICHOIO.

Takum uunom, skiio a + aj + a3 = 0 it b? + 03 + b3 + ¢* # 0 abo af + a3 + a3 # 0
it a1by + asby + aszbs # 0, To BuxijgHA cucTeMa JIHIHHUX PIBHIHB € HECYMICHOIO.

Bignosiaw: af + a3 + a3 = 0 it b2 + b3 + b3 + ¢® # 0 abo
a%+a%+a§#Oﬁa1b1+agbg+a3637§0.

3.2. Poss’azanna. llomamo Bekropu A1 By, AsBs, ..., A, B, y BALIsA CyMU JIBOX
BEKTOPIB:

A1By = A1Ay + AzBl, Ay By = Ay A3 + AgBQ, ey A, B, = A,A + A B,,.

Tomi

A1By+ A3Bs + ...+ A, B, = (AjAy + ApAs + ...+ A, Ay) +
+ (A1By+ AoBi + ...+ AyBp1) = A1B, + AsBi + ... + Ay By 1.

Axmo koxuuit 3 BexkTopis A1 B, AsBy, ..., A,B,_1 nosepuyTu #a 60° HaBKOJO ifOr0

MOYaTKy, TO BOHU Oy/1yTh 30irarncs BiAmoBiaHO 3 BekTOopamu AjAy, AsAs, ..., A, A1,

cyma skux jgopiBaioe O. Ilpu 1mpoMy BeKTOp, KWl JIOPIBHIOE CyMi BEKTODIB
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A1B,, AsBy, ..., A,B,_1, Takox noBepHerbcst Ha 60°, a #0Oro Mojy/ib He 3MIHUTHCH.
Towmy i

AB,+ AyB,+..+ A,B,_1 =0,
a 1e o3navae, mo it A; By + AyBy + ... + A, B, = O, 1o it Tpeba 6yJ10 j10BeCTH.

3.3. Pose’azann.a. Hexait xopja nepiiol mapadoJin JOTUKAEThCs 10 APYTol mapabosin
B Touni (zg, Yo), A€ Yo = x5 + m. PiBHsnng niei qoTuyanoi Mae BULIAL Y = T3 + m +
220(z — o) abo micis nepersopenns: y = 2xox — 2 + m. Touku neperuny JOTHIHON
3 1epIIoio 1apaboJioio (To6TO KIHII XOpIU) BUZHAYAIOTHCS CHUCTEMOIO DIBHSIHb

2

y = 2xor — i +m
y=u '

BuKTI09MBIIN 13 1i€] CUCTEMU Y, TICTAHEMO KBaIpaTHE PIBHAHHSI x2—2x0x+x%—m =0,
sIKe 3aJI0BOJIbHAIOTEL aOCIKUCH X1 1 X9 KIHIIB XOpau Iepinol mapabdosu. Po3s’sasyoun
KBaIPATHE PIBHSAHHSI, 3HAXOIUMO: T1 = Ty — /M, To = T + /m. 3Bigcu xy = %,
a 1e it o3Hauae, IO XOopJa IepInol mapadosu, 1Mo JOTHKAETHCA 0 JAPYrol mapaboJiu,
MOJ/IIISAETHCS TOUKOIO JIOTUKY HaBIILI.

Bianosias: y BijHomenni 1:1.

3.4. Poss’asanna.
Ilepmnit croci6b. 3 ymoBHU 3aJiadl BUILJIKBAE, IO

az = bas — 4ay = bb — 4a,
ay = bag — 4ay = 5(5b — 4a) — 4b = 21b — 20a,
as = 5ay — 4az = 5(21b — 20a) — 4(5b — 4a) = 85b — 84a . ..

abo

(1+4)b— 4a,
as=(1+4+4°)b— (4+4%) q,
as=(1+4+4+4°)b— (4+4*+4%)a ...
[punycrumo, mo a, = (1 +4 +42 + .. +4"72)b — (4 + 4> + ... + 4" ?)a. Buxo-
PpUCTOBYIOYM (i)OpMy.Hy AJId CYMH T II€pHInX 1JICHIB FeOMeTpI/I‘{HOI HpOI‘pGCﬁ, ,B;iCTaGMO

dbopmyny a, = 4”5’1*—2“ + 4“?: b SIKY HEBAXKKO JOBECTH 33 JOTOMOIOI0 METOJA MATEMATH-

as

YHOI 1HJYKIII.
Taxum uunom, lim 2 = bl_—za
. n—oo
Hpyruii crioci6. Pexkypeurtny dopmyny a, = bda,1 — 4a, o, m0OTO a, =
4+ 1)a,1 — (4-1)a,_o, MOXKHA 3amUCATH Y BUNISIL @y — 4a,_1 = ap_1 — 4a,_9

abo y Burisiai a, — a,—1 = 4(a,—1 — a,—2) . 3BijcH BUILIKBAE, IO

a, — 4a,_1 = b — 4a,
Uy — Ay = 4"2(b—a)
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BukJirouaodn i3 i€l CuCTeMH a,,_1, JICTAEMO: A, = 4” 5 + 4“ TOMy li_>m == 1)1_—2“
n—oo
b—a

12
3.5. Pose’asanma. Ilijicrapisioun r = y = 1 B jlane pyHKIlOHAJIbHE PIBHSHHS,
JIICTaEMO

Biamnosiab:

(F) =)=

[le piBusinHst Mae jBa jidicaux kopeni f (1) = 2 abo f( ) = —1. Toknanawouun y =
1 y dyukmionassaomy pisusuni, maemo f (z) - f(1) — f(z) = v+ 2+ 1 — 1 abo
fx)-(f (1) —1) = 2z

Axmo f (1) =2, 1o f () = 2.

Akmo f (1) = -1, 10 f(2) = —=x.

[TepeBipka mokasye, 110 »KOJiHA 3HaiijieHa (PYHKINS He 3aJ0BOJIbHSIE BUXITHE (yH-
KI[lOHAJIbHE PIBHAHHS, OT:Ke TIe PIBHSAHHSA HE MAa€ PO3B’si3KIiB.

BiamoBigpb: Takux QyHKINH He icHYE.

3.6. Pose’azanna. 3 ymosu 3agaqi summsac , mo [’ (z) > 0 Vz > 1, a e o3navae,

mo dyukiisa f (x) spocrae Ha npomixkky (1; +00). Kpim Toro, 3 ymoBu 3a/at1i Takox
) = [
puiimBae, mo f (z) = [ ——s—
1 27+ 7 (@)

T dx

1f332+1 +1=§+1,00Kiﬂbmf(g;)21 Vr e R .

Taknm wmmom, dbynkiia f (z) € 3pocraiodoio i 0bMexenoo 3sepxy umcioMm 1+ 7,
a Tl 03HAYAE, 10 3riHO 3 TeopeMoio Beiieprrpaca f () mMae npu & — +00 CKiHUICHY
rPaHUIo 1 I rpanuig He Olabiie, Hixk 1+ 7, mo it Tpeba Oyno josecTy,

+1 Vr > 1. A e osnavae, mo  f(x) <

3.7. Po36’a3amma.
[leprmit croci6. Hepaxkko mepesiputu, mo dyukiisa g (x) = 0,5z (1 — z) 3am0-
BOJIbHSIE BCl yMoBHM 3ajiadi. s ¢yukiis nadbyBae HaliOlIbIe 3HAUEHHS, IKe JIOPIBHIOE

%, y Touli x = % [Tpunycrumo, 1o 3uaiijiersbes inma yukiis f (), 1o 381080/ bHsIE
BCl yMoBH 3agadi it Taka, mo f (a) >z, ne a € (0; 1).

Posrsisiremo dyuxiio b (z) = f (:c) g g (x). OgeBunno, mo h(0) =0, h(1) =
0, h(a) = 0. Kpin toro, 1" (x) = f" (x) + L4 > 0, romy mo | 7 (z)] < 1,a L4 > 1.
[le osmauae, mo dyukiis b’ (x) € crporo SpOCTafquIo. OjHak 3rijiHo 3 TEOPEMOIO
Poqns 3z € (0; a) i Jzg € (a; 1) maxi, mo h'(x1) = k' (xy) = 0. pwuiimuim 10
nporupiuds. OrKe He icHye (DYHKINI, [0 3a80BOJILHSIE BCI YMOBM 3a/a4l 1 TaKuii, 110

T Ha#OLIbIe 3HaYeHHS [IePEBUIILYE %.

Takum qrHOM, HANOLIBIIE 3HAUCHHS, 0 MOYXKe HaOyBaTh MakcuMyM byHKIil f ()

JUIS BCIX MOXKJIUBUX (PYHKIIIH, SKi 3a/0BOJIbHAIOTH YMOBH 3aJ1a4i, JOPIBHIOE %.

Hpyruii cuioci6. Hexait naitbisibine suavennst dyukiist f(x) nabysae B Touli r =
€ (0;1), romi f'(a) = 0.
Bukopucrosyioun ¢gpopmysy Teitsiopa Jpyroro mopsjiaky, J1iCTaEMo
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f@)=f(a)+ L% @ —a) + L9 (¢ — a)’, ne € € [a;2] (€ € [2;0]), z € [0 1].
Ockisnbku f/ (a) = 0, 10

/"
F@) =@+ @0, (+
Posrngnemo 2 Bunajiku.
1) Hexait 0 < a < 1.
Hi,ZLCTaB.HHIO‘H/I x =0y dbopmyny (x), micraemo 0 = f (a)
f(&) 2. & E[O a]. Takum qunom, |f (a )]:Wcﬁgé.
2) HexaI/I 5 <a<l.
IMixcrassuoun © = 1y dopmyny (), gicraemo 0 = f (a) + & ( £ — a2,
fa) = =81 —a)2, ¢ € [a;1]. Takum sunom, |f (a)] = L& g1‘|1 al® <

1
8"
Orpumyemo, 1o B 000x Bunajkax f(a) < %, a 11e O3HAYAE, 1110 m[ax] f(x) < %.
z€|0;1

Hesazkko mepesiputn, mo dbynkmia f (x) = 0,5z (1 — &) 3a/I0BOJIbHSE BCI YMOBH
sajadi | HaOyBae HAUOLIbIIe 3HAMEHHS, sIKe JIOPIBHIOE §, Y TOUI] T = .

Orke, HaiOLIbIIE 3HAYEHHST, 1110 MOXKe HabyBaTu MakcumyM GyHKIT f () s Beix

hyHKIIi#, sKi 33/10BOJILHAIOTH YMOBHU 3a/1a4i, JIOPIBHIOE %.

s-a”, 3eigkn f (a) =

3BIJIKA

Bigmnosiab: %.

3.8. Poss’asanma.
[Mepuuii cuocid. Iepersopumo mijinrerpajibuy (pyHKIIO JAHOI0 iHTerpaJa:

1 1 y1 1 1
l+z0 1+2°)2 (1+a9)2 (1+29)2
1 xo ! (1 e ) e s

z 1420 v 14+28) 1+28 1420

Tomy st jjoBisibHOrO T > 0

/ 1 1 1 / Pl xo !
— —dr = — de =
1+z0 14+2°) 1+28 14 @

oY
:lln(1+xﬂ)—lln(l+xa)—|—02 (1+x>1 C.
B a (1 +29)=
Orxe,
o (1+2)7 1+ 2%)7

1 1 1 . :
— —dr = lim In—~ — lim In——=+.
14z 1+ gjﬁ €T T——+00 (1 + xa)a x—40 (1 + xa)a
0

Axmo a > 01 5 >0, o

|
S
+
&\
=
N——"
|

1+ 2"
lim In— =01 lim ln%: lim In - = 0.
z—+0 (1 —f—:L’O‘)E r——+00 (1 +$O‘)E T——+00 l‘(l _+_:L.7a)g
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Amnagoriuso, skimo o < 01 8 < 0, To

|~

1 1
1+ 2” 1+ 2%)7 z (14 277)°
lim ln!:() i lim ln!: lim In )1 = 0.
T—+00 (1 + xa)a x—+0 (1 + xa)a z—+0 T (1 + x—a)a
+00
Takum umnnoM, sikiio «ff > 0, 10 [ (1+1xa — leﬁ) %daz =0.
0

Jpyruii crnocib.

+00 +00

/ 1 1 \1 (27 — 2%) da
— —dx =
l+z* 1+428) 2 (1+z*) (1 +a28)x
0

0

—+00 “+00

B (¢ — 1) dt (t7 — ) dt
1/(1+ta)(1+t5)t1/(1+ta)(1+tﬁ)t’:>

N 1\ 1

= — —dx = 0.
/(1—|—x0‘ 1—|—:L‘/3>:L' !
0

L (6 a\g
3ayBakK1Mo, 110 HeBJACHU iHTerpas I = Of% € 3012KHUM.
Hiiicno, sikmo o = 3, o I = 0.
o —x®
Axmo a # B, To npun a > 0, § > 0 maemo T P = @) (xll_v) upu v — +0,
ne v = min (o, ).
B_ .«
Amnagoriano, npu a < 0, f < 0 maemo % =0 (ﬁ)npﬂ r — 40, ne

v = min (—a, —f3).
BinnosBian: 0.

3.9. Poss’asanna. 3 yMOBY 3aJadi BUIIUBAE, 10 P, () - MHOTOUJIEH TAPHOTO CTe-

nenst (n = 2k), koedinienT npu crapiiomy crereni 6ibine 3a 0 ( MOXKHa BBayKaTH, 110
BiH sopiBHIOE 1) 1 1110 Bl Kopeni muoroutena Py, () KOMIUIEKCHO CIpsiKeHi: o1 1 Ty, &g

i Tg, ..., v} . T. Orke, MHOrOWICH P, () MOXHA MOJATH y BUTIISJI:

P.(z) = (x —x1)(x — z2)...(x — xp)(x — T7) (x — T3)...(x — ).

[obyTok nepmux k MHOXKHUKIB € MHOTOUJIEH cTenens k. Lleit MHOTOUIEH € KOMITJIEKCHO

CHPSI2KEHUM JI0 MHOT'OUJIeHa cTerens k, 110 JIOPIBHIOE JIOOYTKY OCTaHHIX kK MHOXKHUKIB,
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To610 P, (2) = (Q(2) +iR(2)) (Q(x) — iR(x)) abo P,(r) = Q*(x) + R*(x), mo i

Tpeba OyJI0 TOBECTH.

3.10. Poss asanns. Hexait z > 0. 3pobumMo 3aminy 3MiHHUX y = ux?, Je u = u(x)

%xuu’ =1 —u?

sIKe € PIBHAHHSAM 3 BiJIOKpEMJIFOBAaHUMU 3MIHHEMU. TO/Il JIErKO OTPUMATH, 1110 PO3B 30K

. OrpumaemMo piBHSHHS

. 2 . . .
Mae BUIIsA) arcsin 45 = In Cz3, e C > 0. Oxpim Toro, piBHAHHS OyJIe MATH OCOOINBHT

3 BUXiJIHOIrO PiBHSIHHSI.

po3B’s130K u? = 1, AKOMY BijoBijae poss’sas0K y° = x
OckiapKu ipu 3aMini o Ha (—x) nabe qudepeHiiaibHe PIBHIHHS He 3MIHIOETHC,

TO #1010 3arajbHUil pO3B 130K OyJjie MaTH HACTYIHUI BUTJISI.

. . . 2
Bignosiab: arcsm# =InC |z)*, y* = |z]*, e C > 0.

3.11. Poss’azanns. Ius. po3s’s30k 3aga4i 3.1.

BinnoBiab: a1 = ay = a3 =b; = by =b3 =c = 0.

3.12. Poss’azanns. us. po3s’sa30K 3aa4l 3.2.
3.13. Poss’azanns. us. po3s’s30K 3a1a4i 3.3.

3.14. Poss’azanna. Arajgoriano 10 po3s’si3Ky 3aaadi 3.4.

b—a

Biamosiab:

3.15. Posé’asanns. Ilijgcrasisoun © =y = 2z = 1 B jane QpyHKIIOHAJIbHE PIBHSH-

Hsl, JIICTAaEMO
(f (1)’ = f(1)=6.

[le pisasinnst Mae equnuii giiicaunii kopinb f (1) = 2. [oknamatoun y = z = 1y
dbyukuionaibaomy piBusiini, maemo f () f(1)- f(1)—f(x) =z4+x+1+z+14+1,
3BijIKM, 3 ypaxysauusM pisaocti f (1) = 2, micraemo f (z) = x + 1.

[Tepesipka nokasye, 1o dbyukiis f (x) = x4+ 1 3a10BosbHsIe BUXijiHEe (YHKITIOHATb-
He PIBHSIHHSI, 8 TOMY € €JIMHUM 00 PO3B’SI3KOM.

Binnosine: f () =z + 1.

3.16. Poss’azanns. us. po3s’sa30K 3aa4l 3.6.
3.17. Poss’azanns. Ius. po3s’s30K 3aga4i 3.7.
3.18. Poss’azanna. us. po3s’sa30K 3aat4l 3.8.

Bigmosias: 0.

3.19. Poses’azanns. HIus. po3s’s30K 3a1a4i 3.9.

3.20. Poses’asanna. Hexait T (t) °C— remmeparypa Tija, 110 OXOJNOJZKYETHCS, AKa
sasiexith Bijg dacy t. Tomi srigro 3 ymoBow 3ajaui dyukiis T (t) 3a10BoJbHSIE 1~
dbepennianbue pisusnust 1" () = —kT (t), ge xoedinienr nponopuiitnocri k > 0.

34



[nrerpytoun ne piBusinas npu nogarkosiit ymosi T (0) = 100, gicraemo , 1o Temiepa-
Typa TepIoro Tiia 3MiHIEThCs 3a 3akoHoM T (1) = 100e~", a Temmeparypa apyroro
Tifa 3a amajoridmmM saxomoM Th (t) = 100e %!, Ilpu t = 10 BimmosizHo MaeMo:

80 = 100e~1% i 64 = 100e~ 0%, spinku T} (¢) = 100(0,8)1 i Ty (£) = 100 (0, 64).

Tenep crmamaemo pisasnus: T3 (t) — Ty (t) = 25, ake BignocHo (0, 8)™ 3B0AUTHCS 10
t 2 t

KBaIPATHOTO: ((0, 8)10) —(0,8)19 40,25 = 0. Poss’si3y10un 11e piBHSAHHSI, 3HAXOMUMO

. In(0,5)
t = 101n(0,8) .

Bignosiab: uepes 10% XBUJINH.

3.21. Poss’azanna. us. po3s’sa30K 3amaq4dl 3.1.

Bianosiab: a3 + a3 + ag # 0 it a,b1 + agby + asbs = 0.

3.22. Poss’azanna. JIus. po3s’sa30K 3aat41 3.2.

3.23. Poss’asanna. BubepeMo TPsSMOKYTHY JeKapTOBYy cucrTeMmy KoopauwHat Ozy
Tak, o0 oci Ox it Oy Oynm acuMITOTaM” PiBHOOIYHOIT rinepbosin, a BITKK rinepbosu
PO3TAIOBYBAJUCSA B IEPIIOMY 1 TPETbOMY KBajpaHTax. Tojl piBHsHHsS PiBHOOIYHOI
rimepbosin Oyjae MaTu BUIJIAN y = % CkiajieMo PIBHSIHHSI JOTHIHOI 710 rinepOosn

. . Y . 1 . . 1 1
B JoBlIbHIA Toumi C (xo, %), 10 HAJIEXKUThL rinepbosi: y = w2 (x — xg) abo
Yy = %—ﬁx Hexaii 21 1 x9- abcmcy TOUOK IepeTuny JOTHYHOL 3 ocsiMu KoopauHar Oy
0

i Oz (acumnroramu rinep6osn) Bianosiguo. Toi x1 = 0, 19 = 2x9. Tomy zg = L5

a
2 )

e 03HAYAE, 1110 BIIPI30K OY/Ib-SKOI JOTUIHOI JJO PIBHOOIYHOT rirepOoin, SIKnii JIEXKUTh
MiK 1T aCUMIITOTaAMHU, MOJLISETHCS TOUKOIO JOTUKY HABIILI, IO it Tpeba OyJIO JTOBECTH.

3.24. Poss’azanna. Anamgoriano 10 po3s’si3Ky 3amadi 3.4.
b—a

Bigmosigb:

3.25. Poss’asanna. ko y dyHKIionadbHe piBHsHus mijgcrasutd £ = f (y), To
nicranemo pisusinuast f (0) =1 — f(y) —y abo f(y) =1 — f(0) — y. [okunajarouu B
npoMmy pisasnai y = 0, gicraemo f(0) = 1 — f(0), To6ro f(0) = 5. Orxe, f(y) =

s —y, 10010 f (1) =35 —1 VreR

[Tepesipka mokasye, mo dyukiist f(x) = % — T 33JI0BOJILHSIE YMOBY 3a/1a41.
Bignosige: f (z) =5 -z Vz €R.
. r4+a®\" T4 0 + (a® = b?)\"
3.26. Poss’azanns. lim = lim ( ) =
x—o0 \ T + b2 T—00 T + b2
T (L2—b2)
9 452 Tzt
. a2 — 2\ e 2
= lim 1+ = e 707,
T—00 T+ b2

2
3 mepisnocti 4a’ + b* +2b < 3, a,b € R sunimpae, mo a’ + (bzl) < 1.
2

BHaiilemo Haitbinbie i Hajivenme snauenns dynkuii f(a, b) = a* — b* B obnacri
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2
G = {(a, b) : a®+ @ < 1}. Yeepeauni obstacti G icHy€e €iMHa CTallOHAPHA TOYKA,

_ _ _ : . _ (b+1)>
a =0, b=0, npuaomy f (0, 0) = 0. Ha rpanuni I obaacri G maemo a® = 1 — 2,

2
orxe [ (a,b)|@per = ¢ (b) =1— UHTl)—bz, ne b e [-3, 1] . Oynkmuis ¢ (b) na Bigpis-
Ky [—3, 1] nabysae maiimenime 3nadenus B To4ri b = —3: ¢ (—3) = —9, a Haiiblibie
3HAYEHHsI - Y €IMHII cTaiionapHiit Toumi b = —%: % (—%) = %. Omke HaiblIBINE 3Ha-

aenns Gynxiii f(a, b) = a®> — b* B obmacri G jopiBHIOE I, a HAalMEHINE 3HAUCHHS

5
nopisatoe —9. Ockinbku dyukiisa f (a,b) vHenepepsaa B obsacti G, TO BoHA HaDyBa€

x
. . 2 32 . 2
BCl 3HA4YEHHs Bl —9 10 % BKJTI04HO. ToMy Besmtmma e ~? (TobTo lim (ﬁizz) ) MOZKe
T—00

S g 4
HaOyBaTu Oy/b-sike 3HAUYECHHS 13 BiJIPI3KY {e 9 65} :

BiamoBigb: Oy/b-sike 3HaUEHHS 3 BIJIPI3KY {6_9, eg]

3.27. Pose’azanna. Heaxkko mepesiputu, 1o Jjinidina dbysakmis f(z) = —2x + 4
3aJ10BOJIbHSIE BCl yMoBH 3ajiadi. Hexait g (x)- Oy/ib-sika iHiia (byHKILs, M0 38/10BOJIb-
Hste BCl ymoBu 3ajadi. Posrusinemo dyukuio h(z) = g(z) — f (z). Oyuxuis h (z)
sasoBosibisic ymou h(0) = 0, h(l) = 0. Kpim toro, b’ (z) = ¢ (z) + 2 > 0,
tomy 1o ¢ (x) > —2. Orxe, byukiig h(r) € Hecmagnoo Ha Bigpizky [0; 1], a
Ha KIHIEX 11bOro Bijpiska HaOyBae ojHakoBi 3navenns :h(0) = h (1) = 0 . Tomy
h(x) =0 Vz €]0; 1], To6T0 g (x) = f(2) V2 € [0; 1].

Takum duHOM, BCl yMOBU 3ajadi 3aJ0BOJIbHSE TiabKU JjiHiiiHa dynkiia f(r) =
—2x +4.

Bignosige: f () = —2x + 4.

3.28. Poss’azanns. Ius. po3s’sa30K 3aa4l 3.8.

3.29. Pose’azanna. Suaigemo dbyukiio f(z).
1
1). dkmo x < =1, 10 f(z) = [ (Vu—z)du = —2u.

-1
1

2). dkmo = > 1, To f(a:):_fl(x—{’/ﬂ)du:2x.

73

3). Axmo =1 <ax<1,70 f(2) = [ (= Ju)du + fl (Vu— ) du = 32" + 3.

—1 3

TakuM unHoM, HaliveHnme snadenns ynkuii f(z) nopismoe 3: f(0) = 32
(f(z) >3 Vz#0).

Bigmnosiagb: %

3.30. Posé’azanns. Hexait x 1 y - KIIBKICTD JleTajieil, sika BUTOTOBJIEHA IIEPIIUM 1
JipyrumM pobiTHUKaMu BijnosijHo. Tosi 11l HeBijl'eMHl HEeBIIOMI X 1 ¢ 3a/I0BOJILHSIOTH
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CUCTEMY HEPIBHOCTEI:

r+y > 29,
x— 2> 3y,
3xr > 2y,
3x — 2y < 60.
3 mi€l cucTeMu MOCI1IOBHO MaEMO:
x> 29—y,
T > 3y + 2 29 —y < 20 + 2y 5y >9 y=6
) = 3 PN 3 ) PN ’
x> 2y, {3y+2<20+§y, Ty <18, y=71,
r <20+ %y,

OCKIJIbKU Y - 1lJ1a 3MIHHA.
Axmo y = 6, To BuXijiHa crUCTEeMa HEPIBHOCTEN HE Ma€ IIJINX PO3B A3KIB .
Ao y = 7, To BuXijiHa cucremMa HEepiBHOCTEH Ma€ €JInHe 11l po3B’sa30K: = 24.

BinnoBiab: 241 7.
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4 II eran BceykpalHCHbKOI CTyZ€HTCHKOl OJIIMIIIaan 3
MaTeMaTHUKI cepe/ CTYIeHTIB BUIMUX HAaBYAJILHUX
3aKJIadlB TeXHITHOT0, EKOHOMIYHOI'O Ta arpapHOro

npodiniB (CeBacromnosib, 2009 p.)

B npomy mysaKTi mojano 3apganag ojimmiaan 2009 p.

YMoBH 3aga49

Kameaopias "M"

Bagada 4.1. O6uncanrn Busnadnuk A, = |a;;|, ge

0O npuj=n+1-—1,
aj=4 bmpunj<n+l—i 1<i<n, 1<j<n
a nupuj >n+1—z1,

Bamaua 4.2. Bekropu ay, ds, ..., d, N~ BUMIPHOTO JIHIAHOTO MPOCTOPY JIHIKHO
5 n
nesasiexkni. losectu, mo Bekropu b; = > (@; - dj) d;, i =1, 2, ..., n, TAKOXK JiHIHO
=1
He3aJIeXKHI.

_t t _t .
3agaua 4.3. Jlosecru, 1110 Kpuna r = {eﬁ cost, evzsint, ev2 } JIEXKUTH Ha, KOHYCI

22 + y? = 22, Ilin aKUM KyTOM BOHA IlepeTHHA€E HOTO MPAMOJIHINHI TBipHi?

3amaya 4.4. He BukopucroByiouu Tabjinilh 1 KaJbKyJsiTOpa, MOPIBHATH YUC/Ia,

2010%0% . 20082 { 2009%°% . 200928,

Bamada 4.5. 3naiitu kiibkicrs ynopsijikosanux nabopis (Ay, As, ..., Ap,) MHOXKUH,

1110 3a/I0BOJIbHSAIOTH YMOBH:

1) AiUAU..UA, =11, 2, ..., n};

2) AiNAsN..NA,=0,nem,neN, m>2.

Baga4da 4.6. Hexait f () — muorowren crenens n 3 jificaumu koedinientamu,
AKWI Mae n JificHux KopeHiB (He 000B’s13k0BO pisHux). JloBectu, 1o [jist JOBLILHOTO

T € R BUKOHYETHCSI HEPIBHICTH
f @) f" (@) < (f ()

Bamaua 4.7. 3HaliTu CyMmy 9UCIOBOIO Psijia,

S A G
o 3T T ) T
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3ama4a 4.8. Ob6uucauTy iHTErpaJ

1
/ln
dzx.
1-|—x2
0

3ama4a 4.9. Po3p’sa3aru cucremy judepeHiiajbHIX PIBHSIHbD :

dx dy dz

r(z—y) yly—z) y*—az

Bamaua 4.10. Buaiitu Bci pudepentiiosni Gyuxnii f: (0; +00) — (0; +00), gki
3aJI0BOJILHAIOTH PIBHSHHS

f/<%>:%’ ne a > 0.

Kameezopia "T"

Bamaga 4.11. O6uncinTn BusHaqnuk A, = |a;j|, 1e

0 npm j =1,
ai; =4 a mpn j <, 1<i1<n, 1<7<n
b upm j > 1,

—

Bamaua 4.12. Bekropu a;, d», az #e koMmmianapui. Josectn, 1mo BexkTopu b; =

3
Yo (a;-d;) dj, i =1, 2, 3, TakoXkK He KOMIIAHADPH.
~

Bamaua 4.13. [Ipsma neperunae piBHoOIUHY rimepbosy B Toukax A u B, a 11 acum-

nrord — B Toukax C'1 D. 3naiiTu BIIHOLICHHS] gg

3amaya 4.14. He BukopucroByouu Tab/iulb 1 KaJbKyJisATOpPa, JOBECTH, 1110

2010%°% . 2008%°% - 20092°% . 2009208,

Baga4da 4.15. 3BuaiiTu KiabKicTh ynopsakoBanux uabopis (Ay, A, Az, Ay) mHO-
XKUH, 110 3a0BOJILHAIOTL YMOBH:

1) Al UAQ UAg UA4 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10},

2) AN AsNAsN Ay =10,

3ama4a 4.16. [us. 3a1auy 4.6.

Bamaua 4.17. SHaiiT cymy 9MCIOBOIO psijia

2 3 4 ne1n+1
2t eyl

20 3l n!
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3ama4a 4.18. O0uucauTu iHTErpaJ

/1 (x —1)e"dx
/ (z+1)°

3amaqa 4.19. [dus. 3ajauy 4.9.

Baga4da 4.20. Suaiitu Bei qudepenniiiopni dyukiii f : (0; +00) — (0; +00), ki

3aJI0BOJIbHATOTH PIBHSHHSA
z) f()

Kamezopia "C"

Bagada 4.21. O6unciury Busnadnk A, = |a;;|, 1€

aij:{(,) I =0 <i<n 1<j<n.
v Tpu j F# i,

3amaya 4.22. [us. 3ajauy 4.12.

Bamaua 4.23. [Ipsma nepernnae piBHOOIUHY rimepbosy B Toukax A u B, a 11 acum-
nrotu — B Toukax C' 1 D. Jlosectu, mo AC = BD.

3ama4a 4.24. He BUKOpUCTOBYIOUN TAOJUIb 1 KAJIbKYJIATOPA, HOPIBHATH THCIA

logapes 2009 1 logyggg 2010.

Bagaua 4.25. 3uajitu yncsio ynopsjakoBanux Habopis (Ay, Az, A3) MHOXKUH, 110

3a/10BOJIbHAIOTH yMOBI/I:
1) AU Ay U Ay = {1, 2,3, 4, 5,6,7, 89, 10};
2) AlmAgﬂAgz@.

3ama4a 4.26. [us. 3ajauy 4.6.

3amada 4.27. 3HaiTH CyMy YUCTOBOIO psijia
2 4 6

TR TR

2n
B I e
TV gt

1

zetdx
Samxaua 4.28. O6uncauru inrerpaia [ ———.
A P {fx+n2

3ama4a 4.29. 3HaiiTu iHTErpaJbHy KPUBY PIBHSIHHSA

(2:(:3y2 — y) dz + (2x2y3 — a:) dy = 0,

IO MPOXOAUTE depe3 Touky (1; 1),

Bamaqa 4.30. Yu icuyors ysknii f (x) u g (z), siki He JOPIBHIOIOTH KOHCTAHTI 1

3aJI0BOJILHAIOTH B JIETKOMY MPOMIKKY YMOBI

(f(x)-g(@) =f(2) ¢ (x).
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5 HIkiapaa omimmiaga 2009 p.
(OM® HTVYY "KIII")

3ajadl bOro IMyHKTY HPOIOHYBAJNCS abITypieHTaM Ha OJiiMIia/l, siki HPOBOJIUB
disuko-maremaruunnii paxkyabrer y 2009 p.

YMoBH 337249

Bamadva 5.1. 3naiitTu Bcl HarypasbHi unciaa Big 1 go 10000, sxi maioTh piBHO 6

JIVTBHUKIB, cepejl TKuxX € aucya 7 ta 41.

Baga4da 5.2. Hu icuye muorowien P(x) 3 mmMu xoedirienraMu Takuii, mo au-

CJIOBA TIOCJILJIOBHICTD

{(=1)70, (1)F®, (-)P®, (-1)r@,.

CITIBIIA IA€ C TTOCJ1TOBHICTIO

1.1, —-1,1,...,1,—1,1,....1,...
— ~—— —
2009 pa3ziB 2009 pagziB 2009 pasziB

2

3amada 5.3. B napabosy y = x* BnucaHo koJio pajiiyca 1 Tak, sik MOKa3aHO Ha,

puc. 3. 3HalTH PIBHSHHS 1[HOIO KOJIA.

3

2\ |/

Puc. 3.

Baga4da 5.4. B uuncai 2009! snajinuim cymy mudp, norim — cymy nudp Big Hel i
T.JI., TOKW HE OTPUMAJIU YUCJIO 3 ojiHi€el mudpu. BusnaunTu e ducio.

Bama4a 5.5. VY chepy pajiyca R Brucano asa kyou. O0UucanT cyMmy KBaJIpaTiB

YCIX BUIPI3KIB, iK1 CIIOJIyHaIOTh BEPIIMHU OJIHONO KyDa 3 BEpIIMHAMU 1HIIOIO KyOa.

Bamada 5.6. Hexait ABCDFE € npaBuibHUM II'SITUKYTHHKOM TaKHM, IO ILIOIIA
sipku ACEBD nopisaioe 1. Hexait AC' ta BE nepernnatorbest B touni P, a BD Tta
CFE - 8 Q. Buzuauutu nnomy APQD.

Bagada 5.7. Posp’azatn pisuanng z° = y® + 2y? + 1 B ninux unciax,

Bamaua 5.8. Oynkiiisi f 3a/10BOJIbHSIE YMOBU

a) |f(a) — f(b)] < la— 0|, nna Gynp-axux a,b € R;
6) F(F(£(0))) = 0.

Hosecru, mo f(0) =0,
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BigmoBial Ta po3B’a3Kn

5.1. Poss’azanna. JuB. po3s’sa30k 3ama4i 1.1.

5.2. Poss’azannsa. Jlerko baanrn, mo st 6yab-sikux n € Z ta k € N auncaa nf a
(n + 2)¥ matorh oanakoBy napuicts. ToMy ojHaKoBYy HapHicTh OyayTh MaTH i YHCIA
P(n) ra P(n+2), ne P — mmuorotren 3 iyimmu koedimienramu. Le cymepeants ymoBi

saaai, ockinprn (—1)72008) = 1 (—1)P(010) — 1,

Biamosian: Hi.

5.3. Poss’azanna. Jus. po3s’sa30k 3aga4i 1.3.

5.4. Poss’azanna. us. po3’sizok 3aja4i 1.5.

5.5. Poss’azanns. PosriisinemMo JIOBIIbHY BepIIMHY OJIHOINO KyDa Ta BIJAPI3KH, SIKi
3’€IHYIOTD 11 3 BepIIuHaMu JIpyroro Kyba. Po3ib’emo 8 Bepinn japyroro Kyba Ha mapu,
Tak, 1mob B KOXKHIi# mapi Oyiau mpoTusexkni Bepimuau. Tosl BiIpi3ku, 110 3'€JIHYIOTH
TakKl BepHIMHU OyJIyTh [IPOXOJUTH, Yepe3 IeHTp cepu i, BIIOBIJIHO JIOBXKUHUA TaKUX
BIJIPI3KiB OynyTh jgopiBHoBaTH 2R. Temnep 3auIInaoch IOMITUTH, IO TPUKYTHUK YTBO-
peHuit 06paHOI0 BEPIIMHOO IIEPIIoro Kyba Ta JIBOMa, MPOTUICXKHUMK BEPUINHAMU JPY-
roro Kyba € mpsiMOKYTHHMiT (sIK BIMCAHWI TPUKYTHHUK, sIKifi OMMPAEThCs Ha JiaMerp)
1 BiJIIIOBIJIHA CyMa KBaJIpaTiB BijcTaHell BiJi BEPIIMHU IEPIIOrO KyDa IO TaKUX JIBOX
BEPIIUH JIPYroro Kyba € KBaJpaToM rinoTenysu, Tooro nopisaioe 4 R2. OcKinbKu Takmx
map BCbOro 4, To cyma BijicTaHeil BiJi OJHIET JOBIJIbHOI TOUYKH IEPIIOro Kyba, JI0 BCIX
BepIIMH Jpyroro Kyba jopisuioe 16 R2. Tosi ocrarouna Bignosias 8 x 16 R2 = 128 R?

Bignosine: 128 R%.

5.6. Pose’azanns. Ha puc. 4 gepes S 3 HUKHIM 1HIEKCOM MO3HAYEHO TLIOIIIL BIIIIO-
BIJIHUX TPUKYTHUKIB 31PKHU.

Puc. 4.

B cuiy Toro, mo nw'stukytank ABC' DE € npaBuabHUM, JIETKO MOKa3aTH, M0 S =
Sy =983=_58,=255=5s=5 ra S; =53 =5, 1 mioma 3ipku Bupakaerhcsa
Sacepp = 6S + 25" =1.
1 1

Toni, SAPQD =35+ 95 = §SACEBD = 5

1
Bigmnosiab: X
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3 = 3 + 2% + 1, oueBuHO, MAIOTH 3a-

5.7. Poss’azanms. Po3B’si3Ku pIBHSAHHS T
JIOBOJIbHSATH yMOBY > y. Ockinbku x,y € Z, maemo x > y + 1. IligcraBasioun 1mo
HEepiBHICTH B IIOYATKOBE PiBHAHHA, ofepKuMo 3° + 2y% + 1 > 4?4+ 3y% + 3y + 1, TobT0
y? + 3y <0, sBigkn y € {—3,—2,—1,0}. Ilizcrapnsioun 11 3HaUeHHs Y B TOUATKOBE

piBHsiHHSL, OjlepKy€eMO Taki napu poss’siskis: (—2, —3), (1, —2), (1,0).

Bignosiae: (—2,—3), (1,—2) ta (1,0).

5.8. Poss’azanna. 3 ymoB a) Ta 6) BUILUIMBAE CHCTEMa HEPIBHOCTEI:

[F(£(0)) = F(O)] < [F(0) = O] = [£(0)]
[FCFONI =10 = FUFONI = 1F((F(0))) = FFONI < [£(£(0) = FO), (¥)
[F(0)] =10 = F(O)] = [F(f(f(0))) = SO < [f(f(0)) = O] = [F(F(0))].

Bokpema, 3 Jpyroi Ta 1epiiol HepiBHOCcTed cucremu (%) OJIEPKYEMO, 10

1f(f(0)] < |f(0)], a 3 tperpoi — 1o |f(0)] < |f(f(0))]. OnmHouacne BEKOHAH-
Hsl WX HepiBHOCTEH MoxkmBe Jjmie 3a ymosw, mo f(f(0)) = ££(0). ¥V Bunagky “+”
3 Jpyrol HepiBHocti B cucremi (x) maemo f(f(0)) = 0,1 romy f(0) = 0. ¥V Bunajky
“—” 3 nepuoi wepisnocti B (x) maemo 2|f(0)| < £(0), ssigku 3oy f(0) = 0.

6 IlIkinpHa omiMmmiaza 2008 p.
(TJI HTYY "KIII")

B nmpoMy IyHKTI 3alIpOIIOHOBAHO YMOBH 3aJ1ad, SIKi JIaBaJIMC JITeicTaM Ha, OJTIMITI-
ajil, sika mpoBoguaach y rtexaignomy sirnei HTYY "KIIT" y 2008 p. Hana osimmiaa,
uposojuaach g 10-11 kjacis.

YMoBH 3aga49

10 xaac

3amada 6.1. [ToOyyBaru rpadik dyHkIil

[2[(1 = [2]) + [y|(1 = |y]) = 2]xy].

3amada 6.2. Po3p’sizaru B 1IJIUX YKUCIaX CUCTEMY

ac—bd =1
ad +bc =10

3amada 6.3. B Tphox KoMipKax € TpH IJIUX 4Yucia ag, by, Cy. 3 HUMHU POOUTHCS

HACTYITHa OTepallis:

ap + bo by + co _ CoTap

by = _ .
5 U 5 2

ap =
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HaJii 151 onepaliisi HOBTOPIOETHCS 3 YMCAaMU a1, by, ¢1 1 T.j. Uu MOXke Ha SIKOMYCh
KpPOIIi 3’sIBUTHCH TaKi TPU UHUCJA, IO SIKICh JIBa 3 HUX € IIJIUME, a TPETE He I[JINM.

3ama4a 6.4. Po3p’sizaTu piBHsIHHS

V3224 62+ 7+ /b2 + 10z + 14 = 4 — 22 — 2%,

3amada 6.5. Yu moxua unciao 8(...07 OpeacTaBUTH y BUTJIII CyMU KBaJIpaTiB
2008

TPHOX ILJINX TUCEJ.

3amada 6.6. B piBHOOeIpeHHOMY TPUKYTHUKY CTOPOHA TOJIIISIE HABILI KyT MiXK

BHCOTOIO 1 OICEKTPHUCOI0 BHYHPIIIHBOIO KYyTa, IIPOBEJCHUX 3 OJHIE] BEPIIMHU. SHAUTH
BEJIMUMHN KYTIB JJAHOT'O TPUKYTHHKA.

11 xaac

Bagada 6.7. Obuuciurn

sin z 4+ sin 3x + sin 5x + - - - + sin 2007,

SKITO B1AOMO, 1m0 cos 2008z 4+ 2sinz = 1.
3amaqa 6.8. /lus. 3ajjauy 6.2.

3ama4a 6.9. Jlus. 3aja41y 6.3.

3amaqa 6.10. [Jus. 3ajauy 6.4.

3amada 6.11. 3HaiiTu 1My YacTUHY YNCIA

Jom oo

Jle 3HaK Kopens 3ycrpidaerhes 2008 pasis.

3amada 6.12. Y npsgaMOKyTHOMY TPUKYTHHUKY OICEKTPHCA OJIHOTO 3 TOCTPUX KYTiB
c\/§

JIOP1BHIOE 5 Jie ¢ — TINoTeHy3a. SHAUTH KaTeTu IhOr0 TPUKYTHHUKA.
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