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The paper proposes methods for constructing multivariate power series
distributions (PSD) with natural parameterization, which generalize the one-
dimensional case ( [1] and [2]) to the 𝑚-dimensional space.

Let 𝑘 = (𝑘1, . . . , 𝑘𝑚) be a multi-index with non-negative integer coordi-
nates, and let the series

𝜔(𝑦1, . . . , 𝑦𝑚) =
∑︁

𝑘1>0,...,𝑘𝑚>0

𝑎𝑘1 . . . 𝑎𝑘𝑚 𝑦
𝑘1
1 . . . 𝑦𝑘𝑚𝑚 ,

where 𝑎𝑘1 > 0, . . . , 𝑎𝑘𝑚 > 0, converge in the polycylinder

𝑌 := {𝑦1 | 0 6 𝑦1 < 𝑅} × · · · × {𝑦𝑚 | 0 6 𝑦𝑚 < 𝑅}.
The distribution of a random vector 𝜉 = (𝜉1, . . . , 𝜉𝑚) with coordinate prob-

abilities

𝑃{𝜉1 = 𝑘1, . . . , 𝜉𝑚 = 𝑘𝑚} =
𝑎𝑘1 . . . 𝑎𝑘𝑚𝑦

𝑘1
1 . . . 𝑦𝑘𝑚𝑚

𝜔(𝑦1, . . . , 𝑦𝑚)
, 𝑘1 > 0, . . . , 𝑘𝑚 > 0

is called the power series distribution (PSD) of the function 𝜔.
The Generating Function is:

𝑃 (z) =
∑︁

k

(𝑧1𝑦1)
𝑘1 . . . (𝑧𝑚𝑦𝑚)𝑘𝑚

𝜔(𝑦1, . . . , 𝑦𝑚)
𝑎𝑘1 . . . 𝑎𝑘𝑚 =

𝜔(𝑧1𝑦1, . . . , 𝑧𝑚𝑦𝑚)

𝜔(𝑦1, . . . , 𝑦𝑚)
.

For such a distribution

E[𝜉] =
𝜕 log𝜔

𝜕 log 𝑦
, Cov(𝜉) =

𝜕2 log𝜔

(𝜕 log 𝑦)2
.

On the convex domain 𝑌 , the mapping 𝑦 ↦→ 𝑥 is one-to-one and has an
inverse function 𝑦 = 𝑓(𝑥).

Theorem 1. The following relation holds:

𝜕𝑃

𝜕𝑥
𝑉 (𝑥)− 𝜕𝑃

𝜕𝑧
𝑧 + 𝑥𝑃 = 0, 𝑃 (1, . . . , 1, 𝑥1, . . . , 𝑥𝑚) = 1,

𝑃 = 𝑃 (𝑧1, . . . , 𝑧𝑚, 𝑓1(𝑥1, . . . , 𝑥𝑚), . . . , 𝑓𝑚(𝑥1, . . . , 𝑥𝑚)),
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𝜕𝑃

𝜕𝑥
=

(︂
𝜕𝑃

𝜕𝑥1
, . . . ,

𝜕𝑃

𝜕𝑥𝑚

)︂
,
𝜕𝑃

𝜕𝑧
=

(︂
𝜕𝑃

𝜕𝑧1
, . . . ,

𝜕𝑃

𝜕𝑧𝑚

)︂
, 𝑧 =

⎛
⎜⎝
𝑧1 · · · 0
...

. . .
...

0 · · · 𝑧𝑚

⎞
⎟⎠ ,

where 𝑃 (𝑥1, . . . , 𝑥𝑚) is the probability function constructed in the natural pa-
rameterization, and 𝑉 (𝑥) is the covariance matrix of 𝜉, expressed in terms of
𝑥.

In the correctness of the theorem one can be convinced by direct verifica-
tion.

To construct specific PSD functions, we shall make use of power series in
the one-dimensional case.

Example 1. 𝜔(𝑦) = (1 + 𝑦)𝑛, 𝑛 ∈ N. We have

𝑓(𝑥) =
𝑥

𝑛− 𝑥,
𝜔(𝑦)

𝜔′(𝑦)
=

1 + 𝑦

𝑛
,

(︂
𝜔(𝑦)

𝜔′(𝑦)

)︂′
=

1

𝑛
,

hence, for the elements of the covariance matrix of the PCP function 𝜔(𝑦1 +
. . .+ 𝑦𝑚) we get:

𝜈𝑖𝑗 = 𝛿𝑖𝑗𝑥𝑖 − 𝑥𝑖𝑥𝑗𝑛−1, det𝑉 (𝑥) = 𝑥1 . . . 𝑥𝑚(1− |𝑥|𝑛−1).

If we denote 𝑝1 = 𝑥1/𝑛, . . . , 𝑝𝑚 = 𝑥𝑚/𝑛, then

𝑃{𝜉1 = 𝑘1, . . . , 𝜉𝑚 = 𝑘𝑚} =
𝑛!

𝑘1! . . . 𝑘𝑚!(𝑛− |𝑘|)! 𝑝
𝑘1
1 . . . 𝑝𝑘𝑚𝑚 (1− 𝑝1 − . . .− 𝑝𝑚)𝑛−|𝑘|

Example 2. 𝜔(𝑦) = exp 𝑦. In this case, 𝑓(𝑥) = 𝑥, and for the elements of
the covariance matrix of the PSD function 𝜔(𝑦1)𝜔(𝑦1𝑦2) . . . 𝜔(𝑦1𝑦2 . . . 𝑦𝑚) we
obtain 𝜈𝑖𝑗 = 𝑥𝑖, if 𝑖 > 𝑗 and 𝜈𝑖𝑗 = 𝑥𝑗 , if 𝑖 < 𝑗, det𝑉 (𝑥) = (𝑥1 − 𝑥2)(𝑥2 −
𝑥3) . . . (𝑥𝑚−1 − 𝑥𝑚)𝑥𝑚.
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