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In 1953 [1] E. Inönü and E. Wigner showed that different physical theories
are connected through contractions of their underlying symmetry algebras.
The construction of contractions of realizations is a necessary step for estab-
lishing limiting relations between differential equations and physical theories.
In this work, we explicitly construct the contractions between rank-three vec-
tor fields of the algebra sl(2,C) and their differential invariants.

Let ℒ𝑛 be the set of all possible Lie brackets on 𝑉 . We identify a Lie
product 𝜇 ∈ ℒ𝑛 with the Lie algebra 𝑔 = (𝑉, 𝜇). ℒ𝑛 is an algebraic subset of
the variety 𝑉 * ⊗ 𝑉 * ⊗ 𝑉 of bilinear maps from 𝑉 × 𝑉 to 𝑉 .

The group 𝐺𝐿(𝑉 ) acts on ℒ𝑛 in the following way:

(𝑈 · 𝜇)(𝑥, 𝑦) = 𝑈
(︀
𝜇(𝑈−1𝑥, 𝑈−1𝑦)

)︀
for all 𝑈 ∈ 𝐺𝐿(𝑉 ), 𝜇 ∈ ℒ𝑛, 𝑥, 𝑦 ∈ 𝑉.

Fixing the basis {𝑒1, . . . , 𝑒𝑛} of 𝑉 we can use the one-to-one correspon-
dence between Lie bracket 𝜇 ∈ ℒ𝑛 and a structure constant tensor (𝑐𝑘𝑖𝑗). In
this case the notion of a contraction matrix 𝑈𝜀 (𝑈 : (0, 1] → 𝐺𝐿(𝑉 )) and a
parameterized family of new Lie brackets [𝑥, 𝑦]𝜀 is determined by

[𝑥, 𝑦]𝜀 = 𝑈𝜀
−1[𝑈𝜀𝑥, 𝑈𝜀𝑦] for all 𝜀 ∈ (0, 1], 𝑥, 𝑦 ∈ 𝑉,

and the contraction is defined as follows.
If the limit lim

𝜀→+0
[𝑥, 𝑦]𝜀 = lim

𝜀→+0
𝑈𝜀

−1[𝑈𝜀𝑥, 𝑈𝜀𝑦] =: [𝑥, 𝑦]0 exists for any

𝑥, 𝑦 ∈ 𝑉 , then [·, ·]0 is a well-defined Lie bracket and 𝑔0 = (𝑉, [·, ·]0) is called
a contraction of the Lie algebra 𝑔.

Consider complex three-dimensional special linear Lie algebra sl(2,C) with
the basis elements {𝑒𝑖 : 𝑖 = 1, . . . , 3} and nonzero commutation relations

[𝑒1, 𝑒2] = 𝑒1, [𝑒2, 𝑒3] = 𝑒3, [𝑒1, 𝑒3] = 2𝑒2. (1)

We also fix the representatives of the other necessury Lie algebras specifying
their nonzero commutation relations

g−1
3.4 : [𝑒1, 𝑒3] = 𝑒1, [𝑒2, 𝑒3] = −𝑒2; g3.1 : [𝑒2, 𝑒3] = 𝑒1.

Theorem 1 (Nesterenko M., Popovych R. [2]). The Lie algebra sl(2,C) can
be contracted only to the three-dimensional Poincaré algebra 𝑝(1, 1) ∼ g−1

3.4,
to the Heisenberg algebra g3.1, and to the the three-dimensional abelian Lie
algebra 3g1.
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This sequence of contractions is performed in the following diagram

sl(2,C)→ g−1
3.4 → g3.1 → 3g1.

The Inönü-Wigner contraction from sl(2,C) to the the Poincaré algebra 𝑝(1, 1)
is provided by the contraction matrix 𝑈𝜀 =

(︁
1 0 0
0 0 1
0 1 0

)︁
·
(︁
𝜀 0 0
0 1 0
0 0 1

)︁
.

The structure constants 𝑐𝑘𝑖𝑗 of sl(2,C) transform as 𝑐𝑘𝑖𝑗 → (𝑐𝜀)
𝑘
𝑖𝑗 → 𝑐𝑘𝑖𝑗 ,

where 𝑐𝑘𝑖𝑗 are structure constants of 𝑝(1, 1). The first arrow implies the ap-
plication of the contraction matrix 𝑈(𝜀) and the second arrow implies the
limit process 𝜀 → 0. More precisely, 𝑐𝑘𝑖𝑗(𝜀) = lim𝜀→0 𝑈𝜀

𝛼
𝑖 𝑈𝜀

𝛽
𝑗 𝑐
𝛾
𝛼𝛽

(︀
𝑈−1
𝜀

)︀𝑘
𝛾
,

𝑖, 𝑗, 𝑘, 𝛼, 𝛽, 𝛾 = 1, . . . , 𝑛.
Let𝑀 ⊆ C𝑚 be a complex domain and g a Lie algebra. Denote by Vect(𝑀)

the Lie algebra of analytic vector fields on 𝑀 , endowed with the Lie bracket
of vector fields [·, ·]. A Lie algebra homomorphism 𝑅 : g→ Vect(𝑀) is called
a realization of the Lie algebra g.

To find the contraction of a realization, we need to construct a realization
for the parameterized structure constants (𝑐𝜀)

𝑘
𝑖𝑗 of sl(2,C). For this, one can

apply either the direct method from the previous section or the Shirokov’s
method. We constructed the maximal rank-three parameterized realization
of the form (below 𝜕𝑖 =

𝜕
𝜕𝑥𝑖

, 𝑖 = 1, 2, 3)

𝑒1 = 𝜕1, 𝑒2 = 𝜀𝑥21𝜕1 + (1− 2𝜀𝑥1𝑥2)𝜕2 + 2𝜀𝑥1𝜕3, 𝑒3 = 𝑥1𝜕1 − 𝑥2𝜕2 + 𝜕3.

Taking the limit as 𝜀 tends to zero, we obtain a well-defined exact realiza-
tion of rank three for the three-dimensional Poincaré algebra

𝑒1 = 𝜕1, 𝑒2 = 𝜕2, 𝑒3 = 𝑥1𝜕1 − 𝑥2𝜕2 + 𝜕3.

Similarly, we can construct the Inönü-Wigner contraction from the Poincaré
algebra to the Heisenberg algebra, as well as their composition.

Our interest in contractions of realizations of the algebra sl(2,C) is moti-
vated by the fact that it is the symmetry algebra of the Ermakov system, and
to study its limiting cases we constracted differential invariants of the limiting
realizations.
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