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Abstract
An analytical method for calculating the bending of a rectangular plate resting

on an inhomogeneous elastic foundation and subjected to a continuously distributed
variable transverse load is proposed. It is assumed that two parallel sides of the plate
are hinged, while the other two are fixed in any manner. The foundation reaction is
described by the Winkler model with a variable bedding coefficient.
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The problem of bending a rectangular plate (0 ⩽ 𝑥 ⩽ 𝑎; 0 ⩽ 𝑦 ⩽ 𝑏) with constant
cylindrical rigidity 𝐷 is considered, where the sides 𝑥 = 0; 𝑥 = 𝑎 are fixed in any
manner, and the sides 𝑦 = 0; 𝑦 = 𝑏 are hinged. The plate rests on an inhomogeneous
elastic foundation and is subjected to a transverse continuously distributed load with
intensity 𝑞(𝑥, 𝑦) (Fig. 1).

Figure 1: Plate on an elastic foundation under the action of a transverse load.
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In the general case, the coefficient 𝑘 is a function of the variables 𝑥 and 𝑦. However,
here it is assumed that the bedding coefficient continuously changes along the 𝑥-axis,
while remaining constant along the 𝑦-axis, i.e., 𝑘 = 𝑘(𝑥). For 𝑘(𝑥), the representation
𝑘0𝐵(𝑥) is adopted, where 𝑘0 is the value of the bedding coefficient at some characteristic
point (for example, at the point 𝑥 = 0), and 𝐵(𝑥) is a continuous dimensionless function
that expresses the law of variation of the bedding coefficient over the segment 0 ⩽ 𝑥 ⩽ 𝑎.

The equation of the elastic surface of the plate in our case will have the form
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With the aim of satisfying the boundary conditions
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at the edges of the plate 𝑦 = 0 and 𝑦 = 𝑏, the solution to the equation (1) is sought in
the form

𝑤(𝑥, 𝑦) =
∞∑︁

𝑚=1

𝑤𝑚(𝑥) sin
𝑚𝜋𝑦

𝑏
. (2)

The given load is also approximated by a trigonometric series

𝑞(𝑥, 𝑦) =
∞∑︁

𝑚=1

𝑞𝑚(𝑥) sin
𝑚𝜋𝑦

𝑏
. (3)

For the function 𝑞𝑚(𝑥), we adopt the representation 𝑞𝑚(𝑥) = 𝑞𝑚,0𝐶𝑚(𝑥), where 𝑞𝑚,0 is
a constant dimensional factor, and 𝐶𝑚(𝑥) is a dimensionless function.

Substituting the representations (2) and (3) into equation (1) and equating the
terms of the series with the same indices, we obtain the ordinary nonhomogeneous
fourth-order differential equation
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4
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𝑏
.

The solution of the equation (4) is found using the method developed in [Krutii, 2016],
[Krutii, 2018], [Krutii, Suriyaninov, Vandynskyi 2018], [Krutii, Vandynskyi, 2019],
[Krutii, Sur’yaninov, Karnaukhova, 2021]. The corresponding formulas, after approxi-
mating the functions 𝐵(𝑥) and 𝐶𝑚(𝑥) by Maclaurin series in powers of 𝑥/𝑎, will have
the form:

𝑤𝑚(𝑥) = 𝑤𝑚(0)𝑋𝑚,1(𝑥) + 𝑤′
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4

𝐷
𝑋𝑚,5(𝑥); (5)
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𝑋𝑚,𝑛(𝑥) = 𝛼𝑚,𝑛,0(𝑥)− 𝛼𝑚,𝑛,1(𝑥)𝐾 + 𝛼𝑚,𝑛,2(𝑥)𝐾
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3 + . . .

(𝑛 = 1, 2, 3, 4, 5);
(6)

𝛼𝑚,𝑛,𝑘(𝑥) =
(︁𝑥
𝑎

)︁𝑛+4𝑘−1
∞∑︁
𝑗=0

𝑐𝑚,𝑛,𝑘,𝑗

(︁𝑥
𝑎

)︁𝑗
(𝑛 = 1, 2, 3, 4, 5)(𝑘 = 0, 1, 2, . . .); (7)

𝑐𝑚,𝑛,0,0 =
1

(𝑛− 1)!
(𝑛 = 1, 2, 3, 4); (8)

𝑐𝑚,𝑛,0,𝑗 = 0 (𝑛 = 1, 2, 3, 4)(𝑗 = 1, 3, 5, . . .); (9)

𝑐𝑚,𝑛,0,𝑗 =

(︂
1− 𝑗

2

)︂
𝜆𝑗
𝑚

(𝑛+ 𝑗 − 1)!
(𝑛 = 1, 2)(𝑗 = 2, 4, 6, . . .); (10)

𝑐𝑚,𝑛,0,𝑗 =

(︂
1 +

𝑗

2

)︂
𝜆𝑗
𝑚

(𝑛+ 𝑗 − 1)!
(𝑛 = 3, 4)(𝑗 = 2, 4, 6, . . .); (11)

𝑐𝑚,5,0,𝑗 =
𝐶𝑚,𝑗

𝑟5,0,𝑗𝑟5,0,𝑗+2
(𝑗 = 0, 1); (12)

𝑐𝑚,5,0,𝑗 =
1

𝑟5,0,𝑗 𝑟5,0,𝑗+2

(︀
𝐶𝑚,𝑗 + 2𝜆2

𝑚𝑟5,0,𝑗 𝑐𝑚,5,0,𝑗−2

)︀
(𝑗 = 2, 3); (13)

𝑐𝑚,5,0,𝑗 =
1

𝑟5,0,𝑗 𝑟5,0,𝑗+2

(︀
𝐶𝑚,𝑗 + 2𝜆2

𝑚𝑟5,0,𝑗 𝑐𝑚,5,0,𝑗−2 − 𝜆4
𝑚𝑐𝑚,5,0,𝑗−4

)︀
(𝑗 = 4, 5, 6, . . .);
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(17)

where

𝑟𝑛,𝑘,𝑗 = (𝑛+4𝑘+𝑗−4)(𝑛+4𝑘+𝑗−3) (𝑛 = 1, 2, 3, 4, 5)(𝑘 = 0, 1, 2, . . .)(𝑗 = 0, 1, 2, . . .),
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and 𝐵𝑗 and 𝐶𝑚,𝑗 are the corresponding coefficients of the Maclaurin series.
Thus, under the specified conditions, the formulas (5)–(17) effectively define an

analytical method for calculating the bending of rectangular plates resting on an
inhomogeneous Winkler elastic foundation.
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