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Onucansl paziuyHvle cnocodwl napamempuzayuu uHmepnoasyuouHol ynkyuu I'aycca ona
nocmpoenus 3aMKHymulx Kpusbvix. Ilpeonosicena moouguxayus napamempuyeckol @yHKyuu
L'aycca ona eusyanuzayuu 3aMKHYmMbIX KpUBLIX 8 YCI08UAX HEPABHOMepHO20 Kapkaca. lIpusedenvl
npumepsl pabomvl NPOSPAMMbL, peanu3yioujell 8blueynoManymosle Cnocoobl HenoIUHOMUANbHOU
UHMEPNOTIAYUU.

Kniouesvie cnoea: napamempuzayus, HENnOAUHOMUATIbHASA UHMEPNONAYUS,
unmepnonayuonHas Gyukyus laycca

Onucani pizui cnocoou napamempuszayii inmepnoaayitinoi @yuxyii I'ayca ona nobyoosu
BAMKHEHUX KpUsUux. 3anpononosano moougikayito napamempuynoi ¢yukyii ['ayca ona gizyanizayii
3AMKHEHUX KPUBUX 8 YMOBAX HepigHOMIipHO20 Kapkacy. Hasoosmuca npuxknadu pobomu npozpamu,
KA peanizye euue32adani cnocoou HenoaiHOMIaIbHOL IHMepnoIAYii.

Knwuosi cnoea: napamempuszayis, HenomiHoMianbHa  IHMEPNoaAYis, IHMePHoOIAYIUHA
@yuxyia Layca

We describe various methods of parameterization for the Gauss interpolation function that
is used for construction of closed curves. We suggest a modification of the Gauss parametric
function that is utilized for visualization of closed curves on uneven frames. Illlustrative numerical
results of software implementing the above methods of non-polynomial interpolation are provided.

Keywords: parameterization, non-polynomial interpolation, Gauss interpolation function

1. Beryn

Ha npakruii, npu po3B’si3aHHI 3aa4l MAPaxyHKy HACTIIKIB BiJl XIMIYHUX YpaKeHb,
MO’K€ BUHMKATH 33/1a4a BU3HAYCHHS IUIOIII YPa)KEHOI NIJITHKU 32 YMOBH, KOJIM KOHTPOJIbHI
TOYKH JUTSTHKH YTBOPIOIOTH HEPETYJSIPHUH KapKac. Y IIbOMY BHUTIAJIKy HEOOXiTHO IPOBECTH
THTEPHOJIALIIO 111 OTPUMaHHS OUTBII TOYHUX Pe3yJbTaTiB. ICHYI0Y1 CIOCOOM 3HAXO/IKEHHS
MPOMIKHHUX 3HAYCHb MPH PO3paxyHKAaX MAIOTh PsAJl HEIOMIKIB, KOJIH BY3JIM 1HTEPIOJALIL
pO3TaIlIOBaHI Ha PI3HUX BIACTAHAX, Ta NPU PI3KUX 3MIHAX KPUBHU3HH, @ CaMe, HEBEIHUKY
TOYHICTh a00 CKJIaHICTh peanizaiii. Tomy mocTana 3agada MpoBEACHHS HEMOJIIHOMIAIbHOT
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IHTEpNoJALli Takux mpoueciB. s 1bOro MNPOMOHYETHCS BUKOPUCTATH HOBUU CIOCIO
IHTepoJISIIii, a came MeTo ['ayca, 1 BUPIIIEHHS TTOCTaBICHOT 3a1a4i.

2. Metoa I'ayca

Hexaii ¢ynkuis f(x) 3agana quckpeTHUM KapkacoMm TOYoK: y; = f(X;), T0OTO 3amani
napu (X;, yj). 3amauero 1HTepmnojsaiii € mobyaoBa Takoi (GyHKIIT ¢(X), 0 MOBUHHA
MpUiiMaTé B 33JaHUX TOYKAX Ti K 3HAYCHHS Yj, M0 ¥ (yHKIis f(X), a B IPOMIKHUX TOYKaX
BiAXWIeHHS (X) Bi f(X) MOBUHHO OyTH MIHIMAJIbHHUM.

Anpokcumyrody (GyHKIO MOOYyAyeMO y BUIJISAl y3araJbHEHOIO0 MHOTOWICHA 3a
dbopmyoro:

P(X)=ag Wi(X)tarYa(X)+. . . Fan yn(X),

ne i (X) — cucreMa AesiKuX He3aleKHUX (YHKITIH.
B sxocti i(x) Oyna BuOpaHa cucTeMa EKCIOHEHIIWHUX (yHKIiH. 3amuiemo
IHTepNOJIIINHY (YHKII0, Ky Aani Oyaemo HasuBaTu ['ayc-pyHKIl€r0, y BUTIIAII CyMH

OTOPHUX (DYHKIIII:

- — 2 . ~ ~ ~ .
ne () = Fe " =1 2 .. n; ¥, ¥, ..., Yn — OasuMCHi 3HAYEHHS IS
GyHKUIT @ (X) IpU 3aJaHUX apTYMEHTAX Xi, X7, ..., Xp; O — JEAKHM KOEQILI€HT, 3HAYEHHAM
SAKOTO MO>KHa BapitoBaTH. byieMo o po3paxoByBatu 3a GOpMyJIOO:

o = ﬂil; 13’

e kK = (Xmax - xmin)z, Xmax» Xmin— MAKCUMaJbHE 1 MIHIMaJIbHE 3HAYEHHS apryMEHTY X,
TOOTO 3HAYCHHS KIHIIIB BIAPI3KY.

['eomeTpuyHa iHTEpHpETAIlis IHTEPIOIALIHHOTO MeToay ['ayc-(hyHKIIi# moka3zaHa Ha
pucysky 1 [1].

CyTb MeTony ["ayc-hyHKIIIT oJiIrae B HACTYITHOMY.

Hexait 3amanuii TuCKpeTHUN KapKac TOYOK, TOOTO, mapu BUTISAY (X;, v;), 1= 1, 2,...,
n. Jlnsg muxX TOYOK HEOOXIMHO 3HAWTH Oa3ucCHI 3HAYCHHA Y1, V2, ..., Yn, Ha SKHX
OynyBaTUMYThCs onopH1 QYHKINT y;(X) 32 GOpMyII0t0:

(H—m

-min-1) (Eman —%mim® = ?‘19.'“"2 = }".l:[z'

b (x) = fe

ba3ucHi 3HaueHHs MOYKHA 3HANTH, PO3B'I3YI0YM CUCTEMY PIBHSIHb BUTIIAY:
—aifty 4 )7 —aifty —t, 7% —alty —tg )% _
Foe @t L o7 R L e R =y
Z Z Z
¥ emtilla=t)® 4 g g=ailta=t2)" 4 .. 4§ emol=t)® _

?19"-'-":111 -t F 4 ?E e.":":tn -t )% g ana ?ne.'“':tn =t )= _ Vo

[{s cucrema niHiNHA, MAaTPHUIA CUCTEMH CUMETPUYHA BITHOCHO TOJOBHOI JiaroHali.
Ha romnoBHi#i giaroHani po3TamoByHOTHCS OJWHUII, a IHIII €JIeMEHTH He TMEePEeBHINYIOTh 3a
a0COJIFOTHOIO BEJINYNHOIO OJUHHIL.
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Puc.1. Intepnonsmiiina ¢pynxiis ['ayca

Bxkazana cucrema nerko po3B'si3yeTbest Oyb-sIKUM YUCEIbHUM METOJ0M, HAIPUKJIIaJ,
metozioM ["ayca.

BekTop-po3B’si30k 1€l cucreMu ¥y, ¥, ..., ¥, BUKOPUCTOBYEThCS AJiA MOOYIOBH
iHTeprionsniiHol ["ayc-pyHkiii:

G(x) = §, 0~8B-10F 4 § oGl 4 .. 4§ o-wl-xn)F

3anpornoHOBaHui CrociO IHTEPNOALIl BiIPI3HAETHCS MEPEIyCiM THUM, IO BILUIUB
OyIIb-SIKOTO BIAXWJICHHS B EKCIIOHEHITIANBHIN 3aJIe’KHOCTI 3MEHIIYEThCS 13 30UIBIIEHHSIM
BIJICTaHI, IO 3YMOBJIIOE Kpallle HaOIMKEHHS Yy TOPIBHSHHI, HAMPUKIadA, 3 METOIO0M
Jlarpanxa.

Oxpim mporo, iHTepnoismiiaa ¢yHkmis l'ayca € n-pa3 audepeHinoBaHoO i
CTIMKOIO IO MAJIMX BIAXWIECHb [TOYATKOBHUX JaHUX.

Cnoci6 iHTepnossiiiiHoi ['ayc-GyHKIii, Ha BiAMIHY BiA OUIBIIOCTI IHIIHUX
THTEPIOJIAIIHHUX METOIB, IOCTATHBO JIETKO y3araJbHIOETHCS HA N-BUMIPHUHN TPOCTI.

Y 3ampomoHOBaHOMY MIAXOMiI € HEIOJIKH, 3arajibHi Il METOMIB 3 SIBHUM
BU3HAUYCHHSAM IHTEPNOIAIMHNX (yHKIINA. Hampukiman, 3aMKHEHI KpHUBI 1 TIOBEPXHI HE
MOXYTh OyTH omucaHi y Takui croci6. [{ns toro, o6 ycyHyTH L€l HEJOMIK, POBEIEMO
napaMeTpH3alliio IHTepnoysiiHoi ¢pyHkii ['ayca.

3. lapameTrpu3anis intepnoJsiniiinoi pynkuii 'ayca

Hexait 3amanuii JUCKpETHUI KapKac TOYOK, TOOTO mapu BUTIAAY (X, yi), 1= 1, 2,...,
n.

BBenemo napamerp t, mpu3HauMBIIM HOMY Taki 3HaueHHA: t=0 y Touri (X, y;), t=1y
Toulli (X, V), t = 2 y toumi (X3, y3), ..., t = n-1 y touri (X,, y,). KoxHa Touka, Takum
9UHOM, OyJIe MaTH TpU KoopauHaTH (ti.1, X;, Vi), 1= 1,...,n.

3anumemMo iHTepHoAiiHy QyHKIi0 ["ayca y = y(X) y BUTJIAII CUCTEMH:
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g = x(t)
= y(t)

ne x(t) = %1&_““32 + Eie‘“'it'llz e+ Rne—ﬁ{t—n—b 1:123

Z o o
vit) = §,07 0% 4,001 4. 4§ @o(t-nr1)
Jns 3HaxomkeHHs OasMCHHX 3HadeHb ¢yHKUii X = X(t) moTpiOHO pO3B’sI3aTH
CHUCTEMY BHULIISIILY:

R e_—':f'::'l:_—t:_:‘[z | R e_—':f'::t:__tzr[z — | R e__“{t:._'!njz - Kl’

% E-_ cu(ty —t ) -1- % E-_ cu(ty —t5 )" -1- wrn -1- % E-_ eolty —tn 1% _ };2’

2 @~ Eﬂ:tn _tlj +2 @~ Eﬂ:tn —tzj + . _|__2 a “{tn—tnjz

Jlns Bu3HaueHHsT Oa3MCHUX 3HAaYeHb (QYHKIIT y = y(t) moTpiOHO po3B’s3aTH
AQHAJIOT1YHY CUCTEMY:

A —t ) 4 ¥, 07wt g "9 SR :;?ne_'“'&l_'ln:[z =V,
§F el 4 g gm0 4 4 et _ o

i, e —t ) 4 e it o) A an.'“':‘n —t)® = Vo

Takum uyuHOM, TIC/IA OTPUMAaHHS MAapaMETPUYHUX PIBHSAHb Ta MIJACTAaHOBKU B I
¢byHKIiT mapameTpy t, OTpUMAaeMoO 3HA4YeHHS X Ta Yy, fKi OyayThb YTBOpIOBAaTU
iHTeproNALiHY KpuBY ['ayca y mapaMeTpuaHOMY BHTJISII.

[Tapamerp t MOXHa BH3HAUUTH TaKOX SK Ha0irarouy [OBXHHY JIaMaHOoi,
noOy/I0BaHOi 32 LMMHU TOYKaMH, TOOTO SIK CyMy JIOBXXHMH BIJpIi3KiB, YTBOPEHHUX TOUYKAMH
kapkacy. g ¢yskmist orpumana Ha3By cymapHoi ¢yHkmii 'ayca. Y mpomy Bunanky ¢opma
KpuBOi Oyzae OUIbII KOPEKTHO BIAMOBIAATH yMoBaMm 3anadi. Hampukmnazn, sKIO TOYKH
3a/1aBaTH IO CIipaji, 3 PpI3HUM KPOKOM, IO JBI Oisf ocell KoopAWHAT, TO Y BHUIAIKY
napaMmerpuyHoi QyHkuii ['ayca Oing 3agaHuX TOYOK MOXJIIMBO YTBOPEHHS IETENb, a
cymapHa ¢yukiis ["ayca 6iibIr cxoxa Ha CIipaib.

BukopucranHs mapameTpudHOi Ta cymapHoi (yHKIiH ['ayca mo3Boisie TpOBOAUTH
IHTEpIOJALII0 3aMKHEHOTO Kapkacy To4ok. [lpuxman BupimeHHs 3anadl moOyoBU
¢dparmenTy cmipani 300paxeHnid Ha pUCyHKax 2, 3.

4. MoaudikoBanuii meroa I'ayca

Jia 3Bu4aitHOT  (yHKIT Fayca KiHIIeBEe 3HaueHHS (QyHKUIT y KOXHIM TOYII
3HAXOJUTBCS K CyMa CKCIOHCHIIANBHUX (DYHKIIH, KUIBKICTh SIKHX JOPIBHIOE KIIBKOCTI
6a3UCHUX TOYOK. IX BHIINISI 3aleXMTh BiJl MapamMeTpy o, L0 XapaKTepusye MIBHAKICTH
cnananus ¢yunkuii. [Ipu 3ananTo Benmukomy o (GyHKINT ClIaAal0Th MIBUIKO, 10 MPU3BOAUTH
70 PI3KOTO CrajaHHs KiHIEeBOi (QyHKIII HAa MPOMDKKY MiX 0a30BUMHU TOYKaMH. 3aHAITO
BEJIMKE 3HAYCHHSI 0L MPU3BOAUTH J0 PI3KUX CTPUOKIB PYHKIIIT HA MPOMIKKaX.

70



KOMITKOTEPHA MNIATPUMKA BUPOBHUYMX TPOLIECIB

00

Puc. 2. [nTepnionsiis 13 3aCTOCYyBaHHAM MapaMeTpuyHoi ¢yHKIii ["ayca
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Puc. 3. Iutepnonsiis 13 3acTOCyBaHHSIM cyMapHoi ¢pyHKIii ['ayca

3a3Buuail mpu po3paxyHKax 3a JOMOMOror Meroay [ayca BHKOPUCTOBYBaJIOCS
MOCTiiHEe 3HAYeHHs KOeQIlI€HTY 0. Ha BChbOMY MPOMDKKY 1HTeprnofisiii. Takuii miaxig mae
TIEBHI HEMOMIKU. SIKIO0 TOYKHM HE PiBHOBIIAAICHI, TO Ha THX MPOMIKKAX MK Oa3MCHUMH
TOYKaMH, JOBXKHUHA SKUX 3HAYHO OLIbINA 332 CEpeHI0, CyMa E€KCIOHEHIadbHUX (YHKIIIH
Oyne cmajgaTd OMKYe J0 CepeAuHHU BIAPI3KY, TOOTO Oyjae CIocTepiraTHUCS «IPOTHHY
¢byHKIii Ha cepenuHi Binpi3ky. Ha KOpoTKOMy Bifpi3Ky MOXe CHOCTEpiraTHcs CTPUOOK
¢ynxkii. [1lo6 3anobirtu TakuM HeOakaHUM SBHIAM OYJIO 3alPOTIOHOBAHO PO3PaXOBYBATH
KOE(]IIIEHT 0L OKPEMO JIJIsI KOKHOTO 3 BIJIPI3KIB MK 0a3MCHUMHU TOYKAMH 3aJICKHO Bij HOTo
JOBXXUHHU 32 POPMYIIOIO:
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n—1

ﬁk(l +%}’

nel= (% — %)% % C (X, Xp4q)

Hana ¢opMyna po3BonMiIa OTPUMATH Kpalll pe3ysbTaTH IpH  IHTEPHOJISLii
HEPIBHOMIPHOTO KapKacy TOYOK, y SIKOMY CIIOCTEPITalOThCs BEIHKI BiJICTAHI MK TOYKAMH
6azucy. 3actocyBaHHA Momu¢ikoBaHOTO MeToqy layca y Takux ymoBax JJO3BOJIHJIO
YHUKHYTH MPOTUHY (YHKIIT HA BEUKUX MPOMIKKAX.

Ha pucynky 4 npencrasineHe nopiBHsIHHS MoaudikoBaHoro Merony ['ayca mpu N=20
31 3BU4aifHUM MeTojioM ["ayca Ta mosiHoMoM Jlarpanika Ha NPUKIaIl IHTEPIOIALil QyHKII
KBaIpaTHOT'O KOPEHS MPH BEJIHKIN KIJIBKOCTI TOYOK Ta HEPIBHOMIPHOMY iX pO3IOALIIL.

f:E=

Puc. 4. IlopiBusiHHS MeToiB iHTepnosaiii Jlarpanxa, ["ayca,
lNayca (monudikoBaHmil)

Ax BunHO 3 pucyHky 4, noisiHoMm Jlarpanxka AeMOHCTpye CTpUOKHM (PyHKILII mpu
BEJIMKIH KUTBKOCTI TOYOK, a (DYHKIIISl 3BUYAHOTO METOy [ 'ayca MpOoruHaeThCs MPH BETUKIi
BiJICTaHI M)XK TOYKaMH Oasucy. DyHKII, 10 OTPUMaHa 3a JIOMOMOTOI MOJIH(IKOBAaHOTO
Mmetoay ["ayca, mokazana Kpammii pe3ybTaT BITHOCHO 000X BHIIEHaBEeIEHUX (DYHKIIIH.

S. BucHoBKkH

HepiBHOMIpHICTh 3aBJaHHS TOYOK KapKacy Ta CTpPIMKI 3MIHM KPHUBHHHM MOTpelye
BUKOPHUCTAHHS  HEMOJIHOMIAJIbHUX CHOCO0IB 1HTepnosmii. Jns mux wimed MokHa
BUKOPHCTOBYBATH 1HTepHosIiiiHy ¢yHKIio ['ayca Tta ii moaudikamii. Y BuUmaaky, Koiau
TOYKM KapKaca YTBOPIOIOTh 3aMKHEHHMH KOHTYp, IHTEPHOJSIII0 MOXHA MPOBOAUTH 3a
JIOTIOMOTOI0 MapaMeTpuuHoi, abo cymapHoi ¢ynkuii ['ayca. Bukopuctanus nux MeTomiB
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JO3BOJISIE MIJBUUIUTH TOYHICTh PE3YJbTATIB MOPIBHAHO 3 IHIIMMHM METOJAAMH B yMOBax
BEJIUKOI KIJTBKOCT1 TOYOK Ta HEOJHOPITHOCTI 1X TOJIOKEHHS.
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Pewena 3adaua mHO2OKpUmMEpUATbHOU YCIOBHOU ONMUMUZAYUU Npoyecca OYOneHUs -
AHCUPOBAHUSL  MEXOBOU  OBYUHbL C NPUMEHEHUeM MOOUDUYUPOBAHHO20 MemoOd PelaKcayuu.
OboOwennas yeneeas (QyHKyus nNOAYYeHA C UCHOAb308AHUEM  AOOUMUBHO20 — Kpumepus
onmumanshocmu. Moouguyuposannviti mMemood peraxcayuu Modcem Ovlmb HPUMEHEH Npu
peleHuU 3a0ay ONMUMU3AYUYU AHATOSUYHBIX NPOYECCO8.

Kniouesvie cnosa: saoaua onmumuzayuu, yenesas QyHKyus, 2paoueHmuvlie Memoobl,
0yb/ienue, Mexoeas 08YUHA

Poszs'sszano 3a0auy 6Oacamoxpumepianvnoi ymoeHnoi onmumizayii npoyecy O0yOneHHs-
JHCUPYBAHHS  XYMPOBOI OBUUHU 3 BUKOPUCMAHHAM MOOUDIKOBAHO20 Memody peraxcayii.
V3acanvnena yineoeéa ymxkyia ompumana i3 3ACMOCYBAHHAM — AOUMUBHO20 — KpUmepiio
onmumanvHocmi. Moougixosanuii memoo penaxcayii modice 6ymu GUKOPUCMAHULL NPU PO38'a3aHHI
3a0ay YMOBHOI ONMUMI3ayii aHalI02IYHUX NPOYECIS.
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