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STOCHASTIC INTEGRAL AND STOCHASTIC DERIVATIVE CONNECTED
WITH A LEVY PROCESS

The extended stochastic integral with respect to a Lévy process and the corresponding Hida stochastic derivative have
many applications in the stochastic analysis, in particular, in the theory of stochastic differential and integral
equations. One of main lacks of these operators, if one considers them as linear operators on the space of square
integrable random variables (Z2), consists in their unboundedness. Moreover, the domain of the extended stochastic
integral (and of the conjugated to this integral operator — the stochastic derivative) depends on an interval of
integration. As a result, there are problems with some applications of the above-mentioned operators. Therefore an
important problem is a modification of definitions of the extended stochastic integral and the Hida stochastic
derivative that gives us the possibility to define these operators as linear bounded (i.e., continuous) ones. In this
paper, using the theory of Hilbert equipments, we introduce and study the extended stochastic integral with respect to
a Lévy process and the Hida stochastic derivative as linear continuous operators on a suitable rigging of (£2). This

gives a possibility to extend an area of applications of these operators.

Introduction

Denote R, :=[0,+). Let L=(L,),.z be a

Lévy process, i.e., a random process on R, with

stationary independent increments and such that
L,=0 (e.g., [1]). In particular cases, when L is a

Wiener or Poisson process, any square integrable
random variable can be decomposed in a series of
repeated stochastic integrals from nonrandom
functions with respect to L. This property of L,
known as the chaotic representation property (CRP)
(e.g., [2]), plays a very important role in the sto-
chastic analysis. In particular, it can be used in
order to construct extended stochastic integrals,
see, e.g., [3]. Unfortunately, for a general Lévy
process the CRP does not hold (e.g., [4]).

There are different generalizations of the CRP
for Lévy processes. In particular, under the It6’s
approach [5] one decomposes a Lévy process L in
the sum of a Gaussian process and a stochastic
integral with respect to a Poisson random measure
and then uses the CRP for both terms in order to
obtain a generalized CRP for L. The Nualart-
Schoutens’s approach [6] consists in decomposi-
tion of a square integrable random variable in a
series of repeated stochastic integrals from nonran-
dom functions with respect to so-called orthogona-
lized centered power jump processes, these processes
are constructed with using of a cadlag version of L
(i.e., of a random process, which is stochastically
equivalent to L and has right continuous with fi-
nite left limits trajectories). The Lytvynov’s ap-
proach [7] is based on orthogonalization of con-

tinuous monomials in the space of square integ-
rable random variables.

The interconnection between above-mentio-
ned generalizations of the CRP is described in,
e.g., [7-10].

In order to construct an extended (Skorohod)
stochastic integral with respect to L, one can take
any generalization of the CRP described above, see
[10] for details. But if we consider this integral as
an operator on the space of square integrable ran-
dom variables, as in [10], then this operator is un-
bounded and, moreover, its domain depends on
the interval of integration. The conjugate operator
of the extended stochastic integral (the Hida sto-
chastic derivative) is, of course, also an unbounded
linear operator on the space of square integrable
random variables. The unboundedness of these ope-
rators lead to some problems with their applica-
tions. Therefore an important problem is a modifi-
cation of definitions of the extended stochastic in-
tegral and the Hida stochastic derivative that gives
us the possibility to define these operators as linear
bounded (i.e., continuous) ones. In order to do this,
we offer to define the stochastic integral and de-
rivative on a suitable rigging of the space of square
integrable random variables.

Problem definition

The aim of this paper is to define the exten-
ded (Skorohod) stochastic integral with respect to
a Lévy process and the corresponding Hida sto-
chastic derivative as linear continuous operators on
a suitable rigging of the space of square integrable
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random variables; and to describe some properties
of these operators.

Preliminaries

In this paper we deal with a real-valued lo-
cally square integrable Lévy process L without
Gaussian part and drift. As is well known, the
characteristic function of L is

E[eiuL, 1= exp[tj R (eiux —1—iux)v(dx)], (1)

where v is the Lévy measure of L, E denotes
the expectation. We assume that v is a Radon
measure whose support contains an infinite number
of points, v({0}) =0, there exists ¢>0 such that

J‘szeg‘x‘v(dx) <o, and Iszv(dx) =1.

Let us define a measure of the white noise of
L. Let D denote the set of all real-valued infi-
nite-differentiable functions on R, with compact

supports. As is well known, D can be endowed by
the projective limit topology generated by some
Sobolev spaces (see, e.g., [11]}). Let D’ be the
set of linear continuous functionals on D. For
owe D' and ¢e D denote (¢)={(m,9); note
that one can understand (-,-) as the dual pairing
generated by the scalar product in the space
L*(R .) of square integrable with respect to the
Lebesgue measure real-valued functions on R, .
The notation {(-,-y will be preserved for dual pair-
ings in tensor powers of spaces.

A probability measure u on (D’,C(D")),
where C denotes the cylindrical c-algebra, with

the Fourier transform
[, e udo) =
=expl[, (€% ~1-ig(u)x)duv(dx)], (2)
9e D,
is called the Lévy white noise measure.

We reckon that the o-algebra C(D’) is aug-
mented with respect to p. Denote (L?):= L*(D’,
C(D’),n) the space of real-valued square integ-
rable with respect to p functions on D’; let also
H:=I*(R,). Llet feH
(9, € D),y converges to f in H as k—eo.
One can show ([7, 12, 10]) that (o, f):=

and a sequence

=(1%)- l{im<o,(pk> is well-definite as an element
—Soo

of (L*). Let us consider (o,1iy,)€ (L), te R,
(here and below 1, denotes the indicator of a set
A). It follows from (1) and (2) that ((o,l[O’,)))teR+
can be identified with a Lévy process L.

Finally, consider the Lytvynov’s generali-
zation of the CRP (see [7] for details). Denote

by ® the symmetric tensor product. Let P,
(ne Z, .= NU{0}) be the set of continuous poly-
nomials on D’ of power < n (elements of P, have
a form ¢ (x) :§:<X®k’(p(k)>, 0P eD®  xeD,
k=0
m < n). Denote by }_’n the closure of P, in (L%).
Let for ne N P, be defined from the condition
P =P, ®P_,, P :=P. Let f"eD® nez,.
Denote by : (o®", £y the orthogonal projection
of a monomial (-®”, £y onto P,. (Note that for
2", FMy . s not a continuous polyno-
mial, generally speaking ([7]).) Let us define scalar
products (--).., on D®" neZ ., by setting for

n>1

ext

f(n),g(n) c D®"

S 8" e =

1
= 0™ ) (0™, ") (o),
n!"P
and let ||, be the corresponding norms. Denote
by H", ne Z, , the closures of D®" with re-

spect to the norms ||, .

Theorem 1 ([7]). Let Fe (L*?). Then there
exists a unique sequence of kernels f" e H e(x'?,
ne Z, , such that

F=3 (", ) (3)
n=0
and
E|F|*=|F|

("~

= [ [F(@)Pu(do) = 3 nll £,

n=0
One can show ([7,10]) that #{) =# and for
ne N\{l} one can identify H ®n with the proper

subspace of H'") that consists of “vanishing on
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diagonals” elements. In this sense the space H'"

ext

is an extension of H ®n (this explains why we used
the subscript ext in the designations H " o ext

ext ?

and ||, )-
An extended stochastic integral

Let Fe (L*)® H. By (3) F can be uniquely
presented in the form

FO) =S £y fMe B @ 1 . (4)
n=0

ext

If the kernels from (4) /e H®" ® H c H"®H

then one can define the extended stochastic inte-
gral from F with respect to L by analogy with
the Gaussian case [3], i.e.,

J o Fl, = io (BT Fy (s

where f e H ®ntl are the projections of f ("
onto H&"™!
(L2). In a general case one can not project ele-
ments of H{Y) ® H onto H{*"; nevertheless, by
fMedDoH

f"Me H™D that can be used in order to define

the extended stochastic integral by (5). Namely,
let fMeHMY®H, ne N. We select a repre-

ext
FMe £ gquch that

Ly seeyu,) = 0 if for some ke {l,..,n} u=u,.

cHe(ft”), if series (5) converges in

one can construct kernels

sentative (a function)

Let £ be the symmetrization of f;l(") by n+1
variables. Define f" e H"D as the equivalence
class in Héft”) generated by f . It is proved in
[10] that f is well-definite and

|.i‘(n)|ext S|f‘(n) |Hi,:)®H (6)
For Fe (L*)® H we define an extended sto-
chastic integral J‘R+F (u)c?Lu e (L?) by formula

(5), where fMe H é;’t”) are constructed by the ker-
nels fMeH é;’t) ® H from decomposition (4) as
above, f(©:= £(O The domain of this integral,
i.e., of the operator IR o(u)c?Lu (L)®H > (7),

consists of Fe(L>)®H such that

I, FdL, I, = 2 (n+D)! FAUEES
h=!
For #,,1, € [0,+e], 1, <t,, set
t —_ —_
leF(u)dLu = I&F(u)ll,l’tz)(u)dLu. (7)

Theorem 2 ([10]). Let Fe (L?)® H be integ-
rable by It6. Then for any 7,1, € [0,+e], # <1,
F is integrable on [7,,f,) in the extended sense

*F(u)dL, , where the last in-

1

12

and ij(u)c?Lu =

tegral is the It one.

One of main lacks of the extended stochastic
integral consists in its unboundedness and, more-
over, in dependence of its domain on an interval
of integration. This essentially constricts an area of
possible applications. A possible solution of this
problem — to define the stochastic integral as an

operator acting from (L?)® H to a suitable space

that must be wider than (L?). Let us describe a
possible construction of such a space. Define
(L2)1 c(L?) as a Hilbert space of functions

F:D — R of form (3) for which ||F||(2L2) =
1

= > n!2"| f|2, <. Let (L*)_, be the Hilbert
n=0

space of generalized functions that is dual of (Lz)1
with respect to (L?), i.e., (Lz)_1 is the negative
space of the chain (L), c (I*) c(L?)_,. This
space consists of formal series of form (3) with
1) = 22 1 o <o

n=

For Fe(L)®H, t,,1,€[0,+=], 1 <t),
we define the extended stochastic integrals
jR F(u)c?Lu,I:zF(u)c?Lu e (I*)_, by formulas (5)

+ 1

and (7) respectively. Note that one can understand
IR F(u)c?Lu as a particular case of LtzF(u)c?Lu
4 1

with #, =0 and #, = +eo. Further, since (I?),® H c
c (L*)® H , one can consider the linear operator
Ittzo(u)ﬁLu (L), ® H - (1?).
1
Theorem 3. The operators Ltzo(U)C?Lu (LH®
1
®H — (I*)_, and Ittzo(u)ﬁLu (1Y), ® H - (I?)
1

are linear continuous ones.
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One can obtain this result by direct calculation
of norms of the integrals with use of estimate (6).

A Hida stochastic derivative

Let g™ e H™

ext 2

ne N . It is shown in [10]

that g can be considered as an element g (-)
of H'"Ve@H (but HW ¢ H" ® H because

ext

different elements of H " can coincide as ele-

ments of H{"™ ® H ), and
|g(n)(')|H£:;1)®HS|g(n)|ext' (8)

Let t,,t, €[0,+], t, <t,. For Ge (I*) we
define a Hida stochastic
L) ()9Ge (L*)® H by setting

derivative

l[tl’IZ)(')a'G =

- i(}’l+l) . <°®n,g(n+1)(')l[tl,t2)(')> :,
n=0

where gD e H("™ are the kernels from de-

composition (3) for G, in point as elements of
H'" ® H . The domain of this derivative, i.e., of

ext

the operator 1[,1’,2)(-)8_:(Lz)—>(L2)®H, con-

sists of G e (I?) such that

”1[zl ,12)(') aG||(2L2 YOH =

=2 (DY DI Ol ) Ol <=
n=

It is shown in [10] that the Hida stochastic
derivative 1;, ,(-)9. (%) > (L*)® H and the ex-

tended stochastic integral Iftzo(u)gLu ([)H)®H >
1
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— (L?) are conjugated one to another and, in

particular, are closed operators.

As in the case of the extended stochastic inte-
gral, the Hida stochastic derivative will be a linear
continuous operator if we suitably extend a “target”
space. More exactly, the next statement is fulfilled.

Theorem 4. The operators 1[,1’,2)(-)8_ (LY >
= (L), ®H and 1, ()3 :(L*), > (L))®H

are linear continuous ones.

One can obtain this result by direct calcula-
tion of norms of the derivatives with use of esti-
mate (8).

Finally, the next statement can be proved by
analogy with [10].

Theorem 5. The extended stochastic integral

jt’fo(u)&LM :(L2)® H — (L*)_, and the Hida sto-

chastic derivative 1[,1’,2)(-)8_:(L2)1—>(L2)®H

are conjugated one to another.
It is easy to verify that this statement holds

true if we consider Ltzo(u)c?Lu (LY, ® H - (1?)
1

and correspondingly 1[,1’,2)(-)8_ (L) —>(L2)_1 ®H.

Conclusions

In this paper the extended stochastic integral
with respect to a Lévy process and the correspon-
ding Hida stochastic derivative are defined as li-
near continuous operators on a rigging of the space
(L?) of square integrable random variables, and

the interconnection between these operators is es-
tablished. This gives a possibility to extend an area
of applications of the mentioned stochastic integral
and derivative. In the forthcoming papers we’ll
consider these operators on more general riggings

of (L?), study the Wick calculus and its intercon-
nection with the stochastic integration, etc.
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