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DAMPING OF MAGNETOELASTIC WAVES

A general method for constructing a model of the dissipative function describing the relazation
processes induced by the damping of coupled magnetoacoustic waves in magnetically ordered
materials has been developed. The obtained model is based on the symmetry of the magnet
and describes both exchange and relativistic interactions in the crystal. The model accounts
for the contributions of both the magnetic and elastic subsystems to the dissipation, as well as
the relaxation associated with the magnetoelastic interaction. The dispersion law for coupled
magnetoelastic waves is calculated in the case of a uniazial ferromagnet of the “easy azis”
type. It is shown that the contribution of the magnetoelastic interaction to dissipative processes
can play a significant role in the case of magnetoacoustic resonance.

Keywords: magnetoelastic interaction, dissipative function, dispersion law, uniaxial ferro-

magnet, relaxation.
1. Introduction

Coupled magnetoelastic vibrations comprise a com-
plicated natural phenomenon, which is a result of
the interaction between the magnetic subsystem of a
crystal and the crystal lattice. Vibrations of this type
have been a subject of extensive researches for many
years [1,2], and a number of important fundamental
results have been obtained for them [3-5].

The influence of the magnetoelastic interaction on
the spectra of spin and elastic vibrations is rather
small, as a rule. However, this interaction reveals it-
self substantially in the case of magnetoacoustic res-
onance, when the spin-wave frequency approaches
the sound frequency, and the quasispin and qua-
sisound branches in the wave spectrum begin to re-
pulse each other [3,4]. The results of relevant studies
also demonstrate that the magnetoelastic interaction
increases, if magnetically ordered systems approach
the point of spin-reorientation phase transition [4] or
structural phase transition in the lattice [6, 7].

The study of the phenomena arising owing to the
interaction between the magnetic and elastic subsys-
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tems has gained a new impetus recently. This is a
consequence of numerous experimental studies [8-11]
carried out with magnetically ordered systems, where
the magnetoelastic interaction can be rather strong
[10, 11]. The results of modern researches, both ex-
perimental [11] and theoretical [12], testify to the
creation of special conditions for the propagation of
vibrations under the influence of the magnetoelastic
interaction. The latter can lead to the non-consistent
propagation of both the spin and elastic waves in mul-
tilayer structures of various types [11, 12]. The cor-
responding results may testify that the influence of
the magnetoelastic interaction can be used in mod-
ern functional elements applied for the quantum in-
formation processing and based on the magnonics and
magnetic spintronics principles [13, 14].

A complete description of collective magnetoelastic
vibrations is evidently impossible, if their damping is
not taken into account. Unfortunately, the scope of
few studies dealing with the dissipation of magnetoe-
lastic vibrations is confined to the consideration of
the damping of only spin waves on the basis of the
relaxation term in the Gilbert form [15]. It should
be noted that the consideration of this issue in the
framework of the Landau-Lifshitz [16] or Gilbert [15]
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model using the corresponding relaxation term is not
correct [17,18]. Those models do not take the sym-
metry of a crystal into account. This factor directly
affects the propagation of elastic waves. Furthermore,
in many cases, the presence of spatial inhomogeneities
testifies that the relaxation processes of the exchange
origin must be taken into consideration. Of course, an
approach in which the damping of only spin waves is
considered cannot be correct as well, because it ab-
solutely ignores the relaxation processes that may be
associated with the magnetoelastic interaction. A si-
multaneous account for the purely elastic relaxation
is also important in this situation.

Earlier, we have developed a phenomenological the-
ory to describe relaxation phenomena in magnets.
This theory makes it possible to consider the ex-
change relaxation [19, 20]. In this work, proceeding
from the principles expounded in the cited works, we
propose a model that describes the dissipation of cou-
pled magnetoelastic waves, as well as a mechanism for
constructing the dissipative function for such vibra-
tions in the general form.

2. Dissipative Function
for Magnetoelastic Vibrations

While constructing the dissipative function that
would describe the damping of collective magnetoa-
coustic waves, we proceed from the expression for the
total energy (the quasiequilibrium thermodynamic
potential) of a ferromagnet,

F:/f(M, Zl;f) dv, (1)

where M = M(r, t) is the magnetization vector, and
f(M, OM/0x;) is the total energy density. In our
case, the latter parameter consists of the magnetic,
fm, elastic, f., and magnetoelastic, f,,., components:

f(Mv aM/axi):fm+fe+fme~ (2)

The construction of the required quasiequilibrium
thermodynamic potential for a ferromagnet is a fun-
damental result of work [16]. This construction is
based on the crystal-symmetry considerations and the
grouping of interactions in a ferromagnet into two
classes: weak relativistic interactions and strong ex-
change interactions. A not less fundamental result is
the derivation of the equation for the dynamics of
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the magnetic moment, which was called the Landau—

Lifshitz equation,

oM

— =M xHT 4 R, (3)
ot

and the introduction of the concept of effective mag-

netic field as a variational derivative of the thermo-

dynamic potential of the ferromagnet with respect to

the magnetization,
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The term R in Eq. (3) is responsible for the magne-
tization relaxation. It was proposed by Landau on the
basis of general physical ideas concerning dissipative
processes [16]. Later, Gilbert constructed the dissipa-
tive function of a ferromagnet that corresponds to the
Landau—Lifshitz relaxation and proposed to express
the relaxation term in terms of the time derivative
of the magnetization [15]. Despite the vector charac-
ter of the equation of motion, the Landau-Lifshitz—
Gilbert relaxation term is characterized by a single re-
laxation constant, which corresponds to an isotropic
medium. A consideration of the expression for the
relaxation term in the framework of the models in
[15, 16] shows that it does not make allowance for
the symmetry of a magnetic material. As a result,
there arise a lot of physical contradictions [17,18]. It
is also important to note that the relaxation term in
the Landau—Lifshitz or Gilbert form corresponds to
the spin-spin and spin-orbit interactions, so that there
is no opportunity to consider the dissipative processes
associated with the exchange interaction in a crystal,
which are important in many cases [19, 20].

In their classical works [21, 22|, L.D. Landau and
E.M. Lifshitz proposed to describe the relaxation
processes by introducing the corresponding dissipa-
tive function into the equations of motion. This func-
tion must be a positive quadratic form. According to
the basic phenomenological principles, the dissipative
function @ = [¢dV can be constructed following
the same rules as for the quasiequilibrium thermo-
dynamic potential, and it must include the terms of
the same origin, as the total energy of the crystal
does [21,22]. Therefore, it is quite reasonable to rep-
resent the dissipative function density ¢ similarly to
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expression (2), i.e. as the sum of three terms, each
describing the relaxation processes of the magnetic,
elastic, or magnetoelastic origin,

4= qm + qe + Gme- (5)

The procedure of constructing the dissipative func-
tion for magnetic vibrations was described in our
works [19, 20]. In particular, the term g, can be ex-
pressed as a quadratic form of the effective magnetic
field and its spatial derivatives,

1, OHeT gHet

r HeffHef‘f Y
ik 4 +2 * w, Orn

to,  (6)

1
Q’N’L - 2
where the tensors A, and AS characterize relativistic
and exchange, respectively, dissipative processes.
The elastic component ¢, of the dissipative function
density (5) must depend on the time derivatives of the
strain tensor and also must be quadratic [21]. So, the
most general form for this component is

1 OF;; OF,
e = iﬁij,sp atj atp' (7)

The fourth-rank tensor 7;; s, is called the viscosity
tensor, and its components are determined by the
crystal symmetry, like the components of the elas-
ticity tensor that enters the expression for the elastic
energy [21].

The magnetoelastic component ¢,,. of the dissipa-
tive function is constructed on the basis of similar
principles and considerations. From expressions (6)
and (7), it follows that ¢, must consist of the time
derivatives of the strain tensor and the components of
the effective magnetic field. It is known that the dissi-
pative function must be invariant with respect to the
transformations of the crystal symmetry group. The-
refore, the magnetoelastic component of the dissipa-
tive function has to be constructed from the invariant
products of the time derivatives of the strain tensor
and the gradients of the effective magnetic field in the
form of the quadratic form

eff
+ 0H, ) (8)

me = 5Pt "5y oxp Oz

OE;; (aHgff
Here, the tensor f3;; ¢, characterizes the contribution
of the magnetoelastic interaction to the energy dissi-
pation of coupled vibrations and, by analogy with the
viscosity tensor, has to be of the fourth rank. Hence,
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the effective magnetic field cannot enter the compo-
nent ¢,,. linearly. The dissipative function must also
be invariant with respect to the time reflection op-
eration. Therefore, ¢, cannot also include even
power exponents of the effective magnetic field (or
its gradients).

Let us demonstrate the procedure of constructing
the dissipative function for a ferromagnet with uni-
axial symmetry following the proposed method. For
this purpose, expressions for the components of the
total energy density (2) have to be written down at
first. The magnetic part of the energy of the examined
uniaxial ferromagnet in an external magnetic field H
looks like

212 1 op o
P D L O/
8x 2 " O0x; Oy,
1 1
- §KLU'3 - §K2M§ — MH, 9)

where x is the longitudinal magnetic susceptibility,
;i is the tensor that characterizes the inhomoge-
neous exchange interaction (for the simplicity, the
case oy, = diag(a, a, ) will be considered), K; and
K, are the uniaxial anisotropy constants (all the con-
stants have the energy dimensionality), p = M/M,
is the normalized magnetization vector, and M is
the saturation magnetization. The first term in ex-
pression (9) makes allowance for the homogeneous ex-
change interaction, which can make an essential con-
tribution to the exchange dissipative processes. This
contribution is especially important when describing
the dissipation of magnetic solitons [23-26], including
domain walls [25] and Bloch points [26].

The elastic energy of the uniaxial crystal can be
written in the form [21]

1 1
fe = 5011 (Ezm + Eyy)2 + §CS3E32 +
+C13 (Bye + Eyy) E.. +2C44 (B, + Eyz)2 +

+ 5 Co0( B, + 3, +22,), (10)
where E;;, are the components of the strain tensor,
and Cjy, are the elastic moduli of the second order (the
components of the elasticity tensor) for the crystal
concerned.

Finally, the last term in expression (2) describes the
interaction between the magnetic and elastic subsys-
tems. In the case of uniaxial crystal symmetry, it
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looks like [22, 27]

1 1
fme = EBll (,U/i + MZ) (Exaz + E'L/y) + §B33M§EZZ +

1 1
+ 5313/143 (Ezac + Eyy) + 5331 (,Ufi + Mz) E,.+

1
+ 5844 (,LL:C)UZEJCZ + ,UJyPJzEyz) +

1
+ *BGG(MiEx:p + Nf,Eyy + Q,Uw,uyEa:y)a

; (1)

where B;; are the constants of magnetoelastic inter-
action corresponding to this case.

Following the results of works [19, 20], let us write
down the tensors that characterize the relaxation of
spin waves in a ferromagnet with uniaxial symme-
try in the form A}, = diag(A",A",0) and A =
= diag(A®*, A**, A**). Then, for the magnetic compo-
nent (6) of the dissipative function, we obtain

1., off\ 2 o2\ 1o OHCY’
an = X (B 4 (157)7) + D (a ) (12)

Li

The elastic component (7) of the dissipative func-
tion should be constructed analogously to the corre-
sponding component (10) of the total energy. Hence,
for a uniaxial crystal, it looks like

fl C{)Ezz+%2+l aEZZ2+
e =5\ "5 ot 213\ "oy

+ aEm 4 8Eyy 8EZZ 9 aEzz N aEyz 2 N
MI\Tor "o ) ot ™M\ Tar o

1 0E,,\ =~ (0E,,\ OF,,\

= 2 ). 13
T << ot ) e ) T (13)

The magnetoelastic component g, of the dissipa-
tive function is constructed proceeding from the gen-

eral form (8) and similarly to the corresponding com-
ponemt of the total ferromagnet energy,

B OF., OB, (0H OH"
Gme —/811( ot + ot )( Oz + ay +

L8 OF,, OHS® y 0F,, O0E,,\ 0HH N
B0t 0z B\ ot ot | oz

v 3 OE,. (0H® +6H;ff N
ot Ox dy
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OE,. (aH;ff aHgff)
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+ 2844

5 (14)

Thus, formulas (12), (13), and (14) allow us to ob-
tain a complete expression for the dissipative func-
tion. On its basis, the frequencies of the coupled mag-
netoelastic vibrations making allowance for the vibra-
tion damping can be calculated.

3. Dispersion Law
for Magnetoelastic Waves
in a Uniaxial “Easy-Axis” Ferromagnet

On the basis of the results obtained above, let us
calculate the dispersion law for coupled magnetoe-
lastic waves in a uniaxial “easy-axis” ferromagnet in
the ground state. In this case, the magnetic moment
of the ferromagnet, p, is directed along the easy-
magnetization axis Oz, and the condition for this
state to exist is K7 + Ko > 0 [28]. In accordance with
the standard method used to phenomenologically de-
scribe the dynamics of the magnetic moment [3, 20],
let us consider small adiabatic fluctuations of the
magnetic moment density in the ferromagnet. Then
we can write

[I,(I', t) = po + m(r,t), (15)
where po = (0,0,1) is the vector of the “easy-axis”
phase magnetization in the equilibrium state, and
m(r,t) are small deviations of the fluctuation origin
from p.

Analogously, the components of the strain tensor
FE;i, can be expressed as the sums of the equilibrium
values F;ro and small deviations ¢;;, from them,
Eip(r,t) = EY + eix(r, t). (16)
The equilibrium values of the strain tensor compo-
nents in the ground state of a uniaxial ferromagnet
can be easily found from the condition df/0E;;, =
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0. In this case, only the following equilibrium compo-
nents differ from zero [5]:

B g0 B13C33 — B33C3

wr WY T 9202, — O33(2C) ) + Ceg))
—B13C13 — B33(2C11 + Cee)
2(26’123 — C33(2C11 + Cep)) .

(17)

0 __
Ezz*

The inhomogeneous term of the elastic strain tensor,
gik(r,t), can be expressed in terms of the vector of
particle displacements U using the formula [4]

1 /oU; 0oU
gik(rat) = ( + 8$k)

5 8.%‘19
The dispersion laws for coupled magnetoelastic
waves can be calculated using the dynamic equation
for the magnetization vector (3), which, making al-
lowance for definition (15), takes the form

(18)

3
a%a = —yux H" + R,

as well as the dynamic equation for the particle dis-
placement vector U [4, 21],

(19)

°U __oF
Porr = U

Here, v =~ 2"%5‘ is the gyromagnetic ratio, and p is

the magnet material density.
The relaxation terms in the dynamic equations (19)
and (20) can be obtained as the variations of the mag-
net dissipative function [20, 21],
0Q 0Q
R, = Re= —5¢

SE T ()

+R.. (20)

(21)

Let us consider the vibrations, whose wave vector k
is directed along the magnetic moment of the crystal,
k|| gty || Oz. In this case, only the following compo-
nents of the elastic-strain tensor and the gradients
of the effective magnetic field remain different from
Zero:

LU 10U
zz—az; zz—zaz—igy
100, (22)
T T 5,
and
OHST  OHIT  pgH
0z’ 0z’ 0z
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By applying relations (22) to components (12), (13),
and (14) of the dissipative function and taking ad-
vantage of definitions (21), the following components
are obtained:

for the magnetic relaxation term,

Rupa = ATHET — ) azafjfﬂ - m%%,

Ry = NHST — yex 3;553 - 644% a;gy, (23)
Ry = =A% BZIZ'EH - ﬂ&’s% 8;[]227

and for the elastic relaxation term,

Rex = —7744% (8;ZU; 6;;1,) - ,344828%?7

Rey = *7744% <8;Zz + 8;ZU2y> - 544828?, (24)
R, = —7733% 6822(]22 — B33 8;[;‘?

For further calculations, let us expand the total
energy density (2) in a power series in small devi-
ations m(r,¢) and e;,. Then we should substitute
the result and the relaxation terms (23) and (24)
into the dynamic equations (19) and (20) and lin-
earize them. Afterward, we should pass in the re-
sulting equations to the Fourier components of the
small deviations m(r,t) ~ exp(—i(wt — kr)) and
U(r,t) ~ exp(—i(wt — kr)) with respect to the time
t and the coordinates r, where w is the frequency
and k the wave vector of collective waves. As a result,
Egs. (8) and (9) bring about a system of six equations
for the components of the vectors m and U. From
the condition that this system of equations has a so-
lution (the determinant of the system has to be equal
to zero), it is possible to obtain the dispersion law
for coupled magnetoacoustic vibrations taking their
damping into account. In the linear approximation in
the dissipative constants, the dispersion law looks like

C- 2
w? <w2 - 33]92> (o.}Q _2Cu k2> (w2 - ’YQMozo-)?nID -
p P

p p 8p

+ iw (w2 — 033k2><w2 - —
P
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X Wwmi (7 + XK +

+ iw (w2 — Cg?’k:2> (w2 — 2044/{2) X
P P

X (w2 — 2 ME me)(wmg/\ k) —
—iw ( 2 _ 2044 > 7”“) 7733[“;2142 —
(

2k2
'w( 2 033 > 02— 0 ml\) T44wW

—1
+1 <w2 — 033k:2><w2 — 044162) X
P P

2 3
% Y B44/B44wm“wm3k .

+
p

5 (25)
Here, the following notations were introduced:
Wm1 = Lkg (B11 + Bes) By, BUE@?@;
Mg Mg Mg
n leggz L _2M02),
M; 2Myx
ak? B (EQ, + Ej,)  BpEY K
T Mg Mg M
3K, | (3MZ — M§)
M2 2MZx
H Bz (E), +E),) ByEL,
Wm3 = My — R - M2 +
K1 Ko (Mg - M2)
M2 + M2 2M2x

W) = Wm1 + Wms-

Thus, the general method presented in this work
to describe the dissipative processes makes it possible
to calculate the spectrum of coupled magnetoacous-
tic waves taking their damping into account. Let us
analyze the obtained result.

4. Discussion and Conclusions

The calculated dispersion law (25) consists of seven
terms. Each of them characterizes the corresponding
dynamic process in the ferromagnet. If the relaxation
processes and the magnetoelastic interaction in the
magnet are neglected, only the first term remains in
expression (25). Then the latter decays into three in-
dependent spectral equations; one for spin waves [28],
w2, = V2 MZw

m||
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and two for acoustic waves [21],

s 20y 12 2 033
wph2 - ) wph5 -

The combination of first and second terms gives
the spectrum of coupled magnetoelastic waves with-
out taking their damping into account [5]. The third
and fourth terms characterize the damping of spin
waves and, together with the first term, give the cor-
responding dispersion law [18-20]. The fifth and sixth
terms describe the energy dissipation in the wpn2 and
wphs, respectively, sound modes. The seventh term
is responsible for the influence of the magnetoelas-
tic interaction on the energy dissipation of coupled
vibrations.

It is well known that the magnetoelastic interac-
tion makes a substantial contribution to the disper-
sion law of coupled vibrations, when their frequency
approaches the magnetoacoustic resonance. In work
[5], it was shown that, for the “easy-axis” ground
state and the wave vector direction k || g, this oc-
curs, when w? — 20#1{;2. In this case, only the first,
second, fifth, and seventh terms in expression (25)
survive. The terms responsible for the spin contribu-
tion to the dissipation become of the second order of
smallness and can be omitted. So, the relaxation of
magnetoelastic waves makes the magnetoelastic con-
tribution (seventh term) that is comparable with the
purely elastic contribution (fifth term). This means
that the contribution of the magnetoelastic interac-
tion to dissipative processes can play an essential role
in the case of magnetoacoustic resonance.

The result obtained for a uniaxial ferromagnet has
a general character and, no doubt, can also be valid
for magnetically ordered materials of other types.

The work contains the results of research supported
in the framework of the project No. 0117U000433 of
the National Academy of Sciences of Ukraine.
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SATYXAHHSA MATHITOITIPY2KHIX XBUJIb

Ivanov,

Pezmowme

IIpencraBieno 3arajbHUl METO/T IIOOY/IOBU MOJIEJI JIUCUTIATUB-
HOI (pYHKIIII, [0 OMHUCY€E pesIaKCAIiifHI TpoIec, 3yMOBJIEH] 3a-
TyXaHHSIM 3B’S3aHUX MarHITOAKyCTUYHHX XBWJIb Yy MAarHiTO-
BIOPSIAKOBaHUX Marepiasax. OTpuMaHa MOEIb JUCHIATHB-
Ol yHKII 6a3yeTbcs Ha BpaxyBaHHI cuMeTpil MarHeTHKa Ta
onucye K OOMiHHY, TaK i PeJIITUBICTCbKY B3a€MOJII0 B KpH-
crayi. Ilpn poMy BpaxOBaHO BHECKH B JUCHITAIIO SIK MarHi-
THOI 1 Ipy2KHOI mificucreMu, Tak i pesiakcalliio, IOB’sS3aHy 3
MarHiTOIpPY2KHOIO B3aeMo/i€o. Po3zpaxoBaHo 3aKOH gucrnepcil
3B’s13aHUX MATrHITONPYXKHUX XBUJIb JJIsi OJTHOOCHOrO (hbepoMa-
raeTuka Tuily ‘jgerka Bich’. [lokaszaHo, 1110 BHECOK MarHiTOIpPY-
2KHOI B3a€MO/Ii1 B JIUCUIIATUBHI IIPOIIECH MOXKe BifirpaBaTu CyT-
TEBY POJIb ¥ BUIAJKY MArHITOAKYCTUYHOI'O PE30OHAHCY.
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