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INTRODUCTION

The discipline "Mechanics" plays a significant role in the preparation of
bachelors in the specialty 163 "Biomedical Engineering". The study of the
discipline contributes to the development of engineering thinking and allows the
use of approaches, methods and knowledge of mechanics in mastering other
disciplines of a special profile, lays the foundation for professional competencies.

The discipline studies the basic concepts and laws of theoretical mechanics
and their consequences; the motion of material bodies, the interaction between
them, as well as the conditions of equilibrium of body systems; methods for
determining the kinematic and dynamic characteristics of mechanical systems,
solids and individual points of the body; basic concepts and definitions of material
resistance; methods of application of the theoretical apparatus of mechanics in
solving practical problems of biomedical engineering.

The purpose of practical tasks in the discipline "Mechanics" is to
consolidate theoretical knowledge, the formation of skills to apply physical and
mathematical methods in the analysis and modeling of biotechnical systems, the
acquisition of skills to apply theoretical knowledge in practice.

In preparation for the practical lesson, the student must comprehend the
relevant theoretical material, methods of its application for practical tasks.

During workshop, the student analyzes in detail the typical examples in the
manual, analyzes the algorithms used to solve problems, looks for analogies, and
ideally tries to improve the known methods.

Each practical work contains the following sections:

- brief theoretical information required to perform the work;

- typical examples with solutions;

- practical tasks.



Structure and design of the report to the workshop

The report on the workshop is made out on A4 sheets (or in electronic form —
pdf-file). The report is compiled in accordance with the content and should
contain the following sections:

- title page,

- the goal of the work,

- description of the stages of work,
- description of the results obtained,

- conclusions on the results of work.

Organization, control of implementation and workshops defense

Students who have the theoretical knowledge necessary to perform this
work are allowed to perform the workshop.

The workshop is defended immediately after its completion (or until the
next practical session) according to the schedule set by the course work program.
Works that are protected with a delay are credited with penalty points. When
defending the work, the student demonstrates the results of the work performed

and answers the control questions on the topic of the work.



1. INTRODUCTION TO STATICS

The purpose of the lesson: acquiring skills in:
- decomposition of force into components;

- finding the projection of the force on the axis.

Before completing the task you need to read:
- basic concepts and definitions of statics;

- concentrated forces and their characteristics;
- axioms of statics;

- types of connections and their reactions;

- decomposition of force into components;

- projection of force on the axis.

Basic concepts, formulas and symbols

The projection of the force on the axis is a scalar equal to the length of the

segment between the projections of the beginning and end of the force, taken with

the corresponding sign (Fig. 1.1). The projection has a plus sign if the movement

from its beginning to the end is in the positive direction of the axis, and a minus

sign — if in the negative.
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As can be seen from Fig. 1.2, projection of the force on the axis is equal to

product of modulus of force on the cosine of angle between positive direction of

F; \
180
.. 90" —
™, + ™,
\.'u fr-l\xl' l‘."
~

axis and direction of the force.

F,

Fig. 1.2

Projection of force on the plane

The projection of force on the plane Oxy is the vector Fxy, which is equal
to interval between projections of beginning and end of the force F on this plane
(Fig. 1.3). Thus, the projection of force on the plane is a vector, as it is
characterized not only by modulus but also by direction.

Vector modulus F,, =Fcosf, where £ is the angle between direction of

the force and its projection Fxy.

-

Analytical method of setting forces

To solve static problems, it is more convenient to set the force through its
projections. The force F will be given analytically if its projections Fx, Fy, Fz on
the axis of the rectangular Cartesian coordinate system are known:

F., =Fcosé,; F =Fcosé,; F, =Fcosd,,
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Where 6,.,6,,6, —the angles of the force vector F with respect to the axes

Ox, Oy, Oz, respectively.

TASKS 1

Calculate projections of the force vectors I31 I52 on the coordinate axes, if

P;=2N, P, =3N, angle &= 30° and determine the angles between X axis and

the force vectors. Summarize results in a table.

Bapiant Angle Angle
No RLX PlY PZX PZY between X between X
axis and Pl axis and P2
Nl N 2
A S
a Y Y
—
P, Z
0 > 0 X
X i
é é
N 3 Ne 4
v A Y -
TP7 -
o y 0 X a 0 X
P
P,
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N 11 Ne 12
y4 Yt
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N 13 Ne 14
vyt Yt
A P
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-
e X ay,” O X
/r P
N 15 Ne 16
Y“ Y‘
P
R —
>
uy 0 P X 0 ayx’
P P,
N 17 Ne 18
yt vt
' P,
P;
€ a
>
0 X 0 [p, X
a
Ne 19 Ne 20
vt ¥T «v.a
P
e P;
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TASKS 2
Name the type of support and show the direction of the support reactions at
points A, B, C of the body.
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TASKS 3
Name the type of support and show the direction of the support reactions at
points A, B, C of the body
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TASKS 4
Name the type of support and show the direction of the support reactions at
points A, B of the body

TASKS 5

Name the type of supports and show beam AB support reactions

16




TASKS 6

1. Determine the angle between axis Oy and reaction of smooth wall (p. B)

Yy,

-~

B

A

/

0

X
A

X
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2. Determine the angle between axis Ox and reaction of smooth wall (p. B)

yu

B
A
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2. COPLANAR CONCURRENT FORCES

The purpose of the lesson: acquiring skills:

- Finding force projections on the coordinate axis.

- Decomposition of force into components.

- Determining the moments of forces.

- Drawing up analytical conditions for the equilibrium of a system of
concurrent forces.

Before completing the tasks you need to read:

- Basic concepts and definitions of statics.

- Concentrated forces and their characteristics.

- Axioms of statics.

- Types of supports and their reactions.

- Projection of force on the axis.

- Decomposition of force into components.

- The properties of the moment of force relative to the point (center).

- Geometric and analytical conditions of equilibrium of a coplanar system of

concurrent forces.

TOPIC 1. PROJECTIONS OF FORCE ON THE AXIS
Find the projections of the force vector on the coordinate axes

1 2
. t
ml( Y - | #  |an
| ‘\’ F o’
| ‘ N .
2M X 4 m X
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TOPIC 2. MOMENT OF A FORCE RELATING TO A POINT

The rotational effect of force is characterized by its moment.

The moment of force is considered positive when the force rotates the body
around a point counterclockwise.

The algebraic moment of force F relative to a point is denoted by a symbol
M ,(F) and is determined by the formula:

M,(F)=+Fh

where h - a perpendicular drawn from a point on the line of force.

Properties of the moment of force relative to an arbitrary point (arbitrary
center):

1. The moment of force does not depend on the transfer of force along the
line of its action.

2. The moment of force relative to the center is zero when the line of action
of the force passes through the center or when the force is zero;

3. The moment of force relative to the center is a bound vector.

20



EXAMPLE
Calculate the moments of force = 400 N relative to the origin O and
relative to the point P.
Solution
- We decompose the force F into components Fx, Fy.
— Find the shoulders for the components Fx, Fy.
— Find the moment of force F relative to the points O and P as the sum of

the moments of the components Fx, Fy, taking into account their signs.

¥ ¥
\— 4 M— “p \— 4 M— “1p
e i 0
: 3 M f | 3 M
| | I
o % s "
| I
| | |
om | M| |
[ F=400 N F F=400 N
| "*/3"3'” L 300
I - i | _-'a" —
2 M —2m<4  Fx

|

The moment of force F = 400 N relative to the origin O is equal to:
My (F) = Mo (Fx) + Mo(Fy) = 5Fx + 2Fy
My(F) =5-400cos30°+ 2-400sin30°
My(F) = 1732+ 400 = 2132 Nm

The moment of force F = 400 N relative to point P is equal to:
Mp(F) = Mp(Fx) + Mp(Fy) = (5 +3)Fy — (4 — 2)Fy
Mp(F) =8-400cos30°—2-400sin30°
Mp(F) = 2771 — 400 = 2371 NM

21




Answer: M,(F) = 2132 Nw; Mp(F) = 2371 Nm

1. Calculate the moment of force F relative to the point O

/‘,\ 0,50

2. Calculate the moments of every forces relative to the point O

3. Calculate the moment of force ¥

F =520 N relative to the point P Fo o F=520N

-
-

4n g

0

4. Calculate the angle 6 (0<@<r)of F=400 N

force F, at which the force creates: a) the &
maximum moment relative to point A;
b) the minimum moment relative to point

A. Calculate these moments.

Im
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TOPIC 3. ASYSTEM OF CONCURRENT FORCES

A system of forces whose lines of action intersect at one point is called a
system of concurrent forces.

The system of concurrent forces has an equivalent, which is equal to the
geometric sum of forces of the system and passes through the point of intersection
of their lines of action.

With geometric method of equivalent determining, the force vectors can be
added in any order - the magnitude and direction of equivalent will not change.

This means that forces adding is a unigue operation.

§=E1+E2 +E3 +|_f4 =E2 +E1+E4 +E3

Fig. 2.1

The projection of the sum vector of forces on any axis is equal to the sum
of projections of its terms on this axis.

Since the system of concurrent forces is reduced to an equivalent force, it
IS necessary and sufficient for its equilibrium that this equivalent force be equal
to zero.

Geometric conditions of equilibrium: The system of concurrent forces will
be in equilibrium if and only if the force polygon is closed.

Analytical conditions of equilibrium: For the equilibrium of a system of
concurrent forces it is necessary and sufficient that the sum of projections of all

forces of the system on each of three coordinate axes is zero.

23



In the case of a flat system of concurrentt forces, the analytical equilibrium

conditions are as follows:

k=

[y

k=

[y

That is, a system of concurrent forces acting in one plane is in equilibrium
if sums of projections of forces of the system on two mutually perpendicular
Cartesian axes are equal to zero.

If a free solid is in equilibrium under the action of three nonparallel forces
lying in the same plane, then the lines of action of these forces intersect at one

point.

Solve of tasks geometrically

y =180-60-45

a) 0) G)

Fig. 2.2
T
90
30"/ T R
< R p R, 0" 30
R,
45 KN

a) 0) 6)

Fig. 2.3
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Fig. 2.4
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g SN
\ T \
T=200 N

P=200 N

R=2Ty =2Tcos37°=2-200cos37° =319 N
Fig. 2.5

INDIVIDUAL TASKS FOR INDEPENDENT WORKING

Calculate by geometric and analytical methods the forces in the weightless
articulated rods AB and AC, if the point A is applied to the force P = 100 N at an
angle o to the horizon. The data required for calculations are given in table 2.1
and table 2.2. Schemes of structures are presented in Figure 2.6.

Table 2.1-Options 1-10

Option N 1 2 3 10

o
ol
o
~
(00)
©

scheme N 1 2 3 4 5 6 7 8 9 10

o, degree 120 | 15 | -15 | 75 | -75 | 105 | -105 | 165 | -165 | 195

Table 2.2-Options 11-20

Option N 11 | 12 | 13 | 14 | 15 | 16 | 17 | 18 | 19 | 20

scheme N 1 2 3 4 5 6 7 8 9 10

o, degree -30 | 60 |-225|-100| 45 | -60 | 110 | 20 | 100 | -30

26



Fig. 2.6

27



3. SYSTEM OF PARALLEL FORCES

The purpose of the lesson: acquiring skills:

- Finding an equivalent distributed load.

- Determining the moments of forces.

- Drawing up analytical conditions for the equilibrium of a system of parallel
forces.

Before completing the task you need to read:

- Concentrated forces and their characteristics.

- Axioms of statics.

- Types of supports and their reactions.

- Decomposition of force into components.

- The theory of a pair of forces.

- Analytical conditions of equilibrium of a flat system of parallel forces.

Brief theoretical information

In engineering calculations, along with the concentrated forces that are
applied to a solid body at some point, there are forces whose action is distributed
over the volume of the body, its surface or line.

Since all axioms and theorems of statics are formulated for concentrations
of forces, it is necessary to consider ways of transition from distributed loading to
concentrated forces.

Consider some simple cases of distributed load by parallel forces lying in

one plane along a line segment.

A flat system of distributed forces is characterized by intensity q(x), ie the

magnitude of the force per unit length of the loaded segment. The unit of intensity
IS Newton divided by a meter (N/m). The intensity can be constant (evenly

distributed load) or vary according to linear or arbitrary laws.

28



The distributed load is replaced by a concentrated - the resulting
(equivalent) force applied to the center of gravity. The magnitude of resulting
force is equal to the area of plot of the distributed load.

The resulting force Q of the distributed load q (x) on the section of length

L is determined by the formula:

The moment created by the distributed load g (x) relative to the point O is

determined by the formula:
L
M, = j q(x)xdx
0

The distance of the equivalent concentrated force of the distributed load

from the origin is equal to:

TOPIC 1. DISTRIBUTED LOAD

1. The modulus of equivalent Q of

uniformly distributed load q is equal to: v

YYY ¥YY VY VYYY

o

a)Q=q’l; b)Q=ql; c¢)Q=I/g; d)Q=0,5q|

29



2. The coordinate X of the point of |

application of an equivalent Q of A
F Y Y Y Y Y Y VY Y

uniformly distributed load q is equal to:

2
a) x=I; b) x =2I; c)x:gl; d) x=0,5l
3. The load, the maximum value of which q,
is distributed according to a linear law (the ' e
law of a triangle). The equivalent Q of this Y YYYYY /
load is equal to: l x

2) Q= 2q; b)Q=%ql; c)Q=§ql; d)Q =gl

4. The load, the maximum value of which q, is

distributed according to a linear law (the law S

of a triangle). The coordinate X of the point Y YV YV y

0 -

of application of the equivalent Q is equal I x

to:

1 2
a).x=0,5l; b) x==1: c)x=-—1I; d) x=I
) ) 3 ) 2 )

TOPIC 2. DETERMINATION OF REACTIONS OF BEAM
SUPPORTS

1. The horizontal beam is mounted on IP

_ M

supports A and B, loaded with a force P __I_ Q L.
s b

= 20 kN and a pair of forces with a £ ¢

30




moment M = 10 kKN m; a=Db =c¢ =1 m. The reaction of support A is equal

to:

a)5; b)10; c)15; d)20

2. The horizontal beam is mounted on 4 - M P

supports A and B, loaded with a force ,_,L — /_75_ _ IP
1 e b ¢
P =20 kN and a pair of forces with a

moment M = 10 KN m; a=b =c =1 m. The reaction of support A is equal to:
a) -5; b)10; c)-15; d)20

INDIVIDUAL TASKS FOR INDEPENDENT WORKING
A horizontal beam of length | is mounted on supports B and C, loaded with

a concentrated force F, distributed load intensity q, a pair of forces with torque

M . Determine the reactions of supports B and C, not taking into account the
weight of the beam.
The data required for the calculations are given in table.3.1. Schemes of

structures are presented in Figure 3.1.

Table 3.1
Case N Scheme N F,xN g, kN/m M, xNm I, m
1. 1 20 20 30 8
2 2 30 30 25 12
3 3 25 10 35 10
4 4 10 20 40 8
5 5 30 30 25 12
6 6 35 10 20 10
7 7 20 20 30 8
8 8 25 30 35 12
9 9 15 10 40 6

31
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EXAMPLE
task solution
DETERMINATION OF REACTIONS OF BEAM SUPPORTS

["opuzoHTanbHa Oanka noBxuHo | =5 .m BcTaHoBeHa Ha omopax B 1 C

1 HaBaHTWXEHA PO3MOJIJIEHUM HAaBaHTAaXCHHSIM  I1HTEHCHUBHICTIO

q=20«kH [ m, 30cepemxenoro cwioro F =15xH 1 maporo cuin 3
MomeHTOM M =16 kH M. Buznauntu peakuii onop B i C. Baroro 6anku

SHCXTYBATH.

A horizontal beam of length [ =5 m is mounted on supports B and C
and loaded with a distributed load intensity g = 20 kN /m, concentrated
force F =15 kN and a pair of forces with torque M = 16 kNm.
Determine the reactions of supports B and C. Neglect the weight of the

beam
Solution

Rejecting the supports, replace them with reactions. The reactions of the
supports are the reactive forces Yg and Yc. We will direct the reactive forces
vertically, because the active forces acting on the beam do not have horizontal
components. The distributed load is replaced by an equivalent one Q = gl =
20-5 =100 xN.
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Using the equilibrium condition of a planar system of parallel forces, we write
two equilibrium equations for the sum of the moments of all forces relative to

point B and relative to point C:

> M, (F)
> M. (F)

From the given equilibrium equations we define unknown reactions:
_Q-BA+M—F-BD _100-2,5+16—15-1,5

0; F-BD-Q-BA-M +Y.BC=0

0 -YBC-F-CD+Q-AC-M=0

Y, e : = 48,7 kN
Q-AC—M—F-CD 100-2,5—16—15-3,5
Yy = =7 = - = 36,3 kN

Let's check the solution by making the control equation - the sum of

projections of all forces on vertical axis:
D> Fy=0  Yy+F-Q+Y,=0;  36,3+15-100+48,7=0
k=1

The solution is correct.
Result: Y, = 48,7 kN; Y = 36,3 kN.
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4. ARBITRARY FORCE SYSTEMS

The purpose of the lesson: acquiring skills from:

- Finding the moment of an equivalent pair of forces.

- Drawing up analytical conditions for the equilibrium of a planar system of
parallel forces.

- Determination of the moment of forces relative to the axis.

- Drawing up analytical conditions for the equilibrium of a plane system of

arbitrary forces.

Before completing the task you need to read:

- The theory and properties of a pair of forces.

- Decomposition of force into components.

- Ways to determine the moments of forces relative to the coordinate axes.

- Analytical conditions of equilibrium of a plane system of parallel and arbitrary
forces.

THEME 1. PAIR OF FORCES

1. Two pairs of forces act on the rod. 24 kN

The modulus of the moment of the

equivalent pair is equal to: f,x — - z.:g 3Im
:; 0,09u |2kN
) 0 ;
a
24 EN
b) 14,4 xNm
c) 22,2 xNm
d) 21 kNm
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2. A system of pairs of forces acts on a figure in Y2008 200N

the form of a triangle. The modulus of the

moment of the equivalent pair is equal to:

a) 0 Nm

b) 850 Nm
c) 1600 Nwm
d) 2450 Nwm

TOPICS 2. PLANE PARALLEL SYSTEM OF FORCES

1. The horizontal beam is mounted on supports A, B and loaded with a pair of

forces with the arm « and the distributed load q. Specify the correct

equation of equilibrium of the beam:

a) 3Rza—-Fa-3ga=0
b) X,-F=0

c) Y,+R;—-20a=0
d) Y,+R;+20a=0

]

.1-

— A inl F A

e : o

a
A /' BlYYYY
&V X x
F
3a e 2a o
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2. The horizontal beam is mounted on supports A, B and loaded with a pair of

forces with the torque M and the distributed load q. Specify the correct

equation of equilibrium of the beam:

a) 3R,a-M -6ga*=0
b) 3Rza+M —8ga’ =0
c) M+3R;a-4ga=0

d Y,+R;+X,-2ga=0

}—,-{ [ 'ii R_B.lk p

B Y

L |

Ja 2a

- -

3. The horizontal beam is mounted on supports A, B and loaded with a pair of

forces with the arm « and the distributed load ¢ . Specify the correct

equation of equilibrium of the beam:

a) Fa-5R;a-8ga=0

b) Y,+R;+2F-qga=0
c) 5R,a+Fa-4ga’=0
d) 5R,a+Fa-8ga’=0
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3a 2a
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4. The reaction YA of the hinge A of a homogeneous weightless beam AB is

equal to:

a) Y,=G+P-qa
b) Y,=G-P+0,5qa
c) Y,=G+ga—-P
d Y,=G+qga’-P

/
}3:1.! A
’ "NTI
?FU-LB '
X,
G
- a - a - a -
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5. The reactive moment MA of rigid fixing weightless beam AB is equal to:

a) M,=4qa’-5Pa—-M
b) M, =8qa’ -5Pa—M
C) M,=M —8qga’—-5Pa
d) M, =8ga’-5Pa

}_r A M [
A . g
W /‘1\ ]
A /-’4
o B P
XA
—_—
B Ja _ 2a _

TOPIC 3. MOMENT OF FORCE RELATING TO THE AXIS

INDIVIDUAL TASKS FOR INDEPENDENT WORKING
Table 4.1 - Options 1-10

of force relative to the axis:

Option N 1 2 1314|516 718119 |10
Scheme N 1 1 1 2 2 2 3 3 3 4
Determine the moment xlyvylzlIxlvylzI x|yl z]|x
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Table 4.2 - Options 11-20

Option N 11 |12 | 13 |14 | 15|16 | 17 | 18 | 19 | 20
Scheme N 4 4 5 5 5 6 6 6 7 7
Determine th_e moment ly ~ x|y ~ X |y ~ x |y
of force relative to the axis:

Scheme N

the X, Y, Z axes

1. The force F lies in the plane DEKL and is
applied at point D at an angle & to DL.

Determine the moments of force relative to

to the X, Y, Z axes

2. The force F lies in the plane CDEL and is
applied at point C at an angle & to CL.

Determine the moments of force relative
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3. The force F lies in the plane ABLK and is

applied at point L at an angle & to LK.
Determine the moments of force relative to
the X, Y, Z axes

4. The force F lies in the plane DEKL and is 2
E D
applied at point L at an angle & to LK. = ]

. _ K Eb/
Determine the moments of force relative to L {1
the X, Y, Z axes ) 1

4 c Yy
' a
X b B /
5. The force F lies in the plane BCDL and is z
: : E D
applied at point L at an angle & to LD. s
. . K o
Determine the moments of force relative to -
F
the X, Y, Z axes 0
A A ¢y
X p B
[t
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6. The force F lies in the plane CDEL and is = E

applied at point C at an angle & to CL. 0 . K 1 y

Determine the moments of force relative % ' F - . a

tothe X, Y, Z axes fl;.__.._ (:1_
.4"_'?"3? b

7. The force F lies in the plane ABLK and is

applied at point L at an angle & to LK.
Determine the moments of force relative to
the X, Y, Z axes

TOPIC 4. PLANE ARBITRARY SYSTEM OF FORCES

INDIVIDUAL TASKS FOR INDEPENDENT WORKING

The horizontal beam is loaded by the force P, by the moment M and by the
distribution load intensity q. Determine the reactions of the supports. Perform a
check. In the final calculations accept:

P=10kN;

M =5 kN‘m;

q=2 xkN/m;

a = 30°

a=4m,b=5m,c=2m,d=3m.
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Table 4.3 - Options 1-10

Case N 1 2 3 4 5 6 7 8 9 10
Task N 1 2 3 4 5 6 7 8 9 10
Table 4.4 - Options 11-20
Case N 11 12 13 14 15 16 17 18 19 20
Task N 11 12 13 14 15 16 17 18 19 20
. Task N1 Task N2
¢ P ha M 7 7 I
H”HH B /\ j 3 l/> H ' ALY T
I ”.% \ A
a | d 5 d qT— ¢ |5 ¢ b i |3
Task N3 2 Task N4
PA q\\ 3 11077 7[1
*/‘4 | ';\ peey MoTRITHIY (\\T / }
7 U/ by |4
: . B .
a b+c 2d 8 b ¢ d
7 Task Né BE Task N6‘
g oy 7 P -9
M A 4 Alw o« grdAf
B \’M A ‘T ¢ ’
a 7177 | ¢ d | a | b d
Task N7 Task N8
M ’%) ‘ ]/Q ? . 2/ q "
( \ 255228 \ A Siebttet )
‘ A—of
| AR
b+d a ¢ d a | b !
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Task N9

Task N10
q
Y P fa ’x’q F;/ff
A 131211 M M A\ 11 B N"l
I = k
:: E:f El Q) ) rras
— b i
g bhoo|el T d :
Task N11 Task N12
P I ’
:A *\ 12223311} x - ITYEIYY
/ \j B \-’ i3 /'AT
—_ g
d ¢ d b
b ' d
' Task NI3 Task N14
il y r}(ﬂ & a \\;
44 111112 - A \ A fﬂ“. 2
y B| A \TM
. b . a ! e d b
Task N15 Task N16
P f f/‘g ,xq M ~= P [\
M Y Y TETTTEE 1y ‘\ 5
k A ."q. I
B T b a d
a b+e d
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Task N17 _ - Task N18 3
- p/l q.
g M ™ N
ﬁ' M | Byyyttrerd
| FTTTITTTY Yy -
i A
7 \ { -A—
. 4 b ¢ a '1_' ’ b c
Task N19 Task N20
p /q ;;;;;;;;;;; P t —— q
4 \ @ ﬁ ;‘”* . 111}
/ | f‘rn 1111 Al L —
Fd \ E:I
M g b C d
c d a b

EXAMPLE OF TASK SOLUTION
Determination of reactions of beam supports under the action of an

arbitrary system of forces

The horizontal beam is loaded with force P, torque M and distribution
load intensity g. Determine the reactions of supports. Run the test.
Take: P=10kN; M =5kN-m; q=2 xkN/m; a=30°

a=4m,b=5m,c=2m,d=3m.

Y 4 P
/
7 /Z a M
' Al "l

Solution
1. We replace the distributed load g with an equivalent force Q:
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2. Q=qa=2-4=8«kN

The equivalent force insertion point is at a distance of 0.5a from support A.

3. Decompose force P on horizontal and vertical components:

Py = —Pcos30°=—10cos30° = —8,66 kN

Py = —Psin30°=—-10sin30° = =5 kN

4. We replace supportswith reactions YA, YB and XB, mentally
discarding the supports:

A P

M
Y. A Yz
4 }3{, \ 31\ X,
4 / =
. a |\ p ':,| B
N * /A
ot ! |
G -.t F D C j l
- - 3;,.
A a’ P | B
¥ 5/
oV
4M | SuM 2M 3Mm |

5. We make three equilibrium equations using the basic form of

equilibrium conditions of a flat system of arbitrary forces:

F,=0; X,-P,=0 0

=~
S
UN

FkY 0; YA+YB_Q_PY =0 (2)

x
S
LN

M. (F)=0; Q%+M +Y,(b+c+d)-Rb=0 (3)

From the equation (1) we find the reaction X ;

Xg =Py =10cos30° = 8,66 kN

47




From the equation (3) we find the reaction Yy :

a
v _PAb-0Q53-M (105in3095-8-2-5
B~ b+c+d 5+2+3
From the equation (2) we find the reaction Y, :

= 0,4 kN

Y,=Q+P,—Y;=8+5-0,4=12,6 kN
6. We check the solution by passing the control equation of equilibrium

— the sum of the moments of all these forces relative to the point B:

Zn:MB(Ifk):O; Q(%+b+c+dj+PY(c+d)+M—YA(b+c+d)=O
k=1

Q(z+b+c+d)+P(c+d)+M

A =

b+c+d
L, _BQ+5+2+43)+5Q2+3)+5_8-1245-5+45
A= 5+2+3 - 10 — Seb K

Solution is correct
Answer: Y, =12,76 kxN; Yz =0,4 kN, Xg = 8,66 «N
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5. ARBITRARY FORCE SYSTEMS-2

The purpose of the lesson is to acquire skills:

to determine the vector of moment of forces relative to the point
and axis in 3D;

replace force with an equivalent system;

use the Poinso theorem in determining the main vector and the
main moment of the arbitrary force system;

reduce the force factor system to a dynamic screw.

Before performing the task, you must familiarize yourself with:

the rules of scalar, vector and mixed vectors product;

the rule of finding ort vectors;

the theorem of parallel transfer of force and the main theorem of
statics;

the main cases of reduce of force system.

BRIEF THEORETICAL INFORMATION

Scalar product (dot product, inner product) of two vectors
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a-Bz‘aHb‘cos;/

Tl

5-7:‘5‘0037/; 5-§B-=‘a‘cos;/
b

i - L

T-b:‘b‘cos;/; EA‘b=‘b‘COS]/
4

a b -~ -

—.—==C0Sy,  COSy=e6x-es
4 o

Vector product (cross product, oueter product) of vectors
Ax<B=(|A[B[sinaq )7 [f=1 nLlA ALB

28] <[ Al[8]sin

AxB=(AB,-AB,)i++(AB, ~AB,)j+(AB, —AB,)k

Mixed product (triple scalar) of vectors

K-(Exﬁ):(—A'x_B')-E
Ac A A
K(gxé)z « By

B
Cy

N

B
C,

O
<
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Theorem on parallel force transfer (Poinso’s lemma)

Without changing the state of the solid, the force applied to this body can
be transferred in parallel to itself to any point of the body, while adding a couple
of forces, the moment of which is equal to the moment of a given force relative to

the new point of application.
Basic statics theorem (Poinso's theorem)

An arbitrary system of forces can be reduced to any center O and replaced
by main vector R and main moment M_ , with the main vector R equal to the
geometric sum of all forces and the main moment M, equal to the geometric sum

of the moments of all forces relative to the reduction center O.
The moment of force about the axis
The moment of force relative to, for example, z-axis is equal to projection

of the force-moment vector on z-axis:
M, = ‘Mo(ﬁ)‘cos%

where 7 is the angle between force moment vector and z axis.

The moments of force relative to the axes of the Cartesian coordinate

M,,M,, M

system Z are determined from the formula
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i ] k
MO(IE):FXIE: X y zl|=
FX FY FZ

=(yF, —zF, )i +(2F, —xF,) ] +(XF, — yF, )k,
M, =VyF, —-zF; M, =zF, —xF,; M, =xF, - yF,

Mo (F)=M i +M,J+MK;: M, (F)=yMZ+M;+M
*Mxﬂ = oS, N—ﬂzCOS& ﬂMZﬂ =CoSy
M, (F) Mo (F) Mo (F)
MO(IE):‘MO(IE)‘(TCOSa+TcosﬁHZcos;/)

'\fo(li) =i cosa + jcos B +kcosy

Mo (F)

where «, f, y- the angles between force moment vector and

corresponding axes X, Y, Z.

EXAMPLES

EXAMPLE 1

A force F with a modulus of 10 N acts along the vector

AB=1 - 6} —3k and has the same direction. Determine the force vector F
Solution

Find the orth of the vector E , Which is also the orth of the force vector E :
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s _s _AB  i-6j-3k i-6j-3k
Y 4B Vi+3s+9 a6

A force vector F is equal to:

= =l 10 . .
F=|F|& =—=(i-6j-3)
46
g 10 e - —
Answer: F =—(| -6] —3k)
V46
EXAMPLE 2
- - — T _}r‘
The line of action of the force F, the G 770)
modulus of which is equal to 90 N, passes &,
through points B and C. Determine the 069 F
moment of force relative to point A. / o
) B(11,0.4)
Solution 'z

The moment of force relative to point A is determined from the equation:

—_—

MAZFABXF,

where 75 = (11i—6j — k) m
Y

+C(7,7.0)

F

. X
/ g (11,0,4)
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The vector F is determined from the equation:

F = |F|é —|13|E—90 U T AR 40i +70] — 40KON
ST U NBEl T T V16+49+16 !

Moment of force relative to point A is equal to:

i ]k
M,=rmexF=|11 -6 -1|=(240+70)i+(40+440)+(770+240)k
~40 70 —40

Answer: M, = (3107 + 480] + 530k)Nm

EXAMPLE 3
Replace the force ﬁ applied at point A with F
/ '
an equivalent system in the form of a pair of forces A (4,4,2)m
and the force applied at point B.
F,=(10i +4]-3K) H. '
Solution z B (8,0,6)

The force applied to a body, according
to the theorem on parallel force transfer
(Poinso's lemma), can be transferred parallel
to itself to any point of the body, adding a pair
of forces, the moment of which is equal to the

moment of a given force relative to the new

point of application. z

The new point of application is point B. At this point we place two

balanced forces, parallel to force F—A and equal their in magnitude. As a result,

we obtain the force applied at point B and a pair of forces that create a moment
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M & relative to the new point of application B:

F, =F, =(107 +4] -3k)

Mg =r,, xF, = BAxF,

Consider the vector triangle OBA, in which:

OB + BA = 0OA
BA:OA—OB:(—4Z+4J—41€)

Determine the moment that creates a pair of forces relative to the new
point of application B:

- -

i k
Me=|-4 4 —4/=(-12+16)i +(-40-12)] +(-16-40)k
10 4 -3

Answer: Fg = (107 + 47 — 3k)H; Mjp = (41— 52 — 56k)Nm
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EXAMPLE 4
The sock and the heel of ski (points A, B) are affected by forces and
moments of forces, which are respectively equal to:

{Fl = (=50i + 80/ — 158k)N
M, = (—6i + 4j + 2k)Nm

{FZ = (—20i + 60j — 250k)N
M, = (—20i + 8j + 3k)Nm

Replace this system with the main vector and the main moment with
respect to the new reduction center K. The result present in vector form.
Takea=0,12m; b =0,8 m.

Solution
An arbitrary system of forces, according to the basic theorem of statics

(Poinso's theorem), can be reduced to any center O and replaced by the main

vector R and main moment M,, with the main vector R equal to the

geometric sum of all forces and the main moment M, — to the geometric sum

of moments of all forces relative to the center O of reduction.

In this case, the center of reduction is the point K.

Let’s define the main vector R:

R=F, +F, =(-50i +80j —158k ) +(—20i + 60 j — 250k )
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R = (—70i + 140j — 408k)N

the main moment is equal to:

My =(%xF)+(7xF, )+ M, + M,

where 7, = (a + b)i = (0,12 + 0,8)T = 0,92; 7, = bi = 0,87

ik ik
Mg=1092 0 0 [+]08 0 0 [+ (—6i+4j+2k)
-50 80 —1581 [-20 60 —250

+ (—20i + 8j + 3k)
My = (—26i + 357j + 127k)Nm
Answer:
R = (—70i + 140j — 408k)N; My = (—26i + 357j + 127k)HNm

EXAMPLE 5
Determine the magnitude and vector of the moment of force F relative
to the axis BC under the following conditions:
F=(-2i+6j+3k)XN; A(4;2;2)m; B(0;0;3)m; C(0;4;0)m.

Solution

/. B
z

Moments of force F relative to the point B:

MB=FBAXE; FBA=4i+2j—1k

]k
Ms=reaxF=|4 2 -1=(6+6)i+(2-12)])+(24+4)k
2 6 3




Mg = (12i — 10j + 28k)kN
To determine the moment of a given force relative to the axis BC we use

the equation of the scalar product, according to which:
a-b =‘ZIHB‘COS]/

We will assume that @ = My; b = BC

— —. BC
BC‘cos;/; Mg — =
BC|

Mo -BC = [Ms

.

cos y

MB +€pc = |MB| cosy (1)
The moment of force relative to the axis BC is equal to projection of the

moment of force MB on the axis BC:

Mpc = |MB| cosy (2)
As a result of comparing formulas (1) and (2) we have:

Mpc = MB + €pc (3)

MBC = Mpcépc (4)

The obtained equation (3) proves that the magnitude of moment of force

relative to axis is equal to the scalar product of vectors (Mp - éc).

6, = B_C _ 4 -3k :41—3k ~0,8j-0,6k
‘BC‘ J16+9 5
Mg = 8z - My = (0,8 — 0,6k)(12i — 10/ + 28k) = —24,8[kNm]

The force moment vector relative to the axis BC is equal to:

Mg = Mgeépe = —24,8(0,8] — 0,6k) = (—19,84] + 14,88k)xNm

Answer: Mg, = —24,8 kNm; Mg, = (—19,84j + 14,88k)xNm
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EXAMPLE 6
Determine the coordinates of the point P on the xoz plane at which the

system of force factors

F=@i+6j+2k)N, M= (12i+ 4j + 6k)Nm, applied at point O, is

equivalent to the dynamic screw applied at point P.

y y
' F
04\7—"‘[ (o) 2 ___,,,_,r—f"/’}
X 7 N
: oP ;

&~ ~

Fig.5.1 Fig.5.2 Fig.5.3

(8]

—_—

We decompose the vector M into two components Me, My - respectively

along and perpendicular to the force vector F.
Since the vectors M ¢ and F coincide in direction, they have the same unit vector:
-~ F 3i+6j+2k 3i+6j+2k

eF:‘E‘_\/m 7

The value M _ is equal to the scalar product of the unit vector and moment

(formula (3) of example 5):

MF:EF-W:(BHG;JFZK _36+24+12 72

7 7

j(12i+4j+6k)

Vector Mk is equal to (formula (4) of example 5):
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- _B(3i+6j+2k

M. =M_er = = J:4,4i+8,8j+2,9k

Vector of the normal component M n of moment M is equal to:

—_—

My =M —M_ =(12i +4j+6k)—(4,4i +8,8j+2,9k)

—_—

M, =7,6i—4,8]+3,1K

—_—

We transfer F and M ¢ to the point P with coordinates x,0,z, at which the

condition must be fulfilled:

—_—

o xF =My
i

=—67i +(32-2x) j+6xk = My

rOPxF:

N N X

]
x 0
3 6
—62i +(3z2-2x) j+6xk =7,6i—4,8+3,1k

—-6z=17,6; z=-7,6/6=-127
3z-2x=-4,8;
6x =31 x=3,1/6=0,52

Answer: At the coordinates of the point P (0.52; 0; —1.27) the given system of
force factors will be equivalent to the dynamic screw applied at the point P.
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TASKS FOR INDEPENDENT DEVELOPMENT

1. Determine the unit vector of the normal to the ‘ [_a_[u:m}
ABC plane at point A. |

: - ¥
© " C(0.1.0)

).
x ~ B(L00)

2. Homogeneous square plate of the strain gauge
with side L rests on four supports located on
the tops of plate. Under action of applied force

R in supports of strain gauge there are reaction

forces F, F,, K, F,. Determine the

F3
Fz

application of the balancing force R. The weight of the plate is neglected

magnitude and coordinates of the point of

3. Replace the system of parallel forces v
F1, F2, Fs with one equivalent force 0} H
, . . ' 30 H
Fgo and determine coordinates of the . . l )
point of its application. 0 (6,0.2) M
I[-E.G.4}M
< L1jH
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6. EQUILIBRIUM IN THE PRESENCE OF FRICTION FORCES

The purpose of the lesson: acquiring skills in:

- Drawing up analytical conditions of equilibrium in the presence of friction
forces.

Before completing the task you need to read:

- Types of supports and their reactions.

- Decomposition of force into components.

- Determining the moments of forces

- Analytical conditions of equilibrium of a plane system of arbitrary forces.

EXAMPLE
A homogeneous rod of length L and weight W
rests on a smooth wall and floor with a coefficient of
static friction u. The distance of the rod to the wall d.
Under what conditions will the rod remain
stationary? ’
Solution
Let's make equilibrium conditions and define *
reactions in supports:
n
ZFkXZO; NB_FA:O; N, =F, @
k=1
n
D> Fy =0; N, -W =0; N, =W (2)
k=1
L - d
Y M, (F)=0;  —NgJL'—d*+W =0 3)
=] 2
0,5wWd
Ng = —
VI —d?
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Determine the force of static friction
FT = IUNA
The rod will remain stationary if the maximum friction force is greater than

the horizontal component of the reaction of the rough surface.

B E W 0,5Wd_ 0,5d
oW K pmeE M T r-e
0,5d
Answer: The rod will remain stationary under the conditions > —
i = e

TASKS FOR INDEPENDENT DEVELOPMENT

1. A homogeneous rod with length L = 26 ft and
weight W = 30 Ib rests on a smooth wall and
floor with a coefficient of static friction p =
0.3. Determine the maximum angle of
inclination of the rod to the floor and the ’
maximum distance of the rod to the wall d, at

which the rod will remain stationary.

2. The patient rests his crutches on the floor with a static
friction coefficient of 0.77. Determine the maximum
angle @ between the crutch and the normal to the floor,
at which the stability of the systems "patient-

NEAF
crutch" is still ensured.
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3. A man weighing W = 800 N pulls T
the door handle. The coefficient of
static friction between the shoes and
the floor surface pu = 0,5. Determine
at what distance d from the center of
the footrest (point A) should be its

center of gravity G to act on the door

i
|

with maximum horizontal force.

What is the magnitude of this force?

The manual door is located at a height of h =1 m.

4. The chair supports the door as shown. Determine the minimum force P that
must be applied to the handle to

open the door, and the reactions of 1

the supports NA, YB at a static
friction coefficient u = 0,3. The
center of gravity of the chair is at

point G.

Given:a=04m;b=0.25m; c=
0.9 m; 6 =30° W =45 Kkg.

Solution
The system is in equilibrium. We make three equilibrium equations, using

the basic form of equilibrium conditions of a plane system of arbitrary forces:
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1

0;

=~
s
I

Foy =0;

k=1

Zn:MB(Ifk)zo;

k=1

Fccosd—Ncsind+W [ bcosd+(c—a)sing |=0

Make the solution to the end !!!

@

(2)

)
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7. SOLID WEIGHT/MASS CENTER

The purpose of the lesson - to acquire skills in determining:

- the center of parallel forces;

- coordinates of the centers of gravity of homogeneous plates, rods of
different configurations, three-dimensional bodies of rotation;

- the general center of mass of the body system

Before completing the task you need to read:
- Properties of the center of parallel forces.

- Methods of determining the coordinates of the centers of gravity.

THEORETICAL INFORMATION

The center of gravity of a rigid body is point, invariably associated with this
body, through which passes the line of action of the equivalent forces of gravity
of particles of a given body at any position of the body in space.

Coordinates of a solid body center of gravity:

n n
Zpkxk ZPkJ/k Zpkzk
Xc = = Ye = = Lc = kzi, 1)

Z Px Z Py Z Py
k=1 k=1

k=1

n

where Z P, = P —body weight;

k=1

X, Y, Z, —coordinates of points of application of gravity to body parts.

Coordinates of the center of gravity for a homogeneous body:
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ka Xy ka Y« ka Zy
k=1 k=1

Xe=td—, yo=t— gz =M @
2V 2 Vi 2 Vi
k=1 k=1 k=1
where V, — body part volums.
For homogeneous plates
n n n
ZAkxk ZAkyk Az,
XC = k::::] 1 yC = kzjh H ZC = k::::] (3)
Z Ak Ak Ak
k=1 k=1 k=1

where Yi_; A, = A — the area of entire plate.

For a homogeneous line that has the same cross section:

n n n
Zlkxk Zlkyk Zlkzk
k=L | _ = _ =

XC = _n yC = _n ' ZC = n (4)
2l 2L 2.l
k=1 k=1 k=1
n
where Zlk =| — the length of entire line.
k=1

If the body cannot be divided into a finite number of parts with known
positions of the centers of gravity, then method of integration is used and formulas
(2) - (4) take the form:

coordinates of center of gravity for the volume V
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1. 1. 1.
Xc :VJXdV' Yo :V\!ydv, Zc =\7sz1/ (5)
Coordinates of the center of gravity for the surface with area A
1 1 1
X. =— | XdA, =— | ydA, z. =— | ZdA 6
= £ Ve == £ y c= { (6)

Coordinates of the center of gravity for the line with length | :
1 1 1
== | xdI, == | ydl, z. =-|zdl (7)
X = ! Ve = ! y ¢ = !

where X, Yy, Z — coordinates of the centers of gravity for elementary elements

(volumes, surfaces, lines).

Radius vector of the center of mass of body, consisting of particles with mass

m,, m,,m,,... and corresponding radius vectors, is determined by formulas

=+ (8)
2. m,
k=1
n n n
m, X, Z m, Y, m, z,
I A A
mk mk mk
k=1 k=1 k=1
EXAMPLES
Example 1 y B C: p

Determine the coordinates of center of gravity of
the rod curved at right angles, in which: OA = 30 Ca
cm, AB =50 cm, BD =20 cm. o
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Solution

The center of gravity of individual sections of the rod are in the middle. Denote
their centers of gravity by points C1, C2, C3. The coordinates of center of
gravity of the curved rod are determined by formulas (4):

reilexe  Lxg +Lxy +1xs 30-15450-30+20-40 2750

xC=

nole L+ bL+l 30 + 50 + 20 100
=275cm
k=1l Uy + Ly, +1lzy;  30-0+50-25+420-50 2250
Ye=Sm T T L tL+1 . 30+50+20 100
=225cm

BinnoBinb: x = 27,5 cm; yc=22,5cm

Example 2

Find the coordinates of center of gravity of a homogeneous arc of a circle

of radius R with a central angle 7z / 2.

Solution
Select element on the arc with length dl = Rd @&, the position of which is
determined by the angle 6.
Element dl center of gravity coordinates:
X =RcosH
y=Rsin6
Coordinates of the center of gravity of the arc with the central angle 7 / 2
determine by the formula (7):
1 1 "¢ 2R( . & . j 2R

X. ==|Xdl=— | Rcosd(Rdf)=—/| sin——sin0 |=—

“ ',f 7R '([ (Rd9) V ( 2 s

2
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_!_.
g

l2
dl _ L J Rsiné?(Rdé?):—ﬁ(cosz—cosoj:g
LR 0 T 2 T
2
2R
ANswer: X, =y, =—
Y4

Example 3
Find the coordinate of center of gravity of a j
homogeneous semicircular arc, the linear weight \I\f

of which is equal to y, and determine the

reactions in supports A and B. Take y = 0.5 N/m,

R=2m.

Solution

Y. =0. Find the coordinate of center of gravity of the B

arc by the formula (7):

1.
xcz—jxdl; L =7R
I—L
—zlij (Rd)_ZR_n_ZR
Xc = 7R ), cosa a—nsmz—n
Xp=—==1273 m
T

Determine the weight P of the arc and apply it to the center of gravity - to the
point C.
P=yL=ynR=05m-2=3,14 N

Let's discard supports and replace them with reactions.
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For the equilibrium of a planar system of forces
acting on a solid, it is necessary and sufficient that
the sum of the projections of these forces on each of
the two rectangular coordinate axes located in the
plane of forces be zero and the sum of the moments

of forces relative to any point in the plane of action

of forces, was also equal to zero

n

>

F, =0; F,=0; kZi;MA(Ifk)=o

k=1 k=1

From the third equation we define Xg, from the first X, from the second Y a.

Xz -AB—P-0C=0: Xg2R — Px. =0
Px; 3,14-1273 )
2R 2-2 N

XB=

XA+XB=OJ XA=_XB=_1N

Y,—P =0; Y,=P=314 N
Answer:
xc=1273m; Y;,=314N; X,=—-1N; Xzp=1N

The X, reaction is directed in the opposite to the selected direction.
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TASKS FOR INDEPENDENT DEVELOPMENT

1. Determine the coordinates of the center of gravity ¥y
of a homogeneous rod curved in the form of a (’- o
R o
circular arc. Given R = 0.3 m; 6 = 30°. N6
o da
o ﬁ X
fi ks
/6
/
. Find the coordinates of the center of gravity of a T
homogeneous semicircular plate
R Rda
(74 X
X

. Find the coordinate of the center of gravity of a v
homogeneous semicircular arc, the linear weight / T
of which is equal to y, and determine the reactions
in the supports A and B. Takey=0.5H /m, R =

2m
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4. Determine the coordinates of the center of mass of a system consisting of
four material points with given coordinates z
mi=2xkg, [0 0 O] m; @
m;=3xg, [2 3-1] m;
m;

ms=1xg, [1 4 4] m; o, 7
my=1kg, [2-2 2] m.
X ®m;

5. Find the coordinate of the center of gravity of a rigid body of rotation,

consisting of a cone 1, a cylinder 2 and a hemisphere 3.

Given: a=80 mm, b =60 mm, ¢ =30 mm, r =30 mm

& }: ] X, 2 3

/[ /
7N

Y

1A
¥

[
¥y

F
¥
F
4
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8. KINEMATICS OF A POINT. THE SIMPLE MOVEMENTS OF A
SOLID BODY

The purpose of the lesson: acquiring skills in:
- finding the velocities and accelerations of points of a rigid body rotating
around a fixed axis;

- drawing up of a point motion equations in coordinate form.

Before completing the task you need to read:
- ways to set the motion of a point;
- classification of point motion by acceleration;
- formulas for determining speeds and accelerations during rotational
motion.
EXAMPLES

Example 1

The body in the form of a cone with a height of 21
and an angle at the apex of 60° rotates around its
axis. Find the velocity and acceleration of points A

and C under the following conditions:
w=1s"1 =352 I|=1m.
Solution

All points of the cone that are not on the axis of

rotation move along a trajectory in the form of
circles whose planes are perpendicular to the axis of rotation, and the radii are equal
to the distances of these points to the axis of rotation.

Consider the triangles AOB and CO;B, in which there is a relationship:
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A0 _CO, =1tg30°
BO BO,

Determine the distances of points A and C to the axis of rotation:

1 21 2
AO = BO tg30° =— CO, = B0, tg30°=—=—m
T BETE O T BT
Find the velocities of points A and C:
1
Vy=w-A0 =w: 1 -tg30°=— m/s
A g \/§ /
co 21 -tg30° 2 /
1)) =w - =W - . = —m/S
Cc 1 g \/g
The acceleration of the points is determined by the formula
az\/aT2 +a’ =RJ&? +
ay, = AO\ €% + w* = — V3+ _ﬁ s?
4
a —CO\/£2+w4——\/ = — m/s?
C 1 \/— \/g /
ANSwer: v, = — m/s; a, =-— m/s% vg = im/s; A = = m/s?

V3 V3

Example 2
The figure shows the crank-slider mechanism, which includes: crank OA,
connecting rod AB, slider B. For point M find the equation of motion in coordinate

form, if: angle AOB=¢=wt, angular velocity @ =const, length of the crank

OA=r, length of the connecting rod AB = 2L; AM = MB.

VA
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Solution

Choose the coordinate system as shown in the figure. The angle ABO is denoted «

The coordinates of the point M are found from the equations:

Xy =ON =0B — NB =(AOcos¢ + ABcosa ) - MBcosa = AOcosp + AM cosa
Yy = MN =MBsina

Consider the triangle AOB. Using the sine theorem, we find:

AB OA . OA. ro (r . jz
——=—; SIna=——=SInp=—-:Ing; cosa=,|1-| —sing
Singp  sina AB 2L 2L

The coordinates of the point M are equal:

-

2
ro.
X,, = AOcosp+ AM cosa =rcoswt+L,[1-| —sinwt
. 2L

i r . r.
=MBsina =L—sIngp =—sIn wt
Yu oL @ 5

S

Answer:

Equation of motion of a point M:

2
r . r .
X, =rcoset+L,[1-| —SInwt | ; = —SIn wt
, J (ZL j -t

Example 3
Find the equation of motion in coordinate form for the point M of a wheel of radius

R that rolls without sliding in a straight line with speed &, .
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Solution
The origin is placed in the lower position of the point M.
The angle of rotation of the wheel MC;0; is denoted a [rad]. Koopaunaru Touku

M 3HaiiieMo 3 piBHSHb:

X, =ON =00, — NO, =Ra — Rcos(a—gj: R(a-sina)

y, =MN =C,0, + MK =R + Rsin(a —%): R(1-cosa)
When rolling the wheel without sliding in a straight line at a constant speed &, :

t : :
Ra = u,t o= %’ , Where t is the time of movement.

The equation of motion of the point M of the wheel in the coordinate form takes

the form:

Answer:

The equation of motion of the point M of the wheel rim is equal to:
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TASKS FOR INDEPENDENT DEVELOPMENT

1. The body rotates around its axis

according to the law

@ =({t—3)%2—-9 rad.

At time t=3s the body will

rotate ...

a) slowed down
b) evenly

¢) uniformly

accelerated

d) uniformly slowed

down

e) accelerated

2. The body rotates around its axis

according to the law

@ = (t — 2)3 rad.

At time t=1s the body will

rotate ...

a) slowed down
b) evenly
¢) uniformly accelerated

d) uniformly slowed

down

e) accelerated

3. The position of the crank is determined by the angle
@ = 0,2t [rad].
Find the coordinate X of the slider point at time
t = 3 s, if the length of the links OA= AB=0,5m.
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4. Determine the speed of the slider B at the time t =
4s at the position of the crank, which is determined
by the angle ¢ = 0,5 t [rad] and length of the links
OA=AB=15m

5. Determine the projection of the velocity of the point  a v
M on the axis Ox at the time ¢ = 2s in the position :
of the connecting rod AB, which is determined by the ::
angle ¢ = 0,5 t [rad] and length BM =0.2 m

INDIVIDUAL TASKS FOR INDEPENDENT WORKING

The body rotates around its axis. Find the speed and acceleration of these
two points of the body.

The data required for the calculations are given in table.1.

Schematic representation of the bodies of rotation and Ne of scheme are

presented in table.2

Table 1 - Task options

Case N | Scheme Set Determine the speed and

N w, STt | g s7? I, m acceleration of points ...
1. 1 2.3 1 2 Aand C
2. 2 1 J3 1 Band D
3. 3 1 J3 1 AandC
4. 4 2 3 2 Cand D
5. 5 2 5 3 Aand C
6. 6 1 J3 1 B and K
7. 7 2 J5 1 Aand C
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8. 1 1 J3 1 Band D
9. 2 2 J5 1 AandC
10. |3 3 1 2 Kand M
11. |4 1 J3 1 AandC
12. |5 3 4 2 Kand C
13. |6 2 J5 1 AandC
14. |7 1 J3 1 Cand B
15. 1 2 5 3 Kand M
16. |2 J3 1 1 AandD
17. |3 3 4 2 Kand A
18. |4 2 J5 1 Dand A
19. |5 1 J3 1 Cand K
20. |6 J3 2 3 D and A

Table 2 - Schematic representation of rotating bodies and N diagrams

80




81




82



9. PLANE-PARALLEL MOVEMENT OF THE BODY

The purpose of the lesson: acquiring skills in:

- determination of velocities and accelerations of points of the body, that
performing flat motion;

- finding the position of the instantaneous center of velocity;

- study of kinematic characteristics of individual points of the mechanism.

Before completing the task you need to read:
- theoretical material on the topic of practical training;

- formulas for determining speeds and accelerations in plane motion.

Section 1. Determination of velocities and accelerations of points of a
body, that performing flat motion

Plane-parallel (flat) is a motion of a rigid body in which all points of the
body move in planes parallel to one fixed plane, which is called the main. To
study the plane motion of the whole body, it suffices to consider the motion of a
flat figure that is parallel to the main plane.

The motion of a flat figure in its plane can be considered as a set of
translational motion, which is determined by the motion of an arbitrarily chosen
point - the pole, and the rotational motion around this pole. The pole of a flat
figure is taken to be a point whose motion is known or can be easily found. The
position of a flat figure is uniquely determined by the position of the segment of

the line AB, namely: the coordinates of the pole — point A(X,; y,) and the angle

@, set counterclockwise from the positive direction of the x-axis to the segment
AB.

Therefore, the equations of plane motion are the following dependences:

Xp =X, (1); Ya=Yal(l); @ =0(t)
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The speed of any point of a flat figure is determined by the formula:
Ug =0, +Ugy
Where v, is the speed of the pole A; Ug, - the speed that the point B acquires
when rotating a flat figure with an angular velocity » around the pole A:
Ogp = @x AB; Uy, =w- AB
The velocity vector v, is determined by the diagonal of the parallelogram,
built on vectors v, and Ug,, as on the sides. The vector oy, is directed

perpendicular to the segment AB in the direction of rotation of the flat figure.

The modulus of velocity of point B is determined by the formula:

Vg = \/Ui + UéA + 20,0, COS ¥

In the case when we know the velocity of the pole A and the direction of
the desired velocity of point B, we can use the theorem on the projection of the
velocities of two points of a plane figure, according to which the projections of
velocities of two points of a plane figure on the line connecting them are equal,
SO:

Vg COS B =0, COSx
The acceleration a; of any point B of a flat figure is equal to the vector sum

of the acceleration &, of the pole A and the acceleration &;,, that the point B

acquires when rotating the figure around the pole A:

where

The acceleration module d;, is equal to:
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o = (2% )+ (al) = 4BV + o

The acceleration module is equal to:

a, :\/(aA)2 +(aBA)2 +2a,a,, oS0

EXAMPLES
EXAMPLE 1
@) A, U1

Find the velocity of point B of a body performing T

|'Ilr 1
a plane motion under the following conditions: [ |8
y=1lms? w=1s" r=1m \ |

Solution ~

Plane motion is considered as a set of translational motion, which is determined
by the motion of an arbitrarily chosen point - the pole, and the rotational motion
around this pole. In this case, the pole is point A, which moves translationally

with speed v,, point B rotates around pole A

The velocity of point B is determined by the

@
Ve formula:
/
1: - Ug =Up + Ugy
1 I,
{; The vector vy, is directed perpendicular to the

segment AB in the direction of rotation of the flat
figure.

Upa =w-AB; AB=1rV2=V2m; wvg,=1-V2=+vV2m/s
The velocity vector 0, is determined by the diagonal of the parallelogram, built
on vectors U, 1 Ug,, as on the sides.

The modulus of velocity of point B is determined by the formula:
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Vg :\/u,i +0}, +20,0,,C0Sy , Where ¥ =135° - the angle between the vectors

U, 1 Ug,.

vB=\/1+(\/§)2+2-1-\/§c05135°=1m/s

Answer:vg =1 m/s.

EXAMPLE 2
Find the acceleration of point B of a body

performing a plane motion under the

. .. I, A

following conditions: “a
a,=1m-s2,w=1s"1 e=1s2% Il=1m &*]
Solution A

The acceleration of point B of a flat figure is equal to

the vector sum of the acceleration of pole A and the
acceleration acquired by point B when rotating the

figure around pole A.

ag =a, + ag,

The acceleration vector &}, directed perpendicular to
the segment AB in the direction of angular acceleration ¢, and the vector &j, —

from point B to pole A.

at,=cAB=1m-s2

a¥, = w?AB=1m-s?

aga =\/(a£A)2 +(@¥)?=4ABJe2+w*=V1+1=V2m-s7?

ag =\/(aA)2+(aBA)2+2aAaBAcost9=\/1+2+2-\/§cos90°=\/§mos‘2

Answer: ag =3 m-s72,
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EXAMPLE 3
Find the acceleration of point B of a body
performing a plane motion under the
following conditions:
w=1s"1 e=1s2% I1=1m, wv,=const
Solution
The acceleration of point B of a flat figure

performing a flat motion is determined by the
equation:

8y =8, + 8, + dg,

Q
I

A =0, Dbecause v, =const.
The acceleration of point B is equal:
dp = dps + dps
al, = X AB; al, =eAB=1m-s2

agAZGXﬁBA; agA:szlem'S_z

ag = \/(&EA)Z +@)2=Vvi+1=v2m-s72

Bignosias: V2 m - s~2

TASK

for self-study of section 1

1. Find the velocity of point B of a body

B
performing a plane motion under the following °
conditions:
o 1y X
vy=2m-s, w=1s"1 [=1m. X \
A
! A
Aﬂ!— — ."'.
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2. Find the velocity of point B of a body performing B

| A 1
a plane motion under the following conditions: i ’
vu=1m-s!, w=1s"1 I=1m U_zT . .
I"tJ_.... i
;}‘ 80
AT
f
3. Find the acceleration of point B of a bod a,; £
| -D y | _ __‘#"A
performing a plane motion under the following ( \\_,
conditions: ’;ﬂ
a,=1m-s2 w=1s1 e=1s2 I=1m 90°
Bo__
/
4. Find the acceleration of point B of a body /-*‘ N
performing a plane motion under the following / ; ‘i/)\ﬁ
BI |
conditions: 1 900 4'__'.:';", ,
a,=1m-s72, w=1s"1 =152 r=1m ”J‘:ﬂﬁj
A= ) = : = ’ - —
AT g
5. Find the acceleration of point B of a body P .

' PPNy
conditions: [ L] -.r__ -
|II |\ ||._\ b ; .a:, .n'l:'\. /
w=1s"1, =252 r=1m, v, = const. e N/
i ;'i’f,/
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6. Find the acceleration of point B of a body A b

2 "'J‘o _h.d
performing a plane motion under the following \}/(”
. / 7~ ()
conditions: //&&-,r e
-1 9 » 4/”/ 30°
w=2Ss ) e=1s , l:lm, v, = const, -'((H_ZB
o’B)

Section 2. Determination of velocities and accelerations of points of a

body performing flat motion

The instantaneous center of velocities (ICV) is the point P of the body, the

velocity of which is currently zero, v, =0.

The velocity of any point of the body is equal to its velocity in rotational
motion around the instantaneous center of velocity P. That is, for a body
performing plane-parallel motion, the relations are:

v, =o-PM, vy =o- PN, v, =w- P4,

Uy _ Uy Uy

o= = =
PA - PM PN
v, PA, vy _ PA, by _ PM

Oy, PM’ Dy PN’ Dy ~ PN

where v,,, vy, v, - the velocities of the points M, N, A; @ - angular velocity of

the body at a certain point in time relative to ICV P; PM, PN, PA - distances of
points M, N, A from the instantaneous center of velocities P.

Ways to find the instantaneous center of velocity
1. If the angular velocity @ of a flat figure and the velocity vector of one of its
points, for example A, are known, then the ICV lies on perpendicular to the

velocity vector of point A at a distance AP:
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2. If the velocity vectors of two points of a flat figure are known and the vectors
of these points are not parallel to each other, then the ICV lies at the
intersection of the perpendiculars to the velocity vectors of these points.

3. If the velocities of two points of a flat figure are parallel to each other and
perpendicular to the segment connecting these points, and the moduls of these
velocities are known and different, then the ICV lies at the intersection of the
common perpendicular to the velocity vectors of these points and the line

drawn through these vectors.

4. If the plane motion is carried out by rolling without sliding one body on a
fixed surface of another, the ICV is at the point of contact of the body with a
fixed surface, because in the absence of sliding, the speed of this point of the

moving body is zero.
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5. Ifthe velocities of two points are parallel to each other, and the line connecting
these points is not perpendicular to their velocities, then the ICV lies in
infinity. In this case, the body performs an instantaneously translational
motion in which the velocities of all points at a given time are equal in
magnitude and equally directed, and the angular velocity of a flat figure is

ZEro

EXAMPLES
of finding ICV

1. Find the instantaneous center of velocity of the body that performs plane-
parallel motion

2. Find the instantaneous center of velocity of the body that performs plane-
parallel motion

P %) 9
w=_—C 8B
PC PB
A
C
4
70 B,
AR A A A A
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3. Find the instantaneous center of velocity of the body that performs plane-
parallel motion

N
TR AT A

4. Find the instantaneous center of velocity of the body that performs plane-
parallel motion

Yo _Us
PC PB

5. Find the instantaneous center of velocity of the mechanism that performs
plane-parallel motion

S —p
o % | f/

0
ANy A ANy

A UA

=—=
PA

6. Find the instantaneous center of velocity of the mechanism that performs
plane-parallel motion
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7. Find the instantaneous center of velocity of the mechanism that performs
plane-parallel motion

=

8. Find the instantaneous center of velocity of the mechanism that performs
plane-parallel motion
D% - ]

AC\ Ali‘“m

o -

9. The crank OA rotates at a constant angular velocity . Determine the
distance from point A to the instantaneous center of velocity if the length of
the crank and connecting rod, respectively 0OA =8 cm, AB = 20 cm.

L]_z‘
B B=P
L i 2 ot e
T‘é:r\'vj A 777 -ré:r\‘\-/l A o

10.The body AB performs plane-parallel motion. Determine graphically the
velocities of points B and C, if the speed of point A and the direction of
velocity of point B are given.
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w=a_Y _ Y
PA PB PC
v, LPA, v, LPB, v.lPC

11.The body AB performs plane-parallel motion. Knowing the speed of the
ends of the segment AB, determine the point on this segment, the speed of
which is currently directed along the segment.

vV

Va /JJ‘
/ b,
A 1}& A\M
P .
Va

o 4
A : H“a,_ B N
D

12.The mechanism performs plane-parallel motion. Find the instantaneous
center of velocities for each link of the mechanism.

r"rB
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[ Proy

’ B P:!E
‘ﬂ.‘ | H' = .E
P& -
G,
Al
Cc " S o
4 2}
/TN 1 F Ak
D
A
0,37
B
[ ]
2
13. Find the velocity of points C and B of the D T~
: e TN - _.1_: .
Vo ' o

presented mechanism if

vp=1m-s7}, R=2m, r=1m

Sokving

The instantaneous center of velocities P is at the point of contact of the stepped
wheel with the surface. At this point, the speed is zero. The speed of point A of

the mechanism is equal to: v, = v,
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The velocities of the points C and B of the

wheel are found from the following relations:

ve _ e
UD_PA
_ PC_ R — 1 2 _Zm
D TP Ry T 2+1 3 s
Uc_PC
vy PB
B PB_Z\/R2+r2_2\/4+1
VBTUCPcT3T RT3 2
5
=3 m/s
Answer: v, = gm/s; Vg = gm/s

14.The crank OD rotates around the axis O at an
angular velocity wop =2 st and gives
motion to the gear with a radius r = 1m that is
freely mounted on its end D. The movable gear

rolls without sliding on the inner surface of the

stationary gear with a radius R = 2 m. Find the
velocities of points A and B and the angular velocity of the movable gear if

wop =251, R=2m, r=1m
Solution

Determine the speed of the point D, which simultaneously belongs to the crank
OD, rotating around the axis O with angular velocity wyp, = 2 s™1, and the

movable gear:

Up = wopOD = wop(R—1r)=2(2—-1) =2 m/s
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The instantaneous center of velocities P is at the point of contact of the gears. At
this point, the speed is zero. The velocities of points A and B of the movable gear

are found from the following relations:

vg _ PA
vp  PD
_y, A r—2 2=4
UA_UDPD_UDr_ =4 m/s
vB_PB
v, PD
PB V2
UBszﬁszTzz\/Em/s

The speed of any point of the movable gear is equal to the product of its angular

velocity at a distance from the instantaneous center of velocity:

Up = wPD;

vp 2

= =—=2 -1
“=ppT1°°°

Answer: v, =4 m/s; vg = 22 m/s; w=2s"1

TASK

for self-study of section 2

1. The rod AB with a length of 0.5 m moves in the plane of the figure. The
velocity of point A is equal to v, = 2m/s and forms an angle 45° with the
x-axis aligned with the rod AB. The velocity v, of point B forms an angle
of 60° with the x-axis. Determine the modulus of velocity of point B and the

angular velocity of the rod.
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53 . E_i E% ; E-i
/< {7 /?5 | ¥ ¥
£ A X X
P
- - - [ D [
. Find the velocity of points A and B of the Vo L. ”L S—

presented mechanism if

vp=1m-sY, R=2m, r=1m

. Find the velocity of points A and B of the

presented mechanism if

vp=1m-s7, R=2m, r=1m E“;_l"ﬁ;ﬁ J_\' )
"'\'yif:/
:rTﬁ?IE??T T Vo
. Find the velocity of points A and B of the
presented mechanism if V(
vp=1m-s, R=2m, r=1m T e E’J\D

. Find the velocity of points A and B if

wop =271, R=2m,

r=1m, AD=05r
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6. Find the velocity of points A and B if
(UOD=25_1, R=2m,

r=1m, AD=05r f

99




10. STUDY OF THE MOTION OF LINKS OF A FLAT MECHANISM

The purpose of the lesson is to learn to determine the acceleration of points
by the speed and acceleration of pole.
EXAMPLES

EXAMPLE 1

Determine the angular acceleration &g, of
the connecting rod AB if

vu=1m-s71, a,=2m-s7?
AB=1m
Solution

The acceleration ag of point B of a planar
mechanism is equal to the vector sum of the
acceleration a, of pole A and the acceleration

dg, acquired by point B of the connecting rod

when it rotates around pole A:
d, =4, +a,, +al,
To simplify the calculations through point B draw the axis XL dg. Find the
projection of the vector equation d, =&, + 4, + &y, on the x-axis, assuming that
dg L x:
0=a, —ag, cos30° + a}, cos60°
r @, +ag, cos60°

BA cos30°

The angular acceleration of the connecting rod AB is found from the equation:

T N o
_ 8 8, t38 cos60

€pa o
BA ABc0s30
a), = w},BA

To determine ag, the angular velocity @g, of the connecting rod AB, we find the

instantaneous center of velocities P and its distance to point A:

100



PA = AB cos 30°

B4 PA™ ABcos30° |3
2 4
agA=a)BA2AB=(\/—§) =3 m-s~?
4 1
_ay+agscos60° 2433 16 16V3
B4 = T ABcos30° 3  3v3 9 °
2
16v3
Answer: £, = T\/_ = 3,08 s72
EXAMPLE 2

Determine the angular acceleration &g, of the
connecting rod AB if

vu=1m-s71, a,=2m-s7?
l=1m ag°
Solution

Find the instantaneous center of velocities P and its distance to points A and B

vy 1
a)AB—P——— rad/s

V2

UB ES UA - 1 m/S
The acceleration d; of point B of a planar mechanism is equal to the vector sum of

the acceleration d, of pole A and the acceleration &, that point B acquires when
it rotates around pole A:

d, =a, +ag, +ap,
Since point B moves along a curvilinear trajectory, the equation takes the form:
a, +a. =a, +a;, +ap,
Determine the normal components of acceleration:

v Vs 17

ag =—=1m-s"

_ "B _ 2
OB 1
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112
agA=(A)§AAB=<ﬁ> 2=1m-s?

To determine the angular acceleration &g, of the connecting rod AB must be

found ag, :
AB AB
To this end, we make a projection of the vector equation & +a} =a, +ag, +ap,
on the x-axis, bearing in mind that &, L x:
0—al =a,—a%,cos45°—al, cos45°
;g tay —ag,cos45°
a =
bA cos45°
T 24+1—cos45° 3 1= 3924 _2
Agg = = —1=324m-s
B4 cos45° cos45°
the angular acceleration &g, of the
connecting rod AB is equal to:
T
ak, 3,24
g4 = — = —— = 1,62rad/s?
AB AR 2 /
d, x
-

Answer: gz, = 1,62rad/s?

EXAMPLE 3

Determine the angular acceleration &, of the
connecting rod AB if

vu=1m-s71, a,=2m-s7?

AB=2m, r=1m

Solution
The acceleration dg of point B of a planar mechanism is equal to the vector sum of
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the acceleration a, of pole A and the acceleration &, acquired by point B of the
connecting rod when it rotates around pole A:

dg =4d, +d,,
= = =T =N
dy =a, +dg, +dg,
Since point B moves along a curvilinear trajectory, the equation takes the form:
a, +a, =a, +a;, +ap,
Find the projection of the vector equation on the x-axis, bearing in mind that
dg L x. The x-axis is directed vertically down from point B:

TIAY
ay =a, —ap, cos60° —ag, cos30° ds, P, ZII7
: a,—ap, cos60° —a} -
Agp = ; |
c0s30° Vs .
. Bga _ 8, — 8, C0S60° —ay i
" AB AB cos30° -
It is necessary to determine aj, i a; .
2
aglA = a)BAZ AB; ag‘ = UTB
To do this, find the instantaneous center of velocity:
PB=1m; PA=+3m
PA~ PB B pa 3 B r 3
v, 1 1% 2
wpy =—=—rad/s a¥, = w 2AB=(—)2=—m-s‘2
BA PA \/g / BA BA \/§ 3
N o N 2 — z . 1 — 1
. =aA—aBAcos60 —ap _ 3'2"3_ 4 =4\/§=077rad-s‘2
B4 AB cos30° ) V3 3v/3 9 '
2

43 _
Answer: £g, = %_ = 0,77rad - s~2
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TASK FOR INDEPENDENT WORKING

1. Determine the angular acceleration &g, of 90°
the connecting rod AB if
LLssss 3 /
-1 -2 BlLo . a)
uyu=1m-s7, a=2m-s"7, perzs ALY
AB=1m U,
aA
2. Determine the angular acceleration &g, of a A D
4 Ll 4

the connecting rod AB if
vu=1m-s7!, a,=2m-s7?

AB=1m

3. Determine the angular acceleration

the connecting rod AB if

vu=1m-st, a,=2m-s7?

AB=1m

4. Determine the angular acceleration &g, of
the connecting rod AB if
vuu=1m-s71, ay=2m-s7?

AB=BO=1m
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5. Determine the angular acceleration &g,

of the connecting rod AB if

vu=1m-s71, a,=2m-s7?

AB=2m, r=1m

a90°
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11. COMPLEX MOTION OF A POINT

The purpose of the lesson: acquiring skills from:
- Finding the direction and magnitude of the absolute speed and absolute
acceleration of the point in complex motion.

- Determination of the modulus and direction of Coriolis acceleration.

Before completing the task you need to read:

- Methods for solving problems of velocity and acceleration in complex
point motion.

- The theorem on the addition of velocities and accelerations in complex
motion.

- Rules of vector addition, decomposition and product of vectors.

- The cosine theorem.

Theorem on adding velocities in complex motion
In complex motion, the absolute velocity & of a point is equal to the
geometric sum of the transfer o, and relative 0, velocities:
U=0; +Uq
The modulus of absolute velocity, at the angle » between the vectors

Ur and vUg is equal to:

L= \/Ué + V% + 20U, COS ¥

Coriolis's theorem on the addition of accelerations
The absolute acceleration & of a point in its complex motion is equal to the

geometric sum of three accelerations: transfer a., relative a, and Coriolis &, :

a=a, +a: +a,
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Coriolis acceleration is equal to:
ay =2(ox0g)
a, =2 vy sin(a@, Uy)
In the case where the transfer and relative motions of the point are carried

out along curvilinear trajectories, we have:

. =d +a; d,=da +d,; a=a'+al +a +&, +4a
EXAMPLES
EXAMPLE 1 -
|
The rectangular plate ABCD rotates around the ‘f @ B

axis Oz with an angular velocity w=4t. On its e\

side BC in the direction from B to C moves the D .

point M with a constant speed of 9 m/s. Determine

o

the modulus of the absolute velocity of the point
M at time t = 3 s, if the length AB = 1m.
Solution
The absolute velocity of the point M is determined
by the formula:

U=0; +Uy
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The transfer velocity v, of the point M, which belongs to a movable plate rotating

relative to the axis Oz with an angular velocity o =4t, is
Vg =w-AM=w-AB=4t-1=4¢

The transfer velocity o is directed

perpendicular to the segment A;M in the Ug
M

course of rotation. At the time t = 3 s: 4w
vp=4-3=12m/s

The relative velocity o, of the point M is
known from the condition of the task - it is the velocity of the point M along BC:
g =9 m/s
The modulus of the absolute velocity of the point M at time t = 3 s at an angle

of 90° between the vectors vy and vy is determined from the equation

U = JUg? 4+ vg? + 2UzUg €059 0° = V122 492 =15 m/s

BinnmoBiab: v = 15 m/s

EXAMPLE 2

The cone rotates around the axis Oz with angular

velocity w =3 s~1. On its side AB at a constant

speed vp =4 m/s moves the point M in the

direction from A to B. Determine the modulus of

the absolute velocity of this point in the position

when the distance AM =2 m, if the angle « =30°
Solution U =0U; + Uy

Vg = wr = wAMsina =3-2-sin30°=3m/s

U = \Jug2 + vg? + 205V €059 0° = V32 + 42 =5m/s

Answer: v = 5m/s
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EXAMPLE 3

The rod 2 of the rocker mechanism moves with

-
E

speed v = 1 m/s. For a given position of the
sliding stone 3 determine the angular velocity of
the rocker 1, if the distance OA = 1m.

Solution

The motion of point A of the sliding stone 3 consists

of the relative motion along the rocker (&) and the

transfer (o) - together with the rocker in rotational

motion relative to the point O:
U =0 +Uq

Relative velocity of point A is equal:

g =vc0s45°=0,707m/s
Transfer velocity of point A is equal:

vg =vsin45°=0,707 m/s
The angular velocity of the rocker 1 relative to the center of rotation O is
determined from the equation:

Vg = w- 04 =0,707m/s

Vg 0,7070707 1
=041 Y8

Answer: w = 0,707s~ 1
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EXAMPLE 4

The point M moves with relative velocity v, =4t

along the diameter of the disk, which rotate around
the wvertical axis with angular velocity w=2t.

Determine the modulus and direction of the Coriolis

acceleration of the point M at time t = 2s.
Solution
Coriolis acceleration is determined by the formula:
a, =2(ox0g)
a, =20 vgsin(a@, b, ),

where @ is the angular velocity of the transfer motion; o, - speed of relative

motion.

The angle between the vectors @, U, is 90 degrees, therefore
a, =2wuv, =2(2t)(4t)=16t"
If t=2s:
ax = 16(2)? = 64 m/s?
The Coriolis acceleration direction of point M is perpendicular to the figure, is
directed at the viewer

Answer: ay = 64 m/s?

TASKS FOR INDEPENDENT DEVELOPMENT

1. Point M moves along the rim of the disk with
radius R = 0.06m with velocity vy = 0,04 m/s.
Determine the absolute velocity of point M in
the specified position, if the law of disk rotation

p=t.
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. The body 1, having the shape of a half-cylinder,
when sliding at velocity v = 0,2 m/s rotates
the rod AB, which is hinged at point A.

Determine the relative velocity of the point of

contact M at the angle of the rod « =30°.

. The connecting rod 2 of the hinged
parallelogram OABC slides on the sleeve 3 and
moves along the vertical guide rods 4. For this

position of the mechanism determine the

velocity of the rod 4, if the velocity of point A

of the crank 1 is equal to 2 m/s.

. The tube rotates around the axis OO; with angular O
velocity w = 1,5 s~1. The point M moves along the tube M, M

according to the law MM, =4t. Find the modulus and

direction of the Coriolis acceleration of the point M.

. The ring with radius r = 0,5m rotates at a
constant angular velocity o = 4 s~* in the plane of

the figure. The point M moves on the ring at a

constant velocity v =2 m/s. Determine the

modulus of absolute acceleration of the point M at the specified position,

. The disk rotates around the z axis according to
the law @ =4sin0,25zt. The point M moves

along the rim of the according to the equation

AM =0,257Rt>. Determine the Coriolis

acceleration of the point M at the time ¢t = 1s if the radius R = 0,4 m.
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12. SPHERICAL AND COMPLEX MOVEMENT OF A SOLID BODY
Brief theoretical information

The motion of a body in which one of its points remains stationary is called
spherical motion.

Any elementary movement of a body with one fixed point can be obtained
by one elementary rotation around some instantaneous axis of rotation that passes
through this point.

The motion of a rigid body around a fixed point consists of a set of
successive elementary rotations of the body around instantaneous axes of rotation
that pass through this fixed point. The position of the instantaneous axis of
rotation changes continuously over time, both in the body and in still space.

The angular velocity @ at which the body makes an elementary rotation
around the axis of rotation is called the instantaneous angular velocity.

The angular velocity vector @ is directed along the instantaneous axis of
rotation in the direction from which the rotation of the body is visible as
counterclockwise. The direction of the vector @, as well as the position of the
instantaneous axis of rotation, changes over time. The end of the vector @
describes in space the curve - the hodograph of the vector @ .

The body 1, shown in the diagram, performs a
complex movement. For the relative motion of the body N

we take its rotation with an angular velocity @, around the

axis z1, which is fixed at the end of the moving part 2. For
the transfer motion of the body we take its rotation around

the vertical axis z,, with an angular velocity @, . The z; and

Z, axes intersect at the O point. The velocity of the O point,

which belongs to the two z; and z, axes at the same time,
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will be zero and the resulting body motion (absolute) will be motion around a
fixed O point, which is essentially the instantaneous center of velocities. In this
case, the body has an angular velocity @ directed along the instantaneous axis of
rotation that passes through the point O.

To determine @ we find the velocity of an arbitrary

point M of the body, the radius vector of which r = OM . In

relative motion (rotation around the z; axis), the point M B
1

will have a velocity
U =@, xT

In transfer motion (rotation around the z, axis):

U =@, XT
Absolute velocity of the point M: _:IL_

[ R

O=04 + 0 =(&, xF)+ (@, xF)=(, + @,)xT

On the other hand

Ci
[l
]!
X
=

As a result, we have:
0=, + o,
If the body is involved in instantaneous rotations around several axes
intersecting at the point O, then:

@ = Z@f
The set of rotations around the intersecting axes is equivalent to one rotation

around some instantaneous axis of rotation with an angular velocity equal to the

vector sum of the angular velocities of the component rotations.
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EXAMPLES

EXAMPLE
A cone with an angle at the vertex 2a = 60° and a radius of the base
plane of 20 cm rolls on a stationary horizontal plane without slipping.

The velocity of the center of the base is constant, v~ =60 cm / s.

Determine the values:
1) the angular velocity of rotation of the cone @ ;

2) the angular velocity of rotation of the cone around the z axis @,

3) the angular acceleration of the cone ¢ ;
4) the velocities of points A and B of the base of the cone v, and vg;

5) acceleration of points A and B of the base of the cone a4 and ap

Solution

1) The motion of a cone is spherical because its vertex O remains
stationary. Since the cone rolls on a stationary plane, the generating OA, which
it touches the plane, is an instantaneous axis, all points of which have zero
velocity. The velocity v. of point C is the rotational speed around the
instantaneous axis. Knowing the velocity of point C, determine the angular

velocity of rotation of the cone around the instantaneous axis:

v, =w-CP
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The distance CP to the instantaneous axis OA found from the triangle CPA:
V3
CP=CAsin60°=Rsin60°= 20— = 10V3 em

z,
L]

63 ]|

@

The angular velocity of rotation of the cone around the instantaneous axis is
equal to:
Uc 60
w=—=——=2V3rad/s
CP 103 /
Regarding the direction of the vector v, we plot the vector @ from the point
O along the instantaneous axis so that looking towards it, we see the rotation of

the cone counterclockwise.

2) The angular velocity @, of rotation of the cone around the z axis is

found as the angular velocity of rotation of the cone axis OC around the z axis.
To do this, determine the distance from point C to the z axis:
CL=0P=0A—-—PA=40—-10=30cm
The angular velocity of rotation of the cone around the z axis is equal to:
ve 60
w4 =a=%=2rad/s
3) To determine the angular acceleration &, you need to build a

hodograph of the angular velocity @. As the cone moves, the vector @ moves,
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rotating around the z axis, while the modulus of angular velocity @ does not

change, therefore, the end of the vector describes a circle in the horizontal plane.

The modulus of angular acceleration & is equal to the rotational velocity U of
end of the vector @ around z axis:

e=u=ww, =2V3-2=4V3rad/s?
The angular acceleration vector & is plotted from point O in the direction of
velocity U perpendicular to @. The vector £ is perpendicular to the plane of
parallelogram of angular velocities.

4) Determine the velocities of points A and B. Point A lies on the

Instantaneous axis of rotation, so its speed is zero:
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v,=0
The velocity of point B is:
Ug =20, =2-60=120 cm/s

The velocity vector is directed perpendicular to the plane zOQ.

5) The acceleration a, of point B is equal to the geometric sum of normal

acceleration &, relative to the axis of angular velocity @ and tangential

acceleration & relative to the axis of angular acceleration & :

d, =a, +a,
The acceleration & is directed along BP,, ie perpendicular to the axis of
angular velocity @:
a¥ = w?BP, = (2v3) 20v3 = 240V3 = 4157cm/s
The acceleration & is directed perpendicular to BO in a plane perpendicular to

the axis of angular acceleration £ so that, looking in the opposite direction of

&, you can see the rotation of the cone counterclockwise:

ab = OB = 4v/3 - 40 = 160V/3 = 277,1cm/s?

Define the modulus a, as the length of the diagonal of the parallelogram:
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a, :\/(ag‘ )2 +(ag )2 + 2ay ay cos(90 + 30)°

ap = 100J (24V3)" + (1,6V3)” + 2(24V3)(1,6V3) cos 120°

= 366,7cm/s?
The normal acceleration of point A, which lies on the instantaneous axis of

rotation, is zero:
a' =0
The tangential acceleration of point A relative to the axis of angular
acceleration & is equal to:
al = €04 = 4v/3 - 40 = 160V3 = 277,1cm/s>
The vector &', is directed perpendicular to AO in the plane zOQ.
a, =al =277,1cm/s?

Answer:

Angular speed of rotation of the cone w = 2V3 = 3,46 rad/s

The angular velocity of rotation of the cone | w,; = 2 rsd/s

around the z axis

Angular acceleration of the cone e = 4V3 = 6,93 rad/s?
The velocity of point A v,=0

The velocity of point B vg = 120 cm/s
Acceleration of point A a,=277,1cm/s?
Acceleration of point B ag = 366,7cm/s?
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TASKS FOR INDEPENDENT DEVELOPMENT

. The body simultaneously participates in two rotational motions with angular
velocities @, =2i +5] and @, =4i +3]j. Determine the modulus of the

absolute angular velocity of the body

. The plate is involved in two rotational motions with angular velocities w,; =

2 rad/s and w, = 4 rad/s. What angle forms the 5 “\
1 hY
vector of absolute angular velocity with a vector o, » 59& ®, N\

. The wheel of radius r = 0,5m participates ty
simultaneously in two rotational movements with
velocities w; = w, = 2 rad/s. Determine the
modulus of speed of the wheel point for which this

module has the maximum value.

. Wheel 1 rotates on a curved axis 2 with angular
velocity w, = 4 rad/s. The speed of rotation of
the axis 2 in the bearing 3 is equal to w, =
4rad/s. Determine the modulus of the absolute

angular velocity of the wheel.

. Wheel 1 rotates about an axis Q2 which, rotates

about a vertical axis. Angular velocity w, = 1%‘}{!

20 rad/s, w, =10 rad/s. Determine the El‘j"{l ] 20°
modulus of the absolute angular velocity of the (1); 2

wheel 1.
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