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| ntroducti on

The problem book is intended for first-year students majoring in "Applied Mechanics.” The
tasks in the collection are systematically arranged according to the sections and topics of the
syllabus of the course "Higher Mathematics 1. Differential and Integral Calculus of a Function
of One Variable."

At the beginning of each topic brief reference material is provided (definitions, theorems,
and formulas). Answers are given at the end of the collection for all calculation problems. Some
answers are illustrated with graphs and drawings. For the convenience of using the collection,
after the tasks for each topic, there are links to the answers, from which it is also possible to return

to the tasks using the link after the answers.



Chapter 1. Li near
Topic 1. 1. Matrices and

A matrix is a rectangular table of numbers, symbols or expressions - the elements of the

matrix, arranged in rows and columns
®w o ftt o
W G ittt o
tetttttttteetteteeettitt
W w o
Each member in a matrix is called an element.Each element is denoted as & , where i is
the row number, and j is the column numberto which the element belongs. The number of rows

and columns of a matrix is called the dimensionof the matrix.
Two matrices are equal if they have the same dimension and equal elements that occupy the

same positions in both matrices.
Types of matrices

O - square matrix;

0 T Zero matrix;
T TT

n p ittt 7T
tetteeetttetteeeeettt

n 1t ettt 7 p

- identity matrix;

QW T T
0 T ® T - diagonal matrix;
T T
W T T
0 @ @ T - lower triangular matrix;
0 T W O - upper triangular matrix.
mTTn ®

A
D ¢



Determinants
The determinant of a matrixis a special scalar quantity that is calculated for each square

matrix and is denoted

D YO ordet 0.
First-order determinant

VS WS ®
Second order determinant
DS o5 6 Wt o tw

Third-order determinant
General rule (Laplace expansioni expansion by elements of a row/column of the

determinant).

e (1') (I) d) er t m w e t Q) (D o t (L)
D3 5 B 6 Wley o 9ObUg o 9OUeg 6

e € 114 (14 (14 (14 14 14 14 14

OO O OO OO OO owoa8
The rule of triangles.

11 Q12 Q43

LS 7
a1 92225923
[ Sz
(a3~ dzz 33

a 12 a3
a N

az7 dzp; Qzg

1Al =

Sarrus' rule.
+ + e - -
aqq alz){la a11 442
|A| = |21 a22>,\azs 321\‘122 =
asz1{ daszy 331 31 Az

1.1.1.Calculate the determinants by definition:

- o T . ) p T .
ny 2 5 2y b0
3) ¥ v 6. 4) y pTt .

p T U O
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. \ W ) C
W oW _ :
11) _— G 12) 5 __— P
. o ¢ p
p W O ‘
13) T o Tt 14) p w ¢
P CQ Y
C W ( P q ¢ P
15 p p ¢ T 16) o® UL
v G P L P
1.1.3.Prove the equalities using the properties of determinants:
o ¢ p c ¢ X
1) ¢ o ¢ ¢ 0 G;
T LU O T LU pp
P ¢ O p T T
2) ¢ p U ¢ o p;
o Q X o Y
3 O W W OO O 0 W,
OEl Al O Alcd
4) OEN Al O Al @
OEfA AT O Ai¢d
P W p ®G P PP
5 ¢ W ¢ 1T TWg p G;
C W 0 W (g a p P
1.1.4.In determinants, find the complementary minors and cofactors:
¢ O T
1) all elements of the secondrow p 1 U ;
P C @
c p Q
2) all elements of the second column o p @;
X T T
P ¢ O
3) all elements of the third column g p L.
o C T



1.1.5.Calculate determinants by expansion according any row or column:
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1.1.6.Reduce the determinants to the most convenient form and calculate them:
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m o ot C P pPPP
. m ¢ p pg . P O pp P
NY ¢ p o 1 T, 100y pp T P P;
m e ¢ pm P P P UL P
mT ¢ 0 T UL PP PP O
P ¢ 0T UL "
. PP GO o e X
1Y p p p ¢ O; 12)y @0 o q
P P P PG ®w 0 a
PP P PP
1.1.7.Solve the equation without calculating the determinant
P P P P
C O W T
T W wpPoe e
P CX 0 QT
1.1.8.Prove the equality using the properties of determinants
poO® P DO
pPOO ®®Op Qo
P W P W @
1.1.9.Calculate the determinants
o ¢ cEc P ¢ OFE &
. G O0cGEC y p m ok ¢
)Y ¢ ¢OoE ¢; 2y p ¢ mE £
EEEEE E E EEE
¢ CCE o p ¢ ofETm

1.1.10.How will the determinant change if its first row is written in the place of the € -th row,
and the others are shifted up without changing their order?
1.1.11.Using the properties of determinants, prove that the determinant

Pg 0O U T

y CHP;F’ 2 T" is divided into  30.

¢X ¢ opy
1.1.12.The numbers 185, 518, 851 are divisible by 37.
P Y v
Provethat v p  isdivisible by 37.
g v p
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Operations on matrices

Addition

Matrices are added element-wise, with the addition operation defined for two matrices of
the same size

o 6 Y hi & ohm Q ¢thm Q a8

Properties
1. Commutativity 6 6 0 O.
2. Associativity 0 6 O O 0O6 0.
3.mOhd O O (N-zero matrix).
4.m dhod 0 0.

Multiplication by a scalar

Matrices are multiplied by scalars element-wise

| o & ho | tOhT Q ¢hm Q a8

Properties
1.pto 0.
20 10 |10
3.] 106 | 010
4.0 6 6 | 6] 0O

Transposition

The transposition of a matrix 0 is the operation of converting rows into columns and
vice versa

0 O

Matrix Multiplication

Two matrices can be multiplied only when the number of columns of the first matrix equals
the number of rows of the second. The product of matrices 0 and O is called the matrix
Y

11



Properties

1. Matrix multiplication is NOT COMMUTATIVE 0t6 6 1to0.

2. Associativity 0t6 t6 016 to.

3. Distributiveness 6 6 t6 0t0 O6téor6t 0 6 0O6t0 061t0.

4.| 616 0té6 0t t6 .

1.1.13.Calculate the sum and difference of matrices 0 and 0 if:

P ¢ T o U T
Do ¢ puhd ¢ p x;
o T p T 0 ¢
T 0 G X
20 v @ ho o L.
Ty P X

1.1.14 Find linear combinations:

Deo wifdo P S PpRreg P O G
(0] 9]

T o T X
¢ P p v
2)cd ab if 0 c p o C T ;
p o C
3)6 06 T1OIif o ° P Rg PP Ro P T.
¢ m m U m P
) ¢6 vs o6ifo P S ARG S PpRre TS
o T ¢ m PP

1.1.15.Find6 10if:

) C P Q
1) 0 U g 0,
p T C
m o p
2) 0 ¢ ¢© p-
p T o

1.1.16.Write the matrix transposed to the given one:

C o T UL
1) o © X Yy w,
pmtpp P O
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T
2) O X P
C Tt
U
3) 0 T ;
P

40 o Y mp X-
1.1.17.Show that the matrix © 00 O does not change when transposed if

P P G T 0 U
o) o o O, 0 o p T.
¢ ¢ T v Y U
1.1.18.Find the products of the matrices 0 6and 6 0 if possible and indicate their dimensions:
¢ P o L.
1) o o o 0 T
p T T ¢ p T
2) O ¢ o 0,0 P p T ;
P ¢ p o ( P
T P O
3) 0 PP , O m T ;
C O 1
¢ p
o C -
4) 0 T p,o0 P g :
R G P
« (0)
5) o= , O ;
) 0 G X
6) O o p & C pP.
@ C @ o
m p’ T T p°’
PTG ¢ 9 =T
8) O , 0 p ¢ P
T ¢ P C o 1

13



@ T O 0
108 Y VYT g o
¢ X G D
o pTO
i G P G p T Q
11) o o C T ,0 p O T ;
P ¢ P ¢ T G
c'bqnn | T T T
12) & T[(l)];[T[’ ﬂTnn-
T T W T m [ 1
T mQ T TU TU

1.1.19.Calculate the products 00 and 0 O. If the difference 00 0 0 is defined, find it. If
not, explain why
npe Y &P

o T ¢
q o
2) O p T
¢ T
1.1.20.Find the value of the matrix expression (00 0 0 if
P p M ¢ L T
6 ¢ p T, 6 p p o .
p T O T Q Y

1.1.21Find 0 if

1.1.22.Find the value of the polynomial "Qof the matrix 0O if

1) Qw ® uvw g, 0 S Gp;

o
A ) ) n p Q.
2) Qw W Cw ¢, 0 g p

A » » o O

Q Q©°

C O
T ¢ 8
P Q

14



Inverse matrix.

The matrix 0 is the inverse of the matrix 0 such that
oto o to O

Algorithm for calculating the inverse matrix.

(4 (4

» W ©
o O W W
1. Calculate the determinant A A50 Tt
2. Calculate the cofactors:
0 Pty o O Pty o 0 Pty
0 Pty o O Pty o 0O Pty
0 Pty o O Pty o 0O Pty
3. Create a matrix of cofactors and transpose it
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
4. Calculate the inverse matrix
0 0 0
5 S5 & b 8
For a second-order matrix, the formula applies
N ® P Q wg4
w Q D Ww W W
Solving matrix equations
ot o wio O otdté 6
® 0 t6 @ 0to @ 0 toto

15
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) - oo CO.O.CO.O.CCCwO.

Q v Qpr .- Qa B S
(U (W (Vy E b

CGGCO.HOU v a F akb o2
~

b a b a a a o
<" pban aub v T gRR YA a0 =
o o o o :0 o o o o
—~ —~ —~ —~ ~ ~ ~—~ —~ —~
— (q\] (9p) <t Lo © N~ (o0] »

1.1.23.Find the inverse matrix and perform a check:
o
T
Y
m OT

sE
aa
g o v
.. .. a3
3 " S ab © v
c T, e
S o 3 Qo s>
T o
> D O v
WGU © o o <
< 3 T2
E 3 B3 Yr 3
< © o5 au
S U= U Qaca
W O > uvua
0
<t ~—~ ~—~ ) ~ ~—~ ~—~
N — N ™ < 79 ©
A
—
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. Find the determinant of the matrix o 0 .

1.1.25.Let O

1.1.26.Find 0

, iIf O

Answers.
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Topic 1. 2. Systems of | i
Cramer's method
D OO A
W 0w oa o.
OWw 0w 0oa o
The solution of the system can be found using the formulas
. A 5o A 5 A .
w —hw —ha —
A A ' A
where
A O O
O O ® O O @ B w
W W O O A ® W A W O W
W W 0 N W 0 O W W
Remarks:
1.If A Tmbut A mhA ThA Tt then the system has no solutions (inconsistent).

2.1fA T1and A A A

1.2.1 Solve systems using Cramer's method:

W W a T

1) ow uvw oa p;
Cw X®0 a Y
LW CW TA T

3) W ow 1TQ O ;
Gw TWw o P
C W o0 W

5) ow LW o  T;
T XW a U
W W a v

)ow o w o p
W a w o

2)

4)

6)

8)

18

11, then the system has infinitely many solutions.

Cw W a T

W W a T;
Cw W o T

W CWw oo T
®W 0w Cca o ;
ow pwm Y Y
W Cw oa ¢
Cw @w uvad o,
oW XW o

Cw W T
W oy pT
LW o X

neart



W wa o Cw 0w a p
9 ® W a 10) ¢w W oa pp
W W a w o CW ® U
W 0w Cw ow p W oW Tw §)
ow W0 W () T o) W oW T
1) 99 @ @ €O : 1) @@ 0w ]
Cw o0 W 0) o GCW LW pC
W W 0w o T T 0w LW U

1.2.2 Find the value of the parameter wfor which the system has a unique solution
Cw 0w G O
W W C
W W a C
Matrix method
The system of equations can be represented in matrix form. For this, the left-hand side of
the system is written as the product of the main matrix of the system and the matrix of unknowns
and this product is equated to the matrix of the right-hand side. As a result, we have:

A Ow Ga o W %)
W 0w 0oaa w i W W Wt w W t Ot 068
O w 0w o0mwa w 0w W W a W
Then
o O O O ®
ot® 6+ O O to t %) 0w W t w
& O O O é

1.2.3 Solve systems of linear equations using the matrix method:

w W a p
) ® ¢w p;
G W A ¢
W W oy @
3 T LW eI
Xw Yo @
ow CwW « [0)
5) W v PG,
LW W ol v

W W a T
2) W ® o P
W W p
C W LO pPpw
4) © w oa o
G T o @
C oW Q T
6) Co © vd ¢
vw o @

19



ow W Ca o Cw 0w oy p
) ce oo Ay 8 X& 0B & X.
LW CW O X T W od X

Gaussianmethod
This method involves transforming a system of equations into an equivalent triangular form.
To simplify calculations, rewrite the system in the form of an augmented matrix, which consists

of the coefficient matrix and the constants (separated by a straight line).

G oo de o+ O O D 6
G HO Oa b AT B T

We can transform this matrix into a triangular matrix using the following elementary row
operations:
« swap rows(swap all elements in row i and row j);
» multiply a row by a constant (multiply all elements of row i by the constant b);
« add a row to another row (replace row i with the sum of row i and row j or with the sum of
row i and row | multiplied by a constant b).

Finally, we need to get the matrix in triangular form.

~ ~

b b b 0 Ho hdo Ha 0
T O Q Ww wa Q.
T m & 0 Ha Q

Then it is possible to find the solution of the original system.

1.2.4 Find the rank of a matrix using elementary transformations:

P T T T G T 0 ¢ p
N mnmnmm; 226 mu p 0}
O M T TT T T ¢ p
P P T
3)6PC0; HoOo ¢ mop;
o0 W
P P P
P p O U P C O T
590 ¢ p p T; )0 ¢ 1 9o Y
¢ ¢ @ O 0@ W pg

20



o U X T O
7o p ¢ 0, 80 p p;
p 0 U ¢ O
P O P g
9) 0 p G 0 p. 10) O ¢ p O U;
L o0 p X
p pmT @ P
pc ot c T pPp UL C
11) © 82 )C( 5; 12) 0 ¢ p 0o W T ;
PT PGP ° X pm U PT
v ¢ p 0T TmppPgq
136 & L UV 0 G. 14) & ¢oGco.
) C v p T P ) cmpp
@ T ¢ L U N No)
P P P C P
P G T G
15) © ¢ P P UL; 16) © T ¢ o mop
o T op op ¢ P ¢ p T
c ¢ T p T
1.2.5 Solve systems of equations using the Gaussian method:
G w a P W w o pp
1) ® o a p; 2) C® ow o o
o W a T W W a T
w -0 ¢ p W -w o ¢
3) o0 W @) o 4) W W Q1 T
-0 -w o - -0 -w -G U
W ® cad p Cw ® @ v
5) ® Cw o0 g 6) W Cw A v;
C W 0Q g X0 @ o pT
v ow o X W W oy p
7) W qw oQ pT; 8) v w a ¢;
W W va p Y W oW Ca O
W Cw a o0 p Cw W a Vo T
9 w cw a o6 p 10) ¢ ® ¢a O p;
W W g o6 o v W g pP @
W 0w a p Cw CW W W o
Cw W ca p. oW W W W T

11) 12)

0w 0w w ¢ '

w w oa ¢’
» ot oW W W G

W
W oa p W

21



LX0 v o Tw Y

W Cw oW TwW po - A . . .
O B co 0 e 0 (O W CW o
13) . . . : 14) . ¢cCvo W W Cw p ;
o TW LW PP o . . .
Ve P X €O P W R
o X P r ®© ® Cd o
ow W W W ‘ . . .
- . G pw W 0O 0 W T
T e e © X CwW W oW Cw p
15 W W , 16 . . . .
Jow (@ O W ) e e w ¢
|’l1cu) (A) Q) (L) p T[ \ \ \ \
NN . . ‘ on W W W T
r @ W ow o p
ChO W W Cw ow ¢ Cw W W w T
17) W oW (W TWw ULV O 18) W 0w 0 W o
W ow Tw Yw PO o W W 0w o T
T CO W W Cw T Cw W CW P

1.2.6 Investigate the systems for compatibility. In case of compatibility, find the general solution,

indicate the basic and free variables:
Cw W 0w W
T,

1) . c® . ¢ p; 2) oW LW W
o W W W W X . . .
T X0 W U
CO LW 0w Tw X LW TW o0W (O W
3) ow TWw W W Oo; 4) X0 VO T W P
W 0 T ow p T W W w p
0w 0 T W Lw TWw p
5 W Cw 0w Tt 6) Cw pm Y O;
W W Y ow pPWOW P UL
. . . . o [V I ¢V I o ¢V I OV w
CwW W Oow LW p - . . . .
. . ‘ e 0 W W TW C
W W Lw ¢ . . .
7) . . . . ; 8) . (VIR (VIR 1 ) po
oW CW (W LW O U . . )
\ \ \ \ |,|J QI*) T(A) U(L) p p) 0-
X0 LW W P Y . . X . .
r poO QG W ww ¢p

1.2.7. Find the general solution and the fundamental system of solutions for a homogeneous

system of linear algebraic equations:
. , : Cw 0w W Tt
W Cw oQg T ‘ . .
. " W ow (W T
1) Tw vw @a T 2) . . .
b W T W W w T
X0 oo O O ® o m

22



1.2.8 For which values of the parameters ¢) & @ is the system consistent
W W o0 ©
Tw LW e
X0 (w )
1.2.9 Determine for which values of ¢®and wthe system of equations
o W a4
LW W W o
G W WA p
1) has a unique solution;
2) has no solutions;
3) has many solutions.
1.2.10 Determine for which value of wthe system of homogeneous equations
o CW G T
W PW pa T
W CW oy T
has a non-zero solution.

1.2.11 Investigate the system and find the general solution depending on the value of the

parameter Q
LW O0W COW TW O

Qo o G ‘ ‘ ‘ ‘
2P T (W 0w XW p

1) ® Qu a p; 2) ‘ S ‘ .
o ® Q& p o gw v 0
X0 ow X0 pxx Q
Answers
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ChaptXect2or al gebr a

Topic 2.1. Vectors and opert

Cartesian rectangular twalimensional (threedimensional) coordinates uniquely
determine each point on a 2D plane (3D space) by a pair (triple) of numbers, which define the

distances to the point from two (three) fixed perpendicular directed lines (axes), measured in the
same units of length.

Cartesian 2D coordinates Q Cartesian 3D coordinates Q
.iLJ; .ITZ
M) MGy

.P : Z 1 i -
R -1 1 A N
1 ¥ 1’1 o1 -y
o L O et
x

The distance between points and 6 is determined by the formula

inQ dford @ho and 6 o hw

inQ dford whohy and & @ ho h

D& 0 w AR a q

Coordinates of point) that divides the segmeiitd in the ratio_h_ —:

EIQ dw © 0 ;W © L ;
- P - P
ETQ d u; W H; a ug
- P - P - P
Coordinates of poinb i the midpoint of the segmerito :
s S I ¥ R S V% B ¢ QR
EIQd w < ) P Q c 8
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Vectors.

An ordered pair of points 6'J Ois called a vector This geometric object has a length (like the
length of the segment 0 § and a direction (determined by the starting point 0 and the ending
point 0).

Vectors that can be made to coincide by a parallel translation are called equal The set of

vectors that are equal to each other is called a free vector(%b), and the set of free vectors forms a
vector space

A free vector can be defined by its coordinatesor by its decomposition along the axes
EIQdé® oh ©p ®p
EIQd&® ohdhd &b b OB
Here ¢ had iy are the projections of the vector onto the corresponding coordinate axes,
and £heh™®@ are the unit vectors of these axes (unit vectors, the direction of each of which

coincides with the direction of the corresponding axis).

If the coordinates of the starting and ending points (0 and 6) are known, then
INQ dford who and 6 & hw
56 © ofd @ ;
inQ dford owhohx and 6 @ ho h
56 o o o 4 .
The length of the vector d@is calculated by the formula
EIQdixs & O ;
EIQdaix & @ )

The direction of vector d@is determined by the angles| hf hr that the vector forms with the

positive directions of the coordinate axes ¢h ¢h ¢hrespectively. The cosines of these angles are

called the direction cosines of vector @and are determined by the formulas

ETQd ATO =—Fh A0 ©.



moreover
EIQd AT O AI D p;
ETIQd AT O AT O AT O p8
The unit vector @ S—; is called the orth of the vector @ Its coordinates coincide with the

direction cosines of the vector @

Linear operations on vectors
Multiplication of a vector by a number
EIQd@ @ik @s @y
EIQd @ @R e e @B
Addition and subtraction of vectors
EIQd®d & & ohd & ;

~

EIQd®d @ & ohd ohd © 8

2.1.1.Calculate sis if @ ¢ @ .
2.1.2.Find the coordinates of the vectors & Band 6 B if & v plp hé ¢Ipp .

2.1.3.Determine the point 0, which coincides with the end of the vector @ ol tIp , if its
beginning coincides with the point 0 plikN o .

2.1.4.1tisknownthat 98 ¢ and the angles that this vector forms with the coordinate axes are:
| Tt vh) @ mh] p ¢ mCalculate the projections of the vector @on the coordinate axes.

2.1.5.Two coordinates of the vector @ are known: @ oN® PpCFindw ifEws po

2.1.6.Calculate the direction cosines of a vector:

)d pgnNo; 2) @ p & 0 pc
2.1.7.Can a vector form such angles with the coordinate axes?

1) | tuovh) pobd @mJd

2) | wm) puird @mJd
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2.1.8.Vector @ forms angles | @ mtahdf p ¢ mwith the X-axis and Y-axis. Calculate its

coordinates given that SB5  C.
2.1.9.Using the given vectors @and @ construct each of the following vectors:
Dd & 2)d® @ 33 @dN4) & @ 53 6) -3 7)2d -Q
2.110Given: 68 pH @ cbdd & omnFind & &.
2.1.11 Vectors @and @are mutually perpendicular. It is known that @6 p @nd & v. Find
@ @ and & B&.
2.1.12 Vectors @and @form an angle» ¢ mWith % uh® Y Determine @ & and
® @
2.1.13.What condition must the vectors @and ®satisfy for the following relationships to hold:
) & 3 @ &; 2) ® @ & O 3) & B3 @ B&.
2.1.14.What condition must vectors @and @satisfy so that the vector @ @ bisects the angle
between vectors @and &
2.1.15.Point O is the center of mass of triangle © 6 OProvethat 08 0B 08 T

2.1.16.Given two vectors @ ol ulp and & pIpNt . Determine the projections on the

coordinate axes of the following vectors:
e & ) cd o’ 3 -® A
2.1.17.Two vectors @ ¢ plp and @ @ w are given. Are they collinear? Which
one is longer?
2.1.18.Given points 0 ppN p m 6 v xNP, 6 ¢IxN x and O vN 1 . Check the

collinearity of vectors 0 Band 0 © determine which one is longer and by how many times;

whether they will be in the same direction or opposite directions.
2.1.19.At point 0 forces are applied™® 08 "® 08 "® 0 O Find the resultant of these
forces and its magnitude if 6 ¢N plp ,0 plpN p,0 ¢IPpip, 0O o) vl .

2.1.20.Determine for which values of the parameters| andf the vectors @ o op |9

~

@ | @p ¢@Qarecollinear.
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2.1.21.Check that the four points are the vertices of a trapezoid 6 ol pIt, , 60 pIkN P,
0 ppn o,O0on vlp.
2.1.22 Find the orth of the vector:

D@  ¢hpn o; )@ ¢Ngno; @ ofnpc
2.1.23.Find a unit vector collinear with the vector @ oI p ¢, which has the same
(opposite) direction as it.
2.1.24.There is a decomposition of the vector @ in terms of the basis & & ®:
® pP® p® p @ Find the decomposition of the vector ‘® in the same basis, which is
collinear with the vector @ in the opposite direction to it and suchthat ® X v
2.1.25.The vertices of triangle 0 6 dave coordinates 0 pItIPp , 6 pMUT , 0 ofprk . Find
the length of the median drawn to the side 6
2.1.26. Two vectors @ ¢ ofp and @ pltnN ¢ are applied to the same point.
Determine the coordinates of vector & directed along the bisector of the angle between vectors @
and @ giventhat 8 oIt ¢
2.1.27.0n the plane two vectors are given fp  ¢ch o, ®  pIT. 8Find the decomposition of
the vector @  «IY in the basis mp .
2.1.28. Given three vectors fp oh ¢Ip .l pNeN ¢ .l ¢Ipn o. Find the
decomposition of the vector @ p ] P in the basis fp @ B

2.1.29.Given fourvectors® ¢Ipt, @ pNpk, ® ctNp, @ ofkNx38
Find the decomposition:

1) of vector @in the basis & @ '©
2) of vector @ E O EAAA GE® '@

Answers.
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Topic 2.2. Scalar, wvector a

Baspircoperties and applica
Scalar product
The scalar productof two vectors é@and ®is called a number that is defined by the formula
EIQ dodtd & gint Btéedl OO OO;
EIQ d@id Ml gEixt Atdéed OO0 O OO,

where ¢ angle between vectors @and @

Properties Application
1. 03 Bté 1. Checking the orthogonality of two vectors
2 6 Btd oid oté oy old T
2. Calculating the angle between vectors
3. hitd Qetdh ™ Q; U 8¢
i . AlQO —/—;
4 ot®d ®@ BB T et @
LIS TMELZ i B 3. Calculation of the projection of vector Gonto a
o vector @&
| @Y s 0o B,
S0 3
2.2.1.Vectors @ and @ formanangle «+ —. Itisknownthat S ¢, & o8Calculate:
1) &3 2) @
3) B ; ) & B ;
5) @ @ ; 6) @ 03 JCd A@;
7) cd ok .

2.2.2.Vectors & and ®are mutually perpendicular and vector @ forms an angle of — with them.

Itisknownthatsie o, ®@ p, &8 ¢8Calculate
1) ¢ 03 0R C®;
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2) @ oOCD B

3 ® @ @ ;

4) cd 08 @ .
2.2.3.Given unit vectors that satisfy the condition® @& @ 1t Calculate ®3® 33D @30
2.2.4 What condition must vectors éand ®satisfy for the vector @ ®to be perpendicular to the
vector @ @
2.2.5.Vectors @ @ and @ pairwise form angles, each of which is ¢ 1T JKnowing that
sis ch @ phss o,findthe magnitude ofthevectory ® & ‘B
2.2.6.Given the lengths of vectors: S8 ¢, @  o&etermine for which| thevectors| & @&
and| @ @are perpendicular to each other.
2.2.7.Givenvectors® ® @ and 6 ® @& which coincide with the sides of triangle 6 6 &Find

the decomposition in the basis ¢h of the vector applied to vertex & of this triangle and

coinciding with its altitude 6 ‘O

2.2.8.Vectors @ and Aformanangles - Itisknownthatsis Woh @ ¢. Calculate the

angle between the vectorsip ¢® @ and B Cc®d @
2.29.Givenvectors ® ¢p P CQand @ @p ¢p 0@ Calculate:
1) &
2) @8
3) &T
4) & A ;
5) @ @ ;
6) Cd 0B 0D B ;
7) ® CRIOTd B.
2.2.10.Pointsd pItN o,0 ¢cN plt , 0 ol plp are known. Calculate:
1) ¢c0B 608 0OcO0® 08;
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2) ﬁ;

3) ﬁ;

4) 08D0® DB

5) 0800 B .
2.2.11. The vertices of a quadrilateral are given as 0 pN ¢l , 6 pFNT, 0 TIPp,
O uvN vulp 8Prove that its diagonals 6 6and 6 ‘Care perpendicular to each other.
2.2.12.Determine for which| thevectors® | ® ¢p v® and @ TP 0P | @ are
mutually perpendicular.
2.2.13.Calculate the angle between the vectors @ @ off, and @ ¢Ipn ¢ .
2.2.14 Given the vertices of atriangle® pN ¢t , 6 1N ¢It, 6 o] ¢Ip . Determine its
internal angle at vertex 0.
2.2.15.Given the vertices of a triangle © olplif , 6 TP , 6 TPl 8Determine its exterior

angle at vertex 0.

2.2.16.What angle is formed by the unit vectors fp and ® if the vectors @ 1 ¢ and

~

@ v T#are perpendicular to each other?

2.2.17. Find the lengths of the diagonals of a parallelogram constructed on the vectors
@ up c @ rfp ol if I8 cWchess o, and the angle between i and # is —.
2.2.18.Vector @ is collinear with vector @  @nN Y xf and forms an acute angle with the
Z- axis. Knowing that s v Trfind its coordinates.

2.2.19.Find the vector @ that is collinear with the vector @ ¢Ipl ¢ and satisfies the
condition@J® p Y

2.2.20.Vector @ is perpendiculartothevectors@® op ¢p C@ & p@® ¢ ® UL and
forms an obtuse angle with the Y- axis. Find its coordinates, given that S8 p T

2.2.21.Find the vector @& knowing that it is perpendicular to the vectors @ ol plft and
&) ¢Ipp and satisfies the condition®Op ¢p 0@ ¢ 1
2.2.22Givenvectors @ op P uv®@and @ » cp OQFind the vector @if it is known

that it is perpendicular to the Z - axis and satisfies the conditions @B « ®23 T .
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2.2.23.Given vectors Bektop @ B B CO B P B CA ® 1P P T Findthe
vector @ that satisfies the conditions @Ji p,®A T, ®@>P 8

2.2.24 Calculate the projection of thevector @ @p uvb ¢ @onto the axis of the vector
® oo LD CO

2.2.25.Given points 0 pN ¢l , 60 ¢Ipnt, 0 xIprr , O vl ofp . Calculate the projection
of vector & Bonto vector 6 @ 0 OO 8

2.2.26.Givenvectors® o0p P CO B Up UP OO @ TP CP T@ Calculate
the projection 0 Q &® @8

2.2.27.Given vectors ® ¢IpNc, & oNp§p, @ Tp o Calculate the
projection 0 Q , @

2.2.28.Givenvectors ® 0P P U® B XP CP @ @ D Cp (O Calculate the
projection 0 Q o® T3.

2.2.29.Calculate the projection of the vector o® ¢ onto the vector @ if s ph @ o,
and the angle between & and @ is —.

2.2.30.Find the projection of the vector i ¢ ol v onto an axis that forms angles with
the coordinate axes X, Z of | T u,J @ 1 &nd with the Y- axis an acute anglef .

2.2.31.Calculate the work done by the force "® TIPpMu , when its point of application moves
from the start to the end of the vector & ¢ pNo .

2.2.32.Calculate the work done by the force ® ol pll 1 , when its point of application,
moving in a straight line, moves from position 6 ¢l to positiond prkN o .

2.2.33. At a point, forces 0P o tN¢, ® c¢Nofl 1, ® plpn t are applied.
Calculate the work done by the resultant of these forces when the point of application, moving in

a straight line, is displaced from position © ¢I'pN x to positiond xIkN o .
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Vector product

The vector(cross)productof two vectors @and ®is called the vector & which is defined

as follows
R S S S N
® & @ W w0 Pn g Py g Qs o 8
W W w
Properties Application
1. ®U @and ®U & 1. Checking the collinearity of two vectors
2.9 @ @ st TOB], s ® B

where « is the angle between the 2. Calculation of the area of a parallelogram

vectors é&and é constructed on vectors @and &

30 @ B @ Y oo @
4.6 8 & 6 0 0 & 3. Calculation of the area of a triangle constructed

5% & Qb B, 0 A on vectors @and &

o , L Y - @ 3.
6.® B3 TE Tl @ T

{ e
7.® @ TU

2.2.34.Find the magnitude of the vector product of vectors @ and @ if
1) @is ch ®@ o, theangle between @and @ is —;
2) @i chad v ®@IB o
2235Givengis UL, @ Y ® B o ¢Calculate ®IB
2.2.36.Vectors @ and @ are mutually perpendicularand S8 o, & v. Calculate
1) @ @ @ & ;
2) @ ® o» & .
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2.2.37Vectors @and @formanangle » — anditisknownthatSi® ¢, & o. Calculate:

2) ® B3 od B3 ;
3) ® o® oD B
2.2.38.What condition must vectors @ and @ satisfy so that the vectors @ @ and @ @ are
collinear?
2.2.39.Vectors @ @ and 'p satisfy the condition @ & ‘o ® Prove that
O 3 @ ® ® @
2240 Given vectors @ cp P 0@ B b TP ¢ Find the coordinates of the vector

products:

3) ® @ @® CAR.
2.2.41.Given points 0 plkN o, 06 c¢ciN p, 0 o plp . Find the coordinates of the
vector products:

1) 08 089

2) 0% 0B 089

3) 0% o0® 08
2.2.42.Given points 0 pIMt,6 ofi] o, 0 vl Mp 8Calculate the area of triangle 6 6 @nd
the length of the altitude dropped from vertex 0 to side 0 @
2.2.43 Calculate the area of the parallelogram constructed on vectors @ ¢ whered® cip b,

@ o ulm g8 ch$ls o, and the angle between i and | is —.
2.2.44.Given the vertices of a triangle 0 plN pIt , 6 v @ , 0 pIPph p . Calculate the

length of the altitude drawn from vertex 6 to side 0 @
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2.2.45. Calculate the height of the parallelogram constructed on the vectors @ ¢p 0'©)
@ p p CO

2.2.46.Check whether the vectors® ¢p @p WO @ @b XP @& can be edges of a
cube. If they can, then find the third edge.

2.2.47. Calculate the sine of the angle formed by vectors

@ D P CO 3 ¢op op CO
2.2.48 Vector @is perpendicular to vector @ TN ¢N o andvector @ 1 plp and forms
an obtuse angle with the Y-axis. Find its coordinates, given that s ¢ @
2.2.49.Find the vector @if it is perpendicular to the Z-axis and to the vector @ (N p 0p
and @8 UL @The angle between the vector eand the X-axis is acute.
2.2.50.Find the vector @ that is perpendicular to the vector @ c¢h ofp and to the vector
@ ph ¢l and satisfies the condition®0p ¢p X@ p
2.2.51.The force ® ¢MNu isapplied to point & pIplY, . Determine the moment of this
force relative to the origin of coordinates.

2.2.52.The force ® plpNu is applied at point 0 of¥ N ¢ . Determine the moment of this
force relative to point 6 ¢Iplp .

2.2.53.The force ® ¢l Nw is applied at point 6 TN o . Determine the magnitude and

directional cosines of the moment of this force relative to point 6 ¢IFNt.

2.2.54 Atpointé pIphn ¢ ,forcesOP c¢cNol p, ® pltN v,P® QpNT  are
applied. Determine the magnitude and directional cosines of the moment of the resultant of these

forces relative topointd6  thIYIp .

2.2.55.Determine the magnitude of the moment of force "®applied at point 0 with respect to
point0,if 0B i ™® vip WP CBPH oW WS T, WS p, and the angle between mp
and i is -.
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Mixed product

The mixedprodud (scalar triple produc} of three vectors @ ®and @is the number defined

by the formula

b ol O d  Btd © O O3
Properties Application
1. afD i e 1. Checking the coplanarity of three vectors @ ¢
G  ap O and @
2. @ T EA @D g
EA mEA n 2. Calculation of the volume of a parallelepiped

or the vectors & Sand dare constructed on vectors @ 3and @

~ o~

coplanar (lie in the same plane). W
3. Calculation of the volume of a triangular pyramid

constructed on vectors @ Gdand @

~ o~

G - b,

2.2.56.Determine whether the triple of vectors @ @, @is right-handed or left-handed, if:

e 923 p® B

2)®d A V@ §

) A @ O

H)d p A P A §

5@ »p A P @ O
2.2.57 Vector ‘b is perpendicular to vectors @ and & The angle between vectors @ and @ is
— ltisknownthatsie Vo, @ ¢ B O. Find i

2.2.58Vectors @ &, @ form a right-handed triple and are mutually perpendicular. It is known

thatss ¢, @ o, WB 1. Find &3
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2.2.59.Prove that @3 S @A s In which case is the equality sign here?

~

2.2.60.Prove that the vectors @ & @ which satisfy the condition® & @ ® ® ® ®
are coplanar.

2.2.61.Given vectors @ opNt , @ cNpfo,® ppN c.Calculate i
2.2.62.Check if the vectors @ @3, @ are coplanar if :

Dé tmNpenp,d cpN p,® pNchp;

2)® ppN p, @ pNchNo, @ o phg;

3) @ offtNg, @ cNpNo, ® Wphx;

Hd pNo, @ ofNe,. ® ¢PNp 8
2.2.63.Check thatthe points0 pN ¢l , 6 pliNt, 0 TIMPMP, O vl vlp lieinthe same
plane.
2.2.64. Find the volume of a tetrahedron whose vertices are located at the points
0cNpng.6 ppNc,o0pnpi,Ocnip 38
2.2.65.Given the vertices of a tetrahedron 0 ¢Iplp , 6 tIpN ¢, 6 ePplk , O vn TNY.
Find the length of its height dropped from vertex O8
2.2.66. Find the volume of the tetrahedron and the length of its height dropped from vertex 0, if
0 ¢MpN p, 0 oMUy , 0 ¢N ¢Ip, O pN ot 8

Answers
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Chapd3Agmal geometry

Top3d3.chhe equations of a. strai

The equation of a straight line which is perpendicular to the given 4y
vector ® 65 and passes through the given point 0 & fo \\M(x,y)/ﬁz (4B}
Oow w 0w T8 \{axo,yf)
The general form of theequation of the straight line g
Owowo T8
The normal equation of a straight line I
AieGy OBl f w b
We can get this form from the general form by multiplying on Ao —
‘ ﬁ, ‘0 T8 Ay
The interceptform of the equation of a straight line \b g%z 1.
&) &) P8 \ s
W W a~x

Canonical equationof a straight line or the equation of a straight

line which is parallel to the vector @  ¢hdt  and passes through the point 4y

D W FIb \ V&\Z{l,m}
® ® 0 e Yo N
ol a

Xo >x
Parametric equation of a straight line
» w af
W w aad
The two point form of the equation of a straight line Ay
Let the straight line is determined by two points 0 @ho and N MGy
v @ hl) . . , , %(xldﬁ)
SR ~
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The slope interceptform of the equation of a straight line Ay

® Qo Q Ny

~ A s A~ b y=kx+b
Where 'Q O A lis the slope of the straight line, | is the angle between N

positive direction of X-axis and the straight line, @is intercept of the

straight line and the Y-axis.
The equationof the straightline with givenslope™Q which passes
through a point 0 @ fw
W 0w Qo o 8
The distance from the poinh ¢ fo to the straight lined & 6 @ 6 T

, ow o6w O
Q

m 6
The angle of intersection of two straight lines in a plane

If we have equations of two straight lines in canonical form

: 7 Al A= —38
ol a a ol
<. . @t ata a ta
AlTO 8

wWstWS g 4 t a a
If we have equations of two straight lines in general form

Ow 0w O mand o w O w O TT

o .0 o vn v v
~ . . 0 f0 6 to 6 to
AlITO w9 ——— ——8
6 t0 65 o6t b6 6

Two lines are perpendicularifdo t0 6 t6 1
Two lines are parallelif — — —8

If we have straight lines in slope-intercept form

®W Qo © and O QO O

Two lines are perpendicularif 'Qt°Q p.
Two lines are parallelif 'Q Q.
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3.1.1. Determine which points 0 ofp, 0 ¢[p, 0 @p, 0 oo, O op,
0  ¢Ip areonthestraightline¢w ow o 1and which are not.
3.1.2.Find the point of intersection of two straight linesocw Tw ¢ W MW VW P W TL
3.1.3.Sides of the triangle are on the straight lines
W VW X T, oW CWw T T X W pw I

Calculate its area.
3.1.4.The points 0 ¢Ip,0 vlp,0 ol T are the middle of triangle’s sides. Write the
equations of the sides of this triangle.
3.1.5.Write the equations of sides and medians of the triangle with vertices in points 0 ol ,

6unNg, 6pnr.

3.1.6.We have a straight line v ¢w T 1T Find the slope "Qof the straight line which is:

1) parallel to the given line;

2) perpendicular to the given line.
3.1.7.We have a straight line cw ow p 1T Write the equation of the straight line which
passes through the point 0 ofp and is

1) parallel to the given line;

2) perpendicular to the given line.
3.1.8.Calculate the slopes "Qof two straight lines every of which is determined by two given
points:

1) 0 ¢cNx AT A op;

2) 0 onuv AT A onrt.
3.1.9.We have the equations of two sides of the rectanglecco ow L T, OW CW X T
and one of its vertices is 0 ¢l o . Write the equations of the rest sides of this rectangle.
3.1.10.We have the equations of two sides of the rectangle @ cw T @ cw p v Tand
the equation of its diagonal xw ® p v 71T Find its vertices.
3.1.11 Find the projection of the point P @ on the straightlinet®w vw o T
3.1.12.Find the point O, symmetrical to the point P uIp o according to the straight line

Cw 0w O TU
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3.1.13Findthe point U , symmetrical to the pointd i w according to the straight line which
goes through two points© ol T and6 pN ¢ .
3.1.14.We have the vertices of the triangle 0 ¢Ip , 6 plN p ,0 off . Write the equations of
its heights.
3.1.15.We have the vertices of the triangle 0 pN p, 6 ¢Ip, 6 olp . Write the equation of
the perpendicular from the top 0 on the median of this triangle from the top 6.
3.1.16.We have the vertices of the triangle 6 ¢N ¢, 6 ol v, 6 vlx . Write the equation of
the perpendicular from the top & on the bisector of this triangle from the top 0.
3.1.17.We have the equations of two sides of the rectangle vw cw X T
LW Ccw o @ Tand the equation of its diagonal cw xw p 1 TU Write the equations of
the rest sides and another diagonal of this rectangle.
3.1.18 Write the equations of the sides of triangle if one of itstopis& 1IN v and the equations
of two its heightsare vw ow T T ocw Yw p o 0.
3.1.19.Write the equation of the straight line which passes through the point O ofp on the same
distance from the points 6 I and 6 p ) p L.
3.1.20.Find the projection of the point 0 (P ¢ on the straight line which passes through the
points 0 ¢N o andD  ulp.
3.1.21.0n the X-axis find the point 0, such that the sum of the distances from it to the points
O plt and U off would be the smallest.
3.1.22.Find the angle between straight lines:

1) o vw p TLCW oW X T

2) Ow W L LW oW p T

3) cw VMow o T o0 NCw W Mow 1 T

4) om W U TLCWw w X T

5) Wow Wcw p T Ve 0w ¢ Tt
3.1.23.Determine which pair of straight lines are perpendicular:

1) vw W 0 T W LW T T

2) CO TW p TIW CW U T
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3) LW CO p TMTOW O pX T8
3.1.24 Determine for which value of parameter cthe straight line
W CWw ® WWw 0w Y v T
1) s parallel to X-axis
2) is parallel to Y-axis;
3) goes through the origin O.
3.1.25.Determine for which value of parameters & and & the straight lines
MO CW p T O TO GO T
1) have one common point;
2) are parallel;
3) coincide.
3.1.26.Determine if the straight lines intercept in one point:
1) ¢Cw ow p TMITW LW U TLOoW W ¢ T
2) Ow W 0 TMLw 0w X T,L W CwW T T
3.1.27.Transform the equations of the straight lines into intercept form and construct them:
1) ow Tw pCg T 2) T LW p T
3.1.28.Write the equation of a straight line which goes through the point & Wp and cuts off a
triangle with an area of 12 sg. units from the coordinate angle.
3.1.29.Determine which straight line is in normal form:
1) ¢co w p T
2) -0 -w o T
3 -0 -0 p T
4) —0 —w0 T T
5 o Y T
6) w o T8
3.1.30.Transform the equation of a straight line into normal form in each of the following cases
and construct them:

1) ow TW pC T
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2) -0 -0 PTG

3 w ¢ T

4) ¢cw ® WM T
3.1.31.Find the deviation and the distance from the point to the straight line in each of the
following cases:

1) o¢Np,T® OW p T T

2) 0mMo,vw pQ ¢O T

3) 0 ¢p,o0 TW ¢ T
3.1.32.Determine if the point 0 pl ¢ and the origin on one or different sides of each of the
following lines:

1) ¢co w v T

2) 0w Cw ¢ T

3) vw w T ™

4) © w ¢ T

5 pw ¢ pm T
3.1.33.The top of the square is in the point 0 LI , one of its side lieson the line
Ccw w P T Find the area of this square.
3.1.34.We have the equations of two sides of rectangle o0 Ccw L T CW oW X T
and one of itstop 0  ¢Ip . Find the area of this rectangle.
3.1.35.Prove the straight line cco «w o©  Trintersects the line segment connecting the points
0O ulp ando6 ol .
3.1.36 Prove the straight lineccw ow @ T1tdoesn’t intersect the line segment connecting the
points0 ¢ o and'O pN ¢ .
3.1.37.The points & ofp hé pN t hd xN p and O ¢ — consecutive vertices of a
quadrilateral. Determine whether the given quadrilateral is convex.
3.1.38.The points 6 plp, 6 pM o, 0 Tp mand O It — consecutive vertices of a

quadrilateral. Determine whether the given quadrilateral is convex..
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3.1.39.Thepoints0 p M p o, 6 ¢lp andO ¢Ip are the vertices of a triangle. Calculate
the length of the perpendicular dropped from the top B to the median drawn from the top 6.
3.1.40.Find the area of the square, two sides of which lie on the straight lines
VW P CO T VO P GU T

3.1.41.Write equations of the straight lines which are parallel to the linet®w ow Y Tand
are at the distance Q o from it.
3.1.42.Write the equations of the bisectors of the angles, constructed by straight lines:

1) ® ow v Thow W ¢ T

2) o TW p Thuw P ¢ T
3.1.43.Find the distance between parallel lines:

1) ¢ Y pp mMhow TO pY T

2) VW P GO MU PQ PO T

3) Tw ow pPpUL TMYw @O ¢ UL TL
3.1.44 Write the equation of the straight line belonging to a bundle of lines

| W ¢w LV [ ow Ccw p T and

1) goes through the point 6 ol p ;

2) goes through the origin;

3) is parallel to the X-axis;

4) is parallel to the Y-axis;

5) isparalleltotheline T@®@ ow v T

6) is perpendicular tothe lineqw ow X TU

3.1.45.Write the equation of the line, which goes through the point of intersection of the straight
linescw w ¢ T W vw ¢ o T and bisects a segment bounded by points 0 vl @
Ta pN Tt . Solve the problem without calculating the coordinates of the point of intersection
of the lines.

3.1.46.We have the equations of sides of the triangle w ¢w p ML TW P X TLW

Tw p p T Write the equations of the heights of this triangle, without calculating the
coordinates of its tops.

Answers.
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Top3d.cR.straight | i ndel naenndt iao np | sap
Plane
The equation of a plane which is perpendicular to the T_’
o N ={A,B,C}
vector (® oOhOhd and is pass through the point

0 & hoh I:I

Ow ®w O6w w 04 a T8

*My(x0, Yo, Zo)

The general form of the equation of a plane

8O B6H6A 0 T8 ’

Intercept form of the equation of a plane
RS C:X b Yy
-~ = = p8 a
O 0w w
Three-point form of the equationof a plane
0 ohohx ,0 ohohx ,0 who
ULt UL UL ® G @ o
070 tO70 t00 W w W a a T8
() W W a aq
The angle between two planes

The angle[ betweenplanes0 @ 0w 0a O mando w 60w 04 O ™

o .0 . . I
o 0 to oto O6td 0Oto
AlITO o— = - — = - — 8
0O tO 0 0 Ot o o] 0

Two planes are perpendicularif 6 to 6 t6 06 t6 T

Two planes are parallel if — — — —8

The distance from the point to the plane
The distancefrom the point0 whohx totheplaned @ 6 @ 6 & O ™
, ow O6w 04 ©O
€ ————8
Mo o o
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Straight line in the space

Symmetric(standard) form of the equation of a straigt
line in spaceor the equation of a straight line which passes i=(Lmn)
through the given point 0 @ hd hx  and is parallel to the given \
vector @ o Fi:‘ \Q

: : < g
a a €

Parametric form of the equation of a straight line in spa

o 6 afo
® O GH o 0 w8
¢ & &b

The equation of a straight line which passédsough two ~_ M,(x,,v,,7,)
points) @hohy and0 o ho h
W W W W a a M, (%1, ¥1,71)

\‘I!’ll’8
O O 0w 0w a a

The angle between two straight lines in space

The angle[ between lines and
Q, .Q, v o v Lo
v . Wt ata & ta € te
AlTO o— ——————38
W W a a Et a a €

Two lines areperpendicularif a ta & ta €& te T
Two lines areparallel if — — —8

The angle between the straight line and the plane

The angle between the straight line andtheplaneo @ 6 W 0 O T
9 .q, C o mova mopa
L.~ ULt ota ota Ote
OBl -3 = 7 — v X ? —8
0 tw O 6 ot a a ¢
The straight line and the plane are perpendiculanf - — -8

The straight line and the plane are parallel if 0ta o6ta 0O6té T
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3.2.1.Write the equation of a plane which passes through the point 0 vItIT perpendicularly to

thevector® ¢p obp @@
3.2.2.The point 0 ol pIY; is the base of the perpendicular dropped from the origin onto the
plane. Write the equation of this plane.

3.2.3.Write the equation of the plane which passes through the point 0 of¥N v parallel to two

vectors® ofpnN p and® pN ¢ip .
3.2.4. Write the equation of the plane which passes through the points 0 ¢ plp and

O ofplg parallel to the vector@ ol pIf .
3.2.5.Write the equation of the plane which passes through the points 0 ¢l , 6 TP o,
O Wt Xip T.
3.2.6.Write the equation of the plane which passes through the points 0 ¢Ipl¥ , 60 TRAP @
perpendicularly to the planevw xw wx p v T8
3.2.7.Write the equation of the plane which passes through the origin and is parallel to the plane
LW O0W COd O TU
3.2.8.Write the equation of the plane which passes through the point © v TP and is parallel
tothe planecow o w T8
3.2.9.Write the equation of the plane which passes through the origin and is perpendicular to the
planes vw CwW @d o Tand oW TW LA X TU
3.2.10. Write the equation of the plane which passes through the point 6 ¢ pp and is
perpendicular tothe plane cw & p mand w TU
3.2.11 Determine which pair of planes are parallel and which ones are perpendicular

1) ¢w 0w va X T TW GO PU O T

2) O W ¢ L T W W oy ¢ T

3) Cw VW a T W CO O T

4) o® @ ¢ MO Cx O T

5 0w oW a U MW W G Y T
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3.2.12 For which value of parameters dand & the following pairs of equations will define
parallel planes:
1) ¢w GWwod UV T AW e @ ¢ T
2) o0 W aadw TMCw aGw ¢ o TI.
3.2.13.For which value of athe following pairs of equations will define perpendicular planes:
1) ow vVw GO0 T ®W oW ¢ UL T
2) VW W o 0O T CWw aGwoa p TL
3.2.14.Find the point of intersection of three planes:
TW VW CO ¢TI T, Lw Y ¢ T, TW W W U T
3.2.15.Find the acute angle between the planes:
1) T W Ta W T GO W p@ L T
2) o Ncw & p M o Nw & o T
3) ow a4 T CWw a T
3.2.16.Prove that the three planes
WG ¢ X M ® g ¢ Mw 0w ¢ pp T
have one common point. Find its coordinate.
3.2.17 Prove that the three planes X T Xd p TMCW W G ¢ MW (W Od
p  Ttpass through one straight line.
3.2.18.Prove that the three planes
CW W o0 U TMOoOWw W Ca p T, TW oW G ¢ T8
intersect by three different parallel lines.
3.2.19.Write the equation of the plane which goes through
1) thepoint0 ¢N ofp parallel to the coordinate plane O @
2) thepoint 0 pN ¢l parallel to the coordinate plane U & o
3) X-axisandapointd TN pIYy; ;
4) Z-axisandapointd ol tl¥ ;
5) pointsd xIkN o and o vNpn 1T parallel to the X-axis;
6) pointsO ¢N plp and 0 ofplg parallel to Y-axis.
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3.2.20.Write equations of planes into intercept form; construct them and find the points where
they intersect the coordinate axes:

1) o @ LA T T

2) Cw oW La @ TT
3.2.21 Find the area of pyramid constructed by coordinate planes and the plane ¢ ow @&
pc T
3.2.22.Write equations of planes into intercept form:

) cw ¢cwo a py T

2) T e pQ pp T

3) Lw PpQ GO TT

4) W LU T
3.2.23.Find the deviation] and the distance ‘Qof the point from the plane:

) 0 ¢Ntp,.qw w ¢ o T

2) O cNpPNp.P® p® pa T T

3) 0 plENo,V® oW a T T

4) 0 ogx, Tw oca p T
3.2.24 Find the distance of the point© o] Tp fromthe planeocw cw @4 p p T8
3.2.25.Find the distance ‘Qof the point 0 pIpN ¢ from the plane, which goes through the
points

O pNpp.0 PP ib TN UNC 8
3.2.26.Find the distance between two parallel planes
o X @ Y Yp mand wb X @ Y Qv T8

3.2.27.Find out whether the point 0 ¢ pp and the origin lie on the same side or on different
sides with respect to each of the following planes:

1) vw ow a pyY T

2) w uvw pQ p T

3) ¢ ow e ¢ T

4 ¢ w g pp T
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3.2.28 Prove thattheplaneow Tw ¢a v T intersects the ssgment bounded by the points

0 oNglp andd ¢Iy; .
3.2.29.Prove thatthe planev®w ¢w & p 7T doesn’t intersect the segment bounded by the
points® plfN o and 6 ¢pnrT.
3.2.30. Two faces of a cube lie on planes cw Cw ¢ p T CW CO CA UL TL
Calculate the volume of this cube.
3.2.31.Write the equation of the locus of points whose deviations from the plane @w ow
¢ p 1 Trare equal to (— 3).
3.2.32.In each of the following cases, write the equations of the planes that bisect the angles
formed by the two planes:
1) w 0w ¢ LV Tow CW O O T
2) CwW W LVd 0O TMGCwW P TA ¢ T
3.2.33.1n each of the following cases, write the equation of the locus of points with the same
distance from two parallel planes:
1) T W ¢ 0 TLTWw W Cd U T
2) VW oW @ 0 TP O Gd X T
3.234.Find the points of intersection of the straight line
CO W ’¢( o T
W W a p T
with coordinate planes.
3.2.35. Determine for which value of parameter ‘O the straight line
C(‘f) 0({) ¢(’ O n
ow Cw Cca ¢ T
intersect 1) X-axis; 2) Y-axis; 3) Z-axis.
3.2.36. Write the equation of the plane passes through the line of intersection of the planes
ow oo Cd w T
W a o T
1) andthepointd th ¢ o; 3) parallel to Y-axis;

2) parallel to X-axis; 4) parallel to Z-axis.
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3.237. Write the equation of the plane passes through the line of intersection of the planes
@ & o v
W W o ¢ T
parallel to the vectorid ¢p » C@
3.2.38. Write the equation of the plane passes through the line of intersection of the planes
LW W Ca T T
ow CW Ly ¢ T
perpendiculartotheplane®w p @ X& pp T
3.2.39. Write the equation of the plane passes through the line of intersection of the planes
CO W 0( p T
W w ca p T
parallel to the segment bounded by the points 0 ¢I'pN o and 6 ol ¢If, .
3.240. Write the equation of a straight line which goes through the point 6 ol pri

1) parallel to the straight line ;

2) parallel to X-axis;

3) parallel to Y-axis;

4) parallel to Z-axis.
3.241. Write the equation of a straight line which goes through the points 0 p &§JdT and
0 trpn p .
3.242. Write the parametric form of the equation of a straight line which goes through the points
O of]l plt and0 ¢IpIp .
3.243. A line is drawn through the points 0 @ v and 6 p € @p . Find the intersection

points of this line with the coordinate planes.

3.244. Write in general form the equation of the straight line 8
3.245. Write the parametric form of the equation of a straight line which goes through the point

O (N off paralleltothevectorib up @b X@
3.246. Write in symmetric form the equation of the straight line which goes through the point
ow W ¢ X T

0 ¢Ipl v parallel to the line O oh cd o T
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3.247.Write in symmetric form the equations of lines written in general form:

1 Cw TwWw o0 @ T
T W oa ¢ T’
2) W W o0 T T
ow CWw Lad T T
3.248.Prove the straight lines are parallel:
: ®w W a T
D — — -1 46 vad g v
2) ® ¢0 v, O chda o x i

3.249.Prove the straight lines are perpendicular:
o W LVd p T

1) - — - and CO ow W o T
W W oo p T CW W Ca v T
2w o wcn M aocwa g om

3.250.Prove the straight lines in parametric form®w ¢0 o0, @ 00
W 0 U, W TO P,a O Tintersect.

3.251. Investigate the relative position of lines

W L0 O W P w
W X0 ¢ and W @ O
Q 10 U a o0 X
3.252. Find the angle between straight lines:
1) and ;
2) — — —= and —
n n
W 00 C W ¢O p
3 w T and W T 8
Q 0O o G 0 O

3.253. Find the point of intersection of the straight line and the plane:

) — — -, Gw ow & p T
2) , W CW Qg pu T
3) , @ CW ¢ @ T
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3.254. Write the equation of the straight line which goes through the point 0 ¢ olp
perpendicular to the planeo®w ¢w vad ¢ T

3.255. Write the equation of the plane which goes through the point 0 pnN pN p

perpendicular to the line

3.256. Write the equation of the plane which goes through the point 0 ol pIT perpendicular
. Cw a p T

to the line O O 4 o T
ow W A O

3.257. For which value of the parameter wthe straight line o o0 Td p is parallel

totheplane ¢w W ®Wa ¢ T

3.258. For which value of & the straight line is parallel to the plane

W oW @ex X T

W L0 O
3.259.Find the projection of the point 0 ¢l plp on the straightline © X0 p 1
a 10 U

3.260.Find the projection of the point 0 vItN p ontheplane¢cw @ o ¢ o T8
3.261. Find the coordinates of the point O, which is symmetric to the point O tIprp with

respect to the line
W 0 TQ, PpC T
CWw W ¢ O T
3.262. Find the coordinates of the point O, which is symmetric to the point 0 ¢l vl with
respect to the line passing through the points 0 uvlMp and 0 cNpPp X V.
3.263. Find the coordinates of the point 0, which is symmetric to the point O pIpi T  with

respecttothe planeocw w ¢& T

3.264. Calculate the distance from the point 0 pN pN ¢ to the line 8

3.265. Calculate the distance from the point 0 ¢I'pn p to the line
CW CWw G O T
ow CW G px T

3.266. Write the equation of the plane which goes through the point0 pItN o parallel to the

straight lines and
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W 00 X
3.267.Prove the straight lines , W ¢O0 ¢ liein the same plane and write
@ 00 p

the equation of this plane.

3.268. Write the equation of the plane which goes through two parallel lines

and

3.269. Find the projection of the point O of] TN ¢ on the plane which goes through parallel

lines

and

3.270. Write the symmetric equation of the straight line which goes through the point

O ofgnNt parallel to the plane ow ¢w oa X T and intersect the line

3.2.71. Calculate the shortest distance between two straight lines in each of the following cases:

1) and ;
W e
2) and C :
a 0 ¢
Answers
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Chap4a4 Emeory of Li mi

Topd.chhe Limit of a Numer.i

The numericalsequencas a set of numbers enumerated by natural index in ascending
order of values of the index. The sequence usually has the rule (formula) for the nth term
(common term) which is a way to evaluate each term G h& N N .

The sequence & h& N M is convergento the number a if for every arbitrary small -

Tt there exists a natural number O such that forall€ 0
In this case, the number ¢ is called the limit of the numerical sequence % h&é ~ M and is
denoted by
I Ed @
Thus
ioE(I) Qskmo V- TMONMIE O DI s -8
If the sequence has a finite limit (cis a real number), then it is convergent(the sequence

converges to a), otherwise the sequence is divergent(the sequence diverges).

Theorem.

Let io Edb ra io Ed & then
HiénQhl Edd 066

I EL ® 1 ED T EbdD & @

3) I EH D 1 ED O ED &b

4) 1_E+ =2 — foro T

(0]

Theorem. (Convergence Principle

If the sequence &, € ¥ M is bounded and monotone, then moN Q4,1 Ed @
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Indeterminate Forms

Ho
— — Ho Ho
_r[) I_b) T[Q-I:)ﬂ I-b7 p b T[ b 8
Number gy
Thesequence p - , €N M has finite limit

o) ! .
LElp ¢ Q cxpycuwpdhcyr

4.1.1. Write down the first five terms of the sequence given by its common term.

1) —h¢ 1; 2) X he 1;

3) AT& c¢“ht m; 4) he Tm;

5) & p h& m; 6) p - ht .
4.12. Write down the common term of the sequence..

1) phchuhp fip K¢ 8 ; 2) ph-h -h-h —I8;

3) -h-h-h—h—18 ; 4) th-h-h—h—F8;

5 -h -h-h -h—1I8 ; 6) —Qﬁ—oﬁ—oﬁ—oﬁ—oﬁﬂ.
4.1.3. Find io Ed  and determine the number 0 -  Ttsuchthat o %
€ 0 - if

1) @ —he¢ Tm;

2) & he Tm;

3) @ ¢ —h& .

In each example, find 0 - for- Tipand- Tt p
4.1.4. Prove by definition.

1) I Ed— ¢
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2) I Ed—
3) I E— n

4.15. Find the limits.

1) 1 E+4—; 2) 1 E4+—;

3) I, E+ ; 4) 1 Ed——;

5) I E+———; 6) I E+——;
7)1 Ed—r; 8) I E———;
9) 1 E——; 10) 1| EH——;
11) 1 Eb——; 12) 1 E+

4.1.6. Find the limits.

1) 1 E4 ; 2) 1 Ed
3) I E4 ; 21 E4
5) | EA ; 6) i E
7)1 Ed ; O —
9) | E+ ; 10) | EA
1) | EA ; 12) 1 EA

4.17. Find the limits.

1) 1 Ef—ry 2) 1 E+——
51 E44A 1 6)1 B — 1
o n n o 7 7
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s
9) 1, E4
4.1.8. Find the limits.
N
1) Io E_l—AA
3) | E4—A A
o A OA

A AE

s 2 A
) LB ——F 7 7E &
4.1.9. Find the limits.

1) 1 Ed—;

3) 1 EdF—rys

5) 1, E—i

7)1 Ed—;

9) 1, EF—2—
4.1.10. Find the limits.

1) 1 EH———;

mh

41 E——

4.1.11 Find the limits.
1)I ENE p we;

3) | EVe o Ik

o

8) I_ E—im—;

> >
T

2) 1 B2t

>
>

41, EfF——

>

>
>..

J

6) 1 E

2) 1 E4—
1 Ed—
6) | E4—;

8) 1 E+—;

2)1_EWoE ¢ W

i 42—
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5 1 EVE T E¢; 6)1 EE

NI Bl §FE ¢ W o; 8) 1_E4

4.1.12. Find the limits.

DL E— | 21, EF—
) I EI— 4 Ei—
5) 1, EF— 6) 1, E —
N E— 8) I, & —

91 EVe ¢t ¢ ¢
4.1.13 Find the limits.

1) 1 B4

2) 1 E—m;

3) I EATEO — ;

Hl El~= — — E ;
o-'"0 o o o

5) | Ed—:
o n
6) 1 Ed——.

Answers.
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Topd .cRhe Limit of a Funct

The Limit of a Function

The limit of the function"Q® as xtendsto c,is®" 'Y | EQ® & if forevery -

T, no matter how small, it exists]  Ttsuchthat | & Ghs &S 1 we have inequality
SQw s -.
Saying informally, the limit of function "Qc at the point 0 1 E'Rc s the value of @

that the function approaches as its argument approaches w .

In the simplest cases, calculating the limit is reduced to substituting the limit value of the
argument into the function. However sometimes, substituting the limit value of the argument

leads to indeterminate forms

Tt H

ﬁa I__ba T[:]h Ho I-h p ., TL, H 8

Every indeterminate form has its own special method for computing. Most of these
methods are based on transformation of mathematical expressions, the most important limits or
application of equivalent infinitesimals.

One-Sided Limits
The one-sided limit considers the values of function "Qw when x approaches to @ from
either the right or the left side.

The right side limitof the function "Q as x tends to @ from the right side is N 5

N

JERG &
if
- omm ) o o,o8 ofd | dsQe  ¢s -8
The left side limitof the function "Qw as x tends to w from the left side, is N 4
J ElQo &
if

b- mmm o ®,o8 o 7ho dsQe s -8
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tow.

Theorem.
Let io EDon  dand io EDo & Then
DI6vQhl Ed " 6@

21 Efoe Qo | Ebo | EDo o &

3 I EfQw 00w 1 EDo J EDe &

2 1 Ed - ifi EDo m

Important Limits

. _OR]
| E— p8
o w
. _OAQD AOADET . AOADAI
| E+— p, Ef—— p, | EH——
0 W 0 W 0 ()]

Eie o | A I =8 S | B .08
FAEs P L FEAg P LB eERmet ' Fioxo AR

Yl p 3 Z. 7 r 1) >
LEIp = I JEp w0 Q cxpycypdhg gt
. .Q . LW . . I W
== AL = SN I | IE—Ip— P,
o w o w
o @
P @ P ogs
o w

Infinitely Small and Infinitely Large Functions

f 1 Blo mthenthefunction| @ isinfinitely small (infinitesimal) as x approaches

If | EDw  Hb then the function "Qa is infinitely large as x tends to 6.

Classification of infinitesimals
Let|] w and!  be two infinitesimal functions as W°® w.

1.1f @ 'Qé— T then| @ hasa higher order of smallneswith respecttof @ as w®

€1 8
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2.1f 4 'Qé— p,then| w andT @ areequivalentas w© w,| ~ .

3.1f a Qé— e Thd p,then| @ and? & have the sameorder of smallness

asw w.
The table of equivalent functions
adw O mh W
O Bl X & & AOADOSETG & Q  paw
O Ad w* a AOAOMIa w & o ael B
1Tp awxawn o, QO a Mt &
p 1 1 I I Q) qwx i ’H) p . p( .

4.2.1. Prove by definition that | o Ed 1, thatis, foragiven number-  1tchoose such anumber
1 T that the fulfillment of the inequality S0 ¢S 1 ensures the fulfillment of the inequality
W TS -

Calculate] for:- Ttdpand- T p
4.2.2. Prove by definition.

1)1 Edw p o )1 Ed co o
3)I_EH— - 4) 1 B+ -

4.2.3. Find the limits.

)i EF—r )1 Ef—
O _—
3)1 EAOAGI O Hi_Ef—r
ol
5)1 Ed—: 6)l Ei-
o Wn o}
7)1 E— 8)1 E
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9) | EfF—r
4.2.4. Find the limits.
1) | E¢ and | E¢

2) 1 Ei- and 1 Ei- ;
o _ —

(6]
3) I Ef¥—and 1 E{—.
(e} (0]

4.2.5. Find the limits.

i Ed—rs 2) | Ed—ry

3) I, E+—; 4)iO_E—|—' ;

5)1 E—r 6) | E4

7)1 Ed ; 8) 1, E :

9) | E+——i 10) 1 E+———;

1) | Eb———; 12)1 E+—.
4.2.6. Find the limits.

1) | Ef—ry 2) | Ef—rs

3) | E+— 4 ] EF—ys

5) | E+——; 6) I E—;

7)1 E——; 8) 1 Et——

9) | E4—

4.2.7. Find the limits.
i EF— —; 2)1 E—
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3) L EI 41 Ef
5 1 EF— ¢o; 6)1 E |
7 1 Ed , 8) | Ef
4.2.8. Find the limits.
1) 1 B2 2)1, Ed—;
3 1, Ef— 41, E—
5)1 E4— 6)1 E4—;
ni LA 8)1 E4
o " o U
91 E4—1 10)1 B
1yl e—1 1)1 Ef—2
4.2.9. Find the limits.
1) | EiD pm ud; 2) | ElVid p Ve
3)]3Ecb|7lcb P W; 4)(‘|)E|'b<‘3 C
5 | Ef—Y . 6) | LV
0 n 7 o n
niel Y
0 W
4.2.10.Find the limits.
1)iOE—|—" ; 2)‘|OE—|—" :
3)1 EBEH—; 4) | BH——;
(0] (0]
5)iOE—|—' f : 6) iOE—l—' :
Nl E—; 8)1_E :
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1)1 ef——;
4.2.11.Find the limits.

)1 BH—

o

3) | BH——

o

o U

Nl _EH———:;

(0]

4.2.12. Find the limits.
1)1 E—;

3) I BH—;

o_ _
5) | E+——;

NIl E—

o1 Ef—

(0]
1)1 Ed+—;
13)1 EF—;
4.2.13. Find the limits.
DI E+ a OAX
O —

3) 1 B EF

10)1 E—:;

12)1 E—.

2) | B—;

o

10)1_E

12) 1_E

2) 1 BH—;

o

41 BH——;

o _

6) | Ed——;

o —

8)1 BEH+——;

o

10)1 BH——;
o

12)1 B4

141 EA—

2) ‘|O EATcOAT ©

41 Ef
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5) ioécli AT-0 p;
7) ‘IO Ed o OAF
9) I, EA——
4.2.14. Find the limits.
i EF— —

Ve

3) ‘IO_EI'— OAb;
4.2.15. Find the limits.

HiEp -

) EF—

51 Eb—

Nl E—

9l EF—0

1) | El— ;

13)1 Edl o p 1l o ;
4.2.16. Find the limits.

DI Ep OKbh
.

)i Ep OAWD ™

5) 1 E+—s

7l E—:

6) | EQACROAE & ;

8) | E4—;

2) 1 ELOOAY — ;
o _—

41 E}

o

21 E— ;
HlEF—
6)1 EF—

o n
81 EF—

10) | Eil—
12) 1 Eil—

14) 1 Ead T Io X
2)1_Ep OEdh
4)‘|Oé—i—;
6)iOE—i—;
8)iOE—I'—;
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91 E+— 1001 Ed O p;

1)l E—" ; 12)1 Edod o ;
13)1 EOKD 14)1 EF—

o _
15) Il EATW®O ; 16) I EATGO ~;

o _—

1INl E— 18)1 EF
1991 EOAd ; 20)1_E4Q ¢

(o
2)1 ERTeO .

4.2.17. Prove that function "Qw is infinitesimal as @w° .
Do WMo ow T ¢ ® O
2) Qw —, ® P;
Q0 o AIOEED -, 6 —;
4) "Qw — , W T
4.2.18. Prove that infinitesimals| @ andf  are equivalentas w°® w.

Do Wp o pl ® -,0 T

)l @ QO pf o covo ORI w T

) @ Q Q.1 @ Obt OBIw T
H @ 11T VMOEI,! @ AOABET
5] & Q AT o AOADAT

6)) & —,f ® p NMA® p;

N o — 1 0 —0 p

8) & 1w o, o OAb ¢.,w C



4.2.19. Prove that function|

1)1
2)|
3)I
4|
5)|
6)|
Dl
8)|

e & & e & & &

&)

—, ® 0,0 T

OEd, T w0 OAdn @ T

OAdr @ p Alcd, o T
AOAQAfl o T1p w,wn Tm
OFElp ®w p,I o AOCABEDL Tm
AOAGET® ¢,f ® Wp o p,®
W 0w Lw ol w W P P
® L ,f® N p ¢

4.2.20. Prove that infinitesimals|

1)1
2)|

3)|
4|
5)|
6)|
7]
8)|

4.2.21. Classify infinitesimals |

5]
2)|
3)1
4|
5)|
6)|
7|

&)

e & & & & &

&)

&)

e & & & & &

w prTa,f
OAd ORJT 0 ,w T

Mp cw

p,T

I'Tp oo, ®

P MAT ® p

N Qr w

p AT »

NQ

p,T @

@ has a higher order of smallness with respect to?

TG,

W aswo w.

® and] @ have the same order of smallness as W°® .

W, W T

OEd, & Tt

NVAOADED Tt

Ww p

VA UL, ®

OAd ,&

P

\

Y pe T

OAdi,T ® AOA@ED

w and] w as w° w.

TG

P MO pT ® QO T

Q

MOEdD o, o

A

W7 ®

@ w T

Iip MO, © Vo

OEd
C

Q

cw p,

T W

p Al w T

No, @

() W P,

Now p, ®
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8) &

9 &

4.2.22. Determine the order of smallness of infinitesimal |

WOEIT ®

_9T (b

W, n

P VA ®

1%,

pP.

«

d) .

p.

)1 BH——

(0]

D o Mo M I @ o
) w w pNTWE | W
4 o AOA@ANT & 1 1p
51 o & pT w0
4.2.23. Find the limits by the table of equivalent functions.
Hl E—
3)1_EH ;

5) 1| Ed—

DN
91 EH
1)1 e

13)1_E

17) io E—I'T,

o N

21)1_

Answers.

E

e
1

| -
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Y= S—

10) 1 E+—r

12) | BH——n—

14)1 B+
16) | EH———;
18) 1 EH——,

20) 1 EF—

@ with respect tof
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Topd.cQGoantinuity.of Funct

The function "Qw is called continuous at the pointy, ¥ 'O "Q if and only if

JEfRe ] ElRe Qo | EDo8
Points of Discontinuity
If at some point @ @, at least one of the conditions of continuity is not fulfilled for the

function ® Qo (I ERw Hb or it does not exist) then the function "Qc is called

discontinuous at the poind .

Classification of the Points oDiscontinuity

LIf 1 EMQeo ovY, | EMQo  @v Qandd then point 6y is the point of

ordinary discontinuity or the points of discontinuity of the first kingump).

2.1f"Qw doesnotexistand | EfQow 1 EMQ® &N Q then point qy is the

point of discontinuity of the first kindremovable)

3. If at least one of the limits OI E Qo and OI E Qo is Hbor does not exist, then

point ay, is the point of nonremovable discontinuity or the pointsdiscontinuity of the second

kind.

Properties of Continuous Functions

Theorem1. (The First Weierstrass Theorem)

Any continuous over the interval ¢fo, @ @  @function is bounded on that interval.

Theorem 2. (The Second Weierstrass Theorem)

If @ "Q is continuous over the interval ¢hoh & @ @ there exists at least one
point ¢§ such that ! cN ¢Fod'Qaf  "Q and there exists at least one point ca such that
Loy g Qe Qw.

We call the value "Qa5  the greatest valuef the function @ "Q on the interval [a,b]

a rg]mﬁoo "Qw , and the value "Qa the smallest valuef the function @ "Q on the

interval ¢ dr;'Q‘ch "Qk)
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Theorem 3. (The First Bolzano-Cauchy theorem)

If ® "Qc is continuous over the interval ¢froh &0 @ @and one of the following
inequalities is fulfilled "Q® T QW or"Qw T "Q, then there exists at least one
point w such that "Qw U

Theorem4. (The Second Bolzano-Cauchy theorem)

If © "Q is continuous over the interval ¢hioh & @ wand Q&M "Q, then for

any number 6h"Qd 6 "Q, thereexistsapoint® @ & @ suchthat’ Qo 6.

4.3.1. The function is given by the formula
W .. .
"0 5 o’ EdE oh
0, ifw o8

For what value of 0 will the function "Qw be continuous at the point @ ©?
4.3.2. For what value of cowill the function
ph
Y

w P,

,‘Qd) ALA)
o (W,

W
W
be continuous?

4.3.3. The function is given by the formula
Qo p O I:EC,—)TS
W
What value should be added to the function "Qw so that it becomes continuous at the point
w T
4.34. Investigate the continuity of functions "Qw and "Q . Answer the questions.

- N o~ A~ s A~

1) What value should be added to the function "Qw  ®wA O A-©-A so that it becomes
continuous at the point Toumi @ ¢?
2) Is it possible to add some value to the function "Qa WA O A -©-As that it becomes

continuous at the point @  ¢?
4.35. Investigate the continuity of the function.
Do ——; ) —;
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- N o~ A~ s A~

0 AOADBAI Ho o -

5o p ¢ B Q ;

No 1 8w —;
9) W :—; 10)w —;
Mo — 2o 4
13w —; 1w -AT-0
15) @ . P 16) 6 L —
1Mo 3 18)m X

4.3.6. Investigate the continuity of the function. Plot the graphs.

. o, o P,
1) w . .
) W ¢ w pn

2)(b T (A), W C:

p, W G

P ® b o p,
Jw G, p @ G

Cw @ ¢ w Hy

P W, b w 1
4) -, T ® G,

5)0) v - ) - (b “9
* ATa® “ o H

—, B o p,

6w  Tiv p, p @ g,
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T, b w 1
, ) T W p,
7w @ . . P
® TW ¢ p W O
T @ o o H8

4.3.7.Prove the existence of an inverse function to "Q in a given domain ( @V O). Find the
inverse function and its domain (corresponding to the domain ‘O).

1) Qw ®@ ¢ ¢, wNv ph Hb:

2) Qo 1 Ip @, ov pip;

3)) Qv OAbL -, o8 —h .
4.3.8.Determine whether the function "Qc is bounded on the interval .

~

1) "Qw , W\  vhrt;

2) Qw , OV Tt ;
) wl il p o o ch;
4) Qo WOET p, oV mip .
4.3.9.Prove that there exist maximum and minimum values of the function "Qw on the interval
1) " Qw @ ¢ p, oV TD;
2) Qo o p ¢, o 1 ;
3) Qw ORI Al @ v m* .
4.3.10.Show that the function "Qc becomes zero at at least one point on the segment .
1) "Qw ¢ TR N TP ;
2) Qo w @ p, v phr;
3) Qv wl b @ ov ph.
4.3.11.Show that the equation has at least one root on the segment .
) o® p, v 1o ;
2) o p, N ¢
3)  -OEd o, ov phr .
Findtheinterval ¢ p O ¢, where ¢ is integer, containing the root of the given equation.
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4.3.12.Show that there exists a solution to the equation "Qc 8, belonging to ¢td. Find the
number of roots and the intervals ¢f¢  p O o, where £ is integer, containing roots of the
given equation.

1) Qw ®Q ¢, 6 -,ov thp;

2) Qo w AlTch, 6 p, N TIL

3) Qo o i p, 6 chovy chy.

Answers.
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Chapb%@irfferenti al Cal cul
Oné&ari abl e

TopS.cDeri vat Divfefse raemnRuinalt 9 Qu&aaodi a b |

The average rate of changsf the function @ "Qc over the interval ¢ w Gis
Yo Qo Yo Qo
Yoo Yo

The straight line that goes thought two points 0 and 4

0 on the graph of function @ "Qw is called the secant /(x+4x)

line. The position of the secant line is determined by O As1 f ()

- slope of the line: /{

A . YO Qo Yo Qo “ o
OA.I oy /Y ) [ ] N _h_ 8
Yw YW C C

The instantaneous rate of change the function @ "Qa is called derivative of "Qw

with respect to wand denoted by
o ) gpo Yoo,
Yw VYo Yw
The derivative of a function at the point e is given as follows:
NQw Qw
8

Qo I E——
0 W O

Q w

J o

5.1.1. Find the increment Ywof the function ® Q¢ at the point @ @ if the increment of the
argument is Ya
Do ©, @ p, Yo T1ip; 2w 11w p, ® ¢ Yo mh;
Hw —, ¢, Yo rip; ) o OKkbh o @ Yo -

o

5.12. Find the ratio i— for the function @ "Qw at the point @ @, if the increment of the

argument is Ya

Do ¢w © p, @ p, Yo T1ip;

75



) ® WCw p, @ p, Yo it
AW ¢, ® p, Yo miv;
Hw Al o -, Yo -
5.1.3. Find the increment Ywat the point & &, as a function o Yo (Yo o o).
Do ¢ UL, ® pP; )0 Mo p, ® T
Nw 11T 6 w p; Hw O0AD, o -
Find the limit of ratio i— as Yoo 1t
5.14. Find by definition the derivative of the function @ "Qw at the point®w .
o w, ©w
2) O VMa © p;
3w Q, w T
Hw AT® o -
5.15. Find the slope of the secant to the curve @ "Qu if the abscissas of the intersection points
arew and w.
w -, w 0 W U
2) 0 Mo p, ® T, @ Xh;
Nw OAd, o -, » -
Ho » R O T 7.
5.16. The point moves in a straight line according to the law "YO 0 00 ¢, where the
distance is given in centimeters, and the time is in minutes. Find the average speed of movement:
1) for the first 2 minutes;
2) for the time interval fromd ¢ minto6 omin.

5.17. An athlete runs the hundred-meter dash in such a way that the distance “Yrun after 6seconds
isgivenby YO -0 U0 Find the athlete’s velocity at

1) 0 T sec; 2) the finish line.
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5.18. A sandbag is dropped from a balloon p ¢ meters above the ground. After 6 seconds, the
sandbag isp @ TTp @ meters above the ground.

1) Find the formula for calculating the average velocity for the time interval from 0 (sec.

to0  Gsec.

2) Calculate the average velocity for the entire time of fall.

3) Find by the definition of the derivative the formula for calculating the velocity at any

instant of time.
5.19. A thin inhomogeneous rod 0 Ohas a length of 0 ¢ T™8m. The mass of the segment 0 0
increases in proportion to the square of the distance of point 0 from point 0, and it is known that
the mass of the segmento O ¢ smis Ygramm. Find:

1) the average linear density of the segment 0 6 ¢ sm;

2) the average linear density of the entire segment 0 G

3) the density of the rod at point O .

5.110. According to Boyle-Mariotte's law, if the temperature remains constant, the pressure 0
and volume w of a confined gas are related by the ratio 0 —, where 6 is some constant. If, for

a certain gas, 0 ¢ 1 and w is increasing, find, by the definition, the rate of change of the
pressure O with respect to the volume .
5.111 Find by definition the rate of change of the surface area “Yof the ball during inflation,

depending on the radius "Y&Find the value of the velocity for'Y ¢ sm.

Basic Rules of Differentiation
Let the functions © @ and L @ be differentiable, then
WD ® W wh xEA®A®E & o
Ow L O w U W
0woLw O WwWdDw 60wl w
0w O WD w 60wl w
0 W L
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Derivatives of BasicElementary Functions

« 0 q { ] « o q o « o q o
@ Al O Ed OEWE Al OE
. L A f e p ~ oA £ozoA o
W EW O A o Al OE OEWE
A Ol ATcO P O A wE P
OEd Al QE
. < s oo P X oA s p
Q Q AOADE o Al OE SETOE
A p Lo~ . P coa o~ o~ P
| = AOAAT —— | AOA A ( ——
w Mp w wWw p
S P oA 2 P o~ v s " \
11T ® T AOA®A Y QW £ "Qw Q ®
N 0 P p e QW
| @ T AOAAI & | Qo LTy
O Ed RicO | AOAGL —2— Ve _P
Ww p € Nw

Derivative of a Composite Function
Let Q6 ando O w,thusw "Q6 w , where functions "Cand 0 are differentiable
then
) = QQ_m ’Q%’Q_é |=|=4'0
—— #F0 N
w o 06 Qoo T ITT0 "
5.1.12 Find derivative .
Do o -0 v T;
2) ® Vo W
Nw Mo - N
50 0 poO T O O;
6) W WD p = P
N Vo ¢ Mo ow;
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8) w —;

Ni —
10) w =
. v . _
1) @ ———— . findo - ;
12)i 6 — —,findi mandi ¢;

13) Ow W pw T w w,findOm,Op and™O ¢ .
5.1.13.Find derivative w.

) w coORd ® ¢ ATa®

2) ® ¢ VAT &

Nw —;

Ho — AOAQAI

5 0w —;

B)w Up cOAd

7w OERTOD;

8) w AP w;

9) W ;
100 0 OA -OAb -OAD;

11) @ OEd vw p OA

12)
5.1.14 Find derivative w.
Dw I 1p o;
w 11T @ p;
3 o 11 Qkly
Ho WMo p Il no;
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56 1L ¢l o:

) | DEH;

No 1o Vo p —

5.1.15 Find derivative .
Do p Mo ;
) 6 VR ®

N —

Ho MQ o p 11w
5o ¢
B)w p T ;
Nw Q
5.1.16.Find derivative w.
) w wAOADEI
)0 AOADBEMD o;

3) w ;

Hw p AOADET

- ~

5) & AoAdEi

6) 0 —;

N MAOAAOADAAI O

8oy AOA@AWMp o .
5.1.17.Find derivative w.

1) w —;

2) ® OAIWE

3w —;



4w OEI&E

5w Q VAT QE

6) @ OATIHY 1 Al @&.
5.1.18 Find derivative w.

s oA~

2) ® w QUw;

3w 1 1o N p

~ AN

Hao 1 DA Aled T ORT
55 | DEAROAOAI
6)6 1 RTADAGAL
Neo  — —1b—— LAOAGAT

8)d -AOADARAOASGAI

5.1.19Prove that the function w — satisfies the equation p w W ww P8

5.1.20 Prove that the functionw — -alw p | T WMo p satisfies the equation
cw o | 8
5.1.21 Evaluate the sum:
D)p co ow E ¢t ,0 p;

2)¢ ¢w ocdw E & pétw ,w p8

Derivative of the inverse function
If there exists inverse function w ¢  for the functionw "Qw, then

Qw W

5.1.22. Using the derivative of the inverse function, solve problems.

Do Q , find — as a function of 3 as a function of w.
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2)i oQ ,find—.
3) w ——, find — as a function of &y as a function of « Is the equality — 3—  p true?
4) Is the equality —3— ptrueifw 1 o p?

w w 1w p,find—.

6)0 AOAQHENIi .

The Derivative of an Implicit Function
Let the function @ & be given implicitly by the equation "O¢h 1t To find the
derivative of an implicitly given function, it is necessary to differentiate both sides of the equation
"Ocho  Ttwith respect to the variable Gy considering as a function of ¢y and solve the resulting

equation with respect to w8

5.1.23 Find the derivative — 0 of implicit functions.

Do o ohoonhd oé&Ei o 2)o p oQ;

AT & Hw OEdD w;

5) & Q) O K GOE &l o 6)¢ ¢ ¢ N

Nw o AOADAIT 8w w AOA®RIOADET
NW O; 10)wO R ATdO ATch T
1Dcwl B « 12) — — p;

13)OEdbw Al ®dw OAd 8

The Derivative of a Function RepresentedParametrically
. e : W WO, s
Consider a function wof wrepresented by the parametric equation o oo ° N oho .

Then the derivative of this function is



5.1.24 Find the derivative — @ of the parametric functions.

®w OBl ... ... .
1)01) R 10 Www weeEim
g © 0419,
w cOE48
g @ @O+ OBl . =0iin
w OOp AT-0
gy © Tlp o,
w 0 AOA@BAI
5
w —8
6) w QOBI
w QATO8
(b )
7)
w —38
_ ’ , o OAl o
8) Find— w andws _ for o 3

The Logarithmic Differentiation

Consider the composite exponential function

¢

w ow
where 6 w and 0 w are differentiable.
First we apply natural logarithms of the left and right side of the equation
ITH vl bws
Next we differentiate both sides of equation with respect to @
P 0 olba baz—o @8

Hence we have

w OVolbdbod VO—O6 0w AW VLW I b LO—O0 ® 20
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5.1.25.Find the derivatives.

Dw OrI 2w 1
Yo ®Q Okl o —I
5 ® ; B) 0 @ ;

Ny —

Higher Order Derivatives
Ww W, ;0 0 Www.é,n 0 W W
The rule for £th derivative of the product of two functions (Leibniz rule):
0 WL W 00 wd o,

A
AA

where 0

Let us give the formulas for & th-order derivatives for some functions:

» o 1o,
a A ,
. —.)W , € a;a,eNuv,
() a €A
m, &€ Q,
p & pA
| — )
@ ol ®
p p €A
W W ’
- “ g o L T 5
OF lw | OElloo?, Al |AIDQ)T8

5.1.26. Find the higher order derivatives of functions.

Dw o pOKIw o e 2o ® ¢Q , »w o e
3) W , W W e How AOADATp e
5@ wl dysmaiitnw p e Bw —, W w e
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5.1.27.Find the higher order derivatives of functions.
Do ® p ,ZAZEDLA
2w p ® AOAQAMEE ® A
0 Vp @ A OAW® EE WA
Ho 1 lo Mp © , £E T
55 ¢ ', EE Tk
B)w w ,AEE Twk
Nw o &AEEDA,

8)wy — ,FAEDA;
9 ——, FE D A8
5.1.28.

1) Prove that function 0 'Q O Rudsatisfies the equation
W W (W T
and function w 'Q O K satisfies the equation
W W Ccw T8
2) Prove that function @ — satisfies the equation ¢ w W pwa8
3) Prove that function @ @ p satisfies the equation

W PpPwW o EE pW 8

Higher Order Derivatives of Implicit Function

In order to find the second-order derivative w of the function w « @, which is given
in the implicit form "OGhw Tt it is necessary to find the first derivative, and then differentiate
the obtained identity with respect to cwand substitute the expression for the first derivative into
the obtained relation.

Continuing the differentiation, we may obtain one after another successively higher-order
derivatives, and all of them will be expressed in terms of the independent variable wand the
function
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5.1.29 Find the higher order derivatives.
Dw o odworhfindo ;
2) Q w ¢ofind w ;
i p oQ, find—.
How w 1 ; — e

5o OEd @,findo .

Higher Order Derivatives of Functions Represented Parametrically
: s : . W wo
Let the function w "Qw, be represented by the parametric equation o 0o and be

differentiable on ¢¥o (0N | i ), then the derivatives of the function "Qco are calculated by

the formulas

wo —, w o wo — ——, 8 w o W 0 —8
5.1.30Q Find the second-order derivative — e

. ® 1 b, 5 O (ioAIop

)% o p8 ) & GO &S

3) w &+ OB, 5 @ WAT &

w Gp AT.08 ©w GOOE®

. © AOA®EI 6 ® WA

)% 17 o8 ) 6 oo
5.1.31

1) Prove that the function @ "Qw, which is given parametrically @ c¢0,w 00 0,
satisfies the equation
o® ® Mow o o8
2) Prove that the function & Q¢ , which is given parametrically @ QO BInw QA T60
satisfies the equation
W 0w W Cuw w38
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The Differential
The first -order differential
If the derivative "Q @ of the function ® Qo is known, then its differential is found by the
formula
Q@ QwQw
Higher-order differentials
Higher-order differentials are denoted as follows:
Qw QQuQw QQ w.
Differentials of the order higher than the first do not have the invariance property (unlike the
first-order differential).
If wis an independent variable, then
Qw QwQw 0w Qw wQQw w Qow,
If @ ¢ O ,then

Qw QwQw w Qw wQQw w Qw wQow.

5.1.32 Find the first order differentials of functions.
) Vp ATo®;
20 O 1O p O Vo;
3 w —;

Hw ® Mo ¢ ;

5w Q ;
6) w ¢
Nw I 1T0AT-;

8> MAOADAAOADET

s N~ s s oA NN A s ooAr N~

1007 MQAIT@S
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5.1.33 Find the first order differentials of composite functions.
i Al g —;
2)i Qha -1 bho ¢c6 o0 p:
3y a AOAOWMT —38
5.1.34 Calculate approximately by the formula
Qo Yo Qo Qo Ya
Doe Qf .opmu e

v 5
2) pmo; S
— 6) A OA @ X;
3) o p o
_ 7)AOA QA ¢;
4 —,wpmt ¢ 8)A OA GhEd Yo
9)O0EIT.J

5.1.35 Find the approximate value of the increment of the function @ O Adif cchanges from

T Oto T Y T
5.1.36 Find differentials of functions.
HDw o p ©w p ,findow
)% 1, findQa
3w W To 1, find Q3
4)” AT O OOEd m, findQ”;
5w 1 +—, ® OAJ find Q & by:
WAT @e - 0AT @b
6) OBl &, @ 0, £FE Q&by:
T OATRAT AT A®~ 0AT Ad
7w o, FEIQA
8)w Al @ £E QAS

Answers.

88
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Basic Theorems of the Differential Calculus
Roll ebs Theorem
Let function ® "Qc be continuous on the closed interval o and differentiable on the

open interval ¢fo. IF'QG  "Q, then there is at least one point cin ¢fo where™Q @ Tt

Cauchydés Theorem
Let functions "Qc and "Qc be continuous on the interval ¢fco and differentiable within
it. F"Q @ 1 N ¢ho, then, there exists a point cin ¢t at which

VO QO Q &)8
"V QO Q0

The Mean Value Theorem(Lagr anged6f Theorem
Let "Qc be continuous on a closed interval ¢hod and differentiable on the open interval
oo . Then, there exists at least one point cin  ¢fd at which
VO QO QOO0 8

5.2.1. Verify the validity of Rolle's theorem for the function Qo ® w on pMt and
TP , find points & and @, atwhich™Q &  1,Q plt .

5.22. Prove that for the polynomial 0 & ®w O phv & o ®w ¢ & p thereexists
aroot of the equation 0 &  1ron the interval  ofp .

5.23. Applying Lagrange's theorem to the function "Qe Mot  owon the interval Tip ,
determine the point 0 (that appears in the theorem.

5.24. Applying Cauchy's theorem to the functions Qw ¢ vw p and Qw w T
on the interval Ti} hdetermine the point &  cothat appears in the theorem.

5.25. Verify the validity of Rolle's theorem for the function @ @ tTw xw p TON the
interval pIf .

5.26. Verify the validity of Rolle's theorem for the functionw T on the interval TdY .
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The LOHospital 6s

Rul e

Let functions J @ and || e be defined and differentiable in the neighborhood of a point

W, Qw Ttand
| EDo mh, | EDO T,

Then m io E4+— 0O, moreover

If 'Qd and "Q such that io EQo Hb, io EQow Hb,then

| Efoo Qo H b I EE B

Q7Q
It EQo 1 | EDG  Hy then
| EQwQw ndb | E4+4— = | E4+—
O 0] p TT o p
Qw "Qw

K110 MaeMO HEBHU3HAYEHOCTI THUMY, TO MOTPIOHO 3HAWTH TpaHUII0 Jioraprudma IbOro

BUpAa3y, a MOTIM MOBEPHYTHUCH JI0 TPAHUIIl caMOi (yHKIIIT.

If we have indeterminate forms , , Hb , then we have to reduce the expression

to the form  tHb by transformation

.o|° "Hc')’lo'l"o

5.27. Calculate the limits by L'Hospital's rule.

1)l Ef—; 2)1 E—;
3)1 E—i 41 E—;
5)1, 4L 6)1 E—;
Nl E——; 8) 1 EH——

90



01 E+—!

1)1 EH——o
13) 1 Ei* cAOADADL;
15)1 E+ AlcO
7)1 B

19)1 EQ o7

21) | EAOCAMET;

23) 1 ET B3 1w p;
25) 1 EHA——;

27) 1 E——

10)1_ E+——:!

12)1 &
14)1 E+— —;

16)1 EO Ad
o _

18) 1 Eab ;
(o]

2001 EE -
22)1 EGEdD p OAT;
24) | EATG;

26)1 B + OAF

28) 1 Elwo 0

Tangent and normallines

Let there exists the derivative of the function w "Qw at the point @ and "Q w TL

The equation of the tangent lineto the curve &0 "Q¢ atthe pointd @ o s

W W

Mo J® o h

A straight line passing through the point 0 ¢ hb  perpendicularly to the tangent line is

called the normal line to the curveThe equation of the normal line is

w

—~——O0w ® 8
w

Coeffitient "Q @ is the slope of the tangent line: ' Q &  OAT

Coeffitient —— is the slope of the normal line.

If"Q @ Ho, then @ is vertical asymptote.



5.28. Write down the equations of the tangent and normal lines for the function ® "Qw at the
point @ .

Do ® uvw Tho p:

2w Q ho T

3w -h o -8
5.29.Find the equations of the tangent and normal linestothecurve ® @ ®w ® ® o at
the origin of coordinates.
5.210.Find the equation of the tangent linetothecurve ® @ ow v, perpendicular to the
linecw @ p T
5.211.Find the equation of the normal line to the curve @ ol doparallel to the line¢e W

o T
5.212. Find the equations of the tangent lines to the curve @ @ - at the points of its

intersection with the abscissa axis.

5.213. Find the equations of the tangent lines to the hyperbola— — P, perpendicular to

thelinecow 10 O TU
5.214.Find the pointson the linew w w ¢ , atwhich the tangent lines are parallel to the
abscissa axis.
5.215.Find the angles of intersection between lines given by the equations:
o w,00 w ¢ T
20 W, 0
o -, Yd

5.216.Find the angles of intersection between lines

1P GD

© 5o i1 q © WATeQ
NI —

w p 0

. . OoATo U e
5.217.Find the slope of the tangent line o 10D at the point 0 —ITtWQ .
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5.218. At what point on the ellipse p @ o« T 1T does the ordinate decrease at the same
rate as the abscissa increases?

Taylor6 and Maclauriné ®rmulas

Let J o be a function such that ] @ and its first n derivatives are determined and are
continuous on [a,b]. Furthermore, let l

e exist for all xi (ab). Then! o ~ Hft we
obtain the Taylor's formula
O BV 0w v ¢
@ 0 o G — 0 ® @
lm M

where 0 & -thent h degree

T a y df the function Qoo | inythre cegian aeér the
point @, Y

A W W ,, vV ol - remainder term in the Lagrange form
associated with 0 afwo  using for evaluation of error of approximation.

Ifow Tmthenwehavet he Macl aurindéds for mul a

06 Q VAP
W ) W
rm 2
where Y ~w ,, N Tp3
Expansionof elementary functiondy Maclaurin's formula
Q L0 g W v g
PO A GA - A "W
OKi © E ® Y
A LA XA P ¢t pA ’
A T e W 0w W & W v
R S N —_ w’
PP TA TA oA P F A
Lo W W W . w
l'p w w — — — E P — Y o,
¢ o 1 €
P = Il P8I & p .
W W — — w Y w8
Y p | A A



5.2.19.Find the expansion of polynomial "Qw by the Taylor's formula at the point @ ®.

DQw w vw w ow I, W T;

2)Qw w ow Ccw T, ® P;

3) "Qw W ow p, W T
5.2.20.Find the first three terms of the function's expansion Qw w oW ®
by the Taylor's formula at the pointco  p. Calculate approximately "Qpfrt o.
5.2.21.1t is known that the function "Qw is a fourth-order polynomial, and

Qq p, Q¢ m Q¢ ¢ Q¢ pPg Q¢ ¢B
Calculate™Q p, Q m, "Qepe.

5.2.22 Expand the function "Qw in powers of cup to the term containing @ inclusive.

1)Qe O Ad
2) Qo WA T
33w 1Ip & o ;

HQe Qi .

5.2.23.Expand the function "Qc to powers w w up to the term containing @

inclusive.
1)'Q®m  Maho o}
2)"Qw O Bobho —
3)"Qw  Qho o
5.2.24 Calculate the values of functions by Maclaurin's formulas. The error allowed is -.
1) o h- p;
)Wy fi-  p 1M
3) ich- p m;
4 Vp chw p 1t
5) OBplyhr p m;
6)ATpOthr p 1.
5.2.25.Estimate the error allowed when calculating the value I pf.
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5.2.26.Write down the €th-order Taylor formula for the function "Qc in the neighborhood of the

point w .
D)"Qw  Mcho T
2) Qo -ho D;
3) Qw OEdhe T
HQw ol dhe p

The Monotonicity of a Function

Let forevery @fo ¥ o o .

Then
ffunction® "Qo is monotone increasindunctionon I, if "Qw Qw Qw Y ;
function ® "Qc is nondecreasindgunctionon &I, if Qo Qo ;
ffunction® "Qo is monotone decreasinfunctionon 0, if 'Qw Qw QW ;
ffunction ® "Qc is nonincreasingfunction on 0, if 'Qw "Qw 8

Functions that neither increase nor decrease are called monotonic on ¢I{o, and those that

increase and decrease are called strictly monotonic. The intervals where the function increases or

decreases are called the intervals of monotonicity of the function.

Theorem.

Let the function ] e be defined and differentiable on the interval i} .

IfJ] o | e~ hl thenJ @ monotone increasing function on hf} .
IfJ] o | e~ hl, then ] @ monotone decreasing function on =t .

A point N @ITo is called critical if one of the conditions holds
17Q @ T,
1Q w Ho;

1°Q w - does not exist.
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In order to find the intervals of monotonicity of the function w "Quw, it is necessary to:
1) find the domain of the function;

2) find the derivative of this function;

3) find the critical points of the function belonging to the domain of definition;

4) divide the domain of definition into intervals by critical points and determine the sign of

the derivative in each;
5) write down a conclusion about the behavior of the function on each interval.

5.2.27 Find the intervals of monotonicity of functions.
Do 1@ ¢ p X;
2w ® ¢ Cw p ;

Nw W o]
Hw o Q;
5w 0wQ ;
B)w —;

-, w Q
7w

—, 0 Q
8)w OEI

5.2.28.Show that the functionw ®  w is increasing.

Ve N A~ A~ s o~

5.2.29.Show that the function w A O A Adl is decreasing.

Local Extrema of a Function
Theorem (Sufficient conditions for the existence of an extremum).
Let the function « ] @ be continuous on some interval e  #he  # h#  hand
differentiable at all points of the region e #he ° e he # h# , where the point e

is critical point for the function « | o .
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If in moving from left to right through this point the sign of I e changes from “-” to
“+ate ,then ] @ hasalocal minimumate |
If in moving from left to right through this point the sign of I e changes from “+” to
“-” then ] @ hasalocal maximumate .
If the derivative "Q @ does not change sign when passing through the point w, then there

IS no extremum at this point.

In order to find the local extrema of the function "Qw , you have to:

1) find the domain of the function;

2) find the critical points of the function "Qc (if there are none, then the function has no
extrema);

3) examine the sign of the derivative in each of the intervals into which the critical points
divide the domain of definition;

4) determine the points of maximum and minimum by changing the sign of the derivative;

5) find these maximum and minimum values.

5.2.30.Find the intervals of monotonicity and local extrema of functions.
Dw covo ow;
2w W gw PP X
w w I lp w;
Ho ol
5 w wQ ;
6) w —;
o o ATd®
5.2.31.Find the local extrema of the function.
DO & 0 ¢ ;
2) w — 1 &
Hw —;
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The Largest andthe SnallestValue of aFunction on aSegment
In order to find the largest and the smallest values of a function on a segment ¢Io, you
have to:
1) find the critical points of the function on ¢I{0;
2) check which of them belong to ¢i0;
3) calculate the value of the function at the critical points belonging to ¢Io and at the ends
of the segment;

4) choose the largest and smallest among the obtained values.

5.2.32. Find the largest and the smallest values of a function.
Nw ®w Yw o,V pIf;
2)w ®w Ccw UL, v clt;
3w 0w UO, OV TIT ;
Ho Vpmme , o8 onp;
50 w uvw Lvw p, OV PIt;
) ——, wN TP ;
Nw cOAd OAb, T w» -
8w w, mp & Hy
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- N o~ A~ s A~

Nw AOALAINT o p;
100w OBl AT -k, v -1} ;
1Nw OED ooy -1} .

Concavity of a Curve. Points of Inflection
Let« [ o be differentiable twice on some interval hf.

If at all points of an interval hf the second derivative of the function [l] e is negative
K , the curve « ] o on this interval concaves upwardThis means that all points

of the curve lie below any tangent line to it on this interval.
If at all points of an interval $fl the second derivative of the function ] e is positive
K ,thecurve « ] @ onthis interval concaves downward his means that all points

of the curve lie above any tangent line to it on this interval.
If"Q w mor 'Q w does not exist and if the second derivative "Q w changes sign
when passing through w @, then the point of the curve with abscissa @ w is the point of

inflection.

5.2.33 Find the intervals of concavity up and down of a function. Determine the inflection points.
Dw w vw ow U;

2)W W pQ TY LT
Y

3w Nw ¢;

Ho 1T o ;

5w AOADAIT
) 1 1w p;

nw —;

8w —;

Nw wpd b x.
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Asymptotes
The asymptot®f a graph is the straight line such that the distance between the graph and
the line approaches zero as they tend to infinity (a curve comes closer and closer to a line without
actually crossing it).
1) Vertical asymptote.
The straight line @  @is the vertical asymptote of the function w "Qw,if @ ®isa point

of discontinuity of the second kind (at least one of the limits | E'Q® and | EQ® is D).

2) Inclined asymptote

The straight line @ "Q¢ & where

~

Q io E— and ® io ECa¢ Qn
where "'Q Ttand care real numbers, is called inclined asymptote of the function ® "C & when
@O Hy, moreover © Hoand w© B should be considered separately.

3) Horizontal asymptote.

The straight line & @ is the horizontal asymptote of the function @ "Qo

if @ | %Qoo (WO H and @O B should be considered separately).

5.2.34. 3Haiiti acuMNTOTH QYHKIIIT.

Dw ——,;
)0 0 —;
Jw —;
Ho o TQ -;
56 Q p;
B)w Ccw —;
e  —

- N~ A~ A~ s A~

8 c AOADAT
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The General Plan for Investigating Functions

Domain of function.
Investigate whether the function is even or odd, periodic.
Intersection with the w-axis and w-axis.
The intervals where the function holds the sign.
Points of discontinuities. Asymptotes.
Find the derivative of a function, the domain of the derivative, the zeros of the
derivative, the intervals of monotonicity, local extrema.
Find the second derivative of a function, the domain of the second derivative, the zeros
of the second derivative, the intervals of concavity up and down, the inflection points.

Plot the graph.

5.2.35.Investigate functions and plot the graphs.

Do o ¢ w p;

w0 —;
w —;
Ho —;
5w —;
B - TW;
Nw ® 0N
8w Wp ;
NO Vo o
100w —;
11w »0Q ;
12)0 o 1 io p;
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13) 0 ——;

Do 1 1ATQ
15w o Al
16) ® @O B

- ~ ~ A~ s A~

1w w cAOADAI
5.2.36 Plot the graphs of functions given in a polar coordinate system.

A function defined in a polar coordinate system has the form

” ”
[ ]
5

where ¢ is the angle with the vertex at the pole O, which is measured counterclockwise from the

polar axis; ” is the distance measured from the pole along the ray that makes an angle 3 with the
polar axis,”  TI.

Then determine the behavior of the function for such values of ¢ that tends to the boundary
points of the domain of definition. Find the points of discontinuity, determine the intervals of

continuity, the largest and smallest values of « and the zeros of the function.

For those values of the angles where” e 11, the graph of the function will be tangent
to a circle of radius ” " e, According to the obtained data, we plot the graph of the function

)" OKt;

2)”  OFkok;

3)" ATt®;

4" —

5" ¢p Alc®;
6)” :,

7 mwp OBT;
8)” uv OATo0®.
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5.2.37 Plot graphs of functions that are given implicitly.
Often, in cases where the equation of a function in a Cartesian coordinate system is given
implicitly, it is convenient to switch the equation to the polar coordinate system
w "AlQ ®w "OPBI
or to the generalized coordinate system by substitution
w OATQ & @OEBT.

If the implicitly given equation of the function with one of the substitutions can be written

inthe form” 7 « | then we plot the graph in the polar coordinate system.
1) @ o W ;
2) ® W W ;
3) — — T;
4) 0w W

5w W o
6) — — W w
5.2.38 Plot the graphs of the parametric functions.
The parametric equation of a plane curve has the form
W WO, w wo, ON"8
The investigation and plotting of the graph of the function is carried out similarly to how it

was done for the curve given by the explicit equation @ "Qw .

Find derivatives @ 0 and w 0. For those points near which the curve is a differentiable
function, we find — —.

Then we find the values of the parameter 6 0 O §8 ho , for which at least one of the
derivatives @ O or @ O becomes zero or does not exist (critical values of 0).

We determine the sign of — on each of the intervals o horp Mho P , and

accordingly in each of the intervals oMo hoM M ho Mo wherew @O ,,thus we

obtain the intervals of increasing (decreasing).
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Next we calculate

Qw w i O’Qo’o Www 0w

and determine the intervals of concavity up and down of the graph of the function and inflection
points. To find the asymptotes, we have to investigate such values of the parameter ¢, approaching
which wor wtend to infinity.

Then we complete our research and plot the graph of the function®w wo, ® woO.

Do —, 0w —;

2w o0 OBlw ¢p ATO
N p O0.O p O

Hw —,0 —;

55w 1 b, 0o AOADAI
o 0,0 — o

Answers.
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Chapélemt egral Calculus o
Vari abl e

TopG .clndefinite I ntegral. Tech

Differentiable function "Ow is called the primitive (antiderivativepf the function "Qw, if
"Np QT MO VO
The set of primitives 'Ow 0 (Cis an arbitrary constant) is called the indefinite integral
of the function "Qw and denoted by
"QwQ® 0w 6h
where C is the constant of integration.

Table of Commonintegrals

mMQw O Qw w O
w pP... P .
Ny Y - 114 ‘_Qw - 0
0w Qw s o} o &
P, .. -~ 4 o P ... - W
-Quw | o] —Qw ¢w O
@ LE ) ¢
QQw Q o OWQw — O
I W
OiQw Al 6 Aloow ORI 6
P 06 0AD 6 P 06 Al
Al @ OEd
OEWEw Al ®ES Al @80 OEBEDS
P A A~ P .. e A
AT G ® ° OE et ‘
P~ x @ o
P o, AOAGAY P oy @ OABA
: AOAAD AT ) R PR J
w p AOA AOAI O O gAOAA&)Oél
AOA%E”
P 0 AOA®D ES P . ) 0
——Qw AOART & Qw o
Mp @ AOAAT DO o o AOAAT &
W
L0 W L.
P Q ﬂ.,l l—— O P Qw | lw w 0
W o W »w ® O O




Propertiesof Indefinite Integrals

1. L "QuQuNj Ow 06 Nj Qws

2. "R Qw Qw 08

3. 0MYh0 1T, 0 DQ® U, VOO
4. Qw Qw Qw "MNWuQw _ "QMwlad

6.1.1.Prove that the function "Ow is an antiderivative of the function "Qw .
1) Ow cw Lvw XW 1T, QO oo pD X
2) Ow Cw U v, Qw W W UL ;
3) Ow p Alwda Qu Al
400 p ATO, Qo ¢Q OEJQ ;
5) 'O wiwol b ¢, Qo -nol b
6) Ow o0 -1 1—, Qo —;
7) 00 ¢ AOAALO Qw —.

6.1.2.Fill in the blanks in the equations.

1) Q TOQ® 2) Q —
3) Q O &dQ ¢ 4) Q —;
5Q —; 6) Q ocQw

6.1.3.1tisknown that, ow'Qw ® 0. Find the integrals:

1) . 00 QP 2) oCw W QCw w;

3) oAl @QAT 4) ol Tw oQlld o .
6.14. Find the integrals using the direct integration method.

1) . M(b_ UMd)_ — |7|__ Q C)L) 2) . M(b_’Q d)

3) VD p o UMD pQG ) — Q6

5), ———— Q¢ 6), ——2Q¢
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19)_ Q6
21) Q6
23), ——00
25) —
27—

200 1
31)_ Q6

Let. "Q0Qd 06

"Q0 0 ONp QO

Let. "Q0Qd 06

6.15. Find the integrals
1), OBotoQ &

08Then

8), ——Qa

10). =206

12) L 0g

14) Q¢

16) Al @Q o

18) Q@

20) . Qo

22) Q@

24)  ———;

26),, =

28) — Q@

30), ————Qo
Entering under the differential sign

Q60 Q6o 060 08

68Then! GON 2hé mhoN 2

n [ \ 5 Y pn [ N 5
Quw WQwW E)Ooooo w
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3). & Qa ) o Qb

5. AT ® wQ® 6). OEd ob Q@
N.Q Qo 8) X® T Q&
9, ——Q 100, o0 ¢w Q@
11), =—=0¢ 12) — Qo

13), ———— Q¢ 14) ———Qm
15) ———— Q¢ 16) Qo
17), ———06 18) ———0

6.1.6 Find the integrals by entering under the differential sign

1), p ©Q® 2), —Q&

3), Q0 OQw 4 Q wQ@
5). @ ATcOQ® 6) —Qa

7N, 0wt Q@ 8) Wt Q@
9, —Qo 10), 7=—=10¢

11) Q@ 12),, = Q6
13) 2w 14) —Q¢

15), w——0Qa 16), ——
17), ——; 18). Q OEKI Q¢
19), — Qo 20), — Qo
21), 5=—=00¢ 22) ——Q®
23), ORIQ Qo 28) — Qo
25), -—=0& 26) Qo
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27). AT @O KQ & 28) —Q®

29) —— Q¢ 30) — Q¢

31) — Q6 2) L qg
33), ————; 34) M_'”_ Q6

35), —— Qb 36) —
37)_ Q6 38) — 0@
39), ——— Q6 40), ———1Q b

Integration by Parts

Let functions © w and U @ be differentiable, then
0 Witaaw Qw 6 WitL W VWit QA
or

6Quoyv UVOQBA

6.1.7 Find the integrals by integration by parts.

1), GATcdQ® 2) @O BQ @

3). w Qe 4) ow p Aldno

5). @ Q Q@ 6). @ OEJIQ ¢

. wQ Q@ 8) w0 A Q¢

9). ®QQ® 10). ® AT ©@Q ¢

11). o 1 Qo ¢ 0 ; 12). ol Td pQ®

13). @l ToQo® 14) . wA O A QA

15) A O A &G ¢® 16), ———Q®

17). Q O RIQ & 18). Q Ok ATc®Qap
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19), —; 20) ——;

21) Uil Qe 22)  © QQo

The Method of Substitution
Let. Q' Qw "Ow 08Consider the differentiable functiond & 0. Then
w 00

QOO0 6O .., s "MQOQw Ow 0 060 08
Qw o Qo

6.1.8. Find the integrals by substitution.

D, —— 2), 7=Qw
: 0 o
3), 7— 4).. Qe
5), ~—Qd 6), —=
N o 8).
0 o
9) . = M_Qoo 10) = Q@
1) ——; 12) ——;
13) Q. pQ® 14), —.

6.1.9. Find the integrals.

1), Q¢ 2).. Q ¢
3). (OX ) 4), —=00
5).. Qe 6), m——0Q®
N, —Q@ 8), ——=0Qu
9)_ Qo 10), - Qo
11)_ Qo
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Integration of Rational Functions
If we have to compute the integral  —— 'Q @where —— is rational function, 0 @ h
O wh & arethe polynomials.
Then, if the rational function —— is improper, i.e. & € , then we have to rewrite the
fraction as a sum of the whole part and the proper rational function, i.e.
— Y 0 — Q ¢,

and integrate the polynomial 'Y w and —.

To integrate the fraction —— we have to apply the partial fractions decompositiorand

reduced to the three simplest types of integrals of rational functions

O— O)— ({W)—— (V)———:; ih ¢ ihivs; /4 ™ 1

6.110. Find integrals of rational functions (denominator has only real distinct roots):

) —— Q6 2) ——— Q6

3) —— Qb ) ——Q6

5)_ () 6) —

N, —Q® 8).. Q@
9), Q¢ 10), —— Q&
11)_ Q6 12) Q6

6.111 Find integrals of rational functions (the denominator has only real roots, some of which
are repeated):

1), —; 2), —— Q&
3), —; 4, ——Qd
5), — Q& 6), ——— Qo
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7, —Qo 8), — Qo

9) Q6 10), —— Qo

6.1.12. Find integrals of rational functions (the denominator has complex distinct roots):

1), —i 2), — Qo

3), — 4), —Qo

5).. Qo 6) . Q G
7, —Qo 8) —— Q¢
9. ; 10) —.

6.1.13. Find integrals of rational functions (the denominator has complex repeated roots):

D, — 2), —,

3),, — 4), —Q®
5), —— Q¢ 6), ——Qw
n, ———; 8)..

Integration of Irrational Functions

1. Integral of the form

. Yh— h— mBh— Q@
where 'Y is rational function, &3 @ QN s, —,—,..,—N o ; reduces to the integral of a rational
function by means of substitution
— 0,
where "Qis a common denominator of the fractions —, —, ..., —.
2. For integrals of the form
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~ N

we make the substitution:w 1 -.
3. In the following integrals, you can make trigonometric or hyperbolic substitutions:
1) Y oI @ 'Qgeubstitution: @ OO Bbrw OO A B E
2). 'Yl @ Qasubstitution:o —orw OAT QE
3). Yo @ Qasubstitution: o OO Adlor o GO E b BN .
4. Integrals of binomial differentials
OO m QEAONAE,E, NN
are reduced to an integral of a rational function ONLY in the following cases:

1) N N o, substitution w 0, where i is common denominator of the fractions & and €;

2) N ¥, substitution &0 G O, where { isadenominator of the fractionfy;
3)— NN o, substitution aw @ ©O,where { isadenominator of the fraction 1.
5. Integral of the form

. Qry where 0 G is a polynomial,

we may find by formula

v M=,Qd) 6 d)md)d) d)d)d) =>v|7|=’
where 0 w is a polynomial with unknown coefficients, written in general form and _N 5

is also an unknown coefficient.

6.1.14. Find integrals of irrational functions:

n —
). = ). == Q0
7 I
3). ol Qe 4) o
—
), =00 6), —2=—00
n, —— 8, ——;
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9.

11)

13)
15)

17)

19)

21) .
23) .

25) .
27) .

29)

31)

1),
3)..

5)..

7).,

>V "A—Qm

33) .

Mo co pQd

6.1.15. Find integrals of binomial differentials:

®w p wf

(brp(br

Q6
Q6
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10), ————;

12) - :,

14)  ——;

16)

20)

22) Vi
24) . —_,

26)_ —

28) .

30) .

32) .

2), Mdop Vo Qo
H wop ® T

6) ®WMNw pQ®

8) @ p M

10) " I/I:’

12), L —qe




13) .

Integration of Trigonometric Functions
Integrals of the form
YO RM T e
where Y is a rational function of O Ecdand A T a€re reduced to integrals of rational expression
by so-called general trigonometric sustitution
OAl 6 A ® A,
Express O Eodand A T ¢fdn terms of O A-fand o
Ol —, ATc® —, Qo —0Q0o
And
‘ < s xoaca . CQO
w CAOAQAD® p—<‘38
The universal trigonometric substitution often leads to the integration of cumbersome
rational expressions. Therefore, other substitutions are also used:
1) OEDoE 'Qohi e N u;

a) & T1and & —odd: substitutiond AT
b) &€ Tt and £ —odd: substitutiond O EJ
c) a T1,& T1andeven: then use the double angle formulaw reduce the powers of
the sine or cosine in the integrand
o Alch. . . Alch
Al o P hoes 20 N
dad m & mand & & —even: substitutiond O Adoro ATad
2)For, OBETATTGQw OETWET®q ATl QA 11 Qi cve apply formulas
OETdifGb - OBET  ® OEl T w,
OBETWEIw -AT|I0O1T @ Al O 1 o,
AllGATTQy -ATIO T ©® AT O 1 w;
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3) YORIA TcOQa@ 'Y ORh ATd®d 'Y ORMA I substitution 6 O Adj
4) 'Y O Adh Q csubstitution 6 O A
5) Integrals of the form _ o & &Qaor = @ & ®Q qwhere £ is positive integer, we can

reduce the power of the integrand using

Ao P v e P
6) Integrals of the form _ 0 @ & —— or _ @& &——, where £ and m are positive
integer, we can reduce the power of the integrand using
p A oo . P .
7o OAL p T Ogzg Al @ p8
6.1.16. Find integrals of trigonometric functions:
1) OEMAT 6Q& 2) OEBAT GQE
3) OE®MAT @Q¢ 4) Al @Q
5, —Q® 6) —Q®
7N, —Qe 8), —
9, —; 10),, —
11 —; 12), —;
13). OA Q@ 14) Al @Qa
15) O BobA T u@Q ¢ 16) . O B HO BotoQ ¢
17) AT oA TcdQ ¢ 18) OEblw - AT @ - Q@
19),, ; 20),, ——;
21) —; 22), —;
23), —m; 24) ;
25), —; 26), —;
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27), ————; 28) —— Q@

29) ; 30) .

31), ———— Q&

Answers.
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Top6 .cRhe Defi niRuendannteengtraall . Theor e

Let "Qco be continuous on Gfo and function "Oc be any antiderivative of function "Qc
on the interval ¢fw, then

"QO'Qw "0® 00,

(Newtori Leibniz Formula)

Evaluating Definite Integrals by Parts

Let functions® @ and 0 & be differentiableand & &, 0 @& continuouson ¢fm. Then

6O 6RO Y . VKQK.

Evaluating Definite Integrals by the Substitution
Let the function "Qc be continuous on the interval ¢t and function o « o be such
that
1. | wand e 1 a

2.+ O and e a®d are continuouson | R

~

3."Qe¢ 0 isdefined and continuouson | H

Hence,
NVwQw Qe 0« 00QO0
: . T X7 AA T A= 3um o
Recurrence formulas for integrals0 .~ AT @Qw . *~ OEDQ®

‘O —DD,foré ¢Q p, O —DD—,foré <Q

6.2.1. Evaluate definite integrals:
1), Mo pQd 2), Vo Vo Qg

3, —; 4) —Q@
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5., —— 6) ——;

n n
7., QQ p Qe 8) —
9. ; 10). ——;
11), ——; 12), ——;
13), —— 14), = ,
15)>v - m:’ 16)>v ~ e
17). ~ AT QO EKWQ® 18). VAT AT &Q¢
19),  =—0Q¢ 200, Aic®EJo -Q
6.2.2. Evaluate definite integrals by parts:
1), Q Qo 2). 1 1oQ @
3) T QR T o 4 o OEIQ®
5) | AOA®D® 6) AOAORD
7. i p Qo 8)., ; — Q¢
9), ; — Qb 10) T —Q¢
n ~ 7. g
11), ~ —=00 12) " Q Ald® o
6.2.3. Evaluate definite integrals by substitution:
. .
D, —= 2). :
o .
3), = 4), —;
5),,  ————; 6) T OEMOEDQ®
7)., —S—0Q0 8), —;
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9. wWp ©Q@

W

11) Q6

13), i ——0Q&
15) T AT @

Answers.
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10), Q6
12) ——Q®
14) —

16) OEiQa®



Top6 .cl3mproper I ntegrals

Improper Integrals with Infinite Limits
A definite integral, that has either or both limits infinite:
anQd, Jeeel 05 R0
is called an improper integral of the first type.
Let function "Qc be defined on ¢h Ho and integrable on ¢td, forany @  ¢BIf there

exists a finite limit | E] "QaQq then the improper integral | ® 06 'Q qis called
convergentand
QO Qw L El QouQ
If such a limit is not finite then the improper integral does not existnd is called divergent

Similarly, we define the improper interval over other infinite intervals

Qw6 | Ef Q0Qe

>v

eQe , 0006, Tee0e | El QeQe | El Qo

v >v >v O D>v O D)v

where is any number (@ Ttis often convenient). Note that this requires both of the limits to
be finite in order for the integral to be also convergent. If either of two limits does not exist then

the integral is divergent.

Integral = —

Improper Integrals of Discontinuous Functions

Definite integral that has an integrand that approaches infinity at one or more points in the
range of integration is called an improper integral of the second type.

If the function "Qa is defined for all & @ @ integrable on any interval ¢fo - |
| - mhand unbounded to the left of the point @

Let us consider

QO Qw io Ei "QoQw
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If this limit is existent and finite, then the improper integral is called convergent
Otherwise, it is called divergent
Analogously, if the integrand "Q is unbounded to the right from the point @3 then
"QQw io El "QoQo
Finally, if the function is unbounded in the neighborhood of an interior point Gof the interval
ofto, then
oomon fone . f0ee 1 EJL P00 M

OT[ (V)

8181

QW Qw

¢

IEI
- om

AT T OAGEAD O »p
Inrerpan | — AEOAQEAD & .

In some cases it is sufficient to determine whether the integral converges or diverges by

comparison tests and estimate the value.

6.3.1. Evaluate improper integrals or state their divergence.

D, —; 2) Pl

3), ——; 4) Al

5. Q QuQ m; ), —Q&

n,., —, 8), —;

9, T 10) »Q QG

11). Q" Qao 12 ———Q0

13). @O EIQ ¢ 14). AT @

15)13)., Q ORIQ® 16), ——.
6.3.2 Investigate for convergence.

), —Qo 2), —Qw

3, —Qo 4), —Qo
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5, ———Qa 6), —— Q&

7.

Qo 8),., —;

9, —Q 10). —Qo

6.3.3.Evaluate improper integrals or state their divergence.

1), = 2), =
3),, 7 4), —;
: T :
5)., — 6) . :
7).l bQ 8) —Qa
9) S — 10) . F,Q Q‘O
11)>v VI—_QCO :|.2)>v T QCO
13) y ; 14)
6.3.4 Investigate for convergence.
) R IR
1), =00 2), ——=0 o
3), ——Qo 4, -
5 —1 g ) ——.
Answers

123



Topic 6.4. Application of Definite Integral

The Area of a Region
1. The area of a curvilinear trapezoid ® "Q®,® @ ® «Qw T, where Qo T

N o, is calculated by the formula
Y JOINNOX::]

2. The area of the figure, bounded by lines @ Qo,® "Q®,® G ® @& where

Mo "Qo,ov ofw, is calculated by the formula

Y Mw MQw Q8

- : : W wo ..
3. The area of a curvilinear trapezoid bounded by parametric curve o 0o’ ° N oo,
straightlines® @O ® @ T wherewd Qw0 «@® 0O ToN o ,

is calculated by the formula
Y Wwow 008

4. The area of a curvilinear sector bounded by lines defined in the polar coordinate system

e ,» | ,* 1 iscalculated by the formula

v 2o iqs
C

6.4.1. Evaluate the area of the figure bounded by parabolaw Tw  and the waxis.
6.4.2. Evaluate the area of the figure bounded by parabolas @ @ and ® W&
6.4.3. Evaluate the area of the figure bounded by parabola & @ Tw v, straight lines @

0, ®w UL and the waxis.
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6.4.4. Evaluate the area of the figure bounded by parabolas w w, w —.

6.4.5. Evaluate the area of the figure bounded by linesw @ ccwy ®w w ¢ T

6.4.6. Evaluate the area of the figure bounded by lines @ cw p, ® w p T

6.4.7. Evaluate the area of the figure bounded by parabola @ @ Tw o and its tangent
lines at the points© 1™ 0,06 oM.

6.4.8. Evaluate the area of the figure bounded by parabolas w ¢ wand its normal line
inclined to the abscissa axis at an angle p o”p

6.4.9. Evaluate the area of the figure bounded by parabolas w (w p@dw (W T Y
6.4.10.Evaluate the area of the figure bounded by lines® Q,w Q ,w p8

6.4.11.Evaluate the area of the figure bounded by curves®w —— and w —8
6.4.12.Evaluate the area of the figure bounded by curves 1 Tow ¢, ¢l toand the &
axis.

6.4.13.Evaluate the area of the figure bounded by linesd 1 taw 1 Ta

6.4.14. Circle w ® is divided into two parts by parabola @ — . Evaluate the area of
each part.

6.4.15.Circle ® @ p @isdivided into two parts by parabolacww @ Evaluate the area of
each part.

araxis.

6.4.17. Evaluate the area of the figure bounded by curve w ww p and the waxis.

6.4.18. Evaluate the area of the figure bounded by curve w ® ¢w ‘Q  and the waxis.
6.4.19. Evaluate the area of the figure bounded by curve @ 1 Uy straight lines &0 1 @
w 1 & & o)andthe waxis.

6.4.20. Evaluate the area of one of the curvilinear triangles bounded by the ¢raxis and curves
w ORJ®w ATdd

6.4.21. Evaluate the area of the figure bounded by the wyaxisand curves @ O Ad & -AT O
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6.4.22. Evaluate the area of the figure bounded by the first arc of cycloid @ &0 O BI,
w @p AT obGand the araxis.

6.4.23. Evaluate the area of the figure bounded by astroid & ®AT ®w @O Ed

6.4.24. Evaluate the area of the figure bounded by the loop of the curve w ©0, @ G0 0O .
6.4.25. Evaluate the area of the figure bounded by the loop of thecurvew 6 p,0 0 O
6.4.26. Evaluate the area of the figure bounded by the first turn of the Archimedian
spiral ” @ and the polar axis.

6.4.27. Evaluate the area of the figure bounded by the second and third turns of the Archimedian
spiral ” &+ and the polar axis.

6.4.28. Evaluate the area of the figure bounded by curve” O Ege (two-petal rose).

6.4.29. Evaluate the area of the figure bounded by curve” A T ue (five-petal rose).

6.4.30. Evaluate the area of the figure bounded by cardioid” & p OEe 8

6.4.31. Evaluate the area of the figure bounded by curve” & OEce 8

6.4.32. Evaluate the area of the figure bounded by curves ” ¢ATce,” p (outside the
circle).

6.4.33. Evaluate the area of the figure bounded by lemniscate of Bernoulli w
6.4.34. Evaluate the area of the figure bounded by lemniscate of Bernoulli @

W W w ,whichliesinsidethecircleaw «w —8

6.4.35. Evaluate the area of the figure described by the inequalities:

W OO OO w TA® Moo

The Arc Length of a Curve
1. The length of the arc of a curve given by the equation &0 Qo ,® ® @ is calculated
by the formula

& 0 Qo 0@
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2. The length of the arc of a curve given by the equations in the parametric form

W WO ok
. .., 0N oho ,iscalculated by the formula
W Wo
a W 0 w o 08
3. The length of the arc of a curve given by the equation in polar coordinates ” " » |

« N | K ,is calculated by the formula

‘a ” ° 7 ° ’Q .8

4. The length of the arc of the space curve given by the equations in the parametric form

» 0O, wo,d ao,on o ,iscalculated by the formula

a W 0 w O a o Q8

6.4.36. Evaluate the length of the arc of the curve &0 1 Tofromew Motow W

6.4.37. Evaluate the length of the arc of thecurve @ 1 Tp @ fromw mto & -
6.4.38. Evaluate the length of the arc of the curve ® WA T GEromew Tto @ @

6.4.39. Evaluate the length of the arc of the curve &@ W & A OAMGE 1
6.4.40. Evaluate the length of the arc of the loop of thecurve @ 06, ®w 0 -0.

6.441. Evaluate the length of the arc of the involute of acircle @ YATo™ OR’, w
YOE OAT¢dromod mtoo “.

6.4.42. Evaluate the length of astroid & ®OAT ®w ®OEJ

6.4.43. Evaluate the length of cardioid ”» & p Ale"

6.4.44. Evaluate the length of the arc of cardioid ” ¢ p AT+ "), which lies inside the circle
" 08

6.4.45. Evaluate the length of the arc of the Archimedian spiral ” &  from the beginning to

the end of the first turn.
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6.4.46. Evaluate the length of the arc of the hyperbolical spiral” « p from s - to e -

6.4.47. Evaluate the length of the curve” OO E +.

6.4.48. . Evaluate the length of the arc of helix @ WA T w WO BId ®ofrom 6 T
to 0 ¢“.

6.4.49. Evaluate the length of the arc of thecurve @ @, ® ®WO0 -0 , & WO -0

from 0 T to O WO

Volume of a Solid
1. The volume of a solid if known “Y@ — the area of any section of the solid by the plane

perpendicular to the araxis, is calculated by the formula

w Yo Q8

2.The volume of a solid generated by revolution about the cxaxis of the curvilinear trapezoid
bounded by the curve @ "Q@  Trand the straight lines @ &) @ @, is calculated by the

formula

W TR w0d

3. The volume of a solid generated by revolution about the cxaxis of the curvilinear trapezoid
bounded by the curve & ¢ & 1t and the straight lines @ dhw 'Q is calculated by the

formula

Gt e ©Qa

4. The volume of a solid generated by revolution of the curvilinear trapezoid bounded by
woh L
-0 0 0 hthen

: W
the parametric curve "
w woh

G O oMpQo O ¢ 0o woaNp Q8
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5. The volume of the solid of revolution of polar curve ” 7 « h| < T habout the

polar-axis is
. Q. ! o s
w = "9« | QD> 8
o
6.4.50. Find the volume of a solid generated by revolution of ellipse — — p about the ®-
axis.

6.4.51. Find the volume of a solid generated by revolution about the w-axis of figure bounded by
parabolasw @, ® .

6.4.52. Find the volume of a solid generated by revolution of figure bounded by lines ®w
W T, w p, about: 1) the waxis; 2) about the waxis.

6.4.53. Find the volume of a solid generated by revolution about the w-axis of figure bounded by
linessw wQ w p, 0w T

6.4.54. Find the volume of a solid generated by revolution about the wxaxis of figure bounded by
linesw -w cCcw ¢ W C.

6.4.55. Find the volume of a solid generated by revolution about the wxaxis of figure bounded by
linesw co w, W T

6.4.56. Find the volume of a solid generated by revolution about the w-axis of figure bounded by
lines ® Tw wWw 0, W T

6.4.57.Find the volume of a solid generated by revolution about the w-axis of figure bounded
by hyperbola @ @ & andstraightlinecw @ QQ 1.

6.4.58.Find the volume of a solid generated by revolution about the a-axis of figure bounded by
line ® A O Addwhdre N T .

6.4.59. Find the volume of a solid generated by revolution about the araxis of the first arc of
cycloidow @6 OB, @ op AToO

6.4.60. Find the volume of a solid bounded by ellipsoid — — — p.

6.4.61. Find the volume of a solid bounded by elliptic paraboloid@ — —andplane a p.
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6.4.62. Find the volume of a solid bounded by one-sheeted hyperboloid — — &  pand

planes @  p, @ G.

6.4.63. Find the volume of a solid bounded by ellipsoid @ ¢w & @ and paraboloid

a 0 Q.

6.4.64. Find the volume of a solid bounded by paraboloid ¢¢ — —andcone — — a.
The Area of the Surface of aSolid of Revolution

1. The area of the surface generated by revolving about the araxis of the arc of the curve

® "Qo,oN ¢, is calculated by the formula

Ca

¢ Qe p Qm Q8

2. The area of the surface generated by revolving about the waxis of the arc of the curve

W ¢ W,V Q, is calculated by the formula

0 ¢C‘ e w p * w Q&

3. The area of the surface generated by revolving about the ar-axis of the arc of the parametric
wo

curve ., . ., ON Ol ,iscalculated by the formula
W WO

wo0 o wo 08

C
N

4. The area of the surface generated by revolving about the w-axis of the arc of the parametric

W WO .
curve . s oM o ho ,is calculated by the formula

Wwo0 o wo Q8

Ca
N
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5. The area of the surface generated by revolving about the polar axis of the arc of the curve

" o« e« N | | iscalculated by the formula

¢t ve 0BT T 7+ 0

CA

6.4.65. Find the area of the surface generated by revolving about the waxis of the arc of the
parabola w  tfrom vertex to the point w ©.

6.4.66. Find the area of the surface generated by revolving about the a>axis of the arc of the curve
W -ofromw Ttow

6.4.67. Find the area of the surface generated by revolving about the a>axis of the arc of the curve
w Al GHrom @ mTto® @

6.4.68. Find the area of the surface generated by revolving about the oraxis of the first arc of
cycliodow @6 OB, @ wp AToO

6.4.69. Find the area of the surface generated by revolving about the polar axis of the cardioid

" Gp Aien

The Work of the Variable Force
Suppose a force "Omoves an object along the araxis, and the direction of the force coincides
with the direction of motion.

The work of the force "O over the path from the point &0 ¢dto the point o @

W OwQd

6.4.70. What work must be done to move a body of mass & to infinity from the Earth's surface?

(The force of gravity 'O ——, where ‘Yis the radius of the Earth, i is the distance from the

body to the center of the Earth)
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6.4.71. The compression “Yof a helical spring is proportional to the applied force "O Compute the
work of the force "Owhen the spring is compressed 5 cm, if a force of one kilogram is required
to compress it 1 cm.

6.4.72. Compute the work of the force "Owhen the spring is compressed 10 cm, if a force of 2 N
IS required to compress it 1 cm.

6.473. A cylinder with a moving piston is filled with steam of volume @& TiT & under
pressurery  p 1T o @& mWhat work must be done to reduce the volume of the steam by half at
the constant temperature?

6.4.74. What work must be done to pump a liquid from a vertical cylindrical container of height
"Oand radius of the base "Y? The specific gravity of the liquid isT .

6.4.75. What work must be done to fill a conical pile of sand with height "Oand radius of the base
Y? The specific gravity of the sand is| .

6.4.76. What work must be done to pump water from a container that has the form of a paraboloid
of revolution of height "Oand radius of the base Y, and the vertex turned upwards?

6.4.77. What work must be done to overcome the force of gravity when building a regular

quadrangular pyramid of height "Owith base side length wand specific gravity of material [ ?

Calculate the work for building the Pyramid of Cheops (O p t théd ¢ mdthy chv—)

6.4.78. What work must be done to pump a liquid from a container that has the shape of an
inverted cone with height "Oand radius of the base "Y? The specific gravity of the liquid isT .

6.4.79. What work must be done to pump water from a hemispherical container of radius "Y?

The Mass, Coordinates of the Centre of Gravity and
Moments of Inertia of a Material Line
Consider the arc of the material curve @ Q& , d & @ and let linear density (mass
per unit lenght) of this material curve bel .

1. The mass of a material line is calculated by the formula

& o p Qo O
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2. The centre of gravity of a material line

Foop Qe Qo g

A N~ O\ Al d’
fw p Qw Qw

w0 Qw p Qw Qw §

'® p Qo Qo O

W

Here0 and 0 are the static moments of the curve relative to the > and caxis.

3. Moments of inertia of a material line

About axaxis

O ! OQe p Qo 08

About w-axis

O fww p Qw Q@

About the origin

© fow Qw p Qw Q8

6.480. Find the mass of a rod 5m long if the linear density of the rod is p Ttip® kg/m,
where wis the distance from the left end of the rod.

6.481. Evaluate the static moment relative to the araxis of the homogeneous | p arc of
ellipse — — p,0 LW T
6.482. Evaluate the static moment relative to the polar axis of the homogeneous [ p circle
" OBl
6.483. Determine the coordinates of the center of gravity of the homogeneous [ p arc of
curve:
1) semicircle® WY ®;

2) arc of circle of radius "Y with the center at the origin, which subtends the central angle| ;
133



3w M1 GHrom w wto & &
4) the firstarcof cycloidw o6 OB, @ wp AT
5) arc of astroid 0 WA T ®w OO EG which lies in the first quarter;

6) arc of a logarithmic spiral ”  @'Q from e —toe ;

7) arc of cardioid” @p AT«O frome  TtO* :

-y Z

8)arcofcircle® YAToOw YOEOhoN mit .

6.484. Find moment of inertia of the homogeneous circle of radius Y about its diameter.

6.485. Find moment of inertia of the homogeneous semicircle of radius Y about its diameter.
6.486. Find moment of inertia of the homogeneous arc of thecurve w Q T w - about
araxis.

6.487. Find moment of inertia of the homogeneous arc of the cycloid & &6 O B,

w @p AT odabout coordinate ¢raxis and cyaxis.

6.4 88. Find the static moments relative to the w and waxis of the line segment— - pcuthby

the coordinate axes.
6.4.89. Find moment of inertia of the homogeneous arc of thecurve ® Q (T @ Tdw) about

o>axis.

The Mass the Centre of Gravity and Moments of Inertia of a Material Plane Figure

Let us consider a material plane figure (lamina) determined as a curvilinear trapezoid
bounded by the linecd Qo , ¢ & G Suppose that the area density (mass per unit area) is
[ .

1. The mass of a material plane figure

a f 0w Qw Qd

2. The centre of gravity of a material plane figure

L @ 00000 D, B [ eRe0e
W — . W —8
f QO Qr 9 oMo Qen 9

134




Here 0 and 0 are the static moments of the material plane figure relative to the w
and waxis.
3. Moments of inertia of a material plane figure.

About axaxis

O

P
— Q wQ
er W 32¢

About wraxis
‘O [ OwQw Qe
About the origin

O I d o gQw 00 0@

6.4 90. Find the static moment of the triangle with base cand height "Qrelative to its base.
6.491. Calculate the static moments of a right-angled isosceles triangle whose legs are equal to
wrelative to each of its sides.

6.492. Calculate the static moments of a homogeneous lamina bounded by given curves, relative

to the abscissa axis:
Dw —andw o;
2)w OEdand @ - (the first segment);
)0 Moandw .

6.493. Find the centre of gravity of a a homogeneous lamina:

1) semicircle bounded by &0 U w and waxis;

2) bounded by the arc of ellipse &  MA Taw @O Baénd coordinate axes (@ T,  T);
3) bounded by the arc of sinusoid &0 O Eidand the ¢raxis segment from ¢ Tto G  “;

4) bounded by the firstarc of cycloid @6 OB, @ @p AT oGand the wraxis;

5) bounded by the arc of asteroid w ®AT ® w OOEGJ and coordinate axes if
W LW T

6) bounded by the arc of the Archimedean spiral ” ¢ from ¢ Tto * ;
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7) sector of a circle of radius Y with a central angle of ¢/ centered at the origin;

8) bounded bu cardioid” @p ATO;

9) bounded by the right part of the lemniscate of Bernoulli” & A | ¢®.
6.494. Find the static moments about the coordinate axes and the coordinates of the center of
gravity of the homogeneous triangle bounded by straight lines® ® @ ®w TmMandw TT
6.495. Find the moment of inertia of the homogeneous rectangle with sides ¢and crelative to
the side &
6.496. Find the moment of inertia of the homogeneous semicircle of radius Y relative to its
diameter.
6.497. Find the moment of inertia of the homogeneous semicircle of radius Y relative to its
center.
6.498. Find the moment of inertia of the homogeneous parabolic segment with base ¢ and

height coabout its axis of symmetry.

6.499. Find the moments of inertia of the homogeneous laminabounded by the ellipse —

—  p about its axis of symmetry.

Answers.
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puwy @ T N6)wN A8

1.14.1)0 p MO p MO yno  yno prp pN

2)0 vt Lo ¢rp ¢No ¢ 1o ¢ 1

o 0 op op yp no uIp L8

1.15.1) 1;2) 20;3) Y4 vmnh0;6) w WwwWw ad w;7) 1TEB) ¢ 1) 48;
10) ¢ pM1) p pht2) 20.

1.16.1) p mR) 4; 3) 114; 4) 0; 5) 633; 6) p 1I{7) 100; 8) 840; 9) p TMLO) 394; 11) 1;
12)00d 0 ® a .

1.19. 1) ¢¢  pIt £A

T X T ¢ 0 T
1.1.131)0 O T ¢ pc,0 O m T ¢ N
X o0 © p o p
¢ T ¢ pT
2)0 6 gy p,0 0 ¢ pp8
P pu P P
X PO
1114 1) X PO W noy 5 53 PTG py PSX
w Y qu X © ¢ PP L P
G } p q ] o P
1.1.15 1) v o ) o ;2 ¢ ¢} P
P L1 ¢ 1 p T o 1
C @ pm
o o . T X C
1.1.161) 6 h ﬁ(J pr’ £ 2) 0 o o
UV W O



oy
3)0 v T P40 Apa
1
X0
pPp O T
1.1.176 0 C ppPT
T pPT C
11181)66 P PYgs P PU
) pPYpw pPYpw
PT W T T o pp L PTTPC
20606 poeuv 0,00 p o p ;300 ppncpq’o Y pCcpo
X P P ¢ T pX m v T
b s 0 T ¢ Cp
4)0 0 @ p X .,00 ;5)0 0 ,0 0 P
L L ¢ X
p T P
6) O dB O6— zero matrices; 7) 6 6 fwﬁ pp,ét‘)impossible;
¢ 1T p
8)0 O " (p,00|mp053|ble,9)oo 0 oopcc’oo C P
¢ o1 p
v L pPUL PT T G U
10)6 6 O .6 dimpossible; 1)6 6 ¢ pm pT.00 X X ;12
P Y C T P PT PG
W T Mo
58 86 T @ oM
T T W) T
T 1 T Q]
. . o oo OTT W 6 on 0t C pp .
1.1.19. 1) difference undefined, 00 , 00 ¢ ¢qTm @ ; 2) difference
W ¢W
PP @ UL
po pT T © -
undefined, 6 © pPT PpX ¢ ,00 pm
PTT GU
T C T
1.1.2Q Zero matrix.
112118 P9 PTl-9p °o v
CpP C¢ pTt pX
I pCo pm
1.1.22 1) zero matrix; 2) P o 3) @ v pp
¢ W X pT
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W ¢ T 'S 0
11231 P S - p ¢ pid- p p p H-Y 9
o c p
PGS P X c ¢ o
p T O P G X @ T
55- p p 0 ;6)— 1 p ¢;7N — o p v
p ¢ T TP o X
Yy o X LX PG @
8 — 1T X UL;9— ¢¢ O pXx8
pPIT Y T pPY ¢ ©
112410 P P.pye P CO; o O S:opne S g;
56 P S.ee P S C 9 .gim PG
o T T Tt P PP ¢ p
P P
o ™ P Py PP Vg o op 1) S P Py
T T T G G 0 P c mp

1125 ¢xnmm

11, P T
L TP

Return to tasks

Answers to the Topicl.2.

121.1)® p,& pha p; 2o Mo mTd 3L ¢ @@ pha pHo —,
® —ha -55Y me)d p,d phd p;7)® ¢ thd p;8w p @ ¢h
a 609w — 0 —hd — 10w ¢ o cha o 11) o D, @ ph
®w T p;1l2Do p o cho p o D.

1.22. ® .

1.23)w p,d pha p;2)d p® chd pE3)d ¢ pha ¢aHo T,
® pha ¢ 5o ¢ pha c¢New pd phd p; 7)® ¢ o ph

a 8w pw cha o8

1.24 1)2; 2)3;3)1;4)2;5)3;6)1;7)2;8)2;9) 2;10) 2; 11) 3; 12) 2; 13) 3; 14) 4; 15) 3;
16) 3.

1251)® p,w -ha 2o — - - —M oo a;
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~ N

3w p — o, ® whd @) Gk a;4)no solution; 5) no solution; 6) &  phw
o i QN Ao po chh o 8)nosolution;

Nw ¢ ®, 0 oh & whd p! whoN a;10)no solution;

Mo o px =12)® p, © cho oho T

13) ® p,o pho che C

14) 6 P O CO,n o coho odho ! dhnsa;

155®» v, th ohw pheo ¢16)0 po ¢ oho T1;

1N O,0 oho v w Tt ochdo p co @ !ohdn a;

18) @ o, plw  oh o C.

1.2.6 1) consistent, @ ¢ Cco» ®, ® wh ® Op® why dho &
| whof N s 2) inconsistent; 3) consistent, ¢ — —0 —®,® — —®
—®, ® who® ol Ok a;4) inconsistent; 5) consistent, ¢ P O T
cahe @Y N s 6) inconsistent; 7) consistent; 8) consistent, ¢ PP O LW, ®

¢T ® pwhd odheo ! okon 4.

& p
1.2.7.1) general solution: G 0 , fundamental system of solution: ¢ ; 2) general solution:
& p
¢ o
1 C‘

C o
. , fundamental system of solution : np N pc
P Tt

1280 ¢® O T8

12916 oN¢ @ o pjo3)d ol pjo
1.2.10.0 .

Return to tasks.

Answers to the Topic2.1.

211.9%6 X8
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2.12.0 8 XENcH® xN g 8

2.13.0 TN ¢N¢.

214.%0 Wch®d  phd P8

2150 TEéEI® 18

216.1)A110 —hATTO0 —hAIIO —2Ai|lO —hATtO -hAT1O0 —
2.17.1) no, 2) yes.

2.18.d pn pvic oré pn pn V¢ .

2.110. @ C T

~

A
B ®@ @ po

2.111. @
2112.60 @ Vpcwpf; & 3 x
2.113.1) éand @ must be mutually perpendicular; 2) the angle between @ and @must be acute;

3) the angle between @ and @must be obtuse.

2.114.9%8 IH
2.116.1) ¢N tRp 'p) of xIp ¢; 3) ¢ oy, 8

2.117. Collinear, vector Qis three times longer than vector @

2118.08 ccOoQoBMO D

2.119."Y MMENoh'Y Mg w

2.120.] 1tH p.

2.122.1) & -tN-Ke -n-n-,3y& —n-n—.
2123.M @  —n-N — M @ —N —n-8

21240 19 1w 0@

2.125.1C @

2.126.® olp Up c.
2.127.& Cip v
2128.®@ Ch o B
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2129.1)®d -3 -@ -GPe d o’ ™,

Return to tasks

Answers to Topic2.2.

2.21.1) oN2)4; 3)9; 4)7; 5)19;6) T1I])61.
2.22.1) 3; 2) 33; 3) 22; 4) 558

2.23. -

224.9%8 (38
2.25.08

2.26.| -,

2272 @ 0B

228.A0AAI O

229.1) g olo xNr 1 €p Xt pclk ppY
2.210.1)64,2) Vo x3) it dr - x @ 1 x cNu ¢ fxr N v ¢8
2212 ¢8

22.B83.A0AAT O

2.214.1 0

2215.A0AAIT-0O

2.216.¢ 18

2217. @ & pbhd & WMo

2218.@ ¢cipep 8

2219.@ trENT.

2220 TN @p ¢

2221.@ o) c po.

2.222.@ ¢N oft.
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2.223.@ ptnc.
2.224. —8

2.225. —8

2.226.2.
2.227. 2.

2.228. -

2.229. 6.
2.230. 08

2.231.19.

2.232.37.

2.233.8.

2.234.1) olp) 8.

2.235. ¢ B

2.236. 1) 30; 2) 75.

2.237. 1)27;2) 27; 3) 27008

2.238. a8
2240.p pMpNxNe ¢McNptp 1 M1NgUYB
2241p pthQunNg pThNpplp 1P @ pud

2242°Y p1'Q —

2.243.0 dc.
2.244.°Y ¢ p’'Q .

2.245. —, —.

2246.® 0P @p CQOr®@ W @p COQ
2.247. 1,

2.248. @ on ¢ T8
2.249.@ Tt Of 1it.
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2.250.@ XxMNIp .

2.251. 0P xIpIt .

2252.00 pMNcEpo

2.253. 0 ¢ YyATlO —hAIrO -PATTO -

2.254. P VU w110 — —hAT1O —RIT0 —.

<
AN

2.255. 34.
2.256. 1) right-handed; 2) left-handed; 3) left-handed; 4) coplanar; 5) left-handed.
2.257. @
2.258.24.

R
e~ RN

2.260. ¢T1

2.261. 1) yes; 2) no; 3) yes; 4) no.
2.263. 5.

2.264.11.

2.265.00 -hQ Wc.

Return to tasks.

Answers to the Topic3.1.

3.11.Pointsb ,0 ,0 lieontheline; O ,0 ,0 donotlieonit.

3.12. olfjv 8

3.13.17.

314X®0 Cw pP¢ TMUW W CY THCW 0w P Y T

3.15. The equation of the side: 6 6:coo @ Y TO 6: 0 cw p THOEd® @ p
riequation of the median fromthetops: 8 Dw ¢ 1, 6D®w w ¢ 1, 6Dw T
3.16.1) - 2)-.

3.17.)¢cw 0w w Tm2)ow Cw X T8
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318.1)Q w2)Q -8

3.19.c®w ow po Thow ¢ T8

3.110. ¢cIp, trf, plx., plp8

3.111. cNp8

3.112.0 p ) p p8

3.113.0 pMua

3114. % & ¢ Tmow ow pp To® CO pOo T
3.115.tw0 w o T8

3.116w v T

3.117.The equations of the sides: ¢ LW o0 TIC® LW ¢ @ Th
the equation of diagonal xw ow o o TU

3.118.000 vw po ThYw 00 P X T,V OO P T
3119.00 @ Y TP M @ ¢ Y T

3.120. p € 8

3.121.0 -t 8

3.122.1) Tt 82 wH3)Q 4T g5 wn
3.123.1) yes; 2) no; 3) no.

3.124.1)& ¢MR)®d dP)® phd -8
3.125.1)&% oN2)&% ohd ¢M)® ohw ¢8
3.126.1) intersect; 2) do not intersect.

3.127.1)- - phc — —— P8

3.128. 00 Yw ¢ T TMaboow CW P ¢ TU
3.129. The lines 2), 4) and 5) are in normal form.

3.130.1) - -0 — T2 -0 -0 pmm TR W ¢ T
4)foo F0 p T
3.131.1)] 0,Q 0 2) P, Q p;3I)] T,Q 18

3.132.1), 4) — in the same side; 2), 3), 5) — in different sides.
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3.133.80.

3.134.6.

3.137.Yes.

3.1.38.No.

3.139.4.

3.140.49.

3.141.Tw oW C O TMIW O0W X TL

3142.1) 10 Tw 0 TCW CO X T2)pw YW o TheW ppdl ¢ O T
3.143.1) Q u¥c;2)Q oMB)Q T8

3.144.1)0w CwW X T2)Ccw w TRw ¢ mMd)w p TWHTw oW P T T
6)ow Cw p TL

3.145.00 & X T

3.146.T0 vwW ¢ ¢ Thi® ® pY MW @ p T8

Return to tasks.

Answers to the Topic3.2.

321.co ow @) ¢ T TS
322.00 w ¢4 pPpT T

323. 0 TW X4 p @ T
3240 w a T

325. 0w TW G T T
326p@ ¢ CQ ppoT8
3.27.00 oW cQ TU

328.¢cvo XG4 pp T

3.29.¢cvo w ca T8

3210w ¢a 1T T

3.211.1) parallel; 2) perpendicular; 3) neither parallel nor perpendicular;
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4) parallel; 5) perpendicular.

3.212.1) & tha o 2)a -ha o
3.213.1)a @2)a p®

3.214. of%Ip .

3.215.1) A OA Aiip)G; 3)-8

3.216. pN ¢t .

3.219.1)ad 0 MR w ¢ mM3I)cw a T4 Tw ow TMpWw TG p T T
B)w a p T

3220.1)— — — p2)- - — p8

3.221.8.

3.222.1)-®» -0 -0 ¢ TR2)-® -0 - — T3 —w —4& ¢ Th
Hw v T8

3.223.1)] 0,Q 0;2) P, Q p;3I)] Q T3 4)] ¢, Q <.
3.224.6.

3.225.Q 18

3.226.2.

3.227.1), 4) — in the same side; 2), 3) — in different sides.

3.230.8.

3231l.pw OW CQ pp T

3232.1)tw L & ¢ TCO ® oa Y T

)00 @0 XG@ ¢ T Tw od T T8

3233.D)1tw w ¢ T TR pQ TG pO T

3.234. ¢cN pth-Mi) - hmgN p 8

3.2351)0 TN2)O0 wN3)0 o8

3236.1)c® cw @ 00 M2)w a pyY mM;3)w ¢ 0 TMPw W pUL T
3.237.v0 va Y T
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3238. v O_W P G W ¢ u_a o ¢_ T ge _N9a. Note: The line of
intersection of the planesv®w ® a0 ¢ TmTMow Cw va ¢ s perpendicular to the
planew p @ Xxa p p T therefore, the condition of the problem will be satisfied by all
planes belonging to the set of planes that pass through this line.

3.239. aw Xw YW x T8

3.240.1) ; 2) : 3) N4) 8

3.241. 8

32422 0 0 W p COQ C O

3.243. o tMth ot ¢ htN o 8
3.244.Forexampleo® 1 T ThC® 04 T p TU
32450 Y uvoh®w o @G T X8

3.246.

3.247.1) :2) -8

3.251.Passing by.
3.252.1)w % 2) @ 1 3)p 0’8

3.253. 1) ¢ ol N 2) the line is parallel to the plane; 3) the line belongs to the plane.
3.254.

3.255.co oW TQ p TU
3.256.0 Cw o0 po TS
3.257.® 8
3.258.4 0.

3.259. cIpip 8

3.260. plN x 8
3.261.0 ¢ ol% .

3.262.0 1IpnN o 8
3.263.0 upMt 8
3.264.7.
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3.265.15.

326600 p@ LA PO TV
3267.C0 p® pa op TS
3268. pw ¢ pA p T
3.269. ¢Nonu.

3.2.70.

3.271.1)13; 2) 7.

Return to tasks.

Answers to the Topic4.1.

~

412.1) p ¢ R ;2

he 1;3) AR m;4) —h¢ T1;

5) ht 1;6) he 1.

4.15.1)—2)¢;3)m4) ;5 m6) H7)u;8 H59) 1 10)0; 11) +oo; 12) -2.
416.1) —2) H3)o;4)-5 H6)— 7)) H;8)1m9) —;10)—; 11) +oo; 12) -3.
4.17.1)¢;2) H3)m4) 1,5 m6) H57)0;8)5;9)1.

4.18.1) 1T 2) p; 3) Hy 4)0;5) +oo; 6) 3.

4.19.1)1;2)0;3)3;4)-;5) - 6) H57)T8)2;9)0.

4.110.1)-2)-3) - 4) p.

4.111.1)0;2)HB) I 4) p WG;5)-6)0;7) Hi8) -

4.1121)Q;2) H;3)-4)m5m6)Q ;7)1;8)Q ;9 Q.

4.113.1)m 2)o; 3) —4)p;5)0;6)0.

Return to tasks.

Answers to the Topic4.2.
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4.23.1)—2)¢;3)—4) H5 H6)¢7)m8)mI) H

4.24.1)T, H52) Hy 1T 3) TG

4.25.1) -=2) —3) —4)¢;50;6)-7)2;8) H9) 1 10)-;11) -;12)2.
426.1)0,2) H;3) ¢4 H5m6)o7) p;8) M9 H

427.1) p;2)-3)H54)H55) L 6) - 7) T, 8) 100.

4.28.1)-;2)p ¢3) ¢;4)1m™5)-;6)—; 7)0;8)-;9) - 10) —; 11)" -. Hint: add and subtract p
in the numerator; 12) -

4.29.1)0;2)0; 3)-for w© Hand Hforw® Hy 4)p;5) plp) H 7)0.
4.210.1)-2)-;3)—4)—5)2;6) - 7) - 8) 1 9) Hy 10) 1;11) — 12) Q

42111)—2) ~3)=4)¢506)7)-8) p;9-10)AT O1)H 1)

42121) -2)53)-4) =95 ¢6)H7)-8)C9—10)-11)—12) —;13)-;
14) —.

42131)p;2)-3)v*;4) -5 —6)-7)-8)0;9) 1.

42141)m2) ¢;3)-4) H

4.2151)Q :2)=3)Q :4)Q;5pjQ:6)mw7)Q8) w9 Q;10)MAIO H, Hfor w°
L) AW AW HNI2) A HHhAEG H13) T; 14) Hb
4.216.1)-2)MQ3) -4)u;5)-6)-7)-:8)Q9)c;10)p;11)'Q;12)Q; 13) —14) Q
15)=16)-17)Q ;18)Q;19)Q ;20)Q;21) Q"

4.2.21.1) the same order of smallness; 2) the same order of smallness; 3)| 11 ;41 1] ;

51 *x1,6)*T,7)] I 1 ;8)incomparable infinitesimal; 9) the same order of smallness.
4.222.1)| o infinitely small of the order - with respect tof ®; 2)|  infinitely small of

the order 10 with respecttof ®; 3)|  infinitely small of the order 2 with respecttof  ; 4)
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| @ infinitely small of the order — with respectto] ®;5)|  infinitely small of the order -
with respect tof .

4.223.1)-2,2)-1;3)3;4)p;5) H6) Y 7)-;8)-1,9)5;10) p; 11) 11, 12) —;13)—; 14) -,
15)—; 16)-;17) -;18)—;19)-;20) Q ;21)8.

Return to tasks.

Answers to the Topic4.3.

4.31.0 @

432.00 p;

4.33.°Qm T

4.34.1) w ¢ - point of discontinuity of the first kind, removable, Q¢ “,2) w ¢ - point
of discontinuity of the second kind, no.

435.1) ® c¢hw o - point of discontinuity of the second kind; 2) @ ¢ - point of
discontinuity of the first kind, removable; 3) @ o - point of discontinuity of the first kind, jump;
4) w ¢ - point of discontinuity of the second kind; 5) w p - point of discontinuity of the
second kind; 6) @ T1T- point of discontinuity of the first kind, removable; 7) w O - point of
discontinuity of the second kind; 8) @ p - point of discontinuity of the first kind, jump; 9) ®
TT- point of discontinuity of the first kind, jump; 10) ® o - point of discontinuity of the second
kind; 1) ® - ¢Q p h"Q ph ¢IB - points of discontinuity of the first kind; 12) & ¢ -
point of discontinuity of the first kind, removable, @ ¢ - point of discontinuity of the second
kind; 13) @ 7T~ point of discontinuity of the first kind, removable, ® Q*h'Q  ph ¢I8 -
points of discontinuity of the second kind; 14) @ Tt - point of discontinuity of the first kind,

removable, @ -h"Q  ph ¢I8 - points of discontinuity of the second kind; 15) & phw ¢
- points of discontinuity of the second kind, w - - point of discontinuity of the first kind,

removable; 16) ® o — point of discontinuity of the first kind, removable; 17) w — - point of

discontinuity of the first kind, jump; 18) @ TT- point of discontinuity of the second kind.
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4.36.1)w p - pointof continuity; 2) @ ¢ - point of discontinuity of the first kind; 3) w P
- point of discontinuity of the first kind, jump, @ ¢ - point of continuity; 4) @ 1T - point of

discontinuity of the second kind, @ o - point of discontinuity of the first kind, jump; 5) @ -

- point of discontinuity of the first kind, jump, @ “ - point of discontinuity of the first kind,
removable; 6) @ p - point of discontinuity of the second kind, @ ¢ - point of continuity; 7)
function is continuous for! w~ 1.

437.1) o ® p phov vhkb: 2) @ p Qhov HAE; 3) 0 -
AOAGHN HA Hb.

4.3.8.1) yes; 2) no; 3) no; 4) yes.

4.3.10.1) phg ;2) mip ;3) ofr .

431110~ tho,oN chp:;2wnN mx;

YN chphov phg ho v uvhp.

Return to tasks.

Answers to the Topicb.1.
5.1.1.1) it p2)1 ph; 3)—4) UCAT & - .

5.1.2.1)th ¢2)chv mphp p :3) ¢ p,4) -

51.3.1)¢Yo¢ Yoht;2)We p ph-3)1 1T @ Yoh—;4) e ht.
514.1)p ¢2)-;3)¢;4) -

515.1) — 2)- 3)—2:4)ch.

5.16. 1) p 1= 2) 0 T—.

5.1.7. 1) Yy —;.2) p ..

518.1) pgd & —.2) p @p T=3) 0O—.
519. )T —2)1 = 3)T0—NOEO OEM Ol Al COE
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5.1.10. —.

5.111.4 Yp .

5112 1) . ow » UL; 2) —= 3) w —= 4) W M—h_ p ™ —h;

5w COO®w C¢ T W6)w O ;7N PpPwT VM f'8)d) —_

9) i 100 ——=1) & - pol2)i ™ —hi ¢ —13y0Om

pPpPOpP ¢ O p.

5113 1) o wOHK] 2 w ¢ pATl @OR] 3) w :

4) w ——,; 5H w ;. 6) W —

7w o0 BhO E 1A To® ; 8) W — ; 9) 0w —

10) W : 11) ® W LVAIT® v p —i

12)

5114 1) @ —; 2) ® 3 w —Al® 4 w — =

, n . . o) .

5115 1) w — 2) W —— 3) w ;4 W

— 5 W —&; 6 W pd pOp ™ O EdcA ToQ

7w

5116, 1) AOA@EEIZ; 2) @ AOAMEI) & WOADAY) w

v - ;5 W ;. 6w ; 7)
- y 8w —.

5.117.1) & ' 2) W OATR) w 4) w oOE IwB

AT QE 5 ¢ cOETRC —B 0 — cOAIcES
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5118 1) w Q OEKIAT ©p A Twd o0 Ad; 2) ® - 3 W —
n

Ho —— 5 "2 e —— D 8 —

5.121 1) o p; o p.

5122 )0 p o X i ——2)06 —h

3) —hw - 4) true;5) — ——:6) i n__

51231) o —;2)w —;3) 4) 0 ;5 W :

) & ¢ —N 7 & — 8 & - d N O —

10) (0] ; 11) 0w — 12) ) —

13) @

5.124.1) ® -0AtI2w 3w AT-ODw -=5w 6w ——

N ——8)w —hw - -

5125 1)w Ol — OO 1 OEHw 1 d — Tl

Nw wQ OEbo co CciAlc®;4)w —— 5w ¢l b p;

B o A Tlo Td -:7) "

5126.1)00 ® o ox @Bl 1 mATad

26 & 0 U ¢ pd pwdd (—2 Ay - 5) 0

6w & A

5127.1)60  Qud gd p:2)6 — cAOADRAD i
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4) @ —— 5 ® ——6) & T p -:7w 0 h
¢ 8o o 2 19) & o EA

5.1221) 0 ' 2) W ;0 3) — ; 4) —;

5) &

5.130.1)— b ;2) ) — ™ —

5 — p) 8

5132 1) Qw - ;02 QW T O MO TO P QW

— Q@) Q0 ——;4HQd 06 D ¢ » = QPO Q  O>—0Q¢
) Q0 ¢ ddo>—Qd7) Qd —; 8 Qb ———= —— 9 QO
— —;100Q” ——0Q-

5133 1)Qi -O0Ei; 2)Qi :3)Qa Qi

5.134.1) mho @) pip g3) ThoY;¥) phox5) o LML) TIX XF) TOX W
8) v ¢ p;@) TP WT
5135 Tmmu.P¢

5136.10)Q®W T® p Uw CO pw;2)Qw 1 clicolld pQw;

3) Quw ———Qw; 4) Q" ——p UVOAd O ; 5 ag)Qw —Q
—; 600w 10AD®; 6 aQw AldQa OEBIR; 6)Qw
DATO T o O TOOOE AIddw; BQw I HATO e wi &
ORIl d®;7)Qw aa pa ¢ MW;8Qw 10K

Return to tasks.
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Answers to the Topic5.2.

5.2.1. The conditions of the theorem holds for: ¢ =N ® =

~

5.2.2. Hint: Calculate the first derivative 0 & and verify equality0 o 0 p.

5.23. © —.
N

525.0 -No -.

~

526. Qw 1O & - h-~N i .

5.27.1) —2)0;3) p; 4) ;5) —=6)-2,7) - 8) A Td§9) 2, 10) p; 11) 1, 12) p 913) Tt

14) -; 15) 0: 16) p; 17) 1; 18) Q 19) Q; 20) 'Q; 21) p; 22) —; 23) Tt 24) —; 25) —; 26) —;

27) —; 28) Tt

528.1)w x® o OAT CATd HdoEFATT OI Ay 1T ETA
2w Q OA1 (;At ®@ #wENROIA] 1 ETA

W T® T T T CATt wicwl dv m 11T OF AT T ETA

529.0 Gy @
5210000 w ¢ T
5211, w p T
5212.00 co cho co ¢
5213.co w p T
5.214.0 it B pp M cnr.

s N o~ A oA s N o~ A oA s N o~ A oA

5.215, AOAGMRT AOASART -h AOAORT AOAGAI

5216.# O0OOAO ET OAOOAAO AO OEGAR bBr.ET 0O AO Al
5217.Q  -.

5.218.06 o+ hé ol — .

5.219.1) "Qw W T P PpW T OXw T Cpw T L@

2) "Qw W p LW Pp YLIAIQLW W w o TW oD w p.
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5220Qm p e p @ p EhQpmo mhyc
5221.Q p ptoQm ohQp <co

5222.1)0 ® — E;2)0m ® — E:3)0w w0 — — E;
HQn © — — E.

5.223.1) "Q® p - p -®pPp —®p —op E;
2) Qo p - - —w - E;

Vv Q2 -® 0 —® 0 F—® 0 ——® O E.

5224.1) ofp mx2) o ex3) plpt;w) c¢mngx mome mmogt Y

5225.t | pv ph p- p .

5226 1)Q0 ¢ -6 T —6 1 —a& 1 E —*

A _ o~ © . . -
T ,Ie T — P; 2) Qw P W p W P E
W p yae Tt — p,3)’Q00 —Ad) —A(JL) —A(JL) —A(JO E

= = OEd—waem — p;4d)Qw w p @ P
@ P @ P E 5 )
nermn — pP.
5227.1) QoY £l @ H} ° ol BbhQo WA @ -Ip;
) Qo VU Al H1-° —NHbhoWwA @& -f;
3)QO Y AT @ Wt mENMQoWAE @& ¢t ¢y ;
HQo YV Al HIThQo WA @ 1 Hb;
5)" Qo WA @ HtY ¢NHBbhQoY A @ Y, ;
6) Qo W/AET @ 1p ° pMh Qo Y Al @ A H;
N0 wé A HRNQo W Al @ d) Hb;
8) Qw Y Al i z —N— QoW £la® cNH - z —N—.
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5230.1) Qo YU £l @ HT° pltbh Qo W AEIa® mp ho pho ™
2) Qo Y El > HNp - opbhQoWAEW plp ol 0;
3)Qw WA @ pMth Qo Y Ala® miHb ho T,

HQm Y El @ HYTh Qo W Aa® 1 ho T,

5)" Qo Y Al @ 1 NQo W AETG® Ht - ¢Itbhw Tt ¢

) Qo Y I T H NQo WA @ mp *° pMM w m

7) Qo YUAOAOUx EAOA

5231.1)% -ho phw p 1he - - —

2) W p (notincluded in the domain), & phw p -

3) ® T Al 1w - ElaD ¢ 4) monotone increasing;

5) ¢ AlaD - 6) ® — ElaD o

7w ¢ Al @ 1w m AlaO ¢

8o ch Al phey —— Ald QY0 L Fid —

10) @ —Vp WEI ® -Nw AW pho

52321) © oh P 02) W p bW T;3) W P hw TG

4) & p T T 5) @ chod p T6) @ ph =

Neo  pho AT AO 1i8Po AGEOGN AiAO 1710 ABEOO
Ne -k w1 & " hoo  pill) & —h -

5.2.33.1) concave up for N Hd+ , concave down for N -h Hb , inflection point & -

—; 2) concave up foreN chr , concave down for @™ Hdx ° th Hb, inflection
pointsw¢ @ GOT ¢ T
3) concave up for N HI; , concave down for N ¢h Hb , inflection pointw¢  p;
4) concave up foron  Hh p © ph Hb, concave down for N  plp , inflection points
® p 1
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5) concave down everywhere;
6) concave up for wv Hh Vo © TmiVio, concave down foroN  Woht © Wohb
inflection points & Vo VojT; ot T wWo  Wgj T;

7) concave up everywhere;

~

8) concave up for @8  ofit ©° oh Hb, concave down forcoyn  Hh o ©  miw , inflection
points ® © -hwmnt oo -

9) concave up for N T , concave down for N ph Hb , inflection point & p X.
523410 w2 cw 3w phw -0 pde  -ho & -

5o 1o © o6)w 1w ca7)w chod & pho & p8w cw -
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| i

"
(0,

| P

(].) (2.331, nj
1 ; 3

I
P, -0aT1)

5.237.1)

05 0

4)

5.238.1) |

, 2)

7 6 5 4 3 2 1

0
-1
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g 1T T T e

Return to tasks

Answers to the Topic6.1.

6.1.2.1) o M) cradP) ATady)i trp) AOA GB 8
6.131) 0 OMp) ¢ w OMAT @ 6MiTew o 68

6.14.1)-VMo —Veo — 1ho +;2)-Vo 6;3)-aio @ 6;
H— cl s — 6;5)-Mwo — 1 ~;6)clw clo 6;
N = Voo —Vd - 8) clid o coid — 0;9) —  6;
10)¢o vQ  6;11) — - 6;12) — - +;13) cAicd &;

14) ol Aic® OOAD 6:15 - ® OEI 6:;16) Aiodw ;17w ORI -;
18) ATaO 6:19) ¢l TOET 1 10Ad 6:;200- OAdD » 6:;21) 6 Alwd OAd
22) OA®d 6;23) — A OAdIE B;24) -A OA @A 16; 25) WAOAE[E&T 0;

pe N~ - P

26) -A OA-©E; 27) TAOA-MQE&;ZS) -1 T— 6; 29-1 o Vw ¢ 6;

pe N A~ A~ s A~

30)-Mp & -AOADEN31) - AOADAI
6.1.51) -Afod 6N2)-Q N3 — 6N4d — N5 -0Ed Yo -N

6) AT © o 6N7) -0 6N8) —x® T <N 9 —— N

~

10) — 0 ¢ OML-mp 1T ~N2) -1 % ws N3 -AT@ p N

Ve N A~ A~ s A

14) -OAp ow +;15-AOCAHAT - -M6)-1 — N
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17) -1 & v 0o ¢ vw s ~MN8-AOASET-8

6.1.61) alp w Q@ p MW p 6:3) -Q 6 -0 O;

5-Gb 6N6)-1  ws MP)— N8 — 1 6;9-A0AGATON

10) -A0O0&T 6NN T & vw os 6N12) cllow o p 6N13) - 1 b 6N

~

14)1 & s ~N5) 168 L Mp T Tos +;16) OAlT p o6M17) — 1 b
skmo & pil Bl gsxmoé pM8) AT® M9-1TQ & 6N

N - N~ A~ ~ PN

200A @AAD 61 AOA®EIN22) -1 T—— 6N23) Q <N
24) — 06;25) oWMAT® 6N26) ~-AOABSAT-MR7) -AT © 06N28) ——
6IMp9) Q «MB0) —— +N31) -A @ 6N

32)—Im OAD cCAOAGEIT 6N

33)cip OAI 6MB4)-OBiw M5 —-AOA GEIN3E) —— 6N

37) -AOA@ATIN3) — AOADATIfE pandi ROAGKE  pNn

39) ¢clip ® - AOADETS; 40) - Vp ww AOA Kb O 68
6.1.71)-00 Kb -Alcd 6N2) - 0Alvd -OBb 6nN3) — ol b p 6N
4) oo p ORI cAlTa®® 6N5) Q » co ¢ 6N

6) W AT cowORI cATd 6IMM-Q ® w - 6N
8)WOAN — THRT® 6MQ ®w ow ¢ ¢ 6N

10)-00 -0 Ok -0Alcd -OKb 6M1) — 1 b —  6;
12)-w0 plio p -— & 6M)—1Tw 1 & - 6N

14)-w pAOADAIT 6NIBYWAOCAATUP o 6N

16) Moo pAOADAITTw Mo p O6M7N-0Q ORI AlTd® 6N
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18)—Q Okl vAk® o6MYwlp w - p © 6N

200 -— -AOA®@AdRL -V » —AOA-OBN

22)— o O —llo ® & 68

6.18.1)cWo p I Ip Mo p O6M—Vw pow T Y 06N

3)1 Tg_ 6M) cA OA @A 16rp) ¢ M A OA AT 6N

6)- w p Oalw p ol Mo p O6Monw ol Mo p 6N
8¢ tmw Tl Ip Mo 6N

9w -Vo -Vo e oo ene ¢l o p 6N

100 &0 VM p Tl Mo p p 6N 6N

12) 6M3)cQ p cCAOABWARATp 6N

14) ] il;:; 58

6.19. 1) -1 T cw® ¢ AOA®AP 6N2) cl ko ow ps iT—ﬁ 6N
3)ol @ os — O6M) Vo cw o TAOABEIN

5) -1& ois -1 T— 06Mp) Wb ¢o & oAOALETGN

N-1Ttw tw px -AOASAT 6N

8ol co ¢ Tl low p VMo co ¢ o6Mm)i 4: én

10)-Nu @ ¢ —I Tow p Muw ¢ ¢ O6M1) 1 ko ow ps 68
6.110. DI F= -N2)1 & cs 1% vs ;13 -1 & ps —1 boo ps -N

H-1Tw ¢ Mcw p O6Mp) I — <N

6) —1 oo ps —1 Ko os -1 L& 6N
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-0 1ds —1 kKo ps —I kKo ps ~MP)-1 ——— ~M)-1 I—

|
|
—
|

¢

10)6 -1 &5 -1 B s —1 & o3 <M 0
12) — — o | ——  «.

6.11L 1) - 11— +«; 21l &8s ol B ps ww p «N3) - -1 T—

) — —l1® ps -1 ¢ N5 G - T — +p) — & ps
N— -ld0 ps B —— -9 & ¢s
10) —— 10 1— -8

s N 0~ A oA s N o~ A oA

re ~ ~ o~ A s A

5) 1 1—5 n -AOAGAT-; 6) 1 |— “AOAOAL AOAEAT.:

8) — ¢ - cliw cw ¢ cAOA®APp 6N

11— —AOAGAT «;10) —1 -~ — L AOASAT ..
6.1.13.1)—— -AOA®A4;2) — AOAO®AG ;

3) — AOROME4)——— —AOADAITS:
5)—— -1 1o ¢ TI_AOAMQAB;G)—— -1 T— o}
HN—— -1d ps -1 1o p 6N

8) —l&s —ido p —iid 1T —0 88

6.1.4. 1) ci® o Ttilp MO +; 2) - VMo ¢ Wo ¢l isWo ps

N —— Yl +— — = —= —= ]
n
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o p  —® p -® p - P -

H CAOAOGA] «:8 — B - o 5M0) - —
1) —AOAOBND & +i12) —— -AOADEN 1) —

1) T 15T e —17) ———  5:18)- —

19) -AOAAT ©20) — — 6P - & oMo ® cAOAOE]

0;

22)-® phow cw p Tw p Mo co p +:;23) —'t'mi

W W

24)-AOAAL G;25)- —=I1 —;26) —=I 1
" " " "

27) AOAOETorR8) —I 1 on
29)- 0 olp co o qAOA%ET»n
30)- pwowlo cw o ptAOASBGEITSN
3) o co v vl dlw p M co u 6N
32) -® -0 -VWo cw ¢ -l p Mo co ¢ 6N
3)-0 pllo co p 1w p Vo co p 68
n n

6.1.15.1) ol T—= —
n n

W
o

2)-d —d —O MO -0 —o WMo 6;3)cAO0A QAT

hd- p ® - p @

5-1TMo p p -1T @ p Mo p p M—_AC‘)AQV'—,A'I‘A:T— 6n

65— ® p - @ p nn-it z 5:
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8)p ¢~ 5,10 p VG

-1 VWD VD o p MO ~;10)-1 F— —AOAGATS neo “a .

1)-1 B—— -AOA&AL -

12) 1 —AOAGAL— -1 — 6;13) ————— ~;
n

14) ¢ w p .,

6.1.16. 1) < 2) . 3) — .

4 0§ OE® .. 5) . 6) OAS -6 —

7) «; 9 AlO-AT® -AT® 6; 100 | 80AdE —— -;

11)- OAD AT O cisDAk -;12 .

13)-0Ab -OAd 1RAT® 6; 10 -AT @ OAD -;
15) —ATyd -ATcd -;16)-OEB] — OB -;17) —OBb -ORJ 6;

18) -OEBEbL —AT@d 6:19) :200- 0 | ORI ATe® -;

21)-AT-O-AT & »;ZZ)WAOA@I@@ «:23)6 —AIooO AOAM ;
20)-A OA GIIAT «;25)—1 T—— ;26 ~AOAOAI— &;

I TOAT - <281 Tc ATd —AOAOADAT -
2)AOAOCRAT p ~; 30) —— 6;31)—w —I ORI o Al -

Return to tasks.

166



Answers to the Topic6.2.

6.21. 1)—;2)—;3)—;4)-;5 U0 Mg p;6)pg7)—:;8 - 9)¢;10) Q MQ

200 L.
622.1) cQ p;2Q ¢3)- p4a* @5 - L6 - -1t 7p
8) — 1 119 — vlo w b:10)- —11) —& N1 -Q C.

623.1) - ¢l 2c =3)x ¢l b4 — 5= 6Nl Fi 8~ 9
UG = 1 H=1)Me ~12)—13) = 14) | 2 15) — 16)—.

Return to tasks.

Answers to the Topic6.3.
6.3.1.1) —; 2) divergent; 3) I &: 4) divergent; 5) — ; 6) divergent; 7) divergent; 8)“; 9) —;

10)-; 11) ¢ ; 12)- -1 t; 13) divergent; 14) divergent; 15) —; 16) —.

6.3.2.1) divergent; 2) convergent; 3) convergent; 4) convergent; 5) convergent; 6) divergent; 7)

divergent; 8) divergent; 9) convergent; 10) convergent.
6.3.3.1) —; 2) -: 3) Vv ; 4) divergent; 5) 2: 6) 1; 7) -; 8) divergent; 9) divergent; 10) —; 11)
divergent; 12) p &; 13) “; 14) —.

6.3.4.1) convergent; 2) convergent; 3) divergent; 4) convergent; 5) convergent; 6) divergent.

Return to tasks

Answers to the Topic6.4.

6.41.—.
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6.42.-.
6.43.—.
6.44.-.
6.45.-.
6.46.—.
6.47. -.

6.48.—1 8

6.49—1
6.410.Q - 8

6.411.- ¢ ¢ 8

6.412.11 & p.
6.413.0 Q

6.414.¢* - 1@ -

6.415.- t* Wo i- y Vo.

6.416.1c p.
6.417.—.
6.418.1.
6.419.00 @
6.420.c U
6.421.- 1 f
6.422. 0" (o .
6.423.-“QO®
6.424. -
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6.425. —.

6.426.-C " 8
6.4.27.p o " .

6.4.28.—8
6.4.9. —.

6.430. —.
6.431 () .
6.4.2.Vio -.
6.4.3. 0 .

64%G p L .

6.4.%5 —1
6.4.%.p -1 +.
6.437.1 & -.

6.4.38.0 .
6.4.39¢.
6.440. T/0.
6.441 -“ Y8
6.4.42. pi8

6.4.43.68
6.444.¢ ¢ Vo .

6.445.“Wp 1° -1 ¢
6.4.6.— | +.

6.4.47.—.

Vp

T
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6.4.8. ¢ V&% G .
6.4.8. cOVIQ.
6.450. -“ & 8

6.451 —"8
6.452.1) - ;2) -*.
6.48.-C p.
6.4.50. —.

6.4.5. —.

6.4%. — Tl T°*“.
6.457-"C ob C.
6.458. — ¢ .

6.459.0" ®.
6.460, ——.

6.461.“UC .
6.462. 0 .

6.463. w “UCclp — ,0 “UCcNp — .
6.464. U .
6.465. —"“.

646.- p G p.
6.467. — ¢ G 1.
6.4.8. —* .
6.4.80. —“ .

6.470.0 QY
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6.471. it W
6.472.p 0
6.473.¢ TL @ @& O

6.474.-“ TY'O.
6.475.—“ Y 'O.
6.476.- [Y'O.

6.477.—“ [©'Oh plp dp ™ QQ8
6.478.—“ Y O.

6.479.-“ Y .
6.480. 20,625 kg.

6.481.— —h p —.
6.482.¢" M.
6.483. 1) 1w —; 2) the center of gravity lies on the bisector of the central angle that

subtends the arc, at a distance of ¢'Y— from the origin; 3) & ™o O—;

Ho “Ow —5® —ho —6w - —ho - —;
N —h —8d & —

6.484. “'Y .

6.485.-Y .

6.456. "

6.487.0 —®hO pe@ “ —.

6.488. 0 O  whod N0 .

6.489.
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6.490. —.

6.491 —h— 2

6.492.1)- -2)— ZL.3)—
6493 1) & mw — 2o —hmh —3) o - = 49H) o “a -&
5o ®w —660 ——h ; 7) the center of gravity lies on the axis of

symmetry of the sector at a distance of from the origin; 8) &0 —ho T

No Ledw m

6.494.0 0 —ho o -
6.495 —.

6.496. —.

6.497. —.

6.498 ——
6.499.0 -Owh0O -0®

Return to tasks.
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Basic Elemntary Function, Their Properties and Graphs

Linear Function & Q¢

_ Slanted line _
for Q Trand for any w

}
b
<
@<
x

_ Slanted line _
for Q Trand for any w

Horizontal line .
for Q Trand for any w

Inverse Proportionalityw

9 graphis called hyperbola;

f 00 P mo; 2

1 07 Pt mh b ;

T linec Tis horizontal asymptote; : 2

1 linew Tris vertical asymptote. 2
QuadraticFunction ® G ®OC¢ Ghd T

9 The graph is Qarabola; |

1T 0'Q bh b ;

T & m 0Q —h b ; |

T & m 0Q Ph — ;

 vertex of parabola —F — hwhereO @ TO®

1 it has symmetry about the axis that passes through @ —
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Power Functionsw @ , €  TIisS integer number.

If £ is even number then @ If £ is odd number then ® w
T 0"Q bh b ; T0°Q bh b ;
T 0Q m b; T 0°Q bh b ;
1 always passes through points 1 always passes through points (0,0),
(0,0), (°1,1); (1,1), (-1.-1);
9 even function. 9 odd function;

[

Inverse Power Functions® W& £  Tis integer number.

If £ is even number then ®  VI® R
f0Q mtb; 1
f0Q mbD; ‘ R
1 always passes through points (0,0), (1,1).

If € is odd number then @ V@ ‘
T 0"Q bh b ; mmE
T 0"Q bh b ;

1 always passes through points (0,0), ( 1,1),

(-1-2); ’

9 odd function.
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Trigonometric Functions

190 Hh Hb; OO ohp

1 periodic function, "Y ¢* - period;

11 odd function;

T0Rd Tt w “ &ENG

TORS T+ o ¢ & ¢ £, EN G
TOREd 1t v “  ¢“ 8t ¢ & EN G

fitis increasing forooNn - ¢ & ¢“ £, EN
flitis decreasing forN - ¢“ Hi— ¢“ £,&EN Y
A

®w Ald

10 @ Hh H; 0w php ;
1 periodic function, Y ¢* - period;
1 even function;

AT Tt @ - “ FENQ
AT 1+ N - ¢“ & ¢ &,6N O

TATGO 1M O — ¢ Hh— ¢ &£, eV
fitisincreasing for N “ ¢“ dc* " €,€N &
{itis decreasing forwN ¢* & ¢ €,€N
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TOwdgy - “&Héen:; 0w Ph o :

1 periodic function, ”Y * - period;
1 odd function;
TO0Ad 1t @ “ LENG
oo - “ & &N, - vertical asymptotes;
TO0Ad mt v “ & “EENQ
TO0AN 1 oy - “ #H & ENQ
fitisincreasing forcon - “ & “ &£, EN Q)

A

3

2

1

-1 1
2
3
w ATdI0omdgo “&HHenv:; O Ph oo

1 periodic function, ”Y * - period;
1 odd function;
AT mt & - “ §ENG
Too “ hen - vertical asymptotes;
TATGO 1 N “ & “ &£, &N
TATAD Mt oy - “#H “ g,en
it is decreasing for coN  “ & &£,&N O

by
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Inverse Trigonometric Functions

- N o~ P /|

100 pilp; O “h-:

91 odd function;

- ~ ~ - PERVN

Tip ; g
pht
php ;

- ~ ~ - PERVN

d)N
1it is increasing for N

AOAAI

10 @ plp; 06 T ;
TAOAAIGO « AOAJI O
TACOAAT© & p;
TAOAAT ©& "
1it is decreasing for cN

php ;
php ;

AOA®A

| TO w

Hh H ;0w

9 odd function;

TAOAD ATt & T

1T horizontal

asymptotes;

1 AOAOAM:
Th Hb;

“h-

WN

1 AOASAR o T T
HATT ;
9it is decreasing for

(bN

Hh Hb;

w AAAW

Hh H: O

A~ A A

10w
TAGA G *« AGOAI
o mho “ - horizontal asymptotes;

' ;

it is increasing for

oN  Hh Hb;

TAQGAGD mt v  HhO Ho; \
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Exponential Functions

W O,mT ©® p

W 0,0 p

10 & Ph o ;

TOw m oo

700 T+ v  Hh Hb;

1 it is neither odd nor even function;
1 it intersects the waxisatw p;

1 w 71~ horizontal asymptote;

{ it is decreasing for N  Hh Hb;

10 ® Ph o ;
10w m oo

700 1t OV HHh B

9 it is neither odd nor even function;
{lit intersects the waxisat w p;
1 @ T- horizontal asymptote;
Hh Hb ;

1 it is increasing for N

Logarithmic Functions

w I T p
10 w T oo
[ROXH Ph o ;
it is neither odd nor even function;
1 it intersects the w-axisat w p;
9 it is never intersects the w-axis;
1 w - vertical asymptote;
1 it is increasing for o T Hb .
A

v
y+log,x

w I TQm ® p
10 w ™ oo
10 Ph o ;
9 it is neither odd nor even function;
1 it intersects the w-axisat w p;
1 it is never intersects the w-axis;
1 w T7t- vertical asymptote;
1 it is decreasing for o8 T Hb.

v

w

L%}
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Hyperbolic Functions

w OEBLE w Al @E
10w Ph o ; 10 w Ph o ;
10w Ph o ; fOw ph o;
T0E o E——; TAT @E —;
1 odd function; 1 even function;
w OAE w Al @OE
O Ph o ; TO & bh m o ;
10w php : 10w bh p ° ph b ;
TO0AWE ; TAT ®E
T w p - horizontal asymptotes; 1T w p - horizontal asymptotes;
4 T @ T- vertical asymptote;
A
1 }’2
1
2 1 0 1 2 \=
-1 ﬁ_1
! | -2
Al Gkt OETGE pnp OAITcE —nNp AT QGE —N
Al & Al OGEOEITuH OEt& cAl GBE LIE
Al @& p cOEITuR Al Q& p cAl G
Al GE & Al QEI GEOE hE&E LrE
OEIGE w OEDEI QEAT GEE WLIE
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Graphs of Certain Functions in Polar Coordinates
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Graphs of Certain Parametric Functions
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EHGKTpOHHG MCPCIKECBC HABUYAJIbHC BUAAHHA

] dh O KOs j BC
Yy OMmMisd dzO 1
1B tedzd S L OHOY

1 Oo yodz: dzd?2 ftsf' B dzd €

(AHTIHCHKOI0 MOBOIO)

Vxkmamaui:
r Iz tc O o fifanfiaBikropiBHa, KaHa. (i3.-MaT HAYK, JOII.
S Otcff O @atapa OnekciiBHa, kKaHa. Bi3.-MaT HAYK, JOII.
s 5§ Afiya MukosnaiBHa, KaH. (i3.-MaT HayK, JIOII.
t J eH@uis Biramiiua, kaHa. ¢i3.-MaT HayK, JOII.
4 O d3ts 2 dZfedmba BuaTomiiBHA, KaHa. ¢i3.-MaT. HAYK
dls j | O dijadgiatBikropiBHa, kaHn. (i3.-MaT. HAyK, JOII.

30ipHUK 3aay MpU3HAYEHO IJISi CTYAEHTIB MEpIIoro Kypcy creniaiabHocTi «lIpukiagna mexaHika». Ha mouatky
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