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Introduction 

 

The problem book is intended for first-year students majoring in "Applied Mechanics." The 

tasks in the collection are systematically arranged according to the sections and topics of the 

syllabus of the course "Higher Mathematics 1. Differential and Integral Calculus of a Function 

of One Variable." 

At the beginning of each topic brief reference material is provided (definitions, theorems, 

and formulas). Answers are given at the end of the collection for all calculation problems. Some 

answers are illustrated with graphs and drawings. For the convenience of using the collection, 

after the tasks for each topic, there are links to the answers, from which it is also possible to return 

to the tasks using the link after the answers. 
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Chapter 1. Linear Algebra. 

Topic 1.1. Matrices and Determinants.  

 

A matrix is a rectangular table of numbers, symbols or expressions - the elements of the 

matrix, arranged in rows and columns 

ὃ

ὥ   ὥ ẗẗẗẗ ὥ
ὥ   ὥ ẗẗẗẗ ὥ
ẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗ
ὥ   ὥ ẗẗẗẗὥ

. 

Each member in a matrix is called an element. Each element is denoted as ὥ , where i  is 

the row number, and j is the column number to which the element belongs. The number of rows 

and columns of a matrix is called the dimension of the matrix.  

Two matrices are equal if they have the same dimension and equal elements that occupy the 

same positions in both matrices.  

Types of matrices 

ὃ  - square matrix; 

ὔ
π
π
  
π
π

 -  zero matrix; 

Ὁ

ρ  π  πẗẗẗẗ π  π
π  ρ  πẗẗẗẗ π  π
ẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗẗ
π  π  πẗẗẗẗ π  ρ

 - identity matrix; 

ὃ
ὥ   π    π
π    ὥ   π
π     π   ὥ

 - diagonal matrix; 

ὃ
ὥ    π     π
ὥ   ὥ    π
ὥ   ὥ   ὥ

 - lower triangular matrix; 

ὃ

ὥ   ὥ   ὥ
π    ὥ   ὥ
π    π     ὥ

 - upper triangular matrix. 
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Determinants 

The determinant of a matrix  is a special scalar quantity that is calculated for each square 

matrix and is denoted 

ȿὃȿȟЎὃ  or det ὃ. 

First-order determinant 

ȿὃȿ ȿὥ ȿ ὥ . 

Second order determinant 

ȿὃȿ
ὥ ὥ
ὥ ὥ ὥ ẗὥ ὥ ẗὥ . 

Third-order determinant 

General rule (Laplace expansion ï expansion by elements of a row/column of the 

determinant). 

ȿὃȿ

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

ὥ ẗ
ὥ ὥ
ὥ ὥ ὥ ẗ

ὥ ὥ
ὥ ὥ ὥ ẗ

ὥ ὥ
ὥ ὥ  

ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ Ȣ 

The rule of triangles. 

 

ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ Ȣ 

Sarrus' rule. 

 

ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ ὥ Ȣ 

 

1.1.1. Calculate the determinants by definition: 

1)  Ў
σ τ
ρ ς

;                                       2)  Ў
ρ τ
υ ςπ

; 

3)  Ў
υ ς
ρ τ

;                                       4)  Ў
ρπ φ
υ σ

; 
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5)  Ў
ὥ ρ
ὥ ὥ

;                                        6)  Ў
ὥ ρ ὦ ὧ
ὥ ὥ ὥὦ ὥὧ

; 

7)  Ў
ρ Ѝς σ Ѝυ

σ Ѝυ ρ Ѝς
;                       8)  Ў

ρ ρ
ὼ ὼ

; 

9)  Ў
ὥ ὦ ὥ ὦ
ὥ ὦ ὥ ὦ

;                            10)  Ў
ÃÏÓ‌ ÓÉÎ‌
ÓÉÎ‌     ÃÏÓ‌

; 

11)  Ў
ς τ υ
ρ ρ ς
ς τ σ

;                         12)  Ў
ς ρ σ
ς σ ς
π ς υ

; 

13)  Ў
σ ς υ
ς τ ρ
υ ρ χ

;                               14)  Ў
σ ς ρ
ς ρ σ
ς π ς

; 

15)  Ў
υ ρ π
ς ς σ
τ π ρ

;                               16)  Ў
τ σ υ
ς ρ σ
ρ π ς

;  

17)  Ў
ρ ς σ
ρ ς ρ
ρ σ ς

;                               18)  Ў
π ὥ ὥ
ὥ π ὥ
ὥ ὥ π

;  

19)  Ў
π ὥ ὦ
ὥ π ὥ
ὦ ὥ π

;                                  20)  Ў
ὥ ὦ ὧ
ὧ ὥ ὦ
ὦ ὧ ὥ

;   

21)  Ў
π ÃÏÓ‌ ÔÁÎ‌
ÃÏÓ‌ π ÃÏÓ‌
ÔÁÎ‌ ÃÏÓ‌ π

;               22)  Ў

ὼ ώ ᾀ

ὼ ὼ ᾀ
ὼ ώ ᾀ

. 

1.1.2. Solve the equations and inequalities: 

1)  
ὼ ὼ ρ
τ ὼ ρ

π;                                  2)  
ςὼ ρ ὼ ρ
ὼ ς ὼ ρ

φ; 

3)  
σὼ ρ
ὼ ςὼ σ

 ;                                4)  
ÓÉÎὼ ρ
ρ ςÃÏÓὼ

π; 

5)  
ÃÏÓτὼ ÓÉÎὼ
ÓÉÎτὼ ÃÏÓὼ

π;                             6)  
ρ   σ    ὼ
τ    υ ρ
ς ρ    υ

π; 

7)  
σ    ὼ τ
ς ρ    σ

ὼ ρπ   ρ    ρ
π;                      8)  

ὼ ὼ ρ ὼ ς
ὼ σ ὼ τ ὼ υ
ὼ φ ὼ χ ὼ ψ

π; 

9)  
σὼ σ ς
ὼ ρ

π;                                  10)  
ὼ σὼ
τ ςὼ

ρτ; 
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11)  
ὼ σὼ
ρ ὼ

ς;                                    12)  
ὼ ρ ς

σ ρ; 

13)  
ρ ὼ σ
τ ὼ

π;                                  14)  
   σ ς    ρ
   ρ   ὼ ς
ρ   ς ρ

ρ; 

15)  
ς ὼ ς ρ
ρ ρ ς
υ σ ὼ

π;                         16)  
ς φ ρ
σὼ υ ὼ
ρ υ ρ

π. 

1.1.3. Prove the equalities using the properties of determinants: 

1)  
   σ ς ρ
ς σ ς
  τ υ σ

   σ ς    χ
ς σ ς
  τ υ  ρρ

; 

2)  
   ρ ς    σ
ς   ρ υ
   σ   ς    χ

   ρ    π   π
ς σ   ρ
   σ    ψ ς

; 

3)  

ὥ ὦ ὧ ὥὼὦώ
ὥ ὦ ὧ ὥὼ ὦώ
ὥ ὦ ὧ ὥὼ ὦώ

ὥ ὦ ὧ
ὥ ὦ ὧ
ὥ ὦ ὧ

;  

4)  

ÓÉÎ‌ ÃÏÓ‌ ÃÏÓς‌
ÓÉÎ‍ ÃÏÓ‍ ÃÏÓς‍

ÓÉÎ‎ ÃÏÓ‎ ÃÏÓς‎

π; 

5)  
ρ ὼ ρ ὼ ς
ς ὼ ς ὼ τ
σ ὼ σ ὼ ς

τὼ
ρ    ρ ρ
ς ρ ς
σ    ρ ρ

; 

6)  

ὥ ὦὼ ὥὼ ὦ ὧ
ὥ ὦὼ ὥὼ ὦ ὧ
ὥ ὦὼ ὥὼ ὦ ὧ

ρ ὼ

ὥ ὦ ὧ
ὥ ὦ ὧ
ὥ ὦ ὧ

. 

1.1.4. In determinants, find the complementary minors and cofactors:  

1) all elements of the second row   
   ς σ τ
ρ π υ
   ρ ς φ

;  

2) all elements of the second column   
   σ ρ ς
σ   ρ φ
   χ   π τ

; 

3) all elements of the third column     
   ρ ς σ
σ   ρ    υ
   σ   ς    τ

. 
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1.1.5. Calculate determinants by expansion according any row or column:  

1)  Ў
   ρ      ρ ρ
   ρ      ρ      ρ
ρ      ρ ρ

;                                 2)  Ў
   ρ      ρ ρ
ς      ρ σ
   σ τ      ς

;     

3)  Ў
ς π σ
χ ρ φ
φ π υ

;                                       4)  Ў
τ ρ ς
σ   φ    ρ
π   υ    π

;       

5)  Ў
π ὥ π
ὦ ὧ Ὠ
π Ὡ π

;                                      6)  Ў

ρ ρ ρ
ὼ ώ ᾀ

ὼ ώ ᾀ
;  

7)  Ў

 ς π
 ρ ρ

π π
π π

    ς π
 σ τ

σ π
ρ ψ

;                             8)  Ў

  υ
  π
  π
  π

   χ
   σ
   π
   π

  σ
     ω
     ρ
     π

    τ
    ς
    ρ
 τ

;    

9)  Ў

ς σ
ς ρ

   
σ   τ
ρ   ς

φ ς
ς σ

     
 ρ    π
 π υ

;                            10)  Ў

  υ
 ρ
 π
 υ

   ρ
   σ
   χ
   τ

  ς
    φ
     ρ
    ς

    π
 ρ
    σ
    ρ

;   

11)  Ў

   ς
   σ
   τ
 ρ

    π
    ρ
 σ
    ς

   σ
   ς
   ρ
   π

    π
 ρ
 ς
    υ

;                            12)  Ў

   τ
 ς
   σ
   ς

   ς
   π
   σ
   ρ

    π
    τ
 ς
  ς

    σ
    π
    υ
    ρ

. 

1.1.6. Reduce the determinants to the most convenient form and calculate them: 

1)  Ў
   ς σ ς
   τ π    χ
ρ ς    σ

;                                 2)  Ў
ς   ρ σ
π    ρ ρ
σ ς    ρ

;      

3)  Ў
τ  ρ σ
ς    υ    χ
σ  ς    ρ

;                                4)  Ў

ς 
π 
σ 
σ 

ρ 
   ρ
ρ
   ρ

   ρ
   ς

 
  ς
  φ

    π
 ρ
    σ
    ρ

;     

5)  Ў

   ς
υ
σ
   ρ

    π
    σ
    π
 φ

 σ
    π

 
   ς
   π

    φ
 ρ
    τ
    σ

;                              6)  Ў

    ρ
τ

 
  σ
  ς

   υ
      χ
  ψ
  φ

  ς
    τ

 
ρ
φ

    ς
 τ
    χ
    ς

Ƞ 

7)  Ў

    φ
    ω
   χ
τ

  υ
     χ
     υ
     ψ

     ψ
     υ
     σ
 ψ

    τ
    ς
    χ
σ

;                             8) Ў

 ρ
 ς

 
σ
τ

 ς
    ρ
 τ
    σ

    σ
 τ

    
ρ
ς

     τ
     σ
  ς
  ρ

;    
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9) Ў

π     ς    σ σ    τ
π     ς    ρ ρ    ς
ς ρ    σ     τ    π
π     φ     ς     ρ    π
π     ς     σ     π    υ

;                            10) Ў

ς ρ ρ
ρ σ ρ

    
ρ ρ
ρ ρ

ρ ρ τ
ρ ρ ρ
ρ ρ ρ

    
ρ ρ
υ ρ
ρ φ

; 

11) Ў

ρ ς σ
ρ ρ ς

    
τ υ
σ τ

ρ ρ ρ
ρ ρ ρ
ρ ρ ρ

    
ς σ
ρ ς
ρ ρ

;                           12) Ў

ὼ ώ ᾀ

ὼ ώ ᾀ

ὼ ώ ᾀ
. 

1.1.7. Solve the equation without calculating the determinant 

ρ
ς
τ
ψ

       ρ
    σ
       ω
  ςχ

    ρ
    ὼ
     ὼ
     ὼ

    ρ
    τ
  ρφ
  φτ

πȢ 

1.1.8. Prove the equality using the properties of determinants  

ρ ὥ ὥ
ρ ὦ ὦ
ρ ὧ ὧ

ὥ ὦ ὧ
ρ ὥ ὥ
ρ ὦ ὦ
ρ ὧ ὧ

. 

1.1.9. Calculate the determinants 

1)  Ў

σ
ς
ς
Ễ
ς

 

  ς
  σ

 
  ς
Ễ
  ς

   ς 
   ς 
   σ 
 Ễ
   ς

Ễ  ς
Ễ  ς
Ễ  ς
 Ễ Ễ
 Ễ  σ

;                         2)  Ў

   ρ
ρ
ρ
Ễ
ρ

 

     ς
     π

 
  ς
Ễ
 ς

     σ 
     σ 
     π 
  Ễ
  σ

  Ễ   ὲ
 Ễ    ὲ
  Ễ   ὲ
 Ễ Ễ
 Ễ  π

. 

1.1.10. How will the determinant change if its first row is written in the place of the ὲ -th row, 

and the others are shifted up without changing their order?  

1.1.11. Using the properties of determinants, prove that the determinant  

Ў

  ρς
  ςρ
    π
  ςχ

      σ
  φ
     τ
  ς

     υ
  ς
      ς
  σ

     π
  σ
    τ
  ρψ

    is divided into   30. 

1.1.12. The numbers 185, 518, 851 are divisible by 37.   

Prove that  
ρ ψ υ
υ ρ ψ
ψ υ ρ

   is divisible by 37. 

 



11 
 

Operations on matrices. 

Addition  

Matrices are added element-wise, with the addition operation defined for two matrices of 

the same size 

ὃ ὄ Ὓ ȟ  ί ὥ ὦȟ  π Ὥ ὲȟ  π Ὦ άȢ 

Properties 

1. Commutativity  ὃ ὄ ὄ ὃ. 

2. Associativity  ὃ ὄ ὅ ὃ ὄ ὅ. 

3.  ɱὔȟ   ὃ ὔ ὃ (N - zero matrix). 

4.  ɱ ὃȟ   ὃ ὃ ὔ. 

Multiplication by a scalar 

Matrices are multiplied by scalars element-wise  

‌ẗὃ ὄ ȟ  ὦ ‌ẗὥȟ  π Ὥ ὲȟ  π Ὦ άȢ 

Properties 

1. ρẗὃ ὃ. 

2. ‌‍ὃ ‌‍ὃ. 

3. ‌ ‍ὃ ‌ὃ ‍ὃ. 

4. ‌ὃ ὄ ‌ὄ ‌ὃ. 

Transposition  

The transposition of a matrix ὃ   is the operation of converting rows into columns and 

vice versa  

ὃ ὃ . 

Matrix Multiplication   

Two matrices can be multiplied only when the number of columns of the first matrix equals 

the number of rows of the second. The product of matrices ὃ  and  ὄ  is called the matrix 

Ὓ   

ὃ ẗὄ Ὓ ȟ  ί ὥ ẗὦ ȟ  π Ὥ ὲȟ  π Ὦ ὯȢ 
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Properties 

1. Matrix multiplication is  NOT COMMUTATIVE  ὃẗὄ ὄẗὃ.  

2. Associativity ὃẗὄ ẗὅ ὃẗὄẗὅ. 

3. Distributiveness ὃ ὄ ẗὅ ὃẗὅ ὄẗὅ or ὅẗὃ ὄ ὅẗὃ ὅẗὄ. 

4. ‌ὃẗὄ ‌ὃẗὄ ὃẗ‌ẗὄ . 

 

1.1.13. Calculate the sum and difference of matrices ὃ and ὄ  if: 

1)  ὃ
ρ ς τ
ς ρ υ
σ π ρ

ȟὄ
σ υ π
ς ρ χ
τ σ ς

;  

2)  ὃ
τ  σ
υ φ
π  ψ

ȟὄ
ς χ
σ   υ
ρ   χ

. 

1.1.14. Find linear combinations: 

1) ςὃ υὄ  if ὃ
ρ ς ρ
σ τ   υ

ȟὄ
ρ σ    ς
σ τ χ

; 

2) ςὃ σὄ  if  ὃ
ς ρ
σ ρ
ρ π

ȟὄ
ρ  υ
ς   τ
σ ς

; 

3) ὃ σὄ τὉ  if  ὃ
σ ρ
ς π

ȟὄ
ρ ρ
π υ

ȟὉ
ρ π
π ρ

; 

4) ςὃ υὄ ὅ if  ὃ
ρ ς
σ π

ȟὄ
ς ρ
  ς π

ȟὅ
τ ς
ρ ρ

 . 

1.1.15. Find ὃ ʇὉ if:   

1)  ὃ
  ς ρ   ς
  υ σ    σ
ρ    π ς

;                   

2)  ὃ
  π   σ ρ
ς φ    ρ
   ρ τ σ

. 

1.1.16. Write the matrix transposed to the given one:  

1)   ὃ
ς σ τ
φ χ ψ
ρπρρ ρ

    
υ
ω
σ

;                      
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2)  ὃ
   τ
χ
   ς
  
ω
  ρ
  π

;            

3)  ὃ
   υ
τ
   ρ

;                                             

4) ὃ σ ψ π ρ χ. 

1.1.17. Show that the matrix ὅ σὃ ςὄ does not change when transposed if  

ὃ
 ρ ρ   ς
 σ    σ   φ
ς ς   τ

,        ὄ
τ σ   υ
   σ ρ   τ
   υ ψ   υ

. 

1.1.18. Find the products of the matrices ὃὄ and ὄὃ  if possible  and indicate their dimensions: 

1)  ὃ
   ς ρ
ρ   σ

,  ὄ
σ   υ
υ   ψ

; 

2)  ὃ
ρ π τ
ς σ σ
ρ ς ρ

,  ὄ
ς ρ π
ρ ρ π
σ ς ρ

; 

3)  ὃ
ρ ρ π
ς σ τ

,  ὄ
ρ σ
π τ
ς ρ

; 

4)  ὃ
σ ς
τ   ρ
ρ   π

,  ὄ
ρ   π ρ
ς ρ σ

; 

5)  ὃ =
  σ
ρ

,  ὄ ς χ; 

6)  ὃ
   σ ρ
φ   ς

,  ὄ
ς   ρ
φ   σ

; 

7)  ὃ
ς υ
π ρ

,  ὄ
ρ σ ς
τ π ρ

; 

8)  ὃ
ρ π ς
τ ς ρ

,  ὄ
ς   σ π
ρ   ς  ρ
ς σ τ

; 

9)  ὃ =

ρ
ς
σ
ρ

,  ὄ ς σ τ ρ; 
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10)  ὃ

φ τ σ
υ ψ τ
ς χ ς
σ    ρπ   φ

,  ὄ
   ρ
ρ
   ρ

; 

11)  ὃ
ς  ρ σ
σ  ς   τ
ρ ς ρ

,  ὄ
ρ π  ς
ρ σ  π
ς τ ς

; 

12)  ὃ

ὥ π π
π ὦ π
π π ὧ

    
π
π
π

π    π     π    Ὠ

,  ὄ

‌ π π
π ‍ π
π π ‎

    
π
π
π

π     π     π    ‏

. 

1.1.19. Calculate the products ὃὃ  and  ὃὃ. If the difference ὃὃ ὃὃ is defined, find it. If 

not, explain why  

1)  ὃ
υ ς ρ
σ τ ς

;                      

2)  ὃ
ς σ
ρ  τ
ς  π

. 

1.1.20. Find the value of the matrix expression  (ὃὄ  ὄὃ  if  

ὃ
ρ ρ π
ς ρ τ
ρ π σ

,             ὄ
ς υ π
ρ ρ σ
π ς ρ

. 

1.1.21. Find ὃ  if 

1) ὃ
ρ ς
σ τ

,                   

2) ὃ
ρ ρ
ς σ

. 

1.1.22. Find the value of the polynomial Ὢ of the matrix ὃ if 

1)  Ὢὼ ὼ υὼ σ,  ὃ
ς ρ
σ σ

; 

2)  Ὢὼ ὼ ςὼ ς,  ὃ
ρ ς
σ ρ

; 

3)  Ὢὼ ὼ ὼ σ,    ὃ
ρ ς σ
σ π ς
σ ρ ς

Ȣ 
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Inverse matrix. 

 

The matrix ὃ  is the inverse of the matrix ὃ such that  

ὃẗὃ ὃ ẗὃ Ὁ. 

Algorithm for calculating the inverse matrix.  

ὃ

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

. 

1. Calculate the determinant  ÄÅÔὃ π.  

 

2. Calculate the cofactors: 

ὃ ρ ẗ
ὥ ὥ
ὥ ὥ        ὃ ρ ẗ

ὥ ὥ
ὥ ὥ         ὃ ρ ẗ

ὥ ὥ
ὥ ὥ  

ὃ ρ ẗ
ὥ ὥ
ὥ ὥ        ὃ ρ ẗ

ὥ ὥ
ὥ ὥ         ὃ ρ ẗ

ὥ ὥ
ὥ ὥ  

ὃ ρ ẗ
ὥ ὥ
ὥ ὥ        ὃ ρ ẗ

ὥ ὥ
ὥ ὥ         ὃ ρ ẗ

ὥ ὥ
ὥ ὥ  

 

3. Create a matrix of cofactors and transpose it  

ὃ ὃ ὃ
ὃ ὃ ὃ
ὃ ὃ ὃ

ὃ ὃ ὃ
ὃ ὃ ὃ
ὃ ὃ ὃ

. 

 

4. Calculate the inverse matrix  

ὃ
ρ

ÄÅÔὃ

ὃ ὃ ὃ
ὃ ὃ ὃ
ὃ ὃ ὃ

Ȣ 

 

For a second-order matrix, the formula applies  

ὥ ὦ
ὧ Ὠ

ρ

ὥὨ ὦὧ
Ὠ
ὧ
  
ὦ
ὥ
Ȣ 

 

Solving matrix equations  

ὃẗὢ ὄ 

ὢ ὃ ẗὄ 

ὢẗὃ ὄ 

ὢ ὄẗὃ  

ὃẗὢẗὅ ὄ 

ὢ ὃ ẗὄẗὅ  
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1.1.23. Find the inverse matrix and perform a check:  

1) ὃ
χ ς
σ ρ

;                              

2) ὃ
σ ς ς
ρ σ ρ
υ σ τ

;          

3) ὃ
ρ ς ρ
ς ρ ρ
σ π ς

;                          

4) ὃ
ρ σ
σ υ

;             

5) ὃ
ς ς σ
ρ ρ π
ρ ς ρ

Ƞ                       

6) ὃ
ρπςπ σπ
π ρπ ςπ
π π ρπ

; 

7) ὃ
ς ρ ρ
ρ π ς
ρ σ ρ

;                        

8) ὃ
ς ς ρ
ρ σ ς
σ ρ ς

;    

9) ὃ
ρ π ς
τ σ ω
ς φ ρ

Ȣ 

1.1.24. Solve matrix equations: 

1)  
ρ ς
σ τ

ὢ
σ υ
υ ω

;                               

2)  
ρ ς
σ τ

ὢ
σ ρ
υ ρ

; 

3)  ὢ
σ ς
υ τ

ρ ς
υ φ

;                         

4)  ὢ
ς σ
ρ υ

σ ρ
υ σ

; 

5)  
σ ρ
υ ς

ὢ
υ φ
χ ψ

ρτρφ
ω ρπ

;           

6)  
σ ρ
ς ρ

ὢ
ρ σ
ρ ς

σ σ
ς ς

; 
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7)  
ρ ρ
ρ π

ὢ
ρ ρȾς
π ρȾς

ρ ς
ς τ

; 

8)  
ς υ
ρ σ

ὢ
ς σ
π τ

ρφρς
ρπ υ

;            

9)  
ς σ
τ υ

ὢ
ρ σ ς
ς φ τ

; 

10)  ὢ
σ π χ
π ρ π
ρ π ς

ς ρ σ
ρ ς τ

;              

11)  
ς ς σ
π ρ ς
σ ρ ρ

ὢ
χ σ
σ σ
υ ρ

; 

12)  ὢ
ς ς ρ
ς ρ ς
ρ ς ς

υ υ ς
υ ψ ρ

Ȣ 

1.1.25. Let ὃ
σ ς
ρ τ

ȟὄ
φ σ
υ ς

.  Find the determinant of the matrix ὃὄ . 

1.1.26. Find ὃ ,  if  ὃ
ρ π
ρ ρ

. 

Answers. 
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Topic 1.2. Systems of linear algebraic equations.  

 

Cramer's method 

ὥ ὼ ὥ ώ ὥ ᾀ ὦ
ὥ ὼ ὥ ώ ὥ ᾀ ὦ
ὥ ὼ ὥ ώ ὥ ᾀ ὦ

 . 

The solution of the system can be found using the formulas  

ὼ
Δ

Δ
ȟ    ώ

Δ

Δ
ȟ    ᾀ

Δ

Δ
ȟ 

where 

  Δ

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

 

ῳ

ὦ ὥ ὥ
ὦ ὥ ὥ
ὦ ὥ ὥ

          Δ

ὥ ὦ ὥ
ὥ ὦ ὥ
ὥ ὦ ὥ

          Δ

ὥ ὥ ὦ
ὥ ὥ ὦ
ὥ ὥ ὦ

. 

Remarks: 

1. If  Δ π, but  Δ πȟ Δ πȟ  Δ π, then the system has no solutions (inconsistent). 

2. If Δ π and Δ Δ Δ π, then the system has infinitely many solutions.  

 

1.2.1. Solve systems using Cramer's method: 

1)  

ὼ ςώ ᾀ τ
σὼ υώ σᾀ ρ
ςὼ χώ ᾀ ψ

;                                2)  

ςὼ ώ ᾀ π
ὼ ςώ ᾀ π
 ςὼ ώ σᾀ π

; 

3)  

 υὼ ςώ τᾀ τ
ὼ σώ τᾀ σ
ςὼ τώ ᾀ ρ

 ;                               4)  

ὼ ςώ σᾀ τ
ὼ σώ ςᾀ σ
 σὼ ρπώ ψᾀ ψ

; 

5)  

ςὼ ώ σᾀ ω
σὼ υώ ᾀ τ
τὼ χώ ᾀ υ

 ;                               6)  

ὼ ςώ σᾀ ς
ςὼ φώ υᾀ σ
σὼ χώ ᾀ σ

; 

7)   
ὼ ώ ᾀ υ
ὼ ᾀ ώ ρ
ώ ᾀ ὼ σ

;                                   8)  

ςὼ ώ τ
 ὼ σᾀ ρπ
 υώ ᾀ χ

; 
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9)  

ὼ ώ ᾀ ὥ
ὼ ώ ᾀ ὦ
ὼ ώ ᾀ ὧ

;                                       10)   

ςὼ σώ ᾀ ρ
ςὼ ώ σᾀ ρρ
σὼ ςώ ὼ υ

; 

11)  

ὼ ὼ ςὼ σὼ ρ
σὼ ὼ ὼ ςὼ τ
ςὼ σὼ ὼ ὼ φ
ὼ ςὼ σὼ ὼ τ

;               12)  

ὼ σὼ τὼ υ
ὼ ςὼ σὼ τ
σὼ ςὼ υὼ ρς
τὼ σὼ υὼ υ

 . 

1.2.2. Find the value of the parameter ὥ for which the system has a unique solution  

ςὼ σώ ᾀ σ
ὼ ώ ς

ὼ ὥώ ᾀ ς
. 

Matrix method  

The system of equations can be represented in matrix form. For this, the left-hand side of 

the system is written as the product of the main matrix of the system and the matrix of unknowns 

and this product is equated to the matrix of the right-hand side. As a result, we have: 

ὥ ὼ ὥ ώ ὥ ᾀ ὦ
ὥ ὼ ὥ ώ ὥ ᾀ ὦ
ὥ ὼ ὥ ώ ὥ ᾀ ὦ

   ᵼ   

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

ẗ
ὼ
ώ
ᾀ

ὦ
ὦ
ὦ
   ᵼ  ὃẗὢ ὄȢ 

Then 

ὃẗὢ ὄ  ᵼ  ὢ ὃ ẗὄ  ᵼ   
ὼ
ώ
ᾀ

 

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

ẗ

ὦ
ὦ
ὦ
   

 

1.2.3. Solve systems of linear equations using the matrix method: 

1)  

ὼ ώ ᾀ ρ
ὼ ςώ ρ
ςὼ ώ ᾀ ς

;                           2)  

ὼ ώ ᾀ π
ὼ ώ ςᾀ ρ
ὼ ώ ςᾀ ρ

; 

3)  

ὼ ςώ σᾀ φ
τὼ υώ φᾀ ω
χὼ ψώ φ

;                       4)  
ςὼ ώ υᾀ ρω
ὼ ώ σᾀ σ
ςὼ τώ ᾀ φ

;  

5)  

σὼ ςώ ᾀ φ
ὼ υᾀ ρς

υὼ ώ σᾀ υ
;                      6)  

ςὼ σώ ᾀ π
ςὼ ώ υᾀ ς
υὼ ᾀ φ

; 
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7)  

σὼ ώ ςᾀ σ
ςὼ σώ ᾀ ψ
υὼ ςώ ᾀ χ

;                      8)  

ςὼ σώ σᾀ ρ
χὼ σώ ςᾀ χ
τὼ ώ σᾀ χ

. 

 

Gaussian method  

This method involves transforming a system of equations into an equivalent triangular form. 

To simplify calculations, rewrite the system in the form of an augmented matrix, which consists 

of the coefficient matrix and the constants (separated by a straight line). 

ὥ ὼ ὥ ώ ὥ ᾀ ὦ
ὥ ὼ ὥ ώ ὥ ᾀ ὦ
ὥ ὼ ὥ ώ ὥ ᾀ ὦ

     ᵼ     

ὥ ὥ ὥ
ὥ ὥ ὥ
ὥ ὥ ὥ

  

  ὦ
  ὦ
  ὦ

. 

We can transform this matrix into a triangular matrix using the following elementary row 

operations: 

• swap rows (swap all elements in row i  and row j); 

• multiply a row by a constant (multiply all elements of row i by the constant b); 

• add a row to another row (replace row i with the sum of row i and row j or with the sum of 

row i and row j multiplied by a constant b). 

Finally, we need to get the matrix in triangular form. 

ὧ ὧ ὧ
π ὧ ὧ
π π ὧ

  

  Ὠ
  Ὠ
  Ὠ

ὧὼ ὧώ ὧᾀ Ὠ
             ὧώ ὧᾀ Ὠ
                           ὧᾀ Ὠ

 . 

Then it is possible to find the solution of the original system. 

 

1.2.4. Find the rank of a matrix using elementary transformations:  

1)  ὃ
ρ π
π π
σ π

    
π π ς
π π π
π π τ

;                     2)  ὃ
τ σ
π υ
π π

     
ς ρ
ρ σ
ς ρ

;  

3)  ὃ
ρ ς σ
σ φ ω

;                                  4)  ὃ
ρ ρ π
ς   π ρ
ρ   ρ ρ

; 

5)  ὃ
ρ ρ
ς    ρ
ς ς

     
   σ υ
ρ τ
  φ σ

;                    6)  ὃ
ρ ς
ς τ
σ φ

     
σ τ
φ ψ
ω ρς

; 
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7)  ὃ
σ υ χ
ρ ς σ
ρ σ υ

;                                8)  ὃ
τ   σ
ρ ρ
ς    σ

; 

9)  ὃ
ρ    ς σ ρ
υ σ ρ χ

;                     10)  ὃ
ρ   σ
ς ρ
ρ ρπ

     
ρ ς
   σ υ
φ ρ

; 

11)  ὃ

    ρ
ρ
ρ
ρ

   ς
   π
   ς
   τ

     σ
     ς
     χ
   ρς

    τ
    ρ
    υ
  ρπ

;                     12)  ὃ
σ τ
ς    ρ
σ   χ

  
   ρ   υ ς
σ   π τ
ρπ υ ρτ

; 

13)  ὃ

υ ς   ρ
ς    υ    υ

   
   σ τ
σ ς

ς υ ρ
φ τ ς

      
τ ρ
υ υ

;          14)  ὃ

  π
ς
  ς
  ρ

  ρ
  σ
  π
  ς

  ρ
  ς
  ρ
  σ

  ς
  σ
  ρ
  σ

; 

15)  ὃ
ρ    ς
ς ρ
υ    π

  
τ ς
   ρ υ
ρ ρ

;                     16)  ὃ

ρ   ρ ρ
π    ς σ

   
 ς ρ
  π    ρ

ς ρ  ς
σ    ς   π

  
 ρ    π
    ρ    π

. 

1.2.5. Solve systems of equations using the Gaussian method: 

1)  

ςὼ ώ ᾀ ρ
ὼ ώ ᾀ ρ 
σὼ ώ ᾀ π

;                                         2)  

τὼ ώ ᾀ ρρ
ςὼ σώ ᾀ σ
ὼ ςώ ᾀ τ

; 

3)  

ὼ ώ ςᾀ ρ

σὼ ώ φᾀ σ

ὼ ώ ᾀ

;                                         4)  

ὼ ώ σᾀ ς

ςὼ ώ φᾀ τ

ὼ ώ ᾀ υ

; 

5)  

ὼ ώ ςᾀ ρ
ὼ ςώ σᾀ σ
ςὼ ώ σᾀ ς

;                                       6)  

ςὼ ώ ᾀ υ
ὼ ςώ ςᾀ υ
χὼ ώ ᾀ ρπ

; 

7)  

ςὼ σώ ᾀ χ
ὼ ςώ σᾀ ρτ
ὼ ώ υᾀ ρψ

;                                     8)  

ὼ ςώ σᾀ ρ
ςὼ ώ ᾀ ς
ὼ σώ ςᾀ σ

; 

9)  

ὼ ςώ ᾀ ό ρ
ὼ ςώ ᾀ ό ρ
ὼ ςώ ᾀ σό σ

;                                  10) 

ςὼ ώ ᾀ υό τ
ςὼ ώ ςᾀ ό  ρ
φὼ ώ τᾀ ρρό φ

; 

11) 

ὼ ώ ᾀ ρ
ςὼ ώ ςᾀ ρ
ὼ ώ σᾀ ς
ὼ σᾀ ρ

;                                          12) 

ςὼ ςὼ ὼ ὼ σ
σὼ ςὼ ὼ ὼ π   
ὼ ὼ ὼ ὼ ς       
ὼ σὼ ὼ ὼ ς 

; 
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13) 

ὼ ςὼ σὼ τὼ ρσ
ὼ ὼ ςὼ ρ
σὼ τὼ υὼ ρρ

υὼ φὼ χὼ ςὼ ρω

;                     14) 

ừ
Ử
Ừ

Ử
ứ
χὼ υὼ ςὼ τὼ ψ
σὼ ςὼ ὼ ςὼ σ
ςὼ ὼ ὼ ςὼ ρ
ὼ ὼ ςτὼ ρ
ὼ ὼ ςὼ σ

; 

15) 

ừ
Ử
Ừ

Ử
ứ
σὼ ὼ ὼ ςὼ ρψ
ςὼ υὼ ὼ ὼ χ
ὼ ὼ ςὼ ψ

ςὼ ὼ ὼ ὼ ρπ
ὼ ὼ σὼ ὼ ρ

;                          16) 

ὼ ὼ ὼ ὼ τ
ςὼ ὼ σὼ ςὼ ρ
ὼ ὼ ςὼ φ
σὼ ὼ ὼ ὼ π

; 

17) 

ςὼ ὼ ὼ ςὼ σὼ ς
φὼ σὼ ςὼ τὼ υὼ σ
φὼ σὼ τὼ ψὼ ρσὼ ω
τὼ ςὼ ὼ ὼ ςὼ τ

;            18) 

ςὼ ὼ ὼ ὼ τ
ὼ ὼ ὼ ὼ σ
ὼ ςὼ ὼ ὼ τ
ςὼ ὼ ςὼ ρ

. 

1.2.6. Investigate the systems for compatibility. In case of compatibility, find the general solution, 

indicate the basic and free variables: 

1)  
 ὼ ςὼ ὼ ὼ ςὼ ρ
σὼ φὼ ὼ ὼ ςὼ χ

;                     2) σ

ςὼ ὼ σὼ ω
ὼ υὼ ὼ τ
τὼ χὼ ὼ υ

; 

3)  

ςὼ υὼ σὼ τὼ χ
σὼ τὼ ὼ ὼ σ

ὼ ὼ τὼ σὼ ρπ
;                         4)  

υὼ τὼ σὼ φὼ ω
χὼ υὼ τὼ ωὼ ρφ

ὼ ςὼ ὼ ρ
; 

5)  

ὼ ὼ ὼ τ
ὼ ςὼ σὼ π

ὼ ὼ ψ
;                                       6)  

ὼ υὼ τὼ ρ
ςὼ ρπὼ ψὼ σ
σὼ ρυὼ ρςὼ υ

; 

7)  

ςὼ ὼ σὼ υὼ ρ
ὼ ὼ υὼ ς

σὼ ςὼ ςὼ υὼ σ
χὼ υὼ ωὼ ρπὼ ψ

;                      8) 

ừ
Ử
Ừ

Ử
ứ
σὼ ὼ ςὼ ὼ ω
ςὼ ὼ ὼ τὼ ς
ὼ ὼ ωὼ ρσ

ωὼ τὼ υὼ ρρὼ σ
ρυὼ φὼ ωὼ ωὼ ςρ

. 

 

1.2.7. Find the general solution and the fundamental system of solutions for a homogeneous 

system of linear algebraic equations: 

1)  

ὼ ςώ σᾀ π
τὼ υώ φᾀ π
χὼ ψώ ωᾀ π

;                          2)  

ςὼ σὼ ὼ π
ὼ σὼ ςὼ π
ὼ ςὼ ὼ π
ὼ ὼ ὼ ὼ π

. 



23 
 

1.2.8. For which values of the parameters ὥ, ὦ, ὧ  is the system consistent  

ὼ ςώ σᾀ ὥ
τὼ υώ φᾀ ὦ
χὼ ψώ ωᾀ ὧ

. 

1.2.9. Determine for which values of ὥ and ὦ the system of equations  

σὼ ςώ ᾀ ὦ
υὼ ψώ ωᾀ σ
ςὼ ώ ὥᾀ ρ

 

1) has a unique solution; 

2) has no solutions; 

3) has many solutions. 

1.2.10. Determine for which value of ὥ the system of homogeneous equations  

σὼ ςώ ᾀ π
ὥὼ ρτώ ρυᾀ π
ὼ ςώ σᾀ π

 

has a non-zero solution. 

1.2.11. Investigate the system and find the general solution depending on the value of the 

parameter Ὧ:  

1)  

Ὧὼώ ᾀ ρ
ὼ Ὧώ ᾀ ρ
ὼ ώ Ὧᾀ ρ

 ;                                    2)  

υὼ σὼ ςὼ τὼ σ
τὼ ςὼ σὼ χὼ ρ
ψὼ φὼ ὼ υὼ ω
χὼ σὼ χὼ ρχὼ Ὧ

. 

Answers. 
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Chapter 2. Vector algebra. 

Topic 2.1. Vectors and operations on them. 

 

Cartesian rectangular two-dimensional (three-dimensional) coordinates uniquely 

determine each point on a 2D plane (3D space) by a pair (triple) of numbers, which define the 

distances to the point from two (three) fixed perpendicular directed lines (axes), measured in the 

same units of length. 

Cartesian 2D coordinates Q  

 

Cartesian 3D coordinates Q  

 

The distance between points  ὃ and ὄ is determined by the formula  

in Qȡ for ὃὼȟώ  and ὄὼȟώ  

ȿὃὄȿ ὼ ὼ ώ ώ ; 

in Qȡ for ὃὼȟώȟᾀ  and ὄὼȟώȟᾀ  

ȿὃὄȿ ὼ ὼ ώ ώ ᾀ ᾀ  .  

Coordinates of point ὅ that divides the segment ὃὄ in the ratio ‗ȟ‗ : 

ÉÎ  Qȡ   ὼ
ὼ ‗ὼ

‗ ρ
;     ώ

ώ ‗ώ

‗ ρ
; 

ÉÎ  Qȡ    ὼ
ὼ ‗ὼ

‗ ρ
;     ώ

ώ ‗ώ

‗ ρ
;     ᾀ

ᾀ ‗ᾀ

‗ ρ
Ȣ 

Coordinates of point ὅ ï  the midpoint of the segment ὃὄ: 

ÉÎ  Qȡ   ὼ
ὼ ὼ

ς
;     ώ

ώ ώ

ς
; 

ÉÎ  Qȡ    ὼ
ὼ ὼ

ς
;     ώ

ώ ώ

ς
;     ᾀ

ᾀ ᾀ

ς
Ȣ 
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Vectors. 

An ordered pair of points ὃὄ
ự

 is called a vector. This geometric object has a length (like the 

length of the segment ὃὄ) and a direction (determined by the starting point ὃ and the ending 

point ὄ). 

Vectors that can be made to coincide by a parallel translation are called equal. The set of 

vectors that are equal to each other is called a free vector (ὥO), and the set of free vectors forms a 

vector space.  

A free vector can be defined by its coordinates or by its decomposition along the axes  

ÉÎ  Qȡ   ὥᴆ ὥȟὥ ὥᴆ ὥᴆ; 

ÉÎ  Qȡ    ὥᴆ ὥȟ ὥȟὥ ὥᴆ ὥᴆ ὥὯᴆȢ 

Here ὥȟ ὥȟὥ  are the projections of the vector onto the corresponding coordinate axes, 

and  ᴆȟᴆȟὯᴆ  are the unit vectors of these axes (unit vectors, the direction of each of which 

coincides with the direction of the corresponding axis).  

If the coordinates of the starting and ending points (ὃ and ὄ) are known, then  

 In Qȡ for ὃὼȟώ  and ὄὼȟώ  

  ὃὄ
ự

ὼ ὼȟώ ώ ; 

in Qȡ for ὃὼȟώȟᾀ  and ὄὼȟώȟᾀ  

 ὃὄ
ự

ὼ ὼȟώ ώȟᾀ ᾀ .  

The length of the vector ὥᴆ is calculated by the formula  

ÉÎ  Qȡ ȿὥᴆȿ ὥ ὥ ;  

ÉÎ  Qȡ ȿὥᴆȿ ὥ ὥ ὥ  . 

The direction of vector ὥᴆ is determined by the angles ‌ȟ‍ȟ‎ that the vector forms with the 

positive directions of the coordinate axes ὢȟὣȟὤȟ respectively. The cosines of these angles are 

called the direction cosines of vector ὥᴆ and are determined by the formulas  

ÉÎ   Qȡ      ÃÏÓ‌
ὥ

 ȿὥᴆȿ
ȟ ÃÏÓ‍

ὥ

ȿὥᴆȿ
; 

ÉÎ   Q ȡ       ÃÏÓ‌
ὥ

 ȿὥᴆȿ
ȟ ÃÏÓ‍

ὥ

ȿὥᴆȿ
ȟ ÃÏÓ‎

ὥ

ȿὥᴆȿ
 ȟ 
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moreover 

ÉÎ   Qȡ      ÃÏÓ‌ ÃÏÓ‍ ρ; 

ÉÎ   Qȡ       ÃÏÓ‌ ÃÏÓ‍ ÃÏÓ‎ ρȢ 

The unit vector ὥᴆ
ᴆ

ȿᴆȿ
 is called the orth of the vector ὥᴆ. Its coordinates coincide with the 

direction cosines of the vector ὥᴆ. 

 

Linear operations on vectors  

Multiplication of a vector by a number  

ÉÎ  Qȡ   Ὧὥᴆ ὯὥȟὯὥ Ὧὥᴆ Ὧὥᴆ; 

ÉÎ  Qȡ    Ὧὥᴆ Ὧὥȟ ὯὥȟὯὥ Ὧὥᴆ Ὧὥᴆ ὯὥὯᴆȢ 

Addition and subtraction of vectors 

ÉÎ  Qȡ   ὥᴆ  ὦᴆ ὥ ὦȟ ὥ ὦ ; 

ÉÎ  Qȡ   ὥᴆ  ὦᴆ ὥ ὦȟ ὥ ὦȟὥ ὦ Ȣ 

 

2.1.1. Calculate ȿὥᴆȿ  if  ὥᴆ ςȠφȠσ. 

2.1.2. Find the coordinates of the vectors  ὃὄᴆ and ὄὃᴆ   if ὃυȠρȠσȟ  ὄ ςȠρȠρ.  

2.1.3. Determine the point ὔ, which coincides with the end of the vector ὥᴆ σȠτȠρ, if its 

beginning coincides with the point ὓρȠςȠσ. 

2.1.4. It is known that ȿὥᴆȿ ς  and the angles that this vector forms with the coordinate axes are:  

‌ τυЈȟ‍ φπЈȟ‎ ρςπЈ. Calculate the projections of the vector ὥᴆ on the coordinate axes.  

2.1.5. Two coordinates of the vector ὥᴆ  are known: ὥ σ Ƞ  ὥ ρς. Find ὥ  if  ȿὥᴆȿ ρσ. 

2.1.6. Calculate the direction cosines of a vector:  

1)  ὥᴆ ρςȠτȠσ;            2)  ὥᴆ ρφȠρυȠρς. 

2.1.7. Can a vector form such angles with the coordinate axes? 

1) ‌ τυЈȟ‍ ρσυЈȟ‎ φπЈ; 

2) ‌ ωπЈȟ‍ ρυπЈȟ‎ φπЈ. 
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2.1.8. Vector ὥᴆ forms angles ‌ φπЈ and ‍ ρςπЈ with the X-axis and Y-axis. Calculate its 

coordinates given that ȿὥᴆȿ ς.  

2.1.9. Using the given vectors ὥᴆ and ὦᴆ, construct each of the following vectors:  

1) ὥᴆ ὦᴆ;   2) ὥᴆ ὦᴆ;   3) ὦᴆ ὥᴆ Ƞ    4)  ὥᴆ ὦᴆ;   5)  3ὥᴆ ;   6)  ὦᴆ ;   7) 2ὥᴆ ὦᴆ.   

2.1.10. Given: ȿὥᴆȿ ρρȟὦᴆ ςσȟὥᴆ ὦᴆ σπ.  Find ὥᴆ ὦᴆ. 

2.1.11. Vectors ὥᴆ and ὦᴆ are mutually perpendicular. It is known that  ȿὥᴆȿ ρς and ὦᴆ υ. Find 

ὥᴆ ὦᴆ  and  ὥᴆ ὦᴆ. 

2.1.12. Vectors ὥᴆ and ὦᴆ form an angle • φπЈ with ȿὥᴆȿ υȟὦᴆ ψ. Determine ὥᴆ ὦᴆ   and 

ὥᴆ ὦᴆ. 

2.1.13. What condition must the vectors ὥᴆ and ὦᴆ satisfy for the following relationships to hold: 

1)  ὥᴆ ὦᴆ ὥᴆ ὦᴆ;         2)  ὥᴆ ὦᴆ ὥᴆ ὦᴆ;          3)  ὥᴆ ὦᴆ ὥᴆ ὦᴆ. 

2.1.14. What condition must vectors ὥᴆ and ὦᴆ satisfy so that the vector ὥᴆ ὦᴆ bisects the angle 

between vectors ὥᴆ and ὦᴆ.  

2.1.15. Point ὕ is the center of mass of triangle ὃὄὅ. Prove that  ὕὃᴆ ὕὄᴆ ὕὅᴆ π. 

2.1.16. Given two vectors ὥᴆ σȠυȠφ and ὦᴆ ρȠρȠπ. Determine the projections on the 

coordinate axes of the following vectors: 

1)  ὥᴆ ὦᴆ;          2)  ςὥᴆ σὦᴆ;        3)  ὥᴆ ὦᴆ. 

2.1.17. Two vectors ὥᴆ ςȠρȠσ and ὦᴆ φȠσȠω are given. Are they collinear? Which 

one is longer? 

2.1.18. Given points ὃ ρȠυȠρπ, ὄυȠχȠψ, ὅςȠςȠχ and ὈυȠτȠς. Check the 

collinearity of vectors  ὃὄᴆ and ὅὈᴆ; determine which one is longer and by how many times; 

whether they will be in the same direction or opposite directions.  

2.1.19. At point ὃ forces are applied Ὂᴆ ὃὄᴆ,  Ὂᴆ ὃὅᴆ,  Ὂᴆ ὃὈᴆ.  Find the resultant of these 

forces and its magnitude  if  ὃςȠρȠσ, ὄρȠσȠρ, ὅ ςȠρȠσ, ὈσȠυȠτ. 

2.1.20. Determine for which values of the parameters ‌ and ‍ the vectors  ὥᴆ ςᴆ σᴆ ‍Ὧᴆ,  

ὦᴆ ‌ᴆ φᴆ ςὯᴆ  are collinear.   
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2.1.21. Check that the four points are the vertices of a trapezoid ὃσȠρȠς, ὄρȠςȠρ, 

ὅ ρȠρȠσ, ὈσȠυȠσ. 

2.1.22. Find the orth of the vector: 

1) ὥᴆ ςȠφȠσ;         2) ὥᴆ φȠςȠσ;          3) ὥᴆ σȠτȠρς.  

2.1.23. Find a unit vector collinear with the vector ὥᴆ σȠτȠρς, which has the same 

(opposite) direction as it. 

2.1.24. There   is   a  decomposition  of  the  vector   ὧᴆ   in   terms   of   the   basis  ᴆȟ   ᴆȟ   Ὧᴆ  :   

ὧᴆ ρφᴆ ρυᴆ ρςὯᴆ.  Find the decomposition of the vector Ὠᴆ in the same basis, which is 

collinear with the vector ὧᴆ, in the opposite direction to it and such that  Ὠᴆ χυ. 

2.1.25. The vertices of triangle ὃὄὅ have coordinates ὃρȠςȠσ, ὄ ρȠπȠτ, ὅσȠφȠχ. Find 

the length of the median drawn to the side ὃὅ. 

2.1.26. Two vectors ὥᴆ ςȠσȠφ and ὦᴆ ρȠςȠς are applied to the same point. 

Determine the coordinates of vector ὧᴆ, directed along the bisector of the angle between vectors ὥᴆ 

and ὦᴆ, given that  ȿ̒ᴆȿ σЍτς. 

2.1.27. On the plane two vectors are given  ὴᴆ ςȟσ,   ήᴆ ρȠςȢ Find the decomposition of 

the vector ὥᴆ ωȠτ in the basis  ὴᴆ,  ήᴆ. 

2.1.28. Given three vectors ὴᴆ σȟςȠρ, ήᴆ ρȠ ρȠς, ὶᴆ ςȠρȠσ. Find the 

decomposition of the vector ὧᴆ ρρȠφȠυ in the basis  ὴᴆ,  ήᴆ,  ὶᴆ. 

2.1.29.  Given four vectors ὥᴆ ςȠρȠπ,     ὦᴆ ρȠρȠς,     ὧᴆ ςȠςȠρ,       Ὠᴆ σȠχȠχȢ 

Find the decomposition:  

1) of vector ὥᴆ in the basis ὦᴆ, ὧᴆ, Ὠᴆ; 

2) of vector ὧᴆ  ÉÎ ÔÈÅ ÂÁÓÉÓ ὥᴆ,  ὦᴆ,  Ὠᴆ. 

Answers. 
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Topic 2.2. Scalar, vector and mixed products.  

Basic properties and applications. 

Scalar product 

The scalar product of two vectors ὥᴆ and ὦᴆ is called a number that is defined by the formula  

ÉÎ  Qȡ  ὥᴆẗὦᴆ ὥᴆȟὦᴆ ȿὥᴆȿẗὦᴆẗὧέί• ὥὦ ὥὦ; 

ÉÎ  Qȡ  ὥᴆẗὦᴆ ὥᴆȟὦᴆ ȿὥᴆȿẗὦᴆẗὧέί• ὥὦ ὥὦ ὥὦ , 

where • angle between vectors ὥᴆ and ὦᴆ. 

 

Properties 

1. ὥᴆẗὦᴆ ὦᴆẗὥᴆ; 

2. ὥᴆ ὦᴆẗὧᴆ ὥᴆẗὧᴆ ὦᴆẗὧᴆ; 

3. Ὧὥᴆẗὦᴆ ὯὥᴆẗὦᴆȟὯɴ Q; 

4. ὥᴆẗὥᴆ ὥᴆ ȿὥᴆȿ π; 

υȢ  ὥᴆẗὦᴆ π  ÉÆ  ὥᴆ π ÏÒ  ὦᴆ πȟ   

                    ÏÒ  ὥᴆṶὦᴆȢ 

Application 

1. Checking the orthogonality of two vectors    

ὥᴆṶὦᴆᵼ ὥᴆẗὦᴆ π; 

2. Calculating the angle between vectors  

ÃÏÓ•
ὥᴆẗὦᴆ

ȿὥᴆȿẗὦᴆ
; 

3. Calculation of the projection of vector ὦᴆ onto a 

vector ὥᴆ 

0Ò ᴆὦᴆ
ὥᴆẗὦᴆ

ȿὥᴆȿ
Ȣ 

 

2.2.1. Vectors  ὥᴆ  and  ὦᴆ  form an angle  • .  It is known that  ȿὥᴆȿ ς,  ὦᴆ σȢ  Calculate: 

1)  ὥᴆϽὦᴆ;                                        2)  ὥᴆ;                                 

3)  ὦᴆ ;                                             4)  ὥᴆ ὦᴆ ; 

5)  ὥᴆ ὦᴆ ;                                   6)  ὥᴆ σὦᴆϽςὥᴆ ὦᴆ;        

7)  ςὥᴆ σὦᴆ . 

2.2.2. Vectors ὥᴆ  and  ὦᴆ are mutually perpendicular and vector ὧᴆ  forms an angle of   with them. 

It is known that ȿὥᴆȿ σ,  ὦᴆ ρ,  ȿὧᴆȿ ςȢ  Calculate  

1)  ςὥᴆ σὦᴆϽὦᴆ ςὧᴆ;                      
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2)  ὥᴆ σὧᴆϽςὥᴆ ὦᴆ;    

3)  ὥᴆ ὦᴆ ὧᴆ ;                               

4)  ςὥᴆ σὦᴆ ὧᴆ . 

2.2.3. Given unit vectors that satisfy the condition ὥᴆ ὦᴆ ὧᴆ π. Calculate ὥᴆϽὦᴆ ὦᴆϽὧᴆ ὧᴆϽὥᴆ. 

2.2.4. What condition must vectors ὥᴆ and ὦᴆ satisfy for the vector ὥᴆ ὦᴆ to be perpendicular to the 

vector ὥᴆ ὦᴆ.  

2.2.5. Vectors ὥᴆ,  ὦᴆ  and  ὧᴆ   pairwise  form  angles,   each of  which  is φπЈ.  Knowing  that 

 ȿὥᴆȿ ςȟ   ὦᴆ ρȟ  ȿὧᴆȿ σ, find the magnitude of the vector ήᴆ ὥᴆ ὦᴆ ᴆ̒. 

2.2.6. Given the lengths of vectors: ȿὥᴆȿ ς,   ὦᴆ σȢ Determine for which ‌ the vectors ‌ὥᴆ ὦᴆ 

and ‌ὥᴆ ὦᴆ are perpendicular to each other. 

2.2.7. Given vectors ὃὄᴆ ὦᴆ  and  ὃὅᴆ ὧᴆ, which coincide with the sides of triangle ὃὄὅ. Find 

the decomposition in the basis ὦᴆȟὧᴆ of the vector applied to vertex ὄ of this triangle and 

coinciding with its altitude ὄὈ.  

2.2.8. Vectors  ὥᴆ  and  ὦᴆ form an angle • . It is known that ȿὥᴆȿ Ѝσȟὦᴆ ς. Calculate the 

angle between the vectors ὴᴆ ςὥᴆ ὦᴆ   and  ήᴆ ςὥᴆ ὦᴆ.  

2.2.9. Given vectors  ὥᴆ ςᴆ ᴆ ςὯᴆ   and   ὦᴆ φᴆ ςᴆ σὯᴆ.  Calculate: 

1)  ὥᴆϽὦᴆ;                                         

2)  ȿὥᴆȿ;                                  

3)  ὦᴆ ;                                          

4)  ὥᴆ ὦᴆ ; 

5)  ὥᴆ ὦᴆ ;                                    

6)  ςὥᴆ σὦᴆϽὥᴆ ὦᴆ ;        

7)  ὥᴆ ςὦᴆϽτὥᴆ ὦᴆ. 

2.2.10. Points ὃ ρȠςȠσ, ὄςȠρȠτ,  ὅσȠρȠρ are known. Calculate:  

1)  ςὃὄᴆ ὅὄᴆϽςὄὅᴆ ὃὄᴆ;                  
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2)  ὄὃᴆ;                           

3)  ὃὅᴆ ;                                               

4)  ὃὄᴆϽ ὅὄᴆϽὅὃᴆ;                                     

5)  ὃὄᴆ ϽὅὄᴆϽὅὃᴆ. 

2.2.11. The vertices of a quadrilateral are given as ὃρȠςȠς,  ὄρȠτȠπ,  ὅ τȠρȠρ, 

Ὀ υȠυȠσȢ  Prove that its diagonals ὃὅ and ὄὈ are perpendicular to each other.  

2.2.12. Determine for which ‌ the vectors ὥᴆ ‌ᴆ φᴆ υὯᴆ   and  ὦᴆ τᴆ σᴆ ‌Ὧᴆ     are 

mutually perpendicular.  

2.2.13. Calculate the angle between the vectors  ὥᴆ φȠσȠς  and  ὦᴆ ςȠρȠς. 

2.2.14. Given the vertices of a triangle ὃ ρȠςȠτ,  ὄ τȠςȠπ,  ὅσȠςȠρ. Determine its 

internal angle at vertex ὄ.  

2.2.15. Given the vertices of a triangle ὃσȠρȠτ,  ὄπȠυȠς,  ὅτȠσȠφȢ Determine its exterior 

angle at vertex ὅ.  

2.2.16. What  angle  is  formed  by  the unit vectors  ὴᴆ  and  ήᴆ  if  the  vectors  ὥᴆ ὴᴆ ςήᴆ  and  

ὦᴆ υὴᴆ τήᴆ are perpendicular to each other?  

2.2.17.  Find   the lengths  of   the  diagonals  of a  parallelogram  constructed on the vectors  

ὥᴆ υὴᴆ ςήᴆ,  ὦᴆ ὴᴆ σήᴆ   if  ȿὴᴆȿ ςЍςȟȿήᴆȿ σ, and the angle between  ὴᴆ   and  ήᴆ   is   .  

2.2.18. Vector ὼᴆ  is collinear with vector ὥᴆ φȠψȠχȟυ and  forms an acute angle with the 

Z- axis. Knowing that ȿὼᴆȿ υπ, find its coordinates.  

2.2.19. Find the vector  ὼᴆ  that is collinear with the vector ὥᴆ ςȠρȠς and satisfies the 

condition ὼᴆϽὥᴆ ρψ. 

2.2.20. Vector  ὼᴆ  is perpendicular to the vectors ὥᴆ σᴆ ςᴆ ςὯᴆ ,   ὦᴆ ρψᴆ ςςᴆ υὯᴆ,  and 

forms an obtuse angle with the Y- axis. Find its coordinates, given that  ȿὼᴆȿ ρτ. 

2.2.21. Find the vector  ὼᴆ, knowing that it is perpendicular to the vectors  ὥᴆ σȠρȠς  and  

ὦᴆ ςȠρȠρ and satisfies the condition ὼᴆϽᴆ ςᴆ σὯᴆ ςτ. 

2.2.22. Given vectors  ὥᴆ σᴆ ᴆ υὯᴆ  and   ὦᴆ ᴆ ςᴆ σὯᴆ. Find the vector ὼᴆ if it is known 

that it is perpendicular to the  Z - axis and satisfies the conditions  ὼᴆϽὥᴆ ω,  ὼᴆϽὦᴆ τ . 
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2.2.23. Given vectors вектори  ὥᴆ ᴆ ᴆ ςὯᴆ,  ὦᴆ ςᴆ ᴆ ςὯᴆ,  ὧᴆ τᴆ ᴆ τὯᴆ.  Find the 

vector  ὼᴆ  that satisfies the conditions  ὼᴆϽὥᴆ ρ,  ὼᴆϽὦᴆ τ,  ὼᴆϽ̒ᴆ ςȢ 

2.2.24. Calculate   the  projection  of   the vector  ὥᴆ φᴆ υᴆ ςὯᴆ onto the axis of the vector 

ὥᴆ φᴆ υᴆ ςὯᴆ .  

2.2.25. Given points ὃρȠςȠς,  ὄςȠυȠπ,  ὅχȠρȠς, ὈυȠσȠφ. Calculate the projection 

of vector ὃὄᴆ onto vector ὅὈᴆ :  0Ò ᴆὃὄᴆ. 

2.2.26. Given vectors ὥᴆ σᴆ ᴆ ςὯᴆ,  ὦᴆ ψᴆ υᴆ σὯᴆ,   ὧᴆ τᴆ ςᴆ τὯᴆ.  Calculate 

the projection  0Ò ᴆ ὥᴆ ὦᴆȢ 

2.2.27. Given vectors  ὥᴆ ςȠρȠ ς,  ὦᴆ σȠρςȠρ,   ὧᴆ πȠψȠρσ.  Calculate the 

projection  0Ò ᴆ ᴆ  ὥᴆ. 

2.2.28. Given vectors ὥᴆ σᴆ ᴆ υὯᴆ,  ὦᴆ χᴆ ςᴆ Ὧᴆ,   ὧᴆ ᴆ ςᴆ ςὯᴆ. Calculate the 

projection  0Ò ᴆ  σὥᴆ τὦᴆ. 

2.2.29. Calculate the projection of  the vector  σὥᴆ ςὦᴆ  onto the vector  ὥᴆ  if  ȿὥᴆȿ ρȟὦᴆ σ, 

and the angle between  ὥᴆ   and   ὦᴆ   is   .  

2.2.30. Find the projection of the vector ίᴆ ЍςȠσȠ υ onto an axis that forms angles with 

the coordinate axes X , Z   of  ‌ τυЈ,  ‎ φπЈ,  and with the  Y- axis an acute angle ‍.  

2.2.31. Calculate the work done by the force Ὢᴆ τȠσȠ υ , when its point of application moves 

from the start to the end of the vector  ίᴆ ςȠρȠ φ . 

2.2.32. Calculate the work done by the force Ὢᴆ σȠρȠ τ, when its point of application, 

moving in a straight line, moves from position  ὃ ςȠυȠφ  to position ὄ ρȠχȠσ. 

2.2.33. At a point, forces ὓᴆ σȠτȠ ς, ὔᴆ ςȠσȠ τ, ὖᴆ ρȠυȠτ are applied. 

Calculate the work done by the resultant of these forces when the point of application, moving in 

a straight line, is displaced from position ὃςȠσȠχ to position ὄχȠςȠσ.  
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Vector product 

The vector (cross) product of two vectors ὥᴆ and ὦᴆ is called the vector ὧᴆ, which is defined 

as follows  

ὥᴆ ὦᴆ ὥᴆȟὦᴆ
ᴆ ᴆ Ὧᴆ

ὥ ὥ ὥ

ὦ ὦ ὦ

ᴆ
ὥ ὥ

ὦ ὦ ᴆ
ὥ ὥ
ὦ ὦ Ὧᴆ

ὥ ὥ

ὦ ὦ Ȣ 

 

Properties 

 

1. ὧᴆṶὥᴆ and ὧᴆṶὦᴆ; 

2.  ȿὧᴆȿ ὥᴆ ὦᴆ ȿὥᴆȿẗὦᴆẗÓÉÎ•,  

    where • is the angle between the 

    vectors  ὥᴆ and ὦᴆ; 

3. ὥᴆ ὦᴆ ὦᴆ ὥᴆ; 

4. ὥᴆ ὦᴆ ὧᴆ ὥᴆ ὧᴆ ὦᴆ ὧᴆ; 

5. Ὧὥᴆ ὦᴆ Ὧὥᴆ ὦᴆ,  Ὧᶰᴙ; 

6. ὥᴆ ὦᴆ π  ÉÆ  ὥᴆ π  ÏÒ  ὦᴆ π   

    ÏÒ  ὥᴆȿȿὦᴆ; 

7. ὥᴆ ὥᴆ π. 

 

Application 

 

1. Checking the collinearity of two vectors  

ὥᴆȿȿὦᴆᵼ ὥᴆ ὦᴆ π; 

2. Calculation of the area of a parallelogram 

    constructed on vectors ὥᴆ and ὦᴆ 

Ὓ  ὥᴆ ὦᴆ; 

3. Calculation of the area of a triangle constructed 

    on vectors ὥᴆ and ὦᴆ  

Ὓ  ὥᴆ ὦᴆ. 

 

2.2.34. Find the magnitude of the vector product of vectors   ὥᴆ  and  ὦᴆ  if 

1) ȿὥᴆȿ ςȟὦᴆ σ,  the angle between ὥᴆ and  ὦᴆ  is  ; 

2) ȿὥᴆȿ ςȟὦᴆ υ,   ὥᴆϽὦᴆ φ. 

2.2.35. Given ȿὥᴆȿ υ,  ὦᴆ ψ,  ὥᴆ ὦᴆ σς. Calculate ὥᴆϽὦᴆȢ 

2.2.36. Vectors  ὥᴆ  and  ὦᴆ  are mutually perpendicular and  ȿὥᴆȿ σ, ὦᴆ υ. Calculate 

1)  ὥᴆ ὦᴆ ὥᴆ ὦᴆ ;          

2)  ςὥᴆ ὦᴆ σὥᴆ ὦᴆ . 
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2.2.37. Vectors  ὥᴆ  and  ὦᴆ  form an angle  •   and it is known that ȿὥᴆȿ ς,  ὦᴆ σ. Calculate: 

1)  ὥᴆ ὦᴆ ;                            

2)  ςὥᴆ ὦᴆ σὥᴆ ὦᴆ ;                 

3)  ὥᴆ σὦᴆ σὥᴆ ὦᴆ . 

2.2.38. What condition must vectors  ὥᴆ  and  ὦᴆ  satisfy so that the vectors ὥᴆ ὦᴆ  and  ὥᴆ ὦᴆ  are 

collinear? 

2.2.39. Vectors   ὥᴆ,  ὦᴆ  and  ᴆ̒   satisfy   the    condition   ὥᴆ ὦᴆ ᴆ̒ πᴆ.   Prove   that 

   ὥᴆ ὦᴆ ὦᴆ ὧᴆ ὧᴆ ὥᴆ.  

2.2.40. Given vectors ὥᴆ ςᴆ ᴆ σὯᴆ, ὦᴆ ᴆ τᴆ ςὯᴆ. Find the coordinates of the vector 

products: 

1)  ὥᴆ ὦᴆ;                          

2)  ςὥᴆ ὦᴆ ὦᴆ;                          

3)  ὥᴆ ςὦᴆ ὥᴆ ςὦᴆ. 

2.2.41. Given points ὃ ρȠςȠσ,  ὄ ςȠτȠρ,  ὅσȠρȠρ. Find the coordinates of the 

vector products: 

1)  ὃὄᴆ  ὄὅᴆ;                    

2)  ςὄὅᴆ ὅὃᴆ ὅὄᴆ;                   

3)  ὅὄᴆ σὃὅᴆ  ὅὄᴆ.  

2.2.42. Given points ὃρȠςȠπ, ὄσȠπȠσ, ὅυȠςȠφȢ  Calculate the area of triangle ὃὄὅ and 

the length of the altitude dropped from vertex ὄ to side ὃὅȢ  

2.2.43. Calculate the area of the parallelogram constructed on vectors ὥᴆ,   ὦᴆ,   where ὥᴆ ςὴᴆ ήᴆ,  

ὦᴆ σὴᴆ υήᴆ,  ȿὴᴆȿ ςȟȿήᴆȿ σ, and the angle between  ὴᴆ  and  ήᴆ  is   . 

2.2.44. Given the vertices of a triangle ὃρȠρȠς,  ὄυȠφȠς,  ὅρȠσȠρ. Calculate the 

length of the altitude drawn from vertex ὄ to side ὃὅȢ  



35 
 

2.2.45.  Calculate  the  height  of  the parallelogram constructed  on  the vectors  ὥᴆ ςᴆ σὯᴆ,   

ὦᴆ ᴆ ᴆ ςὯᴆ. 

2.2.46. Check whether the vectors ὥᴆ ςᴆ φᴆ ωὯᴆ,  ὦᴆ φᴆ χᴆ φὯᴆ  can be edges of a 

cube. If they can, then find the third edge. 

2.2.47.  Calculate the sine of the angle formed by vectors  

ὥᴆ ᴆ ςᴆ ςὯᴆ,         ὦᴆ φᴆ σᴆ ςὯᴆ. 

2.2.48. Vector ὼᴆ is perpendicular to vector ὥᴆ τȠςȠσ  and vector ὦᴆ πȠρȠσ and forms 

an obtuse angle with the Y-axis. Find its coordinates, given that ȿὼᴆȿ ςφȢ 

2.2.49. Find the vector ὼᴆ if it is perpendicular to the Z-axis and to the vector ὥᴆ ψȠρυȠσ   

and ȿὼᴆȿ υρȢ The angle between the vector ὼᴆ and the X-axis is acute. 

2.2.50. Find the vector ὼᴆ  that  is perpendicular to the vector  ὥᴆ ςȟσȟρ  and to the vector 

ὦᴆ ρȟςȟσ  and satisfies the condition ὼᴆϽᴆ ςᴆ χὯᴆ ρπ. 

2.2.51. The force Ὂᴆ ςȠτȠ υ is applied to point ὃ ρȠσȠς. Determine the moment of this 

force relative to the origin of coordinates. 

2.2.52. The force Ὂᴆ ρȠσȠ υ is applied at point ὓσȠτȠς. Determine the moment of this 

force relative to point ὃ ςȠσȠρ. 

2.2.53. The force Ὂᴆ ςȠςȠ ω is applied at point ὃτȠςȠσ. Determine the magnitude and 

directional cosines of the moment of this force relative to point ὅςȠτȠπ. 

2.2.54. At point ὅ ρȠσȠς, forces ὓᴆ ςȠσȠ ρ,    ὔᴆ ρȠςȠ υ, ὖᴆ φȠσȠ τ are 

applied. Determine the magnitude and directional cosines of the moment of the resultant of these 

forces relative to point ὃ τȠτȠρ. 

2.2.55. Determine the magnitude of the moment of force Ὂᴆ applied at point ὃ with respect to 

point ὕ, if  ὕὃᴆ ὶᴆ,  Ὂᴆ υὴᴆ ήᴆ,  ὶᴆ ςὴᴆ σήᴆ,  ȿὴᴆȿ τ,  ȿήᴆȿ ρ, and the angle between ὴᴆ  

and ήᴆ  is   . 
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Mixed product 

The mixed product (scalar triple product) of three vectors ὥᴆ, ὦᴆ and ὧᴆ is the number defined 

by the formula  

ὥᴆὦᴆὧᴆ ὥᴆẗὦᴆ ὧᴆ ὥᴆ ὦᴆẗὧᴆ

ὥ ὥ ὥ

ὦ ὦ ὦ
ὧ ὧ ὧ

Ȣ 

Properties 

1.      ὥᴆὦᴆὧᴆ ὦᴆὧᴆὥᴆ ὧᴆὥᴆὦᴆ  

ὦᴆὥᴆὧᴆ ὧᴆὦᴆὥᴆ ὥᴆὧᴆὦᴆ; 

2.     ὥᴆὦᴆὧᴆ π,  ÉÆ   ὥᴆ πȟ   

         ÉÆ   ὦᴆ π, ÉÆ   ὧᴆ π  

     or the vectors ὥᴆ, ὦᴆ and ὧᴆ are   

   coplanar (lie in the same plane). 

Application 

1. Checking the coplanarity of three vectors ὥᴆ, ὦᴆ  

    and ὧᴆ:  

ὥᴆὦᴆὧᴆ π; 

2. Calculation of the volume of a parallelepiped  

    constructed on vectors ὥᴆ, ὦᴆ and  ὧᴆ  

ὠ  ὥᴆὦᴆὧᴆ; 

3. Calculation of the volume of a triangular pyramid   

    constructed on vectors ὥᴆ, ὦᴆ and ὧᴆ 

ὠ  ὥᴆὦᴆὧᴆ. 

 

2.2.56. Determine whether the triple of vectors ὥᴆ,  ὦᴆ , ὧᴆ is right-handed or left-handed, if: 

1)  ὥᴆ Ὧᴆ , ὦᴆ ᴆ,  ὧᴆ ᴆ;                                 

2)  ὥᴆ ᴆ , ὦᴆ Ὧᴆ,  ὧᴆ ᴆ;      

3)  ὥᴆ ᴆ , ὦᴆ ᴆ,  ὧᴆ Ὧᴆ;                                 

4)  ὥᴆ ᴆ  ᴆ , ὦᴆ ᴆ  ᴆ,  ὧᴆ ᴆ; 

5)  ὥᴆ ᴆ  ᴆ , ὦᴆ ᴆ  ᴆ,  ὧᴆ Ὧᴆ. 

2.2.57. Vector  ̒ᴆ   is perpendicular  to vectors  ὥᴆ  and ὦᴆ. The angle between vectors  ὥᴆ  and  ὦᴆ  is 

.  It is known that ȿὥᴆȿ Ѝσ, ὦᴆ ς, ȿὧᴆȿ σ.  Find ὥᴆὦᴆὧᴆ.  

2.2.58. Vectors ὥᴆ,  ὦᴆ , ὧᴆ   form a right-handed triple and are mutually perpendicular. It is known 

that ȿὥᴆȿ ς, ὦᴆ σ,  ȿὧᴆȿ τ.  Find ὥᴆὦᴆὧᴆ. 
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2.2.59. Prove that ὥᴆὦᴆὧᴆ ȿὥᴆȿὦᴆȿὧᴆȿ. In which case is the equality sign here? 

2.2.60. Prove that the vectors ὥᴆ, ὦᴆ, ὧᴆ,  which satisfy the condition ὥᴆ ὦᴆ ὦᴆ ὧᴆ ὧᴆ ὥᴆ πᴆ, 

are coplanar. 

2.2.61. Given vectors ὥᴆ σȠρȠ τ,  ὦᴆ ςȠρπȠσ,  ὧᴆ ρȠρȠς. Calculate ὥᴆὦᴆὧᴆ. 

2.2.62. Check if the vectors ὥᴆ,  ὦᴆ , ὧᴆ  are coplanar  if : 

1)  ὥᴆ τȠρȠ ρ,  ὦᴆ ςȠσȠ ρ,  ὧᴆ ρȠςȠ ρ;             

2)  ὥᴆ ρȠσȠ ρ,  ὦᴆ ρȠςȠ σ,  ὧᴆ σȠρȠ ς;      

3)  ὥᴆ σȠςȠ ς,  ὦᴆ ςȠρȠ σ,  ὧᴆ ψȠσȠ χ;   

4)  ὥᴆ ρȠςȠ σ,  ὦᴆ σȠςȠ ρ,  ὧᴆ ςȠσȠ ρȢ 

2.2.63. Check that the points ὃρȠςȠς,  ὄρȠτȠπ,  ὅ τȠρȠρ,  Ὀ υȠυȠσ lie in the same 

plane. 

2.2.64. Find the volume of a tetrahedron whose vertices are located at the points 

ὃςȠρȠς, ὄ ρȠσȠς,  ὅρȠρȠτ,  ὈςȠπȠρȢ 

2.2.65. Given the vertices of a tetrahedron ὃςȠσȠρ,  ὄτȠρȠς,  ὅφȠσȠχ, Ὀ υȠτȠψ. 

Find the length of its height dropped from vertex ὈȢ  

2.2.66.  Find the volume of the tetrahedron and the length of its height dropped from vertex ὃ, if 

ὃςȠσȠρ,  ὄσȠπȠς,  ὅςȠςȠρ,  ὈρȠσȠπȢ 

Answers 
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Chapter 3. Analytic geometry. 

Topic 3.1. The equations of a straight line on a plane. 

The equation of a straight line which is perpendicular to the given 

vector ὔᴆ ὃȟὄ and passes through the given point ὓ ὼȟώ  

ὃὼ ὼ ὄώ ώ πȢ 

The general form of the equation of the straight line 

ὃὼ ὄώ ὅ πȢ 

The normal equation of a straight line 

ÃÏÓ•ὼ ÓÉÎ•ώ ὴ π, 

We can get this form from the general form by multiplying on 

‘
ρ

Ѝὃ ὄ
,   ‘ὅ πȢ 

The intercept form of the equation of a straight line 

ὼ

ὥ

ώ

ὦ
ρȢ 

 

 

 
 

 

Canonical equation of a straight line or the equation of a straight 

line which is parallel to the vector ὥᴆ ὰȟά  and passes through the point 

ὓ ὼȟώ  

ὼ ὼ

ὰ

ώ ώ

ά
Ȣ 

Parametric equation of a straight line 

 
ὼ ὼ ὰὸȟ
ώ ώ άὸȢ

 

 

 

The two point form of the equation of a straight line  

Let the straight line is determined by two points ὓ ὼȟώ  and 

ὓ ὼȟώ  

ὼ ὼ

ὼ ὼ

ώ ώ

ώ ώ
Ȣ  
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The slope- intercept form of the equation of a straight line 

ώ Ὧὼὦ, 

Where Ὧ ÔÁÎ‌ is the slope of the straight line, ‌ is the angle between 

positive direction of X-axis and the straight line, ὦ is intercept of the 

straight line and the Y-axis.  

The equation of the straight line with given slope Ὧ, which passes 

through a point ὓ ὼȟώ  

ώ ώ Ὧὼ ὼ Ȣ 

 

 

The distance from the point ὓὼȟώ  to the straight line ὃὼ ὄώ ὅ π 

Ὠ
ὃὼ ὄώ ὅ

Ѝὃ ὄ
Ȣ 

The angle of intersection of two straight lines in a plane 

If we have equations of two straight lines in canonical form 

ὼ ὼ

ὰ

ώ ώ

ά
  ÁÎÄ  

ὼ ὼ

ὰ

ώ ώ

ά
 Ȣ 

ÃÏÓ‪
ὥᴆẗὥᴆ

ȿὥᴆȿẗȿὥᴆȿ

ὰẗὰ ά ẗά

ὰ ά ẗὰ ά
 Ȣ 

If we have equations of two straight lines in general form 

ὃὼ ὄώ ὅ π   and   ὃὼ ὄώ ὅ π: 

ÃÏÓ‪
ὔ
ᴼ
ẗὔ
ᴼ

ὔ
ᴼ
ẗὔ
ᴼ

ὃẗὃ ὄẗὄ

ὃ ὄ ẗὃ ὄ
 Ȣ 

Two lines are perpendicular if ὃẗὃ ὄẗὄ π. 

Two lines are parallel if  Ȣ 

If we have straight lines in slope-intercept form  

ώ Ὧὼ ὦ   and   ώ Ὧὼ ὦ: 

ÔÇ‪
Ὧ Ὧ

ρ ὯẗὯ
Ȣ 

Two lines are perpendicular if  ὯẗὯ ρ. 

Two lines are parallel if  Ὧ Ὧ. 
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3.1.1. Determine which points ὓ σȠρ, ὓ ςȠσ, ὓ φȠσ, ὓ σȠσ, ὓ σȠρ, 

ὓ ςȠρ are on the straight line ςὼ σώ σ π and which are not. 

3.1.2. Find the point of intersection of two straight lines σὼ τώ ςω π, ςὼ υώ ρω π. 

3.1.3. Sides of the triangle are on the straight lines 

ὼ υώ χ π,   σὼ ςώ τ π,  χὼ ώ ρω π. 

Calculate its area. 

3.1.4. The points ὓ ςȠρ, ὓ υȠσ, ὓ σȠτ are the middle of triangle’s sides. Write the 

equations of the sides of this triangle. 

3.1.5. Write the equations of sides and medians of the triangle with vertices in points ὃσȠς, 

  ὄυȠς,   ὅρȠπ. 

3.1.6. We have a straight line  υὼ ςώ τ π. Find the slope Ὧ  of the straight line which is: 

1) parallel to the given line; 

2) perpendicular to the given line. 

3.1.7. We have a straight line ςὼ σώ ρ π. Write the equation of the straight line which 

passes through the point ὓ σȠρ and is 

1) parallel to the given line; 

2) perpendicular to the given line. 

3.1.8. Calculate the slopes Ὧ of two straight lines every of which is determined by two given 

points: 

1) ὓ ςȠχ ÁÎÄ  ὓ σȠρ; 

2) ὓ σȠυ  ÁÎÄ  ὓ φȠτ. 

3.1.9. We have the equations of two sides of the rectangle ςὼ σώ υ π,  σὼ ςώ χ π  

and one of its vertices is ὃςȠσ. Write the equations of the rest sides of this rectangle. 

3.1.10. We have the equations of two sides of the rectangle ὼ ςώ π,  ὼ ςώ ρυ π and 

the equation of its diagonal χὼ ώ ρυ π. Find its vertices. 

3.1.11. Find the projection of the point P φȠτ on the straight line τὼ υώ σ π. 

3.1.12. Find the point ὗ, symmetrical to the point P υȠρσ according  to  the  straight  line 

ςὼ σώ σ π. 
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3.1.13. Find the point ὓ , symmetrical to the point ὓ ψȠω according to the straight line which 

goes through two points ὃσȠτ and ὄ ρȠς. 

3.1.14. We have the vertices of the triangle ὃςȠρ,  ὄ ρȠρ, ὅσȠς. Write the equations of 

its heights. 

3.1.15. We have the vertices of the triangle ὃρȠρ,  ὄ ςȠρ,  ὅσȠυ. Write the equation of 

the perpendicular from the top ὃ on the median of this triangle from the top ὄ. 

3.1.16. We have the vertices of the triangle ὃςȠς,  ὄσȠυ,  ὅυȠχ. Write the equation of 

the perpendicular from the top ʉ on the bisector of this triangle from the top ὃ. 

3.1.17. We   have   the  equations   of    two   sides   of    the   rectangle    υὼ ςώ χ π,   

υὼ ςώ σφ π and the equation of its diagonal σὼ χώ ρπ π. Write the equations of 

the rest sides and another diagonal of this rectangle. 

3.1.18. Write the equations of the sides of triangle if one of its top is ὄ τȠυ and the equations 

of two its heights are    υὼ σώ τ π,   σὼ ψώ ρσ0. 

3.1.19. Write the equation of the straight line which passes through the point  ὖσȠυ on the same 

distance from the points  ὃ χȠσ  and   ὄρρȠρυ. 

3.1.20. Find the projection of the point  ὖ ψȠρς on the straight line which passes through the 

points  ὓ ςȠσ and ὓ υȠρ. 

3.1.21. On the X-axis find the point ὖ, such that the sum of the distances from it to the points 

ὓρȠς  and  ὔσȠτ would be the smallest. 

3.1.22. Find the angle between straight lines: 

1) ὼ υώ ρ π,   ςὼ σώ χ π; 

2) σὼ ώ υ π,   ὼ σώ ρ π; 

3) Ѝςὼ Ѝσώ σ π,   σ Ѝςὼ Ѝφ Ѝσώ τ πȠ 

4) σὼ ώ υ π,   ςὼ ώ χ πȠ 

5) Ѝσὼ Ѝςώ ρ π,   Ѝφὼ σώ ς π. 

3.1.23. Determine which pair of straight lines are perpendicular: 

1) υὼ ώ σ π,   ὼ υώ τ π; 

2) ςὼ τώ ρ π, τὼ ςώ υ π; 
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3) υὼ ςώ ρ π, τὼ φώ ρχ πȢ 

3.1.24. Determine for which value of parameter ὥ the straight line 

ὥ ςὼ ὥ ωώ σὥ ψὥ υ π 

1) is parallel to X-axis 

2) is parallel to Y-axis; 

3) goes through the origin O. 

3.1.25. Determine for which value of parameters  ὥ  and  ὦ   the straight lines  

ὥὼ ςώ ρ π,    φὼ τώ ὦ π 

1) have one common point; 

2) are parallel; 

3) coincide. 

3.1.26. Determine if the straight lines intercept in one point: 

1) ςὼ σώ ρ π,  τὼ υώ υ π,  σὼ ώ ς π; 

2) σὼ ώ σ π,  υ ὼ σώ χ π,   ὼ ςώ τ π. 

3.1.27. Transform the equations of the straight lines into intercept form and construct them: 

1) σὼ τώ ρς π;                           2)  τὼ υώ ρ π. 

3.1.28. Write the equation of a straight line which goes through the point ὅψȠφ and cuts off a 

triangle with an area of 12 sq. units from the coordinate angle. 

3.1.29. Determine which straight line is in normal form:  

1) ςὼ ώ ρ π; 

2) ὼ ώ σ π; 

3) ὼ ώ ρ π; 

4) ὼ ώ τ π; 

5) ώ ψ π; 

6) ὼ σ πȢ 

3.1.30. Transform the equation of a straight line into normal form in each of the following cases 

and construct them: 

1) σὼ τώ ρς π; 
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2) ὼ ώ ρπ π; 

3) ὼ ς π; 

4) ςὼ ώ Ѝυ π. 

3.1.31. Find the deviation and the distance from the point to the straight line in each of the 

following cases: 

1) ὃςȠρ, τὼ σώ ρπ π; 

2) ὄπȠσ, υὼ ρςώ ςσ π; 

3) ὖ ςȠσ, σὼ τώ ς π. 

3.1.32. Determine if the point ὓρȠσ and the origin on one or different sides of each of the 

following lines: 

1) ςὼ ώ υ π; 

2) σὼ ςώ ς π; 

3) υὼ ώ τ πȠ 

4) ὼ ςώ φ π; 

5) ρυὼ ςπώ ρπ π. 

3.1.33. The top of the square is in the point  ὃ υȠς, one   of  its   side   lies on   the   line 

ςὼ ώ ψ π. Find the area of this square. 

3.1.34. We have the equations of two sides of rectangle σὼ ςώ υ π,    ςὼ σώ χ π 

and one of its top ὃ ςȠρ. Find the area of this rectangle.  

3.1.35. Prove the straight line ςὼ ώ σ π intersects the line segment connecting the points 

ὃ υȠρ and ὄσȠχ. 

3.1.36. Prove the straight line ςὼ σώ φ π doesn’t intersect the line segment connecting the 

points ὅ ςȠσ and ὈρȠς. 

3.1.37. The points ὃ σȠυȟὄ ρȠτȟ ὅχȠρ and ὈςȠω – consecutive vertices of a 

quadrilateral. Determine whether the given quadrilateral is convex. 

3.1.38. The points ὃ ρȠφ,  ὄρȠσ, ὅτȠρπ and ὈωȠπ – consecutive vertices of a 

quadrilateral. Determine whether the given quadrilateral is convex.. 
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3.1.39. The points ὃ ρπȠρσ,  ὄ ςȠσ and ὅςȠρ are the vertices of a triangle. Calculate 

the length of the perpendicular dropped from the top B to the median drawn from the top ὅ. 

3.1.40. Find the area of the square, two sides of which lie on the straight lines  

υὼ ρςώ ςφ π,   υὼ ρςώ φυ π. 

3.1.41. Write equations of the straight lines which are parallel to the line τὼ σώ ψ π and 

are at the distance Ὠ σ from it. 

3.1.42. Write the equations of the bisectors of the angles, constructed by straight lines: 

1) ὼ σώ υ πȟ    σὼ ώ ς π; 

2) σὼ τώ ρ πȟυὼ ρςώ ς π. 

3.1.43. Find the distance between parallel lines:  

1) φὼ ψώ ρρ π ȟσὼ τώ ρψ π; 

2) υὼ ρςώ ςφ π, υὼ ρςώ ρσ π; 

3) τὼ σώ ρυ π, ψὼ φώ ςυ π.  

3.1.44. Write the equation of the straight line belonging to a bundle of lines  

‌ὼ ςώ υ ‍σὼ ςώ ρ π,  and 

1) goes through the point  ὃσȠρ; 

2) goes through the origin; 

3) is parallel to the X-axis; 

4) is parallel to the Y-axis; 

5) is parallel to the line  τὼ σώ υ π; 

6) is perpendicular to the line ςὼ σώ χ π. 

3.1.45. Write the equation of the line, which goes through the point of intersection of the straight 

lines ςὼ ώ ς π,  ὼ υώ ςσ π   and bisects a segment bounded by points ὓ υȠφ 

та ὓ ρȠτ. Solve the problem without calculating the coordinates of the point of intersection 

of the lines. 

3.1.46. We have the equations of sides of the triangle ὼ ςώ ρ π, υὼ τώ ρχ π, ὼ

τώ ρρ π. Write the equations of the heights of this triangle, without calculating the 

coordinates of its tops. 

Answers. 



45 
 

Topic 3.2. A straight line and a plane in 3-dimention space. 

Plane 
 

The equation of a plane which is perpendicular to the 

vector ὔᴆ ὃȟὄȟὅ and is pass through the point 

ὓ ὼȟώȟᾀ  

ὃὼ ὼ ὄώ ώ ὅᾀ ᾀ πȢ 

The general form of the equation of a plane 

ὃὼ ὄώ ὅᾀὈ πȢ 

 

Intercept form of the equation of a plane 

ὼ

ὥ

ώ

ὦ

ᾀ

ὧ
ρȢ 

 

 

Three-point form of the equation of a plane 

ὓ ὼȟώȟᾀ ,  ὓ ὼȟώȟᾀ , ὓ ὼȟώȟᾀ  

ὓὓ
ựự
ẗὓὓ
ựựự

ẗὓὓ
ựựự

ὼ ὼ ώ ώ ᾀ ᾀ
ὼ ὼ ώ ώ ᾀ ᾀ
ὼ ὼ ώ ώ ᾀ ᾀ

πȢ 

 

The angle between two planes 

The angle ‪ between planes ὃὼ ὄώ ὅᾀ Ὀ π and ὃὼ ὄώ ὅᾀ Ὀ π 

ÃÏÓ‪
ὔ
ᴼ
ẗὔ
ᴼ

ὔ
ᴼ
ẗὔ
ᴼ

ὃẗὃ ὄẗὄ ὅẗὅ

ὃ ὄ ὅ ẗὃ ὄ ὅ
 Ȣ 

Two planes are perpendicular if ὃẗὃ ὄẗὄ ὅẗὅ π. 

Two planes are parallel if   Ȣ 

The distance from the point to the plane 

The distance from the point ὓὼȟώȟᾀ  to the plane ὃὼ ὄώ ὅᾀὈ π 

Ὠ
ὃὼ ὄώ ὅᾀ Ὀ

Ѝὃ ὄ ὅ
Ȣ 
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Straight line in the space 

Symmetric (standard) form of the equation of a straight 

line in space or the equation of a straight line which passes 

through the given point ὓ ὼȟώȟᾀ  and is parallel to the given 

vector ὥᴆ ὰȟάȟὲ 

ὼ ὼ

ὰ

ώ ώ

ά

ᾀ ᾀ

ὲ
 Ȣ 

Parametric form of the equation of a straight line in space   

ὼ ὼ ὰὸȟ
ώ ώ άὸȟ  ∞ ὸ ∞

ᾀ ᾀ ὲὸȟ
Ȣ 

 

 

The equation of a straight line which passes through two 

points ὓ ὼȟώȟᾀ  and ὓ ὼȟώȟᾀ  

ὼ ὼ

ὼ ὼ

ώ ώ

ώ ώ

ᾀ ᾀ

ᾀ ᾀ
 Ȣ 

 

The angle between two straight lines in space 

The angle ‪ between lines    and  : 

ÃÏÓ‪
ὥO ẗὥO

ὥO ẗὥO

ὰẗὰ ά ẗά ὲẗὲ

ὰ ά ὲẗὰ ά ὲ
 Ȣ 

Two lines are perpendicular if  ὰẗὰ ά ẗά ὲẗὲ π. 

Two lines are parallel if   Ȣ 

The angle between the straight line and the plane 

The angle between the straight line  and the plane ὃὼ ὄώ ὅᾀὈ π: 

ÓÉÎ•
ὔ
ᴼ
ẗὥO

ὔ
ᴼ
ẗὥO

ὃẗὰ ὄẗά ὅẗὲ

ὃ ὄ ὅ ẗὰ ά ὲ 
 Ȣ 

The straight line and the plane are perpendicular if     Ȣ 

The straight line and the plane are parallel if   ὃẗὰ ὄẗά ὅẗὲ π. 
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3.2.1. Write the equation of a plane which passes through the point ὃυȠςȠτ perpendicularly to 

the vector ὲᴆ ςᴆ σᴆ φὯᴆ. 

3.2.2. The point ὖσȠρȠς is the base of the perpendicular dropped from the origin onto the 

plane. Write the equation of this plane. 

3.2.3. Write the equation of the plane which passes through the point ὓσȠτȠυ parallel to two 

vectors ὥᴆ σȠρȠρ and ὦᴆ ρȠςȠρ. 

3.2.4. Write the equation of the plane which passes through the points ὓ ςȠρȠσ and 

ὓ σȠρȠς parallel to the vector ὥᴆ σȠρȠτ. 

3.2.5. Write the equation of the plane which passes through the points ὃςȠσȠτ, ὄτȠωȠρφ,  

ὅψȠςχȠφτ.  

3.2.6. Write the equation of the plane which passes through the points ὃςȠσȠτ, ὄτȠωȠρφ 

perpendicularly to the plane υὼ χώ ωᾀ ρυ πȢ 

3.2.7. Write the equation of the plane which passes through the origin and is parallel to the plane 

υὼ σώ ςᾀ σ π. 

3.2.8. Write the equation of the plane which passes through the point ὃυȠτȠσ and is parallel 

to the plane ςὼ χᾀ ω πȢ 

3.2.9. Write the equation of the plane which passes through the origin and is perpendicular to the 

planes   υὼ ςώ φᾀ σ π   and    σὼ τώ υᾀ χ π. 

3.2.10. Write the equation of the plane which passes through the point ὃςȠρȠρ and is 

perpendicular to the plane  ςὼ ᾀ ρ π   and  ώ π. 

3.2.11. Determine which pair of planes are parallel and which ones are perpendicular  

1) ςὼ σώ υᾀ χ π,  τὼ φώ ρπᾀ σ π; 

2) σὼ ώ ςᾀ υ π,   ὼ ωώ σᾀ ς π; 

3) ςὼ υώ ᾀ π,   ὼ ςᾀ σ π; 

4) σὼ φᾀ ς π,  ὼ ςᾀ σ π;  

5) ςὼ σώ ᾀ υ π,  ὼ ώ ᾀ ψ π. 
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3.2.12. For which value of parameters  ὰ and ά the following pairs of equations will define 

parallel planes: 

1) ςὼ ὰώσᾀ υ π,  άὼ φώ φᾀ ς π; 

2) σὼ ώ ὰᾀω π,  ςὼ άώ ςᾀ σ π . 

3.2.13. For which value of ὰ the following pairs of equations will define perpendicular planes: 

1) σὼ υώ ὰᾀσ π,  ὼ σώ ςᾀ υ π; 

2) υὼ ώ σᾀ σ π,  ςὼ ὰώσᾀ ρ π. 

3.2.14. Find the point of intersection of three planes: 

τὼ υώ ςᾀ ςπ π,   υὼ ψώ ᾀ π,   τὼ ώ ωᾀ υ π. 

3.2.15. Find the acute angle between the planes: 

1) τὼ ςώ τᾀ ω π,    φὼ ωώ ρψᾀ υ π; 

2) ὼ Ѝςώ ᾀ ρ π,    ὼ Ѝςώ ᾀ σ π; 

3) σώ ᾀ π,    ςώ ᾀ π. 

3.2.16. Prove that the three planes 

ὼ ςώ ᾀ χ π,  ςὼ ώ ᾀ ς π,  ὼ σώ ςᾀ ρρ π. 

have one common point. Find its coordinate. 

3.2.17. Prove that the three planes  χὼ τώ χᾀ ρ π, ςὼ ώ ᾀ ς π, ὼ ςώ σᾀ

ρ π pass through one straight line. 

3.2.18. Prove that the three planes 

ςὼ ώ σᾀ υ π,  σὼ ώ ςᾀ ρ π,    τὼ σώ ᾀ ς πȢ 

intersect by three different parallel lines. 

3.2.19. Write the equation of the plane which goes through 

1) the point ὓ ςȠσȠσ parallel to the coordinate plane ὕὢὣ; 

2) the point  ὓ ρȠςȠτ parallel to the coordinate plane ὕὢὤ; 

3) X-axis and a point ὓ τȠρȠς; 

4) Z-axis and a point ὓ σȠτȠχ; 

5) points ὃ χȠςȠσ and ὃ υȠφȠτ parallel to the X-axis; 

6) points ὓ ςȠρȠρ and ὓ σȠρȠς parallel to Y-axis. 
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3.2.20. Write equations of planes into intercept form; construct them and find the points where 

they intersect the coordinate axes: 

1) σὼ φώ υᾀ ωπ π; 

2) ςὼ σώ υᾀ φ π. 

3.2.21. Find the area of pyramid constructed by coordinate planes and the plane ςὼ σώ φᾀ

ρς π. 

3.2.22. Write equations of planes into intercept form: 

1) ςὼ ςώ ᾀ ρψ π; 

2) τὼ φώ ρςᾀ ρρ π; 

3) υώ ρςᾀ ςφ π; 

4) ὼ υ π. 

3.2.23. Find the deviation ‏ and the distance Ὠ of the point from the plane: 

1) ὓ ςȠτȠσ, ςὼ ώ ςᾀ σ π; 

2) ὓ ςȠρȠρ, ρφὼ ρςώ ρυᾀ τ π; 

3) ὓ ρȠςȠσ, υὼ σώ ᾀ τ π; 

4) ὓ σȠφȠχ, τὼ σᾀ ρ π. 

3.2.24. Find the distance of the point ὃσȠτȠφ from the plane σὼ ςώ φᾀ ρρ πȢ  

3.2.25. Find the distance Ὠ of the point ὖ ρȠρȠς from the plane, which goes through the 

points 

ὓ ρȠρȠρ, ὓ ςȠρȠσ і ὓ τȠυȠςȢ 

3.2.26. Find the distance between two parallel planes 

ωὼ χςώ ψᾀ ψρ π  and  ωὼ χςώ ψᾀ φυ πȢ 

3.2.27. Find out whether the point ὗςȠρȠρ and the origin lie on the same side or on different 

sides with respect to each of the following planes: 

1) υὼ σώ ᾀ ρψ π; 

2) ὼ υώ ρςᾀ ρ π; 

3) ςὼ σώ φᾀ ς π; 

4) ςὼ ώ ᾀ ρρ π. 
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3.2.28. Prove that the plane σὼ τώ ςᾀ υ π  intersects the segment bounded by the points 

ὃσȠςȠρ and ὄ ςȠυȠς. 

3.2.29. Prove that the plane υὼ ςώ ᾀ ρ π  doesn’t intersect the segment bounded by the 

points ὃρȠτȠσ and  ὄςȠυȠπ. 

3.2.30. Two faces of a cube lie on planes ςὼ ςώ ᾀ ρ π,  ςὼ ςώ ςᾀ υ π. 

Calculate the volume of this cube. 

3.2.31. Write the equation of the locus of points whose deviations from the plane φὼ σώ

ςᾀ ρπ π are equal to (– 3). 

3.2.32. In each of the following cases, write the equations of the planes that bisect the angles 

formed by the two planes: 

1) ὼ σώ ςᾀ υ π, σὼ ςώ ᾀ σ π; 

2) ςὼ ώ υᾀ σ π,  ςὼ ρπώ τᾀ ς π. 

3.2.33. In each of the following cases, write the equation of the locus of points with the same 

distance from two parallel planes: 

1) τὼ ώ ςᾀ σ π,  τὼ ώ ςᾀ υ π; 

2) υὼ σώ ᾀ σ π,  ρπὼ φώ ςᾀ χ π. 

3.2.34. Find the points of intersection of the straight line 

ςὼ ώ ᾀ σ π
ὼ ώ ᾀ ρ π

 

with coordinate planes. 

3.2.35. Determine for which value of parameter Ὀ the straight line 

ςὼ σώ ᾀ Ὀ π  
σὼ ςώ ςᾀ φ π

 

intersect    1) X-axis;     2) Y-axis;    3) Z-axis. 

3.2.36. Write the equation of the plane passes through the line of intersection of the planes  

σὼ ώ ςᾀ ω π
ὼ ᾀ σ π          

 

1) and the point ὓ τȠςȠσ; 

2) parallel to X-axis; 

3) parallel to Y-axis; 

4) parallel to Z-axis. 
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3.2.37. Write the equation of the plane passes through the line of intersection of the planes  

ςὼ ώ σᾀ υ π
ὼ ςώ ᾀ ς π

 

parallel to the vector ίᴆ ςᴆ ᴆ ςὯᴆ.  

3.2.38. Write the equation of the plane passes through the line of intersection of the planes  

υὼ ώ ςᾀ σ π  
σὼ ςώ υᾀ ς π

 

perpendicular to the plane ὼ ρωώ χᾀ ρρ π. 

3.2.39. Write the equation of the plane passes through the line of intersection of the planes  

ςὼ ώ ᾀ ρ π
ὼ ώ ςᾀ ρ π

 

parallel to the segment bounded by the points ὃςȠυȠσ and ὄσȠςȠς. 

3.2.40. Write the equation of a straight line which goes through the point ὃσȠρȠτ  

1) parallel to the straight line  ; 

2) parallel to X-axis; 

3) parallel to Y-axis; 

4) parallel to Z-axis. 

3.2.41. Write the equation of a straight line which goes through the points ὃρφȠωȠτ and 

ὄτȠσȠρ. 

3.2.42. Write the parametric form of the equation of a straight line which goes through the points 

ὓ σȠρȠς and ὓ ςȠρȠρ. 

3.2.43. A line is drawn through the points ὃ φȠφȠυ and ὄρςȠφȠρ. Find the intersection 

points of this line with the coordinate planes. 

3.2.44. Write in general form the equation of the straight line  Ȣ 

3.2.45. Write the parametric form of the equation of a straight line which goes through the point 

ὃψȠσȠτ parallel to the vector ίᴆ υᴆ φᴆ χὯᴆ. 

3.2.46. Write in symmetric form the equation of the straight line which goes through the point 

ὄςȠσȠυ  parallel to the line  
σὼ ώ ςᾀ χ π
ὼ σώ ςᾀ σ π

. 



52 
 

3.2.47. Write in symmetric form the equations of lines written in general form: 

1) 
ςὼ τώ σᾀ φ π
τὼ ώ σᾀ ς π

; 

2) 
ὼ ςώ σᾀ τ π
σὼ ςώ υᾀ τ π

. 

3.2.48. Prove the straight lines are parallel:  

1)      і    
ὼ ώ ᾀ π

ὼ ώ υᾀ ψ π
; 

2) ὼ ςὸ υ,  ώ ὸ ςȟ   ᾀ ὸ χ     і      
ὼ σώ ᾀ ς π
ὼ ώ σᾀ ς π

. 

3.2.49. Prove the straight lines are perpendicular: 

1)         and       
σὼ ώ υᾀ ρ π
ςὼ σώ ψᾀ σ π

; 

2) 
ὼ ώ σᾀ ρ π
ςὼ ώ ωᾀ ς π

       and       
ςὼ ώ ςᾀ υ π
ςὼ ςώ ᾀ ς π

. 

3.2.50. Prove the straight lines in parametric form ὼ ςὸ σ,   ώ σὸ ς,   ᾀ τὸ φ  and 

ὼ ὸ υ,   ώ τὸ ρ,  ᾀ ὸ τ intersect. 

3.2.51. Investigate the relative position of lines 

ὼ υὸ σ
ώ χὸ ς
ᾀ τὸ υ

         and       

ὼ ψὸ ω
ώ φὸ σ
ᾀ σὸ χ

. 

3.2.52. Find the angle between straight lines: 

1)             and           ; 

2) 
Ѝ
           and           

Ѝ
; 

3) 
ὼ σὸ ς 
ώ π           
ᾀ ὸ σ

         and       

ὼ ςὸ ρ 
ώ π          
ᾀ ὸ σ  

Ȣ 

3.2.53. Find the point of intersection of the straight line and the plane:   

1)  ;      ςὼ σώ ᾀ ρ π; 

2)  ;   ὼ ςώ ᾀ ρυ π; 

3)  ;   ὼ ςώ ςᾀ φ π. 
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3.2.54. Write the equation of the straight line which goes through the point ὓ ςȠσȠρ 

perpendicular to the plane σὼ ςώ υᾀ ς π. 

3.2.55. Write the equation of the plane which goes through the point ὓ ρȠρȠρ 

perpendicular to the line   . 

3.2.56. Write the equation of the plane which goes through the point ὓ σȠρȠτ perpendicular 

to the line   
ὼ ςώ ᾀ ρ π
ὼ ώ ᾀ σ π

. 

3.2.57. For which value of the parameter ὥ the straight line 
σὼ ςώ ᾀ σ π
τὼ σώ τᾀ ρ π

   is parallel 

to the plane       ςὼ ώ ὥᾀς π. 

3.2.58. For which value of ά the straight line   is parallel to the plane 

ὼ σώ φᾀ χ π. 

3.2.59. Find the projection of the point ὖςȠρȠσ on the straight line  

ὼ υὸ σ
ώ χὸ ρπ
ᾀ τὸ υ

. 

3.2.60. Find the projection of the point ὓυȠςȠρ on the plane ςὼ ώ σᾀ ςσ πȢ 

3.2.61. Find the coordinates of the point ὗ, which is symmetric to the point ὖτȠρȠφ with 

respect to the line 

ὼ ώ τᾀ ρς π
ςὼ ώ ςᾀ σ π

. 

3.2.62. Find the coordinates of the point ὗ, which is symmetric to the point ὖςȠυȠχ with 

respect to the line passing through the points  ὓ υȠτȠφ and  ὓ ςȠρχȠψ. 

3.2.63. Find the coordinates of the point ὗ, which is symmetric to the point ὖρȠσȠτ  with 

respect to the plane σὼ ώ ςᾀ π. 

3.2.64. Calculate the distance from the point ὖρȠρȠς  to the line    Ȣ 

3.2.65. Calculate the distance from the point ὖςȠσȠρ to the line 

ςὼ ςώ ᾀ σ π
σὼ ςώ ςᾀ ρχ π

. 

3.2.66. Write the equation of the plane which goes through the point ὓ ρȠςȠσ parallel to the 

straight lines        and    . 
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3.2.67. Prove the straight lines ,  

ὼ σὸ χ  
ώ ςὸ ς  
ᾀ σὸ ρ

 lie in the same plane and write 

the equation of this plane. 

3.2.68. Write the equation of the plane which goes through two parallel lines 

     and    . 

3.2.69. Find the projection of the point ὗσȠτȠς on the plane which goes through parallel 

lines  

     and    . 

3.2.70. Write the symmetric equation of the straight line which goes through the point 

ὓ σȠςȠτ    parallel   to    the   plane  σὼ ςώ σᾀ χ π   and   intersect  the  line   

. 

3.2.71. Calculate the shortest distance between two straight lines in each of the following cases: 

1)     and     ; 

2)     and     

ὼ φὸ ω  
ώ ς        
ᾀ ὸ ς

. 

Answers. 
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Chapter 4. Theory of Limits. 

Topic 4.1. The Limit of a Numerical Sequence. 

The numerical sequence is a set of numbers enumerated by natural index in ascending 

order of values of the index. The sequence usually has the rule (formula) for the nth term 

(common term) which is a way to evaluate each term ὥȟὲᶰN . 

The sequence ὥȟὲᶰM  is convergent to the number a if for every arbitrary small ‐

π there exists a natural number ὔ  such that for all ὲ ὔ: 

ȿὥ ὥȿ ‐. 

In this case, the number ὥ  is called the limit of the numerical sequence ὥȟὲᶰM   and is 

denoted by 

ÌÉÍ
ᴼ
ὥ ὥ. 

Thus   

ÌÉÍ
ᴼ
ὥ ὥ,  якщо  ᶅ‐ π ɱὔᶰM ᶅὲ ὔḊ ȿὥ ὥȿ ‐Ȣ 

If the sequence has a finite limit (ὥ is a real number), then it is convergent (the sequence 

converges to a), otherwise the sequence is divergent (the sequence diverges). 

 

Theorem. 

Let ÌÉÍ
ᴼ
ὥ ὥ та ÌÉÍ

ᴼ
ὦ ὦ, then 

1) ὅᶅᶰQȟÌÉÍ
ᴼ
ὅὥ ὅὥ;          

2) ÌÉÍ
ᴼ
ὥ ὦ ÌÉÍ

ᴼ
ὥ ÌÉÍ

ᴼ
ὦ ὥ ὦ; 

3)  ÌÉÍ
ᴼ
ὥϽὦ ÌÉÍ

ᴼ
ὥϽÌÉÍ

ᴼ
ὦ ὥὦ;   

4)  ÌÉÍ
ᴼ

ᴼ

ᴼ

, for ὦ π. 

 

Theorem. (Convergence Principle)  

If the sequence ὥ,  ὲᶰM  is bounded and monotone, then ὥɱɴ Qȡ ÌÉÍ
ᴼ
ὥ ὥ.  
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Indeterminate Forms 

π

π
,       
Њ

Њ
,       πϽЊ,       Њ Њ,       ρ ,       π,       Њ Ȣ 

Number ▄ 

The sequence  ρ ,  ὲᶰM  has finite limit 

ÌÉÍ
ᴼ
ρ
ρ

ὲ
Ὡ ςȟχρψςψρψςψτȣ 

 

4.1.1. Write down the first five terms of the sequence given by its common term. 

1)  ȟὲ π;                                     2)  
Ȧ
ȟὲ π;                 

 3)  ÃÏÓσὲ ς“ȟὲ π;                   4)  ȟὲ π;       

5)  ςὲ ρ ȟὲ π;                    6)  ρ ȟὲ π.       

4.1.2. Write down the common term of the sequence.. 

1)  ρȟςȟυȟρπȟρχȟςφȟȣ ;                   2)  ρȟȟ ȟȟ ȟȣ ;         

3)  ȟȟȟ ȟ ȟȣ ;                    4)  πȟȟȟ ȟ ȟȣ;          

5)  ȟ ȟȟ ȟ ȟȣ ;                   6)   
Ͻ
ȟ
Ͻ
ȟ
Ͻ
ȟ
Ͻ
ȟ
Ͻ
ȟȣ .         

4.1.3. Find ÌÉÍ
ᴼ
ὥ ὥ and determine the number ὔ‐ π such that ȿὥ ὥȿ ‐ for every 

ὲ ὔ‐, if 

1) ὥ ȟὲ π;       

2) ὥ ȟὲ π;       

3)  ὥ ς ȟὲ π.    

In each example, find ὔ‐ for ‐ πȟρ and ‐ πȟπρ.   

4.1.4. Prove by definition. 

1)  ÌÉÍ
ᴼ

ς;       
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2)  ÌÉÍ
ᴼ

π;       

3)  ÌÉÍ
ᴼ

π.       

4.1.5. Find the limits. 

1)  ÌÉÍ
ᴼ

;                                       2) ÌÉÍ
ᴼ

;                  

3)  ÌÉÍ
ᴼ ȟ

;                         4)  ÌÉÍ
ᴼ

;         

5)  ÌÉÍ
ᴼ

;                              6)  ÌÉÍ
ᴼ

;       

7) ÌÉÍ
ᴼ

;                                  8) ÌÉÍ
ᴼ

;    

 9) ÌÉÍ
ᴼ

;                               10) ÌÉÍ
ᴼ

;       

11)  ÌÉÍ
ᴼ

 ;                           12) ÌÉÍ
ᴼ

 . 

4.1.6. Find the limits. 

1)  ÌÉÍ
ᴼ

;                           2) ÌÉÍ
ᴼ

;        

3)  ÌÉÍ
ᴼ

;                             4) ÌÉÍ
ᴼ

;             

5) ÌÉÍ
ᴼ

;                              6) ÌÉÍ
ᴼ

; 

7) ÌÉÍ
ᴼ

;                             8) ÌÉÍ
ᴼ

;             

9) ÌÉÍ
ᴼ

;                              10) ÌÉÍ
ᴼ

 ;     

11) ÌÉÍ
ᴼ

;                    12) ÌÉÍ
ᴼ

. 

4.1.7. Find the limits. 

1)  ÌÉÍ
ᴼ

Ѝ
;                                  2) ÌÉÍ

ᴼ

Ѝ
;        

3)  ÌÉÍ
ᴼ

Ѝ
 

Ѝ
;                                4) ÌÉÍ

ᴼ

Ѝ
 

Ѝ
;       

5) ÌÉÍ
ᴼ

Ѝ Ѝ
 

Ѝ
 

Ѝ
;                               6) ÌÉÍ

ᴼ

Ѝ Ѝ

Ѝ
 

Ѝ
;    
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7) ÌÉÍ
ᴼ

Ѝ  Ѝ

Ѝ Ѝ
;                              8) ÌÉÍ

ᴼ

 Ѝ

Ѝ
;    

9) ÌÉÍ
ᴼ

Ѝ
 

Ѝ

Ѝ Ѝ
.  

4.1.8. Find the limits. 

1)  ÌÉÍ
ᴼ

Ȧ

Ȧ Ȧ
;                                      2) ÌÉÍ

ᴼ

Ȧ Ȧ

Ȧ Ȧ
;        

3)  ÌÉÍ
ᴼ

Ȧ Ȧ

Ȧ ϽȦ
;                                4) ÌÉÍ

ᴼ

Ȧ Ȧ

Ȧ Ȧ
;     

5) ÌÉÍ
ᴼ

Ȧ Ȧ ȦỄ Ȧ

Ȧ Ȧ ȦỄ Ȧ
;               6) ÌÉÍ

ᴼ

Ȧ Ȧ

Ȧ
. 

4.1.9. Find the limits. 

1)  ÌÉÍ
ᴼ

;                                            2) ÌÉÍ
ᴼ

;                    

3)  ÌÉÍ
ᴼ

;                                    4) ÌÉÍ
ᴼ

;           

5) ÌÉÍ
ᴼ

;                                        6) ÌÉÍ
ᴼ

;       

7) ÌÉÍ
ᴼ

;                                            8) ÌÉÍ
ᴼ

Ͻ

Ͻ
 ;           

9) ÌÉÍ
ᴼ

Ͻ
. 

4.1.10. Find the limits. 

1)  ÌÉÍ
ᴼ

Ễ

Ễ
;                                          

2) ÌÉÍ
ᴼ

ρ ς σ Ễ ὲ;        

3)  ÌÉÍ
ᴼ

Ễ
;              

4) ÌÉÍ
ᴼ

Ễ

Ѝ
.    

4.1.11. Find the limits. 

        1) ÌÉÍ
ᴼ
Ѝὲ ρ Ѝὲ;                                       2) ÌÉÍ

ᴼ
Ѝσὲ ς Ѝὲ ς; 

3)  ÌÉÍ
ᴼ
Ѝὲ σ Ѝὲ ρ;                           4) ÌÉÍ

ᴼ

Ѝ Ѝ

Ѝ
;        
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5)  ÌÉÍ
ᴼ
Ѝὲ τ ὲὲ;                                  6) ÌÉÍ

ᴼ
ὲ Ѝτ ὲ ;   

7) ÌÉÍ
ᴼ
ὲ ὲὲ ς Ѝὲ σ;                     8) ÌÉÍ

ᴼ

Ѝ

Ѝ
. 

4.1.12. Find the limits. 

1)  ÌÉÍ
ᴼ

;                                   2) ÌÉÍ
ᴼ

;        

3)  ÌÉÍ
ᴼ

;                                   4) ÌÉÍ
ᴼ

;         

5) ÌÉÍ
ᴼ

;                                       6) ÌÉÍ
ᴼ

; 

7) ÌÉÍ
ᴼ

;                              8) ÌÉÍ
ᴼ

;   

9) ÌÉÍ
ᴼ
Ѝὲ ςὲ ς ὲ .    

4.1.13. Find the limits. 

1)  ÌÉÍ
ᴼ

Ȧ
;                                            

2) ÌÉÍ
ᴼ

;        

3) ÌÉÍ
ᴼ

ÃÏÓὲ ;                        

4) ÌÉÍ
ᴼ Ͻ Ͻ Ͻ

Ễ
Ͻ

;     

5) ÌÉÍ
ᴼ

 

Ѝ
;                                             

6) ÌÉÍ
ᴼ

 
 . 

Answers. 
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Topic 4.2. The Limit of a Function. 

The Limit of a Function 

The limit of the function Ὢὼ as x tends to ὼ, is ὥᶰὙ ÌÉÍ
ᴼ
Ὢὼ ὥ if  for every  ‐

π, no matter how small, it exists ‏ π such that   ᶅ ὼ ὼȟ  ȿὼ ὼȿ   we have inequality ‏

ȿὪὼ ὥȿ ‐. 

Saying informally, the limit of function Ὢὼ at the point ὼ ÌÉÍ
ᴼ
Ὢὼ  is the value of ώ 

that the function approaches as its argument approaches ὼ.  

In the simplest cases, calculating the limit is reduced to substituting the limit value of the 

argument into the function. However sometimes, substituting the limit value of the argument 

leads to indeterminate forms  

π

π
,      
Њ

Њ
,      πϽЊ,        Њ Њ,      ρ ,     π,      Њ Ȣ 

Every  indeterminate  form  has  its  own  special  method  for  computing. Most  of these 

methods are based on transformation of mathematical expressions, the most important limits or 

application of equivalent infinitesimals. 

One-Sided Limits 

The one-sided limit considers the values of function Ὢὼ when x approaches to ὼ from 

either the right or the left side. 

The right side limit of the function Ὢὼ as x tends to ὼ from the right side is ὥᶰᴙ 

 ÌÉÍ
ᴼ

Ὢὼ ὥ 

if 

  ᶅ ‐ π  ɱ ‏ π   ᶅὼ ὼ,  ὼɴ ὼȟὼ ȡ  ȿὪὼ‏ ὥȿ ‐Ȣ 

The left side limit of  the function Ὢὼ as x tends to ὼ from the left side, is ὥᶰᴙ 

ÌÉÍ
ᴼ

Ὢὼ ὥ, 

if 

  ᶅ ‐ π  ɱ ‏ π   ᶅὼ ὼ,  ὼɴ ὼ ȟὼ‏ ȡ  ȿὪὼ ὥȿ ‐Ȣ 
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Theorem. 

Let ÌÉÍ
ᴼ
Ὢὼ ὥ and ÌÉÍ

ᴼ
Ὣὼ ὦ. Then 

1) ὅᶅᶰQȟÌÉÍ
ᴼ
ὅὪὼ ὅὥ;          

2) ÌÉÍ
ᴼ
Ὢὼ Ὣὼ ÌÉÍ

ᴼ
Ὢὼ ÌÉÍ

ᴼ
Ὣὼ ὥ ὦ; 

3)  ÌÉÍ
ᴼ
ὪὼϽὫὼ ÌÉÍ

ᴼ
ὪὼϽÌÉÍ

ᴼ
Ὣὼ ὥὦ;   

4)  ÌÉÍ
ᴼ

ᴼ

ᴼ

,  if ÌÉÍ
ᴼ
Ὣὼ π. 

Important Limits  

ÌÉÍ
ᴼ

ÓÉÎὼ

ὼ
ρȢ 

ÌÉÍ
ᴼ

ÔÁÎὼ

ὼ
ρ,        ÌÉÍ

ᴼ

ÁÒÃÓÉÎὼ

ὼ
ρ,        ÌÉÍ

ᴼ

ÁÒÃÔÁÎὼ

ὼ
ρ, 

ÌÉÍ
ᴼ

ὼ

ÓÉÎὼ
ρ,        ÌÉÍ

ᴼ

ὼ

ÔÁÎὼ
ρ,        ÌÉÍ

ᴼ

ὼ

ÁÒÃÓÉÎὼ
ρ,        ÌÉÍ

ᴼ

ὼ

ÁÒÃÔÁÎὼ
ρȢ  

ÌÉÍ
ᴼ

ρ
ρ

ὼ
ÌÉÍ
ᴼ
ρ ώ Ὡ ςȟχρψςψρψςψτȣ  Ȣ 

ÌÉÍ
ᴼ

Ὡ ρ

ὼ
ρ,          ÌÉÍ

ᴼ

ὥ ρ

ὼ
ÌÎὥ,         ÌÉÍ

ᴼ

ÌÎρ ὼ

ὼ
ρ, 

ÌÉÍ
ᴼ

ρ ὼ ρ

ὼ
άȢ 

 

Infinitely Small and Infinitely Large Functions 

If  ÌÉÍ
ᴼ
‌ὼ π, then the function ‌ὼ is infinitely small (infinitesimal) as x approaches 

to ὼ. 

If  ÌÉÍ
ᴼ
Ὢὼ Њ, then the function Ὢὼ is infinitely large as x tends to ὼ. 

Classification of infinitesimals  

Let ‌ὼ and ‍ὼ be two infinitesimal functions as ὼO ὼ. 

1. If ὰὭά
ᴼ

π, then ‌ὼ has a higher order of smallness with respect to ‍ὼ as ὼO

ὼ,  ‌ έ‍Ȣ 
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2. If ὰὭά
ᴼ

ρ, then ‌ὼ and ‍ὼ are equivalent as ὼO ὼ, ‌ ~‍. 

3. If ὰὭά
ᴼ

ὧȟ ὧ πȟ  ὧ ρ, then ‌ὼ and ‍ὼ have the same order of smallness  

as ὼO ὼ. 

The table of equivalent functions 

ᾀὼᴼπȟ    ὼO ὼ 

ÓÉÎᾀὼ ᾀͯὼ ÁÒÃÓÉÎᾀὼ ᾀͯὼ Ὡ ρͯ ᾀὼ 

ÔÁÎ ᾀὼ ᾀͯὼ ÁÒÃÔÁÎ ᾀὼ ᾀͯὼ ὥ ρͯ ᾀὼÌÎὥ 

ÌÎρ ᾀὼ ᾀͯὼ 
ÌÏÇρ ᾀὼ ͯ

ᾀὼ

ÌÎὥ
 

ρ ᾀὼ ρͯ mᾀὼ 

 

 

4.2.1. Prove by definition that ÌÉÍ
ᴼ
ὼ τ, that is, for a given number ‐ π choose such a number 

‏ π, that the fulfillment of the inequality ȿὼ ςȿ  ensures the fulfillment of the inequality ‏

ȿὼ τȿ ‐.  

Calculate ‏ for: ‐ πȟρ and ‐ πȟπρ. 

4.2.2. Prove by definition.  

1)  ÌÉÍ
ᴼ
ςὼ ρ σ;                        2) ÌÉÍ

ᴼ
ὼ ςὼ σ;       

3) ÌÉÍ
ᴼ

;                                4) ÌÉÍ
ᴼ

. 

4.2.3. Find the limits. 

1) ÌÉÍ
ᴼ

;                                 2) ÌÉÍ
ᴼ

;            

3) ÌÉÍ
ᴼ
Ѝ
ÁÒÃÃÏÓᾀ;                               4) ÌÉÍ

ᴼ
;            

5) ÌÉÍ
ᴼ Ѝ

;                                      6) ÌÉÍ
ᴼ

; 

7) ÌÉÍ
ᴼ

;                                   8) ÌÉÍ
ᴼ

;                    



63 
 

9) ÌÉÍ
ᴼ

. 

4.2.4. Find the limits. 

1)  ÌÉÍ
ᴼ
ς   and  ÌÉÍ

ᴼ
ς ;             

2) ÌÉÍ
ᴼ

  and  ÌÉÍ
ᴼ

;    

3)  ÌÉÍ
ᴼ

  and  ÌÉÍ
ᴼ

.  

4.2.5. Find the limits. 

1) ÌÉÍ 
ᴼ

;                                    2) ÌÉÍ
ᴼ

;                      

3) ÌÉÍ 
ᴼ

;                               4) ÌÉÍ
ᴼ  

;               

5) ÌÉÍ
ᴼ

;                              6) ÌÉÍ
ᴼ

;  

7) ÌÉÍ
ᴼ

;                        8) ÌÉÍ
ᴼ

;           

9) ÌÉÍ
ᴼ

;                          10) ÌÉÍ
ᴼ
 ;       

11) ÌÉÍ
ᴼ
 ;                         12) ÌÉÍ

ᴼ
 . 

4.2.6. Find the limits. 

1) ÌÉÍ
ᴼ

;                               2) ÌÉÍ
ᴼ

;                   

3) ÌÉÍ
ᴼ

;                                    4) ÌÉÍ
ᴼ

;              

5) ÌÉÍ
ᴼ

;                         6) ÌÉÍ
ᴼ

;   

7)  ÌÉÍ
ᴼ

;                             8) ÌÉÍ
ᴼ

;                   

9) ÌÉÍ
ᴼ

. 

4.2.7. Find the limits. 

1) ÌÉÍ
ᴼ

;                                2) ÌÉÍ
ᴼ

; 
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3) ÌÉÍ
ᴼ

;                      4) ÌÉÍ
ᴼ

;           

5) ÌÉÍ
ᴼ

ςώ;                                       6) ÌÉÍ
ᴼ

;            

7)  ÌÉÍ
ᴼ

;                 8) ÌÉÍ
ᴼ

Ễ
. 

4.2.8. Find the limits. 

1) ÌÉÍ
ᴼ

Ѝ
;                            2) ÌÉÍ

ᴼ Ѝ
;             

3) ÌÉÍ
ᴼ

Ѝ

Ѝ
;                                4) ÌÉÍ

ᴼ

Ѝ
; 

5) ÌÉÍ
ᴼ

Ѝ
;                                  6) ÌÉÍ

ᴼ

Ѝ
;          

7) ÌÉÍ
ᴼ

Ѝ

Ѝ
;                                     8) ÌÉÍ

ᴼ

Ѝ

Ѝ
; 

9) ÌÉÍ
ᴼ

Ѝ Ѝ
;                           10) ÌÉÍ

ᴼ

Ѝ

Ѝ
;     

11)* ÌÉÍ
ᴼ

Ѝ Ѝ
;                    12) ÌÉÍ

ᴼ

Ѝ Ѝ
. 

  4.2.9. Find the limits. 

         1) ÌÉÍ
ᴼ

Ѝὼ ρπЍὼ;                     2) ÌÉÍ
ᴼ

Ѝὼ ρ Ѝὼ ρ; 

         3) ÌÉÍ
ᴼ
ὼЍὼ ρ ὼ;                      4) ÌÉÍ

ᴼ
ὸὸ ς ὸ; 

5) ÌÉÍ
ᴼ

Ѝ Ѝ

Ѝ Ѝ
;                            6) ÌÉÍ

ᴼ

Ѝ Ѝ

Ѝ
;                

7) ÌÉÍ
ᴼ

Ѝ Ѝ

Ѝ
. 

4.2.10. Find the limits. 

1) ÌÉÍ
ᴼ

;                                2)  ÌÉÍ
ᴼ

;                              

3) ÌÉÍ
ᴼ

;                                4)  ÌÉÍ
ᴼ

;                

5) ÌÉÍ
ᴼ

;                        6)  ÌÉÍ
ᴼ

; 

7) ÌÉÍ
ᴼ

;                          8) ÌÉÍ
ᴼ

;            
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9)  ÌÉÍ
ᴼ

Ѝ

Ѝ
;                      10) ÌÉÍ

ᴼ
 ;            

11)  ÌÉÍ
ᴼ

Ѝ
 ;                      12) ÌÉÍ

ᴼ
 .            

4.2.11. Find the limits. 

1) ÌÉÍ
ᴼ

;                            2)  ÌÉÍ
ᴼ

;               

3)  ÌÉÍ
ᴼ

;                            4)  ÌÉÍ
ᴼ

;                    

5) ÌÉÍ
ᴼ Ѝ

;                          6) ÌÉÍ
ᴼ

Ѝ Ѝ
; 

7) ÌÉÍ
ᴼ

;                          8) ÌÉÍ
ᴼ

;              

9)  ÌÉÍ
ᴼ

Ѝ
;                            10) ÌÉÍ

ᴼ
;           

11) ÌÉÍ
ᴼ

;                    12)  ÌÉÍ
ᴼ

Ѝ
. 

4.2.12.  Find the limits. 

1) ÌÉÍ
ᴼ

;                                    2)  ÌÉÍ
ᴼ

;                      

3)  ÌÉÍ
ᴼ

;                                 4) ÌÉÍ
ᴼ

;                  

5) ÌÉÍ
ᴼ

;                          6)  ÌÉÍ
ᴼ

; 

7) ÌÉÍ
ᴼ

;                         8) ÌÉÍ
ᴼ

;                      

9)  ÌÉÍ
ᴼ

Ѝ  
;                          10) ÌÉÍ

ᴼ
;                   

11) ÌÉÍ
ᴼ
 
 

;                                 12) ÌÉÍ
ᴼ

Ѝ
; 

13) ÌÉÍ
ᴼ

Ѝ
;                          14) ÌÉÍ

ᴼ
. 

4.2.13.   Find the limits. 

1) ÌÉÍ
ᴼ

ᾀÔÁÎᾀ;                          2)  ÌÉÍ
ᴼ
ÃÏÔςὼÃÏÔ ὼ;               

3)  ÌÉÍ
ᴼ
ὼÓÉÎ;                                  4) ÌÉÍ

ᴼ
τ ώÔÁÎ;                



66 
 

5) ÌÉÍ
ᴼ
ὼ ÃÏÓρ;                       6)  ÌÉÍ

ᴼ
ÔÁÎςᾀÔÁÎ ᾀ; 

7) ÌÉÍ
ᴼ
ρ ὼÔÁÎ;                        8) ÌÉÍ

ᴼ
;     

9) ÌÉÍ
ᴼ

. 

4.2.14.  Find the limits. 

1)  ÌÉÍ
ᴼ

;                             2)  ÌÉÍ
ᴼ
ςώÔÁÎώ ;                      

3)  ÌÉÍ
ᴼ

ÔÁÎὼ;                         4)  ÌÉÍ
ᴼ

.      

4.2.15.  Find the limits. 

1) ÌÉÍ
ᴼ
ρ ;                                     2) ÌÉÍ

ᴼ
;          

3) ÌÉÍ
ᴼ

;                                          4) ÌÉÍ
ᴼ

;             

5) ÌÉÍ
ᴼ

;                                           6) ÌÉÍ
ᴼ

; 

7) ÌÉÍ
ᴼ

;                                              8) ÌÉÍ
ᴼ

Ѝ

;             

9) ÌÉÍ
ᴼ

;                                      10) ÌÉÍ
ᴼ

;                  

11) ÌÉÍ
ᴼ

;                                               12) ÌÉÍ
ᴼ

; 

13) ÌÉÍ
ᴼ
ώÌÎώ ρ ÌÎώ σ ;                14)  ÌÉÍ

ᴼ
ὼ ÌÎὼ χ ÌÎὼ.  

4.2.16.   Find the limits. 

1) ÌÉÍ
ᴼ
ρ ÓÉÎςὼ  ;                    2) ÌÉÍ

ᴼ
ρ ÓÉÎὼ ;         

3) ÌÉÍ
ᴼ
ρ ÔÁÎЍὸ

Ѝ

;              4) ÌÉÍ
ᴼ

 ;             

5) ÌÉÍ
ᴼ

;                               6) ÌÉÍ
ᴼ

 ; 

7) ÌÉÍ
ᴼ

;                                      8) ÌÉÍ
ᴼ

;           



67 
 

9) ÌÉÍ
ᴼ

;                                         10) ÌÉÍ
ᴼ
ὼ Ὡ ρ; 

11) ÌÉÍ
ᴼ

Ѝ ;                          12) ÌÉÍ
ᴼ
σώ ςώ  ;                     

13) ÌÉÍ
ᴼ
ÓÉÎςὼ ;                     14) ÌÉÍ

ᴼ
;                   

15) ÌÉÍ
ᴼ
ÃÏÓὼ  ;                  16)  ÌÉÍ

ᴼ
ÃÏÔὼ  ; 

17) ÌÉÍ
ᴼ

;                             18) ÌÉÍ
ᴼ

;                       

19) ÌÉÍ
ᴼ
ÔÁÎὼ ;                          20) ÌÉÍ

ᴼ
σὩ ς ;         

21)ÌÉÍ
ᴼ
ÃÏÓὼ .  

4.2.17.   Prove that function Ὢὼ is infinitesimal as ὼO ὼ. 

1) Ὢὼ Ѝὼ σὼ τ ς,  ὼ σ;                             

2) Ὢὼ ,  ὼ ρ;                

3) Ὢὼ ὼ ÃÏÓὼÓÉÎσὼ ,  ὼ  ;                

4) Ὢὼ ,   ὼ π. 

4.2.18.  Prove that infinitesimals ‌ὼ and ‍ὼ are equivalent as ὼO ὼ. 

1) ‌ὼ Ѝρ ὼ ρ,  ‍ὼ ,  ὼ π;    

2) ‌ὼ Ὡ ρ,  ‍ὼ ςὼ ÓÉÎὼ,  ὼ π; 

3) ‌ὼ Ὡ Ὡ,  ‍ὼ ÓÉÎσὼ ÓÉÎὼ, ὼ π; 

4) ‌ὼ ÌÎρ ЍὼÓÉÎὼ ,  ‍ὼ ÁÒÃÓÉÎὼȟὼ π; 

5) ‌ὼ Ὡ ÃÏÓὼ,  ‍ὼ ÁÒÃÔÁÎὼ,  ὼ π; 

6) ‌ὼ ,  ‍ὼ ρ Ѝὼ,  ὼ ρ;  

7) ‌ὼ ,  ‍ὼ , ὼ ρ;    

8) ‌ὼ ÌÎὼ σ ,  ‍ὼ ÔÁÎὼ ς ,  ὼ ς .  
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4.2.19.   Prove that function ‌ὼ has a higher order of smallness with respect to ‍ὼ as ὼO ὼ. 

1) ‌ὼ ,  ‍ὼ ὼ,  ὼ π;    

2) ‌ὼ ÓÉÎὼ,  ‍ὼ ÔÁÎσὼ,  ὼ π; 

3) ‌ὼ ÔÁÎὼ,  ‍ὼ ρ ÃÏÓςὼ,  ὼ π;  

4) ‌ὼ ÁÒÃÔÁÎςὼ,  ‍ὼ ÌÎρ ὼ ,  ὼ π;  

5) ‌ὼ ÓÉÎЍρ ὼ ρ ,  ‍ὼ ÁÒÃÓÉÎЍὼ,  ὼ π; 

6) ‌ὼ ÁÒÃÓÉÎЍτ ὼ ς ,  ‍ὼ Ѝρ ὼ ρ,  ὼ π; 

7) ‌ὼ ὼ ὼ υὼ σ,  ‍ὼ ὼ ρ,  ὼ ρ;    

8) ‌ὼ ὼ υ ,  ‍ὼ Ѝὼ ρ ς,  ὼ υ.   

4.2.20.  Prove that infinitesimals ‌ὼ and ‍ὼ have the same order of smallness  as ὼO ὼ.  

1) ‌ὼ ὼ ρππὼ,  ‍ὼ ὼ,  ὼ π; 

2) ‌ὼ ÔÁÎὼ ÓÉÎὼ,  ‍ὼ ὼ,  ὼ π;    

3) ‌ὼ Ѝρ ςὼ ρ,  ‍ὼ ÓÉÎὼ,  ὼ π; 

4) ‌ὼ ÌÎρ σὼ ,  ‍ὼ ЍÁÒÃÓÉÎὼ ,  ὼ π;  

5) ‌ὼ ρ Ѝὼ,  ‍ὼ ρ ὼ,  ὼ ρ;  

6) ‌ὼ ЍὩ Ὡ,  ‍ὼ υЍὼ υ, ὼ ρ;    

7) ‌ὼ ρ ÃÏÓὼ,  ‍ὼ ÔÁÎὼ , ὼ “; 

8) ‌ὼ ЍὩ ρ,  ‍ὼ ὩЍ ρ,  ὼ π. 

4.2.21.  Classify infinitesimals ‌ὼ and ‍ὼ as  ὼO ὼ. 

1) ‌ὼ ÔÁÎσὼ,  ‍ὼ ÁÒÃÓÉÎςὼ,  ὼ π; 

2) ‌ὼ ρ Ѝὼ ρ,  ‍ὼ ὼ,  ὼ π;  

3) ‌ὼ Ὡ ÃÏÓὼ,  ‍ὼ ὼ,  ὼ π;  

4) ‌ὼ ЍÓÉÎὼ ὼ,   ‍ὼ ρ ÃÏÓὼ,  ὼ π;    

5) ‌ὼ ÌÎρ ὼЍÓÉÎὼ ,  ‍ὼ Ѝὼ Ѝὼ,  ὼ π;  

6) ‌ὼ ÓÉÎὼ ςὼ ρ ,  ‍ὼ ὼ ρ , ὼ ρ;    

7) ‌ὼ ς Ὡ ,  ‍ὼ Ѝὼ ρ,  ὼ ρ; 
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8) ‌ὼ ὼÓÉÎ,  ‍ὼ ὼ, ὼ π; 

9) ‌ὼ ,  ‍ὼ ρ Ѝὼ,  ὼ ρ.  

4.2.22.  Determine the order of smallness of infinitesimal ‌ὼ with respect to ‍ὼ, as  ὼO π. 

 1) ‌ὼ Ѝὼ Ѝὼ,    ‍ὼ ὼ; 

 2) ‌ὼ ,    ‍ὼ ὼ; 

 3) ‌ὼ ὼ ρπππὼ,    ‍ὼ ὼ; 

  4) ‌ὼ ÁÒÃÔÁÎσὼ,  ‍ὼ ÌÎρ ὼ ; 

  5) ‌ὼ ὩЍ ρ,  ‍ὼ Ὡ ρ. 

4.2.23.  Find the limits by the table of equivalent functions. 

 1) ÌÉÍ
ᴼ

;                                                  2) ÌÉÍ
ᴼ

;                       

3) ÌÉÍ
ᴼ  

;                           4) ÌÉÍ
ᴼ

;         

5)  ÌÉÍ
ᴼ

;                                              6)  ÌÉÍ
ᴼ Ͻ 

; 

7) ÌÉÍ
ᴼ

;                                         8) ÌÉÍ
ᴼ Ѝ

;                     

9) ÌÉÍ
ᴼ Ѝ

;                     10) ÌÉÍ
ᴼ

;                   

11) ÌÉÍ
ᴼ  

;                                 12)  ÌÉÍ
ᴼ

 

 
 

 
; 

13) ÌÉÍ
ᴼ

;                                    14) ÌÉÍ
ᴼ

;             

15) ÌÉÍ
ᴼ

Ѝ
 

 

Ѝ  
 ;                                             16) ÌÉÍ

ᴼ
;              

17) ÌÉÍ
ᴼ

;                                               18) ÌÉÍ
ᴼ

 ;   

19) ÌÉÍ
ᴼ Ѝ

;                                               20) ÌÉÍ
ᴼ

;               

21) ÌÉÍ
ᴼ

Ѝ
. 

Answers. 
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Topic 4.3. Continuity of Functions. 

The function Ὢὼ is called continuous at the point ὼπᶰὈὪ if and only if 

ÌÉÍ
ᴼ

Ὢὼ ÌÉÍ
ᴼ

Ὢὼ Ὢὼ ÌÉÍ
ᴼ
ὪὼȢ 

Points of Discontinuity 

If at some point ὼ ὼ, at least one of the conditions of continuity is not fulfilled for the 

function ώ Ὢὼ (ÌÉÍ
ᴼ
Ὢὼ Њ or it does not exist) then the function Ὢὼ is called 

discontinuous at the point ὼ.  

Classification of the Points of Discontinuity  

1. If ÌÉÍ
ᴼ

Ὢὼ ὥᶰὙ, ÌÉÍ
ᴼ

Ὢὼ ὦɴ Q and ὥ ὦ then point ὼπ is the point of 

ordinary discontinuity or the points of discontinuity of the first kind (jump).  

2. If Ὢὼ  does not exist and ÌÉÍ
ᴼ

Ὢὼ ÌÉÍ
ᴼ

Ὢὼ ὥᶰQ then point ὼπ is the 

point of discontinuity of the first kind (removable). 

3.  If at least one of the limits ÌÉÍ
ᴼ

Ὢὼ and ÌÉÍ
ᴼ

Ὢὼ is Њ or does not exist, then 

point ὼπ is the point of nonremovable discontinuity or the points of discontinuity of the second 

kind. 

Properties of Continuous Functions  

Theorem 1.  (The First Weierstrass Theorem) 

Any continuous over the interval  ὥȟὦ,   ὥ ὼ ὦ function is bounded on that interval. 

Theorem 2.  (The Second Weierstrass Theorem) 

If ώ Ὢὼ is continuous over the interval  ὥȟὦȟ   ὥ ὼ ὦ, there exists at least one 

point ὼᶻ such that ὼᶅɴ ὥȟὦȡ  Ὢὼᶻ Ὢὼ and there exists at least one point ὼz  such that 

ὼᶅɴ ὥȟὦȡ  Ὢὼz Ὢὼ.  

 We call the value Ὢὼᶻ  the greatest value of the function ώ Ὢὼ on the interval ],[ ba

άὥὼ
ȟ
Ὢὼ Ὢὼᶻ , and the value Ὢὼz  the smallest value of the function ώ Ὢὼ on the 

interval ὥȟὦ άὭὲ
ȟ
Ὢὼ Ὢὼz .  
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Theorem 3.  (The First Bolzano-Cauchy theorem) 

If ώ Ὢὼ is continuous over the interval  ὥȟὦȟ   ὥ ὼ ὦ and one of the following 

inequalities is fulfilled  Ὢὥ π Ὢὦ or Ὢὦ π Ὢὥ, then  there exists at least one 

point ὼ such that Ὢὼ π.  

Theorem 4.  (The Second Bolzano-Cauchy theorem) 

If ώ Ὢὼ is continuous over the interval ὥȟὦȟ   ὥ ὼ ὦ and Ὢὥ Ὢὦ, then for 

any number ὅȟὪὥ ὅ Ὢὦ, there exists a point ὼ ὧ,  ὥ ὧ ὦ such that Ὢὧ ὅ.  

 

4.3.1. The function is given by the formula 

Ὢὼ
ὼ ω

ὼ σ
, ÉÆ ὼ σȟ

ὃ, if ὼ σȢ

 

For what value of ὃ will the function Ὢὼ be continuous at the point ὼ σ? 

4.3.2. For what value of ὥ will the function 

Ὢὼ
ὼ ρ,  ὼ ρȟ

σ ὥὼ,  ὼ ρ
 

be continuous? 

4.3.3. The function is given by the formula 

Ὢὼ ρ ὼÓÉÎ
ρ

ὼ
  Ȣ 

What value should be added to the function Ὢὼ so that it becomes continuous at the point 

ὼ π? 

4.3.4. Investigate the continuity of functions Ὢὼ and Ὣὼ. Answer the questions. 

1) What value should be added to the function Ὢὼ ὼÁÒÃÔÁÎ so that it becomes 

continuous at the point точці ὼ ς? 

2) Is it possible to add some value to the function Ὣὼ ὼÁÒÃÔÁÎ so that it becomes 

continuous at the point ὼ ς? 

4.3.5. Investigate the continuity of the function. 

1) ώ ;                      2) ώ ;                   
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3) ώ ÁÒÃÔÁÎ;                   4) ώ ;          

5) ώ ρ ς ;                      6) ώ Ὡ  ;         

7) ώ τ  ;                   8) ώ
 

;                  

9) ώ
 

 

;                            10) ώ ;        

11) ώ
 

;                12) ώ
Ѝ

; 

13) ώ ;                           14) ώ ÃÏÔ;               

15) ώ
ȿ ȿ

ρ;               16) ώ
Ѝ

;              

17) ώ
ȿ ȿ

;                         18) ώ
ȿȿ

. 

4.3.6. Investigate the continuity of the function. Plot the graphs. 

1) ώ
σὼ,     ὼ ρ,
ὼ ς,     ὼ ρȠ

                                       

2) ώ
τ ὼ,     ὼ ς,
ρ,     ὼ ς;

      

3) ώ
ρ ὼ,     Њ ὼ ρ,
ς,             ρ ὼ ς,  
ςὼ φ,      ς ὼ Њ;

                      

4) ώ

ρ ὼ,     Њ ὼ π,

,             π ὼ σ,  

ὼ ς,      σ ὼ Њ;

     

5) ώ

ừ
Ừ

ứ
ÓÉÎὼ,      Њ ὼ ,

,        ὼ “,  

ÃÏÓὼ,       “ ὼ Њ;

                     

6) ώ

,      Њ ὼ ρ,

ÌÎὼ ρ ,     ρ ὼ ς,  

ὼ ς ,      ς ὼ Њ;
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7) ώ

π,                Њ ὼ π,
ὼ,                       π ὼ ρ, 

ὼ τὼ ς,      ρ ὼ σ,
τ ὼ,               σ ὼ ЊȢ

 

4.3.7. Prove the existence of an inverse function to Ὢὼ in a given domain ( ὼɴ Ὀ). Find the 

inverse function and its domain (corresponding to the domain Ὀ). 

1)  Ὢὼ ὼ ςὼ ς,   ὼɴ ρȟЊ ; 

2)  Ὢὼ ÌÎρ ὼ ,   ὼɴ ρȟρ;  

3)  Ὢὼ ÔÁÎὼ ,   ὼɴ ȟ .  

4.3.8. Determine whether the function Ὢὼ is bounded on the interval ὥȟὦ.  

1)  Ὢὼ ,   ὼɴ υȟπ;                                    

2)  Ὢὼ ,   ὼɴ πȟυ; 

3)  Ὢὼ ὼÌÎὼ ρ ὼ,   ὼɴ ςȟς;                   

4)  Ὢὼ ὼÓÉÎρ,   ὼɴ πȟρ. 

4.3.9. Prove that there exist maximum and minimum values of the function Ὢὼ on the interval 

ὥȟὦ. 

1)  Ὢὼ ὼ ςὼ ρ,   ὼɴ πȟσ; 

2)  Ὢὼ ὼÌÎὼ ρ ς,   ὼɴ πȟυ; 

3)  Ὢὼ ÓÉÎὼ ÃÏÓὼ,   ὼɴ πȟ“.  

4.3.10. Show that the function Ὢὼ becomes zero at at least one point on the segment ὥȟὦ. 

1)  Ὢὼ ς τὼ,   ὼɴ πȟρ; 

2)  Ὢὼ ὼ ὼ ρ,   ὼɴ ρȟπ; 

3)  Ὢὼ ὼÌÎὼ ὼ,   ὼɴ ρȟς.  

4.3.11. Show that the equation has at least one root on the segment ὥȟὦ. 

1)  ὼ σὼ ρ,   ὼɴ πȟσ; 

2)  ὼς ρ,   ὼɴ ςȟς; 

3)  ὼ ÓÉÎὼ σ,   ὼɴ ρȟτ.  

Find the interval ὲȟὲ ρṒ ὥȟὦ, where ὲ is integer, containing the root of the given equation. 
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4.3.12. Show that there exists a solution to the equation Ὢὼ ὅ, belonging to ὥȟὦ. Find the 

number of roots and the intervals ὲȟὲ ρṒ ὥȟὦ, where ὲ is integer, containing roots of the 

given equation. 

1)  Ὢὼ ὼὩ ς,  ὅ , ὼɴ τȟρ; 

2)  Ὢὼ ὼ ÃÏÓςὼ,   ὅ ρ,  ὼɴ πȟς; 

3)  Ὢὼ ὼ ÌÎὼ ρ ,   ὅ ςȟὼɴ ςȟφ.  

Answers. 
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Chapter 5. Differential Calculus of a Function of 

One Variable. 

Topic 5.1. Derivatives and Differentials of a Function of One Variable. 

The average rate of change of the function ώ Ὢὼ over the interval ὼȟὼ ῳὼ is  

Ўώ

Ўὼ

Ὢὼ Ўὼ Ὢὼ

Ўὼ
Ȣ 

The straight line that goes thought two points ὓ and 

ὓ  on the graph of function ώ Ὢὼ is called the secant 

line. The position of the secant line is determined by ÔÁÎ•  

- slope of the line: 

ÔÁÎ•
Ўώ

Ўὼ

Ὢὼ Ўὼ Ὢὼ

Ўὼ
,   •ᶰ

“

ς
ȟ
“

ς
Ȣ  

The instantaneous rate of change of the function ώ Ὢὼ is called derivative of Ὢὼ 

with respect to ὼ and denoted by 

Ὢ ὼ ÌÉÍ
Ўᴼ

Ўώ

Ўὼ
ÌÉÍ
Ўᴼ

Ὢὼ Ўὼ Ὢὼ

Ўὼ
Ȣ 

The derivative of a function at the point ● ● is given as follows:  

Ὢ ὼ ÌÉÍ
ᴼ

Ὢὼ Ὢὼ

ὼ ὼ
Ȣ 

 

5.1.1. Find the increment Ўώ of the function ώ Ὢὼ at the point ὼ ὼ if the increment of the 

argument is Ўὼ. 

1) ώ ὼ,    ὼ ρ,     Ўὼ πȟρ;                     2)  ώ ÌÎὼ ρ ,    ὼ ς,     Ўὼ πȟτ;         

3) ώ ,    ὼ ς,     Ўὼ πȟρ;                4)  ώ ÓÉÎςὼ,    ὼ ὥ,     Ўὼ .         

5.1.2. Find the ratio  
Ў

Ў
  for the function ώ Ὢὼ at the point ὼ ὼ, if the increment of the 

argument is Ўὼ. 

1) ώ ςὼ ὼ ρ,    ὼ ρ,     Ўὼ πȟρ;      
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2)  ώ Ѝςὼ ρ,    ὼ ρ,     Ўὼ πȟτ;         

3) ώ ς,    ὼ ρ,     Ўὼ πȟυ;                          

4)  ώ ÃÏÓὼ,    ὼ ,     Ўὼ .       

5.1.3. Find the increment Ўώ at the point ὼ ὼ, as a function o Ўὼ (ЎώὼȟЎὼ). 

1) ώ ςὼ υ,    ὼ ρ;                   2)  ώ Ѝὼ ρ,    ὼ π;         

3) ώ ÌÏÇὼ,    ὼ ρ;                     4)  ώ ÔÁÎὼ,    ὼ .         

Find the limit of ratio 
Ў

Ў
 as ЎὼO π.  

5.1.4. Find by definition the derivative of the function ώ Ὢὼ at the point ὼ ὼ. 

1) ώ ὼ,    ὼ ς;                           

2)  ώ Ѝὼ,    ὼ ρ;         

3) ώ Ὡ ,    ὼ π;                         

4)  ώ ÃÏÓὼ,    ὼ .         

5.1.5. Find the slope of the secant to the curve ώ Ὢὼ if the abscissas of the intersection points 

are ὼ and ὼ. 

1) ώ ,    ὼ σ,   ὼ υ;                      

2)  ώ Ѝςὼ ρ,    ὼ τ,   ὼ χȟυ;           

3) ώ ÔÁÎὼ,    ὼ ,   ὼ ;                 

4)  ώ ὼ ςὼ,    ὼ π,   ὼ πȟυ.           

5.1.6. The point moves in a straight line according to the law Ὓὸ ὸ σὸ ς, where the 

distance is given in centimeters, and the time is in minutes. Find the average speed of movement: 

1) for the first 2 minutes; 

2) for the time interval from ὸ ς min to ὸ σ min. 

 5.1.7. An athlete runs the hundred-meter dash in such a way that the distance Ὓ run after ὸ seconds 

is given by Ὓὸ ὸ ψὸ. Find the athlete’s velocity at  

1) ὸ τ sec;                              2) the finish line. 
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5.1.8. A sandbag is dropped from a balloon ρφπ meters above the ground. After ὸ seconds, the 

sandbag is ρφπρφὸ meters above the ground. 

1) Find the formula for calculating the average velocity for the time interval from ὸ ὥ sec. 

to ὸ ὦ sec. 

2) Calculate the average velocity for the entire time of fall. 

3) Find by the definition of the derivative the formula for calculating the velocity at any 

instant of time.   

5.1.9. A thin inhomogeneous rod ὃὄ has a length of ὒ ςπ sm. The mass of the segment ὃὓ 

increases in proportion to the square of the distance of point ὓ from point ὃ, and it is known that 

the mass of the segment ὃὓ ς sm is ψ gramm. Find: 

1) the average linear density of the segment ὃὄ ς sm; 

2) the average linear density of the entire segment ὃὄ; 

3) the density of the rod at point ὓ. 

5.1.10. According to Boyle-Mariotte's law, if the temperature remains constant, the pressure ὖ 

and volume ὠ of a confined gas are related by the ratio ὖ , where  ὅ is some constant. If, for 

a certain gas, ὅ ςππ and ὠ is increasing, find, by the definition, the rate of change of the 

pressure ὖ with respect to the volume ὠ .  

 5.1.11. Find by definition the rate of change of the surface area Ὓ of the ball during inflation, 

depending on the radius ὙȢ Find the value of the velocity for Ὑ ς sm. 

 

Basic Rules of Differentiation 

Let the functions όὼ and  ὺὼ be differentiable, then 

ὧϽόὼ ὧϽό ὼȟ    ×ÈÅÒÅ  ὧ ὧέὲίὸ 

όὼ  ὺὼ ό ὼ ὺ ὼ 

όὼϽ ὺὼ ό ὼϽὺὼ όὼϽὺ ὼ 

όὼ

ὺὼ

ό ὼϽὺὼ όὼϽὺ ὼ

ὺ ὼ
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Derivatives of Basic Elementary Functions 
 

 

Derivative of a Composite Function 

Let ώ Ὢό and ό όὼ, thus ώ Ὢόὼ , where functions Ὢ and ό are differentiable 

then 

ώ ώ Ͻό     ÏÒ  
Ὠώ

Ὠὼ

Ὠώ

Ὠό
Ͻ
Ὠό

Ὠὼ
 ╒▐╪░▪ ╡◊■▄Ȣ 

 

5.1.12. Find derivative ώ. 

1) ώ ὼ ὼ υὼ τ;     

2)  ώ Ѝὼ Ѝς ; 

3) ώ Ѝὼ Ѝυ; 

4) ώ πȟτЍὼ
ȟ

ȟ
; 

5)  ώ ὼ ρ ὼ τ ὼ ω; 

6)  ώ Ѝὼ ρ
Ѝ

ρ; 

7) ώ Ѝὼ φ Ѝὼ σὼ; 

◐● ◐ ● ◐● ◐ ● ◐● ◐ ● 

ὧ π ÃÏÓὼ ÓÉÎὼ ÓÉÎÈ ὼ ÃÏÓÈ ὼ 

ὼ  ὲὼ  ÔÁÎ ὼ 
ρ

ÃÏÓὼ
 ÃÏÓÈ ὼ ÓÉÎÈ ὼ 

ὥ  ὥÌÎὥ ÃÏÔ ὼ 
ρ

ÓÉÎὼ
 ÔÁÎÈ ὼ 

ρ

ÃÏÓÈὼ
 

Ὡ Ὡ ÁÒÃÓÉÎὼ 
ρ

Ѝρ ὼ
 ÃÏÔÈ ὼ 

ρ

ÓÉÎÈὼ
 

ÌÎὼ 
ρ

ὼ
 ÁÒÃÃÏÓὼ 

ρ

Ѝρ ὼ
 ÁÒÃÃÏÓÅÃ ὼ 

ρ

ὼЍὼ ρ
 

ÌÏÇὼ 
ρ

ὼÌÎ ὥ
 ÁÒÃÔÁÎ ὼ 

ρ

ρ ὼ
 Ὢὼ  ὲὪὼ Ὢ ὼ 

ÌÇὼ 
ρ

ὼÌÎρπ
 ÁÒÃÃÏÔ ὼ 

ρ

ρ ὼ
 ÌÎὪὼ 

Ὢ ὼ

Ὢὼ
 

ÓÉÎὼ ÃÏÓὼ ÁÒÃÓÅÃὼ 
ρ

ὼЍὼ ρ
 Ѝὼ 

ρ

ὲЍὼ
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8)  ώ ; 

9)  ί ; 

10)  ώ
Ѝ

; 

11)  ώ
Ѝ

 , find ώ ; 

12)  ίὸ  , find ίπ and ίς; 

13) Ὂὼ ὼ ρ ὼ τ ὼ ω, find Ὂ π, Ὂ ρ and Ὂ ς. 

5.1.13. Find derivative ώ. 

1)  ώ ςὼÓÉÎὼ ὼ ςÃÏÓὼ; 

2)  ώ ςὼ υÃÏÓὼ; 

3) ώ ; 

4) ώ ÁÒÃÔÁÎ ὼ; 

5)  ώ
 

; 

6) ώ Ѝρ ςÔÁÎ ὼ; 

7)  ώ ÓÉÎÃÏÓσὼ; 

8)  ώ ÃÏÔЍρ ὼ; 

9)  ώ ; 

10)  ώ ÔÁÎὸ ÔÁÎὸ ÔÁÎὸ ; 

11)  ώ ÓÉÎὼ υὼ ρ ÔÁÎ; 

12)  ώ . 

5.1.14. Find derivative ώ. 

1)  ώ ÌÎρ ὼ ; 

2) ώ ÌÏÇὼ ρ; 

3)  ώ ÌÏÇÓÉÎςὼ; 

4)  ώ ЍÌÎὼ ρ ÌÎρ Ѝὼ; 
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5) ώ ÌÏÇÌÏÇÌÏÇὼ; 

6) ώ ÌÎÓÉÎ; 

7) ώ ÌÎὼ Ѝὼ ρ
Ѝ

. 

5.1.15. Find derivative ώ. 

1)  ώ ρ ςЍὼ ; 

2)  ώ ЍὼὩ ὼ; 

3) ώ ; 

4) ώ ЍςὩ σ ρ ÌÎὼ; 

5) ώ ς ; 

6) ώ ρπ ; 

7) ώ Ὡ . 

5.1.16. Find derivative ώ. 

1)  ώ ὼÁÒÃÓÉÎὼ; 

2) ώ ὼÁÒÃÓÉÎὼ Ѝρ ὼ; 

3) ώ ; 

4) ώ Ѝρ ÁÒÃÓÉÎὼ; 

5) ώ ÁÒÃÓÉÎ; 

6) ώ
 

; 

7) ώ ЍÁÒÃÃÔÁÎ ὼ ÁÒÃÃÏÓὼ; 

8) ώ ÁÒÃÔÁÎὼ Ѝρ ὼ . 

5.1.17. Find derivative ώ. 

1)  ώ
 

;   

2)  ώ ÔÁÎÈ ὼ ὼ;   

3)  ώ ;   
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4) ώ ÓÉÎÈὼ; 

5)  ώ Ὡ ЍÃÏÓÈὼ;  

6)  ώ ÔÁÎÈÌÎὼ ÌÎÃÏÓÈςὼ. 

5.1.18. Find derivative ώ. 

1)  ώ ὩϽÓÉÎὼϽÃÏÓὼ; 

2)  ώ ω φЍὼ; 

3) ώ ÌÎὼ Ѝὼ ρ
Ѝ

; 

4)  ώ ÌÎÔÁÎÃÏÔὼϽÌÎρ ÓÉÎὼ ὼ; 

5) ώ ÌÎÓÉÎЍÁÒÃÔÁÎὩ ; 

6) ώ ÌÎÃÏÓÁÒÃÔÁÎ; 

7) ώ ÌÎ
Ѝ
ÁÒÃÔÁÎ

Ѝ
; 

8) ώ ÁÒÃÔÁÎὼ ÁÒÃÔÁÎ. 

5.1.19 Prove that the function ώ
Ѝ

  satisfies the equation ρ ὼ ώ ὼώ ρȢ 

5.1.20. Prove that the function ώ ὼЍὼ ρ ÌÎὼ Ѝὼ ρ  satisfies the equation 

ςώ ὼώ ÌÎώȢ 

5.1.21. Evaluate the sum: 

1) ρ ςὼ σὼ Ễ ὲὼ ,  ὼ ρ; 

2) ς ςϽσὼ σϽτὼ Ễ ὲ ρὲὼ ,  ὼ ρȢ 

 

Derivative of the inverse function 

If there exists inverse function ὼ •ώ for the function ώ Ὢὼ, then 

• ώ
ρ

Ὢ ὼ
   ÏÒ   ὼ

ρ

ώ
,     ώ πȢ 

 

5.1.22. Using the derivative of the inverse function, solve problems. 

1) ὼ Ὡ  ,  find 
 
 as a function of ώ;  as a function of ὼ . 
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2) ί ὸὩ  , find 
 
. 

3) ώ  ,  find 
 
 as a function of ὼ;  as a function of ώ. Is the equality 

 
Ͻ
 
ρ true? 

4) Is the equality 
 
Ͻ
 
ρ true if ώ ÌÎὼ ρ? 

5) ὼ ώ τώ ρ, find 
 
. 

6) ὸ ÁÒÃÓÉÎς, find ί. 

 

The Derivative of an Implicit Function 

Let the function ώ ώὼ be given implicitly by the equation Ὂὼȟώ π. To find the 

derivative of an implicitly given function, it is necessary to differentiate both sides of the equation 

Ὂὼȟώ π with respect to the variable ὼ, considering ώ as a function of ὼ, and solve the resulting 

equation with respect to ώȢ 

 

5.1.23. Find the derivative  ώ of implicit functions. 

1) ὼ ώ σὥὼώπ ȟὥ ὧέὲίὸ;              2) ώ ρ ὼὩ; 

3) ÃÏÓὼώ ὼ;                                                  4) ώ ÓÉÎὼ ώ; 

5) ὼ ώ ὥ  ȟὥ ὧέὲίὸ;                 6) ς ς ς Ƞ 

7) ώ ὼ ÁÒÃÔÁÎώ;                                        8) ὼ ώ ÁÒÃÓÉÎὼ ÁÒÃÓÉÎώ; 

9) ὼ ώ ;                                                     10) ὼÓÉÎώ ÃÏÓώ ÃÏÓςώ π; 

11) ςώÌÎώ ὼ;                                              12)  ρ; 

13) ÓÉÎὼώ ÃÏÓὼώ ÔÁÎὼ ώ Ȣ 

 

The Derivative of a Function Represented Parametrically 

Consider a function ώ of ὼ represented by the parametric equation 
ὼ ὼὸ,

ώ ώὸ,
  ὸɴ ὸȟ  ὸ . 

Then the derivative of this function is 

ώ
Ὠώ

Ὠὼ

ώ

ὼ
 Ȣ 

 



83 
 

5.1.24. Find the derivative  ώ of the parametric functions. 

1) 
ὼ ὥÓÉÎ•,

ώ ὦÃÏÓ•,  
 ὥȟὦ ὧέὲίὸπ. 

2) 
ὼ σÃÏÓ•,

ώ ςÓÉÎ•Ȣ  
 

3) 
ὼ ὥϽ• ÓÉÎ• ,

ώ ὥϽρ ÃÏÓ• ,  
 ὥ ὧέὲίὸπ. 

4) 
ὼ ÌÎρ ὸ ,

ώ ὸ ÁÒÃÔÁÎὸ Ȣ  
 

5) 
ὼ ,

ώ  Ȣ  
 

6) 
ὼ ὩÓÉÎὸ,

ώ ὩÃÏÓὸ Ȣ  
 

7) 
ὼ ,

ώ Ȣ
 

8) Find ώ  and ώȿ   for 
ὼ ÔÁÎὸ ὸ,

ώ Ȣ
 

 

The Logarithmic Differentiation  

Consider the composite exponential function 

ώ όὼ ȟ 

where όὼ and ὺὼ are differentiable. 

First we apply natural logarithms of the left and right side of the equation  

ÌÎώ ὺὼÌÎόὼȢ 

Next we differentiate both sides of equation with respect to ὼ.  

ρ

ώ
Ͻώ ὺ ὼÌÎόὼ ὺὼ

ρ

όὼ
ό ὼȢ 

Hence we have  

ώ ὺ ὼÌÎόὼ ὺὼ ό ὼ Ͻώ ὺ ὼÌÎόὼ ὺὼ ό ὼ Ͻόὼ . 
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5.1.25. Find the derivatives. 

1) ώ ÓÉÎὼ ;                        2) ώ ÌÎὼ ; 

3) ώ ὼὩ ÓÉÎςὼ;                     4) ώ
Ѝ

; 

5) ώ ὼ ;                                    6) ώ ὼ ; 

7) ώ
Ѝ

. 

 

Higher Order  Derivatives  

ώ ὼ ώ ὼ ; ώ ὼ ώ ὼ ,é, ώ ὼ ώ ὼ . 

The rule for ὲth derivative of the product of  two functions (Leibniz rule): 

όὼὺὼ ὅό ὼϽὺ ὼ , 

where  ὅ
Ȧ

ȦϽȦ
 . 

Let us give the formulas for ὲth-order derivatives for some functions: 

ὥ ὥ ÌÎὥ , 

ὼ

άȦ

ά ὲȦ
ὼ ,   ὲ ά; ά, ὲᶰὔ,

π ,    ὲ ά, 

 

ÌÏÇὼ
ρ ὲ ρȦ

ὼÌÎὥ
 , 

ρ

ὼ ὥ

ρ ὲȦ

ὼ ὥ
 , 

ÓÉÎ‌ὼ ‌ÓÉÎ‌ὼ
“ὲ

ς
,                       ÃÏÓ‌ὼ ‌ÃÏÓ‌ὼ

“ὲ

ς
 Ȣ 

 

5.1.26.  Find the higher order derivatives of functions. 

1) ώ ὼ ρÓÉÎὼ,  ώ ὼ ȩ                     2) ώ ὼ ςὩ ,       ώ ὼ ȩ 

3) ώ ,        ώ ὼ ȩ                         4) ώ ÁÒÃÔÁÎὼ,  ώ ρ ȩ 

5) ώ ὼÌÎὼ, знайти ώ ρ ȩ                        6) ώ ,        ώ ὼ ȩ 
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5.1.27. Find the higher order derivatives of functions. 

1) ώ ὼ ρ  ,  ÆÉÎÄ ώ ; 

2) ώ ρ ὼ ÁÒÃÔÁÎὼ ,  ÆÉÎÄ ώ ; 

3) ώ Ѝρ ὼ ϽÁÒÃÓÉÎὼ ,  ÆÉÎÄ  ώ ; 

4) ώ ÌÎὼ Ѝρ ὼ  ,  ÆÉÎÄ   ώ ; 

5) ώ ὩЍ ,  ÆÉÎÄ   ώ ; 

6) ώ ὼ , ÆÉÎÄ   ώ ; 

7) ώ ὼÌÎὼ, ÆÉÎÄ ώ ; 

8) ώ  , ÆÉÎÄ ώ ; 

9) ώ  , ÆÉÎÄ ώ Ȣ 

5.1.28.  

1) Prove that function ώ ὩÓÉÎὼ satisfies the equation  

ώ ςώ ςώ π, 

and function ώ Ὡ ÓÉÎὼ  satisfies the equation 

ώ ςώ ςώ πȢ 

2)  Prove that function ώ  satisfies the equation  ςώ ώ ρώȢ 

3)  Prove that function  ώ ὼ ρ  satisfies the equation 

ὼ ρώ ςὼώ ὲὲ ρώ πȢ 

 

Higher Order Derivatives of Implicit Function  

 In order to find the second-order derivative ώ  of the function ώ ώὼ, which is given 

in the implicit form Ὂὼȟώ π, it is necessary to find the first derivative, and then differentiate 

the obtained identity with respect to ὼ and substitute the expression for the first derivative into 

the obtained relation. 

Continuing the differentiation, we may obtain one after another successively higher-order 

derivatives, and all of them will be expressed in terms of the independent variable ὼ and the 

function ώ. 
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5.1.29.  Find the higher order derivatives. 

1)  ώ ὼ σὥὼώπ ȟ  find ώ ; 

2)  Ὡ ὼώ, find ώ ; 

3)  ί ρ ὸὩ,  find  . 

4) ὼ ώ ὶ;   ȩ 

5) ώ ÓÉÎὼ ώ, find ώ . 

 

Higher Order Derivatives of Functions Represented Parametrically 

Let the function  ώ Ὢὼ, be represented by the parametric equation 
ὼ ὼὸ
ώ ώὸ

,  and be 

differentiable on ὥȟὦ  (ὸɴ ‌ȟ‍ ), then the derivatives of the function Ὢὼ are calculated by 

the formulas 

 ώ ὸ  ,      ώ ὸ ώ ὸ
Ͻ Ͻ

,     ȣ  ώ ὸ ώ ὸ  Ȣ 

 

5.1.30. Find the second-order derivative 
  

ȩ . 

1) 
ὼ ÌÎὸ,      

ώ ὸ ρȢ  
                                    2)  

ὼ ὥÃÏÓὸ,

ώ ὦÓÉÎὸȢ    

3)  
ὼ ὥ• ÓÉÎ• ,

ώ ὥρ ÃÏÓ•Ȣ  
                        4)  

ὼ ὥ ÃÏÓὸ ,

ώ ὥ ÓÉÎὸȢ  
 

5)  
ὼ ÁÒÃÓÉÎὸ,      

ώ ÌÎρ ὸ Ȣ  
                             6)  

ὼ ὥὸÃÏÓὸ,

ώ ὥὸÓÉÎὸȢ    

5.1.31.  

1) Prove that the function  ώ Ὢὼ, which is given parametrically ὼ σὸ, ώ σὸ ὸ, 

satisfies the equation 

σφώ ώ Ѝσὼ ὼ σȢ 

2) Prove that the function  ώ Ὢὼ, which is given parametrically  ὼ ὩÓÉÎὸ, ώ ὩÃÏÓὸ,  

satisfies the equation 

ώ ὼ ώ ςὼώ ώȢ 
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The Differential 

The first -order differential  

If the derivative Ὢ ὼ of the function ώ Ὢὼ is known, then its differential is found by the 

formula 

ὨὪὼ Ὢ ὼὨὼ. 

Higher-order differentials 

Higher-order differentials are denoted as follows: 

Ὠώ ὨὨώ; Ὠώ ὨὨ ώ. 

Differentials of the order higher than the first do not have the invariance property (unlike the 

first-order differential). 

If ὼ is an independent variable, then 

Ὠώ ὨώὨὼ ώ Ὠὼ ώὨὨὼ ώ Ὠὼ, 

   If  ὼ •ὸ , then 

Ὠώ ὨώὨὼ ώ Ὠὼ ώὨὨὼ ώ Ὠὼ ώὨὼ . 

 

5.1.32.  Find the first order differentials of functions.  

1)  ώ Ѝρ ÃÏÔσὼ  ;                        

2)  ώ ὼ τὼ ρ ὼ Ѝὼ; 

3)  ώ  ;                                    

4) ώ ὼ ςЍὼ ς ; 

5) ώ Ὡ ;                                  

6)  ώ ς
 
  ; 

7)  ώ ÌÎÔÁÎ ;                        

8) ώ ЍÁÒÃÔÁÎὼ ÁÒÃÓÉÎὼ ; 

9)  ώ σÁÒÃÓÉÎὼ τ ÁÒÃÔÁÎὼ ÁÒÃÃÏÓὼ ÁÒÃÃÔÁÎὼ; 

10)  ” Ὧ ÃÏÓς• Ȣ 
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5.1.33.  Find the first order differentials of composite functions. 

1)  ί ÃÏÓᾀȟᾀ ; 

2)  ί Ὡ ȟᾀ ÌÎὸȟὸ ςό σό ρ; 

3)  ᾀ ÁÒÃÔÁÎ ὺ ȟὺ
 
 Ȣ 

5.1.34.  Calculate approximately by the formula 

Ὢὼ Ўὼ Ὢὼ Ὢ ὼ ϽЎὼ. 

1) ώὼ Ὡȟ , ώρȟπυ ȩ                

2) ρȟπσ; 

3) Ѝσρ;                                                            

4)  ,  ώρȟπτ ȩ 

5) 
ȟ

ȟ
;                                             

6) ÁÒÃÔÁÎπȟωχ; 

7) ÁÒÃÔÁÎρȟπς;                                               

8) ÁÒÃÓÉÎπȟτωψσ; 

9) ÓÉÎττЈ. 

5.1.35. Find the approximate value of the increment of the function ώ ÔÁÎὼ if ὼ changes from 

τυЈ to  τυЈρπ. 

5.1.36. Find differentials of functions. 

1)  ώ ὼ ρ ὼ ρ  ,  find Ὠώ; 

2)  ώ τ ,  find Ὠώ; 

3)  ώ ЍÌÎὼ τ ,  find  Ὠώ; 

4)  ”ÃÏÓ• ὥÓÉÎ• π ,  find  Ὠ”; 

5)  ώ ÌÎ ,  ὼ ÔÁÎ ὸ,  find  Ὠώ  by:    

́ὼ ÁÎÄ Ὠὼ;     ̂ ὸ ÁÎÄ Ὠὸ; 

6)  ώ ÓÉÎᾀ,  ᾀ ὥ ,   ὼ ὸ,  ÆÉÎÄ  Ὠώ by:    

́ᾀ ÁÎÄ Ὠᾀ;   ̂ ὼ ÁÎÄ Ὠὼ;   ̃ ὸ ÁÎÄ Ὠὸ; 

7)  ώ ὼ ,  ÆÉÎÄ  Ὠώ;  

8) ώ ÃÏÓὼ,  ÆÉÎÄ  ὨώȢ 

Answers. 
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Topic 5.2. Applications of the Derivatives. 

Basic Theorems of the Differential Calculus 

Rolleôs Theorem   

Let function ώ Ὢὼ be continuous on the closed interval ὥȠὦ and differentiable on the 

open interval ὥȟὦ. If Ὢὥ Ὢὦ, then there is at least one point c in ὥȟὦ where Ὢ ὧ π. 

 

Cauchyôs Theorem  

Let functions Ὢὼ and Ὣὼ be continuous on the interval ὥȟὦ and differentiable within 

it. If Ὣ ὼ π,  ὼɴ ὥȟὦ, then, there exists a point c in ὥȟὦ at which 

Ὢὦ Ὢὥ

Ὣὦ Ὣὥ

Ὢ ὧ

Ὣ ὧ
Ȣ 

 

The Mean Value Theorem (Lagrangeôs Theorem).  

Let Ὢὼ be continuous on a closed interval ὥȟὦ and differentiable on the open interval 

ὥȟὦ. Then, there exists at least one point c in ὥȟὦ at which 

Ὢὦ Ὢὥ Ὢ ὧϽὦ ὥȢ 

 

5.2.1. Verify the validity of Rolle's theorem for the function Ὢὼ ὼ ὼ  on ρȠπ and 

πȠρ, find points ὧ and ὧ, at which Ὢ ὧ π, Ὥ ρȟς . 

5.2.2. Prove that for the polynomial ὖὼ ὼ ὼ ρȟυ ὼ σ ὼ ς ὼ ρ there exists 

a root of the equation ὖ ὼ π on the interval σȠρ. 

5.2.3. Applying Lagrange's theorem to the function Ὢὼ Ѝσὼ σὼ on the interval πȠρ, 

determine the point ὼ ὧ that appears in the theorem.  

5.2.4. Applying Cauchy's theorem to the functions Ὢὼ ςὼ υὼ ρ  and   Ὣὼ ὼ τ  

on the interval πȠςȟ determine the point ὼ ὧ that appears in the theorem. 

5.2.5. Verify the validity of Rolle's theorem for the function  ώ ὼ τὼ χὼ ρπ on the 

interval ρȠς . 

5.2.6. Verify the validity of Rolle's theorem for the functionώ τ   on the interval πȠ“. 
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The LôHospitalôs Rule 

Let functions █● and ▌● be defined and differentiable in the neighborhood of a point 

ὼ,  Ὣ ὼ π and 

ÌÉÍ
ᴼ
Ὢὼ π  Њ ,   ÌÉÍ

ᴼ
Ὣὼ π  Њ . 

Then  ɱ   ÌÉÍ
ᴼ

ὃ, moreover 

ÌÉÍ
ᴼ

Ὢὼ

Ὣὼ
ὃȢ 

If Ὢὼ and Ὣὼ such thatÌÉÍ
ᴼ
Ὢὼ Њ , ÌÉÍ

ᴼ
Ὣὼ Њ , then 

ÌÉÍ
ᴼ
Ὢὼ Ὣὼ Њ Њ ÌÉÍ

ᴼ

ρ
Ὣ
ρ
Ὢ

ρ
Ὢ
Ͻ
ρ
Ὣ

Ȣ 

If ÌÉÍ
ᴼ
Ὢὼ π,   ÌÉÍ

ᴼ
Ὣὼ Њ, then  

ÌÉÍ
ᴼ
ὪὼὫὼ πϽЊ ÌÉÍ

ᴼ

Ὢὼ

ρ
Ὣὼ

π

π
ÌÉÍ
ᴼ

Ὣὼ

ρ
Ὢὼ

Њ

Њ
Ȣ 

Якщо маємо невизначеності типу, то потрібно знайти границю логарифма цього 

виразу, а потім повернутись до границі самої функції.  

If we have indeterminate forms , ,  Њ , then we have to reduce the expression 

to the form ẗЊ  by transformation 

█●▌● ἭὀἸ▌●ἴἶ█● . 

 

5.2.7.  Calculate the limits by L'Hospital's rule. 

1) ÌÉÍ
ᴼ

 ;                                                 2) ÌÉÍ
ᴼ  

; 

3) ÌÉÍ
ᴼ

;                                                      4) ÌÉÍ
ᴼ

; 

5) ÌÉÍ
ᴼ

Ѝ Ѝ

Ѝ Ѝ
;                                                       6) ÌÉÍ

ᴼ

 
; 

7) ÌÉÍ
ᴼ

 
;                                                  8) ÌÉÍ

ᴼ

Ͻ
; 
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9) ÌÉÍ
ᴼ

 ;                                                10) ÌÉÍ
ᴼ

 ; 

11) ÌÉÍ
ᴼ

 ;                                      12) ÌÉÍ
ᴼ

; 

13) ÌÉÍ
ᴼ

“ ςÁÒÃÔÁÎὼÌÎὼ;                            14) ÌÉÍ
ᴼ

; 

15) ÌÉÍ
ᴼ

ÃÏÔ ὼ;                                              16) ÌÉÍ
ᴼ
ÔÁÎὼ ; 

17) ÌÉÍ
ᴼ
ὼ ;                                                       18) ÌÉÍ

ᴼ
ὼ ; 

19) ÌÉÍ
ᴼ
Ὡ ὼ ;                                                 20) ÌÉÍ

ᴼ
ς ; 

21) ÌÉÍ
ᴼ
ÁÒÃÓÉÎὼ ;                                        22) ÌÉÍ

ᴼ
ÓÉÎὼ ρÔÁÎ;  

23) ÌÉÍ
ᴼ

ÌÎὼϽÌÎὼ ρ;                                    24) ÌÉÍ
ᴼ
ÃÏÔ;  

25) ÌÉÍ
ᴼ

 ;                                                26) ÌÉÍ
ᴼ
ὥ • ÔÁÎ;  

27)  ÌÉÍ
ᴼ

;                                                  28) ÌÉÍ
ᴼ

ὼ ϽὩ .  

 

Tangent and normal lines 

Let there exists the derivative of the function ώ Ὢὼ at the point ὼ and Ὢ ὼ π.  

The equation of the tangent line to the curve ώ Ὢὼ at the point ὓ ὼȟώ  is 

ώ ώ Ὢ ὼ Ͻὼ ὼ ȟ 

A straight line passing through the point ὓ ὼȟώ  perpendicularly to the tangent line is 

called the normal line to the curve. The equation of the normal line is 

ώ ώ
ρ

Ὢ ὼ
Ͻὼ ὼ Ȣ 

Coeffitient Ὢ ὼ  is the slope of the tangent line: Ὢ ὼ ÔÁÎ‌.  

Coeffitient  is the slope of the normal line. 

If Ὢ ὼ Њ, then ὼ ὼ is vertical asymptote.  
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5.2.8. Write down the equations of the tangent and normal lines for the function ώ Ὢὼ at the 

point ὼ. 

1) ώ ὼ υὼ τ ȟ   ὼ ρ; 

2) ώ Ὡ  ȟ   ὼ π; 

3) ώ  ȟ    ὼ  Ȣ  

5.2.9. Find the equations of the tangent and normal lines to the curve  ὼ ὼ ώ  ὥ ὼ ώ at 

the origin of coordinates. 

5.2.10. Find the equation of the tangent line to the curve  ώ ὼ σὼ υ, perpendicular to the 

line ςὼ φώ ρ π. 

5.2.11. Find the equation of the normal line to the curve  ώ ὼÌÎὼ parallel to the line ςὼ ςώ

σ π.  

5.2.12. Find the equations of the tangent lines to the curve ώ ὼ   at the points of its 

intersection with the abscissa axis. 

5.2.13. Find the equations of the tangent lines to the hyperbola ρ, perpendicular to 

the line ςὼ τώ σ π. 

5.2.14. Find the points on the line ώ ὼ ὼ ς , at which the tangent lines are parallel to the 

abscissa axis. 

5.2.15. Find the angles of intersection between lines given by the equations: 

1) ώ ὼ, σὼ ώ ς π; 

2) ώ ὼ,  ώ ὼ; 

3) ώ  , ώ Ѝὼ. 

5.2.16. Find the angles of intersection between lines 

ừ
Ừ

ứὼ
ὥὸ

ρ ὸ
,

ώ
ὥὸЍσ

ρ ὸ
,

       ÁÎÄ      
ὼ ὥ ÃÏÓ•,

ώ ὥ ÓÉÎ•Ȣ 

5.2.17. Find the slope of the tangent line 
ὼ σÃÏÓὸ,

ώ τÓÉÎὸ
   at the point  ὃ

Ѝ
ȠςЍς.  
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5.2.18. At what point on the ellipse ρφὼ ωώ τππ does the ordinate decrease at the same 

rate as the abscissa increases? 

 

Taylorôs and Maclaurinôs formulas 

Let █● be a function such that █● and its first n derivatives are determined and are 

continuous on [a,b]. Furthermore, let █▪ ● exist for all xÍ(a,b). Then  ᶅ● ᶰ ╪ȟ╫ we 

obtain the Taylor's formula  

Ὢὼ ὖ ὼ Ὑ ὼ
Ὢ ὼ

ὯȦ
ὼ ὼ Ὑ ὼ , 

where ὖ ὼ - the n-th degree Taylorôs polynomial of the function Ὢὼ in the region near the 

point ὼ, Ὑ ὼ
Ȧ
ὼ ὼ ,  ‚ɴ ὼȠὼ - remainder term in the Lagrange form, 

associated with ὖ ὼȟὼ  using for evaluation of error of approximation. 

If ὼ π, then we have the Maclaurinôs formula 

Ὢὼ
Ὢ π

ὯȦ
ὼ Ὑ ὼ, 

where Ὑ ὼ
Ȧ
ὼ ,  ‚ɴ πȠρȢ 

 

Expansion of elementary functions by Maclaurin's formula: 

Ὡ ρ ὼ
ὼ

ςȦ

ὼ

σȦ
Ễ
ὼ

ὲȦ
Ὑ ὼ, 

ÓÉÎὼ ὼ
ὼ

σȦ

ὼ

υȦ

ὼ

χȦ
Ễ ρ

ὼ

ςὲ ρȦ
Ὑ ὼ, 

ÃÏÓὼ ρ
ὼ

ςȦ

ὼ

τȦ

ὼ

φȦ
Ễ ρ

ὼ

ςὲȦ
Ὑ ὼ, 

ÌÎρ ὼ ὼ
ὼ

ς

ὼ

σ

ὼ

τ
Ễ ρ

ὼ

ὲ
Ὑ ὼ, 

ρ ὼ ρ ‌ὼ
‌‌ ρ

ςȦ
ὼ Ễ

‌‌ ρȣ ‌ ὲ ρ

ὲȦ
ὼ Ὑ ὼȢ 
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 5.2.19. Find the expansion of polynomial  Ὢὼ  by the Taylor's formula at the point ὼ ὼ. 

1) Ὢὼ ὼ υὼ ὼ σὼ τ,    ὼ τ; 

2) Ὢὼ ὼ σὼ ςὼ τ,    ὼ ρ; 

3) Ὢὼ ὼ σὼ ρ ,    ὼ π. 

5.2.20. Find  the  first  three  terms  of  the  function's  expansion  Ὢὼ ὼ σὼ ὼ ς 

by the Taylor's formula at the point ὼ ρ.  Calculate approximately Ὢρȟπσ. 

5.2.21. It is known that the function Ὢὼ is a fourth-order polynomial, and  

Ὢς ρ,         Ὢ ς π,         Ὢ ς ς,        Ὢ ς ρς,        Ὢ ς ςτȢ 

Calculate Ὢ ρ,  Ὢ π,  Ὢᴂᴂρ. 

5.2.22. Expand the function Ὢὼ in powers of ὼ up to the term containing ὼ inclusive.  

1) Ὢὼ ÔÁÎὼ; 

2) Ὢὼ ὼÃÏÓὼ; 

3) Ὢὼ ÌÎρ ὼ ὼ ; 

4) Ὢὼ ὩÌÎρ ὼ. 

5.2.23. Expand the function Ὢὼ to powers ὼ ὼ  up to the term containing ὼ ὼ  

inclusive. 

1) Ὢὼ Ѝὼȟὼ ρ; 

2) Ὢὼ ÓÉÎσὼȟὼ ; 

3) Ὢὼ Ὡȟὼ σ. 

5.2.24. Calculate the values of functions by Maclaurin's formulas. The error allowed is ‐. 

1)  Ѝσπȟ‐ ρπ;                              

2) Ѝχπ
 
ȟ‐ ρπ;   

3)  ЍὩ
 
ȟ‐ ρπ;                                 

4) Ѝρςωȟ‐ ρπ; 

5)  ÓÉÎρψЈȟ‐ ρπ;                         

6) ÃÏÓρπЈȟ‐ ρπ . 

5.2.25. Estimate the error allowed when calculating the value ÌÎρȟυ. 
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5.2.26. Write down the ὲth-order Taylor formula for the function Ὢὼ in the neighborhood of the 

point ὼ. 

1) Ὢὼ Ѝὼȟὼ τ;                           

2) Ὢὼ ȟὼ ρ;  

3) Ὢὼ ÓÉÎὼȟὼ π;                     

4) Ὢὼ ὼÌÎὼȟὼ ρ. 

 

The Monotonicity of a Function 

 

Let for every  ὼȟὼᶰ ὥȠὦ ȟὼ ὼ. 

Then 

¶ function ώ Ὢὼ is monotone increasing function on ὥȠὦ, if Ὢὼ Ὢὼ   Ὢὼᵁ; 

¶ function ώ Ὢὼ is nondecreasing function on ὥȠὦ, if Ὢὼ Ὢὼ ; 

¶ function ώ Ὢὼ is monotone decreasing function on ὥȠὦ, if Ὢὼ Ὢὼ   Ὢὼᵂ; 

¶ function ώ Ὢὼ is nonincreasing function on ὥȠὦ, if Ὢὼ Ὢὼ Ȣ 

Functions that neither increase nor decrease are called monotonic on ὥȠὦ, and those that 

increase and decrease are called strictly monotonic. The intervals where the function increases or 

decreases are called the intervals of monotonicity of the function. 

 

Theorem.  

Let the function █● be defined and differentiable on the interval ╪ȟ╫. 

If █●   ᶅ●ɴ ╪ȟ╫, then █● monotone increasing function on ╪ȟ╫. 

If █●   ᶅ●ɴ ╪ȟ╫, then █● monotone decreasing function on ╪ȟ╫. 

 

A point ὼᶰ ὥȠὦ is called critical if one of the conditions holds 

¶ Ὢ ὼ π ; 

¶ Ὢ ὼ Њ ; 

¶ Ὢ ὼ - does not exist. 
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In order to find the intervals of monotonicity of the function ώ Ὢὼ, it is necessary to: 

1) find the domain of the function; 

2) find the derivative of this function; 

3) find the critical points of the function belonging to the domain of definition; 

4) divide the domain of definition into intervals by critical points and determine the sign of 

the derivative in each; 

5) write down a conclusion about the behavior of the function on each interval. 

 

5.2.27. Find the intervals of monotonicity of functions. 

1) ώ τὼ ςρὼ ρψὼ χ; 

2) ώ ὼ ς ςὼ ρ ;  

3) ώ Ѝψὼ ὼ; 

4) ώ ὼ Ὡ;  

5) ώ ὼὩ ;  

6) ώ ;  

7) ώ
 ,   ὼ Ὡ,

 ,  ὼ Ὡ; 
 

8) ώ ÓÉÎ. 

5.2.28. Show that the function ώ ὼ ὼ  is increasing.  

5.2.29. Show that the function ώ ÁÒÃÔÁÎὼ ὼ  is decreasing.  

 

Local Extrema of a Function 

Theorem (Sufficient conditions for the existence of an extremum). 

Let the function ◐ █● be continuous on some interval ● ♯ȟ● ♯ȟ  ♯ ȟ and 

differentiable at all points of the region ● ♯ȟ● ᷾ ●ȟ● ♯ȟ  ♯ , where the point ● 

is critical point for the function ◐ █●.  
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If in moving from left to right through this point  the sign of █● changes from “-” to 

“+” at ●, then █● has a local minimum at ●,  

If in moving from left to right through this point  the sign of █● changes from “+” to 

“-”, then █● has a local maximum at ●. 

If the derivative Ὢ ὼ does not change sign when passing through the point ὼ, then there 

is no extremum at this point. 

 

In order to find the local extrema of the function Ὢὼ, you have to: 

1) find the domain of the function; 

2) find the critical points of the function Ὢὼ (if there are none, then the function has no 

extrema); 

3) examine the sign of the derivative in each of the intervals into which the critical points 

divide the domain of definition; 

4) determine the points of maximum and minimum by changing the sign of the derivative; 

5) find these maximum and minimum values. 

 

5.2.30. Find the intervals of monotonicity and local extrema  of functions. 

1) ώ ςὼ σὼ; 

2) ώ ςὼ φὼ ρψὼ χ; 

3) ώ ὼ ÌÎρ ὼ; 

4) ώ ὼЍὼ ς; 

5)  ώ ὼὩ ;  

6)  ώ ; 

7)  ώ ὼ ÃÏÓὼ. 

5.2.31. Find the local extrema of the function. 

1)  ώ ὼ ὼ ς ;  

2)  ώ ÌÎὼ;  

3)  ώ ;  
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4)  ώ ὼ ÌÎρ ὼ ;  

5)  ώ
Ѝ

Ѝ
;  

6)  ώ ;  

7) ώ Ѝὼ σὼ φτ;  

8)  ώ ὼ ςὼÌÎὼ ὼ τὼ;  

9)  ώ
Ѝ

  ;  

10) ώ ὼ υ ὼ ρ .   

 

The Largest and the Smallest Value of a Function on a Segment 

In order to find the largest and the smallest values of a function on a segment ὥȠὦ, you 

have to: 

1) find the critical points of the function on ὥȠὦ; 

2) check which of them belong to ὥȠὦ; 

3) calculate the value of the function at the critical points belonging to ὥȠὦ and at the ends 

of the segment; 

4) choose the largest and smallest among the obtained values. 

 

5.2.32.  Find the largest and the smallest values of a function. 

1) ώ ὼ ψὼ σ ,  ὼɴ ρȠς;  

2) ώ ὼ ςὼ υ ,  ὼɴ ςȠς;  

3) ώ σὼ ςЍὼ ,  ὼɴ πȠτ;  

4) ώ Ѝρππὼ ,  ὼɴ φȠψ;  

5) ώ ὼ υὼ υὼ ρ ,   ὼɴ ρȠς;  

6) ώ  ,  ὼɴ πȠρ;  

7) ώ ςÔÁÎὼ ÔÁÎὼ ,  π ὼ ;  

8) ώ ὼ ,   πȟρ ὼ Њ;  
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9) ώ ÁÒÃÔÁÎ ,   π ὼ ρ;  

10) ώ ὼÓÉÎὼ ÃÏÓὼ ὼ,  ὼɴ Ƞ  ;  

11) ώ ÓÉÎςὼ ὼ,  ὼɴ Ƞ  . 

 

Concavity of a Curve. Points of Inflection  

Let ◐ █● be differentiable twice on some interval ╪ȟ╫. 

If at all points of an interval ╪ȟ╫ the second derivative of the function █● is negative 

█ ● , the curve ◐ █● on this interval concaves upward. This means that all points 

of the curve lie below any tangent line to it on this interval.  

If at all points of an interval ╪ȟ╫ the second derivative of the function █● is positive 

█ ● , the curve ◐ █● on this interval concaves downward. This means that all points 

of the curve lie above any tangent line to it on this interval. 

If Ὢ ὼ π or Ὢ ὼ  does not exist and if the second derivative Ὢ ὼ changes sign 

when passing through ὼ ὼ, then the point of the curve with abscissa ὼ ὼ is the point of 

inflection. 

 

5.2.33. Find the intervals of concavity up and down of a function. Determine the inflection points. 

1) ώ ὼ υὼ σὼ υ; 

2) ώ ὼ ρςὼ τψὼ υπ; 

3) ώ ρ Ѝὼ ς; 

4) ώ ÌÎρ ὼ ; 

5) ώ ὼÁÒÃÔÁÎὼ;  

6) ώ ÌÎὼ ρ; 

7) ώ ; 

8) ώ ;  

9) ώ ὼ ρςÌÎὼ χ.  
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Asymptotes 

The asymptote of a graph is the straight line such that the distance between the graph and 

the line approaches zero as they tend to infinity (a curve comes closer and closer to a line without 

actually crossing it). 

1) Vertical asymptote. 

The straight line ὼ ὥ is the vertical asymptote of the function ώ Ὢὼ, if ὼ ὥ is a point 

of discontinuity of the second kind (at least one of the limits ÌÉÍ
ᴼ
Ὢὼ and ÌÉÍ

ᴼ
Ὢὼ is Ð). 

2) Inclined asymptote. 

The straight line ώ Ὧὼὦ, where  

Ὧ ÌÉÍ
ᴼ

  and  ὦ ÌÉÍ
ᴼ
Ὢὼ Ὧὼ, 

where Ὧ π and ὦ are real numbers, is called inclined asymptote of the function ώ Ὢὼ  when 

ὼO Њ, moreover ὼO Њ and ὼO Ð should be considered separately. 

3) Horizontal asymptote.  

The   straight   line   ώ ὦ   is   the   horizontal   asymptote   of   the   function   ώ Ὢὼ   

if   ὦ ÌÉÍ
ᴼ Ð
Ὢὼ  (ὼO Њ   and  ὼO Ð  should  be  considered  separately).  

 

5.2.34.  Знайти асимптоти функції.  

1) ώ ;  

2) ώ σ ;  

3) ώ ; 

4) ώ ὼÌÎὩ ;  

5) ώ ὼὩ ρ;  

6) ώ ςὼ ;  

7) ώ ;  

8) ώ ςὼ ÁÒÃÔÁÎ.  



101 
 

The General Plan for Investigating Functions 

 

1.    Domain of function. 

2.   Investigate whether the function is even or odd, periodic. 

3.   Intersection with the ὼ–axis and ώ–axis.  

      The intervals where the function holds the sign. 

4.   Points of discontinuities. Asymptotes. 

5.   Find the derivative of a function, the domain of the derivative, the zeros of the 

derivative, the intervals of monotonicity, local extrema. 

6.   Find the second derivative of a function, the domain of the second derivative, the zeros 

of the second derivative, the intervals of concavity up and down, the inflection points. 

7.   Plot the graph. 

 

5.2.35. Investigate functions and plot the graphs. 

1)  ώ ὼ ς ὼ ρ ;  

2) ώ ;  

3) ώ ; 

4) ώ ; 

5) ώ ; 

6) ώ τὼ; 

7) ώ ὼ σЍὼ;  

8) ώ Ѝρ ὼ;  

9) ώ Ѝὼ ὼ; 

10) ώ ; 

11) ώ ὼὩ ; 

12) ώ ὼ ÌÎὼ ρ; 



102 
 

13) ώ ; 

14) ώ ÌÎÃÏÓὼ;  

15) ώ ὼ ÃÏÓὼ; 

16) ώ ὼÓÉÎὼ; 

17) ώ ὼ ςÁÒÃÔÁÎὼ. 

5.2.36. Plot the graphs of functions given in a polar coordinate system. 

A function defined in a polar coordinate system has the form 

” ”• , 

where • is the angle with the vertex at the pole O, which is measured counterclockwise from the 

polar axis; ” is the distance measured from the pole along the ray that makes an angle ʒ with the 

polar axis, ” π . 

Then determine the behavior of the function for such values of • that tends to the boundary 

points of the domain of definition. Find the points of discontinuity, determine the intervals of 

continuity, the largest and smallest values of  • and the zeros of the function. 

For those values of the angle •  where ” • π, the graph of the function will be tangent 

to a circle of radius ” ”• . According to the obtained data, we plot the graph of the function 

” ”• . 

1) ” ÓÉÎς•;  

2) ” ÓÉÎσ•;  

3) ” ÃÏÓτ•;  

4) ” ;  

5) ” ςρ ÃÏÓς• ;  

6) ” ;  

7) ” πȟυρ ÓÉÎ• ;  

8) ” υ σÃÏÓσ•.  
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5.2.37. Plot graphs of functions that are given implicitly. 

Often, in cases where the equation of a function in a Cartesian coordinate system is given 

implicitly, it is convenient to switch the equation to the polar coordinate system 

                                       ὼ ”ÃÏÓ•,   ώ ”ÓÉÎ• 

or to the generalized coordinate system by substitution 

                                      ὼ ὥ”ÃÏÓ•,    ώ ὦ”ÓÉÎ•  . 

If the implicitly given equation of the function with one of the substitutions can be written 

in the form ” ”• , then we plot the graph in the polar coordinate system. 

 

1) ὼ ώ ςὼ;  

2) ὼ ώ ὼ ώ ;  

3) 
Ѝ

;  

4) ὼ ώ ὼώ;  

5)  ὼ ώ ςὼώ;  

6) ὼώ. 

5.2.38. Plot the graphs of  the parametric functions. 

The parametric equation of a plane curve has the form 

ὼ ὼὸ ,   ώ ώὸ,   ὸɴ ὝȢ 

The investigation and plotting of the graph of the function is carried out similarly to how it 

was done for the curve given by the explicit equation ώ Ὢὼ .  

Find derivatives ὼ ὸ and ώ ὸ. For those points near which the curve is a differentiable 

function, we find  .  

Then we find the values of the parameter ὸ ὸȟὸȟȟȣȟὸ , for which at least one of the 

derivatives ὼ ὸ or ώ ὸ becomes zero or does not exist (critical values of ὸ). 

We determine the sign of   on each of the intervals ὸȠὸȟὸȠὸȟȣȟὸ Ƞὸ , and 

accordingly in each of the intervals ὼȠὼ ȟὼȠὼ ȟȣȟὼ Ƞὼ  where ὼ ὼὸ , , thus we 

obtain the intervals of increasing (decreasing). 
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Next we calculate 

Ὠώ

Ὠὼ

ώ

ὼ
    ÏÒ   

Ὠώ

Ὠὼ

ώὼ ὼώ

ὼ
 

and determine the intervals of concavity up and down of the graph of the function and inflection 

points. To find the asymptotes, we have to investigate such values of the parameter ὸ, approaching 

which ὼ or ώ tend to infinity.  

Then we complete our research and plot the graph of the function ὼ ὼὸ,   ώ ώὸ. 

 

1) ὼ  ,  ώ ;  

2) ὼ ὸ ÓÉÎὸ,  ώ ςρ ÃÏÓὸ;  

3) ὼ ρ ὸ ,  ώ ρ ὸ;  

4) ὼ  ,  ώ ;  

5) ὼ ÌÎὸ ,  ώ ÁÒÃÔÁÎὸ;  

6) ὼ ὸ,  ώ ὸ.  

Answers. 
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Chapter 6. Integral Calculus of a Function of One 

Variable 

Topic 6.1. Indefinite Integral. Techniques of Integration 

Differentiable function Ὂὼ is called the primitive (antiderivative) of the function Ὢὼ, if 

Ὂǋὼ Ὢὼ ÏÒ  ὨὊ ὪὼὨὼȢ 

The set of primitives Ὂὼ ὅ (C is an arbitrary constant) is called the indefinite integral 

of the function Ὢὼ and denoted by  

ὪὼὨὼ Ὂὼ ὅȟ 

where C is the constant of integration. 

Table of Common Integrals  

 

πὨὼ ὅ Ὠὼ ὼ ὅ 

ὼὨὼ
ὼ

ὲ ρ
ὅ 

ρ

ὼ
Ὠὼ

ρ

ὼ
ὅ 

ρ

ὼ
Ὠὼ ÌÎȿὼȿ ὅ 

ρ

Ѝὼ
Ὠὼ ςЍὼ ὅ 

ὩὨὼ Ὡ ὅ ὥὨὼ
ὥ

ÌÎὥ
ὅ 

ÓÉÎὼὨὼ ÃÏÓὼ ὅ ÃÏÓὼὨὼ ÓÉÎὼ ὅ 

ρ

ÃÏÓὼ
Ὠὼ ÔÁÎὼ ὅ 

ρ

ÓÉÎὼ
Ὠὼ ÃÏÔὼ ὅ 

ÓÉÎÈὼὨὼ ÃÏÓÈὼ ὅ ÃÏÓÈὼὨὼ ÓÉÎÈὼ ὅ 

ρ

ÃÏÓÈὼ
Ὠὼ ÔÁÎÈὼ ὅ 

ρ

ÓÉÎÈὼ
Ὠὼ ÃÏÔÈὼ ὅ 

ρ

ὼ ρ
Ὠὼ

ÁÒÃÔÁÎὼ ὅ
ÁÒÃÃÔÁÎὼ ὅ

 
ρ

ὼ ὥ
Ὠὼ

ρ

ὥ
ÁÒÃÔÁÎ

ὼ

ὥ
ὅ

ρ

ὥ
ÁÒÃÃÔÁÎ

ὼ

ὥ
ὅ

 

ρ

Ѝρ ὼ
Ὠὼ

ÁÒÃÓÉÎὼ ὅ
ÁÒÃÃÏÓὼ ὅ

                 
ρ

Ѝὥ ὼ
Ὠὼ

ÁÒÃÓÉÎ
ὼ

ὥ
ὅ

ÁÒÃÃÏÓ
ὼ

ὥ
ὅ

 

ρ

ὼ ὥ
Ὠὼ

ρ

ςὥ
ÌÎ
ὼ ὥ

ὼ ὥ
ὅ       

ρ

ὼ ὥ
Ὠὼ ÌÎὼ ὼ ὥ ὅ 
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Properties of Indefinite Integrals  

1. Ὢ᷿ὼὨὼǋ Ὂὼ ὅǋ ὪὼȢ 

2. Ὢ᷿ᴂὼὨὼ Ὢὼ ὅȢ 

3.  ᶅὑᶰὙȟ   ὑ πȡ  ὑ᷿ὪὼὨὼ ὑ Ὢ᷿ὼὨὼȢ 

4. ᷿Ὢὼ Ὢὼ Ὠὼ Ὢ᷿ὼὨὼ Ὢ᷿ ὼὨὼȢ 

 

6.1.1. Prove that the function Ὂὼ is an antiderivative of the function Ὢὼ. 

1)  Ὂὼ ςὼ υὼ χὼ τ,        Ὢὼ φὼ ρπὼ χ;   

2)  Ὂὼ ςὼ υ υ,        Ὢὼ ςτὼ ςὼ υ ;  

3)  Ὂὼ ρ ÃÏÔὼ ὼ,        Ὢὼ ÃÏÔὼ;  

4)  Ὂὼ ρ ÃÏÓὩ ,        Ὢὼ ςὩ ÓÉÎςὩ ;  

5)  Ὂὼ ὼЍὼσÌÎὼ ς,        Ὢὼ ЍὼÌÎὼ;      

6)  Ὂὼ σ ÌÎ ,       Ὢὼ ;  

7)  Ὂὼ ς ÁÒÃÃÏÓ,      Ὢὼ .  

6.1.2. Fill in the blanks in the equations. 

1)  Ὠ     τὼὨὼ;                      2)  Ὠ     
Ѝ

;  

3)  Ὠ     ÓÉÎὼὨὼ;                    4)  Ὠ     ; 

5) Ὠ     ;                           6) Ὠ     σὨὼ. 

6.1.3. It is known that σ᷿ὼὨὼ ὼ ὅ. Find the integrals: 

1)  σ᷿ὸὨὸ;                                    2)  σ᷿ςὼ ω Ὠςὼ ω;  

3)  σ᷿ÃÏÓ ὼὨÃÏÓ ὼ;                   4)  σ᷿ÌÎὼ σὨÌÎὼ σ .  

6.1.4. Find the integrals using the direct integration method. 

1) ᷿Ѝὼ υЍὼ
Ѝ
Ὠὼ;                       2) ᷿Ѝὼ Ὠὼ;  

3) ᷿Ѝὼ ρ ὼ Ѝὼ ρὨὼ;                              4) ᷿ὼ Ὠὼ;  

5) ᷿
Ѝ

Ὠὼ;                                                 6) ᷿
Ѝ Ѝ

Ѝ
Ὠὼ;  
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7) ᷿
Ѝ
Ὠὼ;                                                        8) ᷿

Ѝ

Ѝ
Ὠὼ;   

9) ὥ᷿ὩὨὼ;                                                          10) ᷿
Ͻ Ͻ

Ὠὼ;   

11) ᷿
Ͻ
Ὠὼ;                                                           12) ᷿

ẗ ẗ
Ὠὼ; 

13) ᷿ Ὠὼ;                                                         14) ᷿
 

Ὠὼ;   

15) Ã᷿ÏÓὨὼ;                                                       16) Ã᷿ÏÔὼὨὼ;                                                            

17) ς᷿ÓÉÎὨὼ;                                                     18) ᷿ Ὠὼ;  

19) ᷿ Ὠὼ;                                                    20) ᷿ Ὠὼ; 

21) ᷿ Ὠὼ;                                                 22) ᷿ Ὠὼ;   

23) ᷿
 

Ѝ
Ὠὼ;                                                       24) ᷿ ;   

25) ᷿ ;                                                              26) 
Ѝ᷿

;   

27) ᷿ ;                                                              28) ᷿ Ὠὼ;   

29) ᷿
Ѝ

Ὠὼ;                                                       30) ᷿ Ὠὼ;  

31) ᷿ Ὠὼ. 

 

Entering under the differential sign 

Let Ὢ᷿ὼὨὼ Ὂὼ ὅȢ Then 

ὪόὸόǋὸὨὸ ὪόὸὨόὸ Ὂόὸ ὅȢ 

Let Ὢ᷿ὼὨὼ Ὂὼ ὅȢ Then  ᶅ ὥɴ 2ȟ  ὥ πȟ  ὦɴ 2 

Ὢὥὼ ὦὨὼ
ρ

ὥ
Ὂὥὼ ὦ ὅȢ 

 

6.1.5. Find the integrals 

1) Ó᷿ÉÎσὼὨὼ;                                                2) Ὡ᷿ Ὠὼ; 
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3) ὥ᷿ Ὠὼ;                        4) σ᷿ Ὠὼ; 

5) Ã᷿ÏÓσ ψὼὨὼ;                                      6) Ó᷿ÉÎς σὼὨὼ;  

7) Ὡ᷿ Ὠὼ;                                    8) ᷿χὼ τ Ὠὼ;   

9) ᷿ Ὠὼ;                                               10) ᷿ σ ςὼ Ὠὼ;    

11) 
Ѝ᷿
 Ὠὼ;                                               12) ᷿ Ὠὼ;                           

13) ᷿ Ὠὼ;                                         14) ᷿ Ὠὼ 

15) ᷿ Ὠὼ;                                        16) ᷿ Ὠὼ;                   

17) ᷿ Ὠὼ;                                       18) ᷿ Ὠὼ. 

6.1.6. Find the integrals by entering under the differential sign 

1) ὼ᷿Ѝρ ὼὨὼ;                                   2) 
Ѝ᷿

Ὠὼ;  

3) Ὡ᷿ ὼὨὼ;                                         4) Ὡ᷿ ὼὨὼ;  

5) ᷿ ὼÃÏÓὼὨὼ;                                   6) ᷿ Ὠὼ;  

7) ὼ᷿τ Ὠὼ;                                         8) ὼ᷿Ѝτ ὼὨὼ;   

9) ᷿ Ὠὼ;                                           10) ᷿
Ѝ

Ὠὼ;  

11) ᷿ Ὠὼ;                                   12) 
Ѝ᷿

Ὠὼ;  

13) ᷿
Ѝ
Ὠὼ;                                         14) ᷿ Ὠὼ; 

15) ᷿
Ѝ

Ὠὼ;                                  16) ᷿ ;  

17) ᷿ ;                                          18) Ὡ᷿ÓÉÎὩὨὼ; 

19) ᷿ Ὠὼ;                                      20) ᷿ Ὠὼ;   

21) 
Ѝ᷿

Ὠὼ;                                      22) ᷿ Ὠὼ;  

23) Ó᷿ÉÎὼὩ Ὠὼ;                               24) ᷿ Ὠὼ;  

25) ᷿
Ѝ

Ὠὼ;                                     26) ᷿ Ὠὼ;  
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27) Ã᷿ÏÓὼÓÉÎςὼὨὼ;                           28) ᷿ Ὠὼ;   

29) ᷿ Ὠὼ;                                        30) ᷿ Ὠὼ;                          

31) ᷿ Ὠὼ;                                        32) ᷿
Ѝ

Ὠὼ;  

33) ᷿
Ѝ

;                                  34) ᷿
Ѝ

Ѝ
Ὠὼ;  

35) ᷿
Ѝ

Ὠὼ.                                      36) ᷿
 Ѝ

;  

37) ᷿ Ὠὼ;                                    38) ᷿
 
Ὠὼ;  

39) ᷿
Ѝ

Ѝ
Ὠὼ;                               40) ᷿

Ѝ
Ὠὼ.  

 

Integration by Parts 

Let functions όὼ and ὺὼ be differentiable, then 

όὼẗὺᴂὼὨὼ όὼẗὺὼ ὺὼẗόᴂὼὨὼȢ 

or 

όὨὺόὺ ὺὨόȢ 

 

6.1.7. Find the integrals by integration by parts. 

1) ὼ᷿ÃÏÓςὼὨὼ;                                    2) ὼ᷿ÓÉÎυὼὨὼ;      

3) ᷿ὼυὨὼ;                                            4)  ᷿σὼ ρÃÏÓὼὨὼ; 

5) ὼ᷿Ὡ Ὠὼ;                                        6) ὼ᷿ÓÉÎὼὨὼ;  

7) ὼ᷿Ὡ Ὠὼ;                                        8) ὼ᷿ÔÁÎὼὨὼ;   

9) ὼ᷿ὩὨὼ;                                          10) ὼ᷿ÃÏÓὼὨὼ;  

11) ὼ᷿ ÌÎὼὨὼ  ὲ ρ;                 12) ὼ᷿ÌÎὼ ρὨὼ; 

 13) ᷿ὼÌÎὼὨὼ;                                   14) ὼ᷿ÁÒÃÔÁÎὼὨὼ; 

15) Á᷿ÒÃÃÏÓὼὨὼ;                                  16) ᷿
Ѝ

Ὠὼ;  

17) Ὡ᷿ÓÉÎὼὨὼ;                                  18) Ὡ᷿ ÓÉÎςὼ ÃÏÓςὼὨὼ;  
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19) 
Ѝ᷿

;                                           20) ᷿ ;  

21) Ѝ᷿ὥ ὼὨὼ;                                22) ᷿ ὼ ὥὨὼ.  

 

The Method of Substitution 

Let Ὢ᷿ὼὨὼ Ὂὼ ὅȢ Consider the differentiable function ό όὸ. Then 

ὪόὸόᴂὸὨὸ
ὼ όὸ

Ὠὼ όᴂὸὨὸ
ὪὼὨὼ Ὂὼ ὅ Ὂόὸ ὅȢ 

 

6.1.8. Find the integrals by substitution. 

1) ᷿
Ѝ

;                                    2) 
Ѝ᷿

Ὠὼ;  

3) ᷿
Ѝ

;                                      4) ᷿
Ѝ
Ὠὼ;  

5) ᷿
Ѝ
Ὠὼ;                                    6) ᷿

Ѝ
;  

7) ᷿
Ѝ Ѝ

;                                8) ᷿
Ѝ Ѝ

;  

9) ᷿
Ѝ

Ѝ Ѝ
Ὠὼ;                               10) ᷿

Ѝ

Ѝ
Ὠὼ; 

11) ᷿ ;                                 12) ᷿ ;  

13) Ѝ᷿Ὡ ρὨὼ;                         14) 
Ѝ᷿

.  

6.1.9. Find the integrals. 

1) ᷿ Ὠὼ;                                     2) ᷿ Ὠὼ;  

3) ᷿ Ὠὼ;                                     4) 
Ѝ᷿

Ὠὼ;  

5) ᷿ Ὠὼ;                             6) 
Ѝ᷿

Ὠὼ;  

7) ᷿ Ὠὼ;                                  8) 
Ѝ᷿

Ὠὼ;  

9) ᷿ Ὠὼ;                                   10) 
Ѝ᷿

Ὠὼ;  

11) ᷿ Ὠὼ.  
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Integration of Rational Functions 

If we have to compute the integral ᷿  Ὠὼȟ where  is rational function, ὖ ὼȟ 

ὗ ὼȟ ὲ ά are the polynomials.  

Then, if the rational function  is improper, i.e. ά ὲ , then we have to rewrite the 

fraction as a sum of the whole part and the proper rational function, i.e. 

Ὑ ὼ , Ὧ ὲ, 

and integrate the polynomial Ὑ ὼ and  .   

To integrate the fraction  we have to apply the partial fractions decomposition and 

reduced to the three simplest types of integrals of rational functions  

(І)        (IІ)      (III)      (IV)  ;    ὶȟί ς;    ὶȟίɴ ᴓ;     ὴ τή π. 

  

6.1.10. Find integrals of rational functions (denominator has only real distinct roots): 

1) ᷿ Ὠὼ;                                         2) ᷿ Ὠὼ; 

3) ᷿ Ὠὼ;                                            4) ᷿ Ὠὼ;   

5) ᷿ Ὠὼ;                                   6) ᷿ ;  

7) ᷿ Ὠὼ;                                                  8) ᷿ Ὠὼ; 

9) ᷿ Ὠὼ;                                            10) ᷿ Ὠὼ; 

11) ᷿ Ὠὼ;                                           12) ᷿ Ὠὼ. 

6.1.11. Find integrals of rational functions (the denominator has only real roots, some of which 

are repeated): 

1) ᷿ ;                                                                 2) ᷿ Ὠὼ;                     

3) ᷿ ;                                                                 4) ᷿ Ὠὼ;                           

5) ᷿
ᶸ
Ὠὼ;                                                            6) ᷿ Ὠὼ; 
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7) ᷿ Ὠὼ;                                                    8) ᷿ Ὠὼ;                   

9) ᷿ Ὠὼ;                                               10) ᷿ Ὠὼ.            

6.1.12. Find integrals of rational functions (the denominator has complex distinct roots): 

1) ᷿ ;                                                         2) ᷿ Ὠὼ;                           

3) ᷿ ;                                               4) ᷿ Ὠὼ;                            

5) ᷿ Ὠὼ;                                    6) ᷿ Ὠὼ;  

7) ᷿ Ὠὼ;                                           8) ᷿ Ὠὼ;   

9)  ᷿ ;                                        10) ᷿ .                           

6.1.13. Find integrals of rational functions (the denominator has complex repeated roots): 

1) ᷿ ;                                                  2)  ᷿ ;                                

3) ᷿ ;                                                     4)  ᷿ Ὠὼ;        

5) ᷿ Ὠὼ;                                                6)  ᷿ Ὠὼ.        

7) ᷿
 

;                                             8) ᷿ . 

 

Integration of Irrational Functions  

1. Integral of the form 

Ὑ᷿ ὼȟ ȟ ȟȣȟ Ὠὼ, 

where Ὑ is rational function, ὥ, ὦ, ὧ, Ὠᶰᴙ,  ,  ,…, ᴗɴ; reduces to the integral of a rational 

function by means of substitution  

ὸ, 

where Ὧ  is a common denominator of the fractions  , , …, . 

2. For integrals of the form 
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᷿
Ѝ

 ,  ὴȟὥȟὦȟὧɴ ᴙ, 

we make the substitution: ὼ ὴ . 

3. In the following integrals, you can make trigonometric or hyperbolic substitutions: 

1) ᷿ ὙὼȟЍὥ ὼ Ὠὼ, substitution: ὼ ὥÓÉÎὸ or ὼ ὥ ÔÁÎÈ ὸ; 

2) Ὑ᷿ὼȟЍὼ ὥ Ὠὼ, substitution: ὼ  or ὼ ὥ ÃÏÓÈ ὸ; 

3) Ὑ᷿ὼȟЍὼ ὥ Ὠὼ, substitution: ὼ ὥÔÁÎὸ or ὼ ὥ ÓÉÎÈ ὸ; ὥᶰᴙ. 

4. Integrals of binomial differentials 

ὼ᷿ ὥ ὦὼ Ὠὼ,   ὥ, ὦɴ ᴙ; ά, ὲ, ὴɴ ᴗ 

are reduced to an integral of a rational function ONLY  in the following cases:  

1) ὴɴ ᴚ, substitution ὼ ὸ, where ί  is common denominator of the fractions ά and ὲ; 

2) ᶰᴚ, substitution  ὥ ὦὼ ὸ, where  ί  is a denominator of the fraction ὴ; 

3) ὴɴ ᴚ, substitution  ὥὼ ὦ ὸ, where  ί  is a denominator of the fraction  ὴ. 

5. Integral of the form  

Ѝ᷿
Ὠὼ,  where ὖ ὼ is a polynomial, 

we may find by formula 

Ѝ᷿
Ὠὼ ὗ ὼЍὥὼ ὦὼὧ ‗᷿

Ѝ
 , 

where ὗ ὼ is a polynomial with unknown coefficients, written in general form and  ‗ɴ ᴙ 

is also an unknown coefficient. 

 

6.1.14. Find integrals of irrational functions: 

1) ᷿
Ѝ Ѝ

;                                                               2)  ᷿
Ѝ

Ѝ Ѝ
Ὠὼ;   

3) ᷿
Ѝ

Ѝ Ѝ
Ὠὼ;                                                     4)  ᷿

Ѝ Ѝ
;        

5) ᷿
Ѝ Ѝ

Ὠὼ;                                                  6)  ᷿
Ѝ

Ѝ
Ὠὼ; 

7) ᷿ ;                                                            8) ᷿ ;   
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9) ᷿ ;                                                    10) ᷿ ; 

11) 
Ѝ᷿

Ὠὼ;                                                     12) ᷿ ;   

13) ᷿
Ѝ

Ὠὼ;                                                       14) ᷿
Ѝ

;  

15) ᷿
Ѝ

;                                                         16) ᷿ Ὠὼ; 

17) ᷿
Ѝ

Ὠὼ;                                                       18)᷿ ; 

19) ᷿
Ѝ

;                                                           20) ᷿
Ѝ

Ὠὼ;   

21) ὼ᷿Ѝω ὼὨὼ;                                               22) Ѝ᷿ὼ ςὼ ρὨὼ;  

23) ᷿
Ѝ

;                                                     24) ᷿
Ѝ

;   

25) ᷿
Ѝ

 ;                                                      26) ᷿
Ѝ

; 

27) ᷿
Ѝ

;                                                     28) ᷿
Ѝ

;  

29) 
Ѝ᷿

;                                                       30) 
Ѝ᷿

Ὠὼ;   

31) 
Ѝ᷿

Ὠὼ;                                                 32) 
Ѝ᷿

Ὠὼ;   

33) Ѝ᷿ὼ ςὼ ρὨὼȢ 

6.1.15. Find integrals of binomial differentials: 

1) ὼ᷿ ρ ὼȾ Ὠὼ;                                 2) Ѝ᷿ὼρ Ѝὼ Ὠὼ;   

3) ὼ᷿ Ⱦ ρ ὼȾ Ὠὼ;                              4) ὼ᷿ ρ ὼ ȾὨὼ; 

5) ᷿
  Ѝ

;                                                     6) ὼ᷿Ѝὼ ρ
 

Ὠὼ; 

7) ᷿
Ѝ
 

Ὠὼ;                                                    8) ὼ᷿ ρ ЍὼὨὼ;   

9) ᷿
Ѝ

Ѝ
Ὠὼ;                                                 10) ᷿

Ѝ
;  

11) ᷿
Ѝ

;                                                      12) ᷿
Ѝ

  
Ὠὼ; 
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13) ᷿
Ⱦ

;                                               14) ᷿
Ѝ    Ѝ

 . 

 

Integration of Trigonometric Functions 

Integrals of the form  

Ὑ᷿ÓÉÎὼȟÃÏÓὼὨὼ, 

where Ὑ is a rational function of ÓÉÎὼ and ÃÏÓὼ are reduced to integrals of rational expression 

by so-called general trigonometric substitution 

ÔÁÎὸ,  ʌ ὼ ʌ, 

Express ÓÉÎὼ and ÃÏÓὼ in terms of ÔÁÎ and  ὸ: 

ÓÉÎὼ ,   ÃÏÓὼ ,  Ὠὼ Ὠὸ. 

And 

ὼ ςÁÒÃÔÁÎὸȟ     Ὠὼ
ςὨὸ

ρ ὸ
Ȣ 

The universal trigonometric substitution often leads to the integration of cumbersome 

rational expressions. Therefore, other substitutions are also used: 

1) Ó᷿ÉÎὼ ὧέίὼὨὼ,  άȟὲᶰᴚ ; 

a)  ά π  and  ά – odd:  substitution ὸ ÃÏÓὼ; 

b)  ὲ π  and  ὲ – odd:  substitution ὸ ÓÉÎὼ; 

c)  ά π , ὲ π and even:  then use the double angle formulas to reduce the powers of 

the sine or cosine in the integrand 

ÃÏÓὼ
ρ ÃÏÓςὼ

ς
ȟ   ÓÉÎὼ

ρ ÃÏÓςὼ

ς
 Ƞ 

d)  ά π ,  ὲ π  and  ά ὲ – even:  substitution ὸ ÔÁÎὼ or ὸ ÃÏÔὼ; 

2) For Ó᷿ÉÎ‌ὼÃÏÓ‍ὼὨὼ,   Ó᷿ÉÎ‌ὼÓÉÎ‍ὼὨὼ, Ã᷿ÏÓ‌ὼÃÏÓ‍ὼὨὼ we apply formulas 

ÓÉÎ‌ὼÃÏÓ‍ὼ ÓÉÎ‌ ‍ὼ ÓÉÎ ‌ ‍ὼ, 

ÓÉÎ‌ὼÓÉÎ‍ὼ ÃÏÓ‌ ‍ὼ ÃÏÓ ‌ ‍ὼ, 

ÃÏÓ‌ὼÃÏÓ‍ὼ ÃÏÓ‌ ‍ὼ ÃÏÓ ‌ ‍ὼ; 

http://www.math24.net/double-and-multiple-angle-formulas.html
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3) Ὑ᷿ÓÉÎὼȟÃÏÓὼὨὼ  і  Ὑ ÓÉÎὼȟÃÏÓὼ ὙÓÉÎὼȟÃÏÓὼ: substitution  ὸ ÔÁÎὼ; 

4) Ὑ᷿ÔÁÎὼὨὼ: substitution ὸ ÔÁÎὼ; 

5) Integrals of the form ὸ᷿ὥὲὼὨὼ or ὧ᷿έὸὼὨὼ, where ὲ is positive integer, we can 

reduce the power of the integrand using  

ÔÁÎὼ
ρ

ÃÏÓὼ
ρ   ÏÒ   ÃÏÔὼ

ρ

ÓÉÎὼ
ρ Ƞ 

6) Integrals of the form ὸ᷿ὥὲὼ  or ὧ᷿έὸὼ , where ὲ and m are positive 

integer, we can reduce the power of the integrand using  

ρ

ÃÏÓὼ
ÔÁÎὼ ρ   ÏÒ   

ρ

ÓÉÎὼ
ÃÏÔὼ ρȢ 

 

6.1.16. Find integrals of trigonometric functions: 

1) Ó᷿ÉÎὼÃÏÓὼὨὼ;                                              2) Ó᷿ÉÎὼÃÏÓὼὨὼ;  

3) Ó᷿ÉÎὼÃÏÓὼὨὼ;                                              4) Ã᷿ÏÓὼὨὼ; 

5) ᷿ Ὠὼ;                                                           6) ᷿ Ὠὼ; 

7) ᷿ Ὠὼ;                                                          8) ᷿ ;            

9) ᷿ ;                                                               10) ᷿
 

;   

11) ᷿
 

;                                                    12) ᷿
 

; 

13) Ô᷿ÁÎὼὨὼ;                                                        14) Ã᷿ÏÔὼὨὼ; 

15) Ó᷿ÉÎσὼÃÏÓυὼὨὼ;                                           16) Ó᷿ÉÎτὼÓÉÎσὼὨὼ;  

17) Ã᷿ÏÓσὼÃÏÓςὼὨὼ;                                           18) Ó᷿ÉÎυὼ ÃÏÓὼ Ὠὼ;  

19) 
Ѝ᷿  

;                                                   20) ᷿ ; 

21) ᷿
 
 
;                                                       22) ᷿

 
;  

23) 
 ᷿

;                                                     24) ᷿
  

; 

25) ᷿
 

;                                                        26) ᷿ ;   
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27) ᷿ ;                                                      28) ᷿ Ὠὼ; 

29) ᷿
 

;                                                30) ᷿
 

;   

31) ᷿
 

 
Ὠὼ. 

Answers. 
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Topic 6.2. The Definite Integral. Fundamental Theorem of Calculus 

 

Let Ὢὼ be continuous on ὥȟὦ and function Ὂὼ be any antiderivative of function Ὢὼ 

on the interval ὥȟὦ, then  

᷿ ὪὼὨὼ Ὂὦ Ὂὥ, 

 (NewtonïLeibniz Formula) 

 

Evaluating Definite Integrals by Parts 

Let functions όὼ and ὺὼ be differentiable and  ό ὼ, ὺ ὼ  continuous on ὥȟὦ. Then 

᷿όὼὨὺὼ όὼὺὼȿ ᷿ ὺὼὨόὼ. 

 

Evaluating Definite Integrals by the Substitution 

Let the function Ὢὼ be continuous on the interval ὥȟὦ and function ὼ •ὸ be such 

that 

1. •‌ ὥ and •‍ ὦ; 

2. •ὸ and •ᴂὸ are continuous on ‌ȟ‍; 

3. Ὢ•ὸ  is defined and continuous on ‌ȟ‍. 

Hence,  

᷿ὪὼὨὼ ᷿ Ὢ•ὸ• ὸὨὸ. 

Recurrence formulas for integrals Ὅ ᷿ ÃÏÓὼ Ὠὼ
Ⱦ

᷿ ÓÉÎὼ Ὠὼ
Ⱦ

 : 

Ὅ
ᴅ

ᴅ
 , for ὲ ςὯ ρ,  Ὅ

ᴅ

ᴅ
  , for  ὲ ςὯ. 

 

6.2.1. Evaluate definite integrals: 

1) ᷿  Ѝὼ ρ Ὠὼ;                                              2) ᷿  Ѝὼ Ѝὼ Ὠὼ; 

3) ᷿ ;                                                    4) ᷿
Ѝ
Ὠὼ; 
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5) ᷿  ;                                                    6) ᷿
Ѝ Ѝ

 ; 

7) ᷿Ὡ Ὡ ρ Ὠὼ;                                        8) ᷿ ; 

9) ᷿
Ѝ

 ;                                                   10) ᷿
    

 ;  

11) ᷿
  

;                                                  12) ᷿
  

; 

13) ᷿
  

;                                                14) ᷿
Ѝ

  
; 

15) ᷿   
Ѝ

    

ȟ
 ;                                           16) ᷿    

  
 ; 

17) ᷿  ÃÏÓὼÓÉÎςὼὨὼ
  

;                                   18) ᷿    ЍÃÏÓὼ ÃÏÓὼ Ὠὼ
  

; 

19) ᷿    
Ѝ

Ὠὼ
  

;                                              20) ᷿  ÃÏÓὼÓÉÎςὼ Ὠὼ
  

. 

6.2.2.  Evaluate definite integrals by parts: 

1) ᷿ὼὩ Ὠὼ;                                                       2) ᷿ÌÎὼ Ὠὼ; 

3) ᷿ ὼÃÏÓὼὨὼ
Ⱦ

;                                                4) ᷿ὼÓÉÎὼὨὼ;   

5) ᷿ ÁÒÃÃÏÓὼὨὼ
ϳ

;                                              6) ᷿ÁÒÃÔÁÎὼὨὼ;  

7) ᷿ ÌÎὼ ρ Ὠὼ;                                           8) ᷿  Ὠὼ
Ⱦ

Ⱦ
;   

9) ᷿  Ὠὼ
Ⱦ

Ⱦ
;                                                  10) ᷿  Ὠὼ

Ⱦ
; 

11) ᷿  
Ѝ

Ὠὼ
Ѝ

;                                            12) ᷿ Ὡ ÃÏÓὼὨὼ
Ⱦ

. 

6.2.3.  Evaluate definite integrals by substitution: 

1) ᷿ 
Ѝ

 ;                                                          2) ᷿ 
Ѝ

 ;    

3) ᷿ 
Ѝ

Ѝ
 ;                                                          4) ᷿ 

Ѝ
 ;    

5) ᷿ 
Ѝ

;                                             6) ᷿ ÓÉÎςὼÓÉÎὼ Ὠὼ
Ⱦ

;                                      

 7) ᷿ 
Ѝ

Ѝ
Ὠὼ;                                                8) ᷿  ;                                                    
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 9) ᷿ ὼ Ѝρ ὼὨὼ ;                                         10) ᷿  
Ѝ

Ὠὼ
Ѝ

;    

11) ᷿ 
Ѝ

Ὠὼ;                                                  12) ᷿ Ὠὼ; 

13) ᷿
Ѝ

Ὠὼ
ȟ

;                                            14) ᷿ 
Ѝ

; 

15) ᷿ ÃÏÓςὼὨὼ 
Ⱦ

;                                            16) ᷿ÓÉÎ Ὠὼ Ȣ 

Answers. 
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Topic 6.3. Improper Integrals 

 

Improper Integrals with Infinite Limits  

A definite integral, that has either or both limits infinite: 

᷿ ὪὼὨὼ
Ð

ȟ   ᷿ ὪὼὨὼ
Ð

   ÏÒ  ᷿ ὪὼὨὼ
Ð

Ð
, 

is called an improper integral of the first type. 

Let function  Ὢὼ be defined on ὥȟЊ  and integrable on ὥȟὦ, for any ὦ ὥȢ If there 

exists a finite limit  ÌÉÍ
ᴼ
᷿ὪὼὨὼ , then the improper integral ᷿ ὪὼὨὼ

Ð
 is called  

convergent and  

                                          ᷿ ὪὼὨὼ ÌÉÍ
ᴼ
᷿ὪὼὨὼ. 

If such a limit is not finite then the improper integral does not exist and is called divergent. 

Similarly, we define the improper interval over other infinite intervals 

᷿ ὪὼὨὼ ÌÉÍ
ᴼ
᷿ὪὼὨὼ; 

᷿ ὪὼὨὼ
Ð

Ð
᷿ ὪὼὨὼ
Ð

᷿ὪὼὨὼ
Ð

ÌÉÍ
ᴼ Ð
᷿ὪὼὨὼ ÌÉÍ

ᴼ Ð
᷿ὪὼὨὼ, 

where ὧ is any number (ὧ π is often convenient). Note that this requires both of the limits to 

be finite in order for the integral to be also convergent. If either of two limits does not exist then 

the integral is divergent. 

 Integral    ᷿
ÃÏÎÖÅÒÇÅÎÔ  ÆÏÒ  ὴ ρ
ÄÉÖÅÒÇÅÎÔ  ÆÏÒ  ὴ ρ   

. 

 

Improper Integrals of Discontinuous Functions 

 Definite integral that has an integrand that approaches infinity at one or more points in the 

range of integration is called an improper integral of the second type. 

If the function Ὢὼ is defined for all ὥ ὼ ὦ, integrable on any interval ὥȟὦ ‐, 

‐ᶅ πȟ  and unbounded to the left of the point ὦ. 

Let us consider 

᷿ὪὼὨὼ ÌÉÍ
ᴼ
᷿ ὪὼὨὼ. 
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If this limit is existent and finite, then the improper integral is called convergent. 

Otherwise, it is called divergent. 

Analogously, if the integrand Ὢὼ is unbounded to the right from the point ὥ, then  

᷿ὪὼὨὼ ÌÉÍ
ᴼ
᷿ ὪὼὨὼ. 

Finally, if the function is unbounded in the neighborhood of an interior point ὧ of the interval 

ὥȟὦ, then  

᷿ὪὼὨὼ
ὦ
ὥ ᷿ὪὼὨὼ

ὧ
ὥ ᷿ὪὼὨὼ

ὦ
ὧ ÌÉÍ

‐ρO π
᷿ ὪὼὨὼ
ὧ‐ρ
ὥ ÌÉÍ

‐ςO π
᷿ ὪὼὨὼ
ὦ
ὧ‐ς

.  

Інтеграл    ᷿
 ÃÏÎÖÅÒÇÅÎÔ  ÆÏÒ  π ‌ ρ
ÄÉÖÅÒÇÅÎÔ  ÆÏÒ  ‌ ρ          

. 

In some cases it is sufficient to determine whether the integral converges or diverges by 

comparison tests and estimate the value.  

 

6.3.1. Evaluate improper integrals or state their divergence.  

1) ᷿  ;                                                              2) ᷿
Ѝ
 ; 

3) ᷿  ;                                                        4) ᷿ ÃÏÓὼὨὼ ; 

5) ᷿ Ὡ Ὠὼ Ὧ π ;                                       6) ᷿ Ὠὼ ; 

7) ᷿  ;                                                          8) ᷿  ;                                                  

 9) ᷿
Ѝ

 
Ѝ

;                                                     10) ᷿ ὼὩ Ὠὼ ;  

11) ᷿ ὩЍὨὼ ;                                                  12) ᷿
 
Ὠὼ ; 

13) ᷿ ὼÓÉÎὼὨὼ;                                                14) ᷿ ὼÃÏÓὼὨὼ; 

15)13) ᷿ Ὡ ÓÉÎὼὨὼ;                                       16) ᷿  . 

6.3.2. Investigate for convergence. 

1) ᷿ Ὠὼ ;                                             2) ᷿ Ὠὼ ;   

3) ᷿ Ὠὼ;                                              4) ᷿ Ὠὼ; 
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5) ᷿ Ὠὼ;                                     6) ᷿  
  

Ѝ
Ὠὼ; 

7) ᷿ Ὠὼ;                                         8) ᷿ ;   

9) ᷿ Ὠὼ;                                              10) ᷿
Ѝ

Ὠὼ . 

6.3.3. Evaluate improper integrals or state their divergence.  

1) ᷿
Ѝ

;                                                                 2) ᷿
Ѝ

; 

3) ᷿
Ѝ

 ;                                                                4) ᷿
  

 ; 

5) ᷿
Ѝ   

 ;                                                               6) ᷿
 

Ⱦ
; 

7) ᷿ὼÌÎὼὨὼ;                                                           8) ᷿
 
Ὠὼ; 

9) ᷿
 

;                                                            10) ᷿  
Ѝ
Ὠὼ; 

11) ᷿  
Ѝ
Ὠὼ;                                                          12) ᷿  

Ѝ
Ὠὼ;  

13) ᷿
Ѝ  

 ;                                                       14) ᷿
 

 .   

6.3.4.  Investigate for convergence. 

1) ᷿
Ѝ

Ѝ
Ὠὼ;                                                         2)᷿

Ѝ

Ѝ
Ὠὼ; 

3) ᷿ 
 

Ὠὼ;                                                   4) ᷿
Ѝ

 ; 

5) ᷿
Ѝ
 
Ὠὼ;                                                      6) ᷿  . 

  Answers. 
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Topic 6.4. Application of  Definite Integral  

 

The Area of a Region 

1. The area of a curvilinear trapezoid ώ Ὢὼ, ὼ ὥ, ὼ ὦ, ώ π , where  Ὢὼ π, 

ὼɴ ὥȟὦ, is calculated by the formula 

Ὓ ὪὼὨὼȢ 

2. The area of the figure, bounded by lines ώ Ὢὼ, ώ Ὢὼ, ὼ ὥ, ὼ ὦ, where  

Ὢὼ Ὢὼ, ὼɴ ὥȟὦ, is calculated by the formula 

Ὓ Ὢὼ Ὢὼ ὨὼȢ 

3. The area of a curvilinear trapezoid bounded by parametric curve  
ὼ ὼὸ
ώ ώὸ

,   ὸɴ ὸȟὸ ,  

straight lines ὼ ὥ, ὼ ὦ, ώ π,  where ὼὸ ὥ,  ὼὸ ὦ, ὥ ὦ , ώὸ π , ὸɴ ὸȟὸ ,  

is calculated by the formula 

Ὓ ώὸὼὸὨὸȢ 

4. The area of a curvilinear sector bounded by lines defined in the polar coordinate system 

” ”• , • ‌, • ‍, is calculated by the formula 

Ὓ
ρ

ς
” •Ὠ•Ȣ 

 

6.4.1. Evaluate the area of  the figure bounded by parabola ώ τὼ ὼ and the ὼ-axis.  

6.4.2. Evaluate the area of  the figure bounded by parabolas  ώ ὼ and  ώ Ѝὼ. 

6.4.3. Evaluate the area of  the figure bounded by parabola  ώ ὼ τὼ υ, straight lines  ὼ

σ, ὼ υ and the ὼ-axis. 
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6.4.4. Evaluate the area of  the figure bounded by parabolas  ώ ὼ,  ώ . 

6.4.5. Evaluate the area of  the figure bounded by lines ώ  ὼ ςὼ,  ὼ ώ ς π. 

6.4.6. Evaluate the area of  the figure bounded by lines  ώ ςὼ ρ,  ὼ ώ ρ π. 

6.4.7. Evaluate the area of  the figure bounded by parabola  ώ ὼ τὼ σ  and its tangent 

lines at the points ὃ πȠσ, ὄ σȠπ. 

6.4.8. Evaluate the area of  the figure bounded by parabolas  ώ ςὴὼ  and its normal line 

inclined to the abscissa axis at an angle ρσυЈ. 

6.4.9. Evaluate the area of  the figure bounded by parabolas  ώ ψὼ ρφ and ώ ςτὼ τψ. 

6.4.10. Evaluate the area of  the figure bounded by lines ώ Ὡ, ώ Ὡ , ὼ ρȢ 

6.4.11. Evaluate the area of  the figure bounded by curves ώ   and  ώ Ȣ 

6.4.12. Evaluate the area of  the figure bounded by curves ώ ÌÎ ὼ ς, ώ ςÌÎὼ and the ὼ-

axis. 

6.4.13. Evaluate the area of  the figure bounded by lines ώ ÌÎὼ, ώ ÌÎὼ. 

6.4.14. Circle  ὼ ώ ψ  is divided into two parts by parabola ώ  . Evaluate the area of 

each part. 

6.4.15. Circle  ὼ ώ ρφ  is divided into two parts by parabolaώ φὼ. Evaluate the area of 

each part. 

6.4.16. Evaluate the area of the figure bounded by curves  ώ ÁÒÃÓÉÎὼ,  ώ ÁÒÃÃÏÓὼ and the 

ὼ-axis. 

6.4.17. Evaluate the area of the figure bounded by curve ώ ὼὼ ρ  and the ὼ-axis. 

6.4.18. Evaluate the area of  the figure bounded by curve ώ ὼ ςὼ Ὡ    and the ὼ-axis. 

6.4.19. Evaluate  the  area  of  the  figure  bounded  by  curve  ώ ÌÎὼ, straight  lines  ώ ÌÎὥ,  

ώ ÌÎὦ, ὥ ὦ ) and the ώ-axis.  

6.4.20. Evaluate the area of one of the curvilinear triangles bounded by the ὼ-axis and curves 

ώ ÓÉÎὼ,  ώ ÃÏÓὼ.  

6.4.21. Evaluate the area of the figure bounded by the ώ-axis and curves ώ ÔÁÎὼ,  ώ ÃÏÓὼ. 
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6.4.22. Evaluate the area of the figure bounded by the first arc of cycloid   ὼ ὥὸ ÓÉÎὸ,    

ώ ὥρ ÃÏÓὸ and the ὼ-axis. 

6.4.23. Evaluate the area of the figure bounded by astroid  ὼ ὥ ÃÏÓὸ, ώ ὦ ÓÉÎὸ. 

6.4.24. Evaluate the area of the figure bounded by the loop of the curve ὼ σὸ,  ώ σὸ ὸ . 

6.4.25. Evaluate the area of the figure bounded by the loop of the curve ὼ ὸ ρ, ώ ὸ ὸ. 

6.4.26. Evaluate  the  area  of  the  figure  bounded  by  the  first  turn of  the  Archimedian 

spiral ” ὥ•  and the polar axis. 

6.4.27. Evaluate the area of  the figure bounded by the second and third  turns of  the  Archimedian 

spiral  ” ὥ•  and the polar axis. 

6.4.28. Evaluate the area of  the figure bounded by curve ” ὥÓÉÎς• (two-petal rose). 

6.4.29. Evaluate the area of  the figure bounded by curve ” ὥÃÏÓυ• (five-petal rose). 

6.4.30. Evaluate the area of  the figure bounded by cardioid ” ὥρ ÓÉÎ•Ȣ 

6.4.31. Evaluate the area of  the figure bounded by curve ” ὥÓÉÎς•Ȣ 

6.4.32. Evaluate the area of the figure bounded by curves ” ςÃÏÓς•, ” ρ (outside the 

circle). 

6.4.33. Evaluate the area of the figure bounded by lemniscate of Bernoulli ὼ ώ

ὥ ὼ ώ Ȣ 

6.4.34. Evaluate the area of the figure bounded by lemniscate of Bernoulli  ὼ ώ

ὥ ὼ ώ , which lies inside the circle ὼ ώ Ȣ  

6.4.35. Evaluate the area of  the figure described by the inequalities: 

ὼ ώ ςώ,  ὼ ώ τώ, ώ Ѝσὼ, ώ ὼ. 

 

The Arc Length of a Curve 

1. The length of the arc of a curve given by the equation  ώ Ὢὼ, ὥ ὼ ὦ, is calculated 

by the formula 

ὰ ρ Ὢ ὼ ὨὼȢ 
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2. The length of the arc of a curve given by the equations in the parametric form  

ὼ ὼὸ
ώ ώὸ

,  ὸɴ ὸȟὸ , is calculated by the formula 

ὰ ὼὸ ώ ὸ ὨὸȢ 

3. The length of the arc of a curve given by the equation in polar coordinates  ” ”• ,   

•ᶰ‌ȟ‍, is calculated by the formula 

ὰ ”• ”• Ὠ•Ȣ 

4. The length of the arc of  the space curve given by the equations in the parametric form  

ὼ ὼὸ, ώ ώὸ, ᾀ ᾀὸ,  ὸɴ ὸȟὸ , is calculated by the formula 

ὰ ὼὸ ώ ὸ ᾀὸ ὨὸȢ 

 

6.4.36. Evaluate the length of the arc of the curve ώ ÌÎὼ from ὼ Ѝσ to ὼ Ѝψ. 

6.4.37. Evaluate the length of the arc of the curve ώ ÌÎρ ὼ   from ὼ π  to  ὼ .  

6.4.38. Evaluate the length of the arc of the curve ώ ὥ ÃÏÓÈ    from ὼ π  to  ὼ ὦ. 

6.4.39. Evaluate the length of the arc of the curve ώ Ѝὼ ὼ ÁÒÃÓÉÎЍὼ. 

6.4.40. Evaluate the length of the arc of the loop of the curve   ὼ ὸ,    ώ ὸ ὸ. 

6.4.41. Evaluate the length of the arc of the involute of a circle ὼ ὙÃÏÓὸ ὸÓÉÎ ὸ,  ώ

ὙÓÉÎὸ ὸÃÏÓὸ from  ὸ π  to  ὸ “. 

6.4.42. Evaluate the length of astroid  ὼ ὥ ÃÏÓὸ, ώ ὥ ÓÉÎὸ. 

6.4.43. Evaluate the length of cardioid  ” ὥρ ÃÏÓ• . 

6.4.44. Evaluate the length of the arc of cardioid  ” ςρ ÃÏÓ• , which lies inside the circle 

” ρȢ 

6.4.45. Evaluate the length of the arc of the Archimedian spiral ” ὥ• from the beginning to 

the end of the first turn. 
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6.4.46. Evaluate the length of the arc of the hyperbolical spiral ”• ρ  from  •    to  • . 

6.4.47. Evaluate the length of the curve ” ὥ ÓÉÎ. 

6.4.48. . Evaluate the length of the arc of helix  ὼ ὥÃÏÓὸ,   ώ ὥ ÓÉÎὸ, ᾀ ὦὸ  from  ὸ π   

to  ὸ ς“. 

6.4.49. Evaluate the length of the arc of the curve ὼ ὥὸ,   ώ ὥὸ ὸ ,   ᾀ ὥὸ ὸ   

from  ὸ π   to  ὸ Ѝσ. 

 

Volume of a Solid 

1. The volume of a solid if known Ὓὼ –  the area of any section of the solid by the plane 

perpendicular to the ὼ-axis, is calculated by the formula 

ὠ ὛὼὨὼȢ 

2. The volume of a solid generated by revolution about the ὼ-axis of the curvilinear trapezoid 

bounded by the curve ώ Ὢὼ π and the straight lines ὼ ὥ, ὼ ὦ , is calculated by the 

formula 

ὠ “ Ὢ ὼὨὼȢ 

3. The volume of a solid generated by revolution about the ώ-axis of the curvilinear trapezoid 

bounded by the curve ὼ •ώ π  and the straight lines ώ ὧȟ ώ Ὠ, is calculated by the 

formula 

ὠ “ • ώὨώȢ 

4. The volume of a solid generated by revolution of the curvilinear trapezoid bounded by 

the parametric curve 
ὼ ὼὸȟ
ώ ώὸȟ

  ὸ ὸ ὸȟ then  

ὠ “ ώ ὸὼǋὸὨὸ                             ὠ ς“ ὼὸ ώὸὼǋὸὨὸȢ 
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5. The volume of the solid of revolution of polar curve ” ”•ȟ  ‌ • ‍ȟ about the 

polar-axis is  

ὠ”
ς
σ
“ ”σ
‍

‌
•ίὭὲ•Ὠ• Ȣ 

 

6.4.50. Find the volume of a solid generated by revolution of ellipse  ρ  about the ὼ -

axis. 

6.4.51. Find the volume of a solid generated by revolution about the ὼ-axis of figure bounded by 

parabolas ώ ὼ,  ὼ ώ. 

6.4.52. Find the volume of a solid generated by revolution of figure bounded by lines ώ ὼ, 

ώ π,   ὼ ρ,  about: 1) the ὼ-axis; 2)  about the ώ-axis. 

6.4.53. Find the volume of a solid generated by revolution about the ὼ-axis of figure bounded by 

lines ώ ὼὩ,  ὼ ρ,   ώ π. 

6.4.54. Find the volume of a solid generated by revolution about the ώ-axis of figure bounded by 

lines ώ ὼ ςὼ ς,  ώ ς.  

6.4.55. Find the volume of a solid generated by revolution about the ώ-axis of figure bounded by 

lines ώ ςὼ ὼ,   ώ π. 

6.4.56. Find the volume of a solid generated by revolution about the ὼ-axis of figure bounded by 

lines ὼ τώ ὼὼ σ,   ώ π. 

6.4.57. Find the volume of a solid generated by revolution about the ὼ -axis of figure bounded 

by hyperbola  ὼ ώ ὥ and straight line ὼ ὥ Ὤ Ὤ π. 

6.4.58. Find the volume of a solid generated by revolution about the ὼ-axis of figure bounded by 

line  ώ ÁÒÃÓÉÎὼ where ὼɴ πȟρ. 

6.4.59. Find the volume of a solid generated by revolution about the ὼ-axis of the first arc of 

cycloid ὼ ὥὸ ÓÉÎὸ,  ώ ὥρ ÃÏÓὸ. 

6.4.60. Find the volume of a solid bounded by ellipsoid  
 

ρ. 

6.4.61. Find the volume of a solid bounded by elliptic paraboloid ᾀ  and plane  ᾀ ρ. 
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6.4.62. Find the volume of a solid bounded by one-sheeted  hyperboloid  ᾀ ρ and 

planes  ᾀ ρ, ᾀ ς. 

6.4.63. Find  the  volume  of  a  solid  bounded  by  ellipsoid   ὼ ςώ ᾀ φ  and  paraboloid 

ᾀ ὼ ςώ. 

6.4.64. Find the volume of a solid bounded by paraboloid  ςᾀ  and cone  ᾀ. 

 

The Area of the Surface of a Solid of Revolution 

1. The area of the surface generated by revolving about the ὼ-axis of the arc of the curve 

ώ Ὢὼ, ὼɴ ὥȟὦ, is calculated by the formula 

ὖ ς“ Ὢὼ ρ Ὢ ὼ ὨὼȢ 

2. The area of the surface generated by revolving about the ώ-axis of the arc of the curve 

ὼ •ώ, ώᶰὧȟὨ, is calculated by the formula 

ὖ ς“ •ώ ρ • ώ ὨώȢ 

3. The area of the surface generated by revolving about the ὼ-axis of the arc of the parametric 

curve   
ὼ ὼὸ
ώ ώὸ

,  ὸɴ ὸȟὸ , is calculated by the formula 

ὖ ς“ ώὸ ὼὸ ώ ὸ ὨὸȢ 

4. The area of the surface generated by revolving about the ώ-axis of the arc of the parametric 

curve 
ὼ ὼὸ
ώ ώὸ

,   ὸɴ ὸȟὸ , is calculated by the formula 

ὖ ς“ ὼὸ ὼὸ ώ ὸ ὨὸȢ 
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5. The area of the surface generated by revolving about the polar axis of the arc of the curve 

” ”• ,   •ᶰ‌ȟ‍, is calculated by the formula 

ὖ ς“ ”•ÓÉÎ• ”• ”•  Ὠ•Ȣ 

 

6.4.65. Find the area of the surface generated by revolving about the ὼ-axis of the arc of the 

parabola ώ τὼ from vertex to the point ὼ σ. 

6.4.66. Find the area of the surface generated by revolving about the ὼ-axis of the arc of the curve 

ώ ὼ from  ὼ π  to  ὼ ὥ. 

6.4.67. Find the area of the surface generated by revolving about the ὼ-axis of the arc of the curve 

ώ ὥÃÏÓÈ   from  ὼ π  to  ὼ ὥ. 

6.4.68. Find the area of the surface generated by revolving about the ὼ-axis of the first arc of 

cycliod ὼ ὥὸ ÓÉÎὸ,  ώ ὥρ ÃÏÓὸ. 

6.4.69. Find the area of the surface generated by revolving about the polar axis of the cardioid 

” ὥρ ÃÏÓ• . 

 

The Work of the Variable Force 

Suppose a force Ὂ moves an object along the ὼ-axis, and the direction of the force coincides 

with the direction of motion.  

The work of the force Ὂὼ over the path from the point ὼ ὥ to the point ὼ ὦ 

ὡ ὊὼὨὼȢ 

 

6.4.70. What work must be done to move a body of mass ά to infinity from the Earth's surface? 

(The force of gravity Ὂ , where  Ὑ is the radius of the Earth, ὶ is the distance from the 

body to the center of the Earth) 
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6.4.71. The compression Ὓ of a helical spring is proportional to the applied force Ὂ. Compute the 

work of the force Ὂ when the spring is compressed 5 cm, if a force of one kilogram is required 

to compress it 1 cm. 

6.4.72. Compute the work of the force Ὂ when the spring is compressed 10 cm, if a force of 2 N 

is required to compress it 1 cm.  

6.4.73. A cylinder with a moving piston is filled with steam of volume  ὠ πȟς ά  under 

pressure ὴ ρπσππ 0́. What work must be done to reduce the volume of the steam by half at 

the constant temperature?  

6.4.74. What work must be done to pump a liquid from a vertical cylindrical container of height 

Ὄ and radius of the base Ὑ? The specific gravity of the liquid is ‎. 

6.4.75. What work must be done to fill a conical pile of sand with height Ὄ and radius of the base 

Ὑ? The specific gravity of the sand is ‎. 

 6.4.76. What work must be done to pump water from a container that has the form of a paraboloid 

of revolution of height Ὄ and radius of the base Ὑ, and the vertex turned upwards? 

6.4.77. What work must be done to overcome the force of gravity when building a regular 

quadrangular pyramid of height Ὄ with base side length ὥ and specific gravity of material ‎? 

Calculate the work for building the Pyramid of Cheops (Ὄ ρτπ άȟ ὥ ςππ άȟ  ‎ ςȟυ ) 

6.4.78. What work must be done to pump a liquid from a container that has the shape of an 

inverted cone with height Ὄ and radius of the base Ὑ? The specific gravity of the liquid is ‎. 

6.4.79. What work must be done to pump water from a hemispherical container of radius Ὑ? 

 

The Mass, Coordinates of the Centre of Gravity and  

Moments of Inertia of a Material L ine 
Consider the arc of the material curve ώ Ὢὼ, ὥ ὼ ὦ, and let linear density (mass 

per unit lenght) of this material curve be ‎ὼ.  

1. The mass of a material line is calculated by the formula 

ά ‎ὼ ρ Ὢ ὼ ὨὼȢ 
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2. The centre of gravity of a material line 

ὼ
᷿‎ὼὼ ρ Ὢ ὼ Ὠὼ

᷿‎ὼ ρ Ὢ ὼ Ὠὼ

ὓ

ά
,    

ώ
᷿‎ὼὪὼ ρ Ὢ ὼ Ὠὼ

᷿‎ὼ ρ Ὢ ὼ Ὠὼ

ὓ

ά
Ȣ 

Here ὓ  and ὓ  are the static moments of the curve relative to the ώ- and ὼ-axis. 

3. Moments of inertia of a material line 

About ὼ-axis                         

Ὅ ‎ὼὪ ὼ ρ Ὢ ὼ ὨὼȢ 

About ώ-axis                         

Ὅ ‎ὼὼ ρ Ὢ ὼ ὨὼȢ 

About the origin        

Ὅ ‎ὼ ὼ Ὢ ὼ ρ Ὢ ὼ ὨὼȢ 

 

 

6.4.80. Find the mass of a rod 5m long if the linear density of the rod is ‎ ρ πȟρὼ  kg/m, 

where ὼ is the distance from the left end of the rod.  

6.4.81. Evaluate the static moment relative to the ὼ-axis of the homogeneous ‎ ρ arc of 

ellipse  ρ, ὼ π, ώ π. 

6.4.82. Evaluate the static moment relative to the polar axis of the homogeneous ‎ ρ circle 

” ςὥÓÉÎ•. 

6.4.83. Determine the coordinates of the center of gravity of the homogeneous ‎ ρ arc of 

curve: 

1) semicircle ώ ЍὙ ὼ; 

2) arc of circle of radius Ὑ with the center at the origin, which subtends the central angle ‌;  
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3) ώ ὥÃÏÓÈ   from  ὼ ὥ  to  ὼ ὥ;  

4) the first arc of cycloid ὼ ὥὸ ÓÉÎὸ,  ώ ὥρ ÃÏÓὸ;  

5) arc of astroid  ὼ ὥ ÃÏÓὸ, ώ ὥ ÓÉÎὸ, which lies in the first quarter;  

6) arc of a logarithmic spiral ” ὥ Ὡ  from •  to • “;  

7) arc of cardioid ” ὥρ ÃÏÓ•  from • π to • “; 

8) arc of circle ὼ ὙÃÏÓὸ,  ώ ὙÓÉÎὸȟὸɴ πȠ .    

 6.4.84. Find moment of inertia of the homogeneous circle of radius Ὑ about its diameter. 

6.4.85. Find moment of inertia of the homogeneous semicircle of radius Ὑ about its diameter. 

6.4.86. Find moment of inertia of the homogeneous arc of the curve ώ Ὡ π ὼ  about 

ὼ-axis. 

6.4.87. Find moment of inertia of the homogeneous arc of the cycloid ὼ ὥὸ ÓÉÎὸ,              

ώ ὥρ ÃÏÓὸ, about coordinate ὼ-axis and ώ-axis. 

6.4.88. Find the static moments relative to the ώ- and ὼ-axis of the line segment ρ cut by 

the coordinate axes. 

6.4.89. Find moment of inertia of the homogeneous arc of the curve ώ Ὡ (π ὼ πȟυ) about 

ὼ-axis.   

 

The Mass, the Centre of Gravity and Moments of Inertia of a Material Plane Figure 

Let us consider a material plane figure (lamina) determined as a curvilinear trapezoid 

bounded by the line ώ Ὢὼ, ὥ ὼ ὦ. Suppose that the area density (mass per unit area) is 

‎ὼ. 

1. The mass of a material plane figure 

ά ‎ὼὪὼὨὼȢ 

2. The centre of gravity of a material plane figure 

ὼ
᷿ὼ‎ὼὪὼὨὼ

᷿‎ὼὪὼὨὼ

ὓ

ά
,  ώ

ρ
ς᷿
‎ὼὪ ὼὨὼ

᷿‎ὼὪὼὨὼ

ὓ

ά
Ȣ 
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Here ὓ  and  ὓ  are the static moments of the material plane figure relative to the ώ- 

and ὼ-axis. 

3. Moments of inertia of a material plane figure. 

About ὼ-axis                          

Ὅ
ρ

σ
‎ὼὪ ὼὨὼ, 

About ώ-axis                          

Ὅ ‎ὼὼὪὼὨὼ, 

About the origin       

Ὅ ‎ὼ ὼ
ρ

σ
Ὢ ὼ ὪὼὨὼȢ 

 

6.4.90. Find the static moment of the triangle with base ὥ and height Ὤ relative to its base.  

6.4.91. Calculate the static moments of a right-angled isosceles triangle whose legs are equal to 

ὥ relative to each of its sides. 

6.4.92. Calculate the static moments of a homogeneous lamina bounded by given curves, relative 

to the abscissa axis: 

1) ώ   and ώ ὼ;  

2) ώ ÓÉÎὼ  and ώ  (the first segment);  

3) ώ Ѝὼ  and ώ ὼ.  

6.4.93. Find the centre of gravity of a a homogeneous lamina: 

1) semicircle bounded by ώ ЍὙ ὼ and ὼ-axis;  

2) bounded by the arc of ellipse ὼ ὥ ÃÏÓὸ, ώ ὦ ÓÉÎὸ and coordinate axes (ὼ π, ώ π);  

3) bounded by the arc of sinusoid ώ ÓÉÎὼ and the ὼ-axis segment from ὼ π to ὼ “;  

4) bounded by the first arc of cycloid ὼ ὥὸ ÓÉÎὸ,  ώ ὥρ ÃÏÓὸ and the ὼ-axis;  

5) bounded by the arc of asteroid  ὼ ὥ ÃÏÓὸ, ώ ὥ ÓÉÎὸ and coordinate axes if                   

ὼ π,  ώ π;  

6) bounded by the arc of the Archimedean spiral ” ὥ•  from • π to • “;  
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7) sector of a circle of radius Ὑ with a central angle of  ς‌ centered at the origin;  

8) bounded bu cardioid ” ὥρ ÃÏÓ• ;    

9) bounded by the right part of the lemniscate of Bernoulli ” ὥÃÏÓς•.   

6.4.94. Find the static moments about the coordinate axes and the coordinates of the center of 

gravity of the homogeneous triangle bounded by straight lines ὼ ώ ὥ,  ὼ π and ώ π.  

6.4.95. Find the moment of inertia of the homogeneous rectangle with sides ὥ and ὦ relative to 

the side ὥ.  

6.4.96. Find the moment of inertia of the homogeneous semicircle of radius Ὑ relative to its 

diameter.  

6.4.97. Find the moment of inertia of the homogeneous semicircle of radius Ὑ relative to its 

center.  

6.4.98. Find the moment of inertia of the homogeneous parabolic segment with base ςὥ and 

height ὦ about its axis of symmetry.  

6.4.99. Find the moments of inertia of the homogeneous laminabounded by the ellipse 

ρ about its axis of symmetry.  

Answers. 
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Answers 

Answers to the Topic 1.1.  

1.1.1. 1) 10; 2) 0; 3) 18; 4) φπ; 5) 0; 6) 0; 7) υ; 8) ὼ ὼ; 9) τὥὦ; 10) 1; 11) φπȠ 12) 0; 

13) 5; 14) ρςȠ 15) 4; 16) στȠ 17) 8 ; 18) ςὥ; 19) ςὥὦ; 20) ὥ ὦ ὧ σὥὦὧ; 21) 

ÓÉÎς‌; 22) ὼώᾀὼ ώ ώ ᾀ ᾀ ὼȢ  

1.1.2. 1) ὼ ρȟὼ τȠ 2) ὼ ρ,  ὼ υȠ 3) ὼ , ὼ ; 4) ὼ “ὯȟὯᶰᴚȠ     

5) ὼ ȟὯᶰᴚȠ 6) ὼ σ; 7) ὼ ρπ, ὼ ς; 8) ὼɴ ᴙ; 9) ὼɴ σȠЊȠ                      

10) ὼɴ ρȠχȠ 11) ὼɴ ρȠςȠ 12) ὼɴ ςȢυȠ 2); 13) ὼɴ τȠЊȠ 14) ὼɴ χȾςȠЊ  

ρυ ὼɴ φȠτȠ 16) ὼɴ ᴙȢ  

1.1.4. 1) ὓ ρπȠ ὃ ρπȠ ὓ ψȠ ὃ ψȠ ὓ ρȠὃ ρȠ  

2) ὓ υτȠ ὃ υτȠ ὓ ςȠ ὃ ςȠ ὓ ςτȠ ὃ ςτȠ  

σ ὓ ωȠ ὃ ωȠ ὓ ψȠ ὃ ψȠ ὓ υȠὃ υȢ  

1.1.5. 1) τ; 2) 20; 3) ψ; 4) υπ; 5) 0; 6) ὼ ώ ώ ᾀ ᾀ ὼ; 7) τψȠ 8) φπ; 9) 48; 

10) ςρυȠ 11) ρρπȠ  12) 20.  

1.1.6. 1) ρπρȠ 2) 4; 3) 114; 4) 0; 5) 633; 6) ρπτȠ 7) 100; 8) 840; 9) ρττȠ 10) 394; 11) 1;       

12) ὼώᾀώ ὼ ᾀ ὼ ᾀ ώ.  

1.1.9.  1) ςὲ ρȠς ὲȦ.  

1.1.13. 1) ὃ ὄ
τ χ τ
τ ς ρς
χ σ σ

, ὃ ὄ
ς σ τ
π π ς
ρ σ ρ

Ƞ  

2) ὃ ὄ
φ τ
ψ ρ
ρ ρυ

,   ὃ ὄ
ς ρπ
ς ρρ
ρ ρ

Ȣ    

1.1.14.   1) 
χ ρω ψ
ω ςψ ςυ

Ƞ   2) 
χ ρσ
π ρτ
χ φ

;  3)   
ρπ ς
ς ρρ

Ƞ    4)   
ρς  χ
 υ ρ

.     

1.1.15.    1)   
ς ʇ ρ ς
υ σ ʇ σ
ρ π ς ʇ

;   2) 
ʇ   σ ρ
ς φ ʇ   ρ
ρ τ σ ʇ

.   

1.1.16. 1) ὃ

ς φ ρπ
σ χ ρρ
τ  ψ ρ
υ ω   σ

;  2)  ὃ
τ χ ς
ω ρ π

;   
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3) ὃ υ τ ρ; 4) ὃ

ở

Ở
ờ

σ
ψ
ρ
π
χỢ

ỡ
Ỡ

.  

1.1.17. ὅ ὅ
 ρρ σ τ
σ ρρρπ
τ ρπ ς

.  

1.1.18. 1) ὃὄ
ρ ρψ
ρψρω

, ὄὃ
ρ ρψ
ρψρω

;  

2) ὃὄ
ρτω τ
ρφυ σ
χ ρ ρ

, ὄὃ
τ σ ρρ
ρ σ ρ
φ τ ρχ

; 3) ὃὄ
ρ ρ
ρπςς

, ὄὃ
υ ρπρς
ψ ρςρφ
π υ τ

; 

4) ὃὄ
ρ    ς σ
   φ ρ    χ
   ρ    π    ρ

, ὄὃ
τ ς
υ υ

; 5) ὃὄ
φ ςρ
ς χ

, ὄὃ ρ;  

6) ὃὄȟὄὃ – zero matrices; 7)  ὃὄ
ρψφ ρ
τ π ρ

,  ὄὃ impossible;  

8) ὃὄ
φ σ ψ
ψ υ φ

, ὄὃ impossible; 9) ὃὄ

ς  σ    
τ φ    

τ ρ
ψ ς

φ ω
ς σ

   
ρςσ
τ ρ

, ὄὃ ςρ;  

10) ὃὄ

   υ
   ρ
σ
ρ

, ὄὃ impossible; 11) ὃὄ
υ ρυ ρπ
σ ρπ ρτ
ρ ς τ

, ὄὃ
τ σ υ
χ χ ω
ρπρτρς

; 12) 

ὃὄ ὄὃ

ὥ‌ π π
π ὦ‍ π
π π ὧ‎

      
π
π
π

  π       π      π     Ὠ‏ 

.  

1.1.19. 1) difference undefined, ὃὃ
σπ ω
ω ςω

, ὃὃ
στ ς ρρ
ς ςπ φ
ρρ φ υ

; 2) difference 

undefined, ὃὃ
ρσ ρτ τ
ρτ ρχ ς
τ ς τ

, ὃὃ
ω ρπ
ρπ ςυ

.  

1.1.20. Zero matrix.  

1.1.21. 1) ὃ
ρσ ρτ
ςρ ςς

; 2) ὃ
σ υ
ρπ ρχ

.  

1.1.22. 1) zero matrix;  2) 
ρ τ
φ υ

;   3) 
ρςσ ρπ
φ υ ρρ
ω χ ρπ

.    
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1.1.23.  1)  
ρ ς
σ χ

; 2) 
ω ς τ
ρ ς ρ
ρς ρ χ

;  3) 
ς τ ρ
ρ ρ ρ
σ φ σ

;  4) 
υ σ
σ ρ

;  

5) 
ρ τ σ
ρ ρ σ
ρ ς π

;  6) 
ρ ς χ
π ρ  ς
π π ρ

;  7)   
φ τ ς
σ ρ υ
σ χ ρ

;    

8)  
ψ σ χ
τ χ υ
ρπ ψ τ

;   9) 
υχρς φ
ςς σ ρχ
ρψ φ σ

Ȣ    

1.1.24. 1) ὢ
ρ ρ
ς σ

; 2) ὢ
ρ σ
ς ς

;   3) ὢ
σ ς
υ τ

;    4) ὢ
ς    ρ
  τ σ

;    

 5)   ὢ
ρ ς
σ τ

;  6) ὢ
ρ ς
π π

;  7)  ὢ
ς φ
ρ ρρ

;  8) ὢ
ρ ς
ς ρ

;  

9) ὢ
πȢυ ρȢυ ρ
π π π

Ƞ 10) ὢ
ρ ρ υ
ς ς υ

; 11) ὢ
ρ ρ
ρ ρ
ρ ρ

; 12) ὢ
ς ρ ρ
σ π ρ

Ȣ  

1.1.25. ςχππ.  

1.1.26. 
ρ π
υπρ

 . 

 

Return to tasks 

 

Answers to the Topic 1.2. 

1.2.1. 1) ὼ ρ, ώ ρȟᾀ ρ;  2) ὼ π, ώ πȟᾀ π;  3) ὼ ς, ώ ρȟᾀ ρ; 4) ὼ , 

ώ ȟᾀ ; 5) Ў π; 6) ὼ ρ, ώ ρȟᾀ ρ; 7) ὼ ς, ώ τȟᾀ ρ; 8) ὼ ρ, ώ ςȟ

ᾀ σ; 9) ὼ , ώ ȟᾀ ; 10) ὼ ς, ώ ςȟᾀ σ;  11)  ὼ ρ, ὼ ρȟ  

  ὼ π, ὼ ρ;  12) ὼ ρ,  ὼ ςȟ ὼ ρ,  ὼ ρ.   

1.2.2.  ὥ φ.   

1.2.3. 1) ὼ ρ, ώ ρȟᾀ ρ; 2) ὼ ρ, ώ ςȟᾀ ρ; 3) ὼ ς, ώ ρȟᾀ ς; 4) ὼ τ, 

ώ ρȟᾀ ς;    5) ὼ ς, ώ ρȟᾀ ςȠ   6) ὼ ρ, ώ ρȟᾀ ρ;   7) ὼ ς, ώ ρȟ

ᾀ ρ; 8) ὼ ρ, ώ ςȟᾀ σȢ    

1.2.4.   1) 2;  2) 3; 3) 1; 4) 2; 5) 3; 6) 1; 7) 2; 8) 2; 9) 2; 10) 2; 11) 3; 12) 2; 13) 3; 14) 4; 15) 3; 

16) 3.  

1.2.5. 1) ὼ ρ, ώ ȟᾀ ; 2) ὼ , ώ ȟᾀ ὧ , ὧᶅɴ ᴙ;  
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3) ὼ ρ ςὧ, ώ ὧȟ  ᾀ ὧ  ὧᶅȟὧᶰᴙ; 4) no solution; 5) no solution; 6) ὼ ρȟώ

σ ὧȟᾀ ὧ  ᶅὧɴ ᴙȠ 7) ὼ ρ, ώ ςȟᾀ σ; 8) no solution;  

9) ὼ ςὧ ὧ, ώ ὧȟ        ᾀ ὧȟ  ό ρ  ὧᶅȟὧᶰᴙ; 10) no solution;  

11) ὼ , ώ ρȟᾀ ; 12) ὼ ρ,  ὼ ςȟ ὼ σȟ  ὼ τ;  

13) ὼ ρ, ὼ ρȟ  ὼ ςȟ ὼ ς;  

14) ὼ ρ ὧ ςὧ, ὼ σὧ ςὧȟὼ ὧȟ  ὼ ὧ  ᶅὧȟὧᶰᴙ;  

15) ὼ υ, ὼ τȟὼ σȟ ὼ ρȟ  ὼ ς; 16) ὼ ρ, ὼ ςȟὼ σȟ ὼ τ;  

17) ὼ ὧ, ὼ ὧȟ   ὼ υ ψὧ τὧȟὼ σȟ ὼ ρ ςὧ ὧ   ᶅὧȟὧᶰᴙ;  

18) ὼ ρ, ὼ ρȟὼ σȟ ὼ ς.  

1.2.6. 1) consistent, ὼ ς ςὧ ὧ, ὼ ὧȟ ὼ Ǭρὧ ὧȟὼ ὧȟὼ ὧ 

 ᶅὧȟὧȟὧᶰᴙ; 2) inconsistent; 3) consistent, ὼ ὧ ὧ, ὼ ὧ

ὧ,   ὼ ὧȟ  ὼ ὧ  ᶅὧȟὧᶰᴙ; 4) inconsistent; 5) consistent, ὼ ψ ὧ, ὼ τ

ςὧȟ ὼ ὧ ὧᶅɴ ᴙ; 6) inconsistent; 7) consistent; 8) consistent, ὼ ρρὧ υὧ, ὼ

ςτὧ ρτὧȟ ὼ ὧȟ ὼ ὧ  ᶅὧȟὧᶰᴙ.  

1.2.7. 1) general solution: 

ὧ
ςὧ
ὧ

 , fundamental system of solution: 
ρ
ς
ρ

; 2) general solution: 

ς̒ σ̒
̒ ς̒
̒
̒

, fundamental system of solution : 

ς
ρ
π
ρ

Ƞ 

σ
ς
ρ
π

 .  

1.2.8. ὥ ςὦ ὧ πȢ  

1.2.9. 1) ὥ σȠ  ς ὥ σȟὦ ρσϳ ; 3) ὥ σ ȟὦ ρσϳ .  

1.2.10. ὥ υ.  

Return to tasks. 

 

Answers to the Topic 2.1. 

2.1.1. ȿὥᴆȿ χȢ  
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2.1.2. ὃὄᴆ χȠςȠςȟὄὃᴆ χȠςȠςȢ  

2.1.3. ὔτȠςȠς.  

2.1.4. ὥ Ѝςȟὥ ρȟὥ ρȢ  

2.1.5. ὥ τ  έὶ  ὥ τȢ  

2.1.6. 1) ÃÏÓ‌ ȟÃÏÓ‍ ȟÃÏÓ‎ ; 2) ÃÏÓ‌ ȟÃÏÓ‍ ȟÃÏÓ‎ .  

2.1.7. 1) no, 2) yes.  

2.1.8.  ὥᴆ ρȠρȠЍς or ὥᴆ ρȠρȠЍς.  

2.1.10. ὥᴆ ὦᴆ ςπ.  

2.1.11. ὥᴆ ὦᴆ ὥᴆ ὦᴆ ρσ.   

2.1.12. ὥᴆ ὦᴆ Ѝρςωρρȟτ; ὥᴆ ὦᴆ χ.  

2.1.13. 1) ὥᴆ and ὦᴆ  must be mutually perpendicular; 2) the angle between ὥᴆ  and  ὦᴆ must be acute; 

3) the angle between ὥᴆ  and  ὦᴆ must be obtuse.  

2.1.14. ȿὥᴆȿ ȿὦᴆȿ.  

2.1.16. 1) ςȠτȠφȠ 2) σȠχȠρς; 3) ςȠψȾσȠςȢ  

2.1.17.  Collinear, vector ὦᴆ is three times longer than vector ὥᴆ.  

2.1.18. ὃὄᴆ ςὅὈᴆ, ὃὄᴆᴻ ὅᴻὈᴆ.  

2.1.19. Ὑᴆ τȠςȠσȟ  Ὑᴆ Ѝςω.  

2.1.20. ‌ τȟ‍ ρ.  

2.1.22. 1) ὥᴆ ȠȠ ȟ 2) ὥᴆ Ƞ Ƞ , 3) ὥᴆ Ƞ Ƞ .  

2.1.23. ᴻ  ᴻὥᴆ Ƞ Ƞ ȟ ᴻȢ ὥᴆ Ƞ Ƞ Ȣ  

2.1.24. Ὠᴆ τψᴆ τυᴆ σφὯᴆ.  

2.1.25. Ѝςφ.  

2.1.26. ὧᴆ σȠρυȠρς.  

2.1.27. ὥᴆ ςὴᴆ υήᴆ.  

2.1.28. ὧᴆ ςὴᴆ σήᴆ ὶᴆ.  
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2.1.29. 1) ὥᴆ ὦᴆ ὧᴆ ὨᴆȠ 2) ὧᴆ ςὥᴆ σὦᴆ ὨᴆȢ 

Return to tasks. 

 

Answers to Topic 2.2.  

2.2.1.  1) σȠ  2) 4;  3) 9;  4) 7;  5) 19; 6) τȠ 7) 61.    

2.2.2. 1) 3; 2) 33; 3) 22; 4) 55Ȣ    

2.2.3. .   

2.2.4. ȿὥᴆȿ ὦᴆȢ   

2.2.5. υȢ  

2.2.6. ‌ .  

2.2.7. Ὤᴆ
ᴆϽᴆ

ᴆ
ὧᴆ ὦᴆȢ  

2.2.8. ÁÒÃÃÏÓ
Ѝ

.  

2.2.9. 1) ψ; ς σȠ σ χȠ τ τςȠ υ χτȠ φ ρςρȠχ ρρψ.  

2.2.10. 1) 64; 2) Ѝφχ; 3) Ѝτρ Ƞ τ χςȠυτȠχςȠ  υ ςτȠςτȠυφȢ    

2.2.12. ‌ ςȢ  

2.2.13. ÁÒÃÃÏÓ.   

2.2.14. τυЈ.   

2.2.15. ÁÒÃÃÏÓ .  

2.2.16. φπЈȢ  

2.2.17. ὥᴆ ὦᴆ ρυȟὥᴆ ὦᴆ ЍυωσȢ  

2.2.18. ὼᴆ ςτȠσςȠσπȢ  

2.2.19. ὼᴆ τȠςȠτ.  

2.2.20. ὼᴆ τȠφȠρς.  

2.2.21. ὼᴆ ωȠςρȠσ.  

2.2.22. ὼᴆ ςȠσȠπ.  
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2.2.23. ὼᴆ ρȠςȠς.  

2.2.24. Ȣ     

2.2.25. Ȣ   

2.2.26. 2.  

2.2.27.  2.  

2.2.28.   .   

2.2.29.  6.  

2.2.30. σȢ  

2.2.31. 19.  

2.2.32. 37.  

2.2.33. 8. 

2.2.34. 1) σȠ 2) 8.  

2.2.35.  ςτȢ   

2.2.36.  1) 30; 2) 75.  

2.2.37.   1) 27; 2) 27; 3) 2700Ȣ   

2.2.38.  ὥᴆȿȿὦᴆȢ                                   

2.2.40. ρ ρπȠρȠχȠ  ς ςπȠςȠρτȠ σ τπȠτȠςψȢ  

2.2.41. ρ ρτȠρςȠυȠ  ς ρτȠρςȠυȠ σ τςȠσφȠρυȢ  

2.2.42. Ὓ ρτ,  Ὤ
Ѝ

.  

2.2.43. σωЍς.  

2.2.44. Ὓ ςυ,  Ὤ υ.  

2.2.45. , .  

2.2.46.  ὧᴆ ωᴆ φᴆ ςὯᴆ  or  ὧᴆ ωᴆ φᴆ ςὯᴆ .   

2.2.47.  
Ѝ

.   

2.2.48.   ὼᴆ φȠςτȠψȢ   

2.2.49. ὼᴆ τυȠςτȠπ.   
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2.2.50. ὼᴆ χȠυȠρ.   

2.2.51.  ὓᴆ χȠρȠς.   

2.2.52.  ὓᴆ ρτȠςςȠρφ.  

2.2.53.  ὓᴆ ςψ, ÃÏÓ‌ ȟÃÏÓ‍ ȟÃÏÓ‎ .  

2.2.54.  ὓᴆ Ѝςωψ, ÃÏÓ‌
Ѝ
ȟÃÏÓ‍

Ѝ
ȟÃÏÓ‎

Ѝ
.  

2.2.55.  34.  

2.2.56.  1) right-handed; 2) left-handed; 3) left-handed;  4) coplanar; 5) left-handed.  

2.2.57. ω.  

2.2.58. 24.  

2.2.59.  ὥᴆȟὦᴆȟὧᴆ mutually perpendicular.  

2.2.60.  ςπ.  

2.2.61.  1) yes; 2) no; 3) yes; 4) no.  

2.2.63.  5.  

2.2.64. 11.  

2.2.65. ὠ ȟὬ Ѝς. 

Return to tasks. 

 

Answers to the Topic 3.1. 

3.1.1. Points ὓ , ὓ , ὓ  lie on the line;  ὓ , ὓ , ὓ  do not lie on it.  

3.1.2.  σȠυȢ   

3.1.3. 17.  

3.1.4. χὼ ςώ ρς π, υὼ ώ ςψ π, ςὼ σώ ρψ π.  

3.1.5. The equation of the side: ὃὄ : ςὼ ώ ψ πȟ ὄὅ : ὼ ςώ ρ πȟ  ὅὃ : ὼ ώ ρ

πȠ  equation of the median from the tops: ὃḊ  ὼ σ π ,  ὄḊ  ὼ ώ σ π ,  ὅḊ  ώ π.  

3.1.6. 1) ; 2) .  

3.1.7. 1) ςὼ σώ ω π; 2) σὼ ςώ χ πȢ  
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3.1.8. 1) Ὧ ψȠ  2) Ὧ Ȣ    

3.1.9. ςὼ σώ ρσ πȟ  σὼ ςώ πȢ  

3.1.10. ςȠρ, τȠς, ρȠχ, ρȠψȢ  

3.1.11.  ςȠρȢ  

3.1.12. ὗρρȠρρȢ  

3.1.13. ὓ ρπȠυȢ  

3.1.14.  ὼ ώ ς πȟ τὼ σώ ρρ πȟ σὼ ςώ ρσ π.  

3.1.15. τὼ ώ σ πȢ  

3.1.16. ὼ υ π.  

3.1.17. The equations of the sides: ςὼ υώ σ πȟςὼ υώ ςφ πȟ  

the equation of diagonal χὼ σώ σσ π.  

3.1.18. σὼ υώ ρσ πȟψὼ σώ ρχ π , υὼ σώ ρ π.  

3.1.19. ὼ ώ ψ πȟ ρρὼ ώ ςψ π.  

3.1.20. ρςȠυȢ  

3.1.21. ὖ ȠπȢ  

3.1.22. 1) τυЈ; 2) ωπЈ; 3) φπЈ 4) τυЈ; 5) ωπЈ.  

3.1.23. 1) yes; 2) no; 3) no.   

3.1.24.  1) ὥ ςȠ 2) ὥ σȠ 3) ὥ ρȟ ὥ Ȣ  

3.1.25. 1) ὥ σȠ  2) ὥ σȟὦ ςȠ 3) ὥ σȟ  ὦ ςȢ  

3.1.26. 1) intersect; 2) do not intersect.  

3.1.27. 1) ρȟς 
Ⱦ Ⱦ

ρȢ    

3.1.28.  σὼ ψώ ςτ π або σὼ ςώ ρς π.  

3.1.29.  The lines 2), 4) and 5) are in normal form.  

3.1.30. 1) ὼ ώ π; 2)  ὼ ώ ρπ πȠ 3) ὼ ς π;  

4) 
Ѝ
ὼ

Ѝ
ώ ρ π.  

‏ (1 .3.1.31 σ, Ὠ σ; 2) ‏ ρ, Ὠ ρ; 3) ‏ τ, Ὠ τȢ  

3.1.32. 1), 4) – in the same side; 2), 3), 5) – in different sides.  
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3.1.33. 80.  

3.1.34. 6.  

3.1.37. Yes.  

3.1.38. No.  

3.1.39. 4.  

3.1.40. 49.  

3.1.41. τὼ σώ ςσ π, τὼ σώ χ π.   

3.1.42.  1)  τὼ τώ σ πȟ ςὼ ςώ χ π;  2) ρτὼ ψώ σ πȟ  φτὼ ρρςώ ςσ π.  

3.1.43. 1) Ὠ υȾς; 2) Ὠ σȠ 3) Ὠ πȟυȢ   

3.1.44. 1) σὼ ςώ χ π; 2) ςὼ ώ πȠ 3) ώ ς π; 4) ὼ ρ πȠ 5) τὼ σώ ρπ π; 

6) σὼ ςώ ρ π.  

3.1.45. ὼ ώ χ π.  

3.1.46. τὼ υώ ςς πȟτὼ ώ ρψ π, ςὼ ώ ρ πȢ  

Return to tasks. 

 

Answers to the Topic 3.2. 

3.2.1. ςὼ σώ φᾀ ςπ πȢ  

3.2.2.  σὼ ώ ςᾀ ρτ π.  

3.2.3.  ὼ τώ χᾀ ρφ π.  

3.2.4. ὼ ώ ᾀ π.    

3.2.5.   φὼ τώ ᾀ τ π.   

3.2.6. φωὼ ςρώ ςςᾀ ρρσπȢ          

3.2.7. υὼ σώ ςᾀ π.  

3.2.8. ςὼ χᾀ ρρ π.  

3.2.9. ςὼ ώ ςᾀ πȢ  

3.2.10. ὼ ςᾀ τ π.  

3.2.11. 1) parallel; 2) perpendicular; 3) neither parallel nor perpendicular;  
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4) parallel; 5) perpendicular.  

3.2.12. 1) ά τȟ   ὰ σ;  2) ά ȟὰ σ.  

3.2.13. 1) ὰ φ; 2) ὰ ρωȢ  

3.2.14. σȠςȠρ.  

3.2.15. 1) ÁÒÃÃÏÓȠ 2) ; 3) Ȣ  

3.2.16. ρȠςȠς.  

3.2.19. 1) ᾀ σ πȠ 2) ώ ς π; 3) ςώ ᾀ πȠ  4) τὼ σώ πȠ 5) ώ τᾀ ρπ πȠ  

6) ὼ ᾀ ρ π.  

3.2.20. 1) ρ; 2) 
ȟ
ρȢ  

3.2.21. 8.  

3.2.22. 1) ὼ ώ ᾀ φ πȟ 2) ὼ ώ ᾀ πȟ 3) ώ ᾀ ς πȟ  

4) ὼ υ πȢ  

‏ (1 .3.2.23 σ, Ὠ σ; 2) ‏ ρ, Ὠ ρ; 3) ‏ π, Ὠ π; 4) ‏ ς, Ὠ ς.  

3.2.24. 6.  

3.2.25. Ὠ τȢ   

3.2.26. 2.  

3.2.27. 1), 4) – in the same side; 2), 3) – in different sides.  

3.2.30. 8.  

3.2.31. φὼ σώ ςᾀ ρρ π.   

3.2.32. 1) τὼ υώ ᾀ ς πȟ ςὼ ώ σᾀ ψ πȠ  

2) σὼ φώ χᾀ ς πȟὼ τώ σᾀ τ πȢ  

3.2.33. 1) τὼ ώ ςᾀ τ πȠ 2) ςπὼ ρςώ τᾀ ρσ π. 

3.2.34. ςȠρȠπȟ ȠπȠ ȟπȠςȠ ρȢ   

3.2.35. 1) Ὀ τȠ  2) Ὀ ωȠ   3) Ὀ σȢ   

3.2.36. 1) ςσὼ ςώ ςρᾀ σσ π; 2) ώ ᾀ ρψ π ; 3) ὼ ᾀ σ πȠ 4) ὼ ώ ρυ π.  

3.2.37. υὼ υᾀ ψ π.  



148 
 

3.2.38. υ σ‗ὼ ρ ς‗ώ ς υ‗ᾀ σ ς‗ π, де ‗ɴ ᴙ. Note: The line of 

intersection of the planes υὼ ώ ςᾀ σ π, σὼ ςώ υᾀ ς π is perpendicular to the 

plane ὼ ρωώ χᾀ ρρ π; therefore, the condition of the problem will be satisfied by all 

planes belonging to the set of planes that pass through this line. 

3.2.39.  ωὼ χώ ψᾀ χ πȢ   

3.2.40. 1)   ; 2)  ; 3) Ƞ  4)  Ȣ  

3.2.41.  Ȣ  

3.2.42.  ὼ σ ὸ,  ώ ρ ςὸ,  ᾀ ς ὸ.   

3.2.43.  ωȠτȠπȟσȠπȠςȟπȠςȠ σȢ    

3.2.44. For example σὼ τώ τ πȟ  ςώ σᾀ τρ π.  

3.2.45. ὼ ψ υὸȟ  ώ σ φὸ, ᾀ τ χὸȢ  

3.2.46. .  

3.2.47. 1) ; 2) Ȣ  

3.2.51. Passing by.  

3.2.52. 1) ωπЈ; 2) φπЈ; 3) ρσυЈȢ  

3.2.53.  1)   ςȠσȠφȠ   2) the line is parallel to the plane; 3) the line belongs to the plane. 

3.2.54. .  

3.2.55. ςὼ σώ τᾀ ρ π.  

3.2.56. ὼ ςώ σᾀ ρσ πȢ  

3.2.57. ὥ ςȢ  

3.2.58. ά σ.  

3.2.59. ςȠσȠρȢ   

3.2.60.  ρȠτȠχȢ   

3.2.61. ὗςȠσȠς.   

3.2.62. ὗτȠρȠσȢ   

3.2.63. ὗ υȠρȠπȢ  

3.2.64. 7.  
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3.2.65. 15.  

3.2.66. ωὼ ρρώ υᾀ ρφ πȢ   

3.2.67.   ςὼ ρφώ ρσᾀ σρ πȢ   

3.2.68.   φὼ ςπώ ρρᾀ ρ π.   

3.2.69.  ςȠσȠυ.  

3.2.70.  .  

3.2.71. 1) 13; 2) 7. 

Return to tasks. 

 

Answers to the Topic 4.1.  

4.1.2. 1) ρ ὲȟὲ π; 2) ȟὲ π; 3) 
Ȧ
ȟὲ π; 4) ȟὲ π;  

5) ȟὲ π; 6) ȟὲ π.  

4.1.5. 1) 
 

; 2) ς; 3) π; 4)  ; 5) π; 6) Њ, 7) υ; 8) Њ; 9) π; 10) 0; 11) +∞; 12) -2.   

4.1.6. 1) ; 2) Њ; 3) σ; 4) ; 5) Њ; 6) ; 7) Њ; 8) π; 9) ; 10) ; 11) +∞; 12) -3.  

4.1.7. 1) ς; 2) Њ; 3) π; 4) τ; 5) π; 6) Њ; 7) 0; 8) 5; 9) 1.  

4.1.8. 1) π; 2) ρ; 3) Њ; 4) 0; 5) +∞; 6) 3.  

4.1.9. 1) 1; 2) 0; 3) 3; 4) ; 5) ; 6) Њ; 7) π; 8) 2; 9) 0.  

4.1.10. 1) ; 2) ; 3) ; 4) ρ.   

4.1.11. 1) 0; 2) ЊȠ 3) π; 4) ρ Ѝς; 5) ; 6) 0; 7)  Њ; 8)  .  

4.1.12 1) Ὡ; 2) Њ; 3) ; 4) π; 5) π; 6) Ὡ ; 7) 1; 8)Ὡ ; 9) Ὡ.  

4.1.13. 1) π;  2) σ;  3) ; 4) ρ; 5) 0; 6) 0. 

Return to tasks. 

 

Answers to the Topic 4.2.  
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4.2.3. 1) ; 2) ς; 3) ; 4) Њ; 5) Њ; 6) ς; 7) π; 8) π; 9) Њ.  

4.2.4. 1) π, Њ; 2) Њ, π; 3) π, ς.   

4.2.5. 1) ; 2) ; 3) ; 4) φ; 5) 0; 6) ; 7) 2; 8) Њ; 9) π; 10) ; 11)  ; 12) 2.  

4.2.6. 1) 0; 2) Њ; 3) ς; 4) Њ; 5) π; 6) σ; 7) ρ; 8) π; 9) Њ.  

4.2.7. 1) ρ; 2) ; 3) Њ; 4) Њ; 5) π; 6) ; 7) τ; 8) 100.  

4.2.8. 1) ; 2) ρς; 3) ς; 4) π; 5) ; 6) ; 7) σ; 8) ; 9) ; 10) ; 11)* . Hint: add and subtract ρ 

in the numerator; 12) .  

4.2.9. 1) 0; 2) 0; 3)  for ὼO Њ and Њ for ὼO Њ; 4) ρ; 5) ρȠ 6) Њ; 7) 0. 

4.2.10. 1) ; 2) ; 3) ; 4) ; 5) 2; 6) ; 7) ; 8) π; 9) Њ; 10) 1; 11) ; 12) Ὡ.  

4.2.11. 1) ; 2) ; 3) ; 4) ς; 5) 0; 6) 
Ѝ

; 7) ; 8) ρ; 9) ; 10) ÃÏÓ‌; 11) Њ; 12) π.  

4.2.12. 1) ; 2) ; 3) ; 4) ; 5) ς; 6) Њ; 7) ; 8) ς; 9) ; 10) ; 11) ; 12)  ; 13)  ;  

14) .  

4.2.13. 1) ρ; 2) ; 3) υ“; 4) ; 5) ; 6) ; 7) ; 8) 0; 9) 1.  

4.2.14. 1) π; 2) ς; 3) ; 4) Њ.  

4.2.15. 1) Ὡ ; 2) ; 3) Ὡ ; 4) Ὡ; 5) ρὩϳ ; 6) π; 7) Ὡ; 8) π; 9) Ὡ; 10) π ÆÏÒ ὼO Њ, Њ for ὼO

ЊȠ 11) Њ ÆÏÒ ὼO Њ, π ÆÏÒ ὼO ЊȠ  12) π ÆÏÒ ᾀO Њ, Њ ÆÏÒ ᾀO Њ; 13) τ;  14) Њ.   

4.2.16. 1) ; 2) ЍὩ; 3) ; 4) υ; 5) ; 6) ; 7) ; 8) Ὡ; 9) ς; 10) ρ; 11) Ὡ; 12) Ὡ; 13) 
Ѝ

; 14) Ὡ ; 

15) 
Ѝ

; 16) ; 17) Ὡ ; 18) Ὡ; 19) Ὡ ; 20) Ὡ; 21) Ὡ . 

4.2.21. 1) the same order of smallness; 2) the same order of smallness; 3) ‌ Ï‍; 4) ‍ Ï‌; 

5) ‌ͯ ‍, 6) ‌ͯ ‍, 7) ‌ Ï‍; 8) incomparable infinitesimal; 9) the same order of smallness.   

4.2.22. 1) ‌ὼ infinitely small of the order  with respect to ‍ὼ;  2) ‌ὼ infinitely small of 

the order 10 with respect to ‍ὼ; 3) ‌ὼ infinitely small of the order 2 with respect to ‍ὼ; 4) 
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‌ὼ infinitely small of the order  with respect to ‍ὼ; 5) ‌ὼ infinitely small of the order  

with respect to ‍ὼ.  

4.2.23. 1) -2; 2) -1; 3) 3; 4) ρ; 5) Њ; 6) ψ; 7) ; 8) -1; 9) 5; 10) ρ; 11) π; 12) ; 13) ; 14) ; 

15) ; 16)  ; 17)  ; 18)  ; 19) ; 20) Ὡ ; 21) 8. 

Return to tasks. 

 

Answers to the Topic 4.3.  

4.3.1. ὃ φ;  

4.3.2. ὥ ρ;  

4.3.3. Ὢπ π;  

4.3.4. 1) ὼ ς - point of discontinuity of the first kind, removable, Ὢς “, 2) ὼ ς - point 

of discontinuity of the second kind, no.  

4.3.5. 1) ὼ ςȟὼ σ - point of discontinuity of the second kind; 2) ὼ ς - point of 

discontinuity of the first kind, removable; 3) ὼ σ - point of discontinuity of the first kind, jump; 

4) ὼ ς - point of discontinuity of the second kind;     5) ὼ ρ - point of discontinuity of the 

second kind; 6) ὼ π - point of discontinuity of the first kind, removable; 7) ὼ σ - point of 

discontinuity of the second kind; 8) ὼ ρ - point of discontinuity of the first kind, jump; 9) ὼ

π - point of discontinuity of the first kind, jump; 10) ὼ σ - point of discontinuity of the second 

kind; 11) ὼ ςὯ ρȟὯ ρȟςȟȣ - points of discontinuity of the first kind; 12) ὼ ς - 

point of discontinuity of the first kind, removable, ὼ ς - point of discontinuity of the second 

kind; 13) ὼ π - point of discontinuity of the first kind, removable, ὼ Ὧ“ȟὯ ρȟςȟȣ - 

points of discontinuity of the second kind; 14) ὼ π - point of discontinuity of the first kind, 

removable, ὼ ȟὯ ρȟςȟȣ - points of discontinuity of the second kind; 15) ὼ ρȟὼ ς 

- points of discontinuity of the second kind, ὼ  - point of discontinuity of the first kind, 

removable; 16) ὼ σ – point of discontinuity of the first kind, removable; 17) ὼ  - point of 

discontinuity of the first kind, jump; 18) ὼ π - point of discontinuity of the second kind.  
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4.3.6. 1) ὼ ρ - point of continuity; 2) ὼ ς - point of discontinuity of the first kind; 3) ὼ ρ 

- point of discontinuity of the first kind, jump, ὼ ς - point of continuity; 4) ὼ π - point of 

discontinuity of the second kind, ὼ σ - point of discontinuity of the first kind, jump; 5) ὼ  

- point of discontinuity of the first kind, jump, ὼ “ - point of discontinuity of the first kind, 

removable; 6) ὼ ρ - point of discontinuity of the second kind, ὼ ς - point of continuity; 7) 

function is continuous for ὼᶅɴ ᴙ. 

4.3.7. 1) ὼ ώ ρ ρȟώᶰυȟЊ ; 2) ὼ ρ Ὡȟώɴ ЊȟÌÎς; 3) ὼ

ÁÒÃÔÁÎώȟώɴ ЊȟЊ .  

4.3.8. 1) yes; 2) no; 3) no; 4) yes.  

4.3.10. 1) ρȟς; 2) πȟρ; 3) σȟτ.  

4.3.11. 1) ὼᶰ τȟσ, ὼᶰ ςȟρ; 2) ὼᶰπȟς;  

3) ὼᶰ ςȟρȟὼᶰρȟςȟ ὼᶰυȟφ. 

Return to tasks. 

 

Answers to the Topic 5.1. 

5.1.1. 1) πȟςρ; 2) ÌÎρȟς; 3) ; 4) ЍςÃÏÓςὥ .  

5.1.2. 1) τȟυς; 2) ςȟυЍρȟψ ρ; 3) Ѝς ρ, 4) .  

5.1.3. 1) ςЎὼς Ўὼȟτ; 2) ЍЎὼ ρ ρȟ ; 3) ÌÏÇρ Ўὼȟ ; 4) 
Ў

Ў
ȟτ.  

5.1.4. 1) ρς; 2) ; 3) ς; 4) .  

5.1.5. 1) ; 2) , 3) 
Ѝ

; 4) ςȟυ.  

5.1.6.  1) ρπ 
̒̍

̖̃
; 2) στ 

̒̍

̖̃
.  

5.1.7.  1) ψȟψ 
̍

̒̆̋
; 2) ρπ 

̍

̒̆̋
.  

5.1.8.  1) ρφὦ ὥ 
̍

̒̆̋
; 2) ρφЍρπ 

̍

̒̆̋
; 3) σςὸ 

̍

̒̆̋
.  

5.1.9.  1) τ 
̄

̒̍
; 2) τπ 

̄

̒̍
; 3) τὼ 

̄

̒̍
Ƞ  ὼ ÉÓ ÔÈÅ ÌÅÎÇÔÈ ὃὓ.  
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5.1.10.  .  

5.1.11. ψ“Ὑ, ρφ“. 

5.1.12. 1) ώ σὼ ὼ υ; 2) ώ
Ѝ

; 3) ώ
Ѝ

; 4) ώ
ȟ

Ѝ
ρπὼ

ȟ
;                

5) ώ ςὼσὼ ςψὼ τω; 6) ώ ὼ ; 7) ώ ρωτ Ѝὼ
Ѝ

; 8) ώ ; 

9) ί ; 10)ώ
Ѝ

; 11) ώ ρσ; 12) ίπ ȟίς ; 13) Ὂ π

ρρ, Ὂ ρ ς, Ὂ ς ρ.  

5.1.13. 1) ώ ὼÓÉÎὼ; 2) ώ ς ρυÃÏÓὼÓÉÎὼ; 3) ώ ;                    

4) ώ ; 5) ώ ; 6) ώ
Ѝ  Ͻ

;                                      

7) ώ σÓÉÎσὼ ÓÉÎςÃÏÓσὼ; 8) ώ
Ѝ Ͻ

; 9)  ώ ;                                  

10) ώ ; 11) ώ ςὼ υÃÏÓὼ υὼ ρ ;                                                  

12) ώ .  

5.1.14. 1) ώ ; 2) ώ ; 3) ώ ÃÏÔςὼ; 4) ώ
Ѝ Ѝ

;                    

5) ώ
Ͻ Ͻ

Ƞ 6) ώ ; 7) ώ .  

5.1.15. 1) ώ
Ѝ

Ѝ
; 2) ώ

Ѝ
; 3) ώ

Ͻ
; 4) ώ

; 5) ώ Ͻς ; 6) ώ ρςÌÎρπϽρπ ÓÉÎσὼÃÏÓσὼ;                           

7) ώ  .  

5.1.16. 1) ώ ÁÒÃÓÉÎὼ
Ѝ

 ; 2) ώ ÁÒÃÓÉÎὼ; 3) ώ ὼÁÒÃÔÁÎὼ; 4) ώ

Ѝ  Ѝ
; 5) ώ ; 6) ώ ;  7) ώ

Ѝ  Ѝ  
; 8) ώ .   

5.1.17. 1) ώ ; 2) ώ ÔÁÎÈὼ; 3) ώ ; 4)  ώ σÓÉÎÈὼϽ

ÃÏÓÈὼ;               5) ώ ςÓÉÎÈςὼὩ
Ѝ

 ; 6) ώ ςÔÁÎÈςὼȢ  
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5.1.18. 1) ώ ὩÓÉÎὼÃÏÓὼρ ÃÏÔὼ σÔÁÎὼ; 2) ώ
Ѝ

Ѝ

 ; 3) ώ ;            

4) ώ ; 5) ώ
Ѝ Ͻ

;  6) ώ  ; 7) ώ  ; 8) ώ .  

5.1.21. 1) ȟὼ ρ; ȟὼ ρ. 

5.1.22.  1)  ώ ρ ώϽὩ   i ώ ; 2)  ὸ ȟ  

3)  ὼ ȟὼ ; 4)  true; 5)  ; 6)  ί
Ѝ

.  

5.1.23.1)  ώ ; 2) ώ ; 3)  ώ ; 4) ώ ; 5) ώ  ;         

6) ώ ς Ƞ 7) ώ ; 8) ώ
Ѝ

Ѝ
; 9) ώ ;                                              

10) ώ ; 11)  ώ ; 12) ώ ;                                                                            

13) ώ .  

5.1.24.1) ώ ÔÁÎ•; 2) ώ ; 3) ώ ÃÏÔ; 4) ώ ; 5) ώ ; 6) ώ ;   

7) ώ ; 8) ώ ȟώ .  

5.1.25. 1) ώ ÓÉÎὼ ÓÉÎὼϽÌÎÓÉÎὼ; 2) ώ ÌÎὼ ÌÎÌÎὼ;  

3) ώ ὼὩ ÓÉÎςὼσ ςὼ ςὼÃÏÔςὼ; 4) ώ ; 5) ώ ὼ ςÌÎὼ ρ; 

6) ώ ὼ Ͻὼ ÌÎὼ ÌÎὼ ; 7)  ώ
Ѝ

. 

5.1.26. 1) ώ ὼ ὼ σχωÓÉÎὼ τπὼÃÏÓὼ;  

2) ώ ὼ σςὩ ψὼ ςτὼ ρψὼ ρω; 3) ώ ς
Ȧ Ȧ

Ƞ 4) ; 5) φ; 

 6) ώ ὼ
Ȧ

.  

5.1.27. 1) ώ φυὼ φὼ ρ; 2) ώ ςÁÒÃÔÁÎὼ; 3) ώ
Ѝ

;  
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4) ώ ; 5) ώ
Ѝ Ѝ

Ѝ
; 6)  ώ ὼ ÌÎὼ ρ ; 7) ώ ρ

Ȧ
 ȟ

ὲ ς; 8) ώ ρ
Ȧ

; 9) ώ ρ ὲȦ .   

5.1.22. 1)  ώ ; 2)  ώ ; 3) ; 4) ; 

 5) ώ .  

5.1.30. 1) 
  

ωὸ; 2)  
  

Ƞ 3) 
  

Ƞ 4)  
  Ͻ

Ƞ  

5)  
  

Ƞ 6)  
  

 Ȣ   

5.1.32. 1) Ὠώ
Ѝ

 ; 2) Ὠώ ςὼ τ ὼ Ѝὼ ὼ τὼ ρ ςὼ

Ѝ
Ὠὼ; 3) Ὠώ  ; 4) Ὠώ σὼ ςЍὼ ς ςὼ

Ѝ
Ὠὼ; 5) Ὠώ Ὡ Ͻ Ὠὼ;  

6) Ὠώ ς  ϽÌÎς Ͻ Ὠὼ; 7) Ὠώ  ; 8) Ὠώ
Ѝ Ѝ

; 9) Ὠώ

Ѝ
 ; 10) Ὠ” Ὠ•.   

5.1.33. 1) Ὠί ÓÉÎ ;  2) Ὠί
Ѝ

; 3) Ὠᾀ Ὠί.  

5.1.34. 1) πȟωωυȠ 2) ρȟρψ; 3) πȟωψχ; 4) ρȟωχ; 5) πȟσυυȠ  6)  πȟχχȠ 7) πȟχωυȠ  

8) πȟυςρφτ; 9) πȟφωτ.  

5.1.35. πȟππυψς.  

5.1.36. 1) Ὠώ τὼ ρ υὼ ςὼ ρὨὼ; 2) Ὠώ τ ςÌÎτςὼÌÎτ ρὨὼ;  

3) Ὠώ Ὠὼ; 4) Ὠ” ρ υÔÁÎ•Ὠ• ; 5) а) Ὠώ Ὠὼ

Ὠὼ;  б) Ὠώ τÓÅÃςὸὨὸ; 6) а) Ὠώ ÃÏÓᾀὨᾀ ÓÉÎᾀὨᾀ;  б) Ὠώ

ὥÃÏÓὥ ÌÎὥὨὼ ὥÌÎὥ ὥÓÉÎὥ ÃÏÓὥ Ὠὼ; в) Ὠώ ὥ ÌÎὥÃÏÓὥ φὸ ωὸÌÎὥ

ὥ ÓÉÎὥ ωὸÌÎὥὨὸ; 7) Ὠώ άά ρ ά ςὼ Ὠὼ; 8) Ὠώ τÓÉÎςὼ. 

Return to tasks. 

 



156 
 

Answers to the Topic 5.2.  

5.2.1. The conditions of the theorem holds for: ὧ
Ѝ
 Ƞ  ὧ

Ѝ
.  

5.2.2. Hint: Calculate the first derivative ὖ ὼ  and verify equality ὖ σ ὖ ρ.  

5.2.3.  ὧ
Ѝ

.  

5.2.5.  ὧ  Ƞ  ὧ  .  

5.2.6. Ὢ ὼ π O ὼ   ȟ ᶰπȟ“.  

5.2.7. 1)  ; 2) 0; 3) ρ; 4) ; 5) 
Ѝ

; 6) -2; 7) ; 8) ÃÏÓὥ; 9) 2; 10) ρ; 11) 1; 12) ρφ; 13) π;  

14) ; 15) 0; 16) ρ; 17) 1; 18) Ὡ; 19) Ὡ; 20)  Ὡ; 21) ρ; 22) ; 23) π; 24)  ; 25) ; 26) ;  

27) ; 28) π.  

5.2.8. 1)  ώ χὼ σ ÔÁÎÇÅÎÔ ÌÉÎÅ;  ώ ὼ  ÎÏÒÍÁÌ ÌÉÎÅ;  

2) ώ Ὡ ÔÁÎÇÅÎÔ ÌÉÎÅ;   ὼ π ÎÏÒÍÁÌ ÌÉÎÅ;   

3) ώ τὼ τ π ÔÁÎÇÅÎÔ ÌÉÎÅ;    ψώ ςὼ ρυ π ÎÏÒÍÁÌ ÌÉÎÅ.  

5.2.9. ώ ὼȟώ  ὼ.  

5.2.10. σὼ ώ φ π.  

5.2.11. ὼ ώ ρ π.  

5.2.12. ώ ςὼ ςȟώ ςὼ ς.  

5.2.13. ςὼ ώ ρ π. 

5.2.14. ὕπȠπ ȟὃρȠρȟὄςȠπ.  

5.2.15. ‌ ÁÒÃÔÁÎ ȟ‌ ÁÒÃÔÁÎ Ƞ ‌ ȟ‌ ÁÒÃÔÁÎ Ƞ ‌ ÁÒÃÔÁÎ σ.  

5.2.16. #ÕÒÖÅÓ ÉÎÔÅÒÓÅÃÔ ÁÔ ÔÈÒÅÅ ÐÏÉÎÔÓ ÁÔ ÁÎÇÌÅÓ ‌ ‌ σπЈ ȟ‌ πЈ.  

5.2.17. Ὧ  .  

5.2.18. ὃσȠ ȟ   ὄ σȠ  . 

5.2.19. 1) Ὢὼ ὼ τ ρρὼ τ σχὼ τ ςρὼ τ υφ;  

2)  Ὢὼ ὼ ρ υὼ ρ ψ;  3) Ὢὼ ὼ ωὼ σπὼ τυὼ σπὼ ωὼ ρ.  
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5.2.20. Ὢὼ ρ φὼ ρ ὼ ρ ỄȟὪρȟπσ πȟψς.  

5.2.21. Ὢ ρ ρτσȟὪ π φπȟὪ ρ ςφ. 

5.2.22. 1) Ὢὼ ὼ Ễ; 2) Ὢὼ ὼ Ễ; 3) Ὢὼ ὼ Ễ;  

4) Ὢὼ ὼ Ễ.  

5.2.23. 1) Ὢὼ ρ ὼ ρ ὼ ρ ὼ ρ ὼ ρ Ễ;  

2) Ὢὼ ρ ὼ ὼ Ễ;  

3) Ὢὼ Ὡ ὼ σ
Ȧ
ὼ σ

Ȧ
ὼ σ

Ȧ
ὼ σ Ễ. 

5.2.24. 1) σȟρπχς;  2) ψȟσφχ;  3) ρȟφτψ;  4) ςȟππςς; 5) πȟσπω; 6) πȟωψτψ. 

5.2.25. πȟτ ÌÎρȟυ ρȟτρȟ‐ ρπ .  

5.2.26. 1) Ὢὼ ς ὼ τ ὼ τ ὼ τ Ễ
Ȧ 

Ȧ Ȧ
 

 
Ȧ 

Ȧ Ȧ Ͻ
,  де  π — ρ;   2)  Ὢὼ ρ ὼ ρ ὼ ρ Ễ 

ὼ ρ   
 

 , де π — ρ; 3) Ὢὼ
Ȧ
ὼ

Ȧ
ὼ

Ȧ
ὼ

Ȧ
ὼ Ễ 

 

Ȧ
 

 

Ȧ
ÓÉÎς—ὼ, де π — ρ; 4) Ὢὼ ὼ ρ

Ȧ
ὼ ρ  

Ȧ
ὼ ρ

Ȧ
ὼ ρ Ễ

 
  

 

Ͻ
 ,  

де π — ρ . 

5.2.27. 1)  ὪὼᵁÆÏÒ  ὼɴ ЊȠ ᷾ σȠЊȟὪὼᵂÆÏÒ  ὼɴ Ƞσ;  

2) ὪὼᵁÆÏÒ  ὼɴ ЊȠ ᷾ ȠЊ ȟὪὼᵂÆÏÒ  ὼɴ Ƞ ;  

3) ὪὼᵁÆÏÒ  ὼɴ ЍψȠς᷾ πȠςȠ ὪὼᵂÆÏÒ  ὼɴ ςȠπ᷾ ςȠЍψ;  

4) ὪὼᵁÆÏÒ  ὼɴ ЊȠπȟὪὼᵂÆÏÒ  ὼɴ πȠЊ ;  

5) ὪὼᵂÆÏÒ  ὼɴ ЊȠπ᷾ ςȠЊȟὪὼᵁÆÏÒ  ὼɴ πȠς;  

6) ὪὼᵂÆÏÒ  ὼɴ πȠρ᷾ ρȠὩȟὪὼᵁÆÏÒ  ὼɴ ὩȠЊ ;   

7) Ὢὼ ὧέὲίὸ ÆÏÒ  ὼɴ ЊȠὩȠ  Ὢὼᵂ ÆÏÒ  ὼɴ ὩȠЊ ;  

8) ὪὼᵁÆÏÒ  ὼɴ ẕ Ƞ ; Ὢὼᵂ ÆÏÒ ὼɴ ςȠЊ ᷾ẕ Ƞ .  
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5.2.30. 1) ὪὼᵁÆÏÒ  ὼɴ ЊȠπ᷾ ρȠЊȟὪὼᵂÆÏÒ ὼɴ πȠρȟὼ ρȟὼ πȠ  

2) ὪὼᵁÆÏÒ  ὼɴ ЊȠρ᷾ σȠЊȟὪὼᵂÆÏÒ ὼɴ ρȠσȟὼ σȟὼ ρ;  

3) ὪὼᵂÆÏÒ  ὼɴ ρȠπȟὪὼᵁÆÏÒ ὼɴ πȠЊȟὼ π;  

4) ὪὼᵁÆÏÒ  ὼɴ ЊȠπȟὪὼᵂÆÏÒ ὼɴ πȠЊȟὼ π;  

5) ὪὼᵁÆÏÒ  ὼɴ πȠς Ƞ  ὪὼᵂÆÏÒ ὼɴ ЊȠπ᷾ ςȠЊȟὼ πȟὼ ςȠ  

6) ὪὼᵁÆÏÒ  ὼɴ ὩȠЊ Ƞ  ὪὼᵂÆÏÒ  ὼɴ πȠρ᷾ ρȠὩ  ȟὼ ὩȠ  

7)  ὪὼᵁÅÖÅÒÙ×ÈÅÒÅ.  

5.2.31. 1) ὼ ȟ ὼ ρȟώ ρ πȟώ ;  

2)  ὼ ρ (not included in the domain),  ὼ ρȟώ ρ ;  

3)  ώ τ  ÆÏÒ  ὼ πȟώ  ÆÏÒ ὼ ς; 4) monotone increasing;  

5)  ώ ς  ÆÏÒ ὼ ; 6)  ώ   ÆÏÒ ὼ σ;  

7) ώ ς  ÆÏÒ  ὼ πȟώ Ѝτ   ÆÏÒ ὼ ς;  

8) ώ ςȟυ  ÆÏÒ  ὼ ρȟώ  ÆÏÒ ὼ Ὡ; 9) ώ
Ѝ
  ÆÏÒ  ὼ ; 

10) ώ Ѝρψ  ÆÏÒ  ὼ Ƞ ώ π ÆÏÒ ὼ ρȟὼ υ;   

5.2.32. 1)  ώ σȟώ ρσ; 2) ώ ρσȟώ τ; 3) ώ ρφȟώ π;  

4) ώ ρπȟώ π; 5)  ώ ςȟώ ρπ; 6)  ώ ρȟώ ;  

7)  ώ ρȟώ ÄÏÅÓ ÎÏÔ ÅØÉÓÔ; 8)  ώ  ȟ ώ ÄÏÅÓ ÎÏÔ ÅØÉÓÔ;  

9) ώ ȟώ π; 10)  ώ
Ѝ

 ȟώ ρ ; 11)  ώ ȟώ . 

5.2.33. 1) concave up for ὼɴ Њȟ , concave down for ὼɴ ȟЊ , inflection point ώ

; 2) concave up forὼɴ ςȟτ, concave down for ὼɴ Њȟς᷾ τȟЊ , inflection 

pointsώς φςȟώτ ςπφ;  

3) concave up for ὼɴ Њȟς, concave down for ὼɴ ςȟЊ , inflection point ώς ρ;  

4) concave up forὼɴ Њȟρ᷾ ρȟЊ , concave down for  ὼɴ ρȟρ, inflection points               

ώ ρ ÌÎς;  
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5) concave down everywhere;  

6) concave up for ὼɴ ЊȟЍσ᷾ πȟЍσ, concave down for ὼɴ Ѝσȟπ᷾ ЍσȟЊ , 

inflection points ώ Ѝσ Ѝστϳ ;  ώπ π;  ώЍσ Ѝστϳ ;  

7) concave up everywhere;  

8) concave up for ὼɴ σȟπ᷾ σȟЊ , concave down for ὼɴ Њȟσ᷾ πȟσ, inflection 

points ώ σ ȟώπ πȟώσ ;  

9) concave up for ὼɴ πȟρ, concave down for ὼɴ ρȟЊ , inflection point ώρ χ.  

5.2.34. 1) ώ π; 2) ὼ ςȟώ σ; 3) ὼ ρȟώ ὼ ρ; 4) ὼ ȟώ ὼ ;  

5) ὼ πȟώ ὼ σ; 6) ὼ πȟώ ςὼ; 7) ὼ ςȟώ ὼ ρȟώ ὼ ρ; 8) ώ ςὼ .  

5.2.35. 1) ; 2) ; 3) ; 4) ;  

5) ; 6) ; 7) ; 8) ;  

9) ; 10) ; 11) ; 12) ; 

13) ; 14) ; 15) ;  
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16) ; 17) .  

5.2.36. 1) ; 2) ; 3) ; 4) ;  

5) ; 6) ; 7) ; 8) .  

5.2.37. 1) ; 2) ; 3) ;  

4) ; 5) ; 6) ;  

 

5.2.38. 1) ; 2) ; 3) ;  
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4) ; 5) ; 6) .  

Return to tasks. 

 

Answers to the Topic 6.1.  

6.1.2. 1) ὼ Ƞ 2) ςЍὼȠ 3) ÃÏÓὼȠ 4) ÌÎὼȠ 5)  ÁÒÃÔÁÎ ὼȠ 6) Ȣ  

6.1.3. 1)  ὸ ὅȠ 2) ςὼ ω ὅȠ 3)  ÃÏÓ ὼ ὅȠ 4) ÌÎὼ σ ὅȢ 

6.1.4. 1) Ѝὼ Ѝὼ τЍὼ ;˞ 2) Ѝὼ ὅ; 3) ὼЍὼ ὼ ὅ;  

4) ςÌÎȿὼȿ ὅ; 5) Ѝὼ ÌÎὼ ;˞ 6) σЍὼ ςЍὼ ὅ;  

7) 
Ѝ

Ѝὼ Ѝὼ ;˞         8)  ςЍὼ σὼ ςὼЍὼ ὅ; 9)  ὅ;  

10) ςὼ υὩ ὅ; 11)  ὅ; 12)  
ẗ ẗ

;˞ 13) ςÃÏÓὼ ὅ;  

14) ὥÌÎȿÃÏÓὼȿ ὦ ÔÁÎ ὼ ὅ; 15)  ὼ ÓÉÎὼ ὅ; 16) ÃÏÔὼ ὼ ;˞ 17) ὼ ÓÉÎὼ ;˞ 

18) ÃÏÔ ὼ ὅ; 19) ςÌÎÓÉÎ ÌÎÔÁÎ ὅ; 20) ÔÁÎ ὼ ὼ ὅ; 21)  ὅ ÃÏÔὼ ÔÁÎ ὼ;  

22)  ÔÁÎ ὼ ὅ; 23)   ÁÒÃÓÉÎσὼ ὅ; 24)  ÁÒÃÔÁÎυὼ ὅ; 25)  
Ѝ
ÁÒÃÔÁÎЍσὼ ὅ;  

26)  ÁÒÃÓÉÎὅ; 27)  
Ѝ
ÁÒÃÓÉÎ

Ѝ
ὅ; 28)  ÌÎ ὅ;   29) ÌÎὼ Ѝὼ ς ὅ;  

30) Ѝρ ὼ ÁÒÃÓÉÎὼ ὅ; 31) ÁÒÃÔÁÎὼ .˞ 

6.1.5. 1) ÃÏÓσὼ ὅȠ 2)  Ὡ Ƞ˞ 3) ὅȠ 4) Ƞ˞ 5) ÓÉÎσ ψὼ Ƞ˞             

6)  ÃÏÓς σὼ ὅȠ  7)  Ὡ ὅȠ  8) χὼ τ Ƞ˞ 9)  ˞Ƞ                 

10) σ ςὼ ὅȠ 11)  Ѝψὼ τ
 

Ƞ˞ 12) ÌÎȿφ ωὼȿ Ƞ˞ 13) ÃÏÔτὼ ρ Ƞ˞ 

14) ÔÁÎρ σὼ ;˞ 15) ÁÒÃÔÁÎ Ƞ˞ 16) ÌÎ Ƞ˞  
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17) ÌÎȿς υὼ σ ς υὼ ȿ Ƞ˞ 18)  ÁÒÃÓÉÎ˞ Ȣ    

6.1.6. 1) ὼ᷿Ѝρ ὼὨὼ;  ρ ὼ Ƞ˞ 2) Ѝὼ ρ ὅ; 3) Ὡ ὅȠ 4) Ὡ ὅ; 

5) ÓÉÎὼ ὅȠ  6) ÌÎȿρ ὼȿ Ƞ˞ 7) Ƞ˞  8) τ ὼ ὅ; 9) ÁÒÃÔÁÎ ὼ ὅȠ                         

10) ÁÒÓÉÎ ὼ ὅȠ 11) ÌÎȿὼ υὼ σȿ ὅȠ 12) ςЍσὼ χὼ ρ ὅȠ 13) ÌÎὼ ὅȠ                     

14) ÌÎȿÌÎὼȿ Ƞ˞ 15)  ÌÎȿÌÎὼ Ѝρ ÌÎὼȿ ;˞ 16) ÔÁÎÌÎὼ ρ ὅȠ 17) ÌÎὼ , 

якщо ὲ ρ і  ÌÎȿÌÎὼȿ, якщо ὲ ρȠ 18) ÃÏÓὩ Ƞ˞ 19) ÌÎὩ ὥ ὅȠ  

20) ÁÒÃÔÁÎὩ ὅȠ 21)  ÁÒÃÓÉÎὩ Ƞ˞  22) ÌÎ ὅȠ  23) Ὡ Ƞ˞   

24) ὅ; 25) σЍÃÏÓὼ ὅȠ  26)  ÁÒÃÔÁÎ˞Ƞ 27) ÃÏÓὼ ὅȠ  28) 

ὅȠ 29)  Ὡ Ƞ˞ 30) Ƞ˞  31) ÃÏÔὼ ὅȠ  

32) 
 
Ѝτ ÔÁÎὼ ςÁÒÃÓÉÎ

 
ὅȠ  

33) ςЍρ ÔÁÎὼ ὅȠ 34) ÓÉÎЍὼ Ƞ˞ 35)  ÁÒÃÓÉÎὼ Ƞ˞  36) 
 

ὅȠ  

37)  ÁÒÃÔÁÎὼ Ƞ˞  38)  ÁÒÃÔÁÎ ὼ  if ὲ ρ and ÌÎȿÁÒÃÔÁÎ ὼȿ if ὲ ρȠ  

39) ςЍρ ὼ ÁÒÃÓÉÎὼ ὅ;  40) Ѝρ ωὼ ÁÒÃÃÏÓσὼ ὅȢ 

6.1.7. 1) ὼÓÉÎςὼ ÃÏÓςὼ ὅȠ  2) ὼÃÏÓυὼ ÓÉÎυὼ ὅȠ  3)  ὼÌÎυ ρ ὅȠ 

4) σὼ ρÓÉÎὼ σÃÏÓὼ ὅȠ  5) Ὡ ὼ ςὼ ς ὅȠ  

6) ὼÃÏÓὼ ςὼÓÉÎὼ ςÃÏÓὼ ὅȠ 7) Ὡ ὼ ὼ ὅȠ  

8) ὼÔÁÎὼ ÌÎȿÃÏÓὼȿ ὅȠ 9) Ὡ ὼ σὼ φὼ φ ὅȠ  

10) ὼ ὼÓÉÎςὼ ὼÃÏÓςὼ ÓÉÎςὼ ὅȠ 11)  ÌÎὼ ὅ;                  

12) ὼ ρÌÎὼ ρ ὼ ὅȠ 13) ÌÎὼ ÌÎὼ ὅȠ  

14) ὼ ρÁÒÃÔÁÎὼ ὅȠ  15)ὼÁÒÃÃÏÓὼ Ѝρ ὼ ὅȠ  

16) Ѝὼ ρÁÒÃÔÁÎὼ ÌÎὼ Ѝὼ ρ ὅȠ 17) Ὡ ÓÉÎὼ ÃÏÓὼ ὅȠ  
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18) Ὡ ÓÉÎςὼ υÃÏÓςὼ ὅȠ 19) ὼЍρ ὼ ρ ὼ ὅȠ  

20) ÁÒÃÔÁÎ ὼ ὅȠ 21)  Ѝὥ ὼ ÁÒÃÓÉÎὅȠ                       

22) 
 
ὼ ὥ ÌÎὼ ὼ ὥ ὅȢ 

6.1.8. 1) ςЍὼ ρ ÌÎρ Ѝὼ ρ ὅȠ 2) Ѝὼ ρσὼ τὼ ψ ὅȠ  

3) ÌÎ
Ѝ

Ѝ
ὅȠ 4) ςÁÒÃÔÁÎ Ѝὼ ὅȠ 5) ςЍὼ ÁÒÃÔÁÎ Ѝὼ ὅȠ  

6) ὼ ρ σЍὼ ρ σÌÎρ Ѝὼ ρ ὅȠ 7) σЍὼ σÌÎЍὼ ρ ὅȠ  

8) ςЍὼ τЍὼ τÌÎρ Ѝὼ ὅȠ  

9)  ὼ Ѝὼ Ѝὼ ςЍὼ σЍὼ φЍὼ φÌÎЍὼ ρ ὅȠ  

10)  ὼ τЍὼ ρ τÌÎЍὼ ρ ρ ὅȠ 11) ὅȠ  

12) ὅȠ 13) ςЍὩ ρ ςÁÒÃÔÁÎ ЍὩ ρ ὅȠ  

14) ÌÎ
Ѝ

Ѝ
ὅȢ 

6.1.9. 1) ÌÎὼ ςὼ ς ÁÒÃÔÁÎὼ ρ ὅȠ 2) ςÌÎȿςὼ σὼ ρȿ ÌÎ
ȟ

ὅȠ            

3) σÌÎȿὼ σȿ ὅȠ 4) Ѝσ ςὼ ὼ τÁÒÃÓÉÎὅȠ  

5) ÌÎȿς σὼȿ ÌÎ ὅȠ 6) ψЍυ ςὼ ὼ σÁÒÃÓÉÎ
Ѝ

ὅȠ  

7) ÌÎτὼ τὼ ρχ ÁÒÃÔÁÎὅȠ  

8) σЍὼ ςὼ ς τÌÎὼ ρ Ѝὼ ςὼ ς ὅȠ 9) ÌÎ
ȿ ȿ

ὅȠ          

10) Ѝωὼ φὼ ς ÌÎσὼ ρ Ѝωὼ φὼ ς ὅȠ 11) ÌÎȿςὼ σὼ ρȿ ὅȢ 

6.1.10.  1) ÌÎ
ȿ ȿ

Ѝ
 Ƞ˞ 2) ÌÎȿὼ ςȿ ÌÎȿὼ υȿ ;˞ 3)  ÌÎ ȿὼ ρȿ ÌÎ ȿσὼ ρȿ Ƞ˞         

4)  ÌÎὼ ς Ѝςὼ ρ ὅȠ 5)   ÌÎ
 

Ƞ˞   

6)  ÌÎȿσὼ ρȿ ÌÎȿςὼ σȿ ÌÎȿὼȿ ὅȠ  
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7)  ὼ ÌÎȿὼȿ ÌÎ ȿςὼ ρȿ ÌÎ ȿςὼ ρȿ Ƞ˞ 8) ÌÎ Ƞ˞ 9) ÌÎ Ƞ˞ 

10) ὼ ÌÎȿὼȿ ÌÎ ȿὼ ςȿ ÌÎ ȿὼ σȿ Ƞ˞ 11) 
Ѝ
ÌÎ

Ѝ

Ѝ Ѝ
ÌÎ

Ѝ

Ѝ
;˞  

12)   τὼ ÌÎ .˞ 

6.1.11. 1) ÌÎ ;˞ 2) τÌÎȿὼȿ σÌÎ ȿὼ ρȿ ωὼ ρ Ƞ˞ 3) ÌÎ ;˞       

4) ÌÎȿὼ ρȿ ÌÎȿὼ ςȿ Ƞ˞ 5) ὼ  ÌÎ
ȿȿ

Ƞ˞ 6) ÌÎȿὼ ρȿ Ƞ˞    

7)  ÌÎȿὼ ρȿ Ƞ˞ 8)   ˞ ; 9) ÌÎȿὼ ςȿ  ˞; 

10) τÌÎ Ȣ˞    

6.1.12. 1) ÌÎ
Ѝ
 ÁÒÃÔÁÎ 

Ѝ
;˞ 2) ÌÎ

ȿ ȿ

Ѝ  Ѝ
 ÁÒÃÔÁÎ 

Ѝ
;˞  

3) ÌÎ  ÁÒÃÃÔÁÎ ὼ  ˞; 4)  ὼ ÌÎ ÁÒÃÔÁÎ ὼ ;˞  

5) ÌÎ
 

ȿ ȿ
 ÁÒÃÔÁÎ  ˞;  6)  ÌÎ

Ѝ  
 ÁÒÃÔÁÎ 

Ѝ
 ÁÒÃÔÁÎ 

Ѝ
;˞  

7)  ὼ ÌÎ
ȿ ȿ

Ѝ
ÁÒÃÔÁÎ ὼ ὅȠ  

8)  ςὼ ςÌÎὼ ςὼ ς ς ÁÒÃÔÁÎὼ ρ ὅȠ  

9)  ÌÎ
Ѝ
 ÁÒÃÔÁÎ 

Ѝ
 ˞; 10)  

Ѝ
ÌÎ

Ѝ

Ѝ

Ѝ
 ÁÒÃÔÁÎ 

Ѝ
.˞  

6.1.13. 1)  ÁÒÃÔÁÎ ὼ ὅ; 2)  ÁÒÃÔÁÎ ὼ ὅ  ;  

3)   ÁÒÃÔÁÎὅ; 4)  ÁÒÃÔÁÎὅ;  

5) ÌÎὼ ς  
Ѝ
 ÁÒÃÔÁÎ

Ѝ
ὅ; 6)  ÌÎ ὅ;  

7)  ÌÎȿὼ ρȿ ÌÎὼ ρ ὅȠ  

8)  ÌÎȿὼȿ ÌÎὼ ρ ÌÎὼ τ ὅȢ 

6.1.14.  1) ςЍὼ τЍὼ τÌÎρ Ѝὼ ;˞ 2) Ѝὼ ςЍὼ ςÌÎ ȿЍὼ ρȿ ;˞             

3) ÌÎ
Ѝ

;˞ 4) ÌÎ
Ѝ Ѝ Ѝ Ѝ Ѝ

;˞  
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5) φ ὼ ρ ὼ ρ ὼ ρ ὼ ρ ὼ ρ ὼ ρ ;˞  

6) φὼ ρ ὼ ρ ὼ ρ ὼ ρ ;˞   

7) ÌÎ
Ѝ Ѝ

Ѝ Ѝ
ς ÁÒÃÔÁÎ  ˞; 8)  ὅȠ 9)  ὅȠ 10) ;˞  

11) ÁÒÃÓÉÎ Ѝὥ ὼ ;˞ 12)  
Ѝ

  ÁÒÃÓÉÎ ὼ ὅ; 13) ˞ ;  

14) ˞
Ѝ

; 15) 
Ѝ

;˞ 16) ˞ ; 17)   ὅ; 18) ˞
Ѝ

;  

19)   ÁÒÃÃÏÓ ὅ; 20)  ὅȠ 21) ὼ σЍω ὼ σÁÒÃÓÉÎ˞;  

22) ὼ ρЍὼ ςὼ ρ ÌÎὼ ρ Ѝὼ ςὼ ρ ;˞ 23)   ẗ
Ѝ

ὅ;  

24) ÁÒÃÃÏÓ
Ѝ

;˞ 25) ˞
Ѝ
ÌÎ
Ѝ Ѝ

Ѝ
; 26) ˞

Ѝ
ÌÎ ;  

27)  ÁÒÃÓÉÎ
Ѝ

ὅȠ 28) 
Ѝ
ÌÎ

Ѝ
ὅȠ  

29) σ ὼЍρ ςὼ ὼ ςÁÒÃÓÉÎ
Ѝ

Ƞ˞  

30) ρωσὼЍσ ςὼ ὼ ρτÁÒÃÓÉÎὅȠ  

31)  ὼЍὼ ςὼ υ υÌÎὼ ρ Ѝὼ ςὼ υ ὅȠ  

32)  ὼ ὼ Ѝὼ ςὼ ς ÌÎὼ ρ Ѝὼ ςὼ ς ὅȠ  

33)  ὼ ρЍὼ ςὼ ρ ÌÎὼ ρ Ѝὼ ςὼ ρ ὅȢ 

6.1.15. 1) σÌÎ
Ѝ

Ѝ

Ѝ

Ѝ
;˞  

2) ὼЍὼ ὼЍὼ ὼЍὼ ὼЍὼ ὼЍὼ ὅ; 3) σÁÒÃÔÁÎ Ѝὼ  
Ѝ

Ѝ
;˞  

4) ρ ὼ ρ ὼ ;˞  

5) ÌÎЍὼ ρ ρ ÌÎ ὼ ρ Ѝὼ ρ ρ
Ѝ
ÁÒÃÔÁÎ

Ѝ

Ѝ
ὅȠ  

6) ὼ ρ  ὼ ρ Ƞ˞  7)  ÌÎ
Ѝ Ѝ

ὅ;  



166 
 

8) ρς
Ѝ Ѝ Ѝ Ѝ

ὅ, де ὸ ρ Ѝὼ;   

9)  τ Ѝὼ Ѝὼ σ ρ Ѝὼ ;˞ 10)  ÌÎ
Ѝ
ÁÒÃÔÁÎ

Ѝ
ὅ, де ὸ

Ѝ
;  

11) ÌÎ
Ѝ

Ѝ
ÁÒÃÔÁÎ 

Ѝ
;˞  

12) 
Ѝ

Ѝ
ÁÒÃÔÁÎ

Ѝ

Ѝ
ÌÎ

Ѝ

Ѝ

ὅ; 13) 
Ⱦ

;˞  

14) ς ὼ ρ .˞ 

6.1.16.  1)   ˞ ; 2)  ;˞ 3) ;˞                 

4) ÓÉÎὼ ÓÉÎὼ ;˞ 5) ;˞ 6) ÔÁÎὼ ὼ
 

;˞              

7) ;˞ 9) ÃÏÔὼ ÃÏÔὼ ÃÏÔὼ ὅ; 10) ÌÎȿ ÔÁÎ ὼȿ ;˞                          

11) ÔÁÎὼ ÃÏÔὼ ςÌÎȿ ÔÁÎ ὼȿ ;˞ 12) ;˞  

13) ÔÁÎὼ ÔÁÎὼ ÌÎȿÃÏÓὼȿ ὅ;  14) ὼ ÃÏÔ ὼ  ÔÁÎὼ ;˞   

15) ÃÏÓψὼ ÃÏÓςὼ ;˞ 16) ÓÉÎὼ  ÓÉÎχὼ ;˞ 17)  ÓÉÎυὼ ÓÉÎὼ ὅ;  

18) ÓÉÎτὼ ÃÏÓφὼ ὅ; 19) 
Ѝ  

;˞ 20) ὼ ÌÎȿÓÉÎὼ ÃÏÓὼȿ ;˞  

21) ÃÏÔ ÃÏÔ  ˞; 22) 
Ѝ
ÁÒÃÔÁÎ Ѝς ÔÁÎ ὼ ;˞ 23) ὅ ÃÏÔὼ

Ѝ
ÁÒÃÔÁÎ 

Ѝ
;  

24) ÁÒÃÔÁÎ σÔÁÎ ὼ ;˞ 25) 
Ѝ
ÌÎ
Ѝ  

Ѝ
 ;˞ 26)  ÁÒÃÔÁÎ 

 
ὅ;  

27) 
Ѝ
ÌÎÔÁÎ  ;˞ 28) ÌÎς ÃÏÓὼ

Ѝ
ÁÒÃÔÁÎ 

Ѝ
ÔÁÎ ;˞   

29) ÁÒÃÔÁÎ ÔÁÎρ ;˞   30)  
 
ὅ; 31) ὼ ÌÎȿςÓÉÎὼ σÃÏÓὼȿ .˞ 

Return to tasks. 
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Answers to the Topic 6.2.  

6.2.1.  1)  ; 2)  ; 3)  ; 4)  ; 5) υЍς ρ; 6) ρς; 7) 
 
; 8)  ;  9) ς ; 10)  Ὡ ЍὩ;                     

11) ÁÒÃÔÁÎ ; 12) ÁÒÃÔÁÎ
 
; 13) ÌÎ; 14) ÌÎ

Ѝ

Ѝ
; 15) ; 16) 2; 17) ; 18) ;  19) πȟςσφȣ;                

20)  
Ѝ

.                                               

6.2.2. 1) ςὩ ρ; 2) Ὡ ς; 3) ρ; 4) “ φ“; 5)  
Ѝ

; 6) ÌÎς; 7)  ρ;                       

8)  
Ѝ

ÌÎ;  9)  υ“Ѝσ ωÌÎσ; 10)  ; 11)  ὥ Ѝὥ; 12)  Ὡ ς.   

6.2.3.  1)  ςÌÎς; 2) ς ; 3) χ ςÌÎς;  4)  ;  5)  ;  6) ; 7) ÌÎ
Ѝ

Ѝ
;  8)  ;  9) ; 

10) Ѝς
Ѝ

ÌÎ
Ѝ

Ѝ
; 11) Ѝσ ; 12) ; 13)  ; 14)  ÌÎ

Ѝ
; 15)  ; 16) .  

Return to tasks. 

 

Answers to the Topic 6.3.  

6.3.1. 1) ;   2) divergent; 3) ÌÎς; 4)  divergent; 5)  ; 6) divergent; 7) divergent;  8) “;  9) ; 

10) ; 11) ς ;  12) ÌÎς; 13) divergent; 14) divergent;  15)  ; 16)  . 

6.3.2. 1) divergent; 2) convergent; 3) convergent; 4) convergent; 5) convergent; 6) divergent; 7) 

divergent;  8)  divergent; 9)  convergent; 10) convergent.  

6.3.3. 1) ; 2)  ; 3) Ѝυ ; 4)  divergent; 5) 2; 6) 1; 7) ; 8)  divergent; 9) divergent; 10) ; 11) 

divergent; 12) ρτ; 13)  “; 14)   . 

6.3.4. 1) convergent; 2) convergent; 3) divergent; 4) convergent; 5) convergent; 6) divergent.  

Return to tasks. 

 

Answers to the Topic 6.4.  

6.4.1. .    
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6.4.2. .    

6.4.3. .   

6.4.4. .   

6.4.5. .   

6.4.6. .  

6.4.7.  .   

6.4.8. ὴȢ  

6.4.9. 
Ѝ

.  

6.4.10. Ὡ ςȢ  

6.4.11. σ“ ςȢ  

6.4.12. τÌÎς ρ.  

6.4.13.  σ Ὡ. 

6.4.14. ς“    і  φ“ .   

6.4.15.  τ“ Ѝσ  і  ψ“ Ѝσ.  

6.4.16. Ѝς ρ.  

6.4.17. .  

6.4.18. τ.  

6.4.19. ὦ ὥ.  

6.4.20. ς Ѝς 

6.4.21. ÌÎ
Ѝ

.  

6.4.22. σ“ὥ.   

6.4.23. “ὥὦ.  

6.4.24. 
Ѝ

.   



169 
 

6.4.25. .  

6.4.26. ὥ“Ȣ  

6.4.27. ρφὥ“ .  

6.4.28.  Ȣ     

6.4.29. .  

 6.4.30. .   

6.4.31. ὥ.   

6.4.32. Ѝσ .    

6.4.33. ὥ.   

6.4.34. ὥ ρ
Ѝ

.  

6.4.35. 
Ѝ

.  

6.4.36. ρ ÌÎ.   

6.4.37. ÌÎσ .   

6.4.38.  ÓÈ  .  

6.4.39. ς.   

6.4.40.  τЍσ.   

6.4.41.   “ὙȢ   

6.4.42. φὥȢ  

6.4.43. ψὥȢ 

6.4.44. ψς Ѝσ.  

6.4.45. “ὥЍρ τ“ ÌÎς“ Ѝρ τ“ .  

6.4.46. ÌÎ.   

6.4.47. .  
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6.4.48.  ς“Ѝὥ ὦ.  

6.4.49.  ςὥЍφ.  

6.4.50.   “ὥὦȢ  

6.4.51.   “Ȣ   

6.4.52. 1)   “ ; 2)  “.   

6.4.53. Ὡ ρ.  

6.4.54. .  

6.4.55. .  

6.4.56. τÌÎτ“.  

6.4.57. Ὤ σὥ Ὤ. 

6.4.58. “ ς. 

6.4.59. υ“ὥ. 

6.4.60. .  

6.4.61. “Ѝς .  

6.4.62.  σφ“.   

6.4.63.  ὠ “ЍςςЍφ  , ὠ “ЍςςЍφ .  

6.4.64.  ψ“.  

 6.4.65.  “.   

6.4.66.  ρ ὥ ρ.  

6.4.67.  Ὡ Ὡ τ.   

6.4.68.  “ὥ.  

6.4.69.  “ὥ. 

6.4.70. άὫὙȢ 
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6.4.71. πȟςυ ὐ. 

6.4.72. ρ ὐ.  

6.4.73. ςπφφÌÎς ὐ. 

6.4.74. “‎ὙὌ . 

6.4.75. “‎ὙὌ . 

 6.4.76. “‎ὙὌ .  

6.4.77. “‎ὥὌȟ ρȟφσϽρπ ὯὫάȢ 

6.4.78. “‎ὙὌ . 

6.4.79. “‎Ὑ . 

6.4.80. 20,625 kg. 

6.4.81. ȟ‐ ρ . 

6.4.82. ς“ὥ. 

6.4.83. 1) ὼ πȟώ ; 2) the center of gravity lies on the bisector of the central angle that 

subtends the arc, at a distance of ςὙ  from the origin; 3) ὼ πȟώ ὥ ;                   

4) ὼ “ὥȟ   ώ ; 5) ὼ ȟώ ; 6) ὼ
ȟ
ȟώ

ȟ
;  

7) ὼ ȟώ ; 8) ὼ ώ .  

6.4.84.   “Ὑ . 

6.4.85. Ὑ . 

6.4.86. 
Ѝ
 . 

6.4.87. Ὅ ὥȟὍ ρφὥ “ . 

6.4.88. ὓ Ѝὥ ὦȟὓ Ѝὥ ὦ. 

6.4.89. . 
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6.4.90. . 

6.4.91. ȟ ȟ
Ѝ

. 

6.4.92. 1) ; 2) 
Ѝ

; 3) . 

6.4.93. 1) ὼ πȟώ ; 2) ὼ ȟώ ; 3) ὼ ȟώ ; 4) ὼ “ὥȟώ ὥ;                

5) ὼ ώ ; 6) ὼ ȟώ ; 7) the center of gravity lies on the axis of 

symmetry of the sector at a distance of    from the origin; 8) ὼ ȟώ π;  

9) ὼ
Ѝ
“ὥȟώ π. 

6.4.94. ὓ ὓ ȟὼ ώ . 

6.4.95. . 

 6.4.96. . 

6.4.97. . 

6.4.98.  

6.4.99. Ὅ ὥὦȟὍ ὦὥ. 

Return to tasks. 
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Basic Elemntary Function, Their Properties and Graphs 

  

Linear Function   ώ Ὧὼὦ 

 

Slanted  line 

for Ὧ π and for any ὦ 

 

Slanted  line 

for Ὧ π and for any ὦ 

 

Horizontal line 

 for Ὧ π and for any ὦ  
  

 
 

 

Inverse Proportionality ώ  

 

¶ graph is called hyperbola; 

¶ ὈὪ Ðȟπ᷾ πȟÐ ; 

¶ ὉὪ Ðȟπ᷾ πȟÐ ; 

¶ line ώ π is horizontal asymptote; 

¶ line ὼ π is vertical asymptote. 

 

 

 

Quadratic Function   ώ ὥὼ ὦὼὧȟ  ὥ π 

 
 

¶ The graph is parabola;   

¶ ὈὪ ÐȟÐ ; 

¶ ὥ πᵼ ὉὪ ȟÐ ; 

¶ ὥ πᵼ ὉὪ Ðȟ ;  

¶ vertex of parabola ȟ ȟ where Ὀ ὦ τὥὧ;  

¶ it has symmetry about the axis that passes through ὼ .  
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Power Functions ώ ὼ , ὲ π is integer number. 

 

If ὲ is even number then ώ ὼ  

¶ ὈὪ ÐȟÐ ; 

¶ ὉὪ πȟÐ ; 

¶ always passes through points 

 (0,0), ( °1,1); 

¶ even function. 

 

If ὲ is odd number then ώ ὼ  

¶ ὈὪ ÐȟÐ ; 

¶ ὉὪ ÐȟÐ ; 

¶ always passes through points (0,0),  

 ( 1,1), (-1,-1); 

¶ odd function; 

 

 

 

Inverse Power Functions  ώ Ѝὼ, ὲ π is integer number. 

 

If ὲ is even number then ώ Ѝὼ  

¶ ὈὪ πȟÐ ; 

¶ ὉὪ πȟÐ ; 

¶ always passes through points (0,0), ( 1,1). 

 

If ὲ is odd number then ώ Ѝὼ  

¶ ὈὪ ÐȟÐ ; 

¶ ὉὪ ÐȟÐ ; 

¶ always passes through points (0,0), ( 1,1), 

(-1,-1); 

¶ odd function. 
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Trigonometric Functions 

 

ώ ÓÉÎὼ ¶ Ὀώ Њȟ  Њ ;   Ὁώ ρȟρ; 

¶ periodic function, Ὕ ς“ - period; 

¶ odd function; 

¶ ÓÉÎὼ πᵼὼ “ὲȟὲᶰὤ; 

¶ ÓÉÎὼ πᵼὼɴ ς“ὲȟ“ ς“ὲ, ὲᶰὤ, 

¶ ÓÉÎὼ πᵼὼɴ “ ς“ὲȟς“ ς“ὲ, ὲᶰὤ; 

¶ it is increasing for ὼɴ ς“ὲȟ ς“ὲ, ὲᶰὤ; 

¶ it is decreasing for ὼɴ ς“ὲȟ ς“ὲ, ὲᶰὤ; 

 
 

ώ ÃÏÓὼ ¶ Ὀώ Њȟ  Њ ;  Ὁώ ρȟρ; 

¶ periodic function, Ὕ ς“ - period; 

¶ even function; 

¶ ÃÏÓὼ πᵼὼ “ὲȟὲᶰὤ; 

¶ ÃÏÓὼ πᵼὼɴ ς“ὲȟ ς“ὲ, ὲᶰὤ; 

¶ ÃÏÓὼ πᵼὼɴ ς“ὲȟ ς“ὲ, ὲᶰὤ; 

¶ it is increasing for  ὼɴ “ ς“ὲȟς“ ς“ὲ, ὲᶰὤ; 

¶ it is decreasing for ὼɴ ς“ὲȟ“ ς“ὲ, ὲᶰὤ; 
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ώ ÔÁÎὼ ¶ Ὀώȡὼ “ὲȟ   ὲᶰ:;  Ὁώ Ðȟ  ∞ ; 

¶ periodic function, Ὕ “ - period; 

¶ odd function; 

¶ ÔÁÎὼ πᵼὼ “ὲȟὲᶰὤ; 

¶ ὼ “ὲȟ   ὲᶰ:, - vertical asymptotes; 

¶ ÔÁÎὼ πᵼὼɴ “ὲȟ “ὲ, ὲᶰὤ; 

¶ ÔÁÎὼ πᵼὼɴ “ὲȟ“ὲ, ὲɴ ὤ; 

¶ it is increasing for ὼɴ “ὲȟ “ὲ, ὲᶰὤ; 

 
 

ώ ÃÏÔὼ ¶ Ὀώȡὼ “ὲȟ   ὲᶰ:;   Ὁώ Ðȟ  ∞ ; 

¶ periodic function, Ὕ “ - period; 

¶ odd function; 

¶ ÃÏÔὼ πᵼὼ “ὲȟὲᶰὤ; 

¶ ὼ “ὲȟ   ὲᶰ:, - vertical asymptotes; 

¶ ÃÏÔὼ πᵼὼɴ “ὲȟ “ὲ, ὲᶰὤ; 

¶ ÃÏÔὼ πᵼὼɴ “ὲȟ“ “ὲ, ὲɴ ὤ; 

¶ it is decreasing for ὼɴ “ὲȟ“ “ὲ, ὲɴ ὤ; 
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Inverse Trigonometric Functions 

 

 

ώ ÁÒÃÓÉÎὼ 

 

 

¶  Ὀώ ρȟρ;   Ὁώ ȟ  ;  

¶ odd function; 

¶ ÁÒÃÓÉÎὼ πᵼὼ π; 
¶ ÁÒÃÓÉÎὼ πᵼὼɴ πȟρ;    

¶ ÁÒÃÓÉÎὼ πᵼὼɴ ρȟπ; 

¶ it is increasing for  ὼɴ ρȟρ; 

 

 

ώ ÁÒÃÃÏÓὼ 
 

¶ Ὀώ ρȟρ;  Ὁώ πȟ“; 

¶ ÁÒÃÃÏÓὼ “ ÁÒÃÃÏÓὼ; 
¶ ÁÒÃÃÏÓὼ πᵼὼ ρ; 
¶ ÁÒÃÃÏÓὼ πᵼὼɴ ρȟρ; 

¶ it is decreasing for ὼɴ ρȟρ; 
  
 

 

 
  

 

 

ώ ÁÒÃÔÁÎὼ 

 

¶Ὀώ Њȟ  Њ ; Ὁώ ȟ  ; 

¶ odd function; 

¶ ÁÒÃÔÁÎὼ πᵼὼ π; 

¶ ώ  - horizontal 

asymptotes; 

¶ ÁÒÃÔÁÎὼ πᵼὼɴ
πȟЊ ;  

¶ ÁÒÃÔÁÎὼ πᵼὼɴ
Њȟπ; 

¶ it is decreasing for  

                            ὼɴ ЊȟЊ ; 
 

 

ώ ÁÒÃÃÏÔὼ 
 

¶ Ὀώ Њȟ  Њ ;  Ὁώ πȟ“; 

¶ ÁÒÃÃÏÔὼ “ ÁÒÃÃÔÁÎὼ; 
¶ ώ πȟ  ώ “ -  horizontal asymptotes; 

¶ ÁÒÃÃÏÔὼ πᵼὼɴ ЊȟЊ ; 

¶ it is increasing for  

                        ὼɴ ЊȟЊ ; 
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Exponential Functions 
 

ώ ὥ , π ὥ ρ ώ ὥ , ὥ ρ 

¶ Ὀώ Ðȟ  ∞ ;   

¶ Ὁώ πȟ  ∞ ; 

¶ ὥ πᵼὼɴ ЊȟЊ ; 

¶ it is neither odd nor even function; 

¶ it intersects the ώ-axis at ώ ρ; 
¶  ώ π - horizontal asymptote; 

¶  it is decreasing for ὼɴ ЊȟЊ ; 

 

¶ Ὀώ Ðȟ  ∞ ;   

¶ Ὁώ πȟ  ∞ ; 

¶ ὥ πᵼὼɴ ЊȟЊ ;; 

¶ it is neither odd nor even function; 

¶ it intersects the ώ-axis at ώ ρ; 
¶  ώ π - horizontal asymptote; 

¶  it is increasing for ὼɴ ЊȟЊ ; 

 
 

Logarithmic Functions 
 

ώ ÌÏÇὼ, ὥ ρ ώ ÌÏÇὼ, π ὥ ρ 

¶ Ὀώ πȟ  ∞ ;   

¶ Ὁώ Ðȟ  ∞ ; 

¶ it is neither odd nor even function; 

¶ it intersects the ὼ -axis at ὼ ρ; 
¶ it is never intersects the ώ-axis; 

¶  ὼ π - vertical asymptote; 

¶  it is increasing for ὼɴ πȟЊ . 

 

¶ Ὀώ πȟ  ∞ ;   

¶ Ὁώ Ðȟ  ∞ ; 

¶ it is neither odd nor even function; 

¶ it intersects the ὼ -axis at ὼ ρ; 
¶ it is never intersects the ώ-axis; 

¶  ὼ π - vertical asymptote; 

¶  it is decreasing for ὼɴ πȟЊ . 
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Hyperbolic Functions 

ώ ÓÉÎÈὼ ώ ÃÏÓÈὼ 

¶ Ὀώ Ðȟ  ∞ ;   

¶ Ὁώ Ðȟ  ∞ ; 

¶ ÓÉÎÈὼ ; 

¶ odd function; 

 

¶ Ὀώ Ðȟ  ∞ ;   

¶ Ὁώ ρȟ  ∞ ; 

¶ ÃÏÓÈὼ ; 

¶ even function; 

 
 

ώ ÔÁÎÈὼ ώ ÃÏÔÈὼ 

¶Ὀώ Ðȟ  ∞ ;   

¶ Ὁώ ρȟ  ρ; 

¶ ÔÁÎÈὼ ; 

¶  ώ ρ - horizontal asymptotes;   

 

¶Ὀώ Ðȟπ᷾ πȟ  ∞ ;   

¶ Ὁώ Ðȟρ᷾ ρȟÐ ; 

¶ ÃÏÔÈὼ  

¶  ώ ρ - horizontal asymptotes;  

¶  ὼ π - vertical asymptote; 

 

ÃÏÓÈὼ ÓÉÎÈὼ ρȠ   ρ ÔÁÎÈὼ Ƞ    ρ ÃÏÔÈὼ Ƞ 

ÃÏÓÈςὼ ÃÏÓÈὼ ÓÉÎÈὼȠ    ÓÉÎÈςὼ ςÃÏÓÈὼÓÉÎÈὼȠ 

ÃÏÓÈςὼ ρ ςÓÉÎÈὼȠ             ÃÏÓÈςὼ ρ ςÃÏÓÈὼȠ 

ÃÏÓÈὼ ώ ÃÏÓÈὼÃÏÓÈώ ÓÉÎÈὼÓÉÎÈώȠ     

ÓÉÎÈὼ ώ ÓÉÎÈὼÃÏÓÈώ ÃÏÓÈὼÓÉÎÈώȠ 
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Graphs of Certain Functions in Polar Coordinates  
 

 

Circle 

ὼ ώ ὥ 

” ὥ 

 

Circle 

ὼ ώ ςὥώ 

” ςὥÓÉÎ• 

 

Circle 

ὼ ώ ςὥὼ 

” ςὥÃÏÓ• 

 

Archimedean spiral 

” ὥ• 

 

Hyperbolic spiral 

”
ὥ

•
 

 

Logarithmic spiral 

” Ὡ  

 

Cardioid  

” ὥρ ÃÏÓ•  

 

Triple-petaled rose 

” ὥÃÏÓσ• 

 

Lemniscate of Bernoulli 

” ὥ ÃÏÓς• 
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Graphs of Certain Parametric Functions  
 

 

Circle 

ὼ ὥÃÏÓὸȟ
ώ ὥÓÉÎὸȟ

 ὸɴ πȟς“ 

 

Cycloid 

ὼ ὥὸ ÓÉÎὸȟ
ώ ὥρ ÃÏÓὸȟ

 ὸɴ πȟς“ 

 

Straight line  

ὼ ὰὸὼȟ
ώ άὸ ώȟ

  ὸɴ Q 

 

Ellipse 

ὼ

ὥ

ώ

ὦ
ρ 

ὼ ὥÃÏÓὸȟ
ώ ὦÓÉÎὸȟ

 ὸɴ πȟς“ 

 

Witch of Agnesi 

ώὼ ὥ ὥ 

ὼ ὥὸȟ

ώ
ὥ

ὸ ρ
ȟ
  ὸɴ Q 

 

 

Astroid 

ὼ ώ ὥ  

ὼ ὥÃÏÓὸȟ

ώ ὥÓÉÎὸȟ
 ὸɴ πȟς“ 

 

Strophoid 

ώ ὥ ὼ ὼ ὥ ὼ 

ừ
Ừ

ứὼ ὥ
ὸ ρ

ὸ ρ
ȟ

ώ ὥὸ
ὸ ρ

ὸ ρ
ȟ

  ὸɴ Q 

 

Involute of a circle 

ὼ ὥÃÏÓὸ ὸÓÉÎὸȟ
ώ ὥÓÉÎὸ ὸÃÏÓὸȟ

 ὸɴ πȟς“ 

 

Folium of Decartes 

ώ ὼ σὥὼώ  

ừ
Ừ

ứὼ
σὥὸ

ὸ ρ
ȟ

ώ
σὥὸ

ὸ ρ
ȟ

   ὸɴ Q 
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Збірник задач призначено для студентів першого курсу спеціальності «Прикладна механіка». На початку 

кожної теми надано короткий довідковий матеріал (означення, теореми та формули). До всіх завдань на обчислення 

подаються відповіді у кінці збірника. 
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