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NEPEOMOBA

MeTouyHi BKa3iBKH MICTSITh TEOPETUYHI MUTAHHS JI0
KOJIOKBiyMY 1 3aBJIaHHS THIIOBOI PO3PaxyHKOBOI poOOTH ,,DYHKIIIT
oOmesxeHoi Bapiarii. JloBxkuHA JTyrd 1 KpUBOJiHIMHI iHTerpamu [
poxny. Imterpanm Pimanma-Ctintbeca” Ui cTyHmeHTIB 1 Kypcey
¢izuko-maremMaTuyHoro ¢axkynaprery. PoboTa BUKOHYeTbCS y 2
cemecTpi. KoXeH CTyIeHT TOTye 1 3/1a€ YCHO TEOPETHYHHI
MaTepial Ha KOJOKBiyMi 1 y THCbMOBIH (opMi 3aBJlaHHS TUIOBOT
poboTH, SIKi BKa3ye BHKJIanad. 30IIMT 3 PO3B’SI3aHUMH 3aa9aMHu
NOBUHEH OYyTH 3/JaHUi Ha NepeBipKy BHUKJIAJTaueBi, SKHMA
IPOBOANTH MPAKTUYHI 3aHSTTS, 0 KOHTPOJIBHOI pOOOTH.

CryneHT, skl He 37aB KOJIOKBIYM 1 THUIOBY PO3paxyHKOBY
poboTY, HE TOIYCKAETHCS JI0 €K3aMEHY, SIK TaKHi, [0 HE BUKOHAB
HaBYAJIBHUN rpadik.

1. TeopeTUUHI NUTaHHA
1.03HaueHHss MOHOTOHHO HECIIaJHOI, MOHOTOHHOI (YHKITi Ha

cermenTi, crpubka Qymkiii f(x) B Touni x,. Jloectn, mo y
BUIIAJIKy MOHOTOHHO HecnaaHol ¢yHKuii f (x) Ha [a;b] 1 s

. . n
MHOXHHH JIOBUIBHHX PI3HHX TOHYOK {x,}  €[a;h] BuKoHyeTHCS

HEPIBHICTH Z[f(xk +0)— f(x, —O)] <7 (b)-f(a).

2. JloBectH, 110 MOHOTOHHA (YHKIIiSI HA CErMEHTI MOXe MaTu
TUTBKHA TOYKH PO3PUBY MEPIIOTO POy ( CTPUOKH ).

3. JloBecTH, 1110 MOHOTOHHA (PYHKIIiSI HA CETMEHTI Mae He OLIbIIe
HIX 3JTIYeHHE YHCJIO0 TOUYOK PO3PHUBY.

4. JloBectm, 10 MOHOTOHHO HecmajHa (QYHKIiS Ha

[a:6] f(x)=g(x)+h(x), ne g(x)- dynkuis crpubkis Ha

[a;b]. sixa mae cTpuOKM TOT K camoi BeIMYMHH i B THX CaMHX
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Toukax, wo i f(x); h(x)eCla:b] i MmoHOTOHHO HecnanHa Ha
[a;b].

5. O3nauenHs (QyHKINI oOMexeHOi Bapiarlii Ha [a;b]. [Tpuknan
¢GyHKIIi, siKa € HemepepBHOIO Ha [a;b], ajie He € (YHKIIE
oOMexeHoi Bapiartlii Ha [a;b] .

6. OcHOBHI BIACTHUBOCTI (YHKIII oOMexeHoi Bapiallii (oBecTH
OJIHY 3 HHX).

7. Teopema XKopnana as GyHKIT 0OMexXeHOi Bapialtii.
8. Knacu pynxkiiit ooOMexxeHoi Bapiartii.

9. Josectu, wmo sxmo f(x)eBV[a;b]nCla:b], Toxi

F(x)=V f(x)eC[a;b].

10. Jlosecrn, mo mnpu f(x)eBV[a;b]NC[a;b] mae wmicue
npencrasiensst [ (x)=g(x)—h(x), ze g(x).h(x)- HenepepsHi
MOHOTOHHO HecnaaHi QpyHKIi Ha [a;b] .

11. OsHaueHHs IHPOCTOI JKOpPHAHOBOI KpuUBOI, Ayrd B R

CHPSIMJIIFOBAHOI JyTrH Ta ii JOBXKUHU. | aznka yra Ta i ToBXKHHA.
12. loBectu Teopemy Kopaana:

mi Toro  mo6  memepepeHa  ayra  f:[a;h] >R,
F(t)=(x(0), (1)) cnpsmmoBanacs, HeoGXimio i nocTaTHBO,
wo6 x(t), y(t) € BV[a;b].

13. O3HaueHHS KpHUBOJIHIHHOTO iHTerpayia 1 poay. 3amava mpo
3HAXO/PKEHHS Macu Jyr'H, SKIIO B KOXKHIA TO4Ill Jyrd 3ajaHa
I'yCTHHA MACH.

14. ®opmynu oOuuCIIeHHS KpUBOJIHIHHOTO iHTerpaiga 1 poay.
3HaXO/KEHHS MacH (3apsiay) AyTH, IEeHTpa Mac IyTH.

15. O3nauenHs inTerpajibHUX cyM: Pimana-CrinTbeca, BepXHBOI
Ta HUXKHBOI cyM JlapOy-Crinteeca. BractuBocti cym JlapOy-
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CrinTbeca, O3HA4YeHHS BEPXHBOI'O Ta HUIXKHBOTO IHTETpasliB
JapOy-CrinTbeca.

16. O3nauenns interpaia Pimana-Crinteeca. [lpuxnan ¢yHkimii
f(x) Bimnocro Qymxuii o(x) wa [a;b], wis sikoi He icmye
inTerpan Pimana-Crinteeca.

17. HeoOxijmHa i JOCTaTHS ymoOBa iCHyBaHHS iHTerpajia Pimana-
Crinteeca. JlocTaTHi yMOBH iCHyBaHHs iHTerpajia Pimana-
CrinTheca (JIOBECTH OJTHY 3 TEOPEM ).

18. Iurerpan Pimana-CrinTbeca BiTHOCHO (YHKIII oOMexeHOT
Bapiarlii: JOBeCTH OJIHY 3 TeOpeM PO iCHYBaHHS iHTeTrpaja.

19. T'eomeTpuyHMii 3MICT 1 OCHOBHI BIACTHBOCTI iHTerpajia
Pimana-CrinTpeca.

20. InTerpyBanus yactuHamu B inTerpaii Pimana-Crintbeca.

21. ®opmyrm obuncieHHs iHTerpaia Pimana-Crintheca.

22. Teopema Xemni npo rpaHu4HUi mepexia B iHTerpaii Pimana-
CrinTbeca.

23. 3acrocyBanns inTerpaia Pimana-CrtinTheca 7S 3HAXOKSHHS
CTATHYHUX MOMEHTIB i MOMEHTIB iHEpIIii Mac.

2. dyHKUiT oOMexeHOoI Bapiauii

OYHKITIIO f: [a;b] - R, Ha3HBAIOTh MOHOMOHHO
HecnaoHo1o Ha [a;b], SIKINO JUIsL VX, X, € [a;b]: x, <x, =
= f(x)<f(x,). Bymemo sBaxaru, mo f(a)=f(a-0) i
F(b)=r(b+0). SAxmo must x, €[a;b] f(x,+0)—f(x,-0)>0,
10 BemmunHy f(x,+0)— f(x,—0) HasuBaroTe cmpubrom f(x)

y mouyi Xx,. MoHOTOHHA (YHKISI MOXe MaTH TiIbKH TOYKH

po3puBy I pomy (cTtpmbkm) i iX Moke OyTH He OLIbINEe HIXK
3nmideHHe 4uciao. [lpu po3B’s3yBaHHI 3aad BHKOPHCTOBYETHCS
HACTyITHA TeopeMa.



Teopema. (Ilpo mpencraBieHHss MOHOTOHHO HECTIAHOT (PYHKILIT).
Sxmo  f (x) MOHOTOHHO HecmajgHa Ha [a;b] , Toml

f(x)=g(x)+h(x). ne g(x) - pynxuis crpudkis Ha [a;b], sxa
Mae CTpUOKM TOT K caMoi BEIMYMHH, 10 1 f (x) 1 B TUX CaMUX
Toukax, mo i f(x); h(x)- HenepepBHA i MOHOTOHHO HecnajHa
Ha [a;b].

Bynemo BBaxarn, mo g(a)=0 i {x,} € MHOXHHOIO TOUYOK

pospusy f(x) Ha [a;b], Toxi

{g(x)= > [F (5 +0)= 1 (% =0) J+[ £ (x) =/ (x=0) ]

ki xp<x
a<x<b
ih(x)=71(x)-g(x).
Oyuxuito f:[a,b] > R, HasusawoTs Gynkyicio obmexncenoi
eapiayii (3minu) Ha [a;b] , SIKIIO JUISL TOBLTBHOTO TIOJILITY

a=x,<--<x,=b
P, : S =
at Ax, =x,,, —X, (k=0;n—1) " m?xAxk

n-1
M >0 Taxe mo v:fzf=2‘f(xk+l)—f(xk)‘sM.
“ k=0
Bapiayicio f(x) ua [a;b] nasusarots supf) f imo3HauaroTh
y a

b b
supy f =V f (x) = V(.[a.]).
Yepes BV [a,b] nossavatrors MuOXuIHY QyHKLiH 0OMexKeHOT
Bapiauii Ha [a;5]. Skmo \bf f(x)=o0, tomi f(x) He e dynxuiero

oOMexeHoI Bapiarlii Ha [a;b] .



Copmymroemo BIacTHBOCTI (PYHKIIIT 0OMekeHOT Bapiallii.
1. SIxmo  f(x) MOHOTOHHO HecmazHa (He 3pocTarova) Ha

[a;b], Tomi
VS ()= 1(0)-1(0) (V7 ()=1(a)-1(5))

2. Sxmo f(x)eBV[a,b], TOI \Z/f(x)=\3f(x)+\i/f(x),
ne a<c<b.
3. Sxmo f(x) g(x)eBV[a,b],Toz[i f(x)ig(x),

I (x)-&(x). )

€ QYHKITIIMH 0OMEKeHOT Bapiarlii Ha [a;b] .

‘ (32 yMOBH Eloc:‘g(x)‘>oc st x € [a;b)])

Teopema 7Kopoana.
Juis Toro, mo6 f(x)€BV[a,b], neobxinmo i nocrarnpo, mo6

/(x) 6yna pisHuLEIO ABOX MOHOTOHHO HeCIIamHUX (QyHKILiN:
f(x)=g(x)=h(x).
3BUYaliHO 3a g(x) BuOuparoTh g(x)=V f(x) maVxe(a,b] i

g(a)=0.Toxni h(x)=g(x)-f(x).
Jut toro, mo6 f(x)eBV[a,b] Gyna pisauuero nBox

MOHOTOHHO 3pocTarouux QYHKIH f(x)=¢(x)—y(x), TOCUTH
pasmn 0(x) =V (1) +(x=a). o(@)=0. y(x)=g(x)+(x-a).

g0 =V f(x)~ /() i x e (a.b].
4, SIxmio f(x) € BV[a,b]m C[a,b] , Toml

F(x)=V f(x)e C[a.b].
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5. Sko f(x)eBV[a.b]nC[a.b], TOJII
F(x)=g(x)-h(x), ne f(x),h(x) HemepepBHi i MOHOTOHHO
HECITaIHi Ha [a;b].

6. SIkmo f(x)eBV[a,b]NCla.b], roxi

V£ =lim v £ =lim [ (x) -~ s

Ipuxnad 1. MouotonHo Hecrianty Qykuito f(x) Ha [0;2]
MIPEJICTABUTH Y BUTJISAJII CYMH HemlepepBHOT QYHKINT Ta (QyHKIIT
crpubkis Ha [0;2], sikimo

x, 0<x<l,
f(x)z{nx, 1<x<2.
[ToOymyBatu rpadikv OTpEMaHUX QYHKITIH.
< TToOGymyemo rpadik f(x) 13ayBakKHMO, III0 MAEMO OJHY TOUKY
po3puBy x =1 ¢yHkIii Ha [0;2].

Sx)
3"'_7
1
2--7"
1 1
that
I 1
1 1
(0] 1 2 x
Puc. 1.

[Tobynyemo ¢yHkiiro ctpuOkiB, mpuitHsasmm g(0)=0 i s
{x,} - MHOXHHH TOUOK PO3PUBY

g(x)= > [F(x+0)=f (%, =0)]+[ /(x)-f(x=0)];

ki x,<x

0<x<2.



VY Hamomy BHIIAIKy

g(x)= 2 [/ (i +0)=f (x5, =0) J+[ £ ()= / (x=0)] =

Xp<x
X =1

=0+0=0,
O<x<l,

g(1)= }:[f’xk+0) f (5 =0)]+[ £ (1)-f(1-0)]=

=0+[2-1]=1,
g)= X [f(x+0) = f(x, —0)]+[f(x+0) = f(x-0)] =

X <x
:[3—2}+0:L
I<x<2.

0, 0<x<l,

I, 1<x<2.

x, 0<x<l,

x, 1<x<2,

Taxkum unHOM, g(X)= {

maiizemo (x)= f(x)—-g(x) :{
TOOTO A(x)=X € HemepepBHOIO (PYHKIIIEI0 Ha CETMEHTI [0;2] i

Kkpim eoro f(x) =g (x)+h(x).
[ToOynyemo rpadixu g(x) ta h(x) Ha [0;2].

2
1
o

Puc. 2.

Ha pucynky g(x) mozHadeHa yHKTUPOM. D>
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Ilpuxknao 2. JloBectn, mo O¢yHKIA f(x) € dyHKIIED
oOMexeHoi Bapiarlii Ha [0, 1]. 3HaliTH MOBHY Bapialiito f(x) Ha

b
[0,1]. xopucTytouncs a) osHauenHsM V £ (x); 6) BIACTHBOCTSAME
a

0, x=0,
moBHOI Bapiartii, skmo  f(x)=41—-x, 0<x<l,
5, x=1.

< TloGyxnyemo rpadix f(x) na [0,1]:

Sx)

5

1
1
e d

7

Puc. 3.

Jui toro, mo6 nosectu, mo [ (x)eBV[a,b], noxaxemo, mo
b

MHOKHHA {v f } € 0OMEXEHOIO TpU JOBUILHOMY MO P [a,b].
a
. b b
Toni 3a o3navennsim V f(x)=supv f .
a A a

a) [Ipuitmemo
O=x,<---<x, =1

P 10:1]: = .
:[0:1] {Axkzxk+l—xk (k=0;n—1) " m?xAxk}

3HaligeMo
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Zfzkz;;‘f(xkﬂ)_f(xk)’:

=[1=x) = F )| =x) = A =x)|+--+ |0 =x, ) - (1=x,,)|+
+|4+x,

+|5—(1—xn_1)|=|1—x1|+|x1 —x2|+---+ X, =X,

= (l_xl) +(x, = x) +e (X, —x, ) (4 +x, ) =5+2(x, —x).

OcCKiIbKH X, X, | € [0,1] , TO, OYEBUJHO, IO MHOXXHHa {}1)1 f }
oOMexeHa (Hampukiaazx, uuciaoM 8) i VP, [a, b]. 3HaiieMo
\(l)/f(x) =51ip\;)f=51ip[5+2(xn_1 —x)]|=5+2(1-0)=7

6) 3uaiiziemo noBHy Bapiamio f(x) Ha (0;1):

\;’f(X)=[f(0+0)—f(0)]+|f(1—0)—f(0+0)|+

+H M= fA=0)]=[1-0]+[0-1]|+|5-0|=1+1+5=7.
> Ipuknad 3. Jlosectu, mo Qynkuis f(x)=1-x" € PpyHKIic0
oOMexeHoi Bapiauii Ha [—1,1]. IlpencraButu f(x) y Burmimi
PI3HHIN JBOX HEMEePEPBHUX MOHOTOHHO HECHAIHWX (OYHKITIH.

[ToGynyBatu rpadiku oTpuMaHUX QYHKIIH.

< 1) Hobyayemo rpadix f(x) Ha [-1,1].

Sx)
/M
-1 0] 1 x
Puc. 4.
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f(x)e BV[-11]: nilicao f(x) MoHOTOHHO 3poctae Ha [-1,0],
MoHoToHHO cnajae Ha [0,1] i koxHa MOHOTOHHA (yHKIis €

¢byHkuiero oomexxeHoi Bapianii. [ToBHa Bapiartis
V)=V @)+ f(x)=
=[£ O = fD]+| /D= £ (O)|=1-0)+]0-1|=2.
3ayBaiMO, IO JOCTATHBOIO yMOBOIO Toro, mo £ (x) € BV[a,b]
e obmexenicts Moy f'(x) Ha [a, b]. V Hawomy Bumamky
fi(x)==2x i |f'(x)|=|-2x|<3 na[-11], omxe

f(x)e BV[—I, 1] .

2) 3Haiinemo I_x/l f(x) mms  Vxe[-1,1]. Buxopucrosyroun
MOHOTOHHICTh f(X) OTPHUMYEMO
Vf=(-2)-0=1-%,
-1<x<0,
X 0 X X
V=V V=14V f=14[1-(1-x) =1+ x,
O<x<l,
X 0
V=V =) f(D=1,
x=0,
X 1
V=V =(1-0+1-0)=2,

x=1.

1-x*, —-1<x<0,

Takum unHOM, V [ = ,
-1 1+x°, 0<x<l1.
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OyHKIIisS (p(x)=\{ f(x) HemepepBHa i MOHOTOHHO 3pOCTa€ Ha

[-1.1].
3) 3naiigemo
@) =V ()= f(x)=ox)-f(x)=
_ (1-x)-(1-x)=0, —1<x<0,
(I+x)-(1-x")=2x>, 0<x<l.
®yHKUis \y(x) HemepepBHA i MOHOTOHHO HecrianHa Ha [—1,1].
Kpim mporo f(x)=o(x)—wy(x) € PI3HHIICI0 MOHOTOHHHUX

HeTMepepBHUX Ha [—1, 1] ¢bynkuiit. [To6ymxyemo rpadiku @(x) i y(x).

3aBpaHHA 1

3azaHa MOHOTOHHO HecrianHa GyHKuis f(x) Ha [a, b].
1) [IpencraButu  f(x) y BUrIsSAl cymMH (YyHKLID cTpUOKiB

g(x) i menepepsHoi Qynkuii A(x)Ha [a,b]. IloGynysarn
rpadika f(x), g(x). h(x) Ha [a,b].
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2) JloBectr, mo  f(x) € QyHKIie0 oOMexeHol Bapiamii Ha
CErMEeHTI [a, b]. 3HaliTH MOBHY Bapiallifo: a) 3a O3HAYCHHSIM

MOBHOT Bapiarlii; 0) KOPHCTYIOUMCH BIACTUBOCTSIMM Bapiailii.
Oynxiis e(x) = \{ f(x) HemepepBHa i MOHOTOHHO 3pOCTa€ Ha
[-1.1].
3) 3Haifiemo
W) =V f(x) = f(x)=p(x) - f(x) =
Ja-x)-(1-x*)=0, -1<x<0,
(I+x)—(1-x*)=2x>, 0<x<l.
@yHKUis \Y(x) HemepepBHA i MOHOTOHHO HecrianHa Ha [—1,1].
Kpim 1mweoro f(x)=o(x)—y(x) € PI3HHIICI0 MOHOTOHHHUX

HeTlepepPBHHUX HA [—1, 1](1)yHKui171. [Mo6ymyemo rpadika @(x) i Wy(x).

Fo(x)

3aBaaHHA 1

3azaHa MOHOTOHHO HecrianHa GyHKuis f(x) Ha [a, b].
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[IpencraButun f(x) y Burmsami cymua (yHKIii ctpubkiB g(x) i

HernepepBHOT  (QyHKIIIT

f(X) > g(x)’ h(x) Ha [a, b]

f(x) € ¢dynkuiero oOMexeHOi Bapiamii Ha

2) JloBecTH, 110

h(x)na [a,b]. Hobynysarn rpadiku

cermeHti [a, b|. 3Haiftn noBHY Bapiamino: @) 3a O3HaYCHHSM

MTOBHOI Bapiarlii; 0) KOPHCTYIOUHCH BIIACTUBOCTSIMH Bapialtii.

x2, 0<x<1,
2, 1<x<?2
1. f(x)= ’ ’
Jf(x) 3 522,
x+2,2<x<3;
3.
—1-x% -1<x<0,
0, x=0,
X)=
S0 e, 0O<x<l,
S5+Inx,1<x<3;
x, —1<x<0,
e, 0<x<l,
5.f(x)=
Jf(x) 4 oxel
5, 1<x<2;
x*+1, 0<x<l,
7. f(x)=<x+3, 1<x<2,
6, x=2;

2.f(x)=

4. f(x)=

6. f(x)=

8.f(x)=

15

x,0<x<1,
3, 1<x<2,
4, x=2,
Jx—2+5,2<x<3.
x—4, -2<x<0,
-3, x=0,
x=2, 0<x<2,
1, x=2,
2%, 2<x<3;
x3, 0<x<l,
2, x=1,

2x, 0<x<l,
3, x=1,
242x%, 1<x<2,
11, x=2;



x3, 0<x<l,
2 x=1
9. f(x)= ’ ’
S x+2,1<x<2,
5, x=2;
11.
x*, 0<x<l,
2, 1<x<2,
X)=
f(x) 3 xen.

5-(x=3)%,2<x<3;

x+1,-1<x <0,

B3 fy=1 = ¥70
x+3,0<x <1,
5 x=1
15.
e, —-1<x<0,
f(x) = 2, x=0,

x+3, 0<x<l1,
x 44, 1<x<2;

i,()Sx<l,
2 2
x+1,0,5<x<1,

2,5, x=1,
x+2,1<x<2;

17. f(x) =

10.

f(x)=

12. f(x) =

14. f(x)=4x"

16.

fx)=

16

x, 0<x«<l,

I, 1<x<2,

2, x=2,
4—(x-3), 2<x<3,

5, x=3
x,0<x<1,
3,
x+4, 1<x<?2,

7,

x=1,
x=2;
-1<x<0,

0<x<1,

I<x<2;

X,

+1,

x+3,

x2-1, 0<x<l,
1, x=1,

4x—1-x*, 1<x<2,
4, x=2,
x+3, 2<x<3;




18.

\/;, 0<x<l,
2, 1<x<2,
¥ —4x+7,2<x<3,
5 x=3;

0, x=0,

19. f(x)=92x+1, 0<x <1,

x+3,1<x<2;

Jf(x)=

21.
x’+1, 0<x<l,
4, x=1,

. T
S5+sin—, 1<x<2,
X

x+5, 2<x<3,
9, x=3;

x?, 0<x<l,
2, x=1,

e, 1<x<?2,
8, x=2;

Jf(x)=

22. f(x) =

-1, 0<x<l,

23. f(x)=4 1,
x+2,1<x<2;

x=1,

\/;, 0<x<l,
20. f(x)=9x+1, 1<x<2,
x?, 2<x<3;

¥, 0<x<l,

2 x=1

24. f(x) = ’ ’
S 2x+1, 1<x <2,

6, x=2;

17



X, 0<x<l, x,0<x<l,
2.x=1 =
25. F(x) = ,x=1, 26. f(x) x+1L1<x<2,
x+2,l<x<2, 4+x-2,2<x<3;
6, x=2;
27. x>, 0<x<l,
X, OSX<1, 1 1<x<?2
=] 2 TR w2 x=2,
3, x=2, x+1,2<x<3,
5-(x=3)%,2<x<3; 5 o3

¥ -1,1<x<2,
29. f(x)= 4, x=2,
x+3,2<x<3;
x2, 0<x<l,
30. f(x)=92+Inx, 1<x<2,
x+3, 2<x<3.

18



3aBaaHHsA 2
3ajana HeMoHOTOHHA pyHKuis f(x) Ha [a, b].

1) Jlosectn, mo  f(x)eBV][a,b].

2 Buaim V(). V(=g V@)~ /()= hx).

xe[a,b].

3) [IpencraButu f(x) Ha [a, b] SIK PI3HHINO IBOX:

a) MOHOTOHHO HECTIaJIHUX ; 0) MOHOTOHHO 3pOCTAaI0OUUX (DYHKIIIH.
4) TloOymyBatu rpadiku OTpUMaHUX (QYHKITIH.

fx)=4 6

5-x,1<x<3;

x=1,

19

BapiaHTu
\/;, 0<x<«l, 2.
(x=2)*,1<x<2,
1. f(x)= —
TO= e, fx)=
3, x=3;
3.
4,
cosx,—0,51<x <0,
f(x)=1 3 x=0, f(x)=
In(I+x), 0<x<3;
6.
5.
—(x—l)z, 0Sx<1, f(X)=

xt, 0<x<l,

2, x=1,
3+(x-1)°,1<x<2;

-x,—-1<x<0,
2, x=0,
sinx, 0<x<0,5m;

4-(x-2),0<x<2,
3, x=2,
2—(x-2),2<x<4;



¥, 0<x<l,

fx)=4 6,

¥ +2,1<x<2;

x=1,

0.

x, 0<x<2,
fx)=9 L  x=2

x—2,2<x<4,
11.

I-x,0<x<1,
f(x)=4 x*, 1<x<2,

5, x=2;

13.

—x?, 0<x<l,

Jx)=1 4

3x+2,1<x<2;

x=1,

15.
1-x*,-1<x<0,

f(X)={ )

x°, 0<x<1;

17.
2—x?,-1<x<0,
f(x)=41-x7, 0<x<l,
1, x=1;

20

8.
Jx, 0<x<l,
f(x)= 4, x=1,
34— 1<x<2;
10.

-x-1,-1<x<0,
f(x)=<sinx, 0<x<0,57,

2, x=0,5m;
x2, 0<x<l,

12. f(x)=4 6,
x+4,1<x<2;

x=1,

Jx,-1<x<1,
14. f(x)=4 4,
x+2,1<x<3;

x=1,

¥, 0<x<l,
16. f(x)=4 3, x =1,
3—-x,1<x<2;

18.
sinx, 0<x<0,5m,
f(x)=< 4, x=0,5m,

x, 0.5n<x<m;



19.
x+2,-2<x<-1,
-x-1,-1<x<0,
X)=
/) X, 0<x<l,
1-x, 1<x<2;

1-x2, —1<x <1,

21 f(x) =4 1,

x+1,1<x<2;

x=1,

23.
cos’x, 0<x<0,5m,

f)=9 2,

sin’ x, 0,5t < x <m;

x=0,5m,

x*, 0<x<l,
25. f(x)=1 3,
x+1L1<x<2;

x=1,

27.
1+2x, -1<x<0,
f(x)=4x*—4x+4,0<x <1,
2, x=1;
x, 0<x<l,
29. f(x)=9x-1L1<x<2,
0,x=2;

20.

2x°,  0<x<l,
4, x=1,
J)= 2+cos£,1<x<2,
X
3, x=2;
22.
7-0,5x*, 0<x<2,
=9 3  x=2
3+0,5x,2<x<4;
x,0<x<l,
24, f(x)=9 3, x=1,
¥ +L1<x<2;
2x%, 0<x<l,
26. f(x)=94—-x,1<x<2,
3, x=2;
28.
2(x+1)*=2,-1<x <0,
f(x)= 1, x=0,
2—x%, O0<x<1;
1-x*,0<x<1,
30. f(x)=4 x,1<x<2,
9, x=2.
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JloBect , 1O (QyHKILSA

3aBAaHHA 3
f (x) e BV [a, b] . IlpencraButu

f(x) Ha [a,b] y Burmsai pisHHLI ABOX HELIEPEPBHUX:

a) MOHOTOHHO HECITaJHUX; 0) MOHOTOHHO 3pOCTAIOUUX (PYHKIIIi;

B) noOyayBaTH rpadiku OTpUMaHuX (PYHKITIH.

f(x)=cosx
x €[-0,5m;0,5];

f(x)=1-(1-x)’
. xe[0:2];
{f(x)=4—x2
5.
xe[-2.2];

. f(x)=sin’x
| xe[-0,5m;0,5x];

(98]

9 f(x)=1-x
| xe[-L1):
Fe) =]
. {xe[—l;l];
;. {f(x)=chx
xe[—l;l];
s, {f(x)=cos2x
xe[0;2n];
{ f(x)=cos’ x
17.
x €[-0,5m;0,5n];

22

{f(x) =sinx
2.
xe[0;m];

{ F(x)=2sin>0,5x
4.
xe[-mn];
{f(x)=sin2x
6.
xe[0;n];
g f(x)=x’
- |xe[-L1];
0. {f(x)=|x+2|
xe[-4;0];
12. {f(x):9_x2
xe[-3;3];
n {f(x)=sin2x
xe[0; 27];
6. {f(x):coszx
xe[0;m];
fx)=e"
8. {xe[—l;l];



19.
xe[-L1]: 20.

21. 22.

25. 26.

fy=e™ ’g
27. ' xe[0:4];

29.
xe[-55]; 30.

| |

| |
Vi Sty

| {

| |

| |

3uaiiTi noBHy Bapiauito f(x) Ha cermenti [0,2]. Sk TpeGa 3minu-
TA 3HaueHHs f(x) y Toumi x=1, moO Bapiamis Oyna
HaWMEHIIOI0?

23



x—1, x<l,
1. f(x)=410, x=1,
X', x>l
x-=1, x<l1,
2. f(x)=45, x=1,
X2, x>l
x—1, x<1,
5. f(x)=1 4, x=1,
41, x>l
7.
1-x, x<1,
fx)=4 8  x=1
x+1, x>1.

3. o=

4. f(x)=

6. f(x)=

8. fx)=

x—2, x<I1,
13, x=1,
X3, x>l
x=3, x<l1,
12, x=1,
X2, x>l
x—1, x<1,
8, x=1,
-1, x>
1-x, x<1,
5, x=1,
xX-1, x>l

9. @ynkuis f(x) mae oGMexeHy apiawio Ha [0,1]. JoBectn, mo
F(x)=f(4Ax+B), ne A>0 (A4,B—const) mac oOMeXeHy Ba-

1 b
piawito Ha [a, b] i \O/f(x)=VF(X), e a=—§, h=—.

1-B
A

[TepeBiputr TBepKeHHS CHOPMYIIBOBaHI B 3amadi 9 Juis

GyHKITIH

0,

10. f(x)=<2-x,
3,

x=0,

O<x<l, 1 F(x)=f(x-1);

x=1.

24



0, x=0,

11. f(x)=<1-2x, O<x<L 1 F(x)=f(x-2);
2, x=1.
0, x=0,

12. f(x)=9x-1, O<x<l, 1 F(x)=f(x+1);
2, x=1.
0, x=0,

13. f(x)=492x-1, O<x<l, i F(x)=f(x+2).
3, x=1.

14. ®ynkuis f(x) mae obmexeny Bapiamiro Ha [0,1], a ¢(x)

CTpOro 3pOCTa€ 1 HemepepBHa Ha [a, b] 1 Taka, IO

o(a)=0,p(b)=1 . loBectn, mo F(x)= f(¢p(x)) Mae oOMexeHy
1 b

Bapiarito Ha [a, b] i V) =VFQX).

[TepeBiputn TBep KeHHS c(HOPMYIIbOBaHI B 3amadi 14 uist
GyHKITIH:

0, x=0,

15. f(x)=92-x, O<x<l, i ¢@(x)=x"Hal0;1];
3, x=1.
0, x=0,

16. f(x)=491-2x, O0<x<l, i ¢(x)=x"nal0;1];
2, x=1.
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0, x=0,

17. f(x)=<1x-1, 0<x<l, i @(x)=x"Hnal0;1];
2, x=1.
0, x=0,

18. f(x)=92x-1, O<x<l, i o(x)=x" na[0;1].
3, x=1.

19. JloBecT , 110 (QYHKITis, SIKA 33 J0BOJIBHSIE YMOBY JIimmmutist
MepIIOro MOPSIAKY Ha [a, b], Ma€e Ha IIbOMY BIJIPi3Ky OOMEKeHY

Bapiairo.
1
-—, 0<x<0,5,
20. TIlepeBiputn, mo ¢yHKmsS f(x)=< Inx g
0, x=0

HellepepBHa 1 Mae oOMexeHy Bapiauio Ha [0;0,5], ane He 3amo0-
BOJIbHsIE yMOBY Jlinmmuiis Ha [O; 0,5] pH OyIb-IKOMY O .

21. Jlosectn , wo 3 ymosu f(x) € BV[a, b] Bummsae

|f(x)| € BV[a, b] .

22. Um BipHE TBEpIKEHHS: ,, SKIIO | f (x)| e BV [a, b] , TOMl
f(x)e BV[a, b] 7.

23. Hpunycrumo, mo f(x) € Cla, b]. Yn BipHe TBepKeHHS :

L Skmo | f(x)| € BV[a,b], toni f(x)eBV][a,b]?".

24. Tlpunyctumo, mo f(x)e BV[a, b] i f(x)2c>0

Vx €[a, b]. Nosectn, mo ! ) eBV[a,b].
x
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25. HaBectn npukian HenepepsHoi GyHkuii Ha [a, b] i Takoi, mo

He € pyHKIliero oOMexeHoi Bapiawii Ha [a, b].

3. AOBXUHA OYTH

Hapenemo o3naueHHst KpuBO1 (JIyTH) Ta 1i JOBKHHHU.

Osnauenns 1. (Kopnan) Touku minommuan M(x,y), KoopaAUHATH
SIKAX OITHCYFOTHCS HETePePBHUMHU (GYHKITIIMA
x=x(t),y=y(t),te [a, b], Ha3UBalOTh Kpugoio. Kpusa € mpoc-
TOIO, SKINO PI3HUM 3HAYCHHSM [ BiJMOBIJAOTH Pi3HI TOYKH Ha
KPHUBIH.

Osnavenns 2. ( Kantop) KommakTHy 3B’S13HY MHOXHUHY Ha
IUIONTHHI 0e3 BHYTPIITHIX TOYOK HA3HBAIOTh KPUBOIO.

Osnayenns 3. (YpucoH) OnHOBUMIpHY 3B’SI3HY KOMIIAKTHY
MHOKHHY Ha3UBaIOTh KPUBOIO.

Osnavenns 4. B R, BinoGpaxenns f:[a,b]>R,, sxe €

n?

HENEepepBHUM 1 OI€EKTUBHHMM, Ha3uBalOThb Oyeor0 B R :
f= 1) =0, ().

Posrmsremo nyry I' B R, : ﬁt) =(x(t), y(t)) (nmuB. o3Hau. 4).
IloGyayemo moxin P, [a,b]:a=1,<..<t,=b. Toni koxzOMYy
3HAQUeHHIO f, Bianosimae Touka M, (x(#,), y(f,)) Ha my3i I'.

3HaiiileMo  JIOBXHHY JlaMaHoi, MoOyJOBaHOI 1O  TOYKax
M, (k=0,n),

TG = 2 = 5N + () =0

BayBaxnmo, wo upu £ () = (x(1), ¥(t)).
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Afe=ft,) - Ft) = (6t = x(t), ¥t - () i
100 = 3|87

Osnauennsi 5. Henepepsny nyry I' B R, HasuBaroTh cnpsiu-

mosanoio, skmo 3supl(C(L))<oo , 1 uueno I(I)=sup/(I'(L))
A A

Ha3UBAIOTh 0068cuHo10 Oyau 1.
Ile o3HaYeHHS €KBiBaJICHTHE HACTYITHOMY':
Osnauennss 6. Henepepsny ayry I' B R, Ha3zuBaroTh

CHPAMIIOBAHOI0, SKIIO Ellkirr&l T)=IT)<w.

3ayBaxkumo, 1m0 IS QYHKINT oaHiel 3MiHHOL Y = f(¢)
Af:f(tkﬂ)_f(tk) >
A7 =A% | =1 ) = @O =N G = £

fzf:nz_l:|f(tk+l)—f(tk)|:WZ_E|Afk| i moBHa Bapiamis f(f) Ha

[a,b]: \Z/f(t)=s1;pn2::|Afk|.

Jlis BekTopHOi (YHKINT 3amuImeMo MOMIOHI QopMmynd i
TBEPJIKCHHSI.

Osnauenns 7. Slxkmo f :[a,b] >R, i EIsup’Afk‘ <o,
A

Toz[ifeBV[a,b] i \bff(t)zsupz Afk|
“ Aok=0

Orxe, IpaBOMipHEe HACTYIIHE O3HAYCHHS CIIPSIMIIIOBAHOI TyTH
BR .

Osnauenns 8. Hemepepuy ayry ' B R Ha3uBaioTh

n

. b
CHpsMITIOBaHOM, Ko f € BV[a,b], 1 V f(r) HasuBatots
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b
oosacunoto oyeu I [(I) =V f(t) .
Teopema (Kopman). [[ns Toro, mo0 HemepepBHa ayra [ :
x=x(1), y=y().t €[a,b] cupsmmosanacsi, HeoGXiaHo i gocTar-
HEO, 106 x = x(1), y = y(t) € BV[a, b].

VY BUMAKy INIaAKol JyTH, JOBXKHHA 11 MOXe OyTH 3Hali/ieHa 3a
JIOTIOMOTOFO iHTerpaia PimaHa.

Osnauenna 9. Qyry I' B R, x=x(t), y = y(1), z = z(¢),
t € [a, b] HasuBarOTH rIAAKOKO, SIKILO
x=x(t),y=y(t).z=z()e C'[a,b] i x’>+y’+z’>0.

Teopema. ['nmaaka pgyra CcOpSIMITIOETbCS 1 11 JIOBXKHHA
b

nopiBatoe [(I) = Idl cne dl=\x+y’ +z dt € nudpepentiaiom
a

JIyTH.
Hasenemo Buriisin qudepenniana nyru B R, y Bunaakax, Kojiu
JIyra 3ajlaHa sIBHO 1 B TIOJISIPHIM crcTeMi KOOpAWHAT :

1)F:y=f(x),xe[a,b],dl= 1+ /2 (x)dx i

un=j1+f%m@.

2) r:{p:p @ = @r@de i

pela,b]
(D)= [Jp*(@)+p (@)do.

4. KPUBOJIHIAHI ITEFPANK 1 PORY 11X
3ACTOCYBAHHHA

Sxmo I' e cnpsimmoBana ayra B R, (abo R,) 1 B KoxHil
toulti M(x, y)e ' Busnauena ¢yukiis f(M)= f(x,y)e C(I),
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TOI I f(x,y)dl, ne dl - madepenmian ayru [, € KpHBOJI-
r

HiltHUM iHTerpaioM | poxy. Hasememo dopmynu i#oro obuuc-
JICHHS 1 3aCTOCYBaHHS.

1) I' sagasa napamerpuuno: x =x(f),y=y((),t €[a,b], pict

JOBXXHUHM OyTH [ =[(f) BiAMOBiIa€ pocTy mapameTpa.

[£Geyydi= [ e yO)x7 + y2ar

2) T sanaHa siBHO: y = y(x), x € [a. b]

[£Geoyydl= [ £, pD1+ 57 (x)elx

3) T sazana B mousipHuX KoopauHatax: p=p(¢), @e[a,b]

[7)dl = [£(p(@)coso.p(@)sin@)yp’ (9)+p" (@)dep

4) Maca (3apsin) ayru B R,, skmo y(x,y) € rycruHa macu

(apsany) i dl € nudepenuian yru  m = Jy(x, y)d.
r
5) Henrp mac C(x.,y.) nyru B R,, sxmo y(x,y) € rycruna

1 1
MacHu x.=— |xy(x,y)dl, =— x,v)dl.
. mrf y(xp)dl. v mrfyv( »)
Ilpuknao 1. Jlosectu, mo ayra
e
xcos—, x#0,

S(x)= 2x
0, x=0,

ommcyeTbes  HemepepBHO0 yHkuieo Ha [0;1], ame He €

CHPSIMITFOBAHOIO.
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< 1) Tlokaxemo, mo f(x)eC[0;1], To6T0 yHKIis € Heme-
PEPBHOIO Ha [0;1]. MiticHo, sxmo QyHKIiS f(X) € pO3pHBHOIO,
TO TOYKOO pO3pHBY Moske OyTH Xiba mo x = 0. Tomy 3HaiigemMo

I (O + 0) = lim xcoszl =0 [no0yTOK HECKIHYEHHO Majioi (QpyHK-
X

x—>+0

i x Ha OOMeKeHy (yHKIIIO 00521 <1]. Ame f(0)=0.Orxe,
X
f(0)=f(0+0), To0TO f(X)E€E (C[O;I].

2) Tlokaxemo, mo f(x)gBV[0;1], To6r0 QyHKUix Mae

HeoOMesxeHy Bapianiio Ha [0;1] i, orxe, 3a o3nauennsm 8 i Teo-

pemoto Kopnana, He € crpsmzosanoo Ha [0;1]. Jlis wporo

b
focuTh 3HalTH Takuit momin P, [0;1] ams sikoro v f — oo mpu
a

A—0.
Bubepemo neBHUIT MO

3HaligeMo

V1= S 1) - ) =|21—ncos(§(2n)J—f(0)

1 T 1 s
1 005(5(211 —1)) —2—ncos (E . (2n))

lcos E~2)—lcos(£-3)
2 2 3 2

+

+

+ ..

e +

n 1
1-cos———cosm
2 2

BpaxoByrouwm, mo cos(nn) =(-1)" i f(0)=0, orpumyemo

1 1 1 1 1. 1 1
V= (et (mh ) b4 1= H
v/ (2n 2n) (2 2) n 2 !
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=
Je H, —uacTkoBa cyMa TapMOHIYHOIO psIy Z—, SKHH €

n=1

1 1
po30ikHUM, TOOTO lim [, = 0. Otxe, supy f= \0/ f(x)=o.
A

n—»w

Takum unHOM, QYHKIS f(f) € HelmepepBHOIO (YHKITIEI0 Ha
cermenti [0;1], ane He € QyHkiielo oGMexeHoi Bapiawii: jyra,
siky onmcye f(x) Ha Binpisky [0;1], He cnpsmuroeTsest.

Ilpuknao 2. 3naiiti TOBXUHY JyTH
[:x=acos't,y=asin't (a>0).
< Jlyra I' e OGiektuBHUM BimoOpaxeHHsM Biapizka [0;0,57]
(x>0,y>0). Toxi, BUKOPHUCTOBYIOUH (GOPMYJIH Ui Mapame-
TPUYHO 33aJaHOI KPUBOI, 3HAUIEMO
¥'(t)=—4acos’ tsint;  y'(t)=4asin’ tcost;
x()+ y"*(t) =164’ cos® tsin® t +16a’ sin® t cos’ f =
=164’ cos” tsin” t(cos* t +sin* 1) =

=4a’ sin” 2¢[(cos’ t +sin’ 1)* —2sin’ fcos® t] =
=44’ sin’ 2{1 —%sin2 2tj =44’ sin’ 2t [1 —%(l —cos’ 2t)} =
=2a’sin’ 2¢(1+ cos” 2t);

/2
dl = axJ2 sin 201+ cos® 2tdr; (D) =av2 I\/l +cos” 2t sin 2tdt =
0
1 1
:ij«/1+y2dy:x/§aj\/1+y2dy:
\/5—1 0
a ! 1
=—| pJ1+ 3> +In(y +4/1+ )7 } =a+—In(1+-2). >
ﬁ[y y* +In(y I, 7 ( )
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< Jlyra I' e OGiektuBHUM BimoOpaxeHHsM Biapizka [0;0,57]
(x>0,y>0). Tomi, BUKOPUCTOBYIOUH (HOPMYJIA JUIS Tapame-
TPUYHO 33/1aHOT KPUBOT, 3HAHIEMO

x'(t)=—4acos’ tsint; () =4asin’ tcost;

X 2()+ ¥ (t) =16a* cos® tsin® t +16a” sin® t cos® f =

=164’ cos’ tsin’ #(cos' t +sin* 1) =

=4a’ sin’ 2t[(cos’ t +sin’t)* —2sin’ rcos’ t] =

=4a’ sin’ 2t(1 —%sin2 2tJ =4a’ sin” 2t [1 —%(l —cos’ 2t)} =
=2a’sin” 2¢(1 +cos” 2¢);

7/2
dl = a2 sin 2t\1+cos 2tdt; I(D)=a2 I V1+cos® 2t sin 2tdt =
0

1 1
=ij 1+y2dy=\/§aj 1+y°dy =
NN N
1
=i[y 1+y2+1n(y+«/1+y2)} =a+%ln(1+\/§). >
0

2

3aBaaHHA 5
JoBectr, mo ayra [, sika ONMHACYEThCS HETEPEPBHOIO (YHKITIEIO
Ha [a;b], HE € cupsMIIOBaHOIO Ha [a; b]. Bkaszarwm momin, mpu

b
skoMy v f —o mpu A—>01 f(x)e BV]a;b].

X T
L@ =172 " (wpi=1011:
0, x=0,
X T
2 f=12%2 **% ap=10:2;
0, x=0,
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. T
xsin—, x#0,

3. f(x)= 2x [a; b]=[0;1];
0, x=0,
zsinl x#0
4. f(x)=42" 2x° " [a;b]=[0;2];
0, x=0,
xcosi x#0
5. f(x)= 4x° " la;b]=[0;1];
0, x=0,
icosl x=0
6. f(x)=46  2x’ [a; 6] =[0; 2];
0, x=0
xcosE x#0
7. f(x)= x’ " la;b]1=[0;1];
0, x=0,
xsinz x#0
8. f(x)= x’ " [a;0]=[0;2];
0, x=0,
xsin—, x=0,
9. f(x)= x [a;5]=[0;1];
0, x=0,
xcosl x#0
10. f(x)= x’ " [a;b]=[0;1];
0, x=0,

11. f(x)= [a; 6] =[0;1];
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x? sin%,x;to,
12. f(x)= x [a;6]=[0;1];
0, x=0,
> . T
Sady 0
13, f0=1"" T [wbr=[011;
0, x=0
xcosi x#0
14. f(x)= 2x" 7 [a;6]=[0;1];
0, x=0,
(x—2)sin T , X #2,
15. f(x)= 2(x-2) [a; 5] =[2;3].
0, x=2,

16. 3’sicyBaTH, 171 SIKMX 3HAUYeHb napameTpiB o i 3 ayra I, sika
OTIHUCYETHCS (PYHKITIEIO

o1
x*sin—, x#0,

f(x)= K’ cnpsamimoetses Ha [0;1].
0, x=0,

17.  3minHa Touka M(X;y) ONHUCYe BIAPI30K TPSIMOi ) =X,
MPUYOMY

1 .1

tsin—, =0, tsin—, t=0,

X= t y= t te [O; 1].

0, t=0, 0, t=0,

Bimpizok mpsmoi Bim Touku  A(a;a) (t=0) g0 TOYKH
0<r<1 0<t<1

B(b;b) (t=1), ne a=min (t sin%), b = max (t sin %) , 3aBXIU

Ma€ CKiHYeHHY JOBXuHY. [IpoTe ayra, sika 3agaHa mmapaMeTpHYHO,
HE CIPSAMITIOEThCS. [TOSICHUTH 110 3 MEpIIoro MOy CyNeped-
HICTE.
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18. JloBectw, o 3a ymoBH oomexenocti f'(x) Ha [0;1], rpadik
¢GyHKIIT y = f(x) € KpUBOIO, sIKa CIPAMITIOEThCS Ha [0; 1]

19. JloBecTH, IO 3a YMOBH iCHYBaHHS 1 oOMexeHOCTI (1),
'(t) na [0;1], kpuBa x = (), y =y(t) cupsmatoeTbes Ha [0;1].

20. JloBect, MmO  KpuBa, SKy ONHCye  (QYHKIIS
1
2 .
x“sin—, x#0,
f(x)= X cupsimitoeTbes Ha [0;1].
0, x=0,
21. JloBect, MmO  KpuBa, SKy ONHCye  (QYHKIIS
1
2
x“cos—, x=#0,
f(x)= X cupsiMittoeTbes Ha [0;1].
0, x=0,
3aBpaHHA 6
3HalTH JOBXKHUHY KPUBOI, SKIIO

6 4
4 " c. .
1. T:x= s y=2 e sIKa JISKUTH y 1-i UBEepTI 1 BIATHHAETHCS

OCsMH KOOpAHUHAT.

t . .
2. I':x=3(cost+Intg E), y=3sinf, siKa JEKUTb MK TOUYKAMH,

10 BiMOBINAIOTH 3HAYCHHSAM MapameTpa f, = /2 ta t, =2mn/3.

3. T:x=(-2)sint+2tcost, y = (2—t2)cost+2tsint,

K& JIEKUTh MK TOYKAMH, 10 BiIMOBIIAIOTH 3HAYCHHSM Mapa-
Mmerpa £, =0 Tat,=m.

2
SKa JISKHTb MIXK TOYKaMH, IO MaroThb

4.1T:y=aln——,
a —x
abenmen x, =0 ta x, =a/2, a>0.

5. T': y=Incosx, fKa JIeKHUTHh MK TOYKAMH, 110 MAIOTh a0CITHU-CH

x,=01ix,=m/4.
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