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Introduction 

This textbook is designed for second-year students studying the discipline "Higher 

Mathematics 3. Series. Theory of the Functions of a Complex Variable", which is the third 

credit module belonging to the discipline "Higher Mathematics" for Bachelors of the Specialty 

131 "Applied Mechanics".  

The proposed manual consists of ten main chapters. Each of them contains a theoretical 

part and provides examples and figures to help clarify the theory and show some applications, 

making this a good textbook for classroom use as well as for independent study. 

The first chapter introduces the Numerical series. Here we determine the convergence or 

divergence of a positive-terms series and provide some tests that allow us to handle a broad 

range of such series including the Comparison, Ratio, Root and Integral Tests. Then we study 

the alternating series, where the terms of the summation alternate between being positive and 

negative. Here we get acquainted with absolutely and conditionally convergent series and 

study the alternating series test for convergence.  

The next two chapters are about the Functional and Power series, which are useful when 

solving a large variety of mathematical problems. Here we show how to determine when such 

series converge, what is the domain of convergence and how to find it, and what is the meaning 

and importance of uniform convergence. 

We also show how to represent certain functions using power series (Taylor’s and 

Maclaurin’s Series). In particular, we answer the question: what functions can be represented 

by power series and how do we find such representations? Here we show how to use Taylor 

series for evaluation integrals when the antiderivative of the integrand cannot be expressed in 

terms of elementary functions, for solving Cauchy problems for differential equations and 

other applications.  

The fourth chapter is concerned with the Fourier Series powerful tool that occurs 

frequently in various problems studied during Engineering education. A Fourier series is an 

expansion of a periodic function in terms of an infinite sum of sines and cosines.  

The fifth section is devoted to the concept of a function of a complex variable. The topic 

begins with a definition of complex numbers, their geometric representation, their algebra, 

powers and roots of complex numbers. This part covers limits and continuity, the definition 

of a function of a complex variable and elementary functions of a complex variable. 
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The next sixth part is about the differentiation of the function of a complex variable. Here 

we get acquainted with a definition of analytic functions and conformal mappings. The 

seventh chapter is devoted to problems of integration of the function of a complex variable 

including the Cauchy Theorem and Cauchy integral formula. In the next section, the reader 

may find the basic concepts of the Taylor and Laurent series.  

The ninth chapter is devoted to the Residue Theory. Here we determine the concept of 

singular points and residues at these points, the residue theorem and its applications.  

The last part deals with the basic concepts of the Laplace and Fourier transforms and 

their applications.  

Each topic is provided with review questions and exercises, which will allow students to 

master the skills of solving practical problems and prepare for examination. Answers are given 

at the end of the manual. 

The manual can be used to provide full-time, distance or mixed education. 
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1. Numerical Series 
 

1.1 Basic Concepts and Definitions of  Numerical Series 

 

I. The Concept of Numerical Series 

Consider the infinite sequence of numbers 

𝑎1,    𝑎2,    𝑎3, …    𝑎𝑛, …  

 The expression  

𝑎1 + 𝑎2 + 𝑎3 +⋯+𝑎𝑛 +⋯  

is called a numerical series and is denoted by 

∑𝑎𝑛

∞

𝑛=1

.                                                                  (1.1) 

 

 The numbers    𝑎1,    𝑎2,    𝑎3, …    𝑎𝑛, …  are called the terms of the series and 

the number  𝑛  is called the index of summation. 
 

Since we can find the sum of only a finite amount of numbers, how should we understand 

the meaning of an infinite sum? 

Let us define numbers 

𝑆1 = 𝑎1,   𝑆2 = 𝑎1 + 𝑎2,  …   𝑆𝑛 = 𝑎1 + 𝑎2 + 𝑎3 +⋯+𝑎𝑛,   … 

 

 

         The sum of the first 𝑛 terms 𝑆𝑛 of a series is called the 𝑛-th partial sum of the 

series. 
 

Since the number of terms of the series is infinite, it is possible to compose an infinite 

sequence of partial sums {𝑆𝑛, 𝑛 ≥ 1} 
 

                         If there exists a finite limit 𝑆 of the sequence {𝑆𝑛, 𝑛 ≥ 1}  

lim
𝑛→∞

𝑆𝑛 = 𝑆, 

then a number 𝑆 is called the sum of the series (1.1) and we say the series 

converges (is convergent) or summable.  
           

 If the finite limit does not exist (for example, {𝑆𝑛} tends to infinity), then the 

series (1.1) has no sum and diverges (is divergent). 

Definition. 

Definition. 

Definition. 

Definition. 

Definition. 



 

 

 

8 

Hence, we may define the sum of the series as 

lim
𝑛→∞

𝑆𝑛 =∑𝑎𝑛

∞

𝑛=1

. 

Let us consider some examples. 

  

 

Consider the series (geometric series) 

∑𝑎𝑛−1
∞

𝑛=1

= 1 + 𝑎 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑛 +⋯ 

The sequence of terms  

1,   𝑎,   𝑎2,   𝑎3 ,   …,   𝑎𝑛 ,   … 

is a geometric progression with the first term 1 and ratio 𝑎, (𝑎 ≠ 0). 

The sum of the first 𝑛 terms of the geometric progression is 

𝑆𝑛 =
1 − 𝑎𝑛

1 − 𝑎
,  when  𝑎 ≠ 1. 

Let us consider several cases with respect to 𝑎. 

Case 1. If |𝑎| > 1, then |𝑎|𝑛 → ∞,𝑛 → ∞ and  

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

1 − 𝑎𝑛

1 − 𝑎
= ±∞. 

Therefore, the limit of {𝑆𝑛} does not exist and, according to the definition, the series is 

divergent. 

Case 2. If |𝑎| < 1, then |𝑎|𝑛 → 0, 𝑛 → ∞ and 

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

1 − 𝑎𝑛

1 − 𝑎
= lim
𝑛→∞

(
1

1 − 𝑎
−

𝑎𝑛

1 − 𝑎
) =

1

1 − 𝑎
. 

In this case, the series is convergent and its sum is 

∑𝑎𝑛−1
∞

𝑛=1

=
1

1 − 𝑎
 . 

Case 3. If 𝑎 = 1, then  

∑𝑎𝑛−1
∞

𝑛=1

= 1 + 1 +⋯ 

Since the 𝑛-th partial sum is 

𝑆𝑛 = 1 + 1 +⋯+ 1⏟        
𝑛 times

= 𝑛, 

Example 1. 
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we obtain 

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

𝑛 = ∞ 

and the series is divergent. 

Case 4. If 𝑎 = −1, then  

∑𝑎𝑛−1
∞

𝑛=1

= 1 − 1 + 1 − 1 +⋯ 

In this case 

𝑆𝑛 = {
0, when 𝑛 is even,
1, when 𝑛 is odd.

 

Therefore, the series is divergent.  

 

 

 

Prove that the following series (harmonic series) is divergent 

∑
1

𝑛

∞

𝑛=1

= 1 +
1

2
+
1

3
+
1

4
+⋯+

1

𝑛
+⋯ 

Let us group the terms of the series 

1 +
1

2
+ (
1

3
+
1

4
) + (

1

5
+
1

6
+
1

7
+
1

8
) + (

1

9
+ ⋯+

1

16
) + (

1

17
+⋯+

1

32
) +⋯ 

Each group contains twice the number of terms as the preceding group. Since increasing 

the denominator decreases the value of a fraction, we have  

1

3
+
1

4
>
1

4
+
1

4
=
1

2
; 

1

5
+
1

6
+
1

7
+
1

8
>
1

8
+
1

8
+
1

8
+
1

8
=
1

2
; 

1

9
+⋯+

1

16
>
1

16
+
1

16
+⋯+

1

16
=
1

2
; 

1

17
+⋯+

1

32
>
1

32
+⋯+

1

32
=
1

2
;… 

Since the sum of the terms within each set of parentheses is greater than 
1

2
, we obtain the 

following inequalities: 

𝑆4 > 1 +
1

2
+
1

2
= 2 > 1,5 = 3 ∙

1

2
; 

Example 2. 
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𝑆8 > 1 +
1

2
+
1

2
+
1

2
> 4 ∙

1

2
; 

𝑆16 > 1 +
1

2
+
1

2
+
1

2
+
1

2
> 5 ∙

1

2
; 

𝑆32 > 1 +
1

2
+
1

2
+
1

2
+
1

2
+
1

2
> 6 ∙

1

2
;… 

Using the method of mathematical induction, it may be proved that for every positive 

integer 𝑚 

𝑆2𝑚 > (𝑚 + 1) ∙
1

2
. 

It follows that 𝑆𝑛 can be made as large as desired by taking 𝑛 sufficiently large and  

lim
𝑛→∞

𝑆𝑛 = ∞. 

Since {𝑆𝑛} diverges, the given series is divergent. 

 

II. Properties of Numerical Series 

Let us consider some general properties of numerical series. 

 

 

If a series obtained from a given series (1.1) by removing a certain 

number of its terms converges, then the given series itself is convergent. 

Conversely, if a given series converges, then a series obtained from a 

given series (1.1) by removing a certain number of its terms also 

converges. 

Proof. Rewrite the series (1.1) as follows 

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 + 𝑎3 +⋯+𝑎𝑘⏟              
𝐶𝑘

+∑𝑎𝑛

∞

𝑛=𝑘

.  

Let  𝑆𝑛 be the sum of the first 𝑛 terms, 𝐶𝑘  (𝑘 < 𝑛) − the sum of  𝑘 removed terms (it is 

a constant value independent of 𝑛). Define 𝜎𝑛−𝑘 = 𝑆𝑛 − 𝐶𝑘, the sum of terms that belong to 

the sum 𝑆𝑛 but do not belong to 𝐶𝑘. Then 

𝑆𝑛 = 𝐶𝑘 + 𝜎𝑛−𝑘. 

From this relationship, it follows that if lim
𝑛→∞

𝜎𝑛−𝑘 exists, then exists lim
𝑛→∞

𝑆𝑛 as well. 

Conversely, if lim
𝑛→∞

𝑆𝑛 exists, then lim
𝑛→∞

𝜎𝑛−𝑘  also exists. Thus, we prove the property. 

 

Theorem 1.1 
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 The series obtained from a given series by suppression of some amount of its 

terms 

∑ 𝑎𝑘

∞

𝑘=𝑛+1

 

is called the remainder of the series. 
 

As a corollary for theorem 1.1, we have 

 

If a series converges then its remainder tends to zero when 𝑛 → ∞. 
 

 

 
    

If a series  

𝑎1 + 𝑎2 + 𝑎3 +⋯+𝑎𝑛 +⋯ 

converges and its sum is 𝑆, then the series 

𝐶𝑎1 + 𝐶𝑎2 + 𝐶𝑎3 +⋯+𝐶𝑎𝑛 +⋯, 

where 𝐶 is some fixed number, also converges, and its sum is 𝐶𝑆. 

Proof.  Since the original series is convergent and 

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

(𝑎1 +⋯+𝑎𝑛) = 𝑆, 

we have 

lim
𝑛→∞

𝜎𝑛 = lim
𝑛→∞

(𝐶𝑎1 +⋯+𝐶𝑎𝑛) = lim
𝑛→∞

𝐶(𝑎1 +⋯+𝑎𝑛) = 𝐶 lim
𝑛→∞

𝑆𝑛 = 𝐶𝑆. 

Thus, the series 𝐶𝑎1 + 𝐶𝑎2 +⋯+𝐶𝑎𝑛 +⋯ is convergent and its sum is 𝐶𝑆. 
 

 
    

If the series 

𝑎1 + 𝑎2 +⋯+𝑎𝑛 +⋯ 

and 

𝑏1 + 𝑏2 +⋯+𝑏𝑛 +⋯ 

converge and their sums, respectively, are  𝑆𝑎 and 𝑆𝑏, then the series 

(𝑎1 + 𝑏1) + (𝑎2 + 𝑏2) + ⋯+(𝑎𝑛 + 𝑏𝑛) + ⋯ 

and 

(𝑎1 − 𝑏1) + (𝑎2 − 𝑏2) + ⋯+(𝑎𝑛 − 𝑏𝑛) + ⋯ 

are also convergent and their sums are 𝑆𝑎 + 𝑆𝑏 and 𝑆𝑎 − 𝑆𝑏, respectively. 

Theorem 1.3 

Theorem 1.4 

Definition. 

Theorem 1.2 
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Proof.  Let us prove the property for the first new series.  

Since the original series are convergent and 

lim
𝑛→∞

𝑆𝑎𝑛 = lim
𝑛→∞

(𝑎1 +⋯+ 𝑎𝑛) = 𝑆𝑎 

and 

lim
𝑛→∞

𝑆𝑏𝑛 = lim
𝑛→∞

(𝑏1 +⋯+ 𝑏𝑛) = 𝑆𝑏, 

we get for the new series  

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

((𝑎1 + 𝑏1) + (𝑎2 + 𝑏2) + ⋯+(𝑎𝑛 + 𝑏𝑛)) = 

= lim
𝑛→∞

((𝑎1 + 𝑎2 +⋯+𝑎𝑛) + (𝑏1 + 𝑏2 +⋯+ 𝑏𝑛)) = 

= lim
𝑛→∞

(𝑎1 +⋯+𝑎𝑛) + lim
𝑛→∞

(𝑏1 +⋯+𝑏𝑛) = 

= lim
𝑛→∞

𝑆𝑎𝑛 + lim
𝑛→∞

𝑆𝑏𝑛 = 𝑆𝑎 + 𝑆𝑏 . 

Therefore, the series (𝑎1 + 𝑏1) + (𝑎2 + 𝑏2) + ⋯+(𝑎𝑛 + 𝑏𝑛) + ⋯  is convergent. 

For the second series, the proof is similar. 

 

 
 

Find the sum of the series 

∑
3

𝑛(𝑛 + 3)

∞

𝑛=1

. 

Let us apply the partial fraction decomposition to the general term of the series  

3

𝑛(𝑛 + 3)
=
𝐴

𝑛
+

𝐵

𝑛 + 3
=
𝐴𝑛 + 3𝐴 + 𝐵𝑛

𝑛(𝑛 + 3)
 . 

Then 

{
3𝐴 = 3,
𝐴 + 𝐵 = 0.

 

        This yields  

𝐴 = 1, 𝐵 = −1. 

Next, we consider the partial sum of the series  

𝑆𝑛 =∑
3

𝑘(𝑘 + 3)

𝑛

𝑘=1

=
3

1 ∙ 4
+

3

2 ∙ 5
+

3

3 ∙ 6
+

3

4 ∙ 7
+

3

5 ∙ 8
+⋯ 

…+
3

(𝑛 − 4)(𝑛 − 1)
+

3

(𝑛 − 3)𝑛
+

3

(𝑛 − 2)(𝑛 + 1)
+

3

(𝑛 − 1)(𝑛 + 2)
+

3

𝑛(𝑛 + 3)
. 

 

Example 3. 
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Applying the formula   

3

𝑛(𝑛 + 3)
=
1

𝑛
−

1

𝑛 + 3
 

to each term of the partial sum 

𝑆𝑛 = 1 −
1

4
+
1

2
−
1

5
+
1

3
−
1

6
+
1

4
−
1

7
+
1

5
−
1

8
+⋯ 

…+
1

𝑛 − 4
−

1

𝑛 − 1
+

1

𝑛 − 3
−
1

𝑛
+

1

𝑛 − 2
−

1

𝑛 + 1
+

1

𝑛 − 1
−

1

𝑛 + 2
+
1

𝑛
−

1

𝑛 + 3
. 

After reducing the same fractions, we get 

𝑆𝑛 = 1 +
1

2
+
1

3
−

1

𝑛 + 1
−

1

𝑛 + 2
−

1

𝑛 + 3
 . 

Hence, 

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

(1 +
1

2
+
1

3
−

1

𝑛 + 1
−

1

𝑛 + 2
−

1

𝑛 + 3
) =

11

6
 . 

 

 

Find the sum of the series 

∑
2𝑛 + 4𝑛

6𝑛

∞

𝑛=0

 . 

Let us rewrite the general term as  

2𝑛 + 4𝑛

6𝑛
= (
2

6
)
𝑛

+ (
4

6
)
𝑛

= (
1

3
)
𝑛

+ (
2

3
)
𝑛

. 

Then 

∑
2𝑛 + 4𝑛

6𝑛

∞

𝑛=0

=∑((
1

3
)
𝑛

+ (
2

3
)
𝑛

)

∞

𝑛=0

. 

Since the series ∑ (
1

3
)
𝑛

∞
𝑛=0  and ∑ (

2

3
)
𝑛

∞
𝑛=0  converges and their sums are the sums of 

geometric progression, we get 

∑
2𝑛 + 4𝑛

6𝑛

∞

𝑛=0

= ∑(
1

3
)
𝑛∞

𝑛=0

+∑(
2

3
)
𝑛∞

𝑛=0

=
1

1 −
1
3

+
1

1 −
2
3

= 4.5. 

 

Review Questions 

1. What is a numerical series? What is the common term of the numerical series? 

Example 4. 



 

 

 

14 

2. What expression is called the 𝑛-th partial sum of the series? 

3. Is the expression 𝑎2 + 𝑎4 + 𝑎6 +⋯+𝑎2𝑛 a partial sum of the series ∑ 𝑎𝑛
∞
𝑛=1 ? 

4. What is the sum of a numerical series? 

5. How does the sum of the series differ from the 𝑛-th partial sum of the series? 

6. Give the definitions of the convergent and divergent series. 

7. Can we say that a convergent series has a finite sum? 

8. Does removing a finite number of terms of the series affect the convergence of the 

series? 

9. What is the sum of a convergent series if all its terms are multiplied by the same 

number? 

10.   What is the sum of two converging series? 

11.   What is the remainder of the series? 

12.   What can be said about the limit of the remainder of the convergent series when 

𝑛 → ∞? 

13. Does the series converge if all terms, starting from some number, are equal to zero? 

14.   What numerical series is called geometric? Under what conditions does a geometric 

series converge and diverge? 

15.   What numerical series is called harmonic? Is it convergent?  

 

Exercises 1.1 

1. Write down the first five non-zero terms of the following series.  

1)   ∑
𝑛2+1

2𝑛+3
∞
𝑛=0 ;                                             2)   ∑

sin
𝜋𝑛

3

3𝑛
∞
𝑛=1 ;          

3)   ∑
(−1)𝑛

𝑛!
∞
𝑛=2 ;                                            4)  ∑

𝑛𝑛

23𝑛−1
∞
𝑛=1 . 

2. Find the general term of the following series.  

1)    
1

2
+
3

4
+
5

8
+

7

16
+⋯ ;                                

2)    
2

11
−

4

101
+

6

1001
−

8

10001
+⋯ ;       

3)    
2

3
+
3

7
+

4

11
+

5

15
+⋯ ;                              

4)   −
1

2
+
1

6
−

1

12
+

1

20
−

1

30
+

1

42
−⋯ ; 

5)   
1

7
+

3

12
+

9

17
+
27

22
+⋯ ;            
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6)   
1

9
+
1∙2

99
+
1∙2∙3

999
+
1∙2∙3∙4

9999
+⋯ ; 

7)   −
1

√2
+

2

√3
−

6

√4
+
24

√5
−
120

√6
+⋯ ;          

8)   (
5

2
)
2
+ (

7

9
)
3
+ (

9

16
)
4
+ (

11

23
)
5
+⋯. 

3. Find the sum of the following series. 

1)   ∑
1

(3𝑛−2)(3𝑛+1)
∞
𝑛=1 ;                                  

2)    ∑
1

𝑛(𝑛+1)(𝑛+2)
∞
𝑛=1 ;          

3)   ∑
5𝑛+3𝑛

10𝑛
∞
𝑛=0 ;                                            

4)     ∑ (√𝑛 + 2 − 2√𝑛 + 1 + √𝑛)∞
𝑛=1 . 

Answers 
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1.2 Necessary Condition for Convergence of  a Series 

 

One of the main questions about series is that of whether the given series converges or 

diverges. But it is complicated to find out by using a limit of partial sums because we should 

know the general formula for partial sum. Unfortunately, finding a general formula is a 

complicated process in most of cases. That’s why we need sufficient conditions to solve the 

problem of convergence. We shall also establish the necessary condition for convergence. 
 

 

  

 If a series converges, then its 𝑛-th term tends to zero as 𝑛 → ∞: 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛 = 0. 

 

Proof. Let us consider the convergent series  

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑛 +⋯  

According to the definition, we have for the sequence of partial sums {𝑆𝑛} 

lim
𝑛→∞

𝑆𝑛 = 𝑆, 

where 𝑆 is a finite fixed number - the sum of series. 

It is obvious that 

lim
(𝑛−1)→∞

𝑆𝑛−1 = lim
𝑛→∞

𝑆𝑛−1 = 𝑆. 

Subtracting the second equation from the first termwise, we obtain 

lim
𝑛→∞

𝑆𝑛 − lim
𝑛→∞

𝑆𝑛−1 = 𝑆 − 𝑆 = 0. 

But 

lim
𝑛→∞

𝑆𝑛 − lim
𝑛→∞

𝑆𝑛−1 = lim
𝑛→∞

(𝑆𝑛 − 𝑆𝑛−1) = lim
𝑛→∞

𝑎𝑛 = 0. 

Hence,  

lim
𝑛→∞

𝑎𝑛 = 0. 

 

 

Remember this theorem gives us a requirement for convergence, but not a 

guarantee of convergence. That is, if lim
𝑛→∞

𝑎𝑛 = 0, the series may be divergent! 

 

Theorem 1.5 

Warning. 
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For example, let us consider harmonic series 

∑
1

𝑛

∞

𝑛=1

= 1 +
1

2
+
1

3
+
1

4
+⋯+

1

𝑛
+⋯ 

We have proved that it is divergent, but 

lim
𝑛→∞

1

𝑛
= 0. 

Therefore, from the fact that lim
𝑛→∞

𝑎𝑛 = 0, it does not follow that the series converges. 

Thus, to examine the convergence of a series it is not enough to prove that lim
𝑛→∞

𝑎𝑛 = 0, 

since that may be true for divergent as well as for convergent series. 

As a corollary for this theorem, we have a test for divergence of the series. 

 
 

Divergence test.  

If the 𝑛-th term of a series does not tend to zero as 𝑛 → ∞: 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛 ≠ 0, 

then the series diverges. 

 

 

Consider the series 

∑
𝑛

5𝑛 + 1

∞

𝑛=1

=
1

6
+
2

11
+
3

16
+ ⋯+

𝑛

5𝑛 + 1
+⋯ 

Since  

lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

𝑛

5𝑛 + 1
=
1

5
≠ 0, 

the given series is divergent. 

 

Review Questions 

1. Formulate the necessary condition for the series to converge. Give an example that 

demonstrates that this condition is not sufficient. 

2. Will the series converge if all its members, starting from some number, are equal to 

zero? 

Theorem 1.6 

Example 1. 
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3. Will a series whose common term goes to zero converge when 𝑛 → ∞? Give an 

example. 

4. What can be said about a series whose common term does not go to zero when 𝑛 →

∞?  

5. Formulate a sufficient condition for the divergence of the series (Divergence test). 

 

Exercises 1.2 

1. Investigate whether the necessary condition for convergence holds.   

1)   ∑
2𝑛+1

2𝑛2+3
∞
𝑛=0 ;                                            2)   ∑

𝑛

√2𝑛+5
∞
𝑛=1 ;          

3)   ∑
2𝑛+1

3𝑛
∞
𝑛=1 ;                                             4)  ∑ (

𝑛+4

𝑛+1
)
𝑛

∞
𝑛=1 ; 

5)   ∑
𝑛

𝑛+5
∞
𝑛=1 ;                             6)   ∑

1

√3𝑛+4
∞
𝑛=1  ;  

7)   ∑ (
2𝑛

5𝑛+1
)
𝑛

∞
𝑛=1 ;                                      8)   ∑

3𝑛+1+1

3𝑛+2
∞
𝑛=1 . 

2. Prove that the following series diverge.  

1)   ∑
5𝑛+1

2𝑛+3
∞
𝑛=0 ;                                             2)   ∑

𝑛!

3𝑛
∞
𝑛=1 ;         

3)   ∑ (
4𝑛+4

3𝑛−1
)
𝑛

∞
𝑛=1 ;                                       4)  ∑

52𝑛+1

4𝑛+1
∞
𝑛=1 ; 

5)   ∑
𝑛2

√𝑛+1
∞
𝑛=1 ;                                      6)   ∑

2∙3𝑛+1+1

3∙2𝑛+2
∞
𝑛=1 ;  

7)   ∑
𝑛!

𝑛+1
∞
𝑛=1 ;                                      8)   ∑

3𝑛2+𝑛

2𝑛2+5
∞
𝑛=1 .  

Answers 
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1.3 Comparing Series with Positive Terms 

 

Consider two series with positive terms: 

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 +⋯+ 𝑎𝑛 +⋯                                        (1.1) 

and 

∑ 𝑏𝑛

∞

𝑛=1

= 𝑏1 + 𝑏2 +⋯+ 𝑏𝑛 +⋯                                        (1.2) 

 

 

First Comparison Test  

If  ∀𝑛 ≥ 1, 𝑎𝑛 ≤ 𝑏𝑛  and the series (1.2) converges, then the series (1.1) 

is also convergent. 

 

Proof.   

Let 𝑠𝑛 and 𝜎𝑛 be, respectively, the partial sums of the first and the second series: 

𝑠𝑛 = 𝑎1 + 𝑎2 +⋯+ 𝑎𝑛, 

𝜎𝑛 = 𝑏1 + 𝑏2 +⋯+ 𝑏𝑛. 

The series (1.2) converges and  

lim
𝑛→∞

𝜎𝑛 = 𝜎. 

Since ∀𝑛 ≥ 1, 0 < 𝑎𝑛 ≤ 𝑏𝑛,   

𝑠𝑛 ≤ 𝜎𝑛 < 𝜎. 

Thus, we have that the sequence of partial sums {𝑠𝑛} increases as 𝑛 increases and it is 

bounded. It follows that it has a limit 

lim
𝑛→∞

𝑠𝑛 = 𝑠 

and 𝑠 < 𝜎. 
 

 
 

Consider the series 

∑
1

𝑛𝑛

∞

𝑛=1

= 1 +
1

22
+
1

33
+⋯+

1

𝑛𝑛
+⋯ 

Example 1. 

Theorem 1.7 
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Since 

1

33
<
1

22
,   
1

44
<
1

24
, … 

1

𝑛𝑛
<
1

2𝑛
, … 

The series 1 +
1

22
+

1

23
+⋯+

1

2𝑛
+⋯ converges, since its terms, beginning with the 

second, form a geometric progression with a common ratio  
1

2
. The sum of this series is 1

1

2
.  

Hence, according to the First Comparison Test, the given series also converges, and its 

sum does not exceed 1
1

2
. 

 
 

Let us consider the series 

∑
1

𝑛 ∙ 4𝑛

∞

𝑛=1

=
1

4
+

1

2 ∙ 42
+

1

3 ∙ 43
+⋯+

1

𝑛 ∙ 4𝑛
+⋯. 

It is obvious that  

1

𝑛 ∙ 4𝑛
<
1

4𝑛
. 

Since ∑
1

4𝑛
∞
𝑛=1  is convergent as geometric series 𝑞 (=

1

4
< 1), the given series  ∑

1

𝑛∙4𝑛
∞
𝑛=1   

converges by the First Comparison Test. 

 

 
 

Second Comparison Test  

If  ∀𝑛 ≥ 1, 𝑎𝑛 ≥ 𝑏𝑛  and the series (1.2) diverges, then the series (1.1) 

is also divergent. 

 

Proof.  Since ∀𝑛 ≥ 1, 𝑎𝑛 ≥ 𝑏𝑛 > 0,   

𝑠𝑛 ≥ 𝜎𝑛. 

The series (1.2) is divergent and its partial sums increase with increasing 𝑛. It follows 

that  

lim
𝑛→∞

𝜎𝑛 = ∞. 

As a result 

lim
𝑛→∞

𝑠𝑛 = ∞. 

That is the series (1.1) is divergent. 

 

Theorem 1.8 

Example 2. 
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The series  

∑
1

√𝑛 + 1

∞

𝑛=1

=
1

√2
+
1

√3
+⋯+

1

√𝑛 + 1
+⋯ 

is divergent because its terms are greater than the corresponding terms of the harmonic series 

∑
1

𝑛 + 1

∞

𝑛=1

=
1

2
+
1

3
+⋯+

1

𝑛 + 1
+⋯ 

 

  

Investigate the series 

∑
1

ln(𝑛 + 1)

∞

𝑛=1

=
1

ln 2
+
1

ln 3
+⋯+

1

ln(𝑛 + 1)
+⋯ 

for convergence. 

Graphically (Fig. 1) it is easy to prove the inequality 

 ln(𝑛 + 1) < 𝑛 + 1, 

then  

1

ln(𝑛 + 1)
>

1

𝑛 + 1
. 

Series 

∑
1

𝑛 + 1

∞

𝑛=1

=
1

2
+
1

3
+⋯+

1

𝑛 + 1
+⋯ 

 

Figure 1. 

is divergent as harmonic series. Then, according to the Second Comparison Test, the given 

series is also divergent. 

  

 
 

Limit Comparison Test 

Consider 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛
𝑏𝑛
= 𝐶. 

If  𝐶 is positive finite number then either both series are convergent or 

both series are divergent. 
 

Example 3. 

Theorem 1.9 

Example 4. 
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Proof. Since  0 < 𝐶 < ∞, there exist two positive finite numbers, 𝑚 and 𝑀, such that 

𝑚 < 𝐶 < 𝑀. 

Hence, for large enough 𝑛 the quotient 
𝑎𝑛

𝑏𝑛
 is close to 𝐶 and there exists a positive integer 

𝑁 such that if 𝑛 > 𝑁 we have  

𝑚 <
𝑎𝑛
𝑏𝑛
< 𝑀. 

Thus, multiplying the inequality by 𝑏𝑛 

𝑚𝑏𝑛 < 𝑎𝑛 < 𝑀𝑏𝑛,  𝑛 > 𝑁. 

If  ∑𝑏𝑛 is divergent then ∑𝑚𝑏𝑛 diverges and so since 𝑚𝑏𝑛 < 𝑎𝑛 for all sufficiently large 

𝑛 by the Second Comparison Test the series  ∑𝑎𝑛 also diverges. 

Similarly, if  ∑𝑏𝑛 converges then ∑𝑀𝑏𝑛 is convergent and so since 𝑎𝑛 < 𝑀𝑏𝑛 for all 

sufficiently large 𝑛 by the First Comparison Test the series  ∑𝑎𝑛 is also convergent. 

 

 

 When investigating the convergence of series by Limit Comparison Test, it is 

convenient to apply the table of equivalent infinitesimal quantities in order to construct the 

series ∑ 𝑏𝑛
∞
𝑛=1   

Let  𝑧(𝑥) → 0,    𝑥 → 𝑥0. 

sin 𝑧 (𝑥) ~𝑧(𝑥) arcsin 𝑧 (𝑥) ~𝑧(𝑥) 𝑒𝑧(𝑥) − 1~𝑧(𝑥) 

tan 𝑧 (𝑥) ~𝑧(𝑥) arctan 𝑧 (𝑥)~𝑧(𝑥) 𝑎𝑧(𝑥) − 1~𝑧(𝑥) ln 𝑎 

 

ln( 1 + 𝑧(𝑥))~𝑧(𝑥) log𝑎( 1 + 𝑧(𝑥)) ~ 
𝑧(𝑥)

ln 𝑎
 

 

(1 + 𝑧(𝑥))𝑚 − 1~𝑚 𝑧(𝑥) 

 

 

 

Consider the series 

∑sin
1

2𝑛

∞

𝑛=1

= sin
1

2
+ sin

1

4
+⋯+ sin

1

2𝑛
+⋯ 

Let us compare it to a convergent series (geometric progression) 

∑
1

2𝑛

∞

𝑛=1

=
1

2
+
1

4
+⋯+

1

2𝑛
+⋯ 

 

Example 5. 

Note. 
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Since  

lim
𝑛→∞

sin
1
2𝑛

1
2𝑛

= 1, 

according to the Limit Comparison Test, the given series converges. 

 

 

Investigate for convergence the series  

∑
𝑛

𝑛2 + 4

∞

𝑛=1

=
1

5
+
2

8
+
3

13
+⋯+

𝑛

𝑛2 + 4
+⋯ 

Let us compare this series with the harmonic series  

∑
1

𝑛

∞

𝑛=1

= 1 +
1

2
+
1

3
+
1

4
+⋯+

1

𝑛
+⋯, 

Since 

lim
𝑛→∞

𝑎𝑛
𝑏𝑛
= lim
𝑛→∞

𝑛
𝑛2 + 4
1
𝑛

= lim
𝑛→∞

𝑛2

𝑛2 + 4
= 1 

and harmonic series is divergent, the given series ∑
𝑛

𝑛2+4
 diverges by the Limit Comparison 

Test. 

 

 

When applying the Comparison Tests we need to construct another series - the one 

with which we are going to compare. In this case, we heed the series whose convergence or 

divergence is known to us. 

Here we have several examples of series, which are often used for comparison: 

1. Geometric series ∑ 𝑎𝑞𝑛−1∞
𝑛=1 .    

It converges when |𝑞| < 1, and diverges when |𝑞| ≥ 1. 

2. Harmonic series ∑
1

𝑛
∞
𝑛=1 . 

It is divergent. 

3. Hyperharmonic series ∑
1

𝑛𝑝
∞
𝑛=1 . 

It converges when 𝑝 > 1,  and diverges when 𝑝 ≤ 1. 

 

 

Example 6. 

Note. 
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Review Questions 

1. Formulate the First Comparison Test. 

2. Formulate the Second Comparison Test. 

3. Formulate the Limit Comparison Test. 

4. Can we say that, when the inequality 𝑎𝑛 ≥ 𝑏𝑛 is fulfilled, the divergence of the series 

∑ 𝑎𝑛
∞
𝑛=1  follows from the divergence of the series ∑ 𝑏𝑛

∞
𝑛=1 ?  

5. Can we say that, when the inequality 𝑎𝑛 ≤ 𝑏𝑛 is fulfilled, the convergence of the series 

∑ 𝑎𝑛
∞
𝑛=1  follows from the divergence of the series ∑ 𝑏𝑛

∞
𝑛=1 ?  

6. Can we say that, when the inequality 𝑎𝑛 ≥ 𝑏𝑛 is fulfilled, the convergence of the series 

∑ 𝑎𝑛
∞
𝑛=1  follows from the divergence of the series ∑ 𝑏𝑛

∞
𝑛=1 ?  

7.  Can we say that the series ∑ 𝑎𝑛
∞
𝑛=1  coincides if the series ∑ 𝑏𝑛

∞
𝑛=1  and lim

𝑛→∞

𝑎𝑛

𝑏𝑛
= 1? 

8. Can we say that the series ∑ 𝑎𝑛
∞
𝑛=1  coincides if the series ∑ 𝑏𝑛

∞
𝑛=1  and lim

𝑛→∞

𝑎𝑛

𝑏𝑛
= 0? 

9. Can we say that the series ∑ 𝑎𝑛
∞
𝑛=1  coincides if the series ∑ 𝑏𝑛

∞
𝑛=1  and lim

𝑛→∞

𝑎𝑛

𝑏𝑛
= ∞? 

 

Exercises 1.3 

1. Investigate for convergence by the First or Second Comparison Tests.  

1)   ∑
1

(2𝑛+3)5𝑛
∞
𝑛=0 ;                                    2)   ∑

1

𝑛4+𝑛+3
∞
𝑛=1 ;        

3)   ∑
1+𝑛

1+𝑛2
∞
𝑛=1 ;                                          4)  ∑

sin2 2𝑛

3𝑛+6
∞
𝑛=1 ; 

5)   ∑
1

(𝑛+1)28𝑛
;∞

𝑛=1                                    6)  ∑
1

(4𝑛+1)7𝑛
∞
𝑛=1 ;  

7)  ∑
1

√𝑛3+6
;∞

𝑛=1                                    8)  ∑
2𝑛

7𝑛(2𝑛+1)
∞
𝑛=1 . 

2. Investigate for convergence by the Limit Comparison Test. 

1)   ∑ tan
1

√𝑛
5

∞
𝑛=1 ;                                       2)  ∑ ln (1 +

1

√2𝑛
)∞

𝑛=1 ;      

3) ∑ 𝑛2 sin
1

𝑛5
∞
𝑛=1 ;                                      4)  ∑

𝑒
1
𝑛−1

𝑛
∞
𝑛=1 ; 

5)  ∑ ln (
3𝑛+1

3𝑛
)∞

𝑛=1 ;                                   6)  ∑ arctan
𝜋

2𝑛
.∞

𝑛=1 ;  

7)  ∑
5𝑛2+2

√𝑛5
∞
𝑛=1 ;                                         8)  ∑

2(3𝑛+1)

√𝑛3(𝑛+1)
∞
𝑛=1 ;  

Answers 
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1.4 Tests of  Convergence 

 

There are a lot of series involving quite complicated expressions that make it challenging 

the application of comparison tests. We introduce sufficient tests that are useful while 

determining the convergence or divergence of the series. 

 

I. Ratio Test (D’Alembert’s Test) 
 

 
 

Let 

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 +⋯+ 𝑎𝑛 +⋯     

be the positive-term series. 

If there exists a limit 

𝑙𝑖𝑚
𝑛→∞

𝑎𝑛+1
𝑎𝑛

= 𝐷,                                       (1.3) 

then 

∘ the series is convergent for 𝐷 < 1; 

∘ the series is divergent for 𝐷 > 1; 

∘ for 𝐷 = 1 we have to apply a different test (the series may be convergent 

or divergent). 
   

Proof.  

1) Case 𝐷 < 1. Let 𝜀 > 0 and be such that 𝐷 + 𝜀 < 1. 

According to (1.3) and the definition of a limit, there exists the number 𝑁(𝜀) = 𝑁 that 

for all values of 𝑛 ≥ 𝑁,  

|
𝑎𝑛+1
𝑎𝑛

− 𝐷| < 𝜀, 

that is 

𝐷 − 𝜀 <
𝑎𝑛+1
𝑎𝑛

< 𝐷 + 𝜀. 

Hence, ∀𝑛 ≥ 𝑁, 

𝑎𝑛+1 < (𝐷 + 𝜀)𝑎𝑛 

 

Theorem 1.10 
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and 

𝑎𝑁+1 < (𝐷 + 𝜀)𝑎𝑁 

𝑎𝑁+2 < (𝐷 + 𝜀)𝑎𝑁+1 < (𝐷 + 𝜀)
2𝑎𝑁 

… 

Now we get two series 

𝑎1 + 𝑎2 +⋯+𝑎𝑁 + 𝑎𝑁+1 + 𝑎𝑁+2 +⋯     

and 

𝑎𝑁 + (𝐷 + 𝜀)𝑎𝑁 + (𝐷 + 𝜀)
2𝑎𝑁 +⋯ 

 The second series converges as the geometric progression and, according to the First 

Comparison Test and Property I, the original series is convergent. 

2) Case 𝐷 > 1. 

According to (1.3) and the definition of a limit, there exists the number 𝑁(𝜀) = 𝑁 that 

for all values of 𝑛 ≥ 𝑁,  

𝑎𝑛+1
𝑎𝑛

> 1. 

Hence, 

𝑎𝑛+1 > 𝑎𝑛. 

Therefore, the sequence {𝑎𝑛, 𝑛 ≥ 𝑁} increases and lim
𝑛→∞

𝑎𝑛 ≠ 0. But this means that the 

original series diverges. 
   

 

 
 

Test the following series for convergence 

∑
1

𝑛!

∞

𝑛=1

= 1 +
1

2
+
1

6
+
1

24
+⋯+

1

𝑛!
+ ⋯   

Let us apply the Ratio Test. 

Here, 

𝑎𝑛 =
1

𝑛!
,      𝑎𝑛+1 =

1

(𝑛 + 1)!
=

1

1 ∙ 2 ∙ … ∙ 𝑛⏟      
𝑛!

∙ (𝑛 + 1)
=

1

𝑛! (𝑛 + 1)
. 

Hence, 

𝐷 = lim
𝑛→∞

𝑎𝑛+1
𝑎𝑛

= lim
𝑛→∞

𝑛!

𝑛! (𝑛 + 1)
= lim
𝑛→∞

1

𝑛 + 1
= 0. 

Since 𝐷 = 0 < 1, it follows that the given series is convergent. 

Example 1. 
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Consider the series 

∑
1

(𝑛2 + 1) ∙ 5𝑛

∞

𝑛=0

= 1 +
1

2 ∙ 5
+

1

5 ∙ 52
+

1

10 ∙ 53
+⋯+

1

(𝑛2 + 1) ∙ 5𝑛
+⋯. 

To investigate it for convergence we apply the Ratio Test.  

Let  

𝑎𝑛 =
1

(𝑛2 + 1) ∙ 5𝑛
,    

𝑎𝑛+1 =
1

((𝑛 + 1)2 + 1) ∙ 5𝑛+1
=

1

(𝑛2 + 2𝑛 + 2) ∙ 5𝑛+1
. 

Thus, let us evaluate the limit  

𝐷 = lim
𝑛→∞

𝑎𝑛+1
𝑎𝑛

= lim
𝑛→∞

(𝑛2 + 1) ∙ 5𝑛

(𝑛2 + 2𝑛 + 2) ∙ 5𝑛+1
=
1

5
lim
𝑛→∞

1 +
1
𝑛2

1 +
2
𝑛
+
2
𝑛2

=
1

5
< 1. 

This means that the given series converges. 

 

 

Let us investigate for convergence of the series 

∑
(𝑛 + 1)!

(3𝑛 + 1)2

∞

𝑛=0

= 1 +
2

16
+
6

49
+
24

100
+⋯+

(𝑛 + 1)!

(3𝑛 + 1)2
+⋯. 

Here we have 

𝑎𝑛 =
(𝑛 + 1)!

(3𝑛 + 1)2
,    

𝑎𝑛+1 =
((𝑛 + 1) + 1)!

(3(𝑛 + 1) + 1)2
=
(𝑛 + 2)!

(3𝑛 + 4)2
. 

Evaluate the limit 

𝐷 = lim
𝑛→∞

𝑎𝑛+1
𝑎𝑛

= lim
𝑛→∞

(𝑛 + 2)! ∙ (3𝑛 + 1)2

(3𝑛 + 4)2 ∙ (𝑛 + 1)!
= lim
𝑛→∞

(
3𝑛 + 1

3𝑛 + 4
)
2

∙
(𝑛 + 1)! ∙ (𝑛 + 2)

(𝑛 + 1)!
= 

= lim
𝑛→∞

(
3 +

1
𝑛

3 +
4
𝑛

)

2

∙ (𝑛 + 2) = ∞. 

Since 𝐷 > 1, it follows that the given series is divergent by the Ratio Test. 

 

Example 2. 

Example 3. 
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 II. Root Test (Cauchy’s Test) 

 

 
   

Let 

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 +⋯+ 𝑎𝑛 +⋯     

be the positive-term series. 

If there exists a limit 

𝑙𝑖𝑚
𝑛→∞

√𝑎𝑛
𝑛 = 𝐶,                                        (1.4) 

then 

∘ the series is convergent for 𝐶 < 1; 

∘ the series is divergent for 𝐶 > 1; 

∘ for 𝐶 = 1 we have to apply a different test (the series may be convergent 

or divergent). 
 

Proof.  

1) Case 𝐶 < 1. Let 𝜀 > 0 and be such that 𝐶 + 𝜀 < 1. 

According to (1.4) and the definition of a limit, there exists the number 𝑁(𝜀) = 𝑁 that 

for all values of 𝑛 ≥ 𝑁,  

|√𝑎𝑛
𝑛 − 𝐶| < 𝜀, 

that is 

𝐶 − 𝜀 < √𝑎𝑛
𝑛 < 𝐶 + 𝜀. 

Hence, ∀𝑛 ≥ 𝑁, 

𝑎𝑛 < (𝐶 + 𝜀)
𝑛. 

Since the series ∑(𝐶 + 𝜀)𝑛 converges as the geometric progression, the original series is 

convergent according to the First Comparison Test and Property I. 

2) Case 𝐶 > 1. 

According to (1.3) and the definition of a limit, there exists the number 𝑁(𝜀) = 𝑁 that 

for all values of 𝑛 ≥ 𝑁,  

√𝑎𝑛
𝑛 > 1. 

Hence,  𝑎𝑛 > 1  and lim
𝑛→∞

𝑎𝑛 ≠ 0. 

Therefore, the original series diverges.  

Theorem 1.11 
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 Useful limits 

lim
𝑛→∞

√𝑛
𝑛

= 1, 

lim
𝑛→∞

(1 +
1

𝑛
)
𝑛

= 𝑒. 

 

  
 

Test the following series for convergence 

∑(
𝑛

3𝑛 − 1
)
𝑛

∞

𝑛=1

=
1

2
+
4

25
+
9

64
+⋯+ (

𝑛

3𝑛 − 1
)
𝑛

+⋯   

According to the Root Test 

𝐶 = lim
𝑛→∞

√(
𝑛

3𝑛 − 1
)
𝑛𝑛

= lim
𝑛→∞

𝑛

3𝑛 − 1
=
1

3
. 

Since 𝐶 =
1

3
< 1, it follows that the given series is convergent. 

 

  

Let us investigate the series 

∑
1

ln𝑛 𝑛

∞

𝑛=2

=
1

ln2 2
+

1

ln3 3
+

1

ln4 4
+⋯+

1

ln𝑛 𝑛
+⋯   

by the Root Test. 

Evaluate the limit 

𝐶 = lim
𝑛→∞

√𝑎𝑛
𝑛 = lim

𝑛→∞
√(

1

ln𝑛
)
𝑛𝑛

= lim
𝑛→∞

1

ln 𝑛
=
1

∞
= 0. 

Since  𝐶 = 0 < 1, the series ∑
1

ln𝑛 𝑛
∞
𝑛=2   converges. 

 

  

Investigate for convergence of the series  

∑
𝑛

10𝑛

∞

𝑛=1

=
1

10
+
2

100
+

3

1000
+⋯+

𝑛

10𝑛
+⋯.  

Let us apply the Root Test. 

 

Example 4. 

Example 5. 

Example 6. 

Note. 
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Evaluate the corresponding limit  

𝐶 = lim
𝑛→∞

√𝑎𝑛
𝑛 = lim

𝑛→∞
√
𝑛

10𝑛
𝑛

=
1

10
lim
𝑛→∞

√𝑛
𝑛

=
1

10
< 1. 

Thus, the given series is convergent. 

 

 

 

Let us consider the series  

∑
(
𝑛 + 1
𝑛 )

𝑛2

2𝑛

∞

𝑛=1

. 

Since 

𝐶 = lim
𝑛→∞

√𝑎𝑛
𝑛 = lim

𝑛→∞

√(
𝑛 + 1
𝑛 )

𝑛2

2𝑛

𝑛

= lim
𝑛→∞

(
𝑛 + 1
𝑛 )

𝑛

2
=
1

2
lim
𝑛→∞

(
𝑛 + 1

𝑛
)
𝑛

= 

=
1

2
lim
𝑛→∞

(1 +
1

𝑛
)
𝑛

=
1

2
𝑒 > 1,       (𝑒 ≈ 2,718… ), 

and the given series diverges. 

 

  

Investigate for convergence 

∑𝑛(ln (
𝑛 + 2

𝑛
)
𝑛

)

𝑛∞

𝑛=1

. 

By the Root Test we have 

𝐶 = lim
𝑛→∞

√𝑎𝑛
𝑛 = lim

𝑛→∞
√𝑛 (ln (

𝑛 + 2

𝑛
)
𝑛

)

𝑛
𝑛

= lim
𝑛→∞

(√𝑛
𝑛
 ∙ ln (

𝑛 + 2

𝑛
)
𝑛

) = 

= lim
𝑛→∞

√𝑛
𝑛
 ∙ lim
𝑛→∞

ln (
𝑛 + 2

𝑛
)
𝑛

= lim
𝑛→∞

ln (
𝑛 + 2

𝑛
)
𝑛

= lim
𝑛→∞

ln (1 +
2

𝑛
)
𝑛

= 

= ln lim
𝑛→∞

[(1 +
2

𝑛
)

𝑛
2
]

2

= ln𝑒2 = 2 > 1. 

Thus, the series is divergent.  

 

Example 7. 

Example 8. 
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III. Integral Test 
 

 
  

Consider the positive-term series 

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 + 𝑎3 +⋯+𝑎𝑛 + 𝑎𝑛+1 +⋯     

and let 

𝑓(𝑛) = 𝑎𝑛, 

where 𝑓 is the function obtained by replacing 𝑥 with 𝑛. 

If 𝑓(𝑥) is a continuous, nonincreasing and function positive-valued for 

every real number 𝑥 ≥ 1, then the series  

∘ converges if  ∫ 𝑓(𝑥)
∞

1
𝑑𝑥 is convergent; 

∘ diverges if  ∫ 𝑓(𝑥)
∞

1
𝑑𝑥 is divergent. 

 
 

Proof.  

Let 𝑓 be a function 𝑦 = 𝑓(𝑥) as above (Fig.2). 

For   positive   integer   𝑛 ≥ 1,  the   area   of   the   circumscribed   rectangular   polygon  

(Fig 2a.)  is  

∑𝑓(𝑘)

𝑛−1

𝑘=1

= 𝑓(1) + 𝑓(2) +⋯+ 𝑓(𝑛 − 1). 

 

a)                                                        b) 

Figure 2. 

In the same fashion we get the area of the inscribed rectangular polygon (Fig 2b).) 

∑𝑓(𝑘)

𝑛

𝑘=2

= 𝑓(2) + 𝑓(3) +⋯+ 𝑓(𝑛). 

Theorem 1.12 
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Since ∫ 𝑓(𝑥)
𝑛

1
𝑑𝑥 is the area of the curvilinear trapezoid created by the function 𝑦 =

𝑓(𝑥), for 1 ≤ 𝑥 ≤ 𝑛,   

∑𝑓(𝑘) ≤

𝑛

𝑘=2

∫𝑓(𝑥)

𝑛

1

𝑑𝑥 ≤ ∑𝑓(𝑘)

𝑛−1

𝑘=1

. 

Denote the 𝑛-th partial sum of the series ∑ 𝑓(𝑘)∞
𝑘=1  as 𝑆𝑛, then previous inequality may 

be written  

𝑆𝑛 − 𝑓(1) ≤ ∫𝑓(𝑥)

𝑛

1

𝑑𝑥 ≤ 𝑆𝑛−1. 

If the improper integral ∫ 𝑓(𝑥)
∞

1
𝑑𝑥 is convergent and equals 𝐾 > 0, then, according to 

preceding inequalities,  

𝑆𝑛 − 𝑓(1) ≤ 𝐾,  or   𝑆𝑛 ≤ 𝑓(1) + 𝐾   

for every positive integer 𝑛 ≥ 1. 

Hence, the sequence  {𝑆𝑛}  is monotone increasing and bounded for 𝑛 ≥ 1. Therefore, 

there exists finite limit lim
𝑛→∞

𝑆𝑛 = 𝑆 and the series ∑ 𝑎𝑛
∞
𝑛=1  converges. 

If the improper integral is divergent, then 

lim
𝑛→∞

∫ 𝑓(𝑥)
𝑛

1
𝑑𝑥 = ∞, 

and since  ∫ 𝑓(𝑥)
𝑛

1
𝑑𝑥 ≤ 𝑆𝑛−1, we have lim

𝑛→∞
𝑆𝑛−1 = ∞.  

Thus, the series ∑ 𝑎𝑛
∞
𝑛=1   is divergent. 

    

 

 
 

Test for convergence the series 

∑
1

𝑛𝑝

∞

𝑛=1

= 1 +
1

2𝑝
+
1

3𝑝
+⋯+

1

𝑛𝑝
+⋯ 

This series is called the hyperharmonic series. 

Let us apply the Integral Test, putting  

𝑓(𝑥) =
1

𝑥𝑝
. 

This function satisfies all the conditions of theorem 1.12. Consider the improper integrals 

for various values of 𝑝. 

Example 9. 
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For 𝑝 > 1, 

∫
1

𝑥𝑝

∞

1

𝑑𝑥 = lim
𝑏→∞

∫
1

𝑥𝑝

𝑏

1

𝑑𝑥 = lim
𝑏→∞

1

(1 − 𝑝)𝑥𝑝−1
|
1

𝑏

= lim
𝑏→∞

1

(1 − 𝑝)𝑏𝑝−1
−

1

1 − 𝑝
=

1

𝑝 − 1
, 

the integral is convergent and, hence, the series converges. 

For 𝑝 = 1, 

∫
1

𝑥

∞

1

𝑑𝑥 = lim
𝑏→∞

∫
1

𝑥

𝑏

1

𝑑𝑥 = lim
𝑏→∞

ln|𝑥||1
𝑏 = lim

𝑏→∞
ln𝑏 − ln1 = ∞, 

the integral is divergent and, hence, the series diverges. 

For 𝑝 < 1, 

∫
1

𝑥𝑝

∞

1

𝑑𝑥 = lim
𝑏→∞

∫
1

𝑥𝑝

𝑏

1

𝑑𝑥 = lim
𝑏→∞

𝑥1−𝑝

1 − 𝑝
|
1

𝑏

= lim
𝑏→∞

𝑏1−𝑝

1 − 𝑝
−

1

1 − 𝑝
= ∞, 

the integral is divergent and, hence, the series diverges. 

The summing-up is  

∫
1

𝑥𝑝

∞

1

𝑑𝑥 = {
convergent   for   𝑝 > 1,
divergent   for  𝑝 ≤ 1.    

 

  

 

Let us apply the Integral Test to investigate the convergence of the series 

∑
1

𝑛 ln𝑛

∞

𝑛=2

. 

Let  

𝑓(𝑥) =
1

𝑥 ln 𝑥
. 

This function satisfies all the conditions of theorem 1.12.  

Consider the improper integral 

∫
𝑑𝑥

𝑥 ln 𝑥
=

∞

2

lim
𝑏→∞

∫
𝑑𝑥

𝑥 ln 𝑥

𝑏

2

= lim
𝑏→∞

∫
𝑑(ln 𝑥)

ln 𝑥

𝑏

2

= lim
𝑏→∞

ln|ln 𝑥||2
𝑏 = 

= lim
𝑏→∞

(ln|ln 𝑏| − ln|ln 2|) = ∞. 

This improper integral diverges, this yields, that the given series is divergent. 

 

Example 10. 
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Consider the series  

∑
ln𝑛

𝑛3

∞

𝑛=2

. 

To apply the Integral Test we put   

𝑓(𝑥) =
ln 𝑥

𝑥3
. 

This function satisfies all the conditions of theorem 1.12. Then 

∫
ln𝑥 𝑑𝑥

𝑥3
=

∞

2

lim
𝑏→∞

∫
ln𝑥 𝑑𝑥

𝑥3

𝑏

2

= |
𝑢 = ln 𝑥 𝑑𝑢 =

𝑑𝑥

𝑥

𝑑𝑣 =
𝑑𝑥

𝑥3
𝑣 = −

1

2𝑥2

| = 

= lim
𝑏→∞

(−
ln 𝑥

2𝑥2
|
2

𝑏

+∫
𝑑𝑥

2𝑥3

𝑏

2

) = lim
𝑏→∞

(
ln 2

8
−
ln 𝑏

2𝑏2
−
1

4𝑥2
|
2

𝑏

) =
ln 2

8
−
1

4
lim
𝑏→∞

(
1

𝑏2
−
1

4
) = 

=
ln2

8
+
1

16
. 

The improper integral is convergent and, hence, the series converges.  

 

 

Let us apply the Integral Test to investigate the convergence of the series 

∑
𝑛

2𝑛
2

∞

𝑛=1

. 

Let  

𝑓(𝑥) =
𝑥

2𝑥
2 = 𝑥2

−𝑥2 . 

This function satisfies all the conditions of theorem 1.12.  

Consider the improper integral 

∫ 𝑥2−𝑥
2
𝑑𝑥 =

∞

1

lim
𝑏→∞

1

2
∫2−𝑥

2
𝑑𝑥2

𝑏

1

= lim
𝑏→∞

−1

2 ln 2
2−𝑥

2
|
2

𝑏

= 

= −
1

ln 4
lim
𝑏→∞

(2−𝑏
2
− 2−4) = −

1

ln 4
lim
𝑏→∞

(
1

2𝑏
2 −

1

16
) =

1

16ln 4
. 

This improper integral is convergent, thus, that the given series converges. 

 

 

Example 11. 

Example 12. 
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Review Questions 

1. Formulate the Ratio Test.  

2. In what cases is it appropriate to apply the Ratio Test? Is it possible to investigate a 

series ∑
3𝑛

𝑛2+2
∞
𝑛=1  by this test? 

3. What can be said about the convergence of the series, if lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= 1? 

4. Formulate the Root Test. 

5. In what cases is it appropriate to apply the Root Test? Is it possible to investigate a 

series ∑
3𝑛

𝑛2+2
∞
𝑛=1  by this test? 

6. What can be said about the convergence of the series, if lim
𝑛→∞

√𝑎𝑛
𝑛 = 1? 

7. Formulate the Integral Test. 

8. In what cases is it appropriate to apply the Integral Test? Is it possible to investigate a 

series ∑
3𝑛

𝑛2+2
∞
𝑛=1  by this test? 

9. What numerical series is called hyperharmonic? Under what conditions does it 

converge and diverge? 

10.  What tests can be applied to investigate for convergence of the series ∑
𝑛

2𝑛
∞
𝑛=1 ? 

 

Exercises 1.4 

1. Investigate for the convergence by the Ratio Test. 

1)   ∑
2𝑛+1

72𝑛+4
∞
𝑛=0 ;                                           2)   ∑

(3𝑛+1)!

32𝑛+4𝑛
∞
𝑛=1 ;          

3)   ∑
𝑛2+3𝑛−1

1∙5∙…∙(4𝑛−3)
∞
𝑛=1 ;                                 4)  ∑ 52𝑛tan

𝑛+1

3𝑛
∞
𝑛=1 ; 

5)   ∑
45𝑛+2−3𝑛

92𝑛−3+𝑛2
∞
𝑛=0 ;                                     6)   ∑

𝑛!

𝑛𝑛
∞
𝑛=1 ;          

7)   ∑
2𝑛+1

10𝑛(𝑛−1)!
∞
𝑛=2 ;                                    8)   ∑

𝑒−𝑛
2+2𝑛

5𝑛
∞
𝑛=1 ;  

9)   ∑
2
1
𝑛

(𝑛+1)!
∞
𝑛=1 ;                                    10)   ∑

1

𝑛
arcsin

𝜋

3𝑛
∞
𝑛=1 ;  

11)   ∑
2𝑛+1

𝑛𝑛
∞
𝑛=1 ;                                    12)   ∑

7𝑛
2

(3𝑛)!
;∞

𝑛=1   

13)   ∑ 𝑛! sin
𝜋

6𝑛
 ;∞

𝑛=1                           14)   ∑
2∙4∙6∙…∙2𝑛

𝑛!
.∞

𝑛=1  
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2. Investigate for the convergence by the Root Test. 

1)   ∑ arcsin𝑛
𝑛+1

2𝑛2
∞
𝑛=1 ;                               2)   ∑

𝑛

ln𝑛(2𝑛+1)
∞
𝑛=1 ;         

3)   ∑
94𝑛+3

3𝑛+1
∞
𝑛=1 ;                                          4)  ∑ (

𝑛+4

𝑛+1
)
𝑛2

∞
𝑛=1 ; 

5)   ∑
1

42𝑛
(
𝑛+3

𝑛
)
𝑛2

∞
𝑛=0 ;                               6)   ∑ 53𝑛

2+4 sin𝑛
𝑛

22𝑛
∞
𝑛=1 ;          

7)   ∑ 6−𝑛 (
𝑛+5

𝑛+4
)∞

𝑛=1

2𝑛2

;                         8)   ∑ arctan𝑛
1

√𝑛+1
∞
𝑛=0 ;  

9)   ∑ (
7𝑛+6

2𝑛+3
)
𝑛
;∞

𝑛=1                           10)   ∑ 8𝑛 (
𝑛+6

𝑛+7
)∞

𝑛=1

2𝑛2

;  

11)   ∑
4𝑛+1

𝑛𝑛
∞
𝑛=1 ;                                   12)   ∑ (

5𝑛

5𝑛+1
)∞

𝑛=1

5𝑛2

. 

3. Investigate for the convergence by the Integral Test. 

1)   ∑
2𝑛

𝑛2+3
∞
𝑛=0 ;                                           2)   ∑

1

√(5𝑛+1)5
3

∞
𝑛=1 ;         

3)   ∑
1

(𝑛+1)√ln(𝑛+1)

∞
𝑛=1 ;                             4)  ∑

1

𝑛(𝑛+1)
∞
𝑛=1  ; 

5)   ∑
𝑛

𝑛4+4
∞
𝑛=0 ;                                           6)   ∑

1

(𝑛−4) ln6(𝑛−4)
∞
𝑛=6 ;          

7)  ∑
1

√𝑛𝑒√𝑛
∞
𝑛=1 ;                                          8)  ∑

1

𝑛 ln5 𝑛
∞
𝑛=2 ; 

9) ∑
𝑒
1
𝑛

𝑛2
∞
𝑛=2 ;                                         10) ∑

1

𝑛 √ln5𝑛

∞
𝑛=2 . 

4. Investigate for the convergence. 

1)   ∑
sin

1

𝑛

ln2𝑛
∞
𝑛=2 ;                                            2)   ∑

1

𝑛 ln(𝑛+1)
∞
𝑛=1 ;          

3)   ∑
𝑛!

𝑛𝑛
∞
𝑛=1 ;                                              4)  ∑ √

𝑛+1

𝑛
∞
𝑛=1 ; 

5)   ∑ √𝑛𝑒−√𝑛∞
𝑛=0 ;                                     6)   ∑

1

(5𝑛−4)(6𝑛−5)
∞
𝑛=1 ;          

7)   ∑ 52𝑛 arcsin
1

3𝑛
∞
𝑛=1 ;                             8)  ∑ ln (

5𝑛+3

5𝑛+2
)∞

𝑛=1 . 

Answers 
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1.5 Alternating Series 

 

I. Concept of Alternating Series 

Previously, we have considered positive-term series. But there are many series out of 

there that have both positive and negative terms. One of the simplest and the most useful, 

series of this type is a series, whose terms have alternating signs. 
 

 

 The series that could be written in one of the forms  

𝑎1 − 𝑎2 + 𝑎3 −⋯+(−1)
𝑛−1𝑎𝑛 +⋯ =∑(−1)𝑛−1𝑎𝑛

∞

𝑛=1

         (1.5)   

or 

−𝑎1 + 𝑎2 − 𝑎3 +⋯+(−1)
𝑛𝑎𝑛 +⋯ =∑(−1)𝑛𝑎𝑛

∞

𝑛=1

= −∑(−1)𝑛−1𝑎𝑛

∞

𝑛=1

, 

where 𝑎𝑛 > 0 for every 𝑛, is called an alternating series. 

 

Since tests that we looked at for series convergence have required that all the terms in 

the series be positive, we cannot apply them to alternating series. The test that we are going 

to consider now will be a test for alternating series. 
 

 
 

Alternating Series Test (Leibniz’s Theorem)  

Consider the alternating series 

𝑎1 − 𝑎2 +⋯+(−1)
𝑛−1𝑎𝑛 +⋯ =∑(−1)𝑛−1𝑎𝑛

∞

𝑛=1

,  (𝑎𝑛 > 0).     

If the following two conditions are satisfied: 

∘   𝑎𝑛 ≥ 𝑎𝑛+1 for all 𝑛 ≥ 𝑁, where 𝑁 is come natural number; 

∘   𝑙𝑖𝑚
𝑛→∞

𝑎𝑛 = 0; 

then the series is convergent, its sum is positive and does not exceed the 

first term. 
 

Proof.  
1) Let us consider the sum of the first 𝑛 = 2𝑚 terms: 

𝑆2𝑚 = (𝑎1 − 𝑎2) + (𝑎3 − 𝑎4) + ⋯+ (𝑎2𝑚−1 − 𝑎2𝑚). 

Theorem 1.13 

Definition. 
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Since 𝑎𝑛 > 𝑎𝑛+1 for every 𝑛, each of the expressions in parentheses is positive and the 

sum 𝑆2𝑚 > 0. Moreover, it increases with increasing 𝑚. 

Rewrite this sum as follows  

𝑆2𝑚 = 𝑎1 − (𝑎2 − 𝑎3) − (𝑎4 − 𝑎4) − ⋯− (𝑎2𝑚−2 − 𝑎2𝑚−1) − 𝑎2𝑚 . 

According to the condition 𝑎𝑛 > 𝑎𝑛+1, each of the parentheses is positive and, 

subtracting these parentheses from 𝑎1 we get  

𝑆2𝑚 < 𝑎1. 

 Hence, the sequence {𝑆2𝑚} is increasing and bounded above. Consequently, {𝑆2𝑚} has 

the limit: 

lim
𝑚→∞

𝑆2𝑚 = 𝑆 and  0 < 𝑆 < 𝑎1. 

2) Now let us consider the sum of the first 𝑛 = 2𝑚 + 1 terms: 

𝑆2𝑚+1 = 𝑎1 − 𝑎2 +⋯− 𝑎2𝑚 + 𝑎2𝑚+1 = 𝑆2𝑚 + 𝑎2𝑚+1. 

Since lim
𝑛→∞

𝑎𝑛 = 0, it follows that 

lim
𝑚→∞

𝑆2𝑚+1 = lim
𝑚→∞

(𝑆2𝑚 + 𝑎2𝑚+1) = lim
𝑚→∞

𝑆2𝑚 + lim
𝑚→∞

𝑎2𝑚+1 = 𝑆. 

Therefore, we have proved that lim
𝑛→∞

𝑆𝑛 = 𝑆 both for even 𝑛 and odd 𝑛. The original series 

is convergent. 
 

Corollary.  If the alternating series is convergent, then the error obtained when 

replacing  𝑆  by  𝑆𝑛  does not exceed in absolute value the first of the 

suppressed terms, that is 

|𝑆 − 𝑆𝑛| = |𝑟𝑛| ≤ 𝑎𝑛+1. 
   

 

 
 

Test the alternating the series  

1 −
1

2
+
1

3
−
1

4
+⋯+

(−1)𝑛−1

𝑛
+⋯ =∑

(−1)𝑛−1

𝑛

∞

𝑛=1

 

for convergence. 

Since  

∘    1 >
1

2
>
1

3
> ⋯ >

1

𝑛
>

1

𝑛+1
> ⋯; 

∘   lim
𝑛→∞

1

𝑛
= 0; 

this series converges by the Alternating Series Test. 

Example 1. 
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Test for convergence of the alternating series  

4

2
−
6

6
+
8

12
−. . . +

(−1)𝑛+1(2𝑛 + 2)

𝑛(𝑛 + 1)
+⋯ = ∑

(−1)𝑛+1(2𝑛 + 2)

𝑛(𝑛 + 1)

∞

𝑛=1

. 

Let us check the fulfillment of the conditions of Leibniz’s Theorem. 

First, we write down the inequality 

∘   𝑎𝑛 > 𝑎𝑛+1 

2𝑛 + 2

𝑛(𝑛 + 1)
>

2(𝑛 + 1) + 2

(𝑛 + 1)((𝑛 + 1) + 1)
; 

2𝑛 + 2

𝑛
>
2𝑛 + 4

𝑛 + 2
; 

(2𝑛 + 2)(𝑛 + 2) > (2𝑛 + 4)𝑛; 

2𝑛2 + 6𝑛 + 4 > 2𝑛2 + 4𝑛; 

2𝑛 + 4 > 0. 

The inequality obtained holds for any natural 𝑛, and 

4

2
>
6

6
>
8

12
> ⋯ >

2𝑛 + 2

𝑛(𝑛 + 1)
>

2𝑛 + 4

(𝑛 + 1)(𝑛 + 2)
> ⋯. 

Second, we have to find the limit 

∘ lim
𝑛→∞

2𝑛 + 2

𝑛(𝑛 + 1)
= lim
𝑛→∞

2
𝑛
+
2
𝑛2

1 +
1
𝑛

= 0. 

Thus, the given series converges by the Alternating Series Test.  

 

  

Investigate for convergence the alternating the series  

−
3

2
+
4

3
−
5

4
+. . . +(−1)𝑛

𝑛 + 2

𝑛 + 1
+⋯ = ∑(−1)𝑛

𝑛 + 2

𝑛 + 1

∞

𝑛=1

. 

By the Alternating Series Test, we have  

∘  Condition  𝑎𝑛 > 𝑎𝑛+1  holds for any natural 𝑛, since 

𝑛 + 2

𝑛 + 1
>
𝑛 + 3

𝑛 + 2
; 

(𝑛 + 2)2 > (𝑛 + 1)(𝑛 + 3); 

Example 2. 

Example 3. 
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𝑛2 + 4𝑛 + 4 > 𝑛2 + 4𝑛 + 3; 

1 > 0. 

 Hence,    

3

2
>
4

3
>
5

4
> ⋯ >

𝑛 + 2

𝑛 + 1
>
𝑛 + 3

𝑛 + 2
> ⋯ 

Let us check the second condition. 

∘ lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

𝑛 + 2

𝑛 + 1
= lim
𝑛→∞

1 +
2
𝑛

1 +
1
𝑛

= 1 ≠ 0. 

This condition fails.  

Thus, the given series diverges.  

 

II. Absolute and Conditional Convergence. 

The alternating series is a special case of so-called plus-minus series. Plus-minus series 

has both positive and negative terms. For example 

∑
sin
𝜋𝑛
4

𝑛2

∞

𝑛=1

= sin
𝜋

4
+
sin
𝜋
2
4
+
sin
3𝜋
4
9

+
sin 𝜋

16
+
sin
5𝜋
4

25
+
sin
3𝜋
2

36
+
sin
7𝜋
4

49
+⋯ = 

=
√2

2
+
1

4
+
√2

18
−
√2

50
−
1

36
−
√2

98
+ ⋯ 

 Let us give an important sufficient condition for the convergence of a plus-minus series. 
 

 

 The plus-minus series  

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑛 +⋯                         (1.6)   

is called absolutely convergent if a series made up of the absolute values of its 

terms  

∑|𝑎𝑛

∞

𝑛=1

| = |𝑎1| + |𝑎2| + |𝑎3| + ⋯+ |𝑎𝑛| + ⋯                  (1.7) 

converges. 

 
 

 If the series (1.6) converges, while the series (1.7) diverges, then the given 

plus-minus series is called a conditionally convergent series. 

Definition. 

Definition. 
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Sufficient condition 

If the plus-minus series 

∑𝑎𝑛

∞

𝑛=1

= 𝑎1 + 𝑎2 + 𝑎3 +⋯+ 𝑎𝑛 +⋯                      (1.6)   

is such that a series made up of the absolute values of its terms 

∑|𝑎𝑛

∞

𝑛=1

| = |𝑎1| + |𝑎2| + |𝑎3| + ⋯+ |𝑎𝑛| + ⋯                (1.7) 

converges, then the given series is also convergent. 
 

 

 

 

 

 

Proof.  

Assume, that  𝑆𝑛 and 𝜎𝑛 are the 𝑛-th partial sums of the series (1.6) and (1.7). Let 𝑠1𝑛 be 

the sum of all positive terms and  𝑠2𝑛 the sum of absolute values of all negative terms of the 

sum 𝑆𝑛, then 

𝑆𝑛 = 𝑠1𝑛 − 𝑠2𝑛  and  𝜎𝑛 = 𝑠1𝑛 + 𝑠2𝑛. 

Since the series (1.7) converges, lim
𝑛→∞

𝜎𝑛 = 𝜎 and the values of  𝑠1𝑛 and  𝑠2𝑛 are less than 

𝜎. Moreover, the sequences {𝑠1𝑛} and  {𝑠2𝑛}  have limits 𝑠1 and  𝑠2 respectively.  

Hence,   

lim
𝑛→∞

𝑆𝑛 = lim
𝑛→∞

(𝑠1𝑛 − 𝑠2𝑛) = 𝑠1 − 𝑠2. 

Thus, the plus-minus series (1.6) converges. 

 

 
 

Consider the plus-minus series  

∑
sin
𝜋𝑛
4

𝑛2

∞

𝑛=1

= sin
𝜋

4
+
sin
𝜋
2
4
+
sin
3𝜋
4
9

+
sin 𝜋

16
+
sin
5𝜋
4

25
+
sin
3𝜋
2

36
+
sin
7𝜋
4

49
+⋯ 

Test the series 

∑|
sin
𝜋𝑛
4

𝑛2
|

∞

𝑛=1

= |sin
𝜋

4
| + |

sin
𝜋
2
4
| + |

sin
3𝜋
4
9

| + |
sin 𝜋

16
| + ⋯+ |

sin
𝜋𝑛
4

𝑛2
| + ⋯ 

for convergence. 

Example 4. 

Theorem 1.14 
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Since |
sin

𝜋𝑛

4

𝑛2
| ≤

1

𝑛2
  and ∑

1

𝑛2
∞
𝑛=1  is convergent as the hyperharmonic series (𝑝 = 2 > 1), 

according to the First Comparison Test, the series  ∑ |
sin

𝜋𝑛

4

𝑛2
|∞

𝑛=1   is convergent. Hence, the 

series ∑
sin

𝜋𝑛

4

𝑛2
∞
𝑛=1   also converges. Moreover, it is absolutely convergent.  

 

 
 

Investigate for convergence of the alternating series  

∑
(−1)𝑛−1

𝑛
= 1 −

1

2
+
1

3
−
1

4
+⋯+

(−1)𝑛−1

𝑛
+⋯

∞

𝑛=1

 

It is conditionally convergent since it is convergent (see example 1), but 

∑|
(−1)𝑛−1

𝑛
|

∞

𝑛=1

=∑
1

𝑛

∞

𝑛=1

 

diverges. 

 

  

Investigate for convergence of the alternating series  

∑
(−1)𝑛+1

2𝑛2 + 3
=

∞

𝑛=1

1

5
−
1

11
+
1

21
−
1

35
+⋯+

(−1)𝑛+1

2𝑛2 + 3
+⋯ 

Let us consider a series made up of the absolute values of its terms  

∑|
(−1)𝑛+1

2𝑛2 + 3
|

∞

𝑛=1

= ∑
1

2𝑛2 + 3
.

∞

𝑛=1

 

Since 

𝑎𝑛 =
1

2𝑛2 + 3
<
1

2𝑛2
<
1

𝑛2
= 𝑏𝑛, 

we apply the First Comparison Test.  

The series ∑
1

𝑛2
∞
𝑛=1   converges as the hyperharmonic series where 𝑝 = 2 > 1. This yields 

that the series ∑
1

2𝑛2+3
∞
𝑛=1  converges. 

Hence, the given series ∑
(−1)𝑛+1

2𝑛2+3
∞
𝑛=1   is absolutely convergent.  

 

 

Example 5. 

Example 6. 
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Investigate for convergence of the alternating series  

∑
(−1)𝑛 ∙ 2𝑛

(𝑛 + 1)(𝑛 + 3)

∞

𝑛=1

= −
2

8
+
4

15
−
6

24
+
8

35
−⋯+

(−1)𝑛 ∙ 2𝑛

(𝑛 + 1)(𝑛 + 3)
+⋯ 

Consider a series made up of the absolute values of its terms  

∑|
(−1)𝑛 ∙ 2𝑛

(𝑛 + 1)(𝑛 + 3)
|

∞

𝑛=1

= ∑
2𝑛

(𝑛 + 1)(𝑛 + 3)

∞

𝑛=1

. 

Let us investigate this series for convergence by the Limit Comparison Test. We compare 

it with the harmonic series ∑
1

𝑛
∞
𝑛=1 . 

Since 

lim
𝑛→∞

𝑎𝑛
𝑏𝑛
= lim
𝑛→∞

2𝑛 ∙ 𝑛

(𝑛 + 1)(𝑛 + 3)
= lim
𝑛→∞

2

(1 +
1
𝑛) (

1 +
3
𝑛)
= 2 

and the harmonic series diverges, the series ∑
2𝑛

(𝑛+1)(𝑛+3)
∞
𝑛=1   is divergent. 

Then it is necessary to test the alternating series ∑
(−1)𝑛∙2𝑛

(𝑛+1)(𝑛+3)
∞
𝑛=1  by Leibniz’s Theorem 

to understand whether it diverges or converges conditionally. 

Let us check the first condition. 

∘   𝑎𝑛 > 𝑎𝑛+1 

2𝑛

(𝑛 + 1)(𝑛 + 3)
>

2𝑛 + 2

(𝑛 + 2)(𝑛 + 4)
; 

𝑛(𝑛 + 2)(𝑛 + 4) > (𝑛 + 1)2(𝑛 + 3); 

𝑛3 + 6𝑛2 + 8𝑛 > 𝑛3 + 5𝑛2 + 7𝑛 + 3; 

𝑛2 + 𝑛 − 3 > 0. 

The last inequality holds for any natural 𝑛 ≥ 2. Thus, the first condition is fulfilled 

starting from the second term of the series. 

Let us check the second condition is fulfilled, since 

∘ lim
𝑛→∞

2𝑛

(𝑛 + 1)(𝑛 + 3)
= lim
𝑛→∞

2
𝑛

(1 +
1
𝑛) (

1 +
3
𝑛)
= 0. 

Hence, the alternating series ∑
(−1)𝑛∙2𝑛

(𝑛+1)(𝑛+3)
∞
𝑛=1   converges coditionally. 

Example 7. 
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 Investigate for convergence of the series 

∑
(−1)𝑛

(3𝑛)4

∞

𝑛=1

= −
1

34
+
1

64
−
1

94
+⋯+

(−1)𝑛−1

(3𝑛)4
+⋯ . 

Evaluate the sum of this series with an error of less than 10−4. 

Since the series made up of absolute values 

∑
1

(3𝑛)4

∞

𝑛=1

 

converges by the First Comparison Test (compared to the hyperharmonic convergent 

series ∑
1

𝑛4
∞
𝑛=1 ), the given series is absolutely convergent. 

Let us find the sum of the series. First, we need to find how many terms of series we 

should take to get a given error of less than 10−4. 

According to the corollary to the Alternating Series Test, the error does not exceed in 

absolute value the first of the suppressed terms. Thus we have to find such number 𝑛  that  

1

(3𝑛)4
< 10−4. 

It is easy to see that for 𝑛 = 4 

1

(3 ∙ 4)4
=
1

124
< 10−4. 

This yields 

𝑆 = −
1

34
+
1

64
−
1

94
≈ −0.0114. 

 

As already mentioned earlier in the corollary from the Alternating Series Test, for 

convergent alternating series the absolute value of remainder 𝑟𝑛 does not exceed  the absolute 

value of 𝑎𝑛+1, i.e  

|𝑟𝑛| ≤ 𝑎𝑛+1. 

Applying this fact, the sum 𝑆 of a convergent alternating series can be calculated with an 

error not exceeding the absolute value of 𝑎𝑛+1. 

 

 

Example 8. 
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Приклад 12.  

Investigate for convergence 

∑
(−1)𝑛−1

𝑛4 + 5

∞

𝑛=1

=
1

6
−
1

21
+
1

86
−⋯+

(−1)𝑛−1

𝑛4 + 5
+⋯ . 

Evaluate the sum of this series with an error 𝜀 = 0,01. 

Consider the series made up of absolute values of its terms 

∑|
(−1)𝑛−1

𝑛4 + 5
| = ∑

1

𝑛4 + 5

∞

𝑛=1

∞

𝑛=1

. 

It is convergent by the First Comparison Test, since  

1

𝑛4 + 5
≤
1

𝑛4
 

and the series  ∑
1

𝑛4
∞
𝑛=1   converges as hyperharmonic (𝑝 = 4 > 1).   

Thus, the given alternating series ∑
(−1)𝑛−1

𝑛4+5
∞
𝑛=1   converges absolutely.  

Let us evaluate the sum of this series with the given error 𝜀 = 0,01. We have to calculate  

the absolute values of the first few terms of the given series until we get a term whose absolute 

value is less than 𝜀 = 0,01: 

𝑎1 =
1

6
, 𝑎2 =

1

21
, 𝑎3 =

1

86
, 𝑎4 =

1

261
.   

 According to the corollary from the Alternating Series Test we have 

|𝑟3| < 𝑎4 < 0,01. 

Hence, to evaluate the sum 𝑆 of a given series with the given error 𝜀 = 0,01, it is 

necessary to find the sum of its first three terms 

𝑆 ≈
1

6
−
1

21
+
1

86
≈ 0,17 − 0,05 + 0,01 = 0,13. 

 

Properties of absolutely convergent and conditionally convergent series 

1. If ∑ 𝑎𝑛
∞
𝑛=1  is absolutely convergent and its sum is 𝑆 then any rearrangement of the 

terms of  ∑ 𝑎𝑛
∞
𝑛=1  is absolutely convergent and its sum is 𝑆. 

2. (Riemann’s Rearrangement Theorem)  

If ∑ 𝑎𝑛
∞
𝑛=1  is conditionally convergent and 𝜎 is any real number then there exists a 

rearrangement of the terms of  ∑ 𝑎𝑛
∞
𝑛=1  whose sum will be 𝜎.  

Example 9. 
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Moreover, the terms can be rearranged so that the new series diverges.  

For example, let us consider the conditionally convergent series (see example 5.) 

∑
(−1)𝑛−1

𝑛
= 1 −

1

2
+
1

3
−
1

4
+
1

5
−
1

6
+
1

7
−
1

8
+⋯∞

𝑛=1    

Suppose that 𝑆 is the sum of this series.  

Now let us rearrange the terms of the series so that each positive term is followed by two 

negative ones 

1 −
1

2
−
1

4
+
1

3
−
1

6
−
1

8
+
1

5
−
1

10
−
1

12
+⋯ 

Next, we add each positive term with the negative one coming after it 

(1 −
1

2
) −

1

4
+ (
1

3
−
1

6
) −

1

8
+ (
1

5
−
1

10
) −

1

12
+⋯ =

1

2
−
1

4
+
1

6
−
1

8
+⋯ 

The series obtained is convergent. Moreover, its sum is  
1

2
𝑆, since 

1

2
−
1

4
+
1

6
−
1

8
+⋯ =

1

2

(

 
 
1 −

1

2
+
1

3
−
1

4
+⋯

⏟            

∑
(−1)𝑛−1

𝑛
=𝑆∞

𝑛=1 )

 
 
=
1

2
𝑆. 

As a result, by changing the order of the terms of the series, we halved the sum. 

3. If series ∑ 𝑎𝑛
∞
𝑛=1  and  ∑ 𝑏𝑛

∞
𝑛=1  are convergent and their sums are 𝑆𝑎 and 𝑆𝑏 

respectively, then their product  

∑𝑎𝑛

∞

𝑛=1

∙ ∑ 𝑏𝑛

∞

𝑛=1

= (𝑎1𝑏1) + (𝑎1𝑏2 + 𝑎2𝑏1) + (𝑎1𝑏3 + 𝑎2𝑏2 + 𝑎3𝑏1) + ⋯ 

+(𝑎1𝑏𝑛 + 𝑎2𝑏𝑛−1 +⋯+ 𝑎𝑛−1𝑏2 + 𝑎𝑛𝑏1) + ⋯ 

is a convergent series and its sum is 

𝑆 = 𝑆𝑎 ∙ 𝑆𝑏 . 

3. If series ∑ 𝑎𝑛
∞
𝑛=1  is absolutely convergent, then the series ∑ 𝐶𝑎𝑛

∞
𝑛=1 ,  where 𝐶 −  const, 

is absolutely convergent. 

4. If series ∑ 𝑎𝑛
∞
𝑛=1   and  ∑ 𝑏𝑛

∞
𝑛=1  are absolutely convergent then the series 

∑ (𝑎𝑛 ± 𝑏𝑛)
∞
𝑛=1  are absolutely convergent. 

5. The absolute convergence of the series is not affected by dropping or adding a finite 

number of terms. 
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Review Questions 

1. What is the alternating series? What is the plus-minus series? How are they different? 

2. Formulate the Alternating Series Test. 

3. Is it possible to claim that an alternating series converges if lim
𝑛→∞

𝑎𝑛 = 0? 

4. Is it possible to assert that an alternating series converges if the sequence of modules 

of the members of this series is monotonic increasing? 

5. Formulate the sufficient conditions of the convergence of an alternating series. 

6. Which series is called absolutely convergent? conditionally convergent?  

7. Is it possible to assert that the convergence of a series consisting of the absolute values 

of its members follows from the convergence of the series? 

8. What can be said about the convergence of numerical series, if the series composed of 

the absolute values of its members converges? 

9. What can be said about the convergence of alternating series if the series composed of 

the absolute values of its members diverges? 

10. What can be said about the convergence of alternating series if the series is 

convergent but the series composed of the absolute values of its members diverges?  

11. Can it be asserted that arithmetic operations on absolutely convergent series (sum, 

difference, multiplication of series) do not change the nature of convergence of the 

obtained series? What can be said in this case for conditionally convergent series?  

 

Exercises 1.5 

1. Investigate for absolute or conditional convergence.  

1)  ∑
(−1)𝑛

𝑛 ln𝑛
∞
𝑛=2 ;                                           2)  ∑

(−1)𝑛(2𝑛+4)!

𝑛+5
∞
𝑛=1 ;      

3)  ∑ (−1)𝑛tan
𝑛

6𝑛
∞
𝑛=1 ;                               4)  ∑ (−1)𝑛

𝑛+1

𝑛
∞
𝑛=1 ; 

5)   ∑
(−1)𝑛

ln2𝑛
∞
𝑛=2 ;                                          6)   ∑

cos𝑛𝛼

𝑛5
∞
𝑛=1 ;          

7)   ∑ (−1)𝑛 (
𝑛+2

𝑛+1
)
𝑛

∞
𝑛=1 ;                            8)  ∑

(−1)𝑛

√4𝑛+6
5

∞
𝑛=1 ; 

9)   ∑ (−1)𝑛𝑛ln (1 +
2

𝑛2
)∞

𝑛=1 ;                   10)   ∑
sin𝑛𝑥

𝑛65𝑛+1
∞
𝑛=1 ;         

11)   ∑ (−1)𝑛 (
3𝑛+2

𝑛+1
)
4𝑛

∞
𝑛=1 . 

Answers 
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2. Functional Series 

 

2.1 The Concept of  a Functional Series 

 

Consider the series 

∑𝑢𝑛(𝑥)

∞

𝑛=1

= 𝑢1(𝑥) + 𝑢2(𝑥) + ⋯+ 𝑢𝑛(𝑥) + ⋯                             (2.1) 

 

 The series whose terms are functions of  𝑥 is called a functional series. 

 

Here we assume that all the functions are defined and continuous in the same interval. 

For example, 

1)  ∑
ln𝑛𝑥

𝑛3
∞
𝑛=1 = ln𝑥 +

ln2𝑥

23
+
ln3𝑥

33
+⋯+

ln𝑛𝑥

𝑛3
+⋯ ,   𝑥 ∈ (0,+∞);  

2)  ∑(𝑥 + 3)𝑛
∞

𝑛=0

= 1 + (𝑥 + 3) + (𝑥 + 3)2 +⋯+ (𝑥 + 3)𝑛 +⋯ ,   𝑥 ∈ (−∞,+∞). 

For each real number 𝑥 (definite numerical value) we get different numerical series, 

which may be proved to be convergent or divergent. 
 

 The set of all those values of  𝑥  for which the functional series converges is 

called the domain of convergence of the series. 
 

The method of determining the domain of convergence is based on investigating the 

series made up of the absolute values of its terms (∑ |𝑢𝑛(𝑥)|
∞
𝑛=1 ). To determine the 

convergence of these positive-term series we apply Ratio or Root Tests. 
 

 The functional series ∑ 𝑢𝑛(𝑥)
∞
𝑛=1  is called convergent on some interval (𝑎, 𝑏) 

if it converges as a numerical series at each point 𝑥 of this interval. 

We may also consider the sequence of partial sums of the series (2.1) 

𝑆1 = 𝑢1(𝑥),   𝑆2 = 𝑢1(𝑥) + 𝑢2(𝑥),  …   𝑆𝑛 = 𝑢1(𝑥) + 𝑢2(𝑥) + ⋯+𝑢𝑛(𝑥),   … 

and, in this case, it is the sequence of functions defined on some interval (𝑎, 𝑏). 
 

 The sequence of functions {𝑆𝑛(𝑥), 𝑛 ≥ 1} converges pointwise on the interval 

(𝑎, 𝑏) to the function 𝑆(𝑥)  ( lim
𝑛→∞

𝑆𝑛(𝑥) = 𝑆(𝑥)) if it converges as a numerical 

sequence at each point of the interval (𝑎, 𝑏).  

Definition. 

Definition. 

Definition. 

Definition. 
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Since the sum of a series is the limit of a sequence of partial sums, we can define the sum 

of a functional series. 
 

 The sum of the functional series is some function of 𝑥: 

∑𝑢𝑛(𝑥)

∞

𝑛=1

= lim
𝑛→∞

𝑆𝑛(𝑥) = 𝑆(𝑥), 

where function 𝑆(𝑥) is defined in the domain of convergence. 

If the series converges then its sum can be written in a form 

𝑆(𝑥) = 𝑆𝑛(𝑥) + 𝑟𝑛(𝑥). 
 

 

Expression 𝑟𝑛(𝑥) is called the remainder of the series (2.1) and 

𝑟𝑛(𝑥) = 𝑢𝑛+1(𝑥) + 𝑢𝑛+2(𝑥) + ⋯ 
 

 

The remainder of the convergent series tends to zero when 𝑛 → ∞. 
 

Proof.  

Let us consider the sum of convergent series  

∑𝑢𝑛(𝑥)

∞

𝑛=1

= 𝑆(𝑥) = 𝑆𝑛(𝑥) + 𝑟𝑛(𝑥), 

then  

𝑟𝑛(𝑥) = 𝑆(𝑥) − 𝑆𝑛(𝑥). 

Since   

lim
𝑛→∞

𝑟𝑛(𝑥) = lim
𝑛→∞

(𝑆(𝑥) − 𝑆𝑛(𝑥)) = 0, 

we get, that the remainder of the convergent series approaches zero as 𝑛 tends to infinity. 
 

 

 
 

Find the domain of convergence of the series 

∑
ln𝑛𝑥

𝑛3

∞

𝑛=1

= ln𝑥 +
ln2𝑥

23
+
ln3𝑥

33
+⋯+

ln𝑛𝑥

𝑛3
+⋯ 

Applying the Root Test, we get 

lim
𝑛→∞

√|𝑢𝑛(𝑥)|
𝑛

= lim
𝑛→∞

√|
ln𝑛𝑥

𝑛3
|

𝑛

= lim
𝑛→∞

|ln𝑥|

√𝑛
𝑛 3 = |ln𝑥|. 

Example 1. 

Definition. 

Definition. 

Theorem 2.1 
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Thus, the series converges when |ln𝑥| < 1 and diverges when |ln𝑥| > 1. 

Let us solve the inequality 

|ln𝑥| < 1, 

−1 < ln𝑥 < 1, 

1

𝑒
< 𝑥 < 𝑒. 

Hence, the interval of convergence is (
1

𝑒
, 𝑒).  

At the endpoints of the interval, it is impossible to investigate the series using the Root 

Test. But we can do it separately by investigating of numerical series obtained in the points 

𝑥 = 𝑒 and 𝑥 =
1

𝑒
. 

For 𝑥 = 𝑒 we have 

∑
ln𝑛𝑒

𝑛3

∞

𝑛=1

=∑
1

𝑛3

∞

𝑛=1

. 

Since it is a hyperharmonic series and 𝑝 = 3 > 1, it converges. 

For 𝑥 =
1

𝑒
 we get 

∑
ln𝑛
1
𝑒

𝑛3

∞

𝑛=1

=∑
(−1)𝑛

𝑛3

∞

𝑛=1

. 

It is absolutely convergent alternating series since the series made up of the absolute 

values of its terms ∑
1

𝑛3
∞
𝑛=1  is convergent.  

Finally, the domain of convergence is 

𝑥 ∈ [
1

𝑒
, 𝑒]. 

   
 

Find the domain of convergence of the series 

∑(−1)𝑛
(4𝑥)𝑛

2𝑛 − 1

∞

𝑛=1

= 4𝑥 −
(4𝑥)2

3
+
(4𝑥)3

5
− ⋯+ (−1)𝑛

(4𝑥)𝑛

2𝑛 − 1
+⋯ 

Applying the Ratio Test, we obtain 

lim
𝑛→∞

|
𝑢𝑛+1(𝑥)

𝑢𝑛(𝑥)
| = lim

𝑛→∞
|
(4𝑥)𝑛+1

(2𝑛 + 1)
∙
(2𝑛 − 1)

(4𝑥)𝑛
| = lim

𝑛→∞

(2𝑛 − 1)

(2𝑛 + 1)
|4𝑥| = |4𝑥|. 

Example 2. 
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According to the Ratio Test, this series converges when  

|4𝑥| < 1. 

Thus,  

−
1

4
< 𝑥 <

1

4
. 

Consider the endpoints of this interval. 

For 𝑥 =
1

4
  we get the numerical series   

∑(−1)𝑛
(4 ∙ (−

1
4))

𝑛

2𝑛 − 1

∞

𝑛=1

= ∑(−1)𝑛
(−1)𝑛

2𝑛 − 1

∞

𝑛=1

=∑
(−1)2𝑛

2𝑛 − 1
= ∑

1

2𝑛 − 1

∞

𝑛=1

∞

𝑛=1

 . 

This series diverges as a harmonic series. 

For 𝑥 =
1

4
 we obtain the alternating series   

∑
(−1)𝑛

2𝑛 − 1
= −1 +

1

3

∞

𝑛=1

−
1

5
+⋯, 

which is convergent by Leibniz Theorem. 

Hence, the domain of convergence is  

𝑥 ∈ (−
1

4
;
1

4
]. 

    

 

Find the domain of convergence of the series 

∑
𝑥𝑛

1 + 𝑥2𝑛
=

𝑥

1 + 𝑥2
+

𝑥2

1 + 𝑥4
+

𝑥3

1 + 𝑥6
+⋯+

𝑥𝑛

1 + 𝑥2𝑛
+⋯ .

∞

𝑛=1

 

By the Root Test, this series converges when  

lim
𝑛→∞

√|𝑢𝑛(𝑥)|
𝑛

= lim
𝑛→∞

√|
𝑥𝑛

1 + 𝑥2𝑛
|

𝑛

= lim
𝑛→∞

|𝑥|

√|1 + 𝑥2𝑛|
𝑛

 . 

Let us consider this limit when |𝑥| > 1: 

lim
𝑛→∞

|𝑥|

√|1 + 𝑥2𝑛|
𝑛

= lim
𝑛→∞

|𝑥|

|𝑥2|√|
1
𝑥2𝑛

+ 1|
𝑛

= |

1

𝑥2𝑛
→ 0, 𝑛 → ∞,

when |𝑥| > 1
| =

|𝑥|

|𝑥2|
=
1

|𝑥|
< 1. 

Thus, the series is convergent when |𝑥| > 1. 

Example 3. 
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Сontrariwise, when |𝑥| < 1, we get 

lim
𝑛→∞

|𝑥|

√|1 + 𝑥2𝑛|
𝑛

= |
𝑥2𝑛 → 0, 𝑛 → ∞,

when |𝑥| < 1
| = |𝑥| < 1 

and the series is convergent. 

Since for 𝑥 = 1 and 𝑥 = −1, we get divergent series 

∑
1

2

∞

𝑛=1

  and ∑
(−1)𝑛

2

∞

𝑛=1

 ,  

the domain of convergence is 

𝑥 ∈ (−∞;−1) ∪ (−1; 1) ∪ (1;+∞). 
 

 

 

 

Find the domain of convergence of the series 

∑𝑒−𝑛
2𝑥 = 𝑒−𝑥 + 𝑒−4𝑥 + 𝑒−9𝑥 +⋯+ 𝑒−𝑛

2𝑥 +⋯ .

∞

𝑛=1

 

By the Ratio Test, this series is convergent when  

lim
𝑛→∞

|
𝑢𝑛+1(𝑥)

𝑢𝑛(𝑥)
| = lim

𝑛→∞
|
𝑒−(𝑛+1)

2𝑥

𝑒−𝑛
2𝑥

| = lim
𝑛→∞

|
𝑒𝑛

2𝑥

𝑒𝑛
2𝑥+2𝑛𝑥+𝑥

| = lim
𝑛→∞

|
1

𝑒2𝑛𝑥 ∙ 𝑒𝑥
| < 1. 

The last inequality holds when 𝑥 > 0.  

For 𝑥 = 0, we get the divergent series ∑ 1∞
𝑛=1 . 

Thus, the domain of convergence is 

𝑥 ∈ (0;∞). 

   

  

Find the domain of convergence of the series 

∑sin
𝑥

2𝑛
= sin𝑥 + sin

𝑥

22
+ sin

𝑥

23
+⋯+ sin

𝑥

2𝑛
+⋯ .

∞

𝑛=1

 

According to the Ratio Test, we get  

lim
𝑛→∞

|
𝑢𝑛+1(𝑥)

𝑢𝑛(𝑥)
| = lim

𝑛→∞
|
sin

𝑥
2𝑛+1

sin
𝑥
2𝑛
| = |sin

𝑥

2𝑛
~
𝑥

2𝑛
𝑛 → ∞

| = lim
𝑛→∞

|

𝑥
2𝑛+1
𝑥
2𝑛

| =
1

2
< 1 

Hence, this series converges for any real 𝑥. Thus, the domain of convergence 

𝑥 ∈ (−∞;∞) . 

Example 4. 

Example 5. 
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Find the sum of series 

1

𝑥 + 1
−

1

(𝑥 + 1)(𝑥 + 2)
−

1

(𝑥 + 2)(𝑥 + 3)
−

1

(𝑥 + 3)(𝑥 + 4)
−⋯ 

for 𝑥 ∈ [0,1]. 

By partial fraction decomposition, we have 

1

(𝑥 + 𝑛)(𝑥 + 𝑛 + 1)
=

1

𝑥 + 𝑛
−

1

𝑥 + 𝑛 + 1
, 𝑛 = 1, 2, 3, …, 

the partial sum of series is 

𝑆𝑛(𝑥) =
1

𝑥 + 1
−

1

(𝑥 + 1)(𝑥 + 2)
−

1

(𝑥 + 2)(𝑥 + 3)
−⋯−

1

(𝑥 + 𝑛)(𝑥 + 𝑛 + 1)
= 

=
1

𝑥 + 1
− (

1

𝑥 + 1
−

1

𝑥 + 2
) − (

1

𝑥 + 2
−

1

𝑥 + 3
) − ⋯− (

1

𝑥 + 𝑛
−

1

𝑥 + 𝑛 + 1
) =

1

𝑥 + 𝑛
. 

Hence, 

𝑆(𝑥) = lim
𝑛→∞

𝑆𝑛(𝑥) = lim
𝑛→∞

1

𝑥 + 𝑛
= 0 

for any 𝑥 ∈ [0,1]. 

 

 

Find a sum of the series 

𝑥 + 𝑥(𝑥 − 1) + 𝑥2(𝑥 − 1) + 𝑥3(𝑥 − 1) +⋯ 

for 𝑥 ∈ [0,1]. 

Let us consider the partial sum of this series 

𝑆𝑛(𝑥) = 𝑥 + 𝑥(𝑥 − 1) + 𝑥
2(𝑥 − 1) + 𝑥3(𝑥 − 1) +⋯𝑥𝑛−1(𝑥 − 1) = 

= 𝑥 + 𝑥2 − 𝑥 + 𝑥3 − 𝑥2 +⋯+ 𝑥𝑛 − 𝑥𝑛−1 = 𝑥𝑛. 

Thus, we obtain 

𝑆(𝑥) = lim
𝑛→∞

𝑆𝑛(𝑥) = lim
𝑛→∞

𝑥𝑛 = {
0,   0 ≤ 𝑥 < 1,
1,           𝑥 = 1.

 

  

It is well-known that the finite sum of continuous functions is the continuous function. 

But examples 1 and 2 show that the infinite sum of continuous functions may be either a 

continuous or a discontinuous function. Therefore, a natural question arises: what properties 

a series should possess for its sum to be continuous? Moreover, under what condition is it 

possible to differentiate and integrate the series termwise? 

Example 6. 

Example 7. 



 

 

 

54 

Review Questions 

1. What series is called functional? Give examples of functional series. 

2. What is the difference between functional and numerical series? 

3. What is called a point of convergence and a domain of convergence of a functional 

series? 

4. Is it possible to apply tests of convergence of numerical series to find the domain of 

convergence of functional series? How? 

5. Why, when finding the domain of convergence of a functional series, do we consider 

a series composed of the absolute values of its members? 

6. Formulate an algorithm for finding the domain of convergence of a functional series. 

7. What do we understand as the sum of a functional series? 

8. Can we say that the sum of a functional series is defined in its domain of convergence? 

 

Exercises 2.1 

1. Find the domain of convergence of the functional series.   

1) ∑ ln𝑛 𝑥∞
𝑛=0 ;                                         2) ∑

1

1+𝑥𝑛
∞
𝑛=1 ;      

3) ∑ sin
𝑥

6𝑛
∞
𝑛=1 ;                                        4) ∑ 𝑥𝑛tan

𝑥

2𝑛
∞
𝑛=1 ; 

5) ∑
√𝑛

(𝑥−2)𝑛
∞
𝑛=1 ;                                       6) ∑

(−1)𝑛−1

𝑛3𝑛(𝑥−5)𝑛
∞
𝑛=1 ;          

7) ∑ 𝑒−𝑛
2𝑥∞

𝑛=1 ;                                       8)  ∑ (3 − 𝑥2)𝑛∞
𝑛=1 ; 

9) ∑
1

1+𝑥2𝑛
∞
𝑛=1 ;                                       10) ∑

sin𝑛𝑥

𝑛2
∞
𝑛=1 ;          

11) ∑
1

𝑛𝑥
∞
𝑛=1  .  

Answers 
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2.2 Uniform Convergence of  a Functional Series 

 

 The functional series  

∑𝑢𝑛(𝑥)

∞

𝑛=1

 

is called dominated in some range of  𝑥 if there exists a convergent numerical 

positive-term series  

∑𝛼𝑛

∞

𝑛=1

 

such that for all values of 𝑥 from this range the following relations are fulfilled: 

|𝑢1(𝑥)| ≤ 𝛼1, |𝑢2(𝑥)| ≤ 𝛼2, … , |𝑢𝑛(𝑥)| ≤ 𝛼𝑛, … 

 

In other words, the series is dominated if each of its terms does not exceed, in absolute 

value, the corresponding term of some convergent numerical series with positive terms. 

 

 The functional series ∑ 𝑢𝑛(𝑥)
∞
𝑛=1  is called a uniformly convergent on the 

interval [𝑎, 𝑏] if for any arbitrary small 𝜀 > 0, there is an integer 𝑁 such that 

for all 𝑛 ≥ 𝑁 the inequality 

|𝑆(𝑥) − 𝑆𝑛(𝑥)| < 𝜀 

will be fulfilled for any 𝑥 of the interval [𝑎, 𝑏]. 
 

Investigation for uniform convergence by definition could be complicated. It is useful to 

apply the Weierstrass Criterion which gives us sufficient conditions for the uniform 

convergence of a series. 
 

 

Weierstrass Majorant Test (Weierstrass Criterion) 

The dominated in [𝑎, 𝑏] (or (𝑎, 𝑏)) functional series converges uniformly 

and absolutely in [𝑎, 𝑏] (or (𝑎, 𝑏)). 
  

Proof.  

Let us consider the dominated series  

∑𝑢𝑛(𝑥)

∞

𝑛=1

. 

Definition. 

Definition. 

Theorem 2.1 
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Thus, there exists a convergent numerical positive-term series  

∑𝛼𝑛

∞

𝑛=1

, 

where for any 𝑥 ∈ [𝑎, 𝑏]: |𝑢𝑛(𝑥)| ≤ 𝛼𝑛, 𝑛 ≥ 1. 

Let 𝜀 > 0. Since series ∑ 𝛼𝑘
∞
𝑘=1 converges then by theorem 1.2 its remainder goes to zero 

when 𝑛 → ∞ and there exists such number 𝑁 = 𝑁(𝜀) that for any 𝑛 > 𝑁 

∑ 𝛼𝑘

∞

𝑘=𝑛+1

< 𝜀. 

Hence, for any positive 𝑝 

∑ |𝑢𝑘(𝑥)|

𝑝

𝑘=𝑛+1

≤ ∑ 𝛼𝑘

𝑝

𝑘=𝑛+1

< 𝜀 

and for 𝑝 → ∞ we get 

∑ |𝑢𝑘(𝑥)|

∞

𝑘=𝑛+1

≤ ∑ 𝛼𝑘

∞

𝑘=𝑛+1

< 𝜀. 

The remainder of series tends to zero when 𝑛 → ∞, thus, the series ∑ |𝑢𝑘(𝑥)|
∞
𝑘=1   

converges and the series ∑ 𝑢𝑘(𝑥)
∞
𝑘=1  is absolutely convergent. 

Moreover, it leads to 

|𝑟𝑛(𝑥)| = | ∑ 𝑢𝑘(𝑥)

∞

𝑘=𝑛+1

| ≤ ∑ |𝑢𝑘(𝑥)|

∞

𝑘=𝑛+1

≤ ∑ 𝛼𝑘

∞

𝑘=𝑛+1

< 𝜀 

for 𝑛 > 𝑁 and for any 𝑥 ∈ [𝑎, 𝑏]. 

Therefore, the series ∑ 𝑢𝑘(𝑥)
∞
𝑘=1  is uniformly convergent. 

 

 

 

Investigate for uniform convergence of series  

∑
cos𝑛𝑥

𝑛𝑛

∞

𝑛=1

= cos 𝑥 +
cos 2𝑥

22
+
cos 3𝑥

33
+⋯+

cos𝑛𝑥

𝑛𝑛
+⋯ 

for 𝑥 ∈ [0,2𝜋]. 

For any 𝑥 ∈ [0,2𝜋] we have 

|
cos 𝑛𝑥

𝑛𝑛
| ≤

1

𝑛𝑛
. 

Example 1. 
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Let us consider the positive-term series  

∑
1

𝑛𝑛

∞

𝑛=1

. 

Since by applying the Root Test we get 

lim
𝑛→∞

√
1

𝑛𝑛

𝑛

= lim
𝑛→∞

1

𝑛
= 0 < 1, 

the series ∑
1

𝑛𝑛
∞
𝑛=1  is convergent and, by Weierstrass Criterion, the series ∑

cos𝑛𝑥

𝑛𝑛
∞
𝑛=1  is 

dominated and converges uniformly and absolutely for 𝑥 ∈ [0,2𝜋]. 
 

 

 

Investigate for uniform convergence of series  

∑
1

𝑛5 + 𝑥4

∞

𝑛=1

=
1

15 + 𝑥4
+

1

25 + 𝑥4
+

1

35 + 𝑥4
+⋯+

1

𝑛5 + 𝑥4
+⋯ 

for 𝑥 ∈ (−∞,+∞). 

Since for any value of 𝑥 we get  

|
1

𝑛5 + 𝑥4
| ≤

1

𝑛5
 

and the numerical positive-term series  

∑
1

𝑛5

∞

𝑛=1

 

is convergent as the hyperharmonic series with 𝑝 = 5 > 1,  

This yields that the original series is dominated. 

Thus, by Weierstrass Criterion, the series ∑
1

𝑛5+𝑥4
∞
𝑛=1  converges uniformly and absolutely 

for 𝑥 ∈ (−∞,+∞). 

  

Weierstrass Criterion gives sufficient conditions for uniform convergence but 

they are not necessary.  

Some nondominated functional series are uniformly convergent. 

 

  

 

 

 

Example 2. 

Warning. 
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Investigate for uniform convergence of series  

∑
(−1)𝑛−1

𝑛 + 𝑥2𝑛

∞

𝑛=1

=
1

1 + 𝑥2
−

1

2 + 𝑥4
+

1

3 + 𝑥6
−⋯+

(−1)𝑛−1

𝑛 + 𝑥2𝑛
+⋯. 

The given series is convergent for 𝑥 ∈ (−∞,+∞) (we propose to prove this ourselves) 

and nondominated. 

Let us prove the uniform convergence by definition. 

By Corollary to Alternating Series Test  

|𝑆(𝑥) − 𝑆𝑛(𝑥)| = |𝑟𝑛(𝑥)| < |𝑢𝑛+1(𝑥)|, 

we get 

|𝑆(𝑥) − 𝑆𝑛(𝑥)| <
1

𝑛 + 1 + 𝑥2𝑛+2
<

1

𝑛 + 1
. 

From inequality 

1

𝑛 + 1
< 𝜀 

we have  

𝑛 ≥
1

𝜀
− 1. 

Hence, for any arbitrary small 𝜀 > 0, there exists an integer 𝑁 ≥
1

𝜀
− 1 such that for all 

𝑛 ≥ 𝑁 the inequality 

|𝑆(𝑥) − 𝑆𝑛(𝑥)| < 𝜀 

is fulfilled for any 𝑥 ∈ (−∞,+∞). 

Thus, the given functional series ∑
(−1)𝑛−1

𝑛+𝑥2𝑛
∞
𝑛=1  is uniformly convergent for 𝑥 ∈

(−∞,+∞). 
 

 

Properties of uniformly convergent series 
 

 

The sum of uniformly convergent series of continuous on some interval 

[𝑎, 𝑏]  functions ∑ 𝑢𝑛(𝑥)
∞
𝑛=1  is a function continuous on that interval. 

  

This property holds for dominated series. Some nondominated functional series 

with continuous terms have for the sum a discontinuous function. 

 

Note. 

Theorem 2.2 

Example 3. 
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Let us consider the series  

∑(𝑥𝑛−𝑥𝑛−1)

∞

𝑛=1

= 𝑥 + (𝑥2 − 𝑥) + (𝑥3−𝑥2) + ⋯+ (𝑥𝑛−𝑥𝑛−1) + ⋯ 

for 𝑥 ∈ [0; 1]. 

It is obvious, that this series is not dominated, but 𝑛-th term 𝑢𝑛(𝑥) = 𝑥
𝑛−𝑥𝑛−1 is 

continuous on [0; 1] function.  

However, for the 𝑛-th partial sum   

𝑆𝑛(𝑥) = 𝑥 + (𝑥
2 − 𝑥) + (𝑥3−𝑥2) + (𝑥4−𝑥3) + ⋯+ (𝑥𝑛−𝑥𝑛−1) = 𝑥𝑛 

we get 

lim
𝑛→∞

𝑆𝑛(𝑥) = lim
𝑛→∞

𝑥𝑛 = {
1,       when 𝑥 = 1,
0,   when 𝑥 ∈ [0; 1).

 

Thus, the sum of the original series is a discontinuous function. 
 

 

 

Let there be a series of continuous functions ∑ 𝑢𝑛(𝑥)
∞
𝑛=1  dominated on 

some interval [𝑎, 𝑏] and let 𝑆(𝑥) be the sum of the series. Then the 

integral of 𝑆(𝑥) from 𝛼 to 𝑥, which limits belong to the interval [𝑎, 𝑏], is 

equal to the sum of integrals of the terms of the given series: 

∫𝑆(𝑡)

𝑥

𝛼

𝑑𝑡 = ∫∑𝑢𝑛

∞

𝑛=1

(𝑡)

𝑥

𝛼

𝑑𝑡 = 

= ∫𝑢1(𝑡)

𝑥

𝛼

𝑑𝑡 + ∫𝑢2(𝑡)

𝑥

𝛼

𝑑𝑡 + ⋯+ ∫𝑢𝑛(𝑡)

𝑥

𝛼

𝑑𝑡 +⋯  

  

 

If a series is not dominated, term-by-term integration of it is not always possible. 
 

 

 

 

 

 

 

Prove that it possible to integrate termwise the series  

∑
sin𝑛𝑥

𝑛5

∞

𝑛=1

 

from 0 to 𝛼. Find this integral. 

Note. 

Theorem 2.3 

Example 4. 

Example 5. 
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For any real 𝑥, we have 

|
sin 𝑛𝑥

𝑛5
| ≤

1

𝑛5
 

and the positive-term series  

∑
1

𝑛5

∞

𝑛=1

 

is convergent.  

Hence, the series ∑
sin𝑛𝑥

𝑛5
∞
𝑛=1  is dominated and, by Weierstrass Criterion, it converges 

uniformly and absolutely for any real 𝑥. 

By theorem 2.3 we may integrate this series term-by-term 

∫∑
sin𝑛𝑥

𝑛5

∞

𝑛=1

𝛼

0

𝑑𝑥 = ∑∫
sin𝑛𝑥

𝑛5

𝛼

0

𝑑𝑡

∞

𝑛=1

= ∑
1

𝑛5
∫ sin𝑛𝑥

𝛼

0

𝑑𝑡

∞

𝑛=1

= ∑
1

𝑛5
∙
−cos 𝑛𝑥

𝑛
|
0

𝛼
∞

𝑛=1

= 

=∑
1

𝑛5
(
−cos𝑛𝛼

𝑛
−
−cos 0

𝑛
)

∞

𝑛=1

=∑
1− cos𝑛𝛼

𝑛6

∞

𝑛=1

. 

 

 

 

If the series ∑ 𝑢𝑛(𝑥)
∞
𝑛=1  made up of the functions having continuous 

derivatives on the interval [𝑎, 𝑏] converges to the sum 𝑆(𝑥) and the series  

𝑢′1(𝑥) + 𝑢′2(𝑥) + ⋯+ 𝑢′𝑛(𝑥) + ⋯ 

made up of the derivatives of its terms is dominated on the same interval, 

then the sum of the series of derivatives is equal to the derivative of the 

sum of the original series; that is, 

𝑆′(𝑥) = (∑𝑢𝑛(𝑥)

∞

𝑛=1

)

′

= 𝑢′1(𝑥) + 𝑢′2(𝑥) + ⋯+ 𝑢′𝑛(𝑥) + ⋯ 

 

 

The requirement of the dominance of a series of derivatives is extremely essential, 

and if not fulfilled it can make term-by-term differentiation of the series impossible 
 

 

 

Prove that it possible to differentiate termwise the series  

∑
sin𝑛𝑥

𝑛5

∞

𝑛=1

. 

Example 6. 

Note. 

Theorem 2.4 
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Each term of a given series is a continuous function and 

(
sin 𝑛𝑥

𝑛5
)
′

=
cos𝑛𝑥

𝑛4
 

Let us consider the series of derivatives 

∑
cos𝑛𝑥

𝑛4

∞

𝑛=1

. 

For any real 𝑥, we have 

|
cos𝑛𝑥

𝑛4
| ≤

1

𝑛4
 

and the positive-term series  

∑
1

𝑛4

∞

𝑛=1

 

is convergent.  

Hence, the series of derivatives converges uniformly and absolutely for any real 𝑥.  

By theorem 2.4 we get 

(∑
sin𝑛𝑥

𝑛5

∞

𝑛=1

)

′

=∑(
sin 𝑛𝑥

𝑛5
)
′∞

𝑛=1

=∑
cos𝑛𝑥

𝑛4

∞

𝑛=1

. 

 

 

 

Investigate if it possible to differentiate termwise the series  

∑
sin 5𝑛𝑥

5𝑛

∞

𝑛=1

. 

For any real 𝑥, we have 

|
sin 5𝑛𝑥

5𝑛
| ≤

1

5𝑛
. 

Since the positive-term series  

∑
1

5𝑛

∞

𝑛=1

 

is convergent, the series ∑
sin 5𝑛𝑥

5𝑛
∞
𝑛=1  is dominated and, by Weierstrass Criterion, it converges 

uniformly and absolutely for any real 𝑥. 

 

Example 7. 
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Each term of a given series is a continuous function and 

(
sin 5𝑛𝑥

5𝑛
)

′

=
5𝑛 cos 5𝑛𝑥

5𝑛
= cos 5𝑛𝑥. 

Let us consider the series of derivatives 

∑cos5𝑛𝑥

∞

𝑛=1

. 

This series is divergent for any real 𝑥 by Divergence Test, since  

lim
𝑛→∞

cos 5𝑛𝑥 = {
1,   for   𝑥 = 0;

doesn't exist,   for   𝑥 ≠ 0.
 

Therefore, it is impossible to differentiate termwise the series  

∑
sin 5𝑛𝑥

5𝑛

∞

𝑛=1

. 

 

Review Questions 

1. What functional series is called uniformly convergent?  

2. What functional series is called dominated? 

3. Formulate the Weierstrass Majorant Test.  

4. What are the properties of the uniformly convergent series? 

5. In what case will the sum of an infinite number of continuous functions be a continuous 

function? 

6.  State the conditions under which the functional series can be integrated term by term. 

7.  State the conditions under which the functional series can be termwise differentiated. 

 

Exercises 2.2 

1. Find the domain of convergence and prove the uniform convergence for the series.  

1)  ∑
sin𝑛𝑥

𝑛!
∞
𝑛=1 ;                                          2)  ∑

𝑒−𝑛
2𝑥2

𝑛2
∞
𝑛=1 ;      

3)  ∑
(sin 𝑥+√3 cos𝑥)𝑛

5𝑛
∞
𝑛=1 ;                           4)  ∑ (−1)𝑛

𝑛

𝑥4+𝑛2
∞
𝑛=1  . 

2. Prove that it is possible to differentiate termwise the series ∑
1

𝑛2
sin

𝑥

𝑛
∞
𝑛=1  . 

3. Prove that it is possible to integrate termwise the series ∑
cos𝑛2𝑥

32𝑛+1
∞
𝑛=1  from 𝑎 to 𝑏. 

Answers 
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3. Power Series 

 

3.1 The Concept of  a Power Series 

 

I. The Concept of a Power Series 

Let us consider the most useful case of a functional series – the power series. 
 

 A power series about 𝑎 (or just power series) is any functional series that can 

be written in the form 

∑𝑎𝑛(𝑥 − 𝑎)
𝑛

∞

𝑛=0

= 

= 𝑎0 + 𝑎1(𝑥 − 𝑎) + 𝑎2(𝑥 − 𝑎)
2 +⋯+ 𝑎𝑛(𝑥 − 𝑎)

𝑛 +⋯          (3.1) 

where 𝑎,  𝑎0, 𝑎1, 𝑎2, … , 𝑎𝑛 are real numbers and 𝑎𝑛 are called coefficients 

of the series.    

 

When 𝑎 = 0, we have a special case of power series 

∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛 +⋯                         (3.2) 

Substituting  𝑦 = 𝑥 − 𝑎, we obtain the series of type (3.2) from the series of type (3.1) 

∑𝑎𝑛(𝑥 − 𝑎)
𝑛

∞

𝑛=0

= ∑𝑎𝑛𝑦
𝑛

∞

𝑛=0

. 

We are going to provide all the subsequent ideas and properties for the power series (3.2). 

Due to the substitution, the properties are retained completely for the series (3.1). 

 

II. Interval of Convergence 

Consider the power series 

∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛 +⋯ 

The question of convergence is very important for power series. Since 𝑥 is a variable, the 

investigation for convergence of power series of the form (3.2) is always connected with the 

following three questions. 

Definition. 
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 Can the power series diverge for all values of 𝑥 except 𝑥 = 0? 

 Can the power series converge for any value of 𝑥? 

 Can a power series converge at some values of 𝑥 and diverge at others? 

The answer to these questions is given by the main theorem of the theory of power series. 

   
 

Abel’s Theorem 

1. If a power series converges for a nonzero value 𝑥1, then it converges 

absolutely whenever |𝑥| < |𝑥1|. 

2. If a power series diverges for a nonzero value 𝑥2, then it diverges 

whenever |𝑥| > |𝑥2|. 

 

Proof.  

1) Since the numerical series 

∑𝑎𝑛𝑥1
𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1𝑥1
 + 𝑎2𝑥1

2 +⋯+ 𝑎𝑛𝑥1
𝑛 +⋯ 

converges, it follows that 𝑎𝑛𝑥1
𝑛 → 0, 𝑛 → ∞. Thus, there exists a number 𝑀 > 0 such that 

∀𝑛 ≥ 0, |𝑎𝑛𝑥1
𝑛| < 𝑀. 

Rewrite the common term of the series (3.2) 

|𝑎𝑛𝑥 
𝑛| = |𝑎𝑛𝑥1

𝑛| ∙ |
𝑥

𝑥1
|
𝑛

< 𝑀 ∙ |
𝑥

𝑥1
|
𝑛

. 

For |𝑥| < |𝑥1| the series ∑ 𝑀 ∙ |
𝑥

𝑥1
|
𝑛

∞
𝑛=0  is convergent as a geometric progression with 

common ratio |
𝑥

𝑥1
| < 1.  

According to the Comparison Test, we have, the series ∑ |𝑎𝑛𝑥 
𝑛|∞

𝑛=0   converges and the 

series ∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  is absolutely convergent. 

2) Let the series (3.2) is divergent at some point 𝑥2.   

Assume, that at the point 𝑥3, |𝑥3| > |𝑥2|, the series ∑ 𝑎𝑛𝑥3
𝑛∞

𝑛=0  converges. By the first 

part (just proved), it should be convergent at the point 𝑥2 as well, since |𝑥2| < |𝑥3|. But this 

contradicts the condition that at the point 𝑥2 the series diverges.  

Hence, the series diverges at the point 𝑥  as well. 

 

Theorem 3.1 
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From the Abel’s Theorem we have the structure of the domain of convergence (Fig. 3). 

 
Figure 3. 

Thus, the domain of convergence of a power series is an interval with the center at the 

coordinate origin. It is obvious, that there exists number 𝑅, |𝑥1| < 𝑅 < |𝑥2|, such that for any 

point 𝑥 lying inside this interval, the series converges and converges absolutely, while for 

points lying outside it, the series diverges (Fig. 4). 

 
Figure 4. 

The domain of convergence is always some interval, which can be degenerate into a point 

or spread over the real axis (in particular cases). 
 

 The number 𝑅 is called the radius of convergence of the power series. The 

interval (−𝑅, 𝑅) is called the interval of convergence. 

 

At the end points of the interval convergence and divergence of a given series should be 

investigated separately. To determine the convergence of these positive-term series we apply 

Ratio or Root Tests. 
 

 
 

Determine the interval of convergence of the series 

∑
𝑥𝑛

2𝑛+2

∞

𝑛=0

=
1

22
+
𝑥

23
+
𝑥2

24
+⋯+

𝑥𝑛

2𝑛+2
+⋯ 

Applying the Root Test directly, we obtain 

lim
𝑛→∞

√|
𝑥𝑛

2𝑛+2
|

𝑛

=
|𝑥|

2
. 

Hence, the series converges when 
|𝑥|

2
< 1, that is, if |𝑥| < 2. The series diverges when 

|𝑥| > 2. The radius of convergence is 𝑅 = 2. 

Example 1. 

Definition. 
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If  𝑥 = 2, then  

∑
2𝑛

2𝑛+2

∞

𝑛=0

= ∑
1

4

∞

𝑛=0

 

and it diverges since lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

1

4
=
1

4
≠ 0. 

If  𝑥 = −2, then  

∑
(−2)𝑛

2𝑛+2

∞

𝑛=0

=∑
(−1)𝑛

4

∞

𝑛=0

 

and it diverges since lim
𝑛→∞

1

4
=
1

4
≠ 0. 

Finally, the domain of convergence is (−2, 2). 

 

 For the power series about 𝑎 

∑𝑎𝑛(𝑥 − 𝑎)
𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1(𝑥 − 𝑎) + 𝑎2(𝑥 − 𝑎)
2 +⋯+ 𝑎𝑛(𝑥 − 𝑎)

𝑛 +⋯ 

we have that it converges for values of 𝑥 that satisfy the inequality (Fig. 5) 

|𝑥 − 𝑎| < 𝑅, 

−𝑅 < 𝑥 − 𝑎 < 𝑅, 

𝑎 − 𝑅 < 𝑥 < 𝑎 + 𝑅. 

 

Figure 5. 
 

 

Determine the domain of convergence of the series 

∑
(𝑥 − 1)𝑛

𝑛2

∞

𝑛=1

= (𝑥 − 1) +
(𝑥 − 1)2

4
+
(𝑥 − 1)3

9
+⋯+

(𝑥 − 1)𝑛

𝑛2
+⋯ 

Applying the Ratio Test, we obtain 

lim
𝑛→∞

||

(𝑥 − 1)𝑛+1

(𝑛 + 1)2

(𝑥 − 1)𝑛

𝑛2

|| = lim
𝑛→∞

𝑛2

(𝑛 + 1)2
|𝑥 − 1| = |𝑥 − 1|. 

Example 2. 

Note. 



 

 

 

67 

The series is convergent when 

|𝑥 − 1| < 1, 

−1 < 𝑥 − 1 < 1, 

0 < 𝑥 < 2. 

If  𝑥 = 2, then  

∑
(2− 1)𝑛

𝑛2

∞

𝑛=0

= ∑
1

𝑛2

∞

𝑛=0

 

and it converges as hyperharmonic series. 

If  𝑥 = 0, then  

∑
(0− 1)𝑛

𝑛2

∞

𝑛=0

= ∑
(−1)𝑛

𝑛2

∞

𝑛=0

 

and it is absolutely convergent diverges since ∑ |
(−1)𝑛

𝑛2
|∞

𝑛=0 = ∑
1

𝑛2
∞
𝑛=0  is convergent. 

Therefore, the domain of convergence is [0, 2]. 

 

III. Radius of Convergence 

The radius of convergence of the power series (3.2) can be determined through its 

coefficients, using the Ratio or Root Tests.  

First, let us consider a series of the absolute values of the members of the series (3.2) 

∑|𝑎𝑛𝑥
𝑛|.

∞

𝑛=0

 

Suppose, that there exists the limit  

lim
𝑛→∞

|
𝑎𝑛+1
𝑎𝑛
| = ℓ1, 

then by Ratio Test, the series (3.2) is absolutely convergent if  

lim
𝑛→∞

|
𝑎𝑛+1𝑥

𝑛+1

𝑎𝑛𝑥
𝑛
| = lim

𝑛→∞
|
𝑎𝑛+1
𝑎𝑛
| |𝑥| = ℓ1|𝑥| < 1. 

This yields   

|𝑥| <
1

ℓ1
,  

−
1

ℓ1
 < 𝑥 <

1

ℓ1
 . 
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Thus, the interval of absolute convergence of the series (3.2) is 𝑥 ∈ (−
1

ℓ1
;
1

ℓ1
), and the 

number 

𝑅 =
1

ℓ1
= lim
𝑛→∞

|
𝑎𝑛
𝑎𝑛+1

|                                                       (3.3) 

is its radius of convergence. 

Similarly, when suppose that there exists 

 lim
𝑛→∞

√|𝑎𝑛|
𝑛

= ℓ2 , 

then, by the Root Test, we get    

𝑅 =
1

ℓ2
= lim
𝑛→∞

1

√|𝑎𝑛|
𝑛

                                                          (3.4) 

To find the region of convergence of the power series (3.2), it is necessary to do the next 

steps: 

1) find the radius 𝑅 of convergence of the series (by (3.3) or (3.4)); 

2) investigate the convergence of the series at the ends of the convergence interval 

(−𝑅; 𝑅), that is, investigate the convergence of numerical series of the form 

∑𝑎𝑛𝑅
𝑛,

∞

𝑛=0

       ∑ 𝑎𝑛(−𝑅)
𝑛

∞

𝑛=0

; 

3) make a conclusion about the domain of convergence of the power series. 

Let us consider some examples. 

 

Find the domain of convergence of the series 

  ∑ 3𝑛𝑥𝑛 = 1 + 3𝑥 + 32𝑥2 + 33𝑥3 +⋯+ 3𝑛𝑥𝑛… .

∞

𝑛=0

 

Since the coefficients of this series are 𝑎𝑛 = 3
𝑛, 𝑎𝑛+1 = 3

𝑛+1, we may apply both (3.3) 

and (3.4) to determine the radius of convergence. Let us apply (3.3) 

𝑅 = lim
𝑛→∞

|
𝑎𝑛
𝑎𝑛+1

|  =  lim
n→∞

3𝑛

3𝑛+1
 =
1

3
 . 

Thus, the series is absolutely convergent when 𝑥 ∈ (−
1

3
,
1

3
). 

Let us investigate for convergence of the series at the end points of interval 𝑥 = −
1

3
  and 

𝑥 =
1

3
.  

Example 3. 
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For 𝑥 = −
1

3
 , we get the numerical series  

∑(−1)𝑛 = 1 − 1 + 1 − 1 + … 

∞

𝑛=0

. 

For 𝑥 =
1

3
 , we obtain the series  

∑1𝑛 = 1 + 1 + 1 + 1 + … 

∞

𝑛=0

. 

Since lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

1 = 1 ≠ 0 for both these series, the necessary condition for 

convergence is not fulfilled and these series diverge.   

Hence, the domain of convergence is  

𝑥 ∈ (−
1

3
,
1

3
). 

  

 

Determine the domain of convergence of the series 

∑
(𝑥 + 1)𝑛

2𝑛+2

∞

𝑛=0

=
1

22
+
𝑥 + 1

23
+
(𝑥 + 1)2

24
+⋯+

(𝑥 + 1)𝑛

2𝑛+2
+⋯  

First, let us apply formula (3.4) to determine the radius of convergence  

𝑅 = lim
𝑛→∞

1

√|𝑎𝑛|
𝑛

= lim
𝑛→∞

1

√ 1
2𝑛+2

𝑛

= 2. 

Second, we have to solve the inequality 

|𝑥 + 1| < 𝑅 = 2, 

−3 < 𝑥 < 1. 

Thus, the interval of convergence is 𝑥 ∈ (−3, 1). 

Third, at the end points 𝑥 = 1 and 𝑥 = −3 we have series ∑
2𝑛

2𝑛+2
∞
𝑛=0 = ∑

1

4
∞
𝑛=0  and 

∑
(−2)𝑛

2𝑛+2
∞
𝑛=0 = ∑

(−1)𝑛

4
∞
𝑛=0  respectively.  

Since the necessary condition for convergence is not fulfilled for both these series 

( lim
𝑛→∞

𝑎𝑛 = lim
𝑛→∞

1

4
=
1

4
≠ 0), they diverge.   

Hence, the domain of convergence is  

𝑥 ∈ (−3,1). 

Example 4. 



 

 

 

70 

 
 

Determine the domain of convergence of the series 

∑
𝑥(𝑛−1)

(𝑛 − 1)!
= 1 +

𝑥

1!
+
𝑥2

2!
+
𝑥3

3!
+ ⋯+

𝑥(𝑛−1)

(𝑛 − 1)!
+ ⋯ .

∞

𝑛=1

 

Since 𝑛-th and (𝑛 + 1)-th terms of series have the form  

𝑎𝑛 =
1

(𝑛 − 1)!
,     𝑎𝑛+1 =

1

𝑛!
 , 

it is better to apply formula (3.3) to determine the radius of convergence 

𝑅 = lim
𝑛→∞

|
𝑎𝑛

𝑎𝑛+1
|  =  lim

𝑛→∞

1

(𝑛−1)!
1

𝑛!

 = lim
𝑛→∞

𝑛 = ∞. 

That means that the series converges for all values of 𝑥.  

Thus, the region of convergence of the given series is  

𝑥 ∈ (−∞,∞). 
 

 

Find the domain of convergence of the series 

∑(𝑛𝑥)𝑛 = 1 + 𝑥 + (2𝑥)2 + (3𝑥)3 +⋯+ (𝑛𝑥)𝑛 +⋯ .

∞

𝑛=0

 

Let us consider the 𝑛-th term 𝑎𝑛 = 𝑛
𝑛.  Applying formula (3.4), we get the radius of 

convergence  

𝑅 = lim
𝑛→∞

1

√|𝑎𝑛|
𝑛

= lim
𝑛→∞

1

√𝑛𝑛
𝑛 = lim

𝑛→∞

1

𝑛
= 0 

Thus, we can conclude that the series converges only at one point 𝑥 = 0. For all other 

values of 𝑥 ≠ 0, the given series diverges.  

 

IV. Properties of Power Series. 
   

 
  

The power series ∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  is dominated on any interval [−𝑟, 𝑟] that 

lies completely inside the interval of convergence  

[−𝑟, 𝑟] ⊂ (−𝑅, 𝑅). 
 

 

Theorem 3.2 

Example 5. 

Example 6. 
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Proof.   

Since 𝑟 < 𝑅, the numerical positive-term series  

∑|𝑎𝑛|𝑟 
𝑛

∞

𝑛=0

= |𝑎0| + |𝑎1|𝑟 + |𝑎2|𝑟 
2 +⋯+ |𝑎𝑛|𝑟 

𝑛 

converges.  

But when |𝑥| < 𝑟, the term of the series ∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  do not exceed, in absolute value, the 

corresponding terms of series   

∑|𝑎𝑛|𝑟 
𝑛

∞

𝑛=0

. 

Therefore, the series ∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  is dominated on the interval [−𝑟, 𝑟]. 
 

 
  

The sum of a power series ∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  is a continuous function on every 

interval lying entirely within the interval of convergence. 

Proof.  

Since the series on this interval is dominated and its terms are continuous functions of 𝑥, 

according to the theorem 2.2, we have, that the sum of the series ∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  is a continuous 

function. 
 

 
  

If the limits of integration 𝛼 and 𝛽 lie within the interval of convergence 

of a power series ([𝛼, 𝛽] ⊂ (−𝑅, 𝑅)), then the integral of the sum of the 

series is equal to the sum of the integrals of the terms of the series: 

∫ 𝑆(𝑥)

𝛽

𝛼

𝑑𝑥 = ∫∑𝑎𝑛𝑥 
𝑛

∞

𝑛=0

𝑑𝑥

𝛽

𝛼

= 

= ∫ 𝑎0

𝛽

𝛼

𝑑𝑥 + ∫ 𝑎1𝑥

𝛽

𝛼

𝑑𝑥 +⋯+ ∫ 𝑎𝑛𝑥 
𝑛

𝛽

𝛼

𝑑𝑥 +⋯           (3.5) 

 

Proof.   

Since limits of integration may be taken in the interval [−𝑟, 𝑟], where series is dominated, 

and according to the theorem 2.3, we can fulfill the term-by-term integration.  

 
   

Theorem 3.3 

Theorem 3.4 
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Inside the interval of convergence (−𝑅, 𝑅) of the power series 

∑ 𝑎𝑛𝑥 
𝑛∞

𝑛=0  (3.2) the derivative of the sum is equal to the sum of the series 

obtained by termwise differentiation of the original series that is for 𝑥 ∈

(−𝑅, 𝑅) 

𝑆′(𝑥) = (∑𝑎𝑛𝑥 
𝑛

∞

𝑛=0

)

′

= ∑(𝑎𝑛𝑥 
𝑛)′ =

∞

𝑛=0

 

= 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥 
2 +⋯+ 𝑛𝑎𝑛𝑥 

𝑛−1 +⋯           (3.6) 
 

Proof.  

First, let us prove that the series 

∑(𝑎𝑛𝑥 
𝑛)′ = 𝑎1

∞

𝑛=0

+ 2𝑎2𝑥 + 3𝑎3𝑥 
2 +⋯+ 𝑛𝑎𝑛𝑥 

𝑛−1 +⋯ 

is dominated on any interval [−𝑟, 𝑟] ⊂ (−𝑅, 𝑅). 

Consider the point 𝑟 such that  𝑟 < 𝜌 < 𝑅. Since the series (3.2) converges at this point, 

we have  lim
𝑛→∞

𝑎𝑛𝜌 
𝑛 = 0 and there exists a positive number 𝑀 such that for any 𝑛 ∈ ℕ 

|𝑎𝑛𝜌 
𝑛| < 𝑀. 

Then for 𝑥 ∈ [−𝑟, 𝑟] 

|𝑛𝑎𝑛𝑥 
𝑛−1| ≤ |𝑛𝑎𝑛𝑟 

𝑛−1| = 𝑛|𝑎𝑛𝜌 
𝑛−1| |

𝑟

𝜌
|
𝑛−1

< 𝑛𝑀𝑞 
𝑛−1, 

where 𝑞 =
𝑟

𝜌
< 1. 

Now investigate for convergence of the series 

𝑀

𝜌
(1 + 2𝑞 + 3𝑞 

2 +⋯+ 𝑛𝑞 
𝑛−1 +⋯). 

Let us apply the Root Test 

lim
𝑛→∞

√𝑛𝑞 
𝑛−1𝑛

= 𝑞 < 1. 

Thus, the terms of the series  ∑ (𝑎𝑛𝑥 
𝑛)′ =∞

𝑛=0 ∑ 𝑛𝑎𝑛𝑥 
𝑛−1∞

𝑛=1 , for 𝑥 ∈ [−𝑟, 𝑟], are less, in 

absolute value, than the terms of the convergent numerical positive-term series  
𝑀

𝜌
∑ 𝑛𝑞 

𝑛−1∞
𝑛=1 . 

Therefore, the series (3.6) is dominated on the interval [−𝑟, 𝑟], and, since every interior point 

Theorem 3.5 
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of the interval (−𝑅, 𝑅) may be included in some interval [−𝑟, 𝑟], it follows that the series (3.6) 

converges for any 𝑥 ∈ (−𝑅, 𝑅). 

According to Theorem 2.4, we have, that  

𝑆′(𝑥) = (∑𝑎𝑛𝑥 
𝑛

∞

𝑛=0

)

′

=∑(𝑎𝑛𝑥 
𝑛)′ = 𝑎1

∞

𝑛=0

+ 2𝑎2𝑥 + 3𝑎3𝑥 
2 +⋯+ 𝑛𝑎𝑛𝑥 

𝑛−1 +⋯   

 

  

Series (3.6) may be differentiated again term by term, and this may be continued 

as many times as you need. The interval of convergence of each series obtained by 

differentiation is the same interval (−𝑅, 𝑅). Theorems 3.4 and 3.5 are useful for problems 

about the sum of power series. 
 

 

 

Find the sum of the series 

∑𝑛𝑥 
𝑛−1 =

∞

𝑛=0

1 + 2𝑥 + 3𝑥 
2 +⋯+ 𝑛𝑥 

𝑛−1 +⋯,   

which is convergent for 𝑥 ∈ (−1,1).  

Since 𝑛𝑥 
𝑛−1 = (𝑥 

𝑛)′, the given series consists of the derivatives of the series 

∑𝑥 
𝑛 =

∞

𝑛=0

1 + 𝑥 + 𝑥 
2 +⋯+ 𝑥 

𝑛 +⋯.   

This series converges for 𝑥 ∈ (−1,1) and may be considered as a sum of geometric 

progression  

∑𝑥 
𝑛 =

∞

𝑛=0

1 + 𝑥 + 𝑥 
2 +⋯+ 𝑥 

𝑛 +⋯ =
1

1 − 𝑥
,     𝑥 ∈ (−1,1).  

Thus, we may apply Theorem 3.5 and formula (3.6) 

(∑𝑥 
𝑛

∞

𝑛=0

)

′

= (1 + 𝑥 +⋯+ 𝑥 
𝑛 +⋯)′ = 1 + 2𝑥 + 3𝑥 

2 +⋯+ 𝑛𝑥 
𝑛−1 +⋯ = (

1

1 − 𝑥
)
′

. 

This yields  

∑𝑛𝑥 
𝑛−1 =

∞

𝑛=0

(
1

1 − 𝑥
)
′

=
1

(1 − 𝑥)2
 ,   𝑥 ∈ (−1,1).   

 

Example 7. 

Note. 
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Find the sum of the series 

∑
𝑥 
𝑛

𝑛
=

∞

𝑛=1

𝑥 +
𝑥 
2

2
+
𝑥 
3

3
+⋯+

𝑥 
𝑛

𝑛
+⋯,   

which is convergent for 𝑥 ∈ (−1,1).  

Since 𝑥 
𝑛−1 = (

𝑥 
𝑛

𝑛
)
′

 and ∫
𝑥 
𝑛

𝑛

𝑥

0
𝑑𝑥 = 𝑥 

𝑛−1, we have to consider the series 

∑𝑥 
𝑛−1 =

∞

𝑛=1

1 + 𝑥 + 𝑥 
2 +⋯+ 𝑥 

𝑛−1 +⋯ =
1

1 − 𝑥
,     𝑥 ∈ (−1,1).  

Let us apply Theorem 3.4 and formula (3.5) for [0, 𝑥] ⊂ (−1, 1) 

∫∑𝑥 
𝑛

∞

𝑛=0

𝑑𝑥

𝑥

0

=∑(∫𝑥 
𝑛

𝑥

0

𝑑𝑥)

∞

𝑛=0

= ∫
1

1 − 𝑥

𝑥

0

𝑑𝑥 = − ln(1 − 𝑥). 

Thus,  

∑
𝑥 
𝑛

𝑛

∞

𝑛=1

= − ln(1 − 𝑥) ,   𝑥 ∈ (−1,1).   

 

Review Questions 

1. What series is called a power series?  

2. Formulate the Abel’s Theorem. 

3. What can we say about the convergence of a power series, if it converges for a nonzero 

value 𝑥0? 

4. What can we say about the convergence of a power series, if it diverges for a nonzero 

value 𝑥0? 

5. What do we mean by the interval of convergence of a power series? 

6. What do we mean by the radius of convergence of a power series? 

7. What do we mean by the domain of convergence of a power series? What is the 

difference between the interval of convergence and the domain of convergence? 

8. How can you calculate the radius of convergence? What possible values can it take? 

9. Formulate an algorithm for finding the domain of convergence of a power series.  

10.  Is it necessary to investigate for convergence of the power series at the boundary 

points of the interval of convergence? How to do it?  

Example 8. 
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11. What properties do power series have? 

12. Can it be asserted that the power series converges uniformly on any segment that is 

fully or partially contained in the interval of convergence? 

13. Will the sum of the power series be continuous at each point of the interval of 

convergence? 

14. Can it be asserted that the power series converges uniformly on any interval that is 

fully or partially contained in the interval of convergence? 

15. Will the sum of the power series be continuous at each point of the interval of 

convergence? 

16. Is it possible to differentiate a power series term by term in the middle of the 

convergence interval or outside it? 

17. What conditions must a power series satisfy so that it can be integrated term by term? 

18. Will the radius and interval of convergence of a power series change when 

differentiating (integrating) the series term by term? 

 

Exercises 3.1 

1. Find the interval, the radius and the domain of convergence for the following power 

series. 

1)  ∑
2𝑛−1𝑥2𝑛−1

(4𝑛−3)2
∞
𝑛=1 ;                                     2)  ∑

(𝑥−1)2𝑛

2𝑛∙(2𝑛)!
∞
𝑛=1 ;      

3)  ∑
𝑥𝑛−1

𝑛 5𝑛 ln𝑛
∞
𝑛=2 ;                                        4)  ∑ (−1)𝑛−1∞

𝑛=1
(𝑥−5)𝑛

𝑛 3𝑛
; 

5)   ∑
(𝑥−2)𝑛

(2𝑛−1) 2𝑛
∞
𝑛=1 ;                                     6)   ∑

(𝑥+7)2𝑛−1

2𝑛  4𝑛
∞
𝑛=1 ;     

7)   ∑
(𝑥−3)2𝑛

(𝑛+1) ln3 𝑛
∞
𝑛=1 ;                                    8)  ∑

𝑛

𝑛+2
∞
𝑛=1 (

𝑥

3
)
𝑛
; 

9)   ∑ (
𝑛

3𝑛+1
)
2𝑛−1

𝑥𝑛∞
𝑛=1 ;                           10)   ∑ (−1)𝑛∞

𝑛=1
√𝑛+2

𝑛+5
(𝑥 − 2)𝑛;        

11)   ∑ 𝑛𝑛(𝑥 − 4)2𝑛∞
𝑛=1 .  

2. Find the sum of the series 

1)  ∑
𝑛(𝑛+1)𝑥𝑛−1

3𝑛+1
∞
𝑛=1 ,   𝑥 ∈ (−3,3);               2)  ∑

𝑥𝑛+1

(𝑛+1)2𝑛
∞
𝑛=1 , 𝑥 ∈ (−2,2).      

Answers 
 



 

 

 

76 

3.2 Taylor’s and Maclaurin’s Series 

 

I. Power Series Representation for Function 

Since the convergent power series has a sum, we say, that a power series determines a 

function 𝑓(𝑥) whose domain is the interval of converges of the series.  

That is, for any 𝑥 ∈ (−𝑅, 𝑅) 

𝑓(𝑥) = ∑𝑎𝑛(𝑥 − 𝑎)
𝑛

∞

𝑛=0

= 𝑎0 + 𝑎1(𝑥 − 𝑎) + 𝑎2(𝑥 − 𝑎)
2 +⋯+ 𝑎𝑛(𝑥 − 𝑎)

𝑛 +⋯ 

 

 If the function 𝑓(𝑥) is defined in this way, then ∑ 𝑎𝑛(𝑥 − 𝑎)
𝑛∞

𝑛=0  is a power 

series representation for 𝑓(𝑥) (𝑓 is represented by the power series) 
 

Power series representation for functions is useful in advanced mathematics and 

applications, for example in Numerical Computation or the field of Ordinary Differential 

Equations. 

 

II. Taylor’s and Maclaurin’s Series 

Let 𝑓(𝑥) be a function such that it has derivatives of all orders in the neighborhood of 

the point 𝑥 = 𝑎.  

Assume that this function has a power series representation about  𝑥 = 𝑎 

𝑓(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑎) + 𝑎2(𝑥 − 𝑎)
2 +⋯+ 𝑎𝑛(𝑥 − 𝑎)

𝑛 +⋯               (3.7) 

Let us determine the coefficients of this series representation. 

First, according to the equality (3.7), we have for 𝑥 = 𝑎 

𝑓(𝑎) = 𝑎0 + 𝑎1(𝑎 − 𝑎) + 𝑎2(𝑎 − 𝑎)
2 +⋯+ 𝑎𝑛(𝑎 − 𝑎)

𝑛 +⋯ = 𝑎0.   

Thus, 

𝑎0 = 𝑓(𝑎). 

Second, let us find the first derivative of the function and its power series: 

𝑓′(𝑥) = 𝑎1 + 2𝑎2(𝑥 − 𝑎) + 3𝑎3(𝑥 − 𝑎)
2 +⋯+ 𝑛𝑎𝑛(𝑥 − 𝑎)

𝑛−1 +⋯, 

and put 𝑥 = 𝑎 into the equality obtained 

𝑓′(𝑎) = 𝑎1 + 2𝑎2(𝑎 − 𝑎) + ⋯+ 𝑛𝑎𝑛(𝑎 − 𝑎)
𝑛−1 +⋯ = 𝑎1. 

Hence, 

𝑓′(𝑎) = 𝑎1. 

Definition. 
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Continue applying differentiation and find the second derivative 

𝑓′′(𝑥) = 2𝑎2 + 3 ∙ 2𝑎3(𝑥 − 𝑎) +⋯+ 𝑛(𝑛 − 1)𝑎𝑛(𝑥 − 𝑎)
𝑛−2 +⋯ 

Then for 𝑥 = 𝑎 

𝑓′′(𝑎) = 2𝑎2 

and  

𝑎2 =
𝑓′′(𝑎)

2
=
𝑓′′(𝑎)

2!
. 

Using the third derivative gives 

𝑓′′′(𝑥) = 3 ∙ 2𝑎3 + 4 ∙ 3 ∙ 2𝑎4(𝑥 − 𝑎) +⋯+ 𝑛(𝑛 − 1)(𝑛 − 2)𝑎𝑛(𝑥 − 𝑎)
𝑛−3 +⋯ 

and for 𝑥 = 𝑎 

𝑎3 =
𝑓′′′(𝑎)

3 ∙ 2
=
𝑓′′′(𝑎)

3!
. 

From the fourth derivative as 𝑥 = 𝑎 

𝑎4 =
𝑓𝐼𝑉(𝑎)

4 ∙ 3 ∙ 2
=
𝑓𝐼𝑉(𝑎)

4!
. 

Now we are ready to write the formula for the general term. Since 

𝑓(𝑛)(𝑥) = 𝑛(𝑛 − 1)(𝑛 − 2) ∙ … ∙ 2𝑎𝑛 + (𝑛 + 1)(𝑛 − 1) ∙ … ∙ 2𝑎𝑛−1(𝑥 − 𝑎) +⋯ 

we obtain 

𝑎𝑛 =
𝑓(𝑛)(𝑎)

𝑛!
. 

Therefore, the power series representation for the function 𝑓(𝑥) about 𝑥 = 𝑎 is 

𝑓(𝑥) = ∑
𝑓(𝑛)(𝑎)

𝑛!
(𝑥 − 𝑎)𝑛 =

∞

𝑛=0

 

= 𝑓(𝑎) + 𝑓′(𝑎)(𝑥 − 𝑎) +
𝑓′′(𝑎)

2!
(𝑥 − 𝑎)2 +⋯+

𝑓(𝑛)(𝑎)

𝑛!
(𝑥 − 𝑎)𝑛 +⋯     (3.8) 

 

 Series (3.8) is called the Taylor Series for 𝑓(𝑥) about 𝑥 = 𝑎. 

 

Let us rewrite equality (3.8) as 

𝑓(𝑥) = 𝑃𝑛(𝑥) + 𝑅𝑛(𝑥),                                                   (3.9) 

where 𝑃𝑛(𝑥) is the 𝑛-th degree Taylor polynomial for 𝑓(𝑥) 

𝑃𝑛(𝑥) = 𝑓(𝑎) + 𝑓
′(𝑎)(𝑥 − 𝑎) +

𝑓′′(𝑎)

2!
(𝑥 − 𝑎)2 +⋯+

𝑓(𝑛)(𝑎)

𝑛!
(𝑥 − 𝑎)𝑛 

Definition. 
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and 𝑅𝑛(𝑥) is the reminder term (from Single Variable Calculus) 

𝑅𝑛(𝑥) =
𝑓(𝑛+1)(𝜉)

(𝑛 + 1)!
(𝑥 − 𝑎)𝑛+1, for some 𝜉 ∈ (𝑎, 𝑥).                          (3.10)  

Since 𝑃𝑛(𝑥) is the 𝑛-th partial sum of the series (3.8), its limit as 𝑛 → ∞ is equal to the 

sum of the series. That is  

𝑓(𝑥) = lim
𝑛→∞

𝑃𝑛(𝑥). 

Consider equality (3.9) as 𝑛 → ∞, then 

𝑓(𝑥) = lim
𝑛→∞

𝑃𝑛(𝑥) + lim
𝑛→∞

𝑅𝑛(𝑥) = 𝑓(𝑥) + lim
𝑛→∞

𝑅𝑛(𝑥). 

Therefore, 

lim
𝑛→∞

𝑅𝑛(𝑥) = 0. 

From the foregoing, it follows that the Taylor series (3.8) is a given function 𝑓(𝑥) only 

when 

lim
𝑛→∞

𝑅𝑛(𝑥) = 0. 

If lim
𝑛→∞

𝑅𝑛(𝑥) ≠ 0, then the series is not the given function. Moreover, it may converge 

to a different function. 

Since formula (3.10) is quite complicated to prove that the reminder term approaches 

zero, it is better to use another sufficient condition. 
 

 

If the function 𝑓(𝑥) has derivatives of all orders in the neighborhood of 

the point 𝑥 = 𝑎 and there exists such number 𝑀 that for any 𝑥 from this 

neighborhood 

|𝑓(𝑛)(𝑥)| ≤ 𝑀, 

then the Taylor series (3.8) converges to the function  𝑓(𝑥) in the 

neighborhood of the point 𝑥 = 𝑎. 
 

Proof.  

Let us consider the reminder term of (3.8) given by (3.10) 

𝑅𝑛(𝑥) =
𝑓(𝑛+1)(𝜉)

(𝑛 + 1)!
(𝑥 − 𝑎)𝑛+1, for some  𝜉 ∈ (𝑎, 𝑥).   

 

 

Theorem 3.6 
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Hence, 

|𝑅𝑛(𝑥)| =
|𝑓(𝑛+1)(𝜉)|

(𝑛 + 1)!
|𝑥 − 𝑎|𝑛+1 ≤ 𝑀

|𝑥 − 𝑎|𝑛+1

(𝑛 + 1)!
. 

Since lim
𝑛→∞

|𝑥−𝑎|𝑛+1

(𝑛+1)!
= 0, we obtain 

lim
𝑛→∞

𝑅𝑛(𝑥) = 0. 

Thus, the Taylor series (3.8) converges to the function  𝑓(𝑥) in the neighborhood of the 

point 𝑥 = 𝑎. 

 

Let us consider the partial case of the Taylor series. 
 

 If  𝑎 = 0, then the Taylor Series for 𝑓(𝑥) about 𝑥 = 0 is called the Maclaurin 

Series for 𝑓(𝑥) and 

𝑓(𝑥) = ∑
𝑓(𝑛)(0)

𝑛!
𝑥𝑛 =

∞

𝑛=0

 

= 𝑓(0) + 𝑓′(0)𝑥 +
𝑓′′(0)

2!
𝑥2 +⋯+

𝑓(𝑛)(0)

𝑛!
𝑥𝑛 +⋯                        (3.11) 

 

 The Maclaurin series (3.11) is a given function 𝑓(𝑥) only when lim
𝑛→∞

𝑅𝑛(𝑥) = 0, where  

𝑅𝑛(𝑥) =
𝑓(𝑛+1)(𝜉)

(𝑛 + 1)!
𝑥𝑛+1,  for some 𝜉 ∈ (0, 𝑥). 

 

III. Examples of Expansion of Functions in Maclaurin Series 

 

1. Expansion of the function 𝒇(𝒙) = 𝒆𝒙. 

The function 𝑓(𝑥) = 𝑒𝑥 has a derivative of any order 

𝑓(𝑛)(𝑥) = 𝑒𝑥. 

Since the values of the function and its first 𝑛 derivatives at the point 𝑥 = 0 

𝑓(0) = 𝑓′(0) = ⋯ = 𝑓(𝑛)(0) = ⋯ = 1, 

we obtain from the formula (3.11) 

𝑒𝑥 = 1 + 𝑥 +
𝑥2

2!
+
𝑥3

3!
+ ⋯+

𝑥𝑛

𝑛!
+ ⋯,                                      (3.12) 

Let us prove that this series presentation is true for every real number 𝑥.  

 

Definition. 
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Consider the neighborhood (−ℎ, ℎ) of the point 𝑥 = 0. Here for any 𝑥 from  (−ℎ, ℎ) 

|𝑓(𝑛)(𝑥)| = |𝑒𝑥| ≤ 𝑒ℎ = 𝑀. 

Hence, by Theorem 3.6, 

lim
𝑛→∞

𝑅𝑛(𝑥) = 0. 

 

2. Expansion of the function 𝒇(𝒙) = 𝐬𝐢𝐧𝒙. 

Let us find the successive derivatives of 𝑓(𝑥) = sin 𝑥. 

𝑓(𝑥) = sin 𝑥,                                                     𝑓(0) = 0; 

𝑓′(𝑥) = cos 𝑥 = sin (𝑥 +
𝜋

2
),                            𝑓′(0) = 1; 

𝑓′′(𝑥) = − sin 𝑥 = sin (𝑥 + 2
𝜋

2
),                     𝑓′′(0) = 0; 

𝑓′′′(𝑥) = − cos 𝑥 = sin (𝑥 + 3
𝜋

2
),                    𝑓′′′(0) = −1; 

𝑓𝐼𝑉(𝑥) = sin 𝑥 = sin (𝑥 + 4
𝜋

2
),                        𝑓𝐼𝑉(0) = 0; 

…………………………………………………………………… 

𝑓(𝑛)(𝑥) = sin (𝑥 + 𝑛
𝜋

2
),                                    𝑓(𝑛)(0) = sin 𝑛

𝜋

2
; 

…………………………………………………………………… 

Substituting the values into (3.11) we get an expansion:  

sin 𝑥 = 𝑥 −
𝑥3

3!
+
𝑥5

5!
− ⋯+ (−1)𝑛

𝑥2𝑛+1

(2𝑛 + 1)!
+ ⋯                        (3.13) 

Since 

|𝑓(𝑛)(𝑥)| = |sin (𝑥 + 𝑛
𝜋

2
)| ≤ 1, 

we have, according to the Theorem 3.6, 

lim
𝑛→∞

𝑅𝑛(𝑥) = 0 

and this series presentation is true for every real number 𝑥. 

 

3. Expansion of the function 𝒇(𝒙) = 𝐜𝐨𝐬𝒙. 

Finding the values of the derivatives for 𝑥 = 0 of the function 𝑓(𝑥) = cos 𝑥 and 

substituting them into (3.11), we obtain the expansion 

cos 𝑥 = 1 −
𝑥2

2!
+
𝑥4

4!
− ⋯+ (−1)𝑛

𝑥2𝑛

(2𝑛)!
+ ⋯                           (3.14) 
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Since  

|𝑓(𝑛)(𝑥)| = |cos (𝑥 + 𝑛
𝜋

2
)| ≤ 1, 

we have lim
𝑛→∞

𝑅𝑛(𝑥) = 0 and this series expansion is true for every real number 𝑥. 

 

4. Expansion of the function 𝒇(𝒙) = (𝟏 + 𝒙)𝒎 (the Binomial Series). 

Consider the function 

𝑓(𝑥) = (1 + 𝑥)𝑚, 

where 𝑚 is an arbitrary constant number.  

Since 𝑓′(𝑥) = 𝑚(1 + 𝑥)𝑚−1 =
𝑚(1+𝑥)𝑚

(1+𝑥) 
, the function 𝑓(𝑥) satisfies the differential 

equation 

(1 + 𝑥)𝑓′(𝑥) = 𝑚𝑓(𝑥)                                                  (3.15) 

and the condition 

𝑓(0) = 1.                                                              (3.16) 

Let us find a power series  

𝑓(𝑥) = 1 + 𝑎1𝑥 + 𝑎2𝑥
2 +⋯+ 𝑎𝑛𝑥

𝑛 +⋯  

that satisfies the equation (3.15) and condition (3.16). 

Putting this series into (3.15), we obtain 

(1 + 𝑥)(𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥
2 +⋯+ 𝑛𝑎𝑛𝑥

𝑛−1 +⋯) = 

= 𝑚(1 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 +⋯+ 𝑎𝑛𝑥
𝑛 +⋯) 

Collecting the coefficients of identical powers of 𝑥 in different parts of the equation, we 

find 

𝑎1 = 𝑚, 𝑎1 + 2𝑎2 = 𝑚𝑎1, ⋯       𝑛𝑎𝑛 + (𝑛 + 1)𝑎𝑛−1 = 𝑚𝑎𝑛, ⋯  

Therefore, we get 

𝑎0 = 1, 

𝑎1 = 𝑚, 

𝑎2 =
(𝑚 − 1)𝑎1

2
=, 

𝑎3 =
(𝑚 − 2)𝑎2

3
=
(𝑚 − 2)(𝑚 − 1)𝑎1

2 ∙ 3
, 

  ⋯     
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𝑎𝑛 =
𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 1)

2 ∙ 3 ∙ ⋯𝑛
. 

These are binomial coefficients. 

Hence, we obtain 

(1 + 𝑥)𝑚 = 1 +𝑚𝑥 +
𝑚(𝑚 − 1)

2!
𝑥2 +⋯+

𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 1)

𝑛!
𝑥𝑛 +⋯   (3.17) 

If  𝑚 is a positive integer, then 𝑎𝑚+1 = 𝑎𝑚+2 = ⋯ = 0 and the series is converted into 

a polynomial. If 𝑚 is a fractional or negative integer, then we have an infinite series. 

Let us determine the interval of convergence of series (3.17) by applying the Ratio Test: 

𝑢𝑛+1 =
𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 1)

𝑛!
𝑥𝑛,    𝑢𝑛 =

𝑚(𝑚 − 1)⋯ (𝑚 − 𝑛 + 2)

(𝑛 − 1)!
𝑥𝑛−1 

lim
𝑛→∞

|
𝑢𝑛+1
𝑢𝑛
| = lim

𝑛→∞
|
𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 1)(𝑛 − 1)!

𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 2)𝑛!
𝑥| = lim

𝑛→∞
|
𝑚 − 𝑛 + 1

𝑛
| |𝑥| = |𝑥| 

Therefore, series (3.17) converges for 𝑥 ∈ (−1,1). 

At the endpoints 𝑥 = −1 and 𝑥 = 1 the question of convergence or divergence of a series 

(3.17) is decided separately for each specific series. 

Finally,  

(1 + 𝑥)𝑚 = 1 +𝑚𝑥 +
𝑚(𝑚 − 1)

2!
𝑥2 +

𝑚(𝑚 − 1)(𝑚 − 2)

3!
𝑥3 +⋯ 

+
𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 1)

𝑛!
𝑥𝑛 +⋯ ,          𝑥 ∈ (−1,1).    (3.18) 

Let us look through some particular cases. 

1)  For 𝑚 = −1, we have  

1

1 + 𝑥
= 1 − 𝑥 + 𝑥2 − 𝑥3 +⋯+ (−1)𝑛𝑥𝑛 +⋯ , 𝑥 ∈ (−1,1).     (3.19) 

Changing 𝑥 by −𝑥, we get 

1

1 − 𝑥
= 1 + 𝑥 + 𝑥2 + 𝑥3 +⋯+ 𝑥𝑛 +⋯ , 𝑥 ∈ (−1,1).                 (3.20) 

2) For 𝑚 =
1

2
, we have 

√1 + 𝑥 = 1 +
1

2
𝑥 −

1

2 ∙ 4
𝑥2 +

1 ∙ 3

2 ∙ 4 ∙ 6
𝑥3 −⋯ 

+(−1)𝑛−1
1 ∙ 3 ∙ ⋯ (2𝑛 − 1)

2 ∙ 4 ∙ 6 ∙ 8 ∙ ⋯2𝑛
𝑥𝑛 +⋯ , 𝑥 ∈ [−1,1].   (3.21) 
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3) For 𝑚 = −
1

2
, we have 

1

√1 + 𝑥
= 1 −

1

2
𝑥 +

1

2 ∙ 4
𝑥2 −

1 ∙ 3

2 ∙ 4 ∙ 6
𝑥3 +⋯ 

+(−1)𝑛
1 ∙ 3 ∙ ⋯ (2𝑛 − 1)

2 ∙ 4 ∙ 6 ∙ 8 ∙ ⋯2𝑛
𝑥𝑛 +⋯ ,              𝑥 ∈ (−1, 1].   (3.22) 

The binomial expansion is very useful for obtaining the expansions of other functions.  

 

5. Expansion of the function 𝒇(𝒙) = 𝐥𝐧( 𝟏 + 𝒙). 

Since ∫
1

1+𝑥

𝑥

0
𝑑𝑥 = ln (1 + 𝑥)|  

0

𝑥 = ln (1 + 𝑥), let us apply Theorem 3.4 about the 

integration of power series and expansion (3.19). 

Hence, 

ln(1 + 𝑥) = ∫
1

1 + 𝑥

𝑥

0

𝑑𝑥 = ∫(1 − 𝑥 + 𝑥2 − 𝑥3 +⋯+ (−1)𝑛𝑥𝑛 +⋯)

𝑥

0

𝑑𝑥 = 

= 𝑥 −
𝑥2

2
+
𝑥3

3
−⋯+ (−1)𝑛−1

𝑥𝑛

𝑛
+⋯ ,        𝑥 ∈ (−1,1). 

Series is divergent for |𝑥| > 1 and 𝑥 = −1, but as 𝑥 = 1 we get 

ln 2 = 1 −
1

2
+
1

3
−
1

4
+⋯+

(−1)𝑛−1

𝑛
+⋯       

Therefore, 

ln( 1 + 𝑥) = 𝑥 −
𝑥2

2
+
𝑥3

3
−⋯+ (−1)𝑛−1

𝑥𝑛

𝑛
+⋯ ,      𝑥 ∈ (−1, 1].     (3.23)  

 

6. Expansion of the function 𝒇(𝒙) = 𝐚𝐫𝐜𝐭𝐚𝐧𝒙. 

Here we are going to use the same idea as for the logarithmic function. 

Since ∫
1

1+𝑥2

𝑥

0
𝑑𝑥 = arctan𝑥|  

0

𝑥 = arctan𝑥, let us find the expansion for  
1

1+𝑥2
 using 

formula (3.19). Changing 𝑥 by 𝑥2, we obtain 

1

1 + 𝑥2
= 1 − 𝑥2 + 𝑥4 − 𝑥6 +⋯+ (−1)𝑛𝑥2𝑛 +⋯ , 𝑥 ∈ (−1,1).      

Applying Theorem 3.4 

arctan𝑥 = ∫
1

1 + 𝑥2

𝑥

0

𝑑𝑥 = ∫(1 − 𝑥2 + 𝑥4 − 𝑥6 +⋯+ (−1)𝑛𝑥2𝑛 +⋯ )

𝑥

0

𝑑𝑥 = 
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= 𝑥 −
𝑥3

3
+
𝑥5

5
+⋯+ (−1)𝑛

𝑥2𝑛+1

2𝑛 + 1
+⋯ , 𝑥 ∈ (−1,1). 

Series is divergent for |𝑥| > 1, but for 𝑥 = 1 and  𝑥 = −1 we get 

arctan1 =
𝜋

4
= 1 −

1

3
+
1

5
−⋯+

(−1)𝑛

2𝑛 + 1
+⋯,   

arctan(−1) = −
𝜋

4
= −1 +

1

3
−
1

5
+⋯+

(−1)𝑛+1

2𝑛 + 1
+⋯ 

Thus, 

arctan 𝑥 = 𝑥 −
𝑥3

3
+
𝑥5

5
−⋯+ (−1)𝑛

𝑥2𝑛+1

2𝑛 + 1
+⋯ , 𝑥 ∈ [−1,1].       (3.24) 

 

7. Expansion of the function 𝒇(𝒙) = 𝐚𝐫𝐜𝐬𝐢𝐧𝒙. 

Similarly, we get the expansion  

arcsin 𝑥 = 𝑥 +
𝑥3

2 ∙ 3
+
3 ∙ 𝑥5

2 ∙ 4 ∙ 5
+
3 ∙ 5 ∙ 𝑥7

2 ∙ 4 ∙ 6 ∙ 7
+ ⋯+

3 ∙ 5 ∙ ⋯ (2𝑛 − 1)𝑥2𝑛+1

2 ∙ 4 ∙ 6⋯2𝑛 ∙ (2𝑛 + 1)
+⋯, 

  𝑥 ∈ [−1,1].       (3.25) 

 

Find the Taylor series about (𝑥 −
𝜋

6
) for the function 𝑦 = sin 𝑥. 

We may do this in two ways: directly, by formula (3.8), and by known Maclaurin series 

expansions.  Let us consider both methods. 

1. Let us find the successive derivatives of sin 𝑥 and evaluate them at 𝑥 =
𝜋

6
. 

𝑓(𝑥) = sin 𝑥,                              𝑓 (
𝜋

6
) =

1

2
; 

𝑓′(𝑥) = cos 𝑥,                            𝑓′ (
𝜋

6
) =

√3

2
; 

𝑓′′(𝑥) = − sin 𝑥,                        𝑓′′ (
𝜋

6
) = −

1

2
; 

𝑓′′′(𝑥) = − cos 𝑥,                      𝑓′′′ (
𝜋

6
) = −

√3

2
; 

and this pattern of four numbers repeats itself indefinitely. 

Substituting these values into (3.8) we obtain  

sin 𝑥 =
1

2
+
√3

2
(𝑥 −

𝜋

6
) −

1

2 ∙ 2!
(𝑥 −

𝜋

6
)
2

−
√3

2 ∙ 3!
(𝑥 −

𝜋

6
)
3

+
1

2 ∙ 4!
(𝑥 −

𝜋

6
)
4

+ 

Example 1. 



 

 

 

85 

+
√3

2 ∙ 5!
(𝑥 −

𝜋

6
)
5

−
1

2 ∙ 6!
(𝑥 −

𝜋

6
)
6

−
√3

2 ∙ 7!
(𝑥 −

𝜋

6
)
7

+⋯  

Thus, the Taylor series about (𝑥 −
𝜋

6
) is 

sin 𝑥 = ∑𝑎𝑛 (𝑥 −
𝜋

6
)
𝑛

∞

𝑛=0

, 

where 

𝑎𝑛 =

{
 

 (−1)
𝑛
2
1

2 ∙ 𝑛!
,   for   𝑛 = 2𝑘, 𝑘 ≥ 0;

(−1)
𝑛−1
2

√3

2 ∙ 𝑛!
,   for   𝑛 = 2𝑘 + 1, 𝑘 ≥ 0.

 

This series presentation is true for every real number 𝑥. 

2. Let us make the substitution 𝑡 = 𝑥 −
𝜋

6
. In this case  

sin 𝑥 = sin ((𝑥 −
𝜋

6
) +

𝜋

6
) = sin (𝑡 +

𝜋

6
) = sin 𝑡 cos

𝜋

6
+ cos 𝑡 sin

𝜋

6
=
√3

2
sin 𝑡 +

1

2
cos 𝑡. 

Now, since 𝑡 = 0, when  𝑥 =
𝜋

6
, we may apply Maclaurin series expansions (3.13) and 

(3.14) 

√3

2
sin 𝑡 +

1

2
cos 𝑡 =

√3

2
∑(−1)𝑘

𝑡2𝑘+1

(2𝑘 + 1)!

∞

𝑘=0

+
1

2
∑(−1)𝑘

𝑡2𝑘

(2𝑘)!

∞

𝑘=0

 ,    𝑡 ∈ (−∞,+∞) 

and return to 𝑥  by 𝑡 = 𝑥 −
𝜋

6
 

sin 𝑥 = ∑
(−1)𝑘√3

2 ∙ (2𝑘 + 1)!
(𝑥 −

𝜋

6
)
2𝑘+1

∞

𝑘=0

+∑
(−1)𝑘

2 ∙ (2𝑘)!
(𝑥 −

𝜋

6
)
2𝑘

∞

𝑘=0

,   𝑥 ∈ (−∞,+∞) . 

It is easy to see that this expansion could be written in the form of the result obtained 

by general formula (3.8), that is 

sin 𝑥 = ∑𝑎𝑛 (𝑥 −
𝜋

6
)
𝑛

∞

𝑛=0

,   𝑥 ∈ (−∞,+∞),  

where 

𝑎𝑛 =

{
 

 (−1)
𝑛
2
1

2 ∙ 𝑛!
,   for   𝑛 = 2𝑘, 𝑘 ≥ 0;

(−1)
𝑛−1
2

√3

2 ∙ 𝑛!
,   for   𝑛 = 2𝑘 + 1, 𝑘 ≥ 0.
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Investigate whether it possible to represent the function 

𝑦 = {𝑒
− 
1
𝑥2 ,   for   𝑥 ≠ 0,

0,        for   𝑥 = 0
 

by Maclaurin series. 

First, let us find the derivative of the function at the point 𝑥 = 0. 

By definition we have 

𝑦′(0) = lim
𝑥→0

𝑦(𝑥) − 𝑦(0)

𝑥 − 0
= lim
𝑥→0

𝑒
− 
1
𝑥2 

𝑥
= lim
𝑥→0

1
𝑥

𝑒
 
1
𝑥2 

= [
∞

∞
] = 

= |by  L'Hospital
'
s Rule| = lim

𝑥→0

−
1
𝑥2

−
2
𝑥3
𝑒
 
1
𝑥2 

= lim
𝑥→0

𝑥

2𝑒
 
1
𝑥2 

= 0. 

In the same way we may find 

𝑦′′(0) = 𝑦′′′(0) = ⋯ = 𝑦(𝑛)(0) = 0. 

Thus, the Maclaurin series expansion for the given function is 

𝑦(𝑥) = 0 + 0𝑥 +
0

2!
𝑥2 +⋯+

0

𝑛!
𝑥𝑛 +⋯, 

which leads that 𝑦(𝑥) = 0 throughout an interval containing zero. But this contradicts the 

definition of the function 𝑦(𝑥). 

Consequently function 𝑦(𝑥) does not have a Maclaurin series representation. 
 

 

 

Find the power series expansion about 𝑥 = 1 for the function 𝑦 = 𝑥𝑒2𝑥. 

Consider the function 𝑥𝑒2𝑥 and make the substitution 𝑡 = 𝑥 − 1 or 𝑥 = 𝑡 + 1. 

𝑥𝑒2𝑥 = (𝑡 + 1)𝑒2(𝑡+1) = 𝑒2(𝑡𝑒2𝑡 + 𝑒2𝑡). 

Since 𝑡 = (𝑥 − 1)| 𝑥=1 = 0, let us apply the Maclaurin series representation (3.12) to 

each addend 

𝑒2(𝑡𝑒2𝑡 + 𝑒2𝑡) = 𝑒2 (𝑡∑
(2𝑡)𝑛

𝑛!

∞

𝑛=0

+∑
(2𝑡)𝑛

𝑛!

∞

𝑛=0

) = 𝑒2 (∑
2𝑛𝑡𝑛+1

𝑛!

∞

𝑛=0

+∑
2𝑛𝑡𝑛

𝑛!

∞

𝑛=0

) = 

Example 2. 

Example 3. 



 

 

 

87 

= 𝑒2 ((𝑡 +
2

1!
𝑡2 +

22

2!
𝑡3 +⋯+

2𝑛

𝑛!
𝑡𝑛+1 +⋯) + (1 +

2

1!
𝑡 +

22

2!
𝑡2 +⋯+

2𝑛

𝑛!
𝑡𝑛 +⋯)) = 

= 𝑒2 + 𝑒2∑(
2𝑛

𝑛!
+

2𝑛+1

(𝑛 + 1)!
)

∞

𝑛=0

𝑡𝑛+1 = 𝑒2 + 𝑒2∑
2𝑛(𝑛 + 3)

𝑛!
𝑡𝑛+1

∞

𝑛=0

,   𝑡 ∈ (−∞,+∞). 

This yields, after returning to 𝑡 = 𝑥 − 1, the power series expansion about 𝑥 = 1 

𝑥𝑒2𝑥 = 𝑒2 + 𝑒2∑
2𝑛(𝑛 + 3)

𝑛!
(𝑥 − 1)𝑛+1

∞

𝑛=0

,   𝑥 ∈ (−∞,+∞). 

 

 

 

 

Find the Maclaurin series expansion of the function  

𝑦 = ln (𝑥 + √1 + 𝑥2) . 

It is known that 

ln (𝑥 + √1 + 𝑥2) = ∫
𝑑𝑡

√1 + 𝑡2

𝑥

0

 . 

So it is convenient to apply the Maclaurin series expansion of the function 
1

√1+𝑡2
=

(1 + 𝑡2)−
1

2 by (3.22) and further integration of the series. 

Thus, 

ln (𝑥 + √1 + 𝑥2) = 

= ∫(1 −
1

2
𝑡2 +

1

2 ∙ 4
𝑡4 −

1 ∙ 3

2 ∙ 4 ∙ 6
𝑡6 +⋯+ (−1)𝑛

1 ∙ 3 ∙ ⋯ (2𝑛 − 1)

2 ∙ 4 ∙ 6 ∙ ⋯2𝑛
𝑡2𝑛 +⋯)𝑑𝑡

𝑥

0

= 

= 𝑥 +∫∑(−1)𝑛
1 ∙ 3 ∙ ⋯ (2𝑛 − 1)

2 ∙ 4 ∙ 6 ∙ ⋯2𝑛
𝑡2𝑛

∞

𝑛=0

𝑑𝑡

𝑥

0

= 

= 𝑥 +∑(−1)𝑛
1 ∙ 3 ∙ ⋯ (2𝑛 − 1)

2 ∙ 4 ∙ 6 ∙ ⋯2𝑛
∙
𝑥2𝑛+1

(2𝑛 + 1)
, |𝑥| < 1.

∞

𝑛=0

 

 

 

Find the sum of the power series 

∑
(2𝑛 + 1)𝑥2𝑛

𝑛!
.

∞

𝑛=0

 

Example 4. 

Example 5. 
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Since (2𝑛 + 1)𝑥2𝑛 = (𝑥2𝑛+1)′, let us integrate the series from 0 to 𝑥 

∫∑
(2𝑛 + 1)𝑡2𝑛

𝑛!
 𝑑𝑡

∞

𝑛=0

𝑥

0

=∑
1

𝑛!
∫(2𝑛 + 1)𝑡2𝑛
𝑥

0

 𝑑𝑡

∞

𝑛=0

= ∑
𝑥2𝑛+1

𝑛!

∞

𝑛=0

. 

Next, we apply the Maclaurin series (3.12) 

∑
𝑥2𝑛+1

𝑛!

∞

𝑛=0

= 𝑥∑
(𝑥2)𝑛

𝑛!

∞

𝑛=0

= 𝑥𝑒𝑥
2
. 

Hence,  

𝑓(𝑥) = ∑
(2𝑛 + 1)𝑥2𝑛

𝑛!
 

∞

𝑛=0

= (𝑥𝑒𝑥
2
)
′
= (1 + 2𝑥2)𝑒𝑥

2
,   𝑥 ∈ R. 

  

 

Find the sum of the power series 

∑
𝑥𝑛

𝑛 ∙ (𝑛 + 1)
.

∞

𝑛=1

 

First, let us differentiate the series  

(∑
𝑥𝑛

𝑛 ∙ (𝑛 + 1)

∞

𝑛=1

)

′

= ∑
𝑥𝑛−1

𝑛 + 1

∞

𝑛=1

,   |𝑥| < 1. 

Second, we put 𝑥−2 (𝑥 ≠ 0) out of the series and apply the Maclaurin series (3.23) 

∑
𝑥𝑛−1

𝑛 + 1

∞

𝑛=1

= 
1

𝑥2
∑

𝑥𝑛+1

𝑛 + 1

∞

𝑛=1

=
1

𝑥2
(𝑥 − 𝑥 +∑

𝑥𝑛+1

𝑛 + 1

∞

𝑛=1

) =
1

𝑥2
(−𝑥 −∑

(−1)𝑛

𝑛

∞

𝑛=1

(−𝑥)𝑛) = 

=
1

𝑥2
(−𝑥 − ln(1 − 𝑥)),   |𝑥| < 1,   𝑥 ≠ 0. 

Separately, for 𝑥 = 0 we have  

∑
𝑥𝑛−1

𝑛 + 1

∞

𝑛=1

=
1

2
. 

Next, we integrate the series obtained  

𝑓(𝑥) = ∫∑
𝑥𝑛−1

𝑛 + 1
 

∞

𝑛=1

  

 

𝑑𝑥 = −∫
1

𝑥2
(𝑥 + ln(1 − 𝑥))𝑑𝑥

 

 

=
1 − 𝑥

𝑥
ln(1 − 𝑥) + 𝐶. 

 

 

Example 6. 
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Since  

lim
𝑥→0

𝑓(𝑥) = lim
𝑥→0

∑
𝑥𝑛

𝑛 ∙ (𝑛 + 1)
 

∞

𝑛=1

= 0, 

we get 

𝐶 = − lim
𝑥→0

1 − 𝑥

𝑥
ln(1 − 𝑥) = 1. 

Thus, 

𝑓(𝑥) = {1 +
1 − 𝑥

𝑥
ln(1 − 𝑥) ,   for   |𝑥| < 1,   𝑥 ≠ 0,

0,                    for   𝑥 = 0.
 

At the points 𝑥 = ±1 the given series ∑
𝑥𝑛

𝑛∙(𝑛+1)
 ∞

𝑛=1  converges. Thus, its sum is 

continuous on the segment 𝑥 ∈ [−1, 1].  

At the point 𝑥 = −1 

1 +
1 − 𝑥

𝑥
ln(1 − 𝑥)|

𝑥=−1

= 1. 

The sum of the series at the point 𝑥 = 1 

∑
1

𝑛 ∙ (𝑛 + 1)
 

∞

𝑛=1

= 1. 

(we propose to prove this fact on your own (see example 3 from 1.1)) 

Hence, 

𝑓(𝑥) = {
1 +

1 − 𝑥

𝑥
ln(1 − 𝑥) ,   for   𝑥 ∈ [−1, 0) ∪ (0,1),

0,                    for   𝑥 = 0,
1,                    for   𝑥 = 1.

 

 

Review Questions 

1. What is the task of the power series expansions? 

2. What series is called the Taylor series? What formulas are used to calculate the 

coefficients of this series? 

3. Is it possible to state that a function can be represented as a power series in a single 

way? What series will it be? 

4. Write down the expansion of the function 𝑓(𝑥) into the Taylor series. 
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5. Can we say that the Taylor series  ∑
𝑓(𝑛)(𝑥0)

𝑛!
(𝑥 − 𝑥0)

𝑛∞
𝑛=0  for the function 𝑓(𝑥) 

converges to this function? 

6. What series is called the Maclaurin series? Write down the expansion of the 

function 𝑓(𝑥) in this series. 

7. What is the residual term of Taylor's formula? What conditions must it satisfy? 

8. Formulate a sufficient condition for the expansion of the function into a Taylor series, 

which gives a convenient estimate of the residual term of the series.  

9. Is it possible to expand a function into a Maclaurin series if there is not at least one 

derivative of this function around the point 𝑥 = 0? 

10. Formulate the algorithm for expanding a function into a Taylor (or Maclaurin) power 

series.  

11. Is it possible to obtain the power series expansion of a function using known 

expansions of elementary functions or previously found expansions?  

12. Do the operations of term-wise differentiation or integration of series allow to obtain 

the power series expansion of a function?  

13. Write down the expansion of the functions 𝑒𝑥, cos 𝑥, sin 𝑥, (1 + 𝑥)𝑚, 
1

1−𝑥
, 

1

1+𝑥
, 

ln( 1 + 𝑥), arctan 𝑥, arcsin 𝑥. What are their intervals of convergence?  

 

Exercises 3.2 

1. Find the power series expansions about (𝑥 − 𝑎) for given functions. State the intervals 

of convergence of the obtained expansions. 

1) 𝑥𝑒−2𝑥
2
, 𝑎 = 0;                                       2) sin 3𝑥 + 𝑥 cos 3𝑥 , 𝑎 = 0;      

3)  𝑥 ln(1 + 𝑥2) , 𝑎 = 0;                            4)  
1

√4−𝑥2
4 , 𝑎 = 0;          

5)  ln(𝑥2 + 3𝑥 + 2) , 𝑎 = 0 ;                     6)   
1

1+3𝑥
, 𝑎 = −1;     

7)   ln(𝑥 + 2),   𝑎 = 1 ;                               8)  √𝑥
3
, 𝑎 = 1.  

2. Find the sum of the power series. 

1)  ∑
(−1)𝑛

𝑛
 𝑥3𝑛−1∞

𝑛=1 ;            2)  ∑
(−1)𝑛

2𝑛+1
 𝑥2𝑛+2∞

𝑛=1 ;                        3)  ∑
(3𝑛+1)𝑥3𝑛

𝑛!
∞
𝑛=0 ;            

4)  ∑
𝑥𝑛+2

𝑛!(𝑛+2)
∞
𝑛=1 ;                       5) ∑ (−1)𝑛(2𝑛 + 1) 𝑥2𝑛∞

𝑛=0 ;             6) ∑
(−1)𝑛2𝑛

𝑛!
𝑥𝑛−1∞

𝑛=1 . 

Answers 



 

 

 

91 

3.3 Application of  Power Series. 

 

I. Approximation of Values of Functions  

We may apply Maclaurin or Taylor series to approximate values of functions at the 

specific point 𝑥. Let us illustrate this application by the examples. 

 

 

Approximate the number 𝒆 with an error less than 10−3. 

Let us use the expansion (3.12) for 𝑥 = 1 

𝑒 = 1 + 1 +
1

2!
+
1

3!
+ ⋯+

1

𝑛!
+ ⋯. 

Here we should choose appropriate 𝑛 to approximate the function 𝑒𝑥 within the desired 

accuracy. 

Since for any 𝑥 ∈ [−1,1]: |𝑒𝑥| ≤ 3, we can estimate the residual term as follows 

|𝑅𝑛(𝑥)| = |
𝑒𝜉

(𝑛 + 1)!
𝑥𝑛+1| ≤

3

(𝑛 + 1)!
. 

If we need the error to be less than 10−3, it is enough to solve the inequality 

3

(𝑛 + 1)!
≤ 10−3, 

Solving the inequality by trying various 𝑛, we obtain, that for 𝑛 = 6 

3

(𝑛 + 1)!
=
3

7!
≈ 0.0006 < 10−3 = 0.001. 

Thus, we have  

𝑒 = 2 +
1

2!
+
1

3!
+
1

4!
+
1

5!
+
1

6!
≈ 

≈ 2 + 0.5 + 0.167 + 0.042 + 0.008 + 0.001 = 2.718. 
 

 

 

Use the first two nonzero terms of the Maclaurin series to evaluate  sin 0.1 approximately 

and estimate the error in this approximation. 

Consider the Maclaurin series (3.13) for sin 𝑥 as  𝑥 = 0.1 

sin 0.1 = 0.1 −
(0.1)3

3!
+
(0.1)5

5!
− ⋯ = 0.1 −

0.001

3!
+
0.00001

5!
− ⋯. 

Example 1. 

Example 2. 
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Since the series obtained is alternating, according to the Corollary to the Alternating 

Series Test the error does not exceed in absolute value the third term 

0.00001

5!
=
0.00001

120
≈ 0.00000008. 

Hence, to six decimal places 

sin 0.1 = 0.1 −
0.001

3!
≈ 0.099833 

 

II. Evaluating Indeterminate Forms 

Sometimes we can evaluate indeterminate forms by expressing the functions involved as 

Taylor series. 

  

 

Evaluate  

lim
𝑥→0

ln (1 + 𝑥)

arctan𝑥
. 

We represent ln (1 + 𝑥) and arctan𝑥 as a corresponding Maclaurin series 

lim
𝑥→0

𝑥2

2
− 𝑥 + ln(1 + 𝑥)

𝑥 − arctan𝑥
= {
0

0
} = lim

𝑥→0

𝑥2

2
− 𝑥 + (𝑥 −

𝑥2

2
+
𝑥3

3
−
𝑥4

4
+⋯)

𝑥 − (𝑥 −
𝑥3

3
+
𝑥5

5
−⋯)

= 

= lim
𝑥→0

𝑥3

3
−
𝑥4

4
+⋯

𝑥3

3
−
𝑥5

5
+⋯

= lim
𝑥→0

𝑥3

3 (
1 −

3𝑥
4
+ ⋯)

𝑥3

3 (
1 −

3𝑥2

5
+⋯)

= 1. 

 

 

Evaluate  

lim
𝑥→1

2 − 2𝑒𝑥−1

sin(𝑥 − 1)
. 

Here we are going to use a Taylor series representation in powers (𝑥 − 1) for 𝑒𝑥−1 and 

sin (𝑥 − 1). This can be obtained by replacing 𝑥 with (𝑥 − 1) in the series (3.12) and (3.13). 

Thus, 

𝑒𝑥−1 = 1 + (𝑥 − 1) +
(𝑥 − 1)2

2!
+
(𝑥 − 1)3

3!
+ ⋯,  

Example 3. 

Example 4. 
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sin(𝑥 − 1) = (𝑥 − 1) −
(𝑥 − 1)3

3!
+
(𝑥 − 1)5

5!
− ⋯. 

Therefore, 

lim
𝑥→1

2 − 2(1 + (𝑥 − 1) +
(𝑥 − 1)2

2!
+ ⋯) 

(𝑥 − 1) −
(𝑥 − 1)3

3!
+ ⋯

= 

= lim
𝑥→1

−2(𝑥 − 1) − 2
(𝑥 − 1)2

2!
+ ⋯ 

(𝑥 − 1) −
(𝑥 − 1)3

3!
+ ⋯

= lim
𝑥→1

(𝑥 − 1)(−2 − (𝑥 − 1) +⋯) 

(𝑥 − 1) (1 −
(𝑥 − 1)2

3!
+ ⋯)

= −2. 

 

III. Evaluating Nonelementary Integrals 

The approximation can then be used for the integration of the functions. Of course, we 

are going to use this technique with functions for which the traditional calculus methods do 

not work. For example, we may need to compute ∫
sin 𝑥

𝑥
𝑑𝑥. Since a primitive for 

sin 𝑥

𝑥
  cannot 

be expressed in terms of elementary functions, this integral cannot be done by the classical 

integration techniques.  

 

 
 

Express ∫
sin 𝑥

𝑥
𝑑𝑥 as a power series. 

Expand the integrand in a series using (3.13) 

sin 𝑥

𝑥
=
𝑥 −

𝑥3

3!
+
𝑥5

5!
− ⋯+ (−1)𝑛

𝑥2𝑛+1

(2𝑛 + 1)!
+ ⋯

𝑥
= 

= 1 −
𝑥2

3!
+
𝑥4

5!
− ⋯+ (−1)𝑛

𝑥2𝑛

(2𝑛 + 1)!
+ ⋯. 

This series is convergent for all values of 𝑥. Integrating termwise, we get 

∫
sin 𝑥

𝑥
𝑑𝑥 = ∫1 −

𝑥2

3!
+
𝑥4

5!
− ⋯+ (−1)𝑛

𝑥2𝑛

(2𝑛 + 1)!
+ ⋯𝑑𝑥 = 

= 𝑥 −
𝑥3

3! 3
+
𝑥5

5! 5
−
𝑥7

7! 7
+⋯+ (−1)𝑛

𝑥2𝑛+1

(2𝑛 + 1)! (2𝑛 + 1)
+⋯. 

 

 

 

Example 5. 
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Evaluate the integral ∫
sin 𝑥

𝑥
𝑑𝑥

1

0
 with an error of less than 10−3. 

Let us use the result of the previous example 

∫
sin 𝑥

𝑥
𝑑𝑥

1

0

= 1 −
1

3! 3
+
1

5! 5
−
1

7! 7
+
1

9! 9
−

1

11! 11
+⋯. 

The series on the right side is alternating, and we find by numerical evaluation that  

1

7! 7
≈ 0.0002 

is the first term to be numerically less than 10−3 = 0.001. Therefore, for evaluating this 

integral with an error of less than 10−3 we should calculate the first three terms of the series 

∫
sin 𝑥

𝑥
𝑑𝑥

1

0

≈ 1 −
1

3! 3
+
1

5! 5
≈ 0.946. 

 

IV. Series Solutions to Differential Equations 

There are a lot of differential equations that can’t be solved explicitly in terms of finite 

combinations of elementary functions. However, it is important to be able to solve such 

equations because they arise from the problems of physics or mechanics. 

Let us consider the method of power series solution to the Cauchy problem for the 

differential equation. There are two main cases of applying this method. 

 

First Case (The Method of the Successive Differentiation). 

We represent the solution as a Taylor series, the sum of a finite number of terms of this 

series will be approximately equal to the desired particular solution. 

Consider, for example, the Cauchy problem for the second order differential equation 

𝑦′′ = 𝐹(𝑥, 𝑦, 𝑦′),                                                        (3.26) 

𝑦(𝑥0) = 𝑦0,     𝑦
′(𝑥0) = 𝑦1.                                              (3.27) 

Assume that the solution 𝑦 = 𝑦(𝑥) exists and may be represented in the form of a 

Taylor series 

𝑦(𝑥) = 𝑦(𝑥0) + 𝑦
′(𝑥0)(𝑥 − 𝑥0) +

𝑦′′(𝑥0)

2!
(𝑥 − 𝑥0)

2 +
𝑦′′′(𝑥0)

3!
(𝑥 − 𝑥0)

3 +⋯     (3.28) 

Example 6. 



 

 

 

95 

Since we know 𝑦(𝑥0) and 𝑦′(𝑥0) from (3.27), we have to find the values of  𝑦′′(𝑥0), 

𝑦′′′(𝑥0), … 𝑦𝑛(𝑥0), … We can do it using equation (3.26) and conditions (3.27). 

From the equation (3.26) we obtain 

𝑦′′(𝑥0) = 𝐹(𝑥0, 𝑦(𝑥0), 𝑦
′(𝑥0)). 

Differentiate both sides of (3.26) with respect to 𝑥 

𝑦′′′ = (𝐹(𝑥, 𝑦, 𝑦′))
′
= 𝐹𝑥

′(𝑥, 𝑦, 𝑦′) + 𝐹𝑦
′(𝑥, 𝑦, 𝑦′)𝑦′ + 𝐹𝑦′

′ (𝑥, 𝑦, 𝑦′)𝑦′′.         (3.29) 

Substituting 𝑥0, we get 𝑦′′′(𝑥0). 

Differentiating (3.29) once again, we obtain  𝑦𝐼𝑉(𝑥0) and so on. 

Then, we put these values of derivatives into (3.28). This series represents the solution 

of the Cauchy problem (3.26), (3.27) in the interval of convergence. 

 

The same idea could be applied to the equations of any order. 

 

 

 
 

Find the first four nonzero terms of the series representation for the solution of the 

Cauchy problem   

𝑦′ = 𝑥𝑦2 − 1, 𝑦(1) = 1.      

Let us consider a Taylor series representation of 𝑦 

𝑦(𝑥) = 𝑦(1) + 𝑦′(1)(𝑥 − 1) +
𝑦′′(1)

2!
(𝑥 − 1)2 +

𝑦′′′(1)

3!
(𝑥 − 1)3 +⋯      

Here from the initial condition, we have 

𝑦(1) = 1 
and, from the equation, we get 

𝑦′(1) = 1 ∙ (𝑦(1))
2
− 1 = 0. 

Differentiating the equation, we get 

𝑦′′ = (𝑥𝑦2 + 1)𝑥
′ = 𝑦2 + 2𝑥𝑦𝑦′. 

Then,  

𝑦′′(1) = (𝑦(1))
2
+ 2𝑦(1)𝑦′(1) = 1. 

Differentiate again 

𝑦′′′ = (𝑦2 + 2𝑥𝑦𝑦′)𝑥
′ = 4𝑦𝑦′ + 2𝑥𝑦′2 + 2𝑥𝑦𝑦′′ 

and calculate at 𝑥 = 1 

Example 7. 

Note. 
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𝑦′′′(1) = 4𝑦(1)𝑦′(1) + 2(𝑦′(1))
2
+ 2𝑦(1)𝑦′′(1) = 2. 

Next,  

𝑦𝐼𝑉 = 6𝑦′2 + 6𝑦𝑦′′ + 6𝑥𝑦′𝑦′′ + 2𝑥𝑦𝑦′′′ 
and at 𝑥 = 1 

𝑦𝐼𝑉(1) = 10. 

Finally, putting these values back into the solution we obtain 

𝑦(𝑥) = 1 +
1

2!
(𝑥 − 1)2 +

2

3!
(𝑥 − 1)3 +

10

4!
(𝑥 − 1)4 +⋯ = 

=  1 +
(𝑥 − 1)2

2
+
(𝑥 − 1)3

3
+
5(𝑥 − 1)4

12
+⋯    

 

 

Second Case (The Method of Undetermined Coefficients). 

We suppose that there exists a power series solution of the form 

𝑦(𝑥) = 𝑎0 + 𝑎1(𝑥 − 𝑥0) + 𝑎2(𝑥 − 𝑥0)
2 + 𝑎3(𝑥 − 𝑥0)

3 +⋯+ 𝑎𝑛(𝑥 − 𝑥0)
𝑛 +⋯  

and the task is to determine the coefficients  𝑎0,  𝑎1,  𝑎2, ⋯. This task is accomplished by 

differentiating the power series term by term, substituting into the differential equation and 

equating coefficients of the same powers of 𝑥.  

 

 

Find the series representation for the solution of the Cauchy problem   

𝑦′′ − 𝑥𝑦 = 0, 𝑦(0) = 0,       𝑦′(0) = 1.      

We are looking for a solution in the form, 

𝑦(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 +⋯+ 𝑎𝑛𝑥
𝑛 +⋯  

Let us differentiate this series twice 

𝑦′(𝑥) = 𝑎1 + 2𝑎2𝑥 + 3𝑎3𝑥
2 +⋯+ 𝑛𝑎𝑛𝑥

𝑛−1 +⋯, 

𝑦′′(𝑥) = 2𝑎2 + 3 ∙ 2𝑎3𝑥 +⋯+ 𝑛(𝑛 − 1)𝑎𝑛𝑥
𝑛−2 +⋯ 

From the initial conditions, we can find  

𝑦(0) = 𝑎0 = 0  and  𝑦′(0) = 𝑎1 = 1. 

Plugging the series expressions into the equation, we get the identity 

2𝑎2 + 3 ∙ 2𝑎3𝑥 +⋯+ 𝑛(𝑛 − 1)𝑎𝑛𝑥
𝑛−2 +⋯ = 𝑎1𝑥

2 + 𝑎2𝑥
3 +⋯+ 𝑎𝑛−3𝑥

𝑛−2 +⋯ 

Collecting coefficients of the same powers of 𝑥, we obtain 

𝑎2 = 0, 𝑎3 = 0,         4 ∙ 3𝑎4 = 𝑎1 = 1,     ⋯       𝑛(𝑛 − 1)𝑎𝑛 = 𝑎𝑛−3. 

Example 8. 
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Hence, 

𝑎4 =
1

3 ∙ 4
,               𝑎5 = 0,                 𝑎6 = 0,           𝑎7 =

1

3 ∙ 4 ∙ 6 ∙ 7
 , 

𝑎8 = 0,                     𝑎9 = 0,                  𝑎10 =
1

3 ∙ 4 ∙ 6 ∙ 7 ∙ 9 ∙ 10
 

…………………………………………………………………………………….. 

𝑎3𝑚−1 = 0,       𝑎3𝑚 = 0,              𝑎3𝑚+1 =
1

3 ∙ 4 ∙ 6 ∙ 7⋯3𝑚 ∙ (3𝑚 + 1)
 . 

Substituting the coefficients obtained into the series, we get the solution  

𝑦(𝑥) = 𝑥 +
1

3 ∙ 4
𝑥4 +

1

3 ∙ 4 ∙ 6 ∙ 7
𝑥7 +⋯+

1

3 ∙ 4 ∙ 6 ∙ 7⋯3𝑚 ∙ (3𝑚 + 1)
𝑥3𝑚+1 +⋯  

This series converges for all values of 𝑥. 

 

  

 

Find the series solution of the equation  

𝑦′′ + 𝑦 = 0. 

Assume, that the solution is in the form, 

𝑦(𝑥) = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 +⋯+ 𝑎𝑛𝑥
𝑛 +⋯ =∑𝑎𝑛𝑥

𝑛

∞

𝑛=0

  

Differentiate this series termwise 

𝑦′′(𝑥) = 2𝑎2 + 3 ∙ 2𝑎3𝑥 +⋯+ 𝑛(𝑛 − 1)𝑎𝑛𝑥
𝑛−2 +⋯ =∑𝑛(𝑛 − 1)𝑎𝑛𝑥

𝑛−2

∞

𝑛=2

. 

and plug into the equation 

∑𝑛(𝑛 − 1)𝑎𝑛𝑥
𝑛−2

∞

𝑛=2

+∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

= 0. 

Let us combine everything into a single series. To do this we rewrite the first series as 

follows 

∑(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2𝑥
𝑛

∞

𝑛=0

. 

It helps us to collect the coefficients of the same powers of 𝑥 easier. 

 

 

Example 9. 
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Therefore, 

∑(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2𝑥
𝑛

∞

𝑛=0

+∑𝑎𝑛𝑥
𝑛

∞

𝑛=0

= 0. 

And 

∑((𝑛 + 2)(𝑛 + 1)𝑎𝑛+2 + 𝑎𝑛)𝑥
𝑛

∞

𝑛=0

= 0, 

Hence,  

(𝑛 + 2)(𝑛 + 1)𝑎𝑛+2 + 𝑎𝑛 = 0. 

As a result, we obtain the recursion formula for calculating coefficients 

𝑎𝑛+2 =
−𝑎𝑛

(𝑛 + 2)(𝑛 + 1)
, 𝑛 = 0, 1, 2, 3,⋯ 

If  𝑎0 and 𝑎1 are known, we can determine the remaining coefficients recursively. 

For example, 

𝑛 = 0:  𝑎2 =
−𝑎0
1 ∙ 2

= −
𝑎0
2!
;                                        𝑛 = 1:  𝑎3 =

−𝑎1
2 ∙ 3

= −
𝑎1
3!
; 

𝑛 = 2:  𝑎4 =
−𝑎2
3 ∙ 4

=
𝑎0

1 ∙ 2 ∙ 3 ∙ 4
=
𝑎0
4!
;                    𝑛 = 3:  𝑎5 =

−𝑎3
4 ∙ 5

=
𝑎1

2 ∙ 3 ∙ 4 ∙ 5
=
𝑎1
5!
; 

𝑛 = 4:  𝑎6 =
−𝑎4
5 ∙ 6

=
−𝑎0
4! ∙ 5 ∙ 6

= −
𝑎0
6!
;                     𝑛 = 5:  𝑎7 =

−𝑎5
6 ∙ 7

=
−𝑎1

5! ∙ 6 ∙ 7
= −

𝑎1
7!
; 

………………………………………………………………………………… 

𝑛 = 2𝑘:  𝑎2𝑘 = (−1)
𝑘
𝑎0
(2𝑘)!

;                                     𝑛 = 2𝑘 + 1:  𝑎2𝑘+1 = (−1)
𝑘

𝑎1
(2𝑘 + 1)!

; 

Putting the coefficients obtained into the series, we get 

𝑦(𝑥) = 𝑎0 + 𝑎1𝑥 −
𝑎0
2!
𝑥2 −

𝑎1
3!
𝑥3 +

𝑎0
4!
𝑥4 +

𝑎1
5!
𝑥5 +⋯ 

+(−1)𝑘
𝑎0
(2𝑘)!

𝑥2𝑘 + (−1)𝑘
𝑎1

(2𝑘 + 1)!
𝑥2𝑘+1 +⋯ 

or 

𝑦(𝑥) = 𝑎0 (1 −
1

2!
𝑥2 +

1

4!
𝑥4 −

1

6!
𝑥6⋯+

(−1)𝑘

(2𝑘)!
𝑥2𝑘 +⋯) + 

+𝑎1 (𝑥 −
1

3!
𝑥3 +

1

5!
𝑥5 −

1

7!
𝑥7 +⋯+

(−1)𝑘

(2𝑘 + 1)!
𝑥2𝑘+1 +⋯) =

= 𝑎0∑
(−1)𝑘

(2𝑘)!
𝑥2𝑘

∞

𝑘=0

+ 𝑎1∑
(−1)𝑘

(2𝑘 + 1)!
𝑥2𝑘+1

∞

𝑘=0

. 
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Do not worry about the fact that we don’t know what 𝑎0 and 𝑎1 are. We actually need 

these to be in the problem to get the correct solution as arbitrary constants.  

Since the series ∑
(−1)𝑘

(2𝑘)!
𝑥2𝑘∞

𝑘=0  and ∑
(−1)𝑘

(2𝑘+1)!
𝑥2𝑘+1∞

𝑘=0  are well known Maclaurin series 

for cos 𝑥 and sin 𝑥, we could write the solution as 

𝑦(𝑥) = 𝑎0 cos 𝑥 + 𝑎1 sin 𝑥. 

 

Usually, we are not able to express power series solutions of differential equations 

in terms of known functions. 

 

Review Questions 

1. To what problems can the power series expansions of functions be applied? 

2. How can you evaluate a function at a point with a given error using a power series 

expansion? 

3. How to estimate the error of the approximation of function values using series?  

4. What is the method of approximation of definite integrals using power series? Is it 

possible to evaluate the integrals ∫
sin 𝑡

√𝑡
𝑑𝑡

𝑥

0
, ∫

cos 𝑡

√𝑡
𝑑𝑡

𝑥

0
, ∫ 𝑒−𝑡

2
𝑑𝑡

𝑥

0
? 

5. Give the algorithm of the method of successive differentiation for finding an 

approximate solution of differential equations using the Taylor series. For which 

equations is this method used? 

6. What is the method of undetermined coefficients for finding an approximate solution 

of differential equations using series? For which equations is this method suitable? 

 

Exercises 3.3 

1.  Evaluate with the given error  𝜀.  

1)  
1

√𝑒
4 ,   𝜀 = 10−4;                                  2)  ln 0,8 ,   𝜀 = 10−4;         

3)  cos 12° ,   𝜀 = 10−5;                          4)  arctan 0,2 ,   𝜀 = 10−4;      

5)   √1,015
3

,   𝜀 = 10−3;                         6)   sin 10° ,   𝜀 = 10−5;     

7)   √250
5

,   𝜀 = 10−3. 

2. Use the first three terms of the Maclaurin series of the function 𝑦 = 𝑒𝑥 to approximate 

√𝑒
3

 and estimate the error in the approximation. 

Note. 
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3. Use the first four terms of the Maclaurin series of the function 𝑦 = (1 + 𝑥)𝑚 to 

approximate √10
3

 and estimate the error in the approximation.  

4. Evaluate the integrals with the given error  𝜀. 

1)  ∫ 𝑒−𝑥
2
𝑑𝑥

1

0
, 𝜀 = 10−4;                        2)  ∫

cos𝑥

𝑥
𝑑𝑥

𝜋

4
𝜋

6

, 𝜀 = 10−4;     

3)  ∫
𝑑𝑥

√1+𝑥4
 

0,5

0
, 𝜀 = 10−4;                         4)  ∫

arctan 𝑥

𝑥
𝑑𝑥

0,5

0
, 𝜀 = 10−2;   

5)   ∫ sin 𝑥2 𝑑𝑥
1

0
, 𝜀 = 10−3;                    6)   ∫

ln(1+𝑥)

𝑥
𝑑𝑥

0,1

0
, 𝜀 = 10−3;     

5.  Find the limits by applying the Maclaurin series expansions 

1) lim
𝑥→0

1−cos2𝑥

𝑒5𝑥−𝑒𝑥
2 ;                                2) lim

𝑥→0

sin 𝑥−arctan𝑥 

ln (1+𝑥3)
. 

6. Find the first four nonzero terms of the series representation for the solution of the 

Cauchy problem by method of successive differentiation. 

1)  𝑦′ = 𝑥𝑦 + 𝑒𝑦,   𝑦(0) = 0;           

2)  𝑦′′ − 𝑥𝑦2 + 𝑦′ = 0, 𝑦(0) = 2, 𝑦′(0) = 1;      

3)  𝑦′ = 𝑥2 + 𝑦3, 𝑦(1) = 1;            

4)  𝑦′′ − 𝑥 sin 𝑦′ = 0, 𝑦(1) = 0, 𝑦′(1) =
𝜋

2
. 

7. Find the power series representation for the solution of the Cauchy problem by the 

method of undetermined coefficients.  

1)  (1 − 𝑥)𝑦′ = 1 + 𝑥 − 𝑦, 𝑦(0) = 0;      

2)   𝑦′ = 𝑥2 − 𝑦2, 𝑦(0) = 0. 

Answers 
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4. Fourier Series 
 

4.1 The Concept of  a Fourier Series 

 

I. Harmonic Oscillations and Periodic Functions 

Many processes in nature and engineering are repeated at regular intervals of time. Such  

processes are called periodic. For example mechanical oscillations of a string, electromagnetic 

vibrations and so on. 

Mathematically, we can describe periodic processes by using periodic functions. The 

periodic function is a function that repeats its values at regular intervals or periods. That is, 

𝑓(𝑥) is periodic if there exists a positive number  𝑇 such that for any 𝑥 from the domain of 

function the equality 𝑓(𝑥 + 𝑇) = 𝑓(𝑥) holds. 

The simplest example of oscillations is a harmonic oscillation provided by the function 

𝑓(𝑥) = 𝑎 sin(𝜔𝑥 + 𝜑0) ,   𝑥 ≥ 0,  

where 𝑎 is an amplitude (maximum displacement from the equilibrium position), 𝜔 is an 

angular frequency and 𝜑0 is an initial phase. The general period for this function is 𝑇 =
2𝜋

𝜔
. 

This function is called the simple harmonic and can also be written in the form 

𝑓(𝑥) = 𝑎 sin(𝜔𝑥 + 𝜑0) = 𝐴𝑐𝑜𝑠𝜔𝑥 + 𝐵 sin𝜔𝑥, 

where  𝑎 = √𝐴2 + 𝐵2, tan𝜑0 =
𝐵

𝐴
 . 

 

Let us look through the oscillations obtained by adding several simple harmonics. For 

example, a function   

𝑓(𝑥) = sin 𝑥 +
1

3
sin 3𝑥 +

1

5
sin 5𝑥 

is a sum of three simple harmonics  sin 𝑥 ,    
1

3
sin 3𝑥  and   

1

5
sin 5𝑥. 

 The graphs of these functions and their sum are shown in the Figure 6. 

 
Figure 6. 

Definition. 
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 Let us add a lot more simple harmonics (Fig.7) 

𝑓(𝑥) 𝑦 = sin 𝑥 +
1

3
sin 3𝑥 +

1

5
sin 5𝑥 +⋯+

1

49
sin 49𝑥 +

1

51
sin 51𝑥. 

 

Figure 7. 

Thus, the sum of simple harmonics gives us new much more complicated periodic 

oscillations.  

Naturally, the question arises whether it is possible to determine complicated periodic 

functions as a sum of simple harmonics. Generally, it is impossible if the sum is finite but 

infinite sums of simple harmonics (trigonometric series) could represent other periodic 

functions, even if they are a bit weird. 
 

 A functional series of the form 

𝑎0
2
+ 𝑎1 cos 𝑥 + 𝑏1 sin 𝑥 + 𝑎2 cos2𝑥 + 𝑏2 sin 2𝑥 +⋯

=
𝑎0
2
+∑(𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥)

∞

𝑛=1

 

is called a trigonometric series. The constants 𝑎0, 𝑎𝑛 and 𝑏𝑛 are called 

coefficients of the trigonometric series. 
 

If such a series is convergent, then its sum is a periodic function with period 2𝜋, since 

cos 𝑛𝑥 and sin 𝑛𝑥 are periodic functions with period 2𝜋. 

 

II. Expansion of  𝟐𝝅-periodic Functions in Fourier Series 
Consider the trigonometric series convergent to 2𝜋-periodic function in interval 

[−𝜋, 𝜋] 

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥)

∞

𝑛=1

                                          (4.1) 

Suppose that the series is termwise integrable. This is possible if the series (4.1) is 

convergent absolutely at each point of the interval [−𝜋, 𝜋]. 

Definition. 
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Let us evaluate the coefficients of the trigonometric series (4.1). 

Integrate both sides of equality (4.1) from −𝜋 to 𝜋: 

∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

= ∫
𝑎0
2
𝑑𝑥

𝜋

−𝜋

+∑(∫ 𝑎𝑛 cos 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

+∫ 𝑏𝑛 sin 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

)

∞

𝑛=1

,    

Compute separately each integral on the right side: 

∫
𝑎0
2
𝑑𝑥

𝜋

−𝜋

= 𝜋𝑎0 

∫ 𝑎𝑛 cos 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

= 𝑎𝑛
sin 𝑛𝑥

𝑛
|
−𝜋

𝜋

= 0 

∫ 𝑏𝑛 sin 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

= −𝑏𝑛
cos 𝑛𝑥

𝑛
|
−𝜋

𝜋

= 0 

Whence 

∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

= 𝜋𝑎0 

and 

𝑎0 =
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

. 

To evaluate coefficient 𝑎𝑚,   𝑚 ≠ 0, multiply both sides of (4.1) by cos𝑚𝑥 and integrate 

termwise from −𝜋 to 𝜋: 

∫ 𝑓(𝑥) cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

=
𝑎0
2
∫ cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

+ 

+∑(∫ 𝑎𝑛 cos 𝑛𝑥 cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

+∫ 𝑏𝑛 sin 𝑛𝑥 cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

)

∞

𝑛=1

. 

Since, 

∫ sin𝑛𝑥 cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

=
1

2
∫ sin(𝑛 + 𝑚)𝑥 + sin(𝑛 −𝑚)𝑥 𝑑𝑥
𝜋

−𝜋

= 0, 

∫ cos𝑛𝑥 cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

=
1

2
∫ cos(𝑛 +𝑚)𝑥 + cos(𝑛 −𝑚)𝑥 𝑑𝑥
𝜋

−𝜋

= 0, 𝑚 ≠ 𝑛 

∫ cos2𝑚𝑥 𝑑𝑥
𝜋

−𝜋

=
1

2
∫ (1 + cos 2𝑚𝑥)𝑑𝑥
𝜋

−𝜋

=
𝑥

2
|
−𝜋

𝜋

= 𝜋 

we obtain 
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∫ 𝑓(𝑥) cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

= 𝑎𝑚∫ cos2𝑚𝑥 𝑑𝑥
𝜋

−𝜋

= 𝜋𝑎𝑚 

and 

𝑎𝑚 =
1

𝜋
∫ 𝑓(𝑥) cos𝑚𝑥 𝑑𝑥.
𝜋

−𝜋

  

Multiplying both sides of (4.1) by sin𝑚𝑥, integrating termwise from −𝜋 to 𝜋 and 

remembering, that 

∫ sin𝑛𝑥 cos𝑚𝑥 𝑑𝑥
𝜋

−𝜋

=
1

2
∫ sin(𝑛 + 𝑚)𝑥 + sin(𝑛 −𝑚)𝑥 𝑑𝑥
𝜋

−𝜋

= 0, 

∫ sin𝑛𝑥 sin𝑚𝑥 𝑑𝑥
𝜋

−𝜋

=
1

2
∫ cos(𝑛 −𝑚)𝑥 − cos(𝑛 +𝑚)𝑥 𝑑𝑥
𝜋

−𝜋

= 0, 𝑚 ≠ 𝑛 

∫ sin2𝑚𝑥𝑑𝑥
𝜋

−𝜋

=
1

2
∫ (1 − cos 2𝑚𝑥)𝑑𝑥
𝜋

−𝜋

=
𝑥

2
|
−𝜋

𝜋

= 𝜋 

we find 

∫ 𝑓(𝑥) sin𝑚𝑥 𝑑𝑥
𝜋

−𝜋

= 𝑏𝑚∫ sin2𝑚𝑥 𝑑𝑥
𝜋

−𝜋

= 𝜋𝑏𝑚 

and 

𝑏𝑚 =
1

𝜋
∫ 𝑓(𝑥) sin𝑚𝑥 𝑑𝑥.
𝜋

−𝜋

 

 

 The trigonometric series  

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos 𝑛𝑥 + 𝑏𝑛 sin 𝑛𝑥)

∞

𝑛=1

,                                  (4.2) 

where 

 𝑎0 =
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥,
𝜋

−𝜋

   𝑎𝑛 =
1

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥,
𝜋

−𝜋

                           (4.3) 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

                                                (4.4) 

is called the Fourier series of the function 𝑓(𝑥). The coefficients 𝑎0, 𝑎𝑛 and 

𝑏𝑛 are called Fourier coefficients of the function 𝑓(𝑥). 
 

Practically to find a Fourier series expansion, it is sufficient to evaluate the integrals (4.3) 

and (4.4) (the coefficients 𝑎0, 𝑎𝑛 and 𝑏𝑛) and put them into the series formula (4.2). 

 

Definition. 
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III. Sufficient Conditions for Expandability 

To find the Fourier coefficients, it was assumed that the trigonometrical series (4.1) is 

convergent. But what properties should the function 𝑓(𝑥) possess for the Fourier series (4.2) 

to converge so that the sum of the Fourier series is equal to the values of the function 𝑓(𝑥) at 

the corresponding points?  

Before we state the theorem about sufficient conditions for representing a function by 

Fourier series, let us look through some definitions. 

 

 The function is called piecewise monotonic if it can be divided into a finite 

number of distinct parts and on each part the function is monotonic 

(nonincreasing or nondecreasing). 

 

A piecewise monotonic function may not 

be continuous everywhere (Fig. 8). However 

the only discontinuities that are allowed are a 

finite number of jump and removable 

discontinuities of the first kind (for the point 

𝑥 = 𝑐 there exist the one-sided limits 

 

Figure 8. 

lim
𝑥→𝑐+

𝑓(𝑥) = 𝑓(𝑐 + 0)  and  lim
𝑥→𝑐−

𝑓(𝑥) = 𝑓(𝑐 − 0)). 

 

 

Sufficient conditions for representing a function  

by Fourier series 

If the 2𝜋 -periodic function 𝑓(𝑥) is a piecewise monotonic and bounded 

on the interval [−𝜋, 𝜋], then the Fourier series for 𝑓(𝑥) converges at all 

points.  

At the points of its continuity, the values of the sum of series  𝑆(𝑥) is equal 

to the values of the function 𝑓(𝑥).  

At the points of discontinuities of 𝑓(𝑥), the sum is the average of the two 

one-sided limits; that is for the point  𝑥 = 𝑐: 

𝑆(𝑐) =
𝑓(𝑐 + 0) + 𝑓(𝑐 − 0)

2
. 

The proof of this theorem is out of our course. 

Definition. 

Theorem 4.1 
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A function 𝑓(𝑥) is called bounded on the interval [𝑎, 𝑏] if there exists such 

number 𝐴 that for all 𝑥 ∈ [𝑎, 𝑏]:  |𝑓(𝑥)| ≤ 𝐴. Otherwise, it is called unbounded. 

 

Since the set of functions that may be represented by the Fourier series is broad, Fourier 

series have a lot of applications in mathematics, physics and mechanics. 

 

 
 

Find the Fourier series expansion for the 

2𝜋 -periodic function 

𝑓(𝑥) = {
1,     − 𝜋 < 𝑥 < 0,
3,       0 < 𝑥 < 𝜋.

  

Function 𝑓(𝑥) is piecewise monotonic 

and bounded and  has  a  jump  discontinuity  

at  𝑥 = 0 (Fig. 9). Hence, it admits expansion 

in a Fourier series. 

Let us calculate the coefficients: 

 

Figure 9. 

𝑎0 =
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

=
1

𝜋
(∫ 𝑑𝑥

0

−𝜋

+ 3∫ 𝑑𝑥
𝜋

0

) =
1

𝜋
(𝑥|−𝜋

0 + 3𝑥|0
𝜋) = 4; 

𝑎𝑛 =
1

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

 =  
1

𝜋
(∫ cos 𝑛𝑥 𝑑𝑥

0

−𝜋

+ 3∫ cos𝑛𝑥 𝑑𝑥
𝜋

0

) = 

                  =
1

𝜋
(
sin 𝑛𝑥

𝑛
|
−𝜋

0

+ 3
sin 𝑛𝑥

𝑛
|
0

𝜋

) = 0; 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

= 
1

𝜋
(∫ sin 𝑛𝑥 𝑑𝑥

0

−𝜋

+ 3∫ sin 𝑛𝑥 𝑑𝑥
𝜋

0

) = 

=
1

𝜋
(−
cos 𝑛𝑥

𝑛
|
−𝜋

0

− 3
cos 𝑛𝑥

𝑛
|
0

𝜋

)  =
1

𝜋𝑛
(−1 + cos𝜋𝑛 − 3 cos𝜋𝑛 + 3) = 

=
2

𝜋𝑛
(1 − cos𝜋𝑛) =

2

𝜋𝑛
(1 − (−1)𝑛) = {

0,     if  𝑛  is even number;
4

𝜋𝑛
,  if  𝑛  is odd number.

 

Thus, we obtain the series 

𝑓(𝑥) = 2 +
4

𝜋
∑
sin ( 2𝑛 − 1)𝑥

2𝑛 − 1
  

∞

𝑛=1

.  

 

Example 1. 

Note. 
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At the points of discontinuities ±𝑛𝜋, 𝑛 ∈ N this series converges to value 

𝑆(±𝜋𝑛) =
𝑓(±𝜋𝑛 + 0) + 𝑓(±𝜋𝑛 − 0)

2
=
3 + 1

2
= 2. 

Here we have the average value of the two one-sided limits. 

Figure 10 shows how the partial sums 𝑆𝑛 (𝑆3, 𝑆11, 𝑆29 (purpur lines) ) of the series 

more and more accurately represent the function 𝑓(𝑥) (red line)  as 𝑛 → ∞. 

 

 

 

Figure 10. 

 

 

 

Find the Fourier series expansion for the 

2𝜋 -periodic function 

𝑓(𝑥) = 𝑒𝑥,   𝑥 ∈ [−𝜋, 𝜋]. 

Function 𝑓(𝑥) admits expansion in a 

Fourier series. 
 

Figure 11. 

Example 2. 
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By formulas (4.3) and (4.4), we get: 

𝑎0 =
1

𝜋
∫ 𝑒𝑥𝑑𝑥
𝜋

−𝜋

=
1

𝜋
𝑒𝑥|  

−𝜋

𝜋 =
1

𝜋
(𝑒𝜋 − 𝑒−𝜋) =

2

𝜋
sinh 𝜋 ; 

𝑎𝑛 =
1

𝜋
∫ 𝑒𝑥 cos 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

 =
1

𝜋(1 + 𝑛2)
𝑒𝑥(cos 𝑛𝑥 + 𝑛 sin 𝑛𝑥)|  

−𝜋

𝜋 = 

=
1

𝜋(1 + 𝑛2)
(𝑒𝜋(cos 𝜋𝑛 + 𝑛 sin 𝜋𝑛) − 𝑒−𝜋(cos(−𝜋𝑛) + 𝑛 sin(−𝜋𝑛))) = 

=
2

𝜋(1 + 𝑛2)
(−1)𝑛 sinh 𝜋 ; 

𝑏𝑛 =
1

𝜋
∫ 𝑒𝑥 sin 𝑛𝑥 𝑑𝑥
𝜋

−𝜋

= 
1

𝜋(1 + 𝑛2)
𝑒𝑥(sin 𝑛𝑥 − 𝑛 cos 𝑛𝑥)|  

−𝜋

𝜋 = 

=
1

𝜋(1 + 𝑛2)
(𝑒𝜋(sin 𝜋𝑛 + 𝑛 cos𝜋𝑛) − 𝑒−𝜋(sin(−𝜋𝑛) + 𝑛 cos(−𝜋𝑛))) = 

= −
2𝑛

𝜋(1 + 𝑛2)
(−1)𝑛 sinh𝜋. 

Thus, we obtain the series 

𝑓(𝑥) =
sinh 𝜋

𝜋
(1 + 2∑

(−1)𝑛

1 + 𝑛2
( cos𝑛𝑥 − 𝑛 sin 𝑛𝑥)

∞

𝑛=1

).  

At the points ±(2𝑛 − 1)𝜋, 𝑛 ∈ N, this series converges to value  

𝑆(±(2𝑛 − 1)𝜋) =
1

2
(𝑓(𝜋) + 𝑓(−𝜋)) = cosh 𝜋. 

This is the average value of the two one-sided limits. 

 

Let us look through some very important and useful properties of the Fourier series. 

 
 

 

For the termwise differentiation of the Fourier series 

Let the function 𝑓(𝑥) be such that its derivative is piecewise monotonic, 

bounded and its Fourier series is continuous, then the Fourier series can 

be termwise differentiated and the result of the differentiation is the 

Fourier series of the derivative. 

                      

      The Fourier series is continuous everywhere in the interval [−𝜋, 𝜋] if it has no 

discontinuities in  [−𝜋, 𝜋].  

Theorem 4.2 

Note. 
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For the termwise integration of the Fourier series 

Let  the  function  𝑓(𝑥)  be  piecewise  monotonic and  bounded  then the 

Fourier series of the function can be termwise integrated and the result 

is a series (may not be the Fourier series for the integral of the function) 

that converges to the integral of 𝑓(𝑥). 

 

Review Questions 

1. What series is called trigonometric?  

2. What functions are members of the trigonometric series? 

3. What trigonometric series is called the Fourier series? 

4. What formulas are used to calculate the coefficients of the Fourier series? 

5. What function is called piecewise monotonic on the segment [𝑎; 𝑏]?  

6. Formulate sufficient conditions for representing the 2𝜋 -periodic function function by 

Fourier series. 

7. Can we say that the sum  𝑆(𝑥) of the Fourier series of the function 𝑓(𝑥) always 

coincides with this function? 

8. At what points do the sum 𝑆(𝑥) of the Fourier series of the function 𝑓(𝑥) and the 

function  𝑓(𝑥) coincide? 

9. What is the sum 𝑆(𝑥) of the Fourier series of the function 𝑓(𝑥) at the discontinuity 

points of this function and at the endpoints 𝑥 = ±𝜋? 

10. Is it possible to integrate and differentiate the Fourier series term by term? 

 

Exercises 4.1 

1. Check if the following functions admit expansion in a Fourier series. 

1)  𝑓(𝑥) = 5𝑥 − 2, −𝜋 ≤ 𝑥 ≤ 𝜋;                      

2)  𝑓(𝑥) =
1

𝑥−2
, −𝜋 ≤ 𝑥 ≤ 𝜋;             

3)  𝑓(𝑥) =  {
9,    − 𝜋 ≤ 𝑥 < −1,
𝑥 + 1,     0 < 𝑥 < 2,
𝑥,             2 < 𝑥 ≤ 𝜋;

                      

Theorem 4.3 
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4)  𝑓(𝑥) = {
4 − 𝑥,   − 𝜋 ≤ 𝑥 < −2,
2𝑥 + 1,     − 2 ≤ 𝑥 < 2,
𝑥,                 2 < 𝑥 ≤ 𝜋;

             

5)  𝑓(𝑥) = {
0,   − 𝜋 ≤ 𝑥 < 0,
ln 𝑥 ,    0 < 𝑥 ≤ 𝜋;

                           

6) 𝑓(𝑥) = {
1,   − 𝜋 ≤ 𝑥 < 1,
1

𝑥
,    1 ≤ 𝑥 ≤ 𝜋.

 

2.  Find the Fourier series expansion for the 2𝜋 -periodic function 

1)  𝑓(𝑥) = 2𝑥 − 3, −𝜋 ≤ 𝑥 ≤ 𝜋; 

2) 𝑓(𝑥) = {
  0,     − 𝜋 ≤ 𝑥 < 0,
  1,        0 < 𝑥 < 2,
0,       2 < 𝑥 ≤ 𝜋;

 

3) 𝑓(𝑥) = {
𝜋,   − 𝜋 ≤ 𝑥 < 0,
𝜋 − 𝑥,    0 ≤ 𝑥 ≤ 𝜋;

     

4)  𝑓(𝑥) = cos 𝑎𝑥 ,−𝜋 ≤ 𝑥 ≤ 𝜋, if 𝑎 is not integer; 

5)  𝑓(𝑥) = sin 𝑎𝑥 ,−𝜋 ≤ 𝑥 ≤ 𝜋, if 𝑎 is not integer. 

Answers 
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4.2 Fourier Series for Even and Odd Functions 

 

I. Expansion of  𝟐𝝅-periodic Even Functions in Fourier Series 

Let the function 𝑓(𝑥) be integrable in the interval [−𝜋, 𝜋]. 

Before considering the Fourier series for even and odd functions, let us consider the 

elementary integration properties of such functions. 
 

If the function is even (𝑓(−𝑥) = 𝑓(𝑥)), then 

∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

= ∫ 𝑓(𝑥)𝑑𝑥
0

−𝜋

+∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

= ∫ 𝑓(−𝑥)𝑑𝑥
𝜋

0

+∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

=

= ∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

+∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

= 2∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

. 

Similarly, if the function is odd (𝑓(−𝑥) = −𝑓(𝑥)), then 

∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

= ∫ 𝑓(𝑥)𝑑𝑥
0

−𝜋

+∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

= ∫ 𝑓(−𝑥)𝑑𝑥
𝜋

0

+∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

=

= −∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

+∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

= 0. 
 

 

The product of even and odd functions is an odd function, the product of two even 

functions is an even function and the product of two odd functions is an even function. 

 

Case 1. Let the function 𝑓(𝑥) be the 2𝜋-periodic even function and admit expansion 

into a Fourier series.  

Hence,  

𝑎0 =
1

𝜋
∫ 𝑓(𝑥)𝑑𝑥
𝜋

−𝜋

 =
2

𝜋
∫ 𝑓(𝑥)𝑑𝑥
𝜋

0

, 

𝑎𝑛 =
1

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥⏟      

𝑒𝑣𝑒𝑛  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑑𝑥
𝜋

−𝜋

 =
2

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥
𝜋

0

,   𝑛 ∈ {1,2,...}; 

𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥⏟      

𝑜𝑑𝑑  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑑𝑥
𝜋

−𝜋

= 0,    𝑛 ∈ {1,2,...}. 

Thus, the Fourier series of an even function contains “only cosines” and has the form 

𝑓(𝑥) =
𝑎0
2
+∑𝑎𝑛 cos 𝑛𝑥

∞

𝑛=1

,                                               (4.5) 

𝑎𝑛 =
2

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥
𝜋

0

,   𝑛 ∈ {0,1,2,...};                                   (4.6) 

 

Note. 
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In this case, we say that the function 𝑓(𝑥) is expanded in cosines on the interval [−𝜋, 𝜋]. 
 

 
   

Find the Fourier series expansion for the 2𝜋 -periodic function  

𝑓(𝑥) = |𝑥|, 

determined on the interval [−𝜋, 𝜋].  

 
Figure 12. 

Function 𝑓(𝑥) is a piecewise monotonic, bounded and even (Fig. 12). Thus, the Fourier 

series has the form 

𝑓(𝑥) =
𝑎0
2
+∑𝑎𝑛 cos 𝑛𝑥

∞

𝑛=1

.  

Let us calculate the coefficients: 

𝑎0 =
2

𝜋
∫ 𝑥𝑑𝑥
𝜋

0

=
2

𝜋
⋅
𝑥2

2
|
0

𝜋

= 𝜋; 

𝑎𝑛 =
2

𝜋
∫ 𝑥 cos 𝑛𝑥 𝑑𝑥
𝜋

0

 =
2

𝜋
(
𝑥 sin 𝑛𝑥

𝑛
|
0

𝜋

−
1

𝑛
∫ sin 𝑛𝑥 𝑑𝑥
𝜋

0

) =
1

𝜋
⋅
cos 𝑛𝑥

𝑛2
|
0

𝜋

 = 

=
1

𝜋𝑛2
(cos 𝜋𝑛 − 1) =

2

𝜋𝑛2
((−1)𝑛 − 1) = {

0,               if  𝑛  is even number;

−
4

𝜋𝑛2
,     if  𝑛  is odd number.

 

Hence,  

𝑓(𝑥) =
𝜋

2
−
4

𝜋
∑
cos( 2𝑛 − 1)𝑥

(2𝑛 − 1)2
  

∞

𝑛=1

.             

 

Case 2. Consider the 2𝜋-periodic odd function 𝑓(𝑥), which admits expansion into a 

Fourier series.  

Hence,  

𝑎𝑛 =
1

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥⏟      

𝑜𝑑𝑑  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑑𝑥
𝜋

−𝜋

 = 0,   𝑛 ∈ {0,1,2,...}; 

Example 1. 
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𝑏𝑛 =
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥⏟      

𝑒𝑣𝑒𝑛  𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛

𝑑𝑥
𝜋

−𝜋

=
2

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
𝜋

0

,   𝑛 ∈ {1,2,...}. 

Thus, the Fourier series of an even function contains “only sines” and has the form 

𝑓(𝑥) = ∑𝑏𝑛 𝑠𝑖𝑛 𝑛𝑥

∞

𝑛=1

,                                                      (4.7) 

𝑏𝑛 =
2

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
𝜋

0

,   𝑛 ∈ {1,2,...}.                                            (4.8) 

In this case, we say that the function 𝑓(𝑥) is expanded in sines on the interval [−𝜋, 𝜋]. 
 

 
    

Find the Fourier series expansion for the 2𝜋 -periodic function  

𝑓(𝑥) = {
−2,     − 𝜋 < 𝑥 < 0;
  2,        0 < 𝑥 < 𝜋.

  

 
Figure 13. 

Function 𝑓(𝑥) is a piecewise monotonic, bounded and odd (Fig. 13). Thus, the Fourier 

series has the form 

𝑓(𝑥) = ∑𝑏𝑛 sin 𝑛𝑥

∞

𝑛=1

.  

Let us calculate the coefficients: 

𝑎𝑛 = 0,   𝑛 ∈ {0,1,2, . . . }; 

𝑏𝑛 =
2

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥
𝜋

0

= 
4

𝜋
∫ sin 𝑛𝑥 𝑑𝑥
𝜋

0

= −
4

𝜋
 
cos 𝑛𝑥

𝑛
|
0

𝜋

= 

=
4

𝜋𝑛
(1 − cos𝜋𝑛) =

4

𝜋𝑛
(1 − (−1)𝑛) = {

0,       if  𝑛  is even number ;
8

𝜋𝑛
,   if  𝑛  is odd number.

 

Thus, 

𝑓(𝑥) =
8

𝜋
∑
sin( 2𝑛 − 1)𝑥

2𝑛 − 1

∞

𝑛=1

.           

Example 2. 
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Review Questions 

1. What are the elementary integration properties of even functions? Of odd functions? 

2. How does the parity (even or odd) of a function affect its Fourier series expansion? 

3. What does it mean to expand a function into a Fourier series in cosines on the interval 

[−𝜋, 𝜋]? In sines on the interval [−𝜋, 𝜋]? 

4. What formulas are used to calculate the coefficients of the Fourier series for the even 

function 𝑓(𝑥)? For the odd function 𝑓(𝑥)? 

 

Exercises 4.2 

1.  Find the Fourier series expansion for the 2𝜋 –periodic even functions  

1)  𝑓(𝑥) = 𝑥2, −𝜋 < 𝑥 < 𝜋; 

2) 𝑓(𝑥) =

{
 

 
 1,            − 𝜋 < 𝑥 < −

𝜋

2
,

−1,      −
𝜋

2
≤ 𝑥 ≤

𝜋

2
,        

 1,                
𝜋

2
< 𝑥 < 𝜋;

 

3)  𝑓(𝑥) = {
 −𝜋 − 𝑥,   − 𝜋 ≤ 𝑥 ≤ −1,
1,              − 1 < 𝑥 < 1,   
 𝑥 − 𝜋,           1 ≤ 𝑥 ≤ 𝜋.

 

2.  Find the Fourier series expansion for the 2𝜋 -periodic odd function  

1)  𝑓(𝑥) = 𝑥3, −𝜋 < 𝑥 < 𝜋; 

2) 𝑓(𝑥) =

{
 

 
 0,   − 𝜋 < 𝑥 < −

𝜋

2
,

𝑥,     −
𝜋

2
≤ 𝑥 ≤

𝜋

2
,

 0,          
𝜋

2
< 𝑥 < 𝜋;

 

3) 𝑓(𝑥) = {

 −𝜋 − 𝑥,    − 𝜋 ≤ 𝑥 ≤ −1,
−1,           − 1 < 𝑥 < 0,
1,                   0 < 𝑥 < 1,

 𝜋 − 𝑥,            1 ≤ 𝑥 ≤ 𝜋.

 

Answers 
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4.3 Fourier Series for 𝟐𝓵-periodic Functions 

 

Consider the 2ℓ-periodic function 𝑓(𝑥), which is piecewise monotonic and bounded on 

the interval [−ℓ, ℓ].  Let us expand this function in a Fourier series. 

 Make the substitution    

𝑥 =
ℓ𝑡

𝜋
. 

Then the function 𝑓 (
ℓ𝑡

𝜋
)  is the 2𝜋 -periodic function of  𝑡. 

Thus, it may be represented as a Fourier series on the interval [−𝜋, 𝜋]. 

𝑓 (
ℓ𝑡

𝜋
) =

𝑎0
2
+∑(𝑎𝑛 cos 𝑛𝑡 + 𝑏𝑛 sin 𝑛𝑡)

∞

𝑛=1

, 

where  

𝑎0 =
1

𝜋
∫ 𝑓 (

ℓ𝑡

𝜋
)𝑑𝑡,

𝜋

−𝜋

   𝑎𝑛 =
1

𝜋
∫ 𝑓 (

ℓ𝑡

𝜋
) cos 𝑛𝑡 𝑑𝑡,

𝜋

−𝜋

  

𝑏𝑛 =
1

𝜋
∫ 𝑓 (

ℓ𝑡

𝜋
) sin 𝑛𝑡 𝑑𝑡

𝜋

−𝜋

. 

Return to the original variable 

𝑥 =
ℓ

𝜋
𝑡 ⟹ 𝑡 =

𝜋

ℓ
𝑥 ⟹ 𝑑𝑡 =

𝜋

ℓ
𝑑𝑥. 

 

Hence, we obtain the Fourier series for the 2ℓ-periodic function 

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos

𝜋𝑛𝑥

ℓ
+ 𝑏𝑛 sin

𝜋𝑛𝑥

ℓ

∞

𝑛=1

),                              (4.9) 

where 

𝑎0 =
1

ℓ
∫ 𝑓(𝑥)𝑑𝑥;
ℓ

−ℓ

 

𝑎𝑛 =
1

ℓ
∫ 𝑓(𝑥) cos

𝜋𝑛𝑥

ℓ
𝑑𝑥,

ℓ

−ℓ

       𝑏𝑛 =
1

ℓ
∫ 𝑓(𝑥) sin

𝜋𝑛𝑥

ℓ
𝑑𝑥.

ℓ

−ℓ

               (4.10) 
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Sufficient conditions for representing a function  

by Fourier series 

If the 2ℓ -periodic function 𝑓(𝑥) is a piecewise monotonic and bounded 

on the interval [−ℓ, ℓ], then the Fourier series for 𝑓(𝑥) converges at all 

points.  At the points of its continuity, the values of the sum of series  𝑆(𝑥) 

is equal to the values of the function 𝑓(𝑥).  At the points of discontinuities, 

of 𝑓(𝑥) the sum is the average of the two one-sided limits. 

 

The Fourier series of an even 2ℓ-periodic function 𝑓(𝑥) has the form 

𝑓(𝑥) =
𝑎0
2
+∑𝑎𝑛 cos

𝜋𝑛𝑥

ℓ

∞

𝑛=1

,                                       (4.11) 

 𝑎0 =
2

ℓ
∫ 𝑓(𝑥)𝑑𝑥;
ℓ

0

   𝑎𝑛 =
2

ℓ
∫ 𝑓(𝑥) cos

𝜋𝑛𝑥

ℓ
𝑑𝑥.

ℓ

0

                     (4.12) 

In this case, we say that the function 𝑓(𝑥) is expanded in cosines on the interval [−ℓ, ℓ]. 

If 2ℓ-periodic function 𝑓(𝑥) is odd then the Fourier series has the form 

𝑓(𝑥) = ∑𝑏𝑛 sin
𝜋𝑛𝑥

ℓ

∞

𝑛=1

,                                            (4.13) 

𝑏𝑛 =
2

ℓ
∫ 𝑓(𝑥) sin

𝜋𝑛𝑥

ℓ
𝑑𝑥.

ℓ

0

                                         (4.14) 

In this case, we say that the function 𝑓(𝑥) is expanded in sines on the interval [−ℓ, ℓ]. 
  

 
 

 

Find the Fourier series 

expansion for the function  

𝑓(𝑥) = {
0,     − 2 < 𝑥 ≤ 0;
1

2
𝑥,       0 < 𝑥 < 2,

   

Figure 14. 

defined on the interval [−2,2]. Period is 4 (Fig. 14). 

Function 𝑓(𝑥) is a piecewise monotonic and ℓ=2. Hence, the Fourier series has a form 

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos

𝜋𝑛𝑥

2
+ 𝑏𝑛 sin

𝜋𝑛𝑥

2
)

∞

𝑛=1

.   

Example 1. 

Theorem 4.4 
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Let us calculate the coefficients: 

𝑎0 =
1

2
∫ 𝑓(𝑥)𝑑𝑥
2

−2

=
1

2
∫
1

2
𝑥𝑑𝑥

2

0

=
1

4
⋅
𝑥2

2
|
0

2

=
1

2
; 

𝑎𝑛 =
1

2
∫ 𝑓(𝑥) cos

𝜋𝑛𝑥

2
𝑑𝑥

2

−2

 =
1

2
∫
𝑥

2
cos

𝜋𝑛𝑥

2
𝑑𝑥

2

0

=
1

4
∫ 𝑥 cos

𝜋𝑛𝑥

2
𝑑𝑥

2

0

= 

=
1

4
(
2

𝜋𝑛
⋅ 𝑥 sin

𝜋𝑛𝑥

2
|
0

2

−
2

𝜋𝑛
∫ sin

𝜋𝑛𝑥

2
𝑑𝑥

2

0

) =
1

𝜋2𝑛2
⋅ cos

𝜋𝑛𝑥

2
|
0

2

 = 

=
1

𝜋2𝑛2
(cos 𝜋𝑛 − 1) =

1

𝜋2𝑛2
((−1)𝑛 − 1) = {

0,             if  𝑛  is even number;

−
2

𝜋2𝑛2
,   if  𝑛  is odd number.

 

𝑏𝑛 =
1

2
∫ 𝑓(𝑥) sin

𝜋𝑛𝑥

2
𝑑𝑥

2

−2

 =
1

2
∫
𝑥

2
sin
𝜋𝑛𝑥

2
𝑑𝑥

2

0

=
1

4
∫ 𝑥 sin

𝜋𝑛𝑥

2
𝑑𝑥

2

0

= 

=
1

4
(−

2

𝜋𝑛
⋅ 𝑥 cos

𝜋𝑛𝑥

2
|
0

2

+
2

𝜋𝑛
∫ cos

𝜋𝑛𝑥

2
𝑑𝑥

2

0

) = 

=
1

4
(−

4

𝜋𝑛
⋅ cos 𝜋𝑛 +

4

𝜋2𝑛2
⋅ sin

𝜋𝑛𝑥

2
|
0

2

)  =
(−1)𝑛+1

𝜋𝑛
. 

At the points of continuity of function, we have 

𝑓(𝑥) =
1

4
+∑(−

2

𝜋2(2𝑛 − 1)2
cos

(2𝑛 − 1)𝜋𝑥

2
+
(−1)𝑛+1

𝜋𝑛
sin
𝜋𝑛𝑥

2
) 

∞

𝑛=1

. 

At the points of discontinuities of 𝑓(𝑥), this series converges to value 
1

2
    the average 

of the two one-sided limits.  

 

 

 

Find the Fourier series expansion for 

the function  

𝑓(𝑥) = 𝑥  

defined on the interval [−3,3] (Fig. 15). 

This function is a 6-periodic and odd.  

Thus,   

𝑓(𝑥) = ∑𝑏𝑛 sin
𝜋𝑛𝑥

3

∞

𝑛=1

. 

 

Figure 15. 

Example 2. 
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By (4.14) we obtain 

𝑏𝑛 =
2

3
∫ 𝑥 sin

𝜋𝑛𝑥

3
𝑑𝑥

3

0

=
2

3
⋅ (

9

𝜋2𝑛2
sin
𝜋𝑛𝑥

3
−
3𝑥

𝜋𝑛
cos

𝜋𝑛𝑥

3
)|
0

3

= 

= −
6

𝜋𝑛
cos𝜋𝑛 =

6

𝜋𝑛
(−1)𝑛+1. 

Hence, we get the Fourier series expansion 

𝑓(𝑥) =
6

𝜋
∑
(−1)𝑛+1

𝑛
sin
𝜋𝑛𝑥

3

∞

𝑛=1

. 

 

Review Questions 

1. Write down the Fourier series for the 2ℓ-periodic function 𝑓(𝑥) given on the interval 

[−ℓ, ℓ].   

2. What formulas are used to calculate the coefficients of the Fourier series for the 2ℓ-

periodic function 𝑓(𝑥)?  

3. Formulate sufficient conditions for representing the 2ℓ-periodic function function by 

Fourier series. 

4. What is the sum 𝑆(𝑥) of the Fourier series of the 2ℓ-periodic function 𝑓(𝑥) at the 

discontinuity points of this function and at the endpoints 𝑥 = ±ℓ? 

5. What does it mean to expand a function into a Fourier series in cosines on the interval 

[−ℓ, ℓ]? In sines on the interval [−ℓ, ℓ]? 

6. What formulas are used to calculate the coefficients of the Fourier series for the even 

2ℓ-periodic function 𝑓(𝑥)? For the odd 2ℓ-periodic function 𝑓(𝑥)? 

 

Exercises 4.3 

1. Find the Fourier series expansion for the 2ℓ-periodic functions 

1)   𝑓(𝑥) = 2𝑥 − 3, −1 < 𝑥 < 1, ℓ = 1; 

2)  𝑓(𝑥) = {
 2,     − 3 ≤ 𝑥 < 0,
 𝑥,        0 < 𝑥 < 3,

  ℓ = 3.   

2. Find the Fourier series expansion for the 2ℓ-periodic even functions  

1)   𝑓(𝑥) = 4 − 𝑥2, −2 < 𝑥 < 2, ℓ = 2; 
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2)  𝑓(𝑥) = {
 0,     − 2 ≤ 𝑥 < −1,
|𝑥|,      − 1 < 𝑥 < 1,
0,              1 ≤ 𝑥 < 2,

  ℓ = 2.   

3. Find the Fourier series expansion for the 2ℓ-periodic odd functions  

1)   𝑓(𝑥) = 1, −5 < 𝑥 < 5, ℓ = 5; 

2)  𝑓(𝑥) = {
 𝑥 + 2,   − 2 ≤ 𝑥 < −1,
 1,             − 1 ≤ 𝑥 ≤ 1,
2 − 𝑥,          1 < 𝑥 ≤ 2,

  ℓ = 2.   

4. Find the Fourier series expansion for the 𝑇-periodic functions. Functions are given by 

their graphs. 

1)    

2)   

3)  

Answers 
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4.4 Fourier Series for Functions Defined 

on an Arbitrary Interval 

 

I. Let   there   be   given,   on    some   interval  [𝑎, 𝑏], 

a piecewise monotonic function 𝑓(𝑥) (Fig. 16). It is possible 

to represent this function in the form of a sum of a Fourier 

series at the points of continuity. To do this, we should 

consider a so-called periodic extension of the function 𝑓(𝑥). 

 

 

Figure 16. 

The periodic extension is some periodic piecewise monotonic and bounded function 

𝑔(𝑥) with a period 2𝐿 ≥ 𝑏 − 𝑎, which coincides with the function 𝑓(𝑥) on [𝑎, 𝑏] (Fig. 17). 

 
Figure 17. 

The simplest  periodic  extension  of  the  function  𝑓(𝑥)  is  the  function  ℎ(𝑥)  is when  

𝐿 =
𝑏−𝑎

2
 . We get it by taking the graph of the function 𝑓(𝑥) on the interval [𝑎, 𝑏] and then 

repeating that graph to the right and left of the graph of the original function (Fig. 18). 

 
Figure 18. 

In any case, we can expand periodic extensions in a Fourier series of the form 

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos

2𝑛𝜋𝑥

𝑏 − 𝑎
+ 𝑏𝑛 sin

2𝑛𝜋𝑥

𝑏 − 𝑎

∞

𝑛=1

),                              (4.11) 

where 

𝑎0 =
2

𝑏 − 𝑎
∫ 𝑓(𝑥)𝑑𝑥
𝑏

𝑎

, 𝑎𝑛 =
2

𝑏 − 𝑎
∫ 𝑓(𝑥) cos

2𝑛𝜋𝑥

𝑏 − 𝑎
𝑑𝑥,

𝑏

𝑎

𝑏𝑛 =
2

𝑏 − 𝑎
∫ 𝑓(𝑥) sin

2𝑛𝜋𝑥

𝑏 − 𝑎
𝑑𝑥.

𝑏

𝑎

             (4.12) 
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At all points of interval [𝑎, 𝑏] (with the exception of points of discontinuity), the sum of 

this series coincides with the given function. That means we have expanded the function 𝑓(𝑥) 

in a Fourier series on the interval [𝑎, 𝑏]. 

 

 

Find the Fourier series expansion for the function  

𝑓(𝑥) = 1 − 𝑥  

defined on the interval [1, 3] (Fig. 19). 

Here 

𝐿 =
3 − 1

2
= 1. 

 

Figure 19. 

Thus, according to (4.11), the Fourier series has a form 

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos 𝜋𝑛𝑥 + 𝑏𝑛 sin 𝜋𝑛𝑥)

∞

𝑛=1

.   

By formulas (4.12), we get: 

𝑎0 =
1

1
∫ (1 − 𝑥)𝑑𝑥
3

1

= (𝑥 −
𝑥2

2
)|
1

3

= −2; 

𝑎𝑛 =
1

1
∫ (1 − 𝑥) cos 𝜋𝑛𝑥 𝑑𝑥
3

1

 = 

= (
1

𝜋𝑛
sin 𝜋𝑛𝑥 −

1

𝜋2𝑛2
cos 𝜋𝑛𝑥 −

𝑥

𝜋𝑛
sin 𝜋𝑛𝑥)|

1

3

 = 0 

𝑏𝑛 =
1

1
∫ (1 − 𝑥) sin 𝜋𝑛𝑥 𝑑𝑥
3

1

 = 

= (−
1

𝜋𝑛
cos 𝜋𝑛𝑥 −

1

𝜋2𝑛2
sin 𝜋𝑛𝑥 +

𝑥

𝜋𝑛
cos𝜋𝑛𝑥)|

1

3

=
2

𝜋𝑛
(−1)𝑛. 

At the points of continuity of function 

𝑓(𝑥) = −1 +
2

𝜋
∑
(−1)𝑛

𝑛
sin 𝜋𝑛𝑥 

∞

𝑛=1

. 

At the endpoints of the interval [1, 3], this series converges to value −1    the average 

of the two one-sided limits. 

 

 

Example 1. 
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II. Let a piecewise monotonic and bounded function 𝑓(𝑥) be given on the segment [0, ℓ].  

According to I., since 𝐿 =
ℓ

2
, there exists a Fourier series expansion for this function on 

the segment [0, ℓ]  

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos

2𝑛𝜋𝑥

ℓ
+ 𝑏𝑛 sin

2𝑛𝜋𝑥

ℓ

∞

𝑛=1

),                              (4.13) 

where 

𝑎0 =
2

ℓ
∫ 𝑓(𝑥)𝑑𝑥;
ℓ

0

 

𝑎𝑛 =
2

ℓ
∫ 𝑓(𝑥) cos

2𝑛𝜋𝑥

ℓ
𝑑𝑥,

ℓ

0

       𝑏𝑛 =
2

ℓ
∫ 𝑓(𝑥) sin

2𝑛𝜋𝑥

ℓ
𝑑𝑥.

ℓ

0

               (4.14) 

Let us consider two important cases. We can construct the odd or the even extension of  𝑓(𝑥) 

on the segment [−ℓ, 0]. 

Case 1. 

If we redefine the given function as 

𝑓𝑒𝑣𝑒𝑛(𝑥) = {
𝑓(−𝑥), 𝑥 ∈ [−ℓ, 0],

𝑓(𝑥), 𝑥 ∈ [0, ℓ],
 

we get an even function (Fig. 20), and the expansion in a 

Fourier series contains only cosines. 

 

Figure 20. 

𝑓(𝑥) =
𝑎0
2
+∑𝑎𝑛 cos

𝑛𝜋𝑥

ℓ

∞

𝑛=1

,                                       (4.15) 

 𝑎0 =
2

ℓ
∫ 𝑓(𝑥)𝑑𝑥;
ℓ

0

   𝑎𝑛 =
2

ℓ
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

ℓ
𝑑𝑥.

ℓ

0

                     (4.16) 

Thus, we have expanded in cosines the function 𝑓(𝑥) on the segment [0, ℓ]. 

 
 

Find the Fourier series expansion in cosines for the 

function  

𝑓(𝑥) = 1 − 𝑥  

defined on the segment [0, 1]. 

In this case, we have to consider an even periodic 

extension of the function (Fig. 21). 

 

Figure 21. 

Example 2. 



 

 

 

123 

Thus, 

𝑓𝑒𝑣𝑒𝑛(𝑥) = {
𝑥 + 1, 𝑥 ∈ [−1,0],
1 − 𝑥 , 𝑥 ∈ [0,1],

 

and, by (4.15), the Fourier series has a form 

𝑓(𝑥) =
𝑎0
2
+∑𝑎𝑛 cos 𝑛𝜋𝑥

∞

𝑛=1

.   

According to (4.16), we evaluate 

𝑎0 = 2∫ (1 − 𝑥)𝑑𝑥
1

0

= 2(𝑥 −
𝑥2

2
)|
0

1

= 1; 

𝑎𝑛 = 2∫ (1 − 𝑥) cos 𝜋𝑛𝑥 𝑑𝑥
1

0

 = 

= 2 (
1

𝜋𝑛
sin 𝜋𝑛𝑥 −

1

𝜋2𝑛2
cos 𝜋𝑛𝑥 −

𝑥

𝜋𝑛
sin 𝜋𝑛𝑥)|

0

1

 = 

=
−2

𝜋2𝑛2
(cos 𝜋𝑛 − 1) =

−2

𝜋2𝑛2
((−1)𝑛 − 1) = {

0,             if  𝑛  is even number;
4

𝜋2𝑛2
,   if  𝑛  is odd number.

 

Therefore, the Fourier series expansion in cosines is 

𝑓(𝑥) =
1

2
+
4

𝜋2
∑

1

(2𝑛 − 1)2
cos 𝜋(2𝑛 − 1)𝑥 

∞

𝑛=1

. 

 

Case 2. 

If we redefine the given function as 

𝑓𝑜𝑑𝑑(𝑥) = {
−𝑓(−𝑥), 𝑥 ∈ [−ℓ, 0],

𝑓(𝑥), 𝑥 ∈ [0, ℓ],
 

we get an odd function (Fig. 22), and the expansion 

in a Fourier series contains only sines. 

 

Figure 22. 

𝑓(𝑥) = ∑𝑏𝑛 sin
𝑛𝜋𝑥

ℓ

∞

𝑛=1

,                                            (4.17) 

where  

𝑏𝑛 =
2

ℓ
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

ℓ
𝑑𝑥.

ℓ

0

                                         (4.18) 

Thus, we have expanded in sines the function 𝑓(𝑥) on the segment [0, ℓ]. 
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Find the Fourier series expansion in sines for the 

function  

𝑓(𝑥) = 1 − 𝑥  

defined on the segment [0, 1]. 

In this case, we have to consider an odd periodic 

extension of the function (Fig. 23). 

 

 
Figure 23. 

Hence, 

𝑓𝑜𝑑𝑑(𝑥) = {
−𝑥 − 1, 𝑥 ∈ [−1,0],
1 − 𝑥 , 𝑥 ∈ [0,1],

 

and, by (4.17), the Fourier series has a form 

𝑓(𝑥) = ∑𝑏𝑛 sin 𝑛𝜋𝑥

∞

𝑛=1

.   

According to (4.18), we have 

𝑏𝑛 = 2∫ (1 − 𝑥) sin 𝜋𝑛𝑥 𝑑𝑥
1

0

 = 

= 2 (−
1

𝜋𝑛
cos𝜋𝑛𝑥 −

1

𝜋2𝑛2
sin 𝜋𝑛𝑥 +

𝑥

𝜋𝑛
cos𝜋𝑛𝑥)|

0

1

=
2

𝑛
. 

Thus, the Fourier series expansion in sines is 

𝑓(𝑥) =
2

𝜋
∑
1

𝑛
sin𝜋𝑛𝑥 .

∞

𝑛=1

 

 

Review Questions 

1. Is it possible to expand a non-periodic function in the Fourier series? 

2. How can a non-periodic function be represented by a Fourier series on any interval 

[𝑎, 𝑏]? 

3. What conditions must a non-periodic function satisfy for its expansion into a Fourier 

series on the segment [𝑎, 𝑏]? 

4. How to expand in the Fourier series the non-periodic function 𝑓(𝑥) given on half the 

period [0, ℓ]? 

Example 3. 
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5. What is a periodic extension of the function? 

6. What does odd periodic extension mean for the function 𝑓(𝑥) given on the interval 

[0, ℓ]? What kind of Fourier series do we get in this case? 

7. What does even periodic extension mean for the function 𝑓(𝑥) given on the segment 

[0, ℓ]? What kind of Fourier series do we obtain in this case? 

 

Exercises 4.4 

1. Find the Fourier series expansion in sines. 

1)  𝑓(𝑥) = 𝑥2, 0 < 𝑥 < 2𝜋; 

2) 𝑓(𝑥) = cosh 𝑥 , 0 < 𝑥 < 𝜋; 

3) 𝑓(𝑥) = {
𝑥,      0 < 𝑥 ≤ 1,
2 − 𝑥,    1 < 𝑥 < 2;

 

4) 𝑓(𝑥) = 2𝑥 − 𝑥2, 0 < 𝑥 ≤ 2; 

5) 𝑓(𝑥) = 𝑥 − 4𝜋, 4𝜋 < 𝑥 ≤ 5𝜋; 

6) 𝑓(𝑥) = cos 𝑎𝑥 , 0 < 𝑥 < 𝜋, where 𝑎 is integer. 

2. Find the Fourier series expansion in cosines  

1)  𝑓(𝑥) = 𝑥2, 0 < 𝑥 < 2𝜋; 

2) 𝑓(𝑥) = cosh 𝑥 , 0 < 𝑥 < 𝜋; 

3) 𝑓(𝑥) = {
𝑥,      0 < 𝑥 ≤ 1,
2 − 𝑥,    1 < 𝑥 < 2;

 

4) 𝑓(𝑥) = {
1,      0 ≤ 𝑥 < ℎ,
  0,    ℎ < 𝑥 < 𝜋;

 

5) 𝑓(𝑥) = {
1,      

3

2
< 𝑥 ≤ 2,

3 − 𝑥,    2 < 𝑥 < 3;
 

6) 𝑓(𝑥) = sin 𝑎𝑥 , 0 < 𝑥 < 𝜋, where 𝑎 is integer. 

3. Find the Fourier series expansion on the given interval 

1)  𝑓(𝑥) = 10 − 𝑥, 5 < 𝑥 < 15; 

2)  𝑓(𝑥) = 4 − 𝑥, 2 < 𝑥 ≤ 6; 

3) 𝑓(𝑥) = 𝑒𝑥 − 1, 0 < 𝑥 < 2𝜋. 

Answers 
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5. The Concept of  a Function of  a Complex Variable 

 

5.1 Complex Numbers and Operations on Complex Numbers 

 

I. The Concept of Complex Number 

There exist different sets of numbers such as natural (N ), integer (Z), rational (Q ), real 

(R) etc. It is well-known that the set of real numbers consists of rational numbers, such as 

integers (2, -10) and fractions (
1

2
,  3.7), irrational numbers (√3 ≈ 1.73205…,  ln 0.2 ≈

−1.6094…, sin 2 ≈ 0.090297…) and transcendental numbers (𝜋 ≈ 3.141592…, 𝑒 ≈

2.718281…). Geometrically real numbers are the points on the straight infinitely long line 

(real line) (Fig. 24). 

 

Figure 24. 

The basic mathematical (addition, subtraction, multiplication, division) and more 

advanced (exponentiation, logarithms, 𝑛-th root etc.) operations can be performed on real 

numbers. However, finding the square root of the negative number is impossible in terms of 

real numbers, since the product of the number by itself is not negative.  

Nevertheless, the problems where we need to find the square root of negative numbers 

arise quite often in different fields of mathematics, physics, engineering etc.  

For example, let us consider the quadratic equation  

𝑥2 + 1 = 0  ⟹  𝑥2 = −1. 

For solving such kind of equations, the concept of an imaginary unit was introduced.  
 

 The number that, when squared, gives −1 is called an imaginary unit and is 

denoted by 𝑖 = √−1. 

 

Thus, an imaginary unit is one of the solutions of the equation 𝑥2 + 1 = 0 .   

That is 

𝑥 = ±√−1  or  𝑥 = ±𝑖. 
 

   

Definition. 
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 The product of real number and imaginary unit is called an imaginary number 

or purely imaginary number. 
 

As a result, we can find square roots of any negative real number 

√−16 = √16√−1 = 4𝑖  ⟹  (4𝑖)2 = −16 , 

√−5 = √5√−1 = √5𝑖 ⟹  (√5𝑖)
2
= −5. 

We use imaginary numbers to define the so-called complex numbers, combinations of a 

real number and an imaginary number. 
 

 The number of the form (standard form) 

𝑧 = 𝑥 + 𝑖𝑦,                                                                (5.1)                                                       

where 𝑥 and 𝑦 are real numbers and  𝑖 = √−1 is called a complex number.  

Numbers 𝑥 and 𝑦 are called real and imaginary parts of complex number and 

are denoted by 

𝑅𝑒 𝑧 = 𝑥, 𝐼𝑚 𝑧 = 𝑦. 
 

For example, 

𝑧 = 2 + 3𝑖  ⟹ 𝑅𝑒 𝑧 = 2, 𝐼𝑚 𝑧 = 3; 

𝑧 = ln 7 − √5
3
𝑖  ⟹ 𝑅𝑒 𝑧 = ln 7 , 𝐼𝑚 𝑧 = −√5

3
; 

𝑧 = 5𝑖  ⟹ 𝑅𝑒 𝑧 = 0, 𝐼𝑚 𝑧 = 5 ⟹ 5𝑖 is a purely imaginary number; 

𝑧 = 12  ⟹ 𝑅𝑒 𝑧 = 12, 𝐼𝑚 𝑧 = 0 ⟹ 12 is a real number. 

The set of complex numbers is denoted by the symbol C. 

From the last example, we have that the set of real numbers is a subset of the complex 

numbers (R⊂C). 

Geometric Representation 

1. Since a complex number is an ordered pair of real 

numbers (𝑥, 𝑦), it is natural to use a point on the plane with 

Cartesian coordinates 𝑥 and 𝑦 as a geometric image of a 

complex number (Fig. 25). The number 𝑧 = 0 (𝑅𝑒 𝑧 = 0,

𝐼𝑚 𝑧 = 0) corresponds to the origin of coordinates.  

 

Figure 25. 

Conversely, any point in a plane may be regarded as a geometric image of a complex 

number. 

 

Definition. 

Definition. 
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 Such a plane is called the complex plane. Since points lying on the 𝑥-axis 

correspond to real numbers (𝐼𝑚 𝑧 = 0), the 𝑥-axis is called the real axis.  

Similarly, points lying on the 𝑦-axis are purely imaginary numbers (𝑅𝑒 𝑧 = 0), 

the 𝑦-axis is called the imaginary axis of the complex plane.  

 

2. Sometimes it is convenient to represent the complex 

number 𝑧 = 𝑥 + 𝑖𝑦 as a position vector (vector that joins the 

point with the origin) of the point (𝑥, 𝑦) (Fig. 26). 
 

 

Figure 26. 
 

 

 

Find real and imaginary parts of complex 

numbers 

𝑧1 = 2 + 𝑖,   𝑧2 = −2 + 2𝑖,   𝑧3 = −3𝑖. 

Plot these numbers on the complex plane (Fig. 27). 

For  𝑧1 = 2 + 𝑖 we have 𝑅𝑒 𝑧1 = 2,    𝐼𝑚 𝑧1 = 1. 

For 𝑧2 = −2 + 2𝑖: 𝑅𝑒 𝑧2 = −2,  𝐼𝑚 𝑧2 = 2. 

For 𝑧3 = −3𝑖: 𝑅𝑒 𝑧3 = 0,  𝐼𝑚 𝑧3 = −3. 
 

Figure 27. 

 

Two complex numbers 𝑧1 = 𝑥1 + 𝑖𝑦1 and 𝑧2 = 𝑥2 + 𝑖𝑦2 are equal if and only if 

𝑥1 = 𝑥2,  𝑦1 = 𝑦2. 

 

Trigonometric form of the complex number 

It is well-known that the position of the point (𝑥, 𝑦) on 

the plane could be defined in terms of polar coordinates 

(𝜌, 𝜙), where 𝜌 is the distance of the point from the origin, 

and 𝜙 is the angle between the position vector of the point 

and the positive direction of the real axis in a counter-

clockwise direction (Fig. 28).  

 
Figure 28. 

Using the relationship between Cartesian and polar coordinates 

𝑥 = 𝜌 cos𝜙 ,    𝑦 = 𝜌 sin𝜙, 

it is possible to rewrite the complex number 

𝑧 = 𝑥 + 𝑖𝑦 =  𝜌 cos𝜙 + 𝑖 𝜌 sin𝜙 = 𝜌(cos𝜙 + 𝑖 sin𝜙). 

Example 1. 

Note. 

Definition. 
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 The expression 

𝑧 = 𝜌(cos𝜙 + 𝑖 sin𝜙)                                                      (5.2)                                                       

is called the trigonometric form of the complex number. Here 𝜌 is called the 

modulus, 𝜙 is called the argument of the complex number and are denoted by 

𝜌 = |𝑧| = |𝑥 + 𝑖𝑦|,      𝜙 = Arg 𝑧. 
 

Applying the Cartesian to polar conversion formulas for 𝑧 = 𝑥 + 𝑖𝑦, we get   

𝜌 = |𝑧| = √𝑥2 + 𝑦2,       tan𝜙 = tanarg 𝑧 =
𝑦

𝑥
,    𝑥 ≠ 0.                      (5.3)                              

When solving the last equation of (5.3), the signs of the numbers 𝑥 and 𝑦 should be taken 

into account. Since values of arctangent belong only to (−
𝜋

2
,
𝜋

2
), formula (5.3) is good only 

for points lying in the first and fourth quadrants. Arguments of the points lying in the second 

and third quadrants need to be adjusted. Moreover, the argument is not defined uniquely, but 

within the additive number 2𝜋𝑘, 𝑘 ∈ Z. The value of arg 𝑧 is denoted by the principal value 

of the argument Arg 𝑧, 0 ≤ Arg 𝑧 < 2𝜋.  

Thus, 

arg 𝑧 = Arg 𝑧 + 2𝜋𝑘,   𝑘 ∈ Z,                                               (5.4) 

where 

Arg𝑧 =

{
 
 
 
 
 

 
 
 
 
  arctan

𝑦

𝑥
,         𝑥 > 0,

𝜋 + arctan
𝑦

𝑥
,      𝑥 < 0,

 
𝜋

2
,             𝑥 = 0,  𝑦 > 0,

3𝜋

2
,           𝑥 = 0,  𝑦 < 0,

0,             𝑦 = 0,  𝑥 > 0,
𝜋,             𝑦 = 0,  𝑥 < 0,

undefined,   𝑥 = 0,  𝑦 = 0.

                                         (5.5) 

 

          There is no general convention for defining the principal value of the argument. In 

the literature, the reader can find that its values should be in the interval (−𝜋, 𝜋]. 

Unfortunately, this aspect can lead to misunderstandings. 

 

 

 The exponential form of the complex number is  

𝑧 = 𝜌𝑒𝑖𝜙.                                                                    (5.6)                                                             
 

Definition. 

Note. 

Definition. 



 

 

 

130 

 

 

  Two complex numbers are equal if and only if their moduli are equal and the values 

of their arguments are either equal or differ by 2𝜋𝑘, 𝑘 ∈ Z. 

Complex conjugate   
 

 The complex number 𝑧̄ = 𝑥 − 𝑖𝑦 is called the 

complex conjugate number of 𝑧 = 𝑥 + 𝑖𝑦. Real 

parts and moduli of these numbers are equal, but 

imaginary parts and arguments change their sign 

under conjugation  

𝑅𝑒𝑧 = 𝑅𝑒𝑧̄, |𝑧| = |𝑧̄|,    

𝐼𝑚𝑧 = −𝐼𝑚𝑧,̄ arg 𝑧 = −arg 𝑧̄. 

 

 

Figure 29. 

 

Geometrically conjugate numbers are symmetrical with respect to real axis (Fig. 29). 

 

 

Find real and imaginary parts of complex numbers  

 𝑧1 = 2(cos
𝜋

3
+ 𝑖 sin

𝜋

3
),         𝑧2 = cos

5𝜋

6
+ 𝑖 sin

5𝜋

6
,          𝑧3 = 3(cos

𝜋

4
− 𝑖 sin

𝜋

4
),   

𝑧4 = 2𝑒
𝑖𝜋,        𝑧5 = 3𝑒

𝑖
5𝜋

4 ,        𝑧6 = 𝑒
−𝑖
𝜋

6 . 

Plot these numbers on the complex plane (Fig. 30). 

Evaluating corresponding values of sines and cosines, we obtain 

𝑧1 = 2(cos
𝜋

3
+ 𝑖 sin

𝜋

3
) = 2 ⋅

1

2
+ 𝑖 ⋅ 2 ⋅

√3

2

= 1 + √3𝑖 

and, as a result, 

𝑅𝑒 𝑧1 = 1, 𝐼𝑚 𝑧1 = √3. 

For 

𝑧2 = cos
5𝜋

6
+ 𝑖 sin

5𝜋

6
= −

√3

2
+ 𝑖
1

2
 

we have 

𝑅𝑒 𝑧2 = −
√3

2
, 𝐼𝑚 𝑧2 =

1

2
. 

 

Figure 30. 

For 

𝑧3 = 3(cos
𝜋

4
− 𝑖 sin

𝜋

4
) = 3 (cos (−

𝜋

4
) + 𝑖 sin (−

𝜋

4
)) =

3√2

2
−
3√2

2
𝑖   

 

Example 2. 

Definition. 

Note. 
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we obtain 

𝑅𝑒 𝑧3 =
3√2

2
, 𝐼𝑚 𝑧3 = −

3√2

2
. 

From exponential form of complex number, we get 

𝑧4 = 2𝑒
𝑖𝜋 = 2(cos𝜋 + 𝑖 sin 𝜋) = −2 ⟹ 𝑅𝑒 𝑧4 = −2,   𝐼𝑚 𝑧4 = 0; 

𝑧5 = 3𝑒
𝑖
5𝜋
4 = 3(cos

5𝜋

4
+ 𝑖 sin

5𝜋

4
) = −

3√2

2
− 𝑖
3√2

2
 

⟹  𝑅𝑒 𝑧5 = −
3√2

2
,   𝐼𝑚 𝑧5 = −

3√2

2
; 

𝑧6 = 𝑒
−𝑖
𝜋
6 = cos (−

𝜋

6
) + 𝑖 sin (−

𝜋

6
) =

√3

2
− 𝑖 

1

2
  

⟹  𝑅𝑒 𝑧6 =
√3

2
, 𝐼𝑚 𝑧6 = −

1

2
. 

 

 

Write down trigonometric form of the complex numbers:   

 𝑧1 = −3 + 3𝑖,     𝑧2 = 2 + 5𝑖,     𝑧3 = −4𝑖,     𝑧4 = 2,     𝑧5 = 3𝑖,    𝑧6 = −1. 

Applying formulas (5.3), (5.4) and (5.2) to each number, we get 

𝑧1 = −3 + 3𝑖  ⇒   {
|𝑧1| = √(−3)

2 + 32  = √18 = 3√2, 

Arg 𝑧1 = 𝜋 + arctan
3

3
= 𝜋 + arctan(1) =

3𝜋

4
,
  ⇒ 

𝑧1 = 3√2(cos
3𝜋

4
+ 𝑖 sin

3𝜋

4
) ;       

𝑧2 = 2 + 5𝑖 ⇒ {
|𝑧2| = √2

2 + 52  = √29, 

Arg 𝑧2 = arctan
5

2
,

⇒ 𝑧2 = √29(cos arctan
5

2
+ 𝑖 sin arctan

5

2
) ; 

𝑧3 = −4𝑖 ⇒  {
|𝑧3| = √0

2 + (−4)2  = 4, 

Arg 𝑧3 =
3𝜋

2
,

 ⇒  𝑧3 = 4(cos
3𝜋

2
+ 𝑖 sin

3𝜋

2
) ; 

𝑧4 = 2  ⇒   {
|𝑧4| = √2

2 + 02  = 2, 
Arg 𝑧4 = 0,

 ⇒   𝑧4 = 2(cos 0 + 𝑖 sin 0); 

𝑧5 = 3𝑖  ⇒   {
|𝑧5| = √0

2 + 32  = 3, 

Arg 𝑧5 =
𝜋

2
,

  ⇒   𝑧5 = 3(cos
𝜋

2
+ 𝑖 sin

𝜋

2
) ; 

𝑧6 = −1  ⇒   {
|𝑧6| = √(−1)

2 + 02  = 1, 
Arg 𝑧6 = 𝜋,

  ⇒   𝑧6 = cos𝜋 + 𝑖 sin 𝜋. 

Example 3. 
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II. Operations on Complex Numbers  

Let us consider two complex numbers 𝑧1 = 𝑥1 + 𝑖𝑦1 and 𝑧2 = 𝑥2 + 𝑖𝑦2. 

Addition and subtraction 

 

 The sum of two complex numbers 𝑧1 and 𝑧2 is a complex number 𝑧 whose real 

and imaginary parts are defined by 

𝑅𝑒𝑧 = 𝑥1 + 𝑥2, 𝐼𝑚𝑧 = 𝑦1 + 𝑦2. 
 

Thus, we add each part (real and imaginary) separately 

𝑧1 + 𝑧2 = (𝑥1 + 𝑖𝑦1) + (𝑥2 + 𝑖𝑦2) = (𝑥1 + 𝑥2) + 𝑖(𝑦1 + 𝑦2).                 (5.7)          

Subtraction is defined similarly.  
 

 The difference of two complex numbers 𝑧1 and 𝑧2 is 

𝑧1 − 𝑧2 = (𝑥1 + 𝑖𝑦1) − (𝑥2 + 𝑖𝑦2) = (𝑥1 − 𝑥2) + 𝑖(𝑦1 − 𝑦2). 

 

Using the representation of complex numbers as position vectors on the complex plane, 

addition and subtraction could be illustrated 

geometrically by the parallelogram rule (Fig. 31).  

It is easy to see that the commutative and 

associative laws for addition  

𝑧1 + 𝑧2 = 𝑧2 + 𝑧1,     

𝑧1 + (𝑧2 + 𝑧3) = (𝑧1 + 𝑧2) + 𝑧3, 

hold for complex numbers. 
 

Figure 31. 

 

Multiplication  
 

 The product of two complex numbers 𝑧1 and 𝑧2 is a complex number 𝑧  whose 

real and imaginary parts are defined by 

𝑅𝑒𝑧 = 𝑥1𝑥2 − 𝑦1𝑦2,  𝐼𝑚𝑧 = 𝑥1𝑦2 + 𝑥2𝑦1. 

 

These formulas are obtained by multiplying 𝑧1 and 𝑧2 as two binomials, taking into 

account that, 𝑖2 = −1, thus,   

𝑧1𝑧2 = (𝑥1 + 𝑖𝑦1)(𝑥2 + 𝑖𝑦2) = 𝑥1𝑥2 + 𝑖𝑥1𝑦2 + 𝑖𝑦1𝑥2 + 𝑖
2𝑦1𝑦2 = 

= 𝑥1𝑥2 − 𝑦1𝑦2 + 𝑖𝑥1𝑦2 + 𝑖𝑦1𝑥2 = (𝑥1𝑥2 − 𝑦1𝑦2) + 𝑖(𝑥1𝑦2 + 𝑦1𝑥2).           (5.8) 

Definition. 

Definition. 

Definition. 
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The three basic laws for addition and multiplication: the commutative, associative and 

distributive laws hold. That is  

𝑧1𝑧2 = 𝑧2𝑧1, 

𝑧1(𝑧2 ∙ 𝑧3) = (𝑧1 ∙ 𝑧2)𝑧3, 

𝑧1(𝑧2 + 𝑧3) = 𝑧1𝑧2 + 𝑧1𝑧3. 

       

 It is easy to prove that     

𝑖2 = −1,   𝑖3 = −𝑖,   𝑖4 = 1,   𝑖5 = 𝑖, 

and, generally, for positive integer 𝑘 

𝑖4𝑘 = 1,   𝑖4𝑘+1 = 𝑖,   𝑖4𝑘+2 = −1,   𝑖4𝑘+3 = −𝑖. 
 

 The product of conjugate complex numbers is the real number 

𝑧𝑧̄ = (𝑥 + 𝑖𝑦)(𝑥 − 𝑖𝑦) = 𝑥2 + 𝑖𝑥𝑦 − 𝑖𝑦𝑥 − 𝑖2𝑦2 = 𝑥2 + 𝑦2 = |𝑧|2. 

This concept we use when dividing complex numbers. 
 

 Let us consider two complex numbers in trigonometric form 

𝑧1 = 𝜌1(cos𝜙1 + 𝑖 sin𝜙1) and 𝑧2 = 𝜌2(cos𝜙2 + 𝑖 sin𝜙2). 

Thus, their product is 

𝑧1𝑧2 = 𝜌1(cos𝜙1 + 𝑖 sin𝜙1) ∙ 𝜌2(cos𝜙2 + 𝑖 sin𝜙2) = 

= 𝜌1𝜌2 ((cos𝜙1 cos𝜙2 − sin𝜙1 sin𝜙2⏟                  
cos(𝜙1+𝜙2)

) + 𝑖(sin𝜙1 cos𝜙2 + cos𝜙1 sin𝜙2⏟                  
sin(𝜙1+𝜙2)

)) = 

= 𝜌1𝜌2(cos(𝜙1 + 𝜙2) + 𝑖 sin(𝜙1 + 𝜙2)) 

Hence, the product of two complex numbers in trigonometric or exponential form is 

𝑧1𝑧2 = 𝜌1𝜌2(cos(𝜙1 + 𝜙2) + 𝑖 sin(𝜙1 + 𝜙2)) = 𝜌1𝜌2𝑒
𝑖(𝜙1+𝜙2).             (5.9) 

 

 To multiply the two complex numbers in trigonometric or exponential form we have 

to multiply their moduli and add their arguments. 

 

Division    
     

 The quotient of two complex numbers 𝑧1 and 𝑧2 (𝑧2 ≠ 0) is a complex number 

𝑧  whose real   and   imaginary   parts   are   defined   by   

𝑅𝑒𝑧 =
𝑥1𝑥2 + 𝑦1𝑦2

𝑥2
2 + 𝑦2

2 ,    𝐼𝑚𝑧 =
𝑥2𝑦1 − 𝑥1𝑦2

𝑥2
2 + 𝑦2

2 ,  for   𝑥2
2 + 𝑦2

2 ≠ 0. 

Note 1. 

Note 2. 

Definition. 

Rule. 
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To obtain these formulas we have to multiply both numerator and denominator by the 

complex conjugate of the denominator. 

Thus, 

𝑧1
𝑧2
=
𝑥1 + 𝑖𝑦1
𝑥2 + 𝑖𝑦2

=
(𝑥1 + 𝑖𝑦1)(𝑥2 − 𝑖𝑦2)

(𝑥2 + 𝑖𝑦2)(𝑥2 − 𝑖𝑦2)
=
(𝑥1𝑥2 + 𝑦1𝑦2) + 𝑖(𝑥2𝑦1 − 𝑥1𝑦2)

𝑥2
2 + 𝑦2

2 = 

=
𝑥1𝑥2 + 𝑦1𝑦2

𝑥2
2 + 𝑦2

2 + 𝑖
𝑥2𝑦1 − 𝑥1𝑦2

𝑥2
2 + 𝑦2

2 .                                            (5.10) 

Let us consider two complex numbers in trigonometric form 

𝑧1 = 𝜌1(cos𝜙1 + 𝑖 sin𝜙1) and 𝑧2 = 𝜌2(cos𝜙2 + 𝑖 sin𝜙2). 

Thus, their quotient is 

𝑧1
𝑧2
=
𝜌1(cos𝜙1 + 𝑖 sin𝜙1)

𝜌2(cos𝜙2 + 𝑖 sin𝜙2)
=
𝜌1(cos𝜙1 + 𝑖 sin𝜙1)(cos𝜙2 − 𝑖 sin𝜙2)

𝜌2(cos𝜙2 + 𝑖 sin𝜙2)(cos𝜙2 − 𝑖 sin𝜙2)
= 

=

𝜌1 ((cos𝜙1 cos𝜙2 + sin𝜙1 sin𝜙2⏟                  
cos(𝜙1−𝜙2)

) + 𝑖(sin𝜙1 cos𝜙2 − cos𝜙1 sin𝜙2⏟                  
sin(𝜙1−𝜙2)

))

𝜌2 (cos
2𝜙2 + sin

2𝜙2⏟          
1

)

= 

=
𝜌1
𝜌2
(cos(𝜙1 − 𝜙2) + 𝑖 sin(𝜙1 − 𝜙2)). 

Hence, the quotient of two complex numbers in trigonometric or exponential form is 

𝑧1
𝑧2
=
𝜌1
𝜌2
(cos(𝜙1 − 𝜙2) + 𝑖 sin(𝜙1 − 𝜙2)) =

𝜌1
𝜌2
𝑒𝑖(𝜙1−𝜙2).             (5.11) 

 

 To divide the two complex numbers in trigonometric or exponential form we have to 

divide their moduli and subtract their arguments. 
   

 

 

Evaluate 

2 − 𝑖

3𝑖
+
3 + 2𝑖

1 + 𝑖
. 

Let us do it step by step. 

1. Do the first division 

2 − 𝑖

3𝑖
= |

multiply both numerator 

and denominator by i
| =

(2 − 𝑖) ⋅ 𝑖

3𝑖 ⋅ 𝑖
=
2𝑖 − 𝑖2

3𝑖2
= |

remember that

𝑖2 = −1
| = −

1 + 2𝑖

3
. 

 

Example 4. 

Rule. 
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2. Do the second division 

3 + 2𝑖

1 + 𝑖
= |

multiply both numerator and denominator

 by the complex conjugate of the denominator
| =

(3 + 2𝑖)(1 − 𝑖)

(1 + 𝑖)(1 − 𝑖)
= 

= |
apply 

the distributive property
| =

3 + 2𝑖 − 3𝑖 − 2𝑖2

1 + 1
= |

remember that

𝑖2 = −1 
and simplify

| =
5 − 𝑖

2
. 

3. Do the addition 

−
1 + 2𝑖

3
+
5 − 𝑖

2
= (−

1

3
+
5

2
) − (

2

3
+
1

2
) 𝑖 =

13

6
− 𝑖
7

6
. 

Thus, 

2 − 𝑖

3𝑖
+
3 + 2𝑖

1 + 𝑖
=
13

6
− 𝑖
7

6
. 

 

 

Evaluate 𝑧1𝑧2 and  
𝑧1

𝑧2
  for  

𝑧1 = 3(cos
𝜋

12
+ 𝑖 sin

𝜋

12
)  and  𝑧2 = 4(cos

3𝜋

4
+ 𝑖 sin

3𝜋

4
). 

Since both numbers are in trigonometric form, apply formulas (5.9) and (5.11). 

Find the product by (5.9)  

𝑧1𝑧2 = 12(cos
𝜋

12
+ 𝑖 sin

𝜋

12
)(cos

3𝜋

4
+ 𝑖 sin

3𝜋

4
) = |

the moduli are multiplied 
and the arguments are added

| = 

= 12(cos (
𝜋

12
+
3𝜋

4
) + 𝑖 sin (

𝜋

12
+
3𝜋

4
)) = 12 (cos

10𝜋

12
+ 𝑖 sin

10𝜋

12
) = 

= 12(cos
5𝜋

6
+ 𝑖 sin

5𝜋

6
) = 12(−

√3

2
+ 𝑖
1

2
) = −6√3 + 6𝑖.  

Find the quotient by (5.11) 

𝑧1
𝑧2
=
3 (cos

𝜋
12
+ 𝑖 sin

𝜋
12)

4 (cos
3𝜋
4
+ 𝑖 sin

3𝜋
4 )

= |
the moduli are divided 

and the arguments are subtracted
| = 

=
3

4
(cos (

𝜋

12
−
3𝜋

4
) + 𝑖 sin (

𝜋

12
−
3𝜋

4
)) =

3

4
(cos (

−8𝜋

12
) + 𝑖 sin (

−8𝜋

12
)) = 

=
3

4
(cos

2𝜋

3
− 𝑖 sin

2𝜋

3
) =

3

4
(−
1

2
− 𝑖
√3

2
) = −

3

8
− 𝑖
3√3

8
. 

 

 

Example 5. 
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Integer Power of Complex Number  

Let us consider 𝑧𝑛, where 𝑧 is some complex number and 𝑛 is a positive integer number. 

Since positive integer power of number means multiplication of 𝑛 instances of 𝑧 together, it 

is natural to use the formula (5.9) of multiplication of complex numbers in trigonometric form. 

Suppose, that 𝑧 = 𝜌(cos𝜙 + 𝑖 sin𝜙). Let us find 𝑧𝑛 = (𝜌(cos𝜙 + 𝑖 sin𝜙))𝑛. 

According to the rule, we have to multiply moduli 𝑛 times and add 𝑛 identical arguments. 

 Thus, we get 

𝑧𝑛 = 𝜌𝑛(cos 𝑛𝜙 + 𝑖 sin 𝑛𝜙). 

For negative integer power, we apply the previous formula and (5.11) 

𝑧−𝑛 = (𝑧𝑛)−1 =
1

𝑧𝑛
=

1(cos0 + 𝑖 sin 0)

𝜌𝑛(cos𝑛 𝜙 + 𝑖 sin 𝑛 𝜙)
= 𝜌−𝑛(cos(−𝑛𝜙) + 𝑖 sin(−𝑛𝜙)). 

As a result, we get De Moivre’s formula. 

 
 

De Moivre’s formula 

For any integer 𝑛 

𝑧𝑛 = 𝜌𝑛(𝑐𝑜𝑠 𝑛 𝜙 + 𝑖 𝑠𝑖𝑛 𝑛 𝜙).                                                   (5.12)                                               

 

 

We can prove this fact for positive powers using the mathematical induction 

method. 
 

Using De Moivre’s formula significantly simplifies calculations in problems involving 

high powers of complex numbers. Sometimes we have to convert to trigonometric form first. 
 

 
 

Evaluate 

(1 + 𝑖√3)17. 

Let us find the trigonometric form of the complex number 𝑧 = 1 + 𝑖√3 

|𝑧| = √12 + √3
2
 = 2, 

Arg 𝑧 = arctg√3 =
𝜋

3
 

Hence, 

𝑧 = 2 (cos
𝜋

3
+ 𝑖 sin

𝜋

3
). 

Example 6. 

Note. 

Theorem 5.1 
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Thus, according to De Moivre’s formula, we have     

(1 + 𝑖√3)17 = 217 (cos
17𝜋

3
+ 𝑖 sin

17𝜋

3
) = 217 (cos (5𝜋 +

2𝜋

3
) + 𝑖 sin (5𝜋 +

2𝜋

3
)) = 

= 217 (−cos
2𝜋

3
− 𝑖 sin

2𝜋

3
) = 217 (

1

2
− 𝑖
√3

2
) = 216 − 𝑖216√3. 

 

 
 

Evaluate 

(1 + 𝑖)5

(−1 + 𝑖)7
. 

First, let us find trigonometrical forms of numbers 𝑧1 = 1 + 𝑖 and 𝑧2 = −1 + 𝑖 

|𝑧1| = √2 ,   Arg 𝑧1 = arctan1 =
𝜋

4
 ⟹  

𝑧1 = √2(cos
𝜋

4
+ 𝑖 sin

𝜋

4
) ; 

|𝑧2| = √2 ,   Arg 𝑧2 = 𝜋 + arctan(−1) =
3𝜋

4
 ⟹ 

 𝑧2 = √2(cos
3𝜋

4
+ 𝑖 sin

3𝜋

4
). 

Then, we apply De Moivre’s formula for numerator and denominator 

(1 + 𝑖)5 = (√2(cos
𝜋

4
+ 𝑖 sin

𝜋

4
))

5

= (√2)
5
(cos

5𝜋

4
+ 𝑖 sin

5𝜋

4
) ; 

(−1 + 𝑖)7 = (√2 (cos
3𝜋

4
+ 𝑖 sin

3𝜋

4
))

7

= (√2)
7
(cos

21𝜋

4
+ 𝑖 sin

21𝜋

4
). 

Finally, we do the division by formula (5.11) 

(1 + 𝑖)5

(−1 + 𝑖)7
=

(√2)
5
(cos

5𝜋
4
+ 𝑖 sin

5𝜋
4 )

(√2)
7
(cos

21𝜋
4
+ 𝑖 sin

21𝜋
4 )

= 

=
1

2
(cos (

5𝜋

4
−
21𝜋

4
) + 𝑖 sin (

5𝜋

4
−
21𝜋

4
)) = 

=
1

2
(cos (−

16𝜋

4
) + 𝑖 sin (−

16𝜋

4
)) =

1

2
(cos 4𝜋 − 𝑖 sin 4 𝜋) =

1

2
. 

 

 

Example 7. 
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Root of Complex Number  

Let 𝑧 be some complex number and 𝑛 be a positive integer number. We consider the 

problem of extracting the 𝑛-th root of a complex number 𝑧. According to the definition of the 

𝑛-th root, this means that we must find such complex number 𝑤 whose 𝑛-th power is 𝑧 

𝑧 = 𝑤𝑛. 

Hence, for 𝑤 = 𝑟(cos𝜓 + 𝑖 sin𝜓) 

𝑤𝑛 = 𝑟𝑛(cos 𝑛𝜓 + 𝑖 sin 𝑛𝜓) = 𝜌(cos𝜙 + 𝑖 sin𝜙). 

Since two complex numbers are equal if and only if their moduli are equal and the values 

of their arguments are either equal or differ by 2𝜋𝑘, 𝑘 ∈ Z, we get 

|𝑤| = 𝑟 = √ρ
𝑛 = √|𝑧|

𝑛
, arg𝑤 = 𝜓 =

𝜙 + 2𝜋𝑘

𝑛
=
Arg 𝑧 + 2𝜋𝑘

𝑛
,  𝑘 ∈ 𝑍. 

As a result, we obtain the formula for the 𝑛-th root of a complex number 

√𝑧
𝑛
= √|𝑧|

𝑛
(cos

Arg 𝑧+2𝜋𝑘

𝑛
+ 𝑖 sin

Arg 𝑧+2𝜋𝑘

𝑛
).                                 (5.13)                                

The number of different values of the root is 𝑛, we get them when 𝑘 = 0, 1, . . . (𝑛 − 1). 

For the other values of 𝑘 (𝑘 ≥  𝑛), root values will be obtained to coincide with those 

considered. Points on the complex plane, which correspond to different values of the 𝑛-th root, 

are located at the vertices of a regular 𝑛-gon, which is inscribed in a circle of radius √|𝑧|
𝑛

 

centered in the origin of coordinates. 

 
 

Find all the values of the following roots    

1) √1
5

,           2)  √𝑖
3

,           3) √2 − 2𝑖. 

Plot the values obtained on the complex plane. 

1) First, we have to find the trigonometric form of  𝑧 = 1: 

|𝑧| = √12 + 02  = 1,     arg 𝑧 = arctan0 = 0, 

thus, 

𝑧 = cos 0 + 𝑖 sin 0. 

Apply formula (5.13) 

√1
5
= cos

2𝜋𝑘

5
+ 𝑖 sin

2𝜋𝑘

5
,   𝑘 = 0, 1, 2, 3, 4. 

Example 8. 
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Write down and plot distinct values of the root 

(Fig. 32): 

𝑘 = 0,         𝑧0 = cos 0 + 𝑖 sin 0 = 1,    

𝑘 = 1, 𝑧1 = cos
2𝜋

5
+ 𝑖 sin

2𝜋

5
,  

𝑘 = 2,         𝑧2 = cos
4𝜋

5
+ 𝑖 sin

4𝜋

5
,   

𝑘 = 3,         𝑧3 = cos
6𝜋

5
+ 𝑖 sin

6𝜋

5
,  

𝑘 = 4,         𝑧4 = cos
8𝜋

5
+ 𝑖 sin

8𝜋

5
.  

 

 

Figure 32. 

 

2)   Similarly, since for 𝑧 = 𝑖 

 𝜌 = 1,  𝜙 =
𝜋

2
 , 

we get 

𝑖 = cos
𝜋

2
+ 𝑖 sin

𝜋

2
. 

Hence, 

√𝑖
3
= cos

𝜋
2
+ 2𝜋𝑘

3
+ 𝑖 sin

𝜋
2
+ 2𝜋𝑘

3
= cos

𝜋 + 4𝜋𝑘

6
+ 𝑖 sin

𝜋 + 4𝜋𝑘

6
, 𝑘 = 0, 1, 2. 

Thus, distinct values of the root (Fig. 33) are 

𝑘 = 0,          𝑧0 = cos
𝜋

6
+ 𝑖 sin

𝜋

6
=
√3

2
+ 𝑖
1

2
,  

𝑘 =  1, 𝑧1 = cos
5𝜋

6
+ 𝑖 sin

5𝜋

6
= −

√3

2
+ 𝑖
1

2
,  

𝑘 = 2,          𝑧2 = cos
3𝜋

2
+ 𝑖 sin

3𝜋

2
= −𝑖.  

Figure 33. 
 

3) Let us find trigonometric form of  𝑧 = 2 − 2𝑖. 

Since 

 𝜌 = √8,     𝜙 = arctan(−1) =
7𝜋

4
, 

we obtain 

2 − 2𝑖 = √8(cos (
7𝜋

4
) + 𝑖 sin (

7𝜋

4
)). 
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Thus, 

√2 − 2𝑖 = √8
4
(cos

7𝜋
4
+ 2𝜋𝑘

2
+ 𝑖 sin

7𝜋
4
+ 2𝜋𝑘

2
) = 

= √8
4
(cos

7𝜋 + 8𝜋𝑘

8
+ 𝑖 sin

7𝜋 + 8𝜋𝑘

8
) ,  𝑘 = 0, 1. 

Hence, distinct values of the root (Fig. 34) are 

𝑘 = 0,          𝑧0 = √8
4
(cos

7𝜋

8
+ 𝑖 sin

7𝜋

8
),  

𝑘 =  1, 𝑧1 = √8
4
(cos

15𝜋

8
+ 𝑖 sin

15𝜋

8
).  

 

Figure 34. 

 

Review Questions 

1. What is the complex number? 

2. What is called the real part of a complex number; the imaginary part of a complex 

number? 

3. What is the geometric interpretation of complex numbers? 

4. What is an imaginary unit? How do we determine it? 

5. What numbers are called complex conjugates? 

6. What are the forms of complex numbers? 

7. What is the standard form of the complex number? 

8. What is the modulus and the argument of the complex number? By what formulas are 

they determined? 

9. What is called the principal value of the argument of a complex number? 

10. Write down the trigonometric and exponential forms of the complex number. 

11. What operations on complex numbers can be performed in algebraic form? Write 

down the formulas.  

12. What operations on complex numbers can be performed only in the trigonometric or 

exponential forms? Write down the formulas.  

13. Write down the De Moivre’s formula.  

14. How can we extract the 𝑛-th root of a complex number? Write down the formula. 
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Exercises 5.1 

1. Find real and imaginary parts of complex numbers and plot these numbers on the 

complex plane. 

1) 𝑧1 = −3 + 4𝑖;        𝑧2 = 5 − 3𝑖;        𝑧3 = −1 − 3𝑖. 

2) 𝑧4 = 3(cos
4𝜋

3
+ 𝑖 sin

4𝜋

3
) ;     𝑧5 = cos

5𝜋

6
+ 𝑖 sin

5𝜋

6
;       𝑧6 = 2(cos

4𝜋

9
− 𝑖 sin

4𝜋

9
). 

3) 𝑧7 = 4𝑒
𝑖
𝜋

3 ;         𝑧8 = 2𝑒
−𝑖
5𝜋

7 ;         𝑧9 = 𝑒
𝑖
𝜋

5 . 
2. Evaluate   

1) 
2

1+𝑖
−
1−𝑖

1+𝑖

2−2𝑖

1−2𝑖
;                             2) 

1

1+2𝑖
+

𝑖

2−𝑖
; 

3) (1 + 𝑖)(1 − 3𝑖) +
2

−𝑖
+ 𝑖(1 + 𝑖). 

3. Evaluate  

1) (
1+𝑖√3

1−𝑖
)
40

;                          2) 
(2−2𝑖)7

(−√3−𝑖)
5 ;                          3) 

(√3−3𝑖)
6

𝑖25
. 

4. Find all the values of the following roots and plot the values obtained on the complex 

plane 

1) √−2 + 2𝑖
5

;                                  2) √−2 − 2√3𝑖
 

; 

3) √1
8
;                                             4) √𝑖

3
 . 

5. Find the solutions of the equation  

𝑧6 = −27. 

Answers 
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5.2 The Concept of  a Function of  a Complex Variable 

 

I. The Concept of a Domain in the Complex Plane 

If 𝑥 and 𝑦 (or one of them) are real variables, then 𝑧 = 𝑥 + 𝑖𝑦 is called a complex 

variable. We say that complex variable 𝑧 is defined if it is known the set of complex numbers 

(𝐷 ⊂C), whose values 𝑧 acquires.  
 

 

 The set of interior points of the circle 

(without circumference) of radius 𝛿 centered 

at the point 𝑧0 is called 𝛿-neighborhood of a 

point 𝑧0 (Fig. 35). 

 

  The point 𝑧0 is called an interior point of 

the set 𝐷 if there exists the neighborhood of 

𝑧0 all of whose points belong to 𝐷.  The 

point 𝑧0 is called a boundary point of 𝐷 if 

every neighborhood of 𝑧0 contains points 

belonging to 𝐷 and also points not 

belonging to 𝐷. The point 𝑧0 is called an 

exterior point of 𝐷 if a point is not an 

interior point or a boundary point of 𝐷 

(there exists the neighborhood of 𝑧0 all of 

whose points do not belong to 𝐷). See 

Figure 36. 
     

  The set 𝐷 ⊂C is called the domain, if  

 𝐷 is an open set, that is, 𝐷 consists only of 

interior points; 

 𝐷 is a connected set, that is, any two points 

of the set may be joined by the continuous 

curve all points of which are in 𝐷 (Fig. 37). 

 

 

 

Figure 35. 
 

 

 

Figure 36. 

 

 

 

 

 
 

 

Figure 37. 

 

 

Definition. 

Definition. 

Definition. 
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 The set of all boundary points of 𝐷 is called 

the boundary of the domain, it could be a 

curve or a discrete set of points (Fig. 38). 

Domain together with all its boundary points 

is called closed and is denoted by 𝐷̄.  

  

We say that domain 𝐷 is simply connected if 

every simple closed contour in the domain 

encloses only points in 𝐷. Otherwise, the 

domain is multiply connected. See Figure 39. 

 

Figure 38.  

 

 

 

Figure 39. 
 

 

In each case, sketch the curve determined by the given equation: 

1) |𝑧 + 2 − 𝑖| = 3;           2) 𝑅𝑒 𝑧 = 3;          3) 𝑅𝑒 𝑧2 = 𝑎2,  𝑎 ≠ 0;   

 4) 𝑅𝑒
𝑧−2

𝑧+𝑖
= 2;         5) arg( 𝑧 − 1) =

𝜋

4
. 

Let 𝑧 = 𝑥 + 𝑖𝑦. 

1) |𝑧 + 2 − 𝑖| = 3. 

Using the addition of complex numbers and the 

definition of modulus, we obtain   

|𝑧 + 2 − 𝑖| = |𝑥 + 𝑖𝑦 + 2 − 𝑖| = |(𝑥 + 2) + 𝑖(𝑦 − 1)| = 

= √(𝑥 + 2)2 + (𝑦 − 1)2 = 3, 

Hence, we get 

   

               Figure 40. 

(𝑥 + 2)2 + (𝑦 − 1)2 = 9 

It is the equation of the circumference whose center is the point 𝑧0 = −2 + 𝑖 or (−2; 1)  

and whose radius is 𝑅 = 3 (Fig. 40). 

2) 𝑅𝑒 𝑧 = 3.    

According to the definition we have 𝑅𝑒 𝑧 = 𝑥, hence, we 

can rewrite the equation as  

𝑥 = 3. 

 

Figure 41. 

Thus, the line 𝑅𝑒 𝑧 = 3 is a straight line parallel to 𝑦-axis (Fig. 41). 

Example 1. 

Definition. 

Definition. 
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3) 𝑅𝑒 𝑧2 = 𝑎2,  𝑎 ≠ 0.    

Since  

𝑧2 = (𝑥 + 𝑖𝑦)2 = (𝑥2 − 𝑦2) + 2𝑥𝑦𝑖, 

we get 

𝑅𝑒 𝑧2 = 𝑥2 − 𝑦2. 

 

Figure 42. 

Thus, equation 𝑅𝑒 𝑧2 = 𝑎2 defines the hyperbola 𝑥2 − 𝑦2 = 𝑎2 (Fig. 42). 

4) 𝑅𝑒
𝑧−2

𝑧+𝑖
= 2,  𝑧 ≠ −𝑖.   

Using the division of complex numbers, we obtain   

𝑧 − 2

𝑧 + 𝑖
=
𝑥 + 𝑖𝑦 − 2

𝑥 + 𝑖𝑦 + 𝑖
=
((𝑥 − 2) + 𝑖𝑦)(𝑥 − 𝑖(𝑦 + 1))

(𝑥 + 𝑖(𝑦 + 1))(𝑥 − 𝑖(𝑦 + 1))
= 

=
(𝑥2 − 2𝑥 + 𝑦2 + 𝑦) + 𝑖(2 − 𝑥 + 2𝑦)

𝑥2 + (𝑦 + 1)2
. 

Thus, 

𝑅𝑒
𝑧 − 2

𝑧 + 𝑖
=
(𝑥2 − 2𝑥 + 𝑦2 + 𝑦)

𝑥2 + (𝑦 + 1)2
= 2. 

Hence, 

(𝑥2 − 2𝑥 + 𝑦2 + 𝑦) = 2(𝑥2 + (𝑦 + 1)2) 

and 

(𝑥 + 1)2 + (𝑦 + 1.5)2 =
5

4
. 

 

Figure 43. 

It is the equation of the circumference of radius 𝑅 =
√5

2
 centered at the point (−1;−1.5).  

Point 𝑧 = −𝑖 is excluded from the line (Fig. 43). 

5) Arg( 𝑧 − 1) =
𝜋

4
. 

Since the equation   

Arg( 𝑧 − 1) = Arg( 𝑥 − 1 + 𝑖𝑦) =
𝜋

4
 

is equivalent to 
 

Figure 44. 

{
𝑥 − 1 > 0,

arctan
𝑦

𝑥 − 1
=
𝜋

4
,
  ⇒ {

𝑥 > 1,
𝑦

𝑥 − 1
= tan

𝜋

4
,
⇒ {
𝑥 > 1,
𝑦 = 𝑥 − 1.

 

Hence, the equation Arg( 𝑧 − 1) =
𝜋

4
  determines the ray from the point 𝑧 = 1 that forms 

an angle of  
𝜋

4
  with the positive direction of the abscissa axis (Fig. 44). 
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Let us consider |𝑧 − (𝑎 + 𝑖𝑏)| = 𝑅, where 𝑎 + 𝑖𝑏 is a known complex number and 

𝑅 > 0 is a real number. Then, since  

|𝑧 − (𝑎 + 𝑖𝑏)| = |𝑥 + 𝑖𝑦 − (𝑎 + 𝑖𝑏)| = |(𝑥 − 𝑎) − (𝑦 − 𝑏)𝑖| = √(𝑥 − 𝑎)2 + (𝑦 − 𝑏)2, 

we have that 

|𝑧 − (𝑎 + 𝑖𝑏)| = 𝑅 is equivalent to (𝑥 − 𝑎)2 + (𝑦 − 𝑏)2 = 𝑅2.                (5.14) 

Thus, the equation |𝑧 − (𝑎 + 𝑖𝑏)| = 𝑅 determines the circumference whose center is at 

the point 𝑧0 = 𝑎 + 𝑖𝑏 and whose radius is 𝑅. 
 

 

 

In each case, sketch the regions determined by the given inequalities  

1) |𝑧 + 𝑖| ≤ 2;                        2) |𝑧 + 1 − 𝑖| > 1; 

3) 1 ≤ |𝑧 + 2| ≤ 3;                4) |𝑧| ≤ 3,  −
𝜋

4
< Arg( 𝑧 + 1 − 𝑖) <

𝜋

2
. 

Let 𝑧 = 𝑥 + 𝑖𝑦. 

1) |𝑧 + 𝑖| ≤ 2  𝑥2 + (𝑦 + 1)2 ≤ 4. 

Thus, the region consists of points of the circle of radius 

2 centered at (0;−1), including the border − the 

circumferences |𝑧 + 𝑖| = 2 (Fig. 45).   
 

2) |𝑧 + 1 − 𝑖| > 1  (𝑥 + 1)2 + (𝑦 − 1)2 > 1. 

The region consists of points lying outside the circle of 

radius 1 centered at (−1; 1), excluding the boundary − the 

circumference |𝑧 + 𝑖| = 2  (Fig. 46). 
 

3) 1 ≤ |𝑧 + 2| ≤ 3   1 ≤ (𝑥 + 2)2 + 𝑦2 ≤ 9.   

As a result, we have points lying between 

circumferences of radii 1 and 3 centered at the point (−2; 0), 

including the circumferences themselves. 

Such kind of region is called an annulus (Fig. 47). 
 

4) |𝑧| ≤ 3 ⟹ 𝑥2 + 𝑦2 ≤ 9. 

According to the definition of an argument of the 

complex number we get 

 
Figure 45. 

 

Figure 46. 

 

Figure 47.  

Example 2. 

Note. 
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−
𝜋

4
< Arg( 𝑧 + 1 − 𝑖) <

𝜋

2
⟹ {−

𝜋

4
< arctan

𝑦 − 1

𝑥 + 1
<
𝜋

2
 

𝑥 > −1.

, 

⟹ {
−𝑥 < 𝑦 < +∞,
𝑥 > −1.

 

Thus, we get the system of inequalities 

{
𝑥2 + 𝑦2 ≤ 9,
−𝑥 < 𝑦 < +∞,
𝑥 > −1,

 

that define the region (Fig. 48). 

 

Figure 48. 

 

 

II. The Concept of a Function of a Complex Variable 

 

 If there exists some law, that associates each value 𝑧 of some set 𝐷 of complex 

numbers with one or more complex numbers 𝑤, then the function of a complex 

variable is defined on the set 𝐷 (Fig. 49) and it is denoted by 

𝑤 = 𝑓(𝑧).                                                          (5.15)                                                             

 

Figure 49. 

 

 If each  𝑧 ∈ 𝐷  is associated with only one value of 𝑤, then the function is 

called single-valued, otherwise it is called multiple-valued.  

The set  𝐷 is called the domain of function, and the set of values of  𝑤 that 

correspond to all 𝑧 ∈ 𝐷   is called the set of values of the function 𝑓(𝑧). 
 

Since each complex number 𝑧 is represented by a pair of real numbers (𝑥, 𝑦) and the 

number 𝑤 also corresponds to a pair of real numbers (𝑢, 𝑣), the relationship 𝑤 = 𝑓(𝑧) is 

equivalent to the pair of two real-valued functions (𝑢(𝑥, 𝑦),  𝑣(𝑥, 𝑦)).  

Substituting 𝑧 = 𝑥 + 𝑖𝑦 into the function 𝑓(𝑧) directly and performing all the operations 

required by this function, we can find functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦).  

Definition. 

Definition. 
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Thus, the function (5.15) can be represented in the form 

𝑤 = 𝑓(𝑧) = 𝑓(𝑥 + 𝑖𝑦) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦).                          (5.16)                                   

Here 

𝑢(𝑥, 𝑦) = 𝑅𝑒(𝑤) = 𝑅𝑒( 𝑓) = 𝑅𝑒(𝑓(𝑧)) is called real part of the function 𝑤 = 𝑓(𝑧); 

𝑣(𝑥, 𝑦) = 𝐼𝑚(𝑤) = 𝐼𝑚( 𝑓) = 𝐼𝑚(𝑓(𝑧) is called imaginary part of the function 𝑤 = 𝑓(𝑧). 

Functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) are defined in the domain 𝐷 of the plane of real variables 

(𝑥, 𝑦), corresponding to the domain 𝐷 of the complex plane. 

 

III. Limit and Continuity 

 

 A number 𝑤0 is called the limit of the single-valued function 𝑤 = 𝑓(𝑧) at the 

point  𝑧0 ( lim
𝑧→𝑧0

𝑓(𝑧) = 𝑤0) if for every 𝜀 > 0 there exists 𝛿 = 𝛿(𝜀) > 0 such 

that for all points of the region  0 < |𝑧 − 𝑧0| < 𝛿, the inequality |𝑓(𝑧) − 𝑤0| <

𝜀  holds.  

 

 The single-valued function 𝑤 = 𝑓(𝑧), defined at the point 𝑧0 and its 

neighborhood, is called continuous at the point 𝑧0 if  

lim
𝑧→𝑧0

𝑓(𝑧) = 𝑓(𝑧0). 

A function 𝑤 = 𝑓(𝑧) is called continuous on the set 𝐷 if it is defined and 

continuous at each point of 𝐷. 

 

 

A function  𝑤 = 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦)  is  continuous  at  the  point 

𝑧0 = 𝑥0 + 𝑖𝑦0 if and only if both functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) are 

continuous, in terms of functions of two variables, at the point (𝑥0, 𝑦0). 
 

Let us note that sometimes we may encounter the sequences increasing without bound 

({𝑧𝑛 = 𝑛, 𝑛 ≥ 1}, {𝑧𝑛 = 𝑛𝑖, 𝑛 ≥ 1}) or functions discontinuous at some points (𝑤 =
1

𝑧
). 

Thus, it is necessary to enter the complex number 𝑧 = ∞. In the complex plane, there 

corresponds to the point at infinity. 

The points in the complex plane C together with the point at infinity 𝑧 = ∞ form the so-

called extended complex plane. It is denoted by C̅. 

Definition. 

Definition. 

Lemma. Lemma 5.1. 
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For the function 𝑤 = 𝑧2 find 

1) the value of the function at the point 𝑧 = 2 − 𝑖; 

2) real and imaginary parts of the function; 

3) image of the points of circumference |𝑧| = 2; 

4) image of the points of region: 0 < Arg 𝑧 <
𝜋

4
, |𝑧| < 3; 

5) inverse image of the lines 𝑢 = 𝐶1,  𝑣 = 𝐶2, where  𝐶1,  𝐶2 are real positive numbers. 

Let us consider the function 𝑤 = 𝑧2 

1) Substituting directly 𝑧 = 2 − 𝑖, we get 

𝑤(2 − 𝑖) = (2 − 𝑖)2 = 3 − 4𝑖. 

2) Let 𝑧 = 𝑥 + 𝑖𝑦. Since 

𝑤(𝑧) = (𝑧)2 = (𝑥 + 𝑖𝑦)2 = 𝑥2 − 𝑦2 + 2𝑥𝑦𝑖, 

we obtain 

𝑅𝑒𝑤 = 𝑥2 − 𝑦2,    𝐼𝑚𝑤 = 2𝑥𝑦. 

3) Since  

|𝑧| = √𝑥2 + 𝑦2 = 2 

and 

|𝑤| = |𝑥2 − 𝑦2 + 2𝑥𝑦𝑖| = √(𝑥2 − 𝑦2)2 + (2𝑥𝑦)2 = √𝑥4 − 2𝑥2𝑦2 + 𝑦4 + 4𝑥2𝑦2 = 

= √𝑥4 + 2𝑥2𝑦2 + 𝑦4 = √(𝑥2 + 𝑦2)2 = 𝑥2 + 𝑦2, 

we get  

|𝑤| = 4. 

Thus, the image of the circumference |𝑧| = 2 is the circumference of radius 4 centered at the 

origin of the coordinates. 

4) Similarly to 3) the image of circle |𝑧| < 3 are all the points of circle |𝑤| < 9, 

excluding the circumference |𝑤| = 9. 

Let us consider the region 0 < Arg 𝑧 <
𝜋

4
. 

According to definition, we have  

0 < Arg 𝑧 = arctan
𝑦

𝑥
<
𝜋

4
,  𝑥 > 0 

Example 3. 
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Thus, 

0 = tan0 <
𝑦

𝑥
< tan

𝜋

4
= 1,  𝑥 > 0. 

Since 

 Arg𝑤 = arctan
2𝑥𝑦

𝑥2 − 𝑦2
= arctan

2
𝑦
𝑥

1 − (
𝑦
𝑥)
2 

and the function 𝑔(𝑡) =
2𝑡

1−𝑡2
 is monotonic for 𝑡 ∈ [0,1], 

we get 

 

Figure 50. 

0 = arctan0 < arctan
2 ⋅ 0

1 − 02
< Arg𝑤 < arctan

2 ⋅ 1

1 − 12
< arctan(+∞) =

𝜋

2
. 

Consequently, the image of the region 0 < Arg 𝑧 <
𝜋

4
, |𝑧| < 3 is  

|𝑤| < 9,   0 < Arg𝑤 <
𝜋

2
  (Fig. 50). 

5) Since 𝑢(𝑥, 𝑦) = 𝑅𝑒𝑤 = 𝑥2 − 𝑦2, for  𝑢 = 𝐶1, 

we get 

𝑥2 − 𝑦2 = 𝐶1. 

Thus, we obtain the family of hyperbolas (𝑥-axis 

is the axis of symmetry). 

Similarly, for 𝑣(𝑥, 𝑦) = 𝐼𝑚𝑤 = 2𝑥𝑦, if 𝑣 = 𝐶2, 

we have 

2𝑥𝑦 = 𝐶2. 

  

Figure 51. 

We obtain another family of hyperbolas (𝑦 = 𝑥 is the axis of symmetry) (Fig.51). 

 

Review Questions 

1. What kind of variable is called a complex variable?  

2. What is called an interior point ( a boundary point,  an exterior point) of the set 𝐷?  

3. What kind of the set 𝐷 ⊂C is called domain? Make the examples. 

4. What is the boundary of the domain?  

5. What is the region determined by the equation |𝑧 − (𝑎 + 𝑖𝑏)| = 𝑅? 

6. Make a definition of the function of a complex variable 𝑤 = 𝑓(𝑧). 

7. In what case is the function of a complex variable called single-valued; multiple-

valued? 
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8. What is called the domain of function? The set of values of the function? 

9. What are the real and imaginary parts of a function of a complex variable? 

10. What is called the limit of the function of a complex variable 𝑓(𝑧) at the point 𝑧0? 

11. What function of a complex variable is called continuous at the point 𝑧0; in the region 

D? 

12. Function 𝑓(𝑧) is continuous at the point if and only if both the real and imaginary 

parts are continuous at this point. Is the statement true? 

 

Exercises 5.2 

1. Sketch the curve determined by the given equations. 

1) |𝑧 − 5 + 3𝑖| = 2;                                      2) 𝐼𝑚𝑧2 = 2;                             

3)  3𝑅𝑒𝑧 + 𝐼𝑚(𝑧̅ + 2𝑖) = 1;                        4)  |𝑧 + 2| + |𝑧 − 2| = 5.    

2. Sketch the regions determined by the given inequalities. 

1) |𝑧 − 𝑖| < 2, |𝑧 + 1 + 2𝑖| ≤ 3;                 2) 1 < 𝐼𝑚𝑧 < 2,   |𝑧 − 1 − 𝑖| < 2; 

3) |𝑧 − 1| ≤ 2, |𝑧 − 1 + 2𝑖| ≥ 1;                4) |𝑧| ≤ 3,   
𝜋

6
< Arg𝑧 ≤

2𝜋

3
 ;    

5)  0 ≤ Arg(𝑧 − 𝑖) ≤
𝜋

3
, 1 < 𝑅𝑒𝑧 < 3;       6)  |𝑧 − 1| + |𝑧 + 1| ≤ 4, 𝐼𝑚𝑧 + 𝑅𝑒𝑧 ≤ 1. 

3. For the function 𝑤 =
1

𝑧
 find 

1) the value of the function at the point 𝑧 = 1 + 2𝑖. 

2) real and imaginary parts of the function. 

3) image of the points of lines: 

a) 𝑥 =
1

2
;        b) 𝑦 = 4;        c) |𝑧| = 5;        d) Arg 𝑧 =

𝜋

4
;        e)|𝑧 − 1| = 1. 

4) inverse image of lines 𝑢 = 𝐶1,  𝑣 = 𝐶2, where  𝐶1,  𝐶2 are real positive numbers. 

4. Find real and imaginary parts of the following functions. 

1) 𝑖 𝑅𝑒 𝑧̅ + 𝐼𝑚𝑒𝑧𝑖;                            2)  
1

𝑧
+ 𝑧̅. 

Answers 
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5.3 Elementary Functions of  a Complex Variable 

 

Let us consider the main elementary functions of complex variables. 

 I. Polynomial Function 

 

 The polynomial function is the single-valued function of the form 

𝑃𝑛(𝑧) = 𝑎𝑛𝑧
𝑛 + 𝑎𝑛−1𝑧

𝑛−1 +⋯+ 𝑎2𝑧
2 + 𝑎1z + 𝑎0,                      (5.17) 

where 𝑧 = 𝑥 + 𝑖𝑦, 𝑛 is nonnegative integer, 𝑎0, 𝑎1, … , 𝑎𝑛 (𝑎𝑛 ≠ 0) are 

complex coefficients. 
 

 
 

Fundamental Theorem of Algebra  

Every nonconstant polynomial with complex coefficients has at least one 

complex root. 
 

By the division algorithm, we can factor any polynomial into linear factors 

𝑃𝑛(𝑧) = 𝑎𝑛(𝑧 − 𝑧1)(𝑧 − 𝑧2)⋯ (𝑧 + 𝑧𝑛), 

where 𝑧1, 𝑧2, … , 𝑧𝑛 are complex roots of polynomials.  

These roots can be pure imaginary, real or complex conjugate. They can be also multiple 

(multiplicity is more than one). 

Since every real number is a complex number with its imaginary part equal to zero, this 

theorem holds for polynomials with real coefficients. 

 

II. Rational Function 

 

 The rational function is the single-valued function of the form 

𝑅(𝑧) =
𝑃𝑛(𝑧)

𝑄𝑚(𝑧)
=
𝑎𝑛𝑧

𝑛 +⋯+ 𝑎2𝑧
2 + 𝑎1z + 𝑎0

𝑏𝑚𝑧
𝑚 +⋯+ 𝑏2𝑧

2 + 𝑏1z + 𝑏0
                          (5.18) 

where 𝑧 = 𝑥 + 𝑖𝑦, 𝑛, 𝑚 are nonnegative integer, 𝑎0, 𝑎1, … , 𝑎𝑛, 𝑏0, 𝑏1, … ,

𝑏𝑚 are complex coefficients. 
 

The domain of a rational function is all points of the complex plane except for those 

where 𝑄𝑚(𝑧) = 0. 

The partial fractions decomposition extends to rational functions of complex variables, 

but, since polynomial 𝑄𝑚(𝑧) can be factored into linear factors, it is simplified. 

Definition. 

Definition. 

Theorem 5.2 
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Let 𝑛 < 𝑚 and 

𝑄𝑚(𝑧) = 𝑏𝑚(𝑧 − 𝑧1)
𝑝1(𝑧 − 𝑧2)

𝑝2⋯(𝑧 + 𝑧𝑘)
𝑝𝑘 , 𝑝1 + 𝑝2 +⋯+ 𝑝𝑘 = 𝑚, 

then 

𝑅(𝑧) =
𝑃𝑛(𝑧)

𝑄𝑚(𝑧)
=

𝐴1 0
(𝑧 − 𝑧1)

𝑝1
+

𝐴1 1
(𝑧 − 𝑧1)

𝑝1−1
+

𝐴1 2
(𝑧 − 𝑧1)

𝑝1−2
+⋯+

𝐴1 𝑝1−1

𝑧 − 𝑧1
+ 

+
𝐴2 0

(𝑧 − 𝑧2)
𝑝2
+⋯+

𝐴2 𝑝2−1

𝑧 − 𝑧2
+⋯+

𝐴𝑘 0
(𝑧 + 𝑧𝑘)

𝑝𝑘
+⋯+

𝐴𝑘 𝑝𝑘−1

𝑧 − 𝑧𝑘
, 

where 𝐴1 0, 𝐴1 1, … , 𝐴𝑘 𝑝𝑘−1 are complex undefined coefficients. They can be found by the 

general method from Calculus. 

 

III. Euler’s Formulas 

For any real 𝑥, we have the well-known Maclaurin series for exponential and 

trigonometric functions 

𝑒𝑥 = ∑
𝑥𝑛

𝑛!

∞

𝑛=0

,  

sin 𝑥 = ∑(−1)𝑛
𝑥2𝑛+1

(2𝑛 + 1)!

∞

𝑛=0

,      cos 𝑥 = ∑(−1)𝑛
𝑥2𝑛

(2𝑛)!

∞

𝑛=0

  . 

Let us evaluate 𝑒𝑖𝑥: 

𝑒𝑖𝑥 = 1 + 𝑖𝑥 +
(𝑖𝑥)2

2!
+
(𝑖𝑥)3

3!
+
(𝑖𝑥)4

4!
+
(𝑖𝑥)5

5!
+
(𝑖𝑥)6

6!
+
(𝑖𝑥)7

7!
+
(𝑖𝑥)8

8!
+
(𝑖𝑥)9

9!
+ ⋯. 

Since   𝑖4𝑘 = 1,   𝑖4𝑘+1 = 𝑖,   𝑖4𝑘+2 = −1,   𝑖4𝑘+3 = −𝑖 … , we get 

𝑒𝑖𝑥 = 1 + 𝑖𝑥 −
𝑥2

2!
−
𝑖𝑥3

3!
+
𝑥4

4!
+
𝑖𝑥5

5!
−
𝑥6

6!
−
𝑖𝑥7

7!
+
𝑥8

8!
+
𝑖𝑥9

9!
− ⋯ = 

= (1 −
𝑥2

2!
+
𝑥4

4!
−
𝑥6

6!
+
𝑥8

8!
− ⋯) + 𝑖 (𝑥 −

𝑥3

3!
+
𝑥5

5!
−
𝑥7

7!
+
𝑥9

9!
− ⋯). 

Consequently, 

𝑒𝑖𝑥 = cos 𝑥 + 𝑖 sin 𝑥 .                                                 (5.19) 

Similarly, 

𝑒−𝑖𝑥 = cos 𝑥 − 𝑖 sin 𝑥 .                                                (5.20) 

These formulas are called Euler’s formulas.  

Let us add formulas (5.19) and (5.20) 

𝑒𝑖𝑥 + 𝑒−𝑖𝑥 = (cos 𝑥 + 𝑖 sin 𝑥) + (cos 𝑥 − 𝑖 sin 𝑥) = 2 cos 𝑥. 
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Hence,  

cos 𝑥 =
𝑒𝑖𝑥 + 𝑒−𝑖𝑥

2
 .                                                  (5.21) 

Similarly, from difference of formulas (5.19) and (5.20), we obtain  

𝑒𝑖𝑥 − 𝑒−𝑖𝑥 = (cos 𝑥 + 𝑖 sin 𝑥) − (cos 𝑥 − 𝑖 sin 𝑥) = 2𝑖 sin 𝑥, 

and, then 

sin 𝑥 =
𝑒𝑖𝑥 − 𝑒−𝑖𝑥

2𝑖
 .                                                  (5.22) 

 

IV. Exponential Function 

 

 The exponential function of complex variable 𝑧 = 𝑥 + 𝑖𝑦 is defined by 

𝑒𝑧 = 𝑒𝑥+𝑖𝑦 = 𝑒𝑥(cos𝑦 + 𝑖 sin 𝑦)                                      (5.23)    
 

This formula follows from Euler’s formula (5.19). 

Properties of Exponential Function 

1. 𝑒𝑧 reduces to the usual exponential function 𝑒𝑥 for 𝑦 = 0.  

2. 𝑒𝑧 ≠ 0 for all 𝑧, since 𝑒𝑥 > 0. 

3. Since the exponential function is defined in trigonometric form   

𝑒𝑧 = 𝑒𝑥(cos𝑦 + 𝑖 sin 𝑦), 

we get 

|𝑒𝑧| = 𝑒𝑥,     arg𝑒𝑧 = 𝑦 + 2𝜋𝑘, 𝑘 is integer. 

4. Exponential function is periodic with 𝑇 = 2𝜋𝑖 

𝑒𝑧+2𝜋𝑖 = 𝑒𝑥+(𝑦+2𝜋)𝑖 = 𝑒𝑥(cos(𝑦 + 2𝜋) + 𝑖 sin(𝑦 + 2𝜋)) = 𝑒𝑥(cos 𝑦 + 𝑖 sin 𝑦) = 𝑒𝑧. 

Consequently, 

 𝑒𝑧 = 1 if and only if 𝑧 = 2𝑘𝜋𝑖, 𝑘 is integer. 

 𝑒𝑧1 = 𝑒𝑧2 if and only if 𝑧1 = 𝑧2 + 2𝑘𝜋𝑖, 𝑘 is integer. 

5. Let 𝑧1, 𝑧2 are complex numbers. Then 

𝑒𝑧1𝑒𝑧2 = 𝑒𝑧1+𝑧2; 

𝑒𝑧1

𝑒𝑧2
= 𝑒𝑧1−𝑧2; 

(𝑒𝑧1)𝑛 = 𝑒𝑛𝑧1 ,  𝑛 is positive integer. 

 

Definition. 
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6. The expression 𝑒∞ is meaningless, since 

lim
𝑧→∞

𝑒𝑧 

does not exist, since lim
𝑥→−∞

𝑒𝑥 = 0  and lim
𝑥→+∞

𝑒𝑥 = +∞. 

 

Evaluate  𝑒−2+𝑖
𝜋

6 . 

By formula (1.23) we get 

𝑒−2+𝑖
𝜋
6 = 𝑒−2 (cos

𝜋

6
+ 𝑖 sin

𝜋

6
) =

1

𝑒2
(
√3

2
+ 𝑖
1

2
) =

√3

2𝑒2
+ 𝑖

1

2𝑒2
. 

 

 

Find real and imaginary parts of function 𝑒2𝑧+𝑖. 

Substituting 𝑧 = 𝑥 + 𝑖𝑦 directly, we obtain 

𝑒2𝑧+𝑖 = 𝑒2(𝑥+𝑖𝑦)+𝑖 = 𝑒2𝑥+𝑖(2𝑦+1) = 𝑒2𝑥 cos(2𝑦 + 1) + 𝑖𝑒2𝑥 sin(2𝑦 + 1). 

Hence, 

𝑢(𝑥, 𝑦) = 𝑅𝑒 𝑒2𝑧+𝑖 = 𝑒2𝑥 cos(2𝑦 + 1), 

𝑣(𝑥, 𝑦) = 𝐼𝑚 𝑒2𝑧+𝑖 = 𝑒2𝑥 sin(2𝑦 + 1). 

  

V. Trigonometric Functions 

 

 Trigonometic functions of complex variable 𝑧 = 𝑥 + 𝑖𝑦 is defined by 

cos 𝑧 =
𝑒𝑖𝑧 + 𝑒−𝑖𝑧

2
,                  sin 𝑧 =

𝑒𝑖𝑧 − 𝑒−𝑖𝑧

2𝑖
.                                  (5.24) 

 

These formulas follow from formulas (5.21) and (5.22). 

Similarly to the functions of real variables, we define 

tan 𝑧 =
sin 𝑧

cos 𝑧
,                cot 𝑧 =

cos 𝑧

sin 𝑧
.                                        (5.25) 

Properties of Trigonometric functions 

1. Trigonometric functions are periodic. For cos 𝑧 and sin 𝑧 period is 2𝜋, for tan 𝑧 and  

cot 𝑧 it is 𝜋. 

cos(𝑧 + 2𝜋) = cos 𝑧,       sin(𝑧 + 2𝜋) = sin 𝑧, 

tan(𝑧 + 𝜋) =  tan 𝑧,      cot(𝑧 + 𝜋) =  cot 𝑧. 

 

Example 1. 

Example 2. 

Definition. 
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2. The main real properties of trigonometric functions hold, for example, 

cos(−𝑧) = cos 𝑧,     sin2 𝑧 + cos2 𝑧 = 1, 

sin 2𝑧 = 2 sin 𝑧 cos 𝑧 ,   𝑒𝑡𝑐. 

 3. The inequalities |cos 𝑥| ≤ 1 and |sin 𝑥| ≤ 1 are no longer true for cos 𝑧 and sin 𝑧. It 

is easy to see from the example 

|cos 2𝑖| = |
𝑒𝑖(2𝑖) + 𝑒−𝑖(2𝑖)

2
| = |

𝑒−2 + 𝑒2

2
| > 1. 

4. Substituting 𝑧 = 𝑥 + 𝑖𝑦  directly, we obtain 

sin 𝑧 = sin(𝑥 + 𝑖𝑦) = sin 𝑥 cosh𝑦 + 𝑖 cos 𝑥 sinh 𝑦, 

cos 𝑧 = cos(𝑥 + 𝑖𝑦) = cos 𝑥 cosh 𝑦 − 𝑖 sin 𝑥 sinh 𝑦. 

 

Evaluate  cos (
𝜋

4
+ 𝑖).  

Applying formulas (5.24) and (5.23), we get 

cos (
𝜋

4
+ 𝑖) =

𝑒
𝑖(
𝜋
4
+𝑖)
+ 𝑒

−𝑖(
𝜋
4
+𝑖)

2
=
1

2
(𝑒−1+𝑖

𝜋
4 + 𝑒1−𝑖

𝜋
4) =

1

2
(𝑒−1 (cos

𝜋

4
+ 𝑖 sin

𝜋

4
) + 

+𝑒 (cos
𝜋

4
− 𝑖 sin

𝜋

4
)) =

1

2
(𝑒−1 (

√2

2
+ 𝑖
√2

2
) + 𝑒 (

√2

2
− 𝑖
√2

2
)) = 

=
𝑒−1√2 + 𝑒√2

4
+ 𝑖
𝑒−1√2 − 𝑒√2

4
=
√2

2
cosh1 − 𝑖

√2

2
sinh1. 

 

 

 

Find real and imaginary parts of the function sin( 1 − 𝑖𝑧). 

 Let 𝑧 = 𝑥 + 𝑖𝑦. 

sin( 1 − 𝑖𝑧) = sin( 1 − 𝑖(𝑥 + 𝑖𝑦)) = sin( 1 + 𝑦 − 𝑖𝑥) = 

=
1

2𝑖
(𝑒𝑥+𝑖(1+𝑦) − 𝑒−𝑥−𝑖(1+𝑦)) = 

= −
𝑖

2
(𝑒𝑥(cos( 1 + 𝑦) + 𝑖 sin( 1 + 𝑦)) − 𝑒−𝑥(cos( 1 + 𝑦) − 𝑖 sin( 1 + 𝑦))) = 

= −𝑖
(𝑒𝑥 − 𝑒−𝑥)

2
cos( 1 + 𝑦) +

(𝑒𝑥 + 𝑒−𝑥)

2
sin( 1 + 𝑦) = 

= −𝑖sinh𝑥 cos( 1 + 𝑦) + cosh𝑥 sin( 1 + 𝑦). 

Example 3. 

Example 4. 
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Therefore, 

𝑅𝑒 sin( 1 − 𝑖𝑧) = cosh𝑥 sin( 1 + 𝑦), 

𝐼𝑚 sin( 1 − 𝑖𝑧) = −sinh𝑥 cos( 1 + 𝑦). 

 

VI. Hyperbolic Functions 
 

 Hyperbolic functions of complex variable 𝑧 = 𝑥 + 𝑖𝑦 is defined by 

cosh 𝑧 =
𝑒𝑧 + 𝑒−𝑧

2
,            sinh 𝑧 =

𝑒𝑧 − 𝑒−𝑧

2
,                                    (5.26) 

tanh 𝑧 =
sinh 𝑧

cosh 𝑧
,              coth 𝑧 =

cosh 𝑧

sinh 𝑧
.                                      (5.27) 

 

Properties of Hyperbolic functions 

1. Functions cosh 𝑧,  sinh 𝑧 are periodic 𝑇 = 2𝜋𝑖    

 cosh(𝑧 + 2𝜋𝑖) = cosh 𝑧,  sinh (𝑧 + 2𝜋𝑖) = sinh 𝑧. 

Functions tanh 𝑧,  coth 𝑧 are periodic 𝑇 = 𝜋𝑖    

tanh(𝑧 + 𝜋𝑖) = tanh 𝑧,  coth(𝑧 + 𝜋𝑖) = coth 𝑧. 

2. The main real properties of hyperbolic functions hold, for example, 

cosh(−𝑧) = cosh 𝑧,   cosh2 𝑧 − sinh2 𝑧 = 1,   sinh2𝑧 = 2 sinh 𝑧 cosh 𝑧 ,   𝑒𝑐𝑡. 

3. Relation between trigonometric and hyperbolic functions 

sin 𝑖𝑥 = 𝑖 sinh 𝑥 , cos 𝑖𝑥 = cosh 𝑥,        tan 𝑖𝑥 = 𝑖 tanh 𝑥, 

sinh 𝑖𝑥 = 𝑖 sin 𝑥 , cosh 𝑖𝑥 = cos 𝑥 ,        tanh 𝑖𝑥 = 𝑖 tan 𝑥 

4. Substituting 𝑧 = 𝑥 + 𝑖𝑦  directly, we obtain 

sinh 𝑧 = sinh(𝑥 + 𝑖𝑦) = sinh 𝑥 cos 𝑦 + 𝑖 cosh 𝑥 sin 𝑦, 

cosh 𝑧 = cosh(𝑥 + 𝑖𝑦) = cosh 𝑥 cos 𝑦 − 𝑖 sinh 𝑥 sin 𝑦. 

 

Evaluate  cosh(2 − 3𝑖). 

By formulas (5.26) and (5.23) 

cosh(2 − 3𝑖) =
𝑒(2−3𝑖) + 𝑒−(2−3𝑖)

2
=
1

2
(𝑒2(cos 3 − 𝑖 sin 3)+𝑒−2(cos 3 + 𝑖 sin 3)) = 

= cos 3
𝑒2 + 𝑒−2

2
− 𝑖 sin 3

𝑒2 − 𝑒−2

2
= cos 3 cosh2 − 𝑖 sin 3 sinh2. 

     

 

Example 5. 

Definition. 
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VII. Logarithmic Function 

Let 𝑧 = 𝑥 + 𝑖𝑦 be a nonzero complex number.  The natural logarithm 𝑤 = ln 𝑧 is 

defined as the inverse function of the exponent   

𝑒 ln 𝑧 = 𝑒w = 𝑧, 𝑤 = 𝑢 + 𝑖𝑣. 

If  𝜙 = arg 𝑧 , −𝜋 < 𝜙 < 𝜋, then  𝑧 = 𝜌𝑒𝑖𝜙. 

Thus, 

𝑒w = 𝑒𝑢𝑒𝑖𝑣 = 𝜌𝑒𝑖𝜙 

Consequently, we get 

𝑒𝑢 = 𝜌 ⟹ 𝑢 = ln𝜌  

and 

𝑣 = 𝜙 + 2𝜋𝑘,   𝑘 = 0,±1,±2,… 
 

 

 The natural logarithm (multiple-valued logarithmic function) of the nonzero 

complex number 𝑧 = 𝑥 + 𝑖𝑦 is defined by the formula 

ln 𝑧 = ln 𝜌 + 𝑖(𝜙 + 2𝜋𝑘),                                         (5.28)                                                

where 𝜌 = |𝑧|,  𝜙 = Arg 𝑧 ,  𝑘 = 0,±1,±2,…  

 

 The principal value of  the logarithm is  

Ln 𝑧 = ln 𝜌 + 𝑖𝜙.                                                          (5.29) 
 

Function Ln 𝑧 always has a unique value. 

 

 

 

Evaluate  ln(1 + 𝑖) and Ln(1 + 𝑖).  

By formula (5.28)  

ln(1 + 𝑖) = |
|1 + 𝑖| = √2 ,   

Arg (1 + 𝑖) = arctan 1 =
𝜋

4

| = ln√2 + 𝑖 (
𝜋

4
+ 2𝜋𝑘) ,   𝑘 = 0,±1,±2,… 

The principal value is 

Ln(1 + 𝑖) = ln√2 + 𝑖
𝜋

4
. 

 

VIII. Complex Exponential Function and Complex Power Function 
 

Let us consider functions of the forms 

𝑎𝑧, where 𝑎 is complex, 𝑎 ≠ 0,  and  𝑧𝛼, where 𝛼 is complex. 

Example 6. 

Definition. 

Definition. 
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Both functions are multiple-valued and use the complex logarithm for definition. 
 

 Complex exponential function 

𝑎𝑧 = 𝑒𝑧ln 𝑎.                                                               (5.29) 

 Complex power function 

𝑧𝛼 = 𝑒𝛼ln 𝑧.                                                              (5.30) 
  

 

 

Evaluate  𝑖𝑖 . 

Applying formulas (1.29) and (1.28), we obtain 

𝑖𝑖 = 𝑒𝑖ln 𝑖 = |
|𝑖| = 1 ,   

Arg (𝑖) =
𝜋

2
 
| = 𝑒

𝑖(ln 1+𝑖(
𝜋

2
+2𝜋𝑘))

= 𝑒
−(
𝜋

2
+2𝜋𝑘)

,   𝑘 = 0,±1,±2,…  

 

IX. Inverse Trigonometric and Hyperbolic Functions 
 

Since trigonometric and hyperbolic functions are related to exponential functions (for 

example, sin 𝑧 =
𝑒𝑖𝑧−𝑒−𝑖𝑧

2𝑖
), then it is quite obvious that their inverse functions are related to 

logarithmic functions. 

Let us consider 𝑤 = arcsin 𝑧, then 𝑧 = sin𝑤. According to the definition of sine, we get 

sin𝑤 =
𝑒𝑖𝑤 − 𝑒−𝑖𝑤

2𝑖
 

or it could be written as the quadratic equation for 𝑒𝑖𝑤 as follows 

(𝑒𝑖𝑤)
2
− 2𝑖𝑧𝑒𝑖𝑤 − 1 = 0. 

Solving this equation, we obtain 

𝑒𝑖𝑤 = 𝑖𝑧 + √1 − 𝑧2. 

By using logarithms, we get 

𝑤 =
1

𝑖
ln (𝑖𝑧 + √1 − 𝑧2). 

Finally, 

arcsin 𝑧 = −𝑖ln (𝑖𝑧 ± √1 − 𝑧2). 

Similarly, we could obtain formulas for other inverse functions. 

 

 

Example 7. 

Definition. 



 

 

 

159 

 

 Inverse trigonometric functions: 

arcsin 𝑧 = −𝑖ln(𝑖𝑧 ± √1 − 𝑧2) ;   arccos 𝑧 = −𝑖ln(𝑧 ± √𝑧2 − 1) ;      (5.31)                   

arctan 𝑧 = −
𝑖

2
ln
𝑖−𝑧

𝑖+𝑧
;            arccot 𝑧 =

𝑖

2
ln
𝑧−𝑖

𝑧+𝑖
.                               (5.32)                          

Inverse hyperbolic functions: 

arsinh𝑧 = ln(𝑧 ± √1 + 𝑧2) ;      arcosh 𝑧 = ln(𝑧 ± √𝑧2 − 1) ;           (5.33)                          

artanh𝑧 =
1

2
ln
1+𝑧

1−𝑧
;                arcoth𝑧 =

1

2
ln
𝑧+1

𝑧−1
.                               (5.34)                          

 

The principal values of inverse trigonometric functions 

Arcsin 𝑧 = −𝑖Ln(𝑖𝑧 ± √1 − 𝑧2) ;            Arccos 𝑧 = −𝑖Ln(𝑧 ± √𝑧2 − 1);        (1.35)                 

Arctan 𝑧 = −
𝑖

2
Ln

𝑖−𝑧

𝑖+𝑧
;              Arccot 𝑧 =

𝑖

2
Ln

𝑧−𝑖

𝑧+𝑖
.                                (1.36)                          

The principal values of inverse hyperbolic functions 

Arsinh𝑧 = Ln(𝑧 ± √1 + 𝑧2) ;                 Arcosh 𝑧 = Ln(𝑧 ± √𝑧2 − 1);       (1.37)                          

Artanh𝑧 =
1

2
Ln

1+𝑧

1−𝑧
;                Arcoth𝑧 =

1

2
Ln

𝑧+1

𝑧−1
.                           (1.38)                          

 

 

Evaluate   

1) arcsin 𝑖 ;                      2) Arcosh2. 

1) By formula (5.31)  

arcsin 𝑖 = −𝑖ln (𝑖2 ±√1 − 𝑖2) = −𝑖ln(−1 ± √2). 

Numbers (−1 + √2) and (−1 − √2) are real, the first is positive, the second is negative.  

Therefore,  

|−1 + √2| = √2 − 1 ,  Arg (−1 + √2) = 0, 

and 

|−1 − √2| = 1 + √2 ,  Arg (−1 − √2) = 𝜋. 

Hence, for integer 𝑘, we get 

−𝑖ln(−1 + √2) = −𝑖(ln(√2 − 1) + 𝑖2𝜋𝑘) = 2𝜋𝑘 − 𝑖ln(√2 − 1), 

−𝑖ln(−1 − √2) = −𝑖 (ln(1 + √2) + 𝑖(𝜋 + 2𝜋𝑘)) = (2𝑘 + 1)𝜋 − 𝑖ln(1 + √2). 

 

Example 8. 

Definition. 
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Finally, 

arcsin 𝑖 = {
2𝜋𝑘 − 𝑖ln(√2 − 1),

(2𝑘 + 1)𝜋 − 𝑖ln(1 + √2),
 

where  𝑘 = 0,±1,±2,… 

2) By formulas (5.37)  

Arcosh 2 = Ln (2 ± √22 − 1) = Ln(2 ± √3). 

Both numbers (2 + √3) and (2 − √3) are real positive.  

Thus, 

|2 + √3| = 2 + √3 ,  Arg (2 + √3) = 0, 

and 

|2 − √3| = 2 − √3 ,  Arg (2 − √3) = 0. 

Consequently, 

Arcosh 2 = {
ln(2 + √3),

ln(2 − √3).
 

 

Review Questions 

1. Which functions of a complex variable are elementary?  

2. Give the definition of the exponential function of a complex variable. What are the 

properties of this function?  

3. Is it possible to state that the exponential function is periodic? If so, what is the 

minimal period it has?  

4. What functions does the Euler formula relate to? Write down this formula.  

5. What formulas determine the trigonometric functions of a complex variable?  

6. Is it true that the trigonometric functions sin 𝑧 and cos 𝑧 in the complex plane are 

bounded? 

7. What formulas define hyperbolic functions? How are they related to the trigonometric 

functions of a complex variable? 

8. Which elementary functions of a complex variable are periodic with a period 2𝜋𝑖 ?  

9. How is the logarithmic function of a complex variable determined? Does it belong to 

multiple-valued functions? 
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10. What is the principal value of the logarithm of a complex number? 

11. How are the complex exponential function and the complex power function 

determined? 

12. How are inverse trigonometric and hyperbolic functions of a complex variable 

determined? 

 

Exercises 5.3 

1. Evaluate. 

1)  𝑒4−3𝑖;                                          2) sin(3 − 2𝑖); 

3)  cos 5𝑖 ;                                        4) cotan (
𝜋

4
− 𝑖 ln 2) ; 

5) cosh (
3𝜋

2
+ 3𝑖) ;                          6)  sinh(−1 + 5𝑖);       

7)  tanh(ln3 +
𝜋

6
𝑖);                        8)  ln

1±𝑖

√2
; 

9)  Ln(1 + 5𝑖) ;                               10) 2𝑖;                           

11)  (
1−𝑖

√2
)
1−𝑖
;                                 12) Arcsin 2 ; 

13) arccos 𝑖 ;                                   14) artanh2𝑖. 

2.  Find real and imaginary parts of the following functions. 

1)  𝑒𝑧
2
;                                            2)  sin(5𝑧 + 2𝑖) ;   

3) tan 𝑧 ;                                         4)  
cos 𝑧

𝑧+𝑖
. 

Answers 
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6. Differentiation of  the Function of  a Complex 
Variable 

 

6.1 Cauchy-Riemann Equations 
 

I. The Concept of Derivative 

The concept of the derivative of a function of a complex variable is provided similarly to 

the derivative of a function of a real variable.  

Let the increment of independent variable 𝑧 = 𝑥 + 𝑖𝑦 be ∆𝑧 = ∆𝑥 + 𝑖∆𝑦, then the 

corresponding increment ∆𝑤 of single-valued function 𝑤 = 𝑓(𝑧) is 

∆𝑤 = 𝑓(𝑧 + ∆𝑧) − 𝑓(𝑧). 
 

 If single-valued function 𝑤 = 𝑓(𝑧) is defined at every point of a domain 𝐷 

and there exists the limit  

lim
∆𝑧→0

∆𝑤

∆𝑧
= lim
∆𝑧→0

𝑓(𝑧 + ∆𝑧) − 𝑓(𝑧)

∆𝑧
,                                          (6.1) 

such, that it is independent of the direction from which ∆𝑧 approaches 0, then 

this limit is called the derivative of  function 𝑤 = 𝑓(𝑧) at point 𝑧 and is denoted 

by 𝑓′(𝑧) or 
𝑑𝑓

𝑑𝑧
. In this case, a function 𝑤 = 𝑓(𝑧) is said to be differentiable at 

the point 𝑧. 

 

The concept of limit and, therefore, the concept of derivative, is applied only to 

single-valued functions. 

 

Properties of Derivatives. 

1. If function 𝑓(𝑧)  is differentiable at 𝑧 ∈ 𝐷 then it is continuous at the point 𝑧. 

2. Let the functions 𝑓(𝑧) and 𝑔(𝑧) be differentiable (∃ 𝑓′,  𝑔′) at the point 𝑧. Then 

 (𝐴 ⋅ 𝑓 + 𝐵 ⋅ 𝑔)′ = 𝐴 ⋅ 𝑓′ + 𝐵 ⋅ 𝑔′ for any complex numbers 𝐴, 𝐵; 

  (𝑓 ⋅ 𝑔)′ = 𝑓′ ⋅ 𝑔 + 𝑓 ⋅ 𝑔′; 

 if  𝑔(𝑧) ≠ 0,   (
𝑓

𝑔
)
′
=
𝑓′⋅𝑔−𝑓⋅𝑔′

𝑔2
. 

 

Definition. 

Note. 
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3. Chain Rule 

Let the functions 𝑤 = 𝑓(𝑧) be differentiable at the point z and 𝑔(𝑤) be differentiable at 

the point 𝑓(𝑧). Then 

(𝑔(𝑓(𝑧)))𝑧
′ = 𝑔 

′(𝑓(𝑧)) ⋅ 𝑓 
′(𝑧). 

 

II. Cauchy-Riemann Equations 

It is obvious that the concept of differentiability of a function of a complex variable 

should be closely related to the behavior of the real and imaginary parts of this function. Let 

us consider this relationship.  

 

 

 

 Cauchy-Riemann Equations 

Function  

𝑤 = 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦),   𝑧 = 𝑥 + 𝑖𝑦 

is differentiable at a point 𝑧 = 𝑥 + 𝑖𝑦 if and only if there exist partial 

derivatives of the functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) with respect to the 

variables 𝑥 and 𝑦 and the following relations hold  

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,      

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
.                               (6.2) 

Relations (6.2) are called Cauchy-Riemann Equations. 

 

Proof.   

1) Assume that functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) are differentiable with respect to the 

variables 𝑥 and 𝑦  and the Cauchy-Riemann Equations are fulfilled.  Let us prove the existence 

of the derivative 𝑓′(𝑧). 

According to the definition of derivative and formula (2.1), we have 

lim
∆𝑧→0

∆𝑓

∆𝑧
= lim
∆𝑧→0

∆𝑢 + 𝑖∆𝑣

∆𝑧
 

The total increments of functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) could be written as follows 

∆𝑢 =
𝜕𝑢

𝜕𝑥
∆𝑥 +

𝜕𝑢

𝜕𝑦
∆𝑦 + 𝛼1∆𝑥 + 𝛽1∆𝑦, 

and 

∆𝑣 =
𝜕𝑣

𝜕𝑥
∆𝑥 +

𝜕𝑣

𝜕𝑦
∆𝑦 + 𝛼2∆𝑥 + 𝛽2∆𝑦, 

Theorem 6.1 
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where  𝛼1∆𝑥 + 𝛽1∆𝑦  and  𝛼2∆𝑥 + 𝛽2∆𝑦  are  infinitesimals  of  the  high  order  relative  to 

∆𝑥 → 0, ∆𝑦 → 0. 

Thus, by plugging them into the limit and using (6.2), we get 

lim
∆𝑧→0

∆𝑓

∆𝑧
= lim
∆𝑧→0

(
𝜕𝑢
𝜕𝑥
∆𝑥 +

𝜕𝑢
𝜕𝑦
∆𝑦 + 𝛼1∆𝑥 + 𝛽1∆𝑦) + 𝑖 (

𝜕𝑣
𝜕𝑥
∆𝑥 +

𝜕𝑣
𝜕𝑦
∆𝑦 + 𝛼2∆𝑥 + 𝛽2∆𝑦)

∆𝑥 + 𝑖∆𝑦
= 

= lim
∆𝑧→0

(
𝜕𝑢
𝜕𝑥
∆𝑥 −

𝜕𝑣
𝜕𝑥
∆𝑦 + 𝛼1∆𝑥 + 𝛽1∆𝑦) + 𝑖 (

𝜕𝑣
𝜕𝑥
∆𝑥 +

𝜕𝑢
𝜕𝑥
∆𝑦 + 𝛼2∆𝑥 + 𝛽2∆𝑦)

∆𝑥 + 𝑖∆𝑦
= 

= lim
∆𝑧→0

𝜕𝑢
𝜕𝑥
(∆𝑥 + 𝑖∆𝑦) +

𝜕𝑣
𝜕𝑥
(𝑖∆𝑥 − ∆𝑦) + (𝛼1 + 𝑖𝛼2)∆𝑥 + (𝛽1 + 𝑖𝛽2)∆𝑦

∆𝑥 + 𝑖∆𝑦
= 

lim
∆𝑧→0

𝜕𝑢
𝜕𝑥
(∆𝑥 + 𝑖∆𝑦) + 𝑖

𝜕𝑣
𝜕𝑥
(∆𝑥 + 𝑖∆𝑦)

∆𝑥 + 𝑖∆𝑦
+ lim
∆𝑧→0

(𝛼1 + 𝑖𝛼2)∆𝑥 + (𝛽1 + 𝑖𝛽2)∆𝑦

∆𝑥 + 𝑖∆𝑦
= 

=
𝜕𝑢

𝜕𝑥
+ 𝑖
𝜕𝑣

𝜕𝑥
+ lim
∆𝑧→0

∆𝑥

∆𝑥 + 𝑖∆𝑦
(𝛼1 + 𝑖𝛼2) + lim

∆𝑧→0

∆𝑦

∆𝑥 + 𝑖∆𝑦
(𝛽1 + 𝑖𝛽2) 

Since 
∆𝑥

∆𝑥+𝑖∆𝑦
 and 

∆𝑦

∆𝑥+𝑖∆𝑦
 are bounded, we have 

|
∆𝑥

∆𝑥 + 𝑖∆𝑦
| =

|∆𝑥|

√(∆𝑥)2 + (∆𝑦)2
 ≤ 1, 

|
∆𝑦

∆𝑥 + 𝑖∆𝑦
| =

|∆𝑦|

√(∆𝑥)2 + (∆𝑦)2
 ≤ 1. 

As a result, the third and the fourth addends approaches to zero when ∆𝑧 → 0 (∆𝑥 → 0,

∆𝑦 → 0), as a product of bounded function and infinitesimal. 

The first and the second addends do not depend of ∆𝑧. 

Thus, 

lim
∆𝑧→0

Δ𝑓

Δ𝑧
=
𝜕𝑢

𝜕𝑥
+ 𝑖
𝜕𝑣

𝜕𝑥
= 𝑓′(𝑧). 

 

2) Assume now, that there exists 𝑓′(𝑧) for 𝑧 = 𝑥 + 𝑖𝑦. Let us show that the Cauchy-

Riemann Equations are fulfilled. 

According to definition of derivative, we have  

lim
∆𝑧→0

Δ𝑓

Δ𝑧
= 𝑓′(𝑧). 
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Thus, 

Δ𝑓

Δ𝑧
= 𝑓′(𝑧) + 𝛾, 

where  𝛾 → 0, ∆𝑧 → 0.  The  value  of  𝛾  is  complex,  hence,  𝛾 = 𝛾1 + 𝑖𝛾2, where  𝛾1 → 0,

𝛾2 → 0, when ∆𝑥 → 0, ∆𝑦 → 0. 

From another point of view, derivative 𝑓′(𝑧) at the point 𝑧 = 𝑥 + 𝑖𝑦 is complex number 

𝑓′(𝑧) = 𝑎 + 𝑖𝑏. 

Let us find the increment of function 𝑓(𝑧) 

∆𝑓(𝑧) = ∆𝑢 + 𝑖∆𝑣 = 𝑓′(𝑧)∆𝑧 + 𝛾∆𝑧 = (𝑎 + 𝑖𝑏)(∆𝑥 + 𝑖∆𝑦) + (𝛾1 + 𝑖𝛾2)(∆𝑥 + 𝑖∆𝑦) = 

= (𝑎∆𝑥 − 𝑏∆𝑦 + 𝛾1∆𝑥 − 𝛾2∆𝑦) + 𝑖(𝑏∆𝑥 + 𝑎∆𝑦 + 𝛾2∆𝑥 + 𝛾1∆𝑦). 

Then, equating the real and imaginary parts, we get 

∆𝑢 =
𝜕𝑢

𝜕𝑥
∆𝑥 +

𝜕𝑢

𝜕𝑦
∆𝑦 = 𝑎∆𝑥 − 𝑏∆𝑦 + 𝛾1∆𝑥 − 𝛾2∆𝑦, 

∆𝑣 =
𝜕𝑣

𝜕𝑥
∆𝑥 +

𝜕𝑣

𝜕𝑦
∆𝑦 = 𝑏∆𝑥 + 𝑎∆𝑦 + 𝛾2∆𝑥 + 𝛾1∆𝑦. 

Therefore, 

𝑎 =
𝜕𝑢

𝜕𝑥
,    − 𝑏 =

𝜕𝑢

𝜕𝑦
,     𝑏 =

𝜕𝑣

𝜕𝑥
,   𝑎 =

𝜕𝑣

𝜕𝑦
. 

As a result we get the Cauchy-Riemann Equations 

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,      

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
. 

 

The previous theorem turns out that derivative of the function 𝑓(𝑧) defined by partial 

derivatives of 𝑢 and 𝑣: 

𝑓′(𝑧) =
𝜕𝑢

𝜕𝑥
+ 𝑖
𝜕𝑣

𝜕𝑥
=
𝜕𝑢

𝜕𝑥
− 𝑖
𝜕𝑢

𝜕𝑦
=
𝜕𝑣

𝜕𝑦
− 𝑖
𝜕𝑢

𝜕𝑦
=
𝜕𝑣

𝜕𝑦
+ 𝑖
𝜕𝑣

𝜕𝑥
.                     (6.3) 

 

Assume that function 𝑤 = 𝑓(𝑧) could be written in terms of polar coordinates, that 

is we use trigonometric form of complex number 𝑧 = 𝜌(cos𝜑 + 𝑖sin𝜑) = 𝜌𝑒𝑖𝜑, 

𝑤 = 𝑓(𝑧) = 𝑢(𝜌, 𝜑) + 𝑖𝑣(𝜌, 𝜑). 

In this case, the Cauchy-Riemann Equations has the form 

𝜕𝑢

𝜕𝜌
=
1

𝜌

𝜕𝑣

𝜕𝜑
,      

𝜕𝑣

𝜕𝜌
= −

1

𝜌

𝜕𝑢

𝜕𝜑
. 

Note. 
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and the derivative of the function is 

𝑓′(𝑧) =
1

𝑧
(
𝜕𝑣

𝜕𝜑
− 𝑖
𝜕𝑢

𝜕𝜑
) =

𝜌

𝑧
(
𝜕𝑢

𝜕𝜌
+ 𝑖
𝜕𝑣

𝜕𝜌
). 

 

III. Derivatives of Elementary Functions  

The derivatives of elementary functions are calculated according to the same formulas as 

for functions of a real argument.  

For example, 

(𝑧𝑛)′ = 𝑛𝑧𝑛−1,     (𝑒𝑧)′ = 𝑒𝑧, 

(cos 𝑧)′ = −sin 𝑧 ,     (sin 𝑧)′ = cos 𝑧 ,      

(cosh 𝑧)′ = sinh𝑧,     (sinh𝑧)′ = cosh𝑧, 

(Ln 𝑧)′ =
1

𝑧
,         (Arcsin 𝑧)′ =

1

√1 − 𝑧2
,       (Arctan𝑧)′ =

1

1 + 𝑧2
,   𝑒𝑐𝑡. 

Let us prove some formulas. 

1. Consider the function  

𝑓(𝑧) = 𝑧2. 

Since 𝑧 = 𝑥 + 𝑖𝑦, we get  

𝑧2 = (𝑥 + 𝑖𝑦)2 = (𝑥2 − 𝑦2) + 𝑖2𝑥𝑦. 

Thus, 

𝑢(𝑥, 𝑦) = 𝑅𝑒 𝑧2 = 𝑥2 − 𝑦2, 

𝑣(𝑥, 𝑦) = 𝐼𝑚 𝑧2 = 2𝑥𝑦. 

Find the partial derivatives of the real and imaginary parts   

𝜕𝑢

𝜕𝑥
= 2𝑥,               

𝜕𝑢

𝜕𝑦
= −2𝑦, 

𝜕𝑣

𝜕𝑥
= 2𝑦,               

𝜕𝑣

𝜕𝑦
= 2𝑥. 

Since 

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,            

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
, 

the Cauchy-Riemann Equations are fulfilled and function 𝑓(𝑧) = 𝑧2 has derivative.  

Therefore, 

(𝑧2)′ =
𝜕𝑢

𝜕𝑥
+ 𝑖
𝜕𝑣

𝜕𝑥
= 2𝑥 + 𝑖2𝑦 = 2(𝑥 + 𝑖𝑦) = 2𝑧. 
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2.  Consider the function  

𝑓(𝑧) = 𝑒𝑧. 

For 𝑧 = 𝑥 + 𝑖𝑦 we have 

 𝑒𝑧 = 𝑒𝑥+𝑖𝑦 = 𝑒𝑥 cos 𝑦 + 𝑖𝑒𝑥 sin 𝑦 

and 

  𝑢(𝑥, 𝑦) = 𝑅𝑒 𝑒𝑧 = 𝑒𝑥 cos 𝑦 ,          𝑣(𝑥, 𝑦) = 𝐼𝑚 𝑒𝑧 = 𝑒𝑥 sin 𝑦. 

Partial derivatives are 

𝜕𝑢

𝜕𝑥
= 𝑒𝑥 cos 𝑦 ,                    

𝜕𝑢

𝜕𝑦
= −𝑒𝑥 sin 𝑦, 

𝜕𝑣

𝜕𝑥
= 𝑒𝑥 sin 𝑦 ,                     

𝜕𝑣

𝜕𝑦
= 𝑒𝑥 cos 𝑦. 

Hence,  

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,                 

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
. 

The Cauchy-Riemann Equations hold and the derivative of function 𝑓(𝑧) = 𝑒𝑧 is 

(𝑒𝑧)′ =
𝜕𝑢

𝜕𝑥
+ 𝑖
𝜕𝑣

𝜕𝑥
= 𝑒𝑥 cos 𝑦 + 𝑖𝑒𝑥 sin 𝑦 = 𝑒𝑧. 

3. Let us consider the function 

𝑓(𝑧) =
1

𝑧
, 𝑧 ≠ 0. 

Then, for 𝑧 = 𝑥 + 𝑖𝑦 by the formula for division of two complex numbers, we get  

1

𝑧
=

𝑥

𝑥2 + 𝑦2
+ 𝑖

−𝑦

𝑥2 + 𝑦2
 

and 

𝑢(𝑥, 𝑦) =
𝑥

𝑥2 + 𝑦2
,          𝑣(𝑥, 𝑦) =

−𝑦

𝑥2 + 𝑦2
. 

Since partial derivatives are      

𝜕𝑢

𝜕𝑥
=

𝑦2 − 𝑥2

(𝑥2 + 𝑦2)2
,                   

𝜕𝑢

𝜕𝑦
=

−2𝑦𝑥

(𝑥2 + 𝑦2)2
 , 

𝜕𝑣

𝜕𝑥
=

2𝑦𝑥

(𝑥2 + 𝑦2)2
,                   

𝜕𝑣

𝜕𝑦
=

𝑦2 − 𝑥2

(𝑥2 + 𝑦2)2
 , 
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we obtain  

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,          

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
,       (𝑥, 𝑦) ≠ (0,0). 

Since the Cauchy-Riemann Equations are fulfilled when 𝑧 ≠ 0, we get   

(
1

𝑧
)
′

=
𝑦2 − 𝑥2

(𝑥2 + 𝑦2)2
+ 𝑖

2𝑦𝑥

(𝑥2 + 𝑦2)2
= −

1

𝑧2
 . 

 

Review Questions 

1. What is the derivative of a function of a complex variable 𝑤 = 𝑓(𝑧)? 

2. Does the limit lim
𝛥𝑧→0

𝛥𝑤

𝛥𝑧
  from the definition of the derivative function 𝑤 = 𝑓(𝑧) depend 

on the method of approaching 𝛥𝑧 to zero? 

3. Formulate the Cauchy-Riemann Equations for differentiability of the function 𝑤 =

𝑓(𝑧) at the point 𝑧. 

4. What formulas can be used to find the derivative of a differentiable function 𝑓(𝑧) =

𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦)? 

5. By what formulas are the derivatives of basic elementary functions defined 𝑤 = 𝑓(𝑧)? 

6. Is it possible to calculate the derivative of the differentiable function by the formula 

𝑓′(𝑧) =
𝜕𝑢

𝜕𝑥
+ 𝑖

𝜕𝑣

𝜕𝑥
 ? How can we get other formulas for calculating the derivative of a 

function 𝑓(𝑧)? 

 

Exercises 6.1 

1.  Investigate (by the Cauchy-Riemann Equations) the differentiability of given 

functions and find the derivatives (if it possible). 

1)  𝑓(𝑧) = 𝑧2𝑅𝑒𝑧̅ + 𝑖 𝐼𝑚 𝑧2;                      

2)  𝑓(𝑧) = 𝑒2𝑖𝑧+3;      

3) 𝑓(𝑧) = (𝑧 − 1)𝑅𝑒( 𝑧 + 2𝑖);                  

4)  𝑓(𝑧) = cos2𝑧. 

Answers 
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6.2 Analytic Functions and Their Properties 

 

The concept of the analytic function is basic to the theory of functions of a complex 

variable.  The class of analytic functions includes a lot of functions that may be applied to the 

important problems of mathematics and its applications to the natural sciences.  

 

 Function 𝑤 = 𝑓(𝑧) is called analytic (holomorphic, regular) at the point 𝑧0 if 

it is differentiable in some neighborhood of the point 𝑧0. If 𝑓(𝑧) is analytic at 

each point of some open set 𝐷 then it is called analytic (holomorphic, regular) 

on 𝐷. 

 

Properties of analytic functions. 

1. The sufficient condition for 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + i𝑣(𝑥, 𝑦) to be analytic on 𝐷 is that the 

partial derivatives 
𝜕𝑢

𝜕𝑥
,  
𝜕𝑢

𝜕𝑦
,   
𝜕𝑣

𝜕𝑥
,   
𝜕𝑣

𝜕𝑦
  exist, be continuous and satisfy the Cauchy-Riemann 

Equations on 𝐷. 

2. If the function 𝑓(𝑧) is analytic on 𝐷, then it is continuous on 𝐷. 

3. Let 𝑓1(𝑧) and 𝑓2(𝑧) be analytic functions on 𝐷, then 

 𝑓1(𝑧) ± 𝑓2(𝑧) and 𝑓1(𝑧) ∙ 𝑓2(𝑧) are analytic function on 𝐷; 

 
𝑓1(𝑧)

𝑓2(𝑧)
 is analytic functions on 𝐷 wherever 𝑓2(𝑧) ≠ 0. 

4. Elementary functions of the complex variable (𝑧𝑛, 𝑒𝑧, sin 𝑧 , cosh 𝑧, ect.) are analytic 

in their domain. 

5. If 𝑤 = 𝑓(𝑧) is analytic on 𝐷 of the plane of the complex variable 𝑧, and an analytic 

function 𝑝 = 𝑔(𝑤) is defined in the range G of its values in the plane of the complex variable 

𝑤, then the function 𝐺(𝑧) = 𝑔(𝑓(𝑧)) is an analytic function on 𝐷 of the complex variable 𝑧. 

6. If 𝑤 = 𝑓(𝑧) is analytic on 𝐷 and |𝑓′(𝑧)| ≠ 0 in the neighborhood of a point 𝑧0 ∈ 𝐷,  

then in the neighborhood of the point 𝑤0 = 𝑓(𝑧0) of the domain of values of the function 𝑓(𝑧) 

is defined an inverse function 𝑧 = 𝑔(𝑤), which is an analytic function of the is an analytic 

function of the complex variable 𝑤 and  

𝑓′(𝑧0) =
1

𝑔′(𝑤0)
 . 

Definition. 
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7. If function 𝑤 = 𝑓(𝑧) is an analytic at the point 𝑧0 then it can be represented as a sum 

of a convergent power series in some neighborhood of the point 𝑧0. 

 

 

Investigate whether the function 𝑓(𝑧) = 𝑧 𝐼𝑚 𝑧 + 𝑧̄ is analytic. 

According to the first property, we have to check whether the partial derivatives  
𝜕𝑢

𝜕𝑥
,  

𝜕𝑢

𝜕𝑦
,   
𝜕𝑣

𝜕𝑥
,   
𝜕𝑣

𝜕𝑦
  exist, are continuous and satisfy the Cauchy-Riemann Equations.  

For 𝑧 = 𝑥 + 𝑖𝑦 we have 

𝑧 𝐼𝑚 𝑧 + 𝑧̄ = (𝑥 + 𝑖𝑦)𝑦 + (𝑥 − 𝑖𝑦) = 𝑥𝑦 + 𝑥 + 𝑖(𝑦2 − 𝑦) 

and 

𝑢(𝑥, 𝑦) = 𝑥𝑦 + 𝑥,      𝑣(𝑥, 𝑦) = 𝑦2 − 𝑦 

Differentiate them 

𝜕𝑢

𝜕𝑥
= 𝑦 + 1,           

𝜕𝑢

𝜕𝑦
= 𝑥, 

𝜕𝑣

𝜕𝑥
= 0,            

𝜕𝑣

𝜕𝑦
= 2𝑦 − 1. 

Therefore, functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) are differentiable for any (𝑥, 𝑦). 

But, since the Cauchy-Riemann Equations are not fulfilled 

𝜕𝑢

𝜕𝑥
= 𝑦 + 1 ≠ 2𝑦 − 1 =

𝜕𝑣

𝜕𝑦
, 

function 𝑓(𝑧) = 𝑧 𝐼𝑚 𝑧 + 𝑧̄ is not analytic. 

 

 

 

Find the analytic function 𝑤 = 𝑓(𝑧) if its real part is  

𝑢(𝑥, 𝑦) = 𝑥2 − 𝑦2 − 𝑦. 

Since function 𝑤 = 𝑓(𝑧) is analytic, then the Cauchy-Riemann Equations are fulfilled 

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,    
𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
. 

Hence,   

𝜕𝑢

𝜕𝑥
= 2𝑥 =

𝜕𝑣

𝜕𝑦
,            

𝜕𝑢

𝜕𝑦
= −2𝑦 − 1 = −

𝜕𝑣

𝜕𝑥
. 

 

Example 1. 

Example 2. 
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Let us use the first equation and integrate  
𝜕𝑣

𝜕𝑦
= 2𝑥 with respect to 𝑦. 

Thus, 

𝑣(𝑥, 𝑦) = ∫2𝑥 𝑑𝑦 = 2𝑥𝑦 + 𝜑(𝑥).   

From the second equation, we get   

𝜕𝑢

𝜕𝑦
= −2𝑦 − 1 = −

𝜕𝑣

𝜕𝑥
= −(2𝑥𝑦 + 𝜑(𝑥))′

𝑥
= −2𝑦 − 𝜑′(𝑥), 

−2𝑦 − 1 = −2𝑦 − 𝜑′(𝑥) 

𝜑′(𝑥) = 1. 

Integrate it with respect to 𝑥 and get  

𝜑′(𝑥) = 𝑥 + 𝐶, 

where 𝐶 is an arbitrary complex number. 

Consequently,   

𝑣(𝑥, 𝑦) = 2𝑥𝑦 + 𝑥 + 𝐶.   

Finally,  

𝑤 = 𝑓(𝑧) = (𝑥2 − 𝑦2 − 𝑦) + 𝑖(2𝑥𝑦 + 𝑥 + 𝐶) = 𝑧2 + 𝑖𝑧 + 𝑖𝐶, 

where 𝐶 is an arbitrary complex number. 
 

 

 

 

Find the analytic function 𝑤 = 𝑓(𝑧) if its imaginary part is  

𝑣(𝑥, 𝑦) = 𝑥 + 2𝑦, 

and 𝑓(1 + 𝑖) = 1. 

Since function 𝑤 = 𝑓(𝑧) is analytic, we have  

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,   
𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
. 

Then 

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
= 2,         

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
= −1. 

From the first equation, we get  

𝑢(𝑥, 𝑦) = ∫2𝑑𝑥 = 2𝑥 + 𝜑(𝑦).   

 

Example 3. 
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The second equation 
𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
  yields 

𝜕𝑢

𝜕𝑦
= 𝜑′(𝑦) = −

𝜕𝑣

𝜕𝑥
= −1, 

𝜑′(𝑦) = −1. 

Integrate it with respect to 𝑦 and get  

𝜑(𝑦) = −𝑦 + 𝐶, 

where 𝐶 is an arbitrary complex number. 

Thus,   

𝑢(𝑥, 𝑦) = 2𝑥 − 𝑦 + 𝐶.   

Consequently, 

𝑤 = 𝑓(𝑧) = (2𝑥 − 𝑦 + 𝐶) + 𝑖(𝑥 + 2𝑦) = (2 + 𝑖)𝑧 + 𝐶, 

where 𝐶 is an arbitrary complex number. 

Let us find the number 𝐶 from the condition 𝑓(1 + 𝑖) = 1. Plug 𝑧 = 1 + 𝑖 into the 

function 

𝑓(1 + 𝑖) = (2 + 𝑖)(1 + 𝑖) + 𝐶 = 3𝑖 + 𝐶 = 1. 

Hence, 

 𝐶 = −3𝑖. 

Finally,  

𝑤 = 𝑓(𝑧) = (2 + 𝑖)𝑧 − 3𝑖. 

 

Review Questions 

1. What function of a complex variable is called an analytic function at the point 𝑧; in the 

region D ? 

2. Is the function 𝑤 = 𝑓(𝑧) analytic at the point 𝑧 when it is differentiable at that point? 

3. How to investigate the function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) for analyticity? 

4. Is the statement true that the single-valued function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦) is 

analytic if  
𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,   

𝜕𝑢

𝜕𝑦
=
𝜕𝑣

𝜕𝑥
 ? 

5. In what case can the function 𝑤 = 𝑓(𝑧) be restored if its real part 𝑢(𝑥, 𝑦) or imaginary 

part 𝑣(𝑥, 𝑦) is known?  
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6. Give the algorithm for finding the analytical function 𝑤 = 𝑓(𝑧), if its real part 𝑢(𝑥, 𝑦) 

or imaginary part of v 𝑣(𝑥, 𝑦) is known. 

 

Exercises 6.2 

1.  Prove that the given functions are analytic 

1)  𝑧3 + 𝑧;                                      2)  
𝑧

𝑧−1
,  𝑧 ≠ 1;              

3) sin(2𝑧 + 1);                              4)  cosh(𝑧2 − 1).  

2.  Investigate the given functions for analyticity  

1) 𝑒𝑧
2−𝑖;                                         2)  𝐼𝑚𝑧̅2 + 𝑧 − 1 + 𝑖;    

3) sinh(2𝑖𝑧 − 𝑖 + 2);                     4)  𝑧̄2 + 𝑧̄ + 2;   

5) 𝑒 𝑧̄ − 3𝑧3 + 𝑖𝑧;                           6)  𝑧 +
1

𝑧2
,  𝑧 ≠ 0.  

3.  Find the analytic function 𝑤 = 𝑓(𝑧) if its real part is  

1)  𝑢(𝑥, 𝑦) = −𝑦(4𝑥 + 1);                            

2)   𝑢(𝑥, 𝑦) = 𝑥3 − 3𝑦2𝑥 + 2; 

3)  𝑢(𝑥, 𝑦) = 𝑥 − 𝑦 −
𝑦

𝑥2+𝑦2
, if 𝑓(𝑖) = 1 − 𝑖.  

4. Find the analytic function 𝑤 = 𝑓(𝑧) if its imaginary part is  

1)  𝑣(𝑥, 𝑦) = 𝑦 − 𝑒2𝑥 sin 2 𝑦;                       

2)  𝑣(𝑥, 𝑦) = 𝑥 + sinh𝑥 sin 𝑦; 

3)  𝑣(𝑥, 𝑦) = 5𝑥2 − 5𝑦2 + 3𝑦 − 3, if 𝑓(3 − 2𝑖) = 1 + 2𝑖. 

Answers 
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6.3 The Concept of  a Conformal Mapping 

 

Consider the analytic on 𝐷 function 𝑤 = 𝑓(𝑧). Each value 𝑧 = 𝑥 + 𝑖𝑦 corresponds to the 

value 𝑤 = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦), that is, each point (𝑥, 𝑦) on the 𝑥𝑦 −plane corresponds to a 

certain point (𝑢, 𝑣) on the 𝑢𝑣 −plane. The set of all such points (𝑢, 𝑣) on the 𝑢𝑣 −plane 

(region G) is called the image of region 𝐷.  

Suppose that there exists a derivative 𝑓′(𝑧) at the point 𝑧0 and it could be written in 

exponential form 

𝑓′(𝑧0) = lim
Δ𝑧→0

Δ𝑤

Δ𝑧
= 𝑘𝑒𝑖𝛼 , 

where 𝑘 = |𝑓′(𝑧0)| and 𝛼 = arg𝑓′(𝑧0). 

Let us consider the geometric meaning of the argument and the modulus of the derivative. 

1. Preservation of Angles at the Point 

If the point (𝑥, 𝑦) on the 𝑥𝑦-plane describes some curve 𝛾 in the region 𝐷, then the point 

(𝑢, 𝑣) on the 𝑢𝑣-plane describes the curve 𝛤. The curve 𝛤 is called the image of the curve 𝛾 

to the 𝑢𝑣-plane by the analytic function 𝑤 = 𝑓(𝑧). 

Consider the point 𝑧0 = 𝑥0 + 𝑖𝑦0 on 

the curve 𝛾 and 𝑓′(𝑧0) ≠ 0. The straight 

line 𝑙 is a tangent line to 𝛾 at this point. 

Point 𝑧0 go into 𝑤0 = 𝑢0 + 𝑖𝑣0 on the 

curve 𝛤. Let 𝐿 be the tangent line to 𝛤 at 

the point 𝑤0 (Fig. 52).  

 

Figure 52. 

An angle of rotation 𝛼 coincides with the argument of the derivative of the function 𝑓(𝑧) 

at the point 𝑧0 (𝑓′(𝑧0) ≠ 0) 

𝛼 = Arg 𝑓′ (𝑧0)                                                             (6.4) 

and has the geometric meaning of the difference of the angle of the tangent to the curve 𝛾 at 

the point 𝑧0 with the 𝑥-axis and the angle of the tangent to the curve 𝛤 at the point 𝑤0 with 

the 𝑢-axis. 

If 𝛼 = Arg 𝑓′ (𝑧0) > 0, then rotation is performed counterclockwise, in the opposite case 

(𝛼 = Arg 𝑓′ (𝑧0) < 0), it is clockwise. 
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2. In the mapping performed by the 

analytic function (𝑧) (𝑓′(𝑧0) ≠ 0), the 

angle between any curves (𝛾1, 𝛾2) 

intersecting in the point 𝑧0 is equal to the 

angle between their images - curves (𝛤1, 𝛤2)  

intersecting in the point 𝑤0  (Fig. 53). 

 

Figure 53. 

 

3. Invariance of Stretching 

Let 𝛾 be the curve connecting points 𝑧0 and 𝑧0 + 𝛥𝑧. It is mapped by 𝑤 = 𝑓(𝑧) into  

curve 𝛤 connecting points 𝑤0 and 𝑤0 + 𝛥𝑤. 

The value |
𝛥𝑤

𝛥𝑧
| is the linear magnification 

ratio of the vector from 𝑧0 to 𝑧0 + 𝛥𝑧 under 

the mapping 𝑤 = 𝑓(𝑧) (Fig. 54).    

Thus,  

 

Figure 54. 

|𝑓′(𝑧0)| = lim
𝛥𝑧→0

|
𝛥𝑤

𝛥𝑧
|                                                        (6.5) 

is the magnification (coefficient of magnification) at the point 𝑧0 under 𝑤 = 𝑓(𝑧).  

It represents an expansion if it is greater than unity (|𝑓′(𝑧0)| > 1) and a contraction if it 

is less than unity (|𝑓′(𝑧0)| < 1).  

Since  the  derivative  𝑓′(𝑧0)  does  not  depend  on  the  way  of  approaching 𝑧0 + 𝛥𝑧 

to 𝑧0, the coefficient of the magnification at this point is constant.   
 

 A continuous univalence (make one-to-one correspondence) single-valued 

mapping 𝑤 = 𝑓(𝑧) is called conformal at a point 𝑧 if there exists  𝑓′(𝑧),  

𝑓′(𝑧) ≠ 0 and it has the properties of invariance of stretching and preservation 

of angles at this point.  

The continuous univalence single-valued mapping 𝑤 = 𝑓(𝑧) is called 

conformal in the domain if it is conformal at each point of this domain.   

 

Univalence of a single-valued analytic function in a domain is an extremely 

important condition for conformal mapping. This condition is necessary and sufficient for a 

mapping to be conformal. 

 

Definition. 

Note. 
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Describe the geometrical meaning of the following mappings  

1)  𝑤 = 𝑧 + 𝑏;     2)  𝑤 = 𝑒𝑖𝛼𝑧;     3)  𝑤 = 𝜌𝑧;     4)  𝑤 = 𝑎𝑧 + 𝑏, 

where 𝑎,  𝑏 are complex numbers (𝑎 ≠ 0),  𝛼,  𝜌 are real numbers 

(𝜌 > 0). 

1) Since the addition of complex numbers can be interpreted as 

the addition of vectors, then the mapping 𝑤 = 𝑧 + 𝑏 transfers each 

point 𝑧 to the point 𝑤 with the help of a parallel shift vector 

representing the number 𝑏  (Fig. 55). 

2)  For mapping 𝑤 = 𝑒𝑖𝛼𝑧  coefficient 𝑒𝑖𝛼 is a complex number 

such that |𝑒𝑖𝛼| = 1,  arg 𝑒𝑖𝛼 = 𝛼. According to the multiplication of 

complex numbers, point 𝑧 is transferred into the point 𝑤 by rotation 

of its radius-vector around the origin of coordinates by an angle 𝛼 

(Fig. 56). 

3) Consider the mapping 𝑤 = 𝜌𝑧. By the rule of multiplication 

of complex numbers we have |𝑤| = 𝜌|𝑧|, Arg𝑤 = Arg 𝑧. According 

to the second equality the points 𝑧 and 𝑤 lie on the same ray starting 

from the origin. The first equality shows that the ratio of the 

magnitudes of radius-vectors of points 𝑤 and 𝑧 is constant and equal 

to 𝜌. 

  

 
Figure 55. 

 

 
Figure 56. 

 

 
Figure 57. 

Therefore, the mapping 𝑤 = 𝜌𝑧 is a similarity transformation with the center at the origin 

of coordinates and the coefficient of proportionality 𝜌 (Fig. 57). 

4)  Since the complex number 𝑎 can be performed in 

exponential form 𝑎 = 𝜌𝑒𝛼𝑖, the function 𝑤 = 𝑎𝑧 + 𝑏 could be 

written as follows 𝑤 = 𝜌𝑒𝛼𝑖𝑧 + 𝑏. 

Then mapping 𝑤 may be separated into two consecutive 

ones: 𝑤1 = 𝜌𝑒
𝛼𝑖𝑧 and 𝑤 = 𝑤1 + 𝑏. 

The first mapping rotates the vector by an angle 𝛼 and 

changes  the  length  by  𝜌  times,  and  the  second  one  transfers  

 

Figure 58. 

parallel the point 𝑎𝑧 with the help of a shift vector 𝑏 (Fig. 58). 

 

Example 1. 
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Consider the mapping 𝑤 = 𝑧2 + 2𝑧. Determine 

1) the angle of rotation 𝛼 and the coefficient of magnification at the point 𝑧 = 1 + 𝑖; 

2) which part of the plane is expanded and which is contracted under the transformation; 

3) at which points the conformality of the mapping is violated.  

1) Function 𝑤 = 𝑧2 + 2𝑧 is analytic as a sum of analytic functions and  

𝑤′ = 2𝑧 + 2. 

Thus, by formula (6.4), the angle of rotation is 

𝛼 = Arg𝑤 ′ (1 + 𝑖) = Arg( 2(1 + 𝑖) + 2) = Arg( 4 + 2𝑖), 

𝛼 = arctan0.5. 

By formula (6.5), the coefficient of magnification is 

𝑘 = |w′(1 + 𝑖)| = |4 + 2𝑖| = √20. 

Since 𝑘 = √20 > 1, it is the coefficient of an expansion.  

2) Let us consider the coefficient of magnification  

𝑘 = |𝑤′(𝑧)| = |2𝑧 + 2|. 

Since expansion is performed when 𝑘 > 1, we have 

𝑘 = |2𝑧 + 2| > 1, 

|𝑧 + 1| >
1

2
. 

Thus, the outer part of the circle |𝑧 + 1| =
1

2
  is expanded under the transformation, and 

the inner part of this circle is contracted. 

3) Since function 𝑤 = 𝑧2 + 2𝑧 is analytic at each point of the plane, the conformality is 

violated only at points where the derivative is zero: 

2𝑧 + 2 = 0. 

Thus, the mapping is not conformal at the point 𝑧 = −1. 

 

 
 

Determine the image of the region 0 ≤ 𝑥 ≤ 1,    0 ≤ 𝑦 ≤ 1, under the transformation 

𝑤 = 𝑧2. 

Let us find real and imaginary parts of function. Substituting 𝑧 = 𝑥 + 𝑖𝑦 directly, we get 

𝑤 = 𝑧2 = (𝑥 + 𝑖𝑦)2 = 𝑥2 − 𝑦2 + 2𝑥𝑦𝑖, 

Example 2. 

Example 3. 
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Thus, 

𝑢 = 𝑥2 − 𝑦2,       𝑣 = 2𝑥𝑦. 

First, we find images of the vertices 

of the square. Point А(0, 1) transformed 

into the point  А1(−1, 0), С(1, 1) into 

С1(0, 2), В(1, 0) into В1(1, 0), and 

О(0, 0) into О1(0, 0) (Fig. 59). 

Second, let us find images of sides. 

 
Figure 59. 

For ОВ we have 𝑦 = 0, 0 ≤ 𝑥 ≤ 1.  

Then 𝑢 = 𝑥2,  𝑣 = 0, or 0 ≤ 𝑢 ≤ 1,  𝑣 = 0.  

Thus, we obtain the segment of the 𝑢-axis. 

Similarly, we transformed other sides.  

ОА: 𝑥 = 0  𝑢 = −𝑦2,  𝑣 = 0.  

Thus, −1 ≤ 𝑢 ≤ 0,  𝑣 = 0 the segment А1О1 of the 𝑢-axis. 

АС: 𝑦 = 1  𝑢 = 𝑥2 − 1,  𝑣 = 2𝑥.  

Thus, by expressing 𝑥, we get 𝑢 =
𝑣2

4
− 1. It is the arc of the parabola, connecting the 

points А1(−1, 0) and С1(0, 2). 

ВС: 𝑥 = 1  𝑢 = 1 − 𝑦2,  𝑣 = 2𝑦.  

Thus, we obtain the arc of the parabola 𝑢 = 1 −
𝑣2

4
 that connects the points В1(1, 0) and 

С1(0, 2).  

The images obtained you may see on Figure 59 (right-sided graph). 

 

The main problems about conformal mappings are  

 Direct Problem.  

For the given analytic function investigate what is the image of the given region in the 

𝑥𝑦-plane under the transformation into the 𝑢𝑣-plane. 

 Inverse Problem.  

Construct the analytic function, such that the given region in the 𝑥𝑦-plane conformally 

transforms into the 𝑢𝑣-plane. 
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Let us consider some examples of conformal mappings. 

 

І. Fractional Linear Transformation 

Fractional linear function 𝑤 =
𝑎1𝑧+𝑏1

𝑎2𝑧+𝑏2
,  𝑎1𝑏2 ≠ 𝑎2𝑏1, transform conformally 𝑥𝑦-plane 

onto 𝑢𝑣-plane.  

Properties 

1. the point at infinity 𝑧 = ∞ maps into the finite point 𝑤 =
𝑎1

𝑎2
 and the point 𝑧 = −

𝑏2

𝑎2
 

maps into 𝑤 = ∞; 

2.  each straight line and each circle of the 𝑥𝑦-plane map into the straight line and the 

circle of the 𝑢𝑣-plane; 

3. points symmetric with respect to a circle are transformed into points symmetric with 

respect to the image of this circle (the points are called symmetric with respect to a circle if 

they lie on a common ray passing through the center of the circle, and the product of their 

distances from the center is equal to the square of the radius of the circle); 

4. there exists the unique linear-fractional function defined by the specification of a 

correspondence between three different points 𝑧1,  𝑧2,  𝑧3 of the 𝑥𝑦 -plane and three different 

points 𝑤1,  𝑤2,  𝑤3 of the 𝑢𝑣-plane. It could be written as follows  

𝑤 −𝑤1
𝑤 −𝑤3

𝑤2 −𝑤3
𝑤2 −𝑤1

=
𝑧 − 𝑧1
𝑧 − 𝑧3

𝑧2 − 𝑧3
𝑧2 − 𝑧1

                                           (6.6) 

 

If one of the points 𝑧𝑘 or 𝑤𝑘 is at infinity, then we replace differences contained 

these points by 1. For example, if 𝑧1 = ∞, 𝑤2 = ∞, then   

𝑤 −𝑤1
𝑤 −𝑤3

1

1
=

1

𝑧 − 𝑧3

𝑧2 − 𝑧3
1

. 

  

 

Find out the geometric meaning of transformation 𝑤 =
1

𝑧
.  

Let 𝑧 be given in the exponential form: 𝑧 = 𝜌𝑒𝑖𝜙. Then  

𝑤 =
1

𝜌𝑒𝑖𝜙
=
1

𝜌
𝑒−𝑖𝜙. 

Thus, under the transformation the points are mapped symmetric with respect to real axis 

(𝜙 →
𝑤
− 𝜙) and with respect to the circle |𝑧| = 1 (𝜌 →

𝑤 1

𝜌
). 

Example 4. 

Note. 
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Let us rewrite the fractional linear function as follows 

𝑤 =
𝑎1𝑧 + 𝑏1
𝑎2𝑧 + 𝑏2

=
𝑎1
𝑎2

𝑧 +
𝑏1
𝑎1

𝑧 +
𝑏2
𝑎2

=
𝑎1
𝑎2

(

 
 1

𝑧 +
𝑏2
𝑎2

+ (
𝑏1
𝑎1
−
𝑏2
𝑎2
)

)

 
 
. 

Denote 𝜆 =
𝑎1

𝑎2
, 𝜇 =

𝑏2

𝑎2
 and 𝜈 =

𝑏1

𝑎1
−
𝑏2

𝑎2
. Then 

𝑤 = 𝜆 (
1

𝑧 + μ
+ ν). 

Thus, we may understand that mapping as the collection of elementary mappings made 

by functions 

𝑤1 = 𝑧 + μ, 𝑤2 =
1

𝑤1
, 𝑤3 = 𝜆(𝑤2 + ν). 

Thus, the mapping at hand is made up of stretching, rotations and translations of the 

complex plane, and also of the inversion transformation in a circle. 

 

 

Construct the analytic function, such that the region |𝑧 − 𝑎| > 𝑅1 in the 𝑥𝑦-plane 

conformally transforms onto the region |𝑤 − 𝑏| < 𝑅2 in the 𝑢𝑣-plane.  

The function 𝑤 − 𝑏 =
𝑅1𝑅2

𝑧−𝑎
 maps the circle |𝑧 − 𝑎| = 𝑅1 into the circle |𝑤 − 𝑏| =

|
𝑅1𝑅2

𝑧−𝑎
| =

𝑅1𝑅2

𝑅1
= 𝑅2. Moreover, the image of 𝑧 = ∞ is 𝑤 = 𝑏.  

Thus, the transformation 

𝑤 =
𝑅1𝑅2
𝑧 − 𝑎

+ 𝑏 

maps the outer part of the circle |𝑧 − 𝑎| > 𝑅1 onto the inner part of the circle |𝑤 − 𝑏| < 𝑅2. 

 

 

Construct the analytic function, such that unit circle |𝑧| < 1 conformally transforms onto 

circle |𝑤| < 1 and 𝑓(𝑧0) = 0, where 𝑧0 is a point lying in the inner part of the circle |𝑧| = 1. 

Since the center of the circle |𝑤| = 1 is the image of the point 𝑧0, then the point 𝑧0
∗ 

symmetric to 𝑧0 with respect to the circle |𝑧| = 1, goes into the point symmetric to 𝑤 = 0 

with respect to a circle |𝑤| = 1, that is, into 𝑤 = ∞.  

Example 5. 

Example 6. 
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Points 𝑧0 and 𝑧0
∗ lie on the same ray, therefore, Arg 𝑧0 = Arg 𝑧0

∗. From symmetry with 

respect to a circle we get |𝑧0
∗||𝑧0| = 1.  

Thus, 

𝑧0
∗ = |𝑧0

∗|𝑒𝑖 Arg 𝑧0
∗
=
1

|𝑧0|
𝑒𝑖 Arg 𝑧0 =

1

|𝑧0|𝑒
−𝑖 Arg 𝑧0

=
1

𝑧0̅
 . 

Let us apply the formula (6.6) when 𝑧1 = 𝑧0, 𝑧3 = 𝑧0
∗, 𝑤1 = 0, 𝑤3 = ∞ and arbitrary 

𝑧2 and 𝑤2, then 

𝑤 − 0

1

1

𝑤2 − 0
=
𝑧 − 𝑧0
𝑧 − 𝑧0

∗

𝑧2 − 𝑧0
∗

𝑧2 − 𝑧0
. 

Hence, 

𝑤 = 𝑘
𝑧 − 𝑧0
𝑧 − 𝑧0

∗ = 𝑘1
𝑧 − 𝑧0
1 − 𝑧̄0𝑧

, 

where 𝑘 and 𝑘1 are arbitrary complex numbers.  

Since points of the circle |𝑧| = 1 are mapped into points of the circle |𝑤| = 1, then 

|𝑤(1)| = 1.  

Therefore,  

|𝑤(1)| = |𝑘1| |
1 − 𝑧0
1 − 𝑧̄0

| = |𝑘1| |
1 − 𝑧0

1 − 𝑧0
| = |𝑘1| = 1. 

Thus, 𝑘1 = 𝑒
𝑖𝛼, where 𝛼 is the real number that 

geometrically defines the angle of rotation of the 

circle |𝑤| < 1  about the origin of coordinates.  

 

 

Figure 60. 

Figure 60 shows the grid conformally equivalent to the grid of polar coordinates of the 

circle |𝑤| < 1, from which we have that the mapping deforms the inner part and the boundary 

of the circle |𝑧| < 1. 

 
 

 

Construct the analytic function, such that unit circle |𝑧| < 1 conformally transforms onto 

the upper part of the plane (𝐼𝑚𝑤 > 0) and 𝑓(0) = 𝑖,   𝑓(−𝑖) = 0. 

By the third property, we have that point 𝑧 = ∞ (symmetric to 𝑧 = 0 with respect to a 

circle |𝑧| = 1) goes into point 𝑤 = −𝑖, (symmetric to 𝑤 = 𝑖 with respect to a real axis). Let 

us apply the formula (6.6) when  𝑧1 = 0, 𝑧2 = −𝑖, 𝑧3 = ∞, 𝑤1 = 𝑖, 𝑤2 = 0, 𝑤3 = −𝑖. 

Example 7. 
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Thus, 

𝑤 =
1 − 𝑖𝑧

𝑧 − 𝑖
. 

Figure 61 shows the transformation of the 

circles |𝑧| = 𝑟 and rays Arg 𝑧 = 𝑐𝑜𝑛𝑠𝑡 into the 

𝑢𝑣-plane.  
 

Figure 61. 

 

ІІ. Power Function 

Power function 𝑤 = (𝑧 − 𝑧0)
𝑛, where 𝑛 ≥ 2 is 

an integer number, univalencly and conformally maps 

the inner part of the angle (𝜙 ≤
2𝜋

𝑛
) with the vertex 

at the point 𝑧0 onto the inner part of the angle 𝑛𝜙 with 

the vertex at the origin of the coordinates. 

     

 

Figure 62. 

 

 Let the region 𝐷 of the 𝑥𝑦-plane be connected and 𝑧 ∈ 𝐷,  𝑧 = 𝜌𝑒𝑖𝜙. The 

condition 𝜙 ≤
2𝜋

𝑎
 is necessary and sufficient for the univalency of the given mapping, that is, 

the mapping makes one-to-one correspondence.  
 

  Transformation 𝑤 = 𝑧𝑛 is conformal everywhere in the 𝑥𝑦-plane, excluding 

points 𝑧 = 0 and 𝑧 = ∞, where it increases angles by a factor of 𝑛. 
 

 

Find the image of the region 𝐼𝑚 𝑧 > 0 under the transformation 𝑤 = 𝑧2.  

In the given region (upper part of 𝑥𝑦-

plane) the angle 𝜙 changes from 0 to 𝜋. 

Let 𝑧 = 𝜌𝑒𝑖𝜙, then 𝑤 = 𝑧2 = 𝑟𝑒𝑖𝜓, 

where 𝑟 = 𝜌2,  𝜓 = 2𝜙.  

Thus, the upper part of the 𝑥𝑦-plane 

transforms onto the angle 2 times larger: 

0 < 𝜓 < 2𝜋. 

   
Figure 63. 

Rays for angles 𝜙 = 𝜙0 transform into rays 𝜓 = 2𝜙0, and circles |𝑧| = 𝜌0 go into circles 

|𝑧| = 𝜌0
2 (Fig.63). 

As a result, we have a mapping of the upper part of the plane onto the region, which can 

be obtained from the plane by cutting out the nonnegative part of the real axis. 

Example 8. 

Note 1. 

Note 2. 
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Construct  the  analytic  function,  such  that  the  upper  part  of  the  unit  circle  |𝑧| < 1,

𝐼𝑚 𝑧 ≥ 0 conformally transforms onto the upper part of the plane 𝐼𝑚𝑤 ≥ 0. 

The boundary of the half-circle consists 

of two parts: the segment of the real axis 

−1 ≤ 𝑅𝑒 𝑧 ≤ 1 

and the upper arc of the circumference 

|𝑧| = 1,  Im𝑧 > 0, 

 
Figure 64. 

intersecting at points   𝑧 = ±1 under the right angle (the first graph of Fig. 64). 

Fractional linear function  𝑝 =
𝑧−1

𝑧+1
  maps the point 𝑧 = −1 into the point 𝑝 = −∞, and 

the point 𝑧 = 1 into the point 𝑝 = 0. Thus, the given region is mapped onto the angle between 

two perpendicular rays with the vertex in the origin of coordinates (see the second graph of 

Fig. 64). 

Let us rotate clockwise by the right angle by mapping – 𝑖𝑝. Then the funcion 𝑤 = (𝑖𝑝)2 

maps this angle onto the upper part of the plane. 

Thus, the function is 

𝑤 = −(
𝑧 − 1

𝑧 + 1
)
2

. 

 

ІІІ. Zhukovsky's Function 

Zhukovsky's function 𝑤 =
1

2
(𝑧 +

1

𝑧
) maps univalencly and conformally both the 

domains inside and outside of the unit circle |𝑧| = 1 onto one and the same domain of the 𝑢𝑣- 

plane |𝑅𝑒𝑤| ≤ 1,   𝐼𝑚𝑤 = 0 (Fig. 65). 

Under this mapping each circle 

|𝑧| = 𝑟 < 1 goes into the ellipse with 

semiaxis 𝑎 =
1

2
(𝑟 +

1

𝑟
) ,  𝑏 =

1

2
(
1

𝑟
− 𝑟) 

centered at the origin, and the circles   

|𝑧| = 𝑅 > 1  goes into the ellipse with  
 

Figure 65. 

semiaxis 𝑎 =
1

2
(𝑅 +

1

𝑅
) ,  𝑏 =

1

2
(𝑅 −

1

𝑅
) centered at the origin.  

 

Example 9. 
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Consider the Zhukovsky's function. Find the image of the regions: 

1) unit circle |𝑧| < 1 cut along the segment [
1

2
, 1]; 

2) unit circle |𝑧| < 1 cut along the segment [−
1

2
, 1]. 

1) Zhukovsky's function maps the circle |𝑧| = 1 into the segment [−1,1] (the upper 

semicircle   is   mapped   onto   the   lower   lip,   and   the   lower   one   onto  the   upper   lip of 

the cut), and the  segment  [
1

2
,  1]  goes  onto  

the  segment [1,  
5

4
], (𝑤(1) = 1,  𝑤 (

1

2
) =

5

4
).  

Thus, the inner part of circle |𝑧| < 1 is 

mapped onto the whole plane cut along the 

segment [−1,1] ∪ [1,  
5

4
] = [−1,  

5

4
] (Fig. 66). 

 

Figure 66. 

2) Since  𝑤 (−
1

2
) = −

5

4
,   𝑤(0−) = −∞, 

𝑤(0+) = +∞,   𝑤(1) = 1, while the point 𝑧 

goes along the segment [−
1

2
, 1], the point 𝑤 

goes  along  the  real  axis  from  𝑤 = −
5

4
   to 

𝑤 = −∞ and from  𝑤 = +∞ to 𝑤 = 1. 

  

Figure 67. 

Thus, the inner part of circle |𝑧| < 1 is mapped onto the whole plane cut along the rays  

[−∞,−
5

4
] and [−1,1] ∪ [1,+∞] (Fig. 67). 

 

Review Questions 

1. What is the image of the domain D for the function 𝑤 = 𝑓(𝑧) analytic in this domain 

called?  

2. What is the mapping of the line 𝛾  lying in the region 𝐷 onto the plane w using the 

analytical function 𝑤 = 𝑓(𝑧) called?  

3. What do we understand by the coefficient of expansion (compression) at the point 𝑧0 

for the mapping 𝑤 = 𝑓(𝑧)? 

Example 10. 
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4. What is the geometric meaning of the argument and modulus of the derivative function 

𝑤 = 𝑓(𝑧)? 

5. What mapping 𝑤 = 𝑓(𝑧) is called conformal at point 𝑧 of an arbitrary curve? 

6. What mapping 𝑤 = 𝑓(𝑧) is called conformal in the domain?  

7. Can it be asserted that the mapping 𝑤 = 𝑓(𝑧) is conformal in the domain 𝐷 when the 

function is analytic in the domain 𝐷 and at every point of this domain 𝑓′(𝑧) ≠ 0? 

Would the reverse statement be true?  

 

Exercises 6.3 

1. For the given transformations, find the angle of rotation and the coefficient of 

expansion (compression) at the point 𝑧0. 

1)  𝑤1 = 𝑧
2 + 4𝑖𝑧 + 1, 𝑧0 = 1 − 𝑖; 

2)  𝑤2 =
1

𝑧
, 𝑧0 = 2𝑖; 

3)  𝑤3 = cos 4𝑖𝑧 , 𝑧0 =
𝜋

8
𝑖. 

2. Which part of the plane is expanded and which is contracted under the given 

transformations?  

1)  𝑤1 = −𝑧
2 + 3𝑧 + 8; 

2)  𝑤2 =
2

𝑧
; 

3)  𝑤3 = 𝑒
𝑧. 

3. At which points the conformality of the given mappings is violated?  

1)  𝑤1 = −𝑧
2 + 2𝑖𝑧 + 1; 

2)  𝑤2 = 𝑧
5 + 16𝑧; 

3)  𝑤3 = sin 4𝑧. 

4. Find the image of the curve |𝑧| = 1 under the transformation 𝑤 = 2𝑧 + 1. 

5. Show that the angle between the lines 𝑦 = 1 and  𝑦 = 𝑥 − 1 does not change under 

the transformation 𝑤 = (1 + 𝑖)𝑧 + (1 − 𝑖). 

6. Construct the linear function, such that the point 𝑧0 = 1 − 𝑖 is fixed, but 𝑧 = 2 − 𝑖 

transforms onto 𝑤 = 𝑖. 

7. Construct the linear function, such that unit circle |𝑧| < 1 conformally transforms onto 

the circle |𝑤 − 1 + 𝑖| < 1. 
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8. Construct the fractional linear function, such that the half of the plane 𝑅𝑒 𝑧 > 0 

conformally transforms onto the half of the plane 𝐼𝑚𝑤 < 0, and 

𝑤(𝑖) = −1,   𝑤(−𝑖) = 0,   𝑤(−2𝑖) = 2. 

9.  Construct the fractional linear function, such that the circle |𝑧 − 1| < 1 conformally 

transforms onto the half of the plane 𝑅𝑒𝑤 < 1  , and 

𝑤(0) = 1 + 𝑖,   𝑤(1 + 𝑖) = 1,   𝑤(2) = 1 − 𝑖. 

10.  Construct the fractional linear function, such that the circle |𝑧 − 2𝑖| < 1 conformally 

transforms onto |𝑤| < 2, and 

𝑤(𝑖) = 2,   𝑤(1 + 2𝑖) = 2𝑖,   𝑤(3𝑖) = −2𝑖. 

11. Find the image of the region |𝑧| < 1, 𝐼𝑚 𝑧 > 0 under the transformation 𝑤 =
𝑖−𝑖𝑧

1+𝑧
.   

12. Construct the power function, such that the region −
𝜋

4
< 𝑎𝑟𝑔( 𝑧 − 𝑖) < 0 

conformally transforms onto the region 0 < 𝑎𝑟𝑔𝑤 <
3𝜋

4
. 

13. Find the image of the region |𝑧| < 1,  𝐼𝑚 𝑧 > 0 under the Zhukovsky's function.  

14. Using the Zhukovsky's function, construct the function, such that the region 

|𝑧 − 1| < 1,  𝐼𝑚 𝑧 < 0 conformally transforms onto the upper half of the plane.  

Answers 
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7. Integration of  the Function of  a Complex Variable 

 

7.1 Integral with Respect to a Complex Variable 

 

I. Basic Definition 

Let us consider a piecewise smooth oriented curve 𝛤 in the complex plane. It is 

convenient to determine this curve by parametric equations  

{
𝑥 = 𝑥(𝑡),
𝑦 = 𝑦(𝑡),

 

where functions 𝑥(𝑡) and 𝑦(𝑡) are piecewise smooth functions of the real variable (parameter) 

𝑡 ∈ (𝑎, 𝑏), moreover, |(𝑥′(𝑡))2 + (𝑦′(𝑡))2| ≠ 0 (thus, we may find the arc length). 

Obviously, the curve 𝛤 on the complex plane could be defined as the complex function  

𝑧(𝑡) = 𝑥(𝑡) + 𝑖𝑦(𝑡)                                                         (7.1) 
of the real variable 𝑡 ∈ (𝑎, 𝑏). 

Suppose that function 𝑤 = 𝑓(𝑧) is continuously defined at every point 𝑧 of the curve 𝛤.  

Consider the arc of the curve 𝛤 with the beginning at 

the point 𝑧0 and the end at the point 𝑧. Let us partition this 

arc into 𝑛 parts by points 𝑧0, 𝑧1, 𝑧2, . . ., 𝑧𝑛−1, 𝑧𝑛 = 𝑧. 

On the each arc 𝑧𝑘−1𝑧𝑘̆ , 𝑘 = 1,2,…𝑛, let us choose 

point 𝜉𝑘. Thus, we obtain the set of points 𝜉1, 𝜉2, . . .,

𝜉𝑛−1, 𝜉𝑛 (Fig. 68). 

 

Figure 68. 

Next, we form the sum (integral sum) 

𝑓(𝜉1)(𝑧1 − 𝑧0) + 𝑓(𝜉2)(𝑧2 − 𝑧1) + ⋯+ 𝑓(𝜉𝑛)(𝑧𝑛 − 𝑧𝑛−1) = ∑𝑓(𝜉𝑘)∆𝑧𝑘

𝑛

𝑘=1

.     (7.2) 

Denote by 𝜆 the maximum of the lengths |𝑧𝑘−1𝑧𝑘|, 𝑘 = 1,2,…𝑛.  
 

 If for any partition of the curve 𝛤 such that 𝜆→ 0 and for any choice of points 

𝜉𝑘 it exists the limit lim
𝜆→0
∑ 𝑓(𝜉𝑘)∆𝑧𝑘
𝑛
𝑘=1 , then that limit is called the integral of 

the function 𝑤 = 𝑓(𝑧) along the arc of curve 𝛤 and denoted by 

∫𝑓(𝑧)

 

𝛤

𝑑𝑧.                                                                 (7.3) 

 

Definition. 
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II. Integration Formula 

Let us find the integration formula in terms of real and imaginary parts of the integrand. 

Consider 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦), then for 𝜉𝑘 = 𝛼𝑘 + 𝑖𝛽𝑘 we get 

                              𝑓(𝜉𝑘) = 𝑢(𝛼𝑘, 𝛽𝑘) + 𝑖𝑣(𝛼𝑘, 𝛽𝑘). 

Since 𝛥𝑧𝑘 = 𝛥𝑥𝑘 + 𝑖𝛥𝑦𝑘 , integral sum (7.2) is written as follows  

∑𝑓(𝜉𝑘)𝛥𝑧𝑘

𝑛

𝑘=1

=∑(𝑢(𝛼𝑘, 𝛽𝑘) + 𝑖𝑣(𝛼𝑘, 𝛽𝑘) )(𝛥𝑥𝑘 + 𝑖𝛥𝑦𝑘)

𝑛

𝑘=1

= 

=∑(𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 + 𝑖𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 +  𝑖𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘 + 𝑖
2⏟
−1

𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘)

𝑛

𝑘=1

= 

=∑((𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 − 𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘) + 𝑖(𝑣(𝛼𝑘 , 𝛽𝑘)𝛥𝑥𝑘 +  𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘))

𝑛

𝑘=1

= 

=∑(𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 − 𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘)

𝑛

𝑘=1

+ 𝑖∑(𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 +  𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘)

𝑛

𝑘=1

. 

Thus,  

∫𝑓(𝑧)

 

𝛤

𝑑𝑧 = lim
𝜆→0
∑𝑓(𝜉𝑘)∆𝑧𝑘

𝑛

𝑘=1

= 

= lim
𝜆→0
∑(𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 − 𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘)

𝑛

𝑘=1

++𝑖 lim
𝜆→0
∑(𝑣(𝛼𝑘, 𝛽𝑘)𝛥𝑥𝑘 +  𝑢(𝛼𝑘, 𝛽𝑘)𝛥𝑦𝑘)

𝑛

𝑘=1

. 

The last two sums correspond to the integral sums for line integrals of vector fields over 

the curve.  

As a result, the integral of the function 𝑤 = 𝑓(𝑧) = 𝑢(𝑥, 𝑦) + 𝑖𝑣(𝑥, 𝑦)  along the arc of 

curve 𝛤 reduces to two line integrals of real functions  

∫𝑓(𝑧)

 

𝛤

𝑑𝑧 = ∫𝑢(𝑥, 𝑦)𝑑𝑥 − 𝑣(𝑥, 𝑦)𝑑𝑦

 

𝛤

+ 𝑖 ∫𝑣(𝑥, 𝑦)𝑑𝑥 + 𝑢(𝑥, 𝑦)𝑑𝑦

 

𝛤

.           (7.4) 

 Obviously, we can use all the properties and methods of calculating line integrals of 

vector fields over the curve.  
 

If 𝛤 = 𝛤1 ∪ 𝛤2 ∪ …∪ 𝛤𝑚, where 𝛤1, 𝛤2, … 𝛤𝑚 are piecewise smooth curves, then 

∫𝑓(𝑧)

 

𝛤

𝑑𝑧 = ∫𝑓(𝑧)

 

𝛤1

𝑑𝑧 + ∫𝑓(𝑧)

 

𝛤2

𝑑𝑧 +⋯+ ∫𝑓(𝑧)

 

𝛤𝑚

𝑑𝑧. 

Note. 
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Evaluate the integral  

∫𝑧𝐼𝑚𝑧̅𝑑𝑧

 

𝐴𝐵

, 

where 𝐴𝐵  is a segment of the straight line connecting the points 𝑧𝐵 = −2 − 𝑖,   𝑧𝐴 = 1 + 2𝑖. 

First, we have to find real and imaginary parts of integrand  

𝑧𝐼𝑚𝑧̅ = (𝑥 + 𝑖𝑦) 𝐼𝑚(𝑥 − 𝑖𝑦) = −𝑦(𝑥 + 𝑖𝑦) = −𝑥𝑦 − 𝑦2𝑖, 

thus,   

  𝑢(𝑥, 𝑦) = −𝑥𝑦,            𝑣(𝑥, 𝑦) = −𝑦2. 

Second, let us find the equation of the straight line connecting the points 𝑧𝐵 = −2 − 𝑖, 

and 𝑧𝐴 = 1 + 2𝑖 by the formula for the equation of a line through two points (−2,−1),   (1,2): 

𝑥 + 2

1 + 2
=
𝑦 + 1

2 + 1
, 

then 

  𝑦 = 𝑥 + 1 for  −2 ≤ 𝑥 ≤ 1. 

According to formula (7.4), we obtain 

∫𝑧𝐼𝑚𝑧̅𝑑𝑧

 

𝐴𝐵

= ∫(−𝑥𝑦)𝑑𝑥 − (−𝑦2)𝑑𝑦

 

𝐴𝐵

+ 𝑖 ∫(−𝑦2)𝑑𝑥 + (−𝑥𝑦)𝑑𝑦

 

𝐴𝐵

= 

= |
𝑦 = 𝑥 + 1
𝑑𝑦 = 𝑑𝑥
−2 ≤ 𝑥 ≤ 1

| = ∫(−𝑥(𝑥 + 1) + (𝑥 + 1)2)𝑑𝑥

1

−2

− 𝑖 ∫(−(𝑥 + 1)2 − 𝑥(𝑥 + 1))𝑑𝑥

1

−2

= 

= ∫(𝑥 + 1)𝑑𝑥

1

−2

− 𝑖 ∫(2𝑥2 + 3𝑥 + 1)𝑑𝑥

1

−2

=
3

2
−
9

2
𝑖 . 

 

 

Evaluate the integral 

∫𝐼𝑚 𝑧 𝑑𝑧

 

𝛤

, 

where 𝛤 is a part of ellipse 
𝑥2

4
+
𝑦2

9
= 1 lying in the first quarter. 

Real and imaginary parts of the integrand are 

𝑢(𝑥, 𝑦) = 𝑦,         𝑣(𝑥, 𝑦) = 0. 

Example 1. 

Example 2. 
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Consider the given curve 𝛤 as parametric equations  

{
𝑥 = 2 cos 𝑡 ,
𝑦 = 3 sin 𝑡 ,

 

where 0 ≤ 𝑡 ≤
𝜋

2
, since it lies in the first quarter. 

Then, by formula (7.4), we get 

∫𝐼𝑚 𝑧 𝑑𝑧

 

𝛤

= ∫𝑦𝑑𝑥

 

𝛤

+ 𝑖 ∫𝑦𝑑𝑦

 

𝛤

= |

𝑥 = 2 cos 𝑡 ,     𝑑𝑥 = −2 sin 𝑡 𝑑𝑡,
𝑦 = 3 sin 𝑡 ,       𝑑𝑦 = 3 cos 𝑡 𝑑𝑡,

0 ≤ 𝑡 ≤
𝜋

2

| = 

= −∫6𝑠𝑖𝑛2 𝑡 𝑑𝑡

𝜋
2

0

+ 𝑖∫ 9 sin 𝑡

𝜋
2

0

cos 𝑡 𝑑𝑡 = −3∫(1 − cos 2𝑡)𝑑𝑡

𝜋
2

0

+ 𝑖
9

2
∫ sin 2𝑡

𝜋
2

0

𝑑𝑡 = 

= −3(𝑡 −
sin 2𝑡

2
)|
0

𝜋
2
− 𝑖
9 cos 2𝑡

4
|
0

𝜋
2
= −

3𝜋

2
+ 𝑖
9

2
. 

 

III. Cauchy's Theorem in Singly-connected Domain. 

 

If function 𝑓(𝑧) is single-valued and analytic in the simply-connected 

domain 𝐷 then the integral of this function along any closed contour 𝐶 

lying entirely within 𝐷 (Fig. 69) is equal to zero 

∮𝑓(𝑧)𝑑𝑧

 

𝐶

= 0. 

 

Proof.   

Let us consider the integral 

∮𝑓(𝑧)𝑑𝑧

 

𝐶

= ∮𝑢𝑑𝑥 − 𝑣𝑑𝑦

 

𝐶

+ 𝑖 ∮𝑣𝑑𝑥 + 𝑢𝑑𝑦

 

𝐶

, 

where 𝐶 is a closed contour (the start point of 𝐶 coincides 

with the end point)  lying entirely within 𝐷 (Fig. 69) 

 

 

Figure 69. 

Since function 𝑓(𝑧) is analytic inside the contour 𝐶, functions 𝑢(𝑥, 𝑦) and 𝑣(𝑥, 𝑦) have 

continuous first-order derivatives in the domain bounded by curve 𝐶. Moreover, the Cauchy-

Riemann equations are fulfilled. 

 

Theorem 7.1 
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Let us apply Green’s Formula for curvilinear integrals  

∮𝑃𝑑𝑥 + 𝑄𝑑𝑦 =

 

𝐶

∬(
𝜕𝑄

𝜕𝑥
−
𝜕𝑃

𝜕𝑦
)

 

𝐷1

𝑑𝑥𝑑𝑦 

to each line integral.  

Thus,  

∮𝑢𝑑𝑥 − 𝑣𝑑𝑦

 

𝐶

=∬(−
𝜕𝑣

𝜕𝑥
−
𝜕𝑢

𝜕𝑦
)

 

𝐷1

𝑑𝑥𝑑𝑦, 

∮𝑣𝑑𝑥 + 𝑢𝑑𝑦

 

𝐶

=∬(
𝜕𝑢

𝜕𝑥
−
𝜕𝑣

𝜕𝑦
)

 

𝐷1

𝑑𝑥𝑑𝑦. 

where is a domain lying entirely within 𝐷1 and bounded by the closed contour 𝐶. 

According to the Cauchy-Riemann equations   

𝜕𝑢

𝜕𝑥
=
𝜕𝑣

𝜕𝑦
,         

𝜕𝑢

𝜕𝑦
= −

𝜕𝑣

𝜕𝑥
, 

we obtain 

∮𝑢𝑑𝑥 − 𝑣𝑑𝑦

 

𝐶

=∬(−
𝜕𝑣

𝜕𝑥
−
𝜕𝑢

𝜕𝑦
)

 

𝐷1

𝑑𝑥𝑑𝑦 = 0, 

∮𝑣𝑑𝑥 + 𝑢𝑑𝑦

 

𝐶

=∬(
𝜕𝑢

𝜕𝑥
−
𝜕𝑣

𝜕𝑦
)

 

𝐷1

𝑑𝑥𝑑𝑦 = 0. 

Hence,   

∮𝑓(𝑧)𝑑𝑧

 

𝐶

= ∮𝑢𝑑𝑥 − 𝑣𝑑𝑦

 

𝐶

+ 𝑖 ∮𝑣𝑑𝑥 + 𝑢𝑑𝑦

 

𝐶

= 0. 

 

 

 
 

 

Integral of the analytic function 𝑓(𝑧) along any 

unclosed curve, lying entirely within 𝐷 and connecting 

two points of the domain (Fig. 70),  is independent of the 

choice of the integration curve  

∫𝑓(𝑧)

 

𝛤1

𝑑𝑧 = ∫𝑓(𝑧)

 

𝛤2

𝑑𝑧. 

 

Figure 70. 

Corollary 1. 
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If the function 𝑓(𝑧) is single-valued and analytic in the simply-connected domain then 

an integral along any curve, connecting points 𝑧𝐴 (start) and 𝑧𝐵 (end), can be evaluated by the 

formula 

∫ 𝑓(𝑧)

𝑧𝐵

𝑧𝐴

𝑑𝑧 = 𝐹(𝑧𝐵) − 𝐹(𝑧𝐴),                                                 (7.5) 

where 𝐹′(𝑧) = 𝑓(𝑧).  

This formula is similar to the Newton–Leibniz Formula (Second Fundamental Theorem 

of Calculus) for definite integral.  

 

 

Evaluate the integral 

∫(𝑧 − 𝑖)𝑑𝑧

2𝑖

1−𝑖

. 

Function (𝑧 − 𝑖) is analytic in the complex plane, thus, by formula (3.5), we get  

∫(𝑧 − 𝑖)𝑑𝑧

2𝑖

1−𝑖

= (
𝑧2

2
− 𝑖𝑧)|

1−𝑖

2𝑖

= (
(2𝑖)2

2
− 𝑖(2𝑖)) − (

(1 − 𝑖)2

2
− 𝑖(1 − 𝑖)) = 1 + 2𝑖. 

 

IV. Cauchy's Theorem in Multiply-connected Domain. 
 

 

If function 𝑓(𝑧) is analytic in multiply-connected closed domain 𝐷̅, 

bounded by contours 𝐶,  𝐶1,  𝐶2,  …,  𝐶𝑛 (Fig. 71), then  

∮𝑓(𝑧)𝑑𝑧

 

𝐶+

+∑ ∮ 𝑓(𝑧)

 

𝐶𝑘−

𝑑𝑧

𝑛

𝑘=1

= 0. 

 

Proof.   

Let us consider the set of smooth curves 𝛾1,  𝛾2,  …,  

𝛾𝑛  connecting the contour  𝐶 with the contours 𝐶1,  

𝐶2,  …,  𝐶𝑛 (Fig. 72).  
Figure 71. 

Example 3. 

Theorem 7.2 

Corollary 2. 
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Figure 72. 

Hence, the domain 𝐷 is bounded by the curves 𝐶,  

𝐶1, 𝐶2,  …,  𝐶𝑛 and the curves 𝛾1,  𝛾2,  …,  𝛾𝑛. Point 

moves along curves 𝛾1,  𝛾2,  …,  𝛾𝑛 twice in opposite 

directions. In this case domain is simply-connected.  

According to Cauchy's theorem in simply-

connected  domain,  the  integral  around  the  boundary 

of this domain is zero:  

∮𝑓(𝑧)𝑑𝑧

 

𝐶+

+∑ ∮𝑓(𝑧)𝑑𝑧

 

𝐶𝑘−

𝑛

𝑘=1

+∑ ∮𝑓(𝑧)𝑑𝑧

 

𝛾𝑘−

𝑛

𝑘=1

+∑ ∮𝑓(𝑧)𝑑𝑧

 

𝛾𝑘+

𝑛

𝑘=1

= 0. 

But the integrals along the curves 𝛾1,  𝛾2,  …,  𝛾𝑛 are taken twice in opposite directions, 

thus, they are cancelled:   

∑ ∮𝑓(𝑧)𝑑𝑧

 

𝛾𝑘−

𝑛

𝑘=1

+∑ ∮𝑓(𝑧)𝑑𝑧

 

𝛾𝑘+

𝑛

𝑘=1

= −∑ ∮𝑓(𝑧)𝑑𝑧

 

𝛾𝑘+

𝑛

𝑘=1

+∑ ∮ 𝑓(𝑧)𝑑𝑧

 

𝛾𝑘+

𝑛

𝑘=1

= 0. 

Therefore, we get the statement of theorem 

∮𝑓(𝑧)𝑑𝑧

 

𝐶+

+∑ ∮ 𝑓(𝑧)𝑑𝑧

 

𝐶𝑘−

𝑛

𝑘=1

= 0. 

 

Review Questions 

1. What is the integral of the function of the complex variable 𝑓(𝑧) along the curve 𝐿  

called?  

2. Is it possible to claim that the calculation of the integral ∫ 𝑓(𝑧)𝑑𝑧
𝐿

 of a function of a 

complex variable is reduced to the calculation of two line integrals of the second kind 

of real functions?  

3. Write down the formula for calculating the integral ∫ 𝑓(𝑧)𝑑𝑧
𝐿

. 

4. What formula is applied to calculate the integral ∫ 𝑓(𝑧)𝑑𝑧
𝐿

 if the curve 𝐿 is given by 

parametric equations 𝑥 = 𝑥(𝑡), 𝑦 = 𝑦(𝑡)  𝑡 ∈ [𝑡1, 𝑡2]? 

5. Formulate Cauchy's theorem in a simply-connected domain.  

6. What must the function 𝑓(𝑧) be in order for the integral of this function along any 

closed curve to be zero?  
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7. Formulate Cauchy's theorem in a multiply-connected domain.  

8. Write down the Newton–Leibniz formula for the function 𝑓(𝑧) analytic in the simply-

connected domain. 

9. Formulate the condition of independence of path for the integral ∫ 𝑓(𝑧)𝑑𝑧
𝐿

. 

 

Exercises 7.1 

1. Evaluate the integral 

1) ∫ (3𝑧2 + 2𝑧 − 1)𝑑𝑧

1+𝑖

1−𝑖

; 

2)∫𝑧 cos 𝑧 𝑑𝑧;

0

𝑖

 

3)∫ 2𝑧𝑒𝑧
2
𝑑𝑧

2𝑖

𝑖

. 

2. Evaluate the integral ∫ Re𝑧𝑑𝑧
  

𝛤
,  if  𝛤  is an arc of parabola 𝑦 = 2𝑥2,  between the 

points 𝑧 = 0 and 𝑧 = 1 + 2𝑖. 

3. Evaluate the integral ∫ 𝑧2Im𝑧𝑑𝑧
  

𝐿
,  if  𝐿 is a segment of the straight line connecting the 

points 𝑧 = 0 and 𝑧 = 2 + 2𝑖. 

4. Evaluate the integral ∫ (2𝑧 + 1)𝑧̅𝑑𝑧
  

𝐶
,  where 𝐶 is the unit circle |𝑧| = 1.  

5. Evaluate the integral ∫ 𝑧2|𝑧|𝑑𝑧
  

𝐿
, where 𝐿 – is a half of the circle |𝑧| = 2, Im𝑧 ≤ 0. 

Answers 
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7.2 Cauchy’s Integral 

 

I. Cauchy’s Integral Formula  

 

Let the function 𝑤 = 𝑓(𝑧) be analytic in the simply-connected domain 𝐷̅ 

bounded by closed contour 𝐶 (Fig.73).  

For any interior point 𝑧0 ∈ 𝐷  

1

2𝜋𝑖
∮
𝑓(𝑧)

𝑧 − 𝑧0

 

𝐶

𝑑𝑧 = 𝑓(𝑧0).                                   (7.5) 

 

  

 This formula is called Cauchy's integral 

formula and the left-sided integral is called 

Cauchy's integral. 

 

Proof.   

 

Figure 73. 

Consider the integrand 𝑔(𝑧) =
𝑓(𝑧)

𝑧−𝑧0
. This function is analytic everywhere in the 𝐷 except 

at the point 𝑧0.  

Let us construct a closed contour-circle 𝛾0: |𝑧 − 𝑧0| =

𝜌 lying entirely in 𝐷 and containing the point 𝑧0 (Fig. 74). 

Then the function 𝑔(𝑧) is analytic in the region lying 

between the circle 𝛾0 and the contour 𝐶 (boundary of the 

region 𝐷). 

According to Cauchy's theorem in multiply-connected 

domain, we have 

 

Figure 74. 

 

∮
𝑓(𝑧)

𝑧 − 𝑧0

 

С+

𝑑𝑧 + ∮
𝑓(𝑧)

𝑧 − 𝑧0

 

𝛾0−

𝑑𝑧 = 0 

Change the direction of motion along the circle 𝛾0 in the second integral. Thus,  

∮
𝑓(𝑧)

𝑧 − 𝑧0

 

С+

𝑑𝑧 = ∮
𝑓(𝑧)

𝑧 − 𝑧0

 

𝛾0+

𝑑𝑧. 

Now, solve the right-sided integral for  𝛾0: |𝑧 − 𝑧0| = 𝜌.  

Definition. 

Theorem 7.3 
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Substituting 𝑧 = 𝑧0 + 𝜌𝑒
𝑖𝜑, we get  𝑑𝑧 = 𝜌𝑖𝑒𝑖𝜑𝑑𝜑, 0 ≤ 𝜑 ≤ 2𝜋 and 

∮
𝑓(𝑧)

𝑧 − 𝑧0

 

𝐶

𝑑𝑧 = ∮
𝑓(𝑧)

𝑧 − 𝑧0

 

|𝑧−𝑧0|=𝜌

𝑑𝑧 = ∫
𝑓(𝑧)

𝜌𝑒𝑖𝜑
𝜌𝑖𝑒𝑖𝜑𝑑𝜑

2𝜋

0

= 𝑖∫ 𝑓(𝑧)𝑑𝜑

2𝜋

0

. 

Next, we transform the integrand by adding and subtracting the number 𝑓(𝑧0): 

𝑖 ∫ 𝑓(𝑧)𝑑𝜑

2𝜋

0

= 𝑖∫ [𝑓(𝑧) − 𝑓(𝑧0)]𝑑𝜑

2𝜋

0

+ 𝑖∫ 𝑓(𝑧0)𝑑𝜑

2𝜋

0

. 

Let 𝑧 tend to 𝑧0 (𝜌 → 0), then (𝑓(𝑧) − 𝑓(𝑧0)) → 0 and we get 

𝑖 ∫ 𝑓(𝑧0)𝑑𝜑

2𝜋

0

= 𝑖𝑓(𝑧0)∫ 𝑑𝜑

2𝜋

0

= 2𝜋𝑖𝑓(𝑧0). 

Therefore, we obtain the Cauchy's integral formula 

∮
𝑓(𝑧)

𝑧 − 𝑧0

 

𝐶

𝑑𝑧 = 2𝜋𝑖𝑓(𝑧0). 

 

II. Generalized Cauchy’s Integral Formula 

Consider the function 𝑓(𝑧), analytic in the simply-connected domain 𝐷̅ bounded by 

closed contour 𝐶. Then, by the Cauchy's integral formula, we have for any 𝑧 ∈ 𝐷 

𝑓(𝑧) =
1

2𝜋𝑖
∮
𝑓(𝑤)

𝑤 − 𝑧

 

𝐶

𝑑𝑤. 

Let us differentiate this function with respect to 𝑧. 

Since 

𝑑

𝑑𝑧
(
𝑓(𝑤)

𝑤 − 𝑧
) =

𝑓(𝑤)

(𝑤 − 𝑧)2
, 

we get 

𝑓′(𝑧) =
1

2𝜋𝑖
∮

𝑓(𝑤)

(𝑤 − 𝑧)2

 

𝐶

𝑑𝑤. 

Differentiate it once more   

𝑓′′(𝑧) =
1 ∙ 2

2𝜋𝑖
∮

𝑓(𝑤)

(𝑤 − 𝑧)3

 

𝐶

𝑑𝑤. 
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Differentiate it again   

𝑓′′′(𝑧) =
1 ∙ 2 ∙ 3

2𝜋𝑖
∮

𝑓(𝑤)

(𝑤 − 𝑧)4

 

𝐶

𝑑𝑤. 

Continuing the process of differentiating, we get the formula for the 𝑛-th order derivative 

𝑓(𝑛)(𝑧) =
𝑛!

2𝜋𝑖
∮

𝑓(𝑤)

(𝑤 − 𝑧)𝑛+1

 

𝐶

𝑑𝑤. 

Thus, for any 𝑧0 ∈ 𝐷  

𝑓(𝑛)(𝑧0) =
𝑛!

2𝜋𝑖
∮

𝑓(𝑧)

(𝑧 − 𝑧0)
𝑛+1

 

𝐶

𝑑𝑧.                                           (7.6) 

This formula is called Generalized Cauchy’s Integral Formula. 
 

 

Evaluate the integral  

∮
𝑧𝑒𝑧

𝑧 − 1

 

|𝑧|=2

𝑑𝑧. 

Function  𝑔(𝑧) =
𝑧𝑒𝑧

𝑧−1
 is analytic in the circle |𝑧| ≤ 2 

except at the point 𝑧 = 1 (Fig. 75). 

 

 

       Figure 75. 

 By Cauchy's integral formula (7.5), for 𝑧0 = 1 and 𝑓(𝑧) = 𝑧𝑒𝑧, this yields 

∮
𝑧𝑒𝑧

𝑧 − 1

 

|𝑧|=2

𝑑𝑧 = 2𝜋𝑖(𝑧𝑒𝑧)|𝑧0=1 = 2𝜋𝑒𝑖. 

  

 

 

 Evaluate the integral  

∮
cos 𝑧

(𝑧 + 2)(𝑧 − 1 − 𝑖)

 

|𝑧−1|=2

𝑑𝑧. 

The denominator of the integrand is equal to zero at two 

points 𝑧0 = 1 + 𝑖 and 𝑧1 = −2, but only the point 𝑧0 = 1 + 𝑖 

belongs to the circle |𝑧 − 1| < 2 (Fig.76). 

 

 

Figure 76. 

 Thus, function 𝑔(𝑧) =
cos 𝑧

(𝑧+2)(𝑧−1−𝑖)
 is analytic everywhere in the |𝑧 − 1| ≤ 2  except at 

the point 𝑧0 = 1 + 𝑖.  

Example 1. 

Example 2. 
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Applying the Cauchy's integral formula for 𝑧0 = 1 + 𝑖  and 𝑓(𝑧) =
cos 𝑧

(𝑧+2)
, we get 

∮
cos 𝑧

(𝑧 + 2)(𝑧 − 1 − 𝑖)

 

|𝑧−1|=2

𝑑𝑧 = ∮

cos 𝑧
𝑧 + 2

(𝑧 − 1 − 𝑖)

 

|𝑧−1|=2

𝑑𝑧 = 2𝜋 𝑖 (
cos 𝑧

𝑧 + 2
)|
𝑧0=1+𝑖

= 

=
2𝜋𝑖 cos( 1 + 𝑖)

3 + 𝑖
=
𝜋

5
(1 + 3𝑖) cos( 1 + 𝑖). 

 
 

Evaluate the integral 

∮
4cosh𝑧

𝑧2 + 4

 

|𝑧|=4

𝑑𝑧. 

The denominator of the integrand is equal to zero at two 

points 𝑧0 = 2𝑖 and 𝑧1 = −2𝑖, moreover, both points are interior 

points of the circle |𝑧| ≤ 4 (Fig. 77).  

In order to apply the Cauchy's integral formula we have to 

use partial fractions decomposition to 
4

𝑧2+4
. 

  

 

Figure 77. 

Hence, 

4

𝑧2 + 4
=

4

(𝑧 + 2𝑖)(𝑧 − 2𝑖)
=

𝐴

(𝑧 + 2𝑖)
+

𝐵

(𝑧 − 2𝑖)
=
𝐴(𝑧 − 2𝑖) + 𝐵(𝑧 + 2𝑖)

(𝑧 + 2𝑖)(𝑧 − 2𝑖)
 

and  

𝑧
1
|

𝐴 + 𝐵 = 0,
−2𝑖𝐴 + 2𝑖𝐵 = 4,

   ⇒    
𝐴 = 𝑖,
𝐵 = −𝑖.

 

Then, we may rewrite the given integral as a sum of integrals and apply the Cauchy's 

integral formula to each of the integrals obtained. 

∮
4cosh𝑧

𝑧2 + 4

 

|𝑧|=4

𝑑𝑧 = ∮
𝑖cosh𝑧

𝑧 + 2𝑖

 

|𝑧|=4

𝑑𝑧 + ∮
−𝑖cosh𝑧

𝑧 − 2𝑖

 

|𝑧|=4

𝑑𝑧 = 

= 2𝜋𝑖(𝑖cosh𝑧)|𝑧0=−2𝑖 + 2𝜋𝑖(−𝑖cosh𝑧)|𝑧0=2𝑖 = −2𝜋cosh(−2𝑖) + 2𝜋cosh2𝑖 = 0. 

 

 

Evaluate the integral 

∮
sin 2𝑧

(𝑧 − 𝑖)3

 

|𝑧−𝑖|=1

𝑑𝑧. 

Example 3. 

Example 4. 
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Since function 𝑔(𝑧) =
sin 2𝑧

(𝑧−𝑖)3
 is analytic everywhere in the 

|𝑧 − 𝑖| ≤ 1  except at the point 𝑧0 = 𝑖 (Fig. 78), let us apply the 

Generalized Cauchy’s integral formula (7.6) for 𝑛 = 2,  𝑧0 = 𝑖  and 

𝑓(𝑧) = sin 2𝑧: 

∮
sin 2 𝑧

(𝑧 − 𝑖)3

 

|𝑧−𝑖|=1

𝑑𝑧 =
2𝜋𝑖

2!
(sin 2𝑧)′′|𝑧0=𝑖 = −4𝜋𝑖 sin 2𝑖. 

 

Figure 78. 

 

 

 

Evaluate the integral 

∮
2𝑧 + 1

𝑧2(𝑧 − 1)

 

|𝑧|=2

𝑑𝑧. 

The denominator of the integrand is equal to zero at two 

points 𝑧0 = 0 and 𝑧1 = 1. Both points are interior points of the 

circle |𝑧| ≤ 2 (Fig. 79).  

 

 

Figure 79. 

Thus, let us apply partial fractions decomposition to the integrand   

2𝑧 + 1

𝑧2(𝑧 − 1)
=
𝐴

𝑧2
+
𝐵

𝑧
+

𝐶

𝑧 − 1
=
𝐴(𝑧 − 1) + 𝐵𝑧(𝑧 − 1) + 𝐶𝑧2

𝑧2(𝑧 − 1)
 

𝑧2

𝑧
1

|
𝐵 + 𝐶 = 0,
𝐴 − 𝐵 = 2,
−𝐴 = 1,

    ⇒    
𝐴 = −1,
𝐵 = −3,
𝐶 = 3.

 

Then, we rewrite given integral as a sum of three integrals 

∮
2𝑧 + 1

𝑧2(𝑧 − 1)

 

|𝑧|=2

𝑑𝑧 = − ∮
1

𝑧2

 

|𝑧|=2

𝑑𝑧 − ∮
3

𝑧

 

|𝑧|=2

𝑑𝑧 + ∮
3

𝑧 − 1

 

|𝑧|=2

𝑑𝑧. 

Let us apply the Generalized Cauchy’s integral formula (7.6) to the first integral and 

Cauchy’s integral formula (7.5) to the second and third integrals 

∮
2𝑧 + 1

𝑧2(𝑧 − 1)

 

|𝑧|=2

𝑑𝑧 = − ∮
1

𝑧2

 

|𝑧|=2

𝑑𝑧

⏟      
𝑛=1,    𝑧0=0,

𝑓(𝑧)=1  

− ∮
3

𝑧

 

|𝑧|=2

𝑑𝑧

⏟      
𝑧0=0,

𝑓(𝑧)=3

+ ∮
3

𝑧 − 1

 

|𝑧|=2

𝑑𝑧

⏟        
𝑧0=1,

𝑓(𝑧)=3

= 

= −
2𝜋𝑖

1!
(1)′|𝑧0=0 − 2𝜋𝑖 ∙ 3 + 2𝜋𝑖 ∙ 3 = −6𝜋𝑖 + 6𝜋𝑖 = 0. 

 

Example 5. 
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Review Questions 

1. What is the Cauchy's integral? 

2. Write down the Cauchy's integral formula for the analytic function 𝑓(𝑧) in the 

simply-connected domain 𝐷̅. 

3. What is the integral ∮
𝑓(𝑧)

𝑧−𝑧0𝐶
𝑑𝑧 for the function 𝑓(𝑧) analytic in the simply-connected 

domain 𝐷̅, if 𝑧0 is an internal point of the domain 𝐷̅; 𝑧0 is an external point of the 

domain 𝐷̅; (𝐶 is the curve bounding the closed region 𝐷̅)? 

4. What is the integral ∮
𝑓(𝑧)

(𝑧−𝑧0)
𝑛𝐶
𝑑𝑧 for the function 𝑓(𝑧) analytic in the simply -

connected domain 𝐷̅, if 𝑧0 is an internal point of the domain 𝐷̅; 𝑧0 is an external 

point of the domain 𝐷̅; (𝐶 is the curve bounding the closed region 𝐷̅)? 

5. What formula allows us to find the derivative of any order of the function 𝑓(𝑧) 

differentiable at the point 𝑧0?  

 

Exercises 7.2 

1. Evaluate the integrals. 

1) ∮
𝑒2𝑧+1

𝑧 − 1 + 2𝑖

 

|𝑧−2𝑖|=3

𝑑𝑧;   

2) ∮
sinh4𝑧 − 𝑧

𝑧 + 1

 

    
|𝑧+2|=3

𝑑𝑧; 

3) ∮
cos(2𝑧 + 𝑖)

𝑧 − 1 + 𝑖

 

|𝑧−3+𝑖|=3

𝑑𝑧; 

4) ∮
sin 3𝑧

(𝑧 + 2)3

 

|𝑧+𝑖|=5

𝑑𝑧; 

5) ∮
𝑧2 + 𝑖

𝑧(𝑧 − 2𝑖)2

 

|𝑧−2𝑖|=1

𝑑𝑧; 

6) ∮
2 + 2𝑖

(𝑧 − 1)(𝑧 + 𝑖)

 

|𝑧|=2

𝑑𝑧. 

Answers 
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8. Power Series on the Complex Plane 

 

8.1 Numerical Series 

 

Let us consider the sequence of complex numbers 

{𝑧𝑛, 𝑛 > 0} = {𝑧1 = 𝑥1 + 𝑖𝑦1,   𝑧2 = 𝑥2 + 𝑖𝑦2, …,   𝑧𝑛 = 𝑥𝑛 + 𝑖𝑦𝑛, … }  

 

 The sequence of complex numbers {𝑧𝑛, 𝑛 > 0} is called convergent and 

complex number 𝑧 = 𝑥 + 𝑖𝑦 is its limit ( lim
𝑛→∞

𝑧𝑛 = 𝑧), if there exist finite limits  

lim
𝑛→∞

𝑥𝑛 = 𝑥,    lim
𝑛→∞

𝑦𝑛 = 𝑦. 

 

 Numerical series involving complex terms 

𝑤1 +𝑤2 +𝑤3+. . . +𝑤𝑛+. . . = ∑ 𝑤𝑛
∞
𝑛=1                                             (8.1)                                          

is called convergent (the series converges) if there exists the finite limit of the 

sequence of partial sums 𝑆𝑛 = ∑ 𝑤𝑛
𝑛
𝑘=1 = 𝑤1 +𝑤2 +⋯+ 𝑤𝑛 

𝑆 = lim
𝑛→∞

𝑆𝑛. 

In this case, number 𝑆 is called the sum of the given series.  

 

It is easy to see, that series (8.1) is convergent if and only if the series of real numbers 

𝑅𝑒𝑤1 + 𝑅𝑒𝑤2 + 𝑅𝑒𝑤3+. . . +𝑅𝑒𝑤𝑛+. . . ,                               (8.2)                                     

𝐼𝑚𝑤1 + 𝐼𝑚𝑤2 + 𝐼𝑚𝑤3+. . . + 𝐼𝑚𝑤𝑛+. . .                              (8.3)                                     

are convergent. Let 𝑈 be the sum of series (8.2) and 𝑉 be the sum of series (8.3). Thus, the 

sum of series (8.2) is a complex number 𝑆 = 𝑈 + 𝑖𝑉. 

  

 

Series ∑ 𝑤𝑛
∞
𝑛=1  is absolutely convergent if the series formed from the 

moduli 

∑|𝑤𝑛|

∞

𝑛=1

                                                                  (8.4) 

is convergent. 

Definition. 

Definition. 

Theorem 8.1 
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Since |𝑤𝑛| is a real number, the series ∑ |𝑤𝑛|
∞
𝑛=1  is a numerical series of real nonnegative 

terms, therefore, for absolutely convergence we may use any known convergence tests for 

series from real-variable calculus. 
 

 

If for any 𝑛 ≥ 𝑛0 |𝑤𝑛| ≤ 𝑎𝑛,   𝑎𝑛 ≥ 0 and the series ∑ 𝑎𝑛
∞
𝑛=1  converges, 

then the series ∑ 𝑤𝑛
∞
𝑛=1  is absolutely convergent. 

 

 
 

Ratio Test 

 If there exists the limit 𝑙𝑖𝑚
𝑛→∞

|
𝑤𝑛+1

𝑤𝑛
| = 𝐷, then  

∘ the series ∑ 𝑤𝑛
∞
𝑛=1  is convergent for 𝐷 < 1; 

∘ the series ∑ 𝑤𝑛
∞
𝑛=1  is divergent for 𝐷 > 1. 

 

 

Root Test 

If there exists the limit 𝑙𝑖𝑚
𝑛→∞

√|𝑤𝑛|
𝑛

= 𝐾, then 

∘ the series ∑ 𝑤𝑛
∞
𝑛=1  is convergent for 𝐾 < 1; 

∘ the series ∑ 𝑤𝑛
∞
𝑛=1   is divergent for 𝐾 > 1. 

 

 
 

If the series ∑ 𝑤𝑛
∞
𝑛=1  is absolutely convergent then it coverges. 

 

The proofs of these theorems are similar to the corresponding theorems from the first 

part (Numerical Series) of this textbook. 
 

 
  

Test the following series for convergence  

1) ∑
cos𝑛 + 𝑖 sin 𝑛

𝑛2

∞

𝑛=1

,                    2) ∑ (
√3 + 𝑖

3
)

𝑛∞

𝑛=1

. 

1) Let us find the modulus of the general term  

|𝑤𝑛| = |
cos𝑛 + 𝑖 sin 𝑛

𝑛2
| = √

cos2 𝑛 + sin2 𝑛

𝑛4
=
1

𝑛2
. 

Example 1. 

Theorem 8.2 

Theorem 8.3 

Theorem 8.4 

Theorem 8.5 
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The series formed from the moduli  

∑|𝑤𝑛|

∞

𝑛=1

=∑
1

𝑛2

∞

𝑛=1

 

is convergent, thus the given series  

∑
cos𝑛 + 𝑖 sin 𝑛

𝑛2

∞

𝑛=1

 

is absolutely convergent. 

2) Consider the series formed from the moduli  

∑|(
√3 + 𝑖

3
)

𝑛

|

∞

𝑛=1

. 

Applying the Root Test, we get 

lim
𝑛→∞

√|(
√3 + 𝑖

3
)

𝑛

|
𝑛

= |
√3 + 𝑖

3
| =

2

3
< 1. 

thus the given series ∑ (
√3+𝑖

3
)
𝑛

∞
𝑛=1  is absolutely convergent. 

 

Review Questions 

1. Give the definition of the convergence of the sequence of complex numbers 

{𝑧𝑛, 𝑛 > 0}.  

2. What does it mean for numerical series involving complex terms to converge?  

3. Is the statement “Series involving complex terms is absolutely convergent if the series 

formed from the moduli converges” correct? 

4. Formulate the Ratio Test for numerical series involving complex terms. 

5. Formulate the Root Test for numerical series involving complex terms. 

 

Exercises 8.1 

1. Test the following series for convergence  

1) ∑
cos 𝑖𝑛

𝑛5
∞
𝑛=1 ;                2) ∑

𝑛 sin 𝑖𝑛

5𝑛
∞
𝑛=1 ;              3) ∑

𝑒𝑖𝑛𝛼

𝑛
∞
𝑛=1 . 

Answers 
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8.2 Laurent Series 

 

I. Power Series 

The concept of the power series in complex analysis is provided similarly to the same 

idea in real-variable calculus.  

 

 A power series about 𝑧0 is a series written in the form 

∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

∞

𝑛=0

= 𝑐0 + 𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2 +⋯+ 𝑐𝑛(𝑧 − 𝑧0)

𝑛 +⋯ 

where 𝑧0,  𝑐0, 𝑐1, 𝑐2, … , 𝑐𝑛, … are complex numbers and 𝑐𝑛 are called 

coefficients of the series.    

 

 

Abel’s Theorem 

1. If a power series ∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0  converges for a nonzero value 𝑧1,

𝑧1 ≠ 𝑧0, then it converges absolutely whenever |𝑧 − 𝑧0| < |𝑧0 − 𝑧1|. 

2. If a power series ∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0  diverges for a nonzero value 𝑧2,

𝑧2 ≠ 𝑧0, then it diverges whenever |𝑧 − 𝑧0| > |𝑧0 − 𝑧2|. 

 

From the statement of Abel's Theorem, we have the 

structure of the region of convergence of the power series 

as illustrated on Figure 80.  

Thus, there exists a number R such that inside the 

circle (|𝑧 − 𝑧0| < 𝑅) the given power series converges and 

outside the circle (|𝑧 − 𝑧0| > 𝑅) it diverges. 
 

Figure 80. 
 

 

The number 𝑅 is called the radius of 

convergence of the power series (Fig. 81).  

Depending on the form of the coefficients, 

𝑅 may have any value between 0 and ∞)  

The circle |𝑧 − 𝑧0| < 𝑅 is called the circle 

of convergence. 

 
Figure 81. 

Definition. 

Definition. 

Theorem 8.6 
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Properties 

1. We may find the radius of convergence by formulas 

𝑅 = lim
𝑛→∞

|
𝑐𝑛

𝑐𝑛+1
| or 𝑅 = lim

𝑛→∞

1

√|𝑐𝑛|
𝑛 . 

2. Inside the circle of convergence the sum 𝑆(𝑧) of a power series is an analytic function.  

3. Inside the circle of convergence a power series may be termwise integrated and 

differentiated. The radius of convergence of the series obtained is equal to the radius of 

convergence of the original series.  
 

 

Find the domain of convergence of the series 

∑
𝑛2 + 5

(𝑧 − 2𝑖)𝑛

∞

𝑛=1

+∑
(𝑧 − 2𝑖)𝑛

2𝑛(𝑛 + 1)

∞

𝑛=0

. 

Let us consider series with positive and negative powers of (𝑧 − 2𝑖) separately.  

Since for the series   ∑
(𝑧−2𝑖)𝑛

2𝑛(𝑛+1)
∞
𝑛=0  the coefficient of the general term is 𝑐𝑛 =

1

2𝑛(𝑛+1)
, the 

radius of convergence is  

𝑅 = lim
𝑛→∞

|
𝑐𝑛
𝑐𝑛+1

| = lim
𝑛→∞

|
2𝑛+1(𝑛 + 2)

2𝑛(𝑛 + 1)
| = 2 

and the series converges in |𝑧 − 2𝑖| < 2. 

For the series  ∑
𝑛2+5

(𝑧−2𝑖)𝑛
∞
𝑛=1  the coefficient of the general term is 𝐶𝑛 = 𝑛

2 + 5, thus, 

𝑟 = lim
𝑛→∞

|
𝐶𝑛+1
𝐶𝑛
| = lim

𝑛→∞
|
(𝑛 + 1)2 + 5

𝑛2 + 5
| = 1 

and the series converges in |𝑧 − 2𝑖| > 1. 

The domain of convergence for the sum of series 

is the intersection of the domains of convergence for 

each addend.  

Hence, the series ∑
𝑛2+5

(𝑧−2𝑖)𝑛
∞
𝑛=1 + ∑

(𝑧−2𝑖)𝑛

2𝑛(𝑛+1)
∞
𝑛=0  is 

convergent in the annulus 1 < |𝑧 − 2𝑖| < 2 (Fig. 82).  

 

Figure 82. 
 

 

 

Example 1. 
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Find the domain of convergence of the series 

∑
𝑧𝑛

𝑛 !

∞

𝑛=0

. 

The coefficient of the general term is 𝑐𝑛 =
1

𝑛 !
, thus, 

𝑅 = lim
𝑛→∞

|
𝑐𝑛
𝑐𝑛+1

| = lim
𝑛→∞

|
(𝑛 + 1) !

𝑛 !
| = lim

𝑛→∞
(𝑛 + 1) = ∞. 

Hence, the series is convergent for any point of the complex plane.  

 

II. Taylor’s Series 

Let the function 𝑓(𝑧) be analytic in some neigbourhood of the point 𝑧0. This function 

has the power series representation about 𝑧 = 𝑧0 

𝑓(𝑧) = 𝑓(𝑧0) +
𝑓′(𝑧0)

1!
(𝑧 − 𝑧0) +

𝑓′′(𝑧0)

2!
(𝑧 − 𝑧0)

2 +
𝑓′′′(𝑧0)

3!
(𝑧 − 𝑧0)

3 +⋯ 

…+
𝑓(𝑛)(𝑧0)

𝑛!
(𝑧 − 𝑧0)

𝑛 +⋯ =∑
𝑓(𝑛)(𝑧0)

𝑛!
(𝑧 − 𝑧0)

𝑛.                         (8.5)

∞

𝑛=0

 

It is called the Taylor Series for 𝑓(𝑧) about 𝑧 = 𝑧0. 

The radius of convergence of this series is equal to the distance from the point 𝑧0 to the 

nearest point where the analyticity of the function is violated. 

For 𝑧0 = 0 the series (8.5) has a form 

𝑓(𝑧) = 𝑓(0) +
𝑓′(0)

1!
𝑧 +

𝑓′′(0)

2!
𝑧2+. . . +

𝑓(𝑛)(0)

𝑛!
𝑧𝑛+. . . = ∑

𝑓(𝑛)(0)

𝑛!
𝑧𝑛

∞

𝑛=0

.     (8.6) 

This series is called the Maclaurin Series.  

The Taylor and Maclaurin series for functions of a complex variable are similar to those 

known for functions of a real variable. It is easy to obtain the expansion for elementary 

functions:  

𝑒𝑧 = 1 + 𝑧 +
𝑧2

2!
+
𝑧3

3!
+. . . +

𝑧𝑛

𝑛!
+. . . ,   |𝑧| < ∞; 

sin 𝑧 = 𝑧 −
𝑧3

3!
+
𝑧5

5!
−. . . +(−1)𝑛

𝑧2𝑛+1

(2𝑛 + 1)!
+. . . ,   |𝑧| < ∞; 

Example 2. 
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cos 𝑧 = 1 −
𝑧2

2!
+
𝑧4

4!
−. . . +(−1)𝑛

𝑧2𝑛

(2𝑛)!
+. . . ,   |𝑧| < ∞; 

ln( 1 + 𝑧) = 𝑧 −
𝑧2

2
+
𝑧3

3
−. . . +(−1)𝑛−1

𝑧𝑛

𝑛
+. . . ,   |𝑧| < 1; 

(1 + 𝑧)𝑚 = 1 +𝑚𝑧 +
𝑚(𝑚 − 1)

2!
𝑧2 +⋯+

𝑚(𝑚 − 1)⋯(𝑚 − 𝑛 + 1)

𝑛!
𝑧𝑛 +⋯,   |𝑧| < 1; 

1

1 + 𝑧
= 1 − 𝑧 + 𝑧2 − 𝑧3 +⋯+ (−1)𝑛𝑧𝑛 +⋯,   |𝑧| < 1; 

1

1 − 𝑧
= 1 + 𝑧 + 𝑧2 + 𝑧3 +⋯+ 𝑧𝑛 +⋯,   |𝑧| < 1; 

etс. 

 

 

Find the first six terms of Maclaurin series expansion of the function 

𝑓(𝑧) = tan 𝑧. 

Let us find derivative of the function and calculate their values at a point 𝑧0 = 0: 

𝑓′(𝑧) = (tan 𝑧)′ =
1

cos2 𝑧
  ⟹   𝑓′(0) =

1

cos2 0
= 1; 

𝑓′′(𝑧) =
2 sin 𝑧

cos3 𝑧
  ⟹  𝑓′′(0) =

2 sin 0

cos3 0
= 0 

𝑓′′′(𝑧) = 2(
1 + 2 sin2 𝑧

cos4 𝑧
)   ⟹   𝑓′′′(0) = 2(

1 + 2 sin2 0

cos4 0
) = 2; 

𝑓IV(𝑧) = 8(
2 sin 𝑧 + sin3 𝑧

cos5 𝑧
)   ⟹  𝑓IV(0) = 8(

2 sin 0 + sin3 0

cos5 0
) = 0; 

𝑓V(𝑧) = 8(
2 + 11 sin2 𝑧 + 2 sin4 𝑧

cos6 𝑧
)   ⟹  𝑓V(0) = 8(

2 + 11 sin2 0 + 2 sin4 0

cos6 0
) = 16. 

Thus, by formula (8.6) the Maclaurin series expansion is 

tan 𝑧 = 𝑧 +
2

3!
𝑧3 +

16

5!
𝑧5+. .. 

The nearest points to 𝑧 = 0, where the analyticity of the function 𝑓(𝑧) = tan 𝑧 is 

violated, are  𝑧 = ±
𝜋

2
, thus the circle of convergence is |𝑧| <

𝜋

2
. 

 

 

Example 3. 
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Find the power series expansion about 𝑧 = 1 + 𝑖 of the function 

𝑓(𝑧) = 𝑒2𝑧+𝑖. 

Let us rewrite the given function in terms of the expression (𝑧 − 1 − 𝑖): 

𝑒2𝑧+𝑖 = 𝑒2(𝑧−1−𝑖+1+𝑖)+𝑖 = 𝑒2(𝑧−1−𝑖)𝑒2(1+𝑖)+𝑖 = 𝑒2+3𝑖𝑒2(𝑧−1−𝑖). 

Hence, applying the Maclaurin series formula for the exponential function 

𝑒𝑤 = 1 + 𝑤 +
𝑤2

2!
+
𝑤3

3!
+ ⋯+

𝑤𝑛

𝑛!
+ ⋯ ,  |𝑤| < ∞, 

when 𝑤 = 2(𝑧 − 1 − 𝑖), we obtain 

𝑒2𝑧+𝑖 = 𝑒2+3𝑖 (1 + 2(𝑧 − 1 − 𝑖) +
22(𝑧 − 1 − 𝑖)2

2!
+ 

+
23(𝑧 − 1 − 𝑖)3

3!
+. . . +

2𝑛(𝑧 − 1 − 𝑖)𝑛

𝑛!
+. . . ) = ∑

𝑒2+3𝑖2𝑛

𝑛!

∞

𝑛=0

(𝑧 − 1 − 𝑖)𝑛 .  

The circle of convergence is |𝑧 − 1 − 𝑖| < ∞, that yields |𝑧| < ∞. 

 

III.  Laurent Series  

 

 The power series that contains both positive and negative values of the 

powers of the expression (𝑧 − 𝑧0): 

∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=−∞

= ⋯+
𝑐−𝑛

(𝑧 − 𝑧0)
𝑛
+⋯+

𝑐−2
(𝑧 − 𝑧0)

2
+

𝑐−1
𝑧 − 𝑧0

+ 

+𝑐0 + 𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2 +⋯+ 𝑐𝑛(𝑧 − 𝑧0)

𝑛 +⋯ = 

= ∑
𝑐−𝑛

(𝑧 − 𝑧0)
𝑛

∞

𝑛=1

+∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

∞

𝑛=0

,                               (8.7) 

is called the Laurent series. Complex numbers  … , 𝑐−𝑛, … , 𝑐−1, 𝑐0, 𝑐1, … , 𝑐𝑛, … 

are called the coefficients of Laurent series. 

The domain of the convergence of the series  

𝑐−1
𝑧 − 𝑧0

+
𝑐−2

(𝑧 − 𝑧0)
2
+. . . +

𝑐−𝑛
(𝑧 − 𝑧0)

𝑛
+. . . = ∑

𝑐−𝑛
(𝑧 − 𝑧0)

𝑛

∞

𝑛=1

 

is the exterior to the circumference |𝑧 − 𝑧0| = 𝑟 (|𝑧 − 𝑧0| > 𝑟),  where radius 𝑟 may be found 

by one of formulas 

Example 4. 

Definition. 
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𝑟 = lim
𝑛→∞

|
𝑐−(𝑛+1)

𝑐−𝑛
|  or  𝑟 = lim

𝑛→∞
√|𝑐−𝑛|
𝑛

 . 

Series 

𝑐0 + 𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2+. . . +𝑐𝑛(𝑧 − 𝑧0)

𝑛+. . . = ∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛

∞

𝑛=0

 

converges in the interior to the circumference |𝑧 − 𝑧0| = 𝑅 (|𝑧 − 𝑧0| < R). We may find the 

radius of convergence by formulas 

𝑅 = lim
𝑛→∞

|
𝑐𝑛

𝑐𝑛+1
| or 𝑅 = lim

𝑛→∞

1

√|𝑐𝑛|
𝑛  . 

The domain of convergence for ∑
𝑐−𝑛

(𝑧−𝑧0)
𝑛

∞
𝑛=1 +

∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛∞

𝑛=0  is the intersection of the domains of 

convergence for each addent. Thus, if 𝑟 < 𝑅 the Laurent series 

(8.7) converges in the annulus  

𝑟 < |𝑧 − 𝑧0| < 𝑅. (Fig. 83) 

On the circumferences |𝑧 − 𝑧0| = 𝑅 and |𝑧 − 𝑧0| = 𝑟, the 

series can both converge and diverge. 

 

Figure 83. 

If ≥ 𝑅 , then the domains |𝑧 − 𝑧0| < 𝑅 and |𝑧 − 𝑧0| > 𝑟 have no common points and 

the Laurent series does not converge anywhere. 

Obvious, that the Laurent series is a generalization of the concept of power series.  

Is there exists analytic (in some annulus) function, which is the sum of the Laurent series 

convergent in the given annulus? 
 

 

About the expansion of an analytic function on an annulus  

in a Laurent series 

The   function   𝑓(𝑧),   single-valued   and   analytic   in   the   annulus   

𝑟 < |𝑧 − 𝑧0| < 𝑅, is uniquely represented by a convergent Laurent series 

𝑓(𝑧) = ⋯+
𝑐−𝑛

(𝑧 − 𝑧0)
𝑛
+⋯+

𝑐−2
(𝑧 − 𝑧0)

2
+

𝑐−1
𝑧 − 𝑧0

+ 𝑐0 + 

+𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2+. . . +𝑐𝑛(𝑧 − 𝑧0)

𝑛+. . . = ∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=−∞

. 

Theorem 8.7 
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Figure 84. 

The coefficients may be evaluated by formulas 

𝑐𝑛 =
1

2𝜋𝑖
∮

𝑓(𝑧)𝑑𝑧

(𝑧 − 𝑧0)
𝑛+1

𝐶

, (𝑛 = 0,±1,±2,… );      (8.8) 

where  𝐶  is  an  arbitrary  closed  contour  lying  in  the  annulus 

 𝑟 < |𝑧 − 𝑧0| < 𝑅 and containing the point 𝑧0 inside (Fig. 84). 

 

Sometimes the coefficients 𝑐𝑛 may be calculated by application of known power 

series expansions and partial fractions decomposition. 

 

 

 The series ∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛+∞

𝑛=0  converging in |𝑧 − 𝑧0| < 𝑅 is called the regular 

part of the Laurent series.  

 

 The series ∑
𝑐−𝑛

(𝑧−𝑧0)
𝑛

+∞
𝑛=1  converging in |𝑧 − 𝑧0| > 𝑟 is called the principal part 

of the Laurent series. 

 

Properties 

1. Inside the domain of convergence it is possible to differentiate and integrate the 

Laurent series term by term. The domains of convergence of the results are the same as the 

domain of the original series. 

2. If 𝑐−1 = 0, 𝑐−2 = 0,… , 𝑐−𝑛 = 0,…, then the Laurent series coincides with the Taylor 

series. The domain of convergence is the disk |𝑧 − 𝑧0| < 𝑅. 

3. The Laurent series may contain an infinite number of both negative and positive 

powers. Sometimes, it may contain a finite number of negative powers but an infinite number 

of positive powers. And vice versa, the Laurent series may contain an infinite number of 

negative powers but a finite number of positive powers.  
 

 

Find the power series expansion of the function 
1

𝑧+2𝑖
 about 𝑧 = 0 in the domains: 

1) |𝑧| < 2,           2) 2 < |𝑧| < ∞. 

1) The given function is analytic in |𝑧| < 2.  

Let us apply the formula 

1

1 − 𝑞
= ∑𝑞𝑛

∞

𝑛=0

,   |𝑞| < 1.                                                    (8.9) 

Example 5. 

Definition. 

Definition. 

Note. 
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 Hence,  

1

𝑧 + 2𝑖
=
1

2𝑖
∙
1

1 +
𝑧
2𝑖

=
1

2𝑖
∙

1

1 − (−
𝑧
2𝑖)

=
1

2𝑖
∑ (−

𝑧

2𝑖
)
𝑛

∞

𝑛=0

= 

= ∑(−1)𝑛
∞

𝑛=0

𝑧𝑛

(2𝑖)𝑛+1
= −∑

𝑖𝑛+1𝑧𝑛

2𝑛+1

∞

𝑛=0

, 

when |−
𝑧

2𝑖
| < 1, then |𝑧| < |2𝑖| = 2.  

The series obtained is the Taylor series for the function 
1

𝑧+2𝑖
 in |𝑧| < 2.  

2) Function 
1

𝑧+2𝑖
 is analytic in 2 < |𝑧| < ∞. Let us apply the formula (8.8) 

1

𝑧 + 2𝑖
=
1

𝑧
∙
1

1 +
2𝑖
𝑧

=
1

𝑧
∙

1

1 − (−
2𝑖
𝑧 )
=
1

𝑧
∑(−

2𝑖

𝑧
)
𝑛∞

𝑛=0

=∑(−1)𝑛
∞

𝑛=0

(2𝑖)𝑛

𝑧𝑛+1
, 

when  |−
2𝑖

𝑧
| < 1, then |𝑧| > |2𝑖| = 2.  

 
 

 

Find the Taylor series expansion about 𝑧 = 1 of the function 
1

(𝑧−2)2
. 

Since  

1

(𝑧 − 2)2
= −

𝑑

𝑑𝑧
(
1

𝑧 − 2
), 

let us find the power series for 
1

𝑧−2
  by (8.9) and differentiate it term by term. 

1

𝑧 − 2
=

1

(𝑧 − 1) − 1
= −

1

1 − (𝑧 − 1)
= −∑(𝑧 − 1)𝑛,   |𝑧 − 1|

∞

𝑛=0

< 1. 

Thus, 

1

(𝑧 − 2)2
= −

𝑑

𝑑𝑧
(
1

𝑧 − 2
) =

𝑑

𝑑𝑧
(∑(𝑧 − 1)𝑛

∞

𝑛=0

) = ∑
𝑑

𝑑𝑧
(𝑧 − 1)𝑛 =

∞

𝑛=0

∑𝑛(𝑧 − 1)𝑛−1
∞

𝑛=0

, 

This series is convergent in |𝑧 − 1| < 1. 

 

Example 7.  Find all possible power series expansions about 𝑧 = 0 of the function 

3𝑧

𝑧2 + 𝑧 − 2
. 

First, let us apply partial fractions decomposition and obtain 

Example 6. 

Example 7. 
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3𝑧

𝑧2 + 𝑧 − 2
=

1

𝑧 − 1
+

2

𝑧 + 2
. 

We may expand each addend in two ways (with different domains of convergence). 
 

1) First case for the first addend  

1

𝑧 − 1
= −

1

1 − 𝑧
= −∑𝑧𝑛

∞

𝑛=0

. 

The domain of 

convergence is 

|𝑧| < 1 (Fig. 85).  
Figure 85. 

 

2) Second case for the first addend 

1

𝑧 − 1
=
1

𝑧

1

1 −
1
𝑧

=
1

𝑧
∑(

1

𝑧
)
𝑛∞

𝑛=0

= ∑
1

𝑧𝑛+1

∞

𝑛=0

. 

It is converges 

in |𝑧| > 1 (Fig. 86). 

Figure 86. 
 

 

3) First case for the second addend 

2

𝑧 + 2
=

1

1 − (−
𝑧
2)
= ∑(−

𝑧

2
)
𝑛

∞

𝑛=0

= 

= ∑(−1)𝑛
∞

𝑛=0

𝑧𝑛

2𝑛
. 

The domain of 

convergence is 

|𝑧| < 2 (Fig. 87). 

 

Figure 87. 
 

 

4) Second case for the second addend 

2

𝑧 + 2
=
2

𝑧

1

1 − (−
2
𝑧)
=
2

𝑧
∑(−

2

𝑧
)
𝑛∞

𝑛=0

= 

= ∑(−1)𝑛
∞

𝑛=0

2𝑛+1

𝑧𝑛+1
. 

It is converges 

in |𝑧| > 2 (Fig. 88). 

 

Figure 88. 
 

Let us combine expansions for the first and second fractions (one for the first fraction 

and another for the second fraction). 

І. Combining 1) and 3), we get 

3𝑧

𝑧2 + 𝑧 − 2
= −∑𝑧𝑛

∞

𝑛=0

+∑(−1)𝑛
∞

𝑛=0

𝑧𝑛

2𝑛
=∑(−1 +

(−1)𝑛

2𝑛
) 𝑧𝑛

∞

𝑛=0

, 

The domain of convergence is {
|𝑧| < 1,
|𝑧| < 2,

⇒ |𝑧| < 1 (Fig.89).  

Thus, we get the Maclaurin series representation of the 

function. 

 
Figure 89. 



 

 

 

213 

ІІ. Combining 2) and 4), we get 

3𝑧

𝑧2 + 𝑧 − 2
= ∑

1

𝑧𝑛+1

∞

𝑛=0

+∑(−1)𝑛
∞

𝑛=0

2𝑛+1

𝑧𝑛+1
= 

=∑(1 + (−1)𝑛2𝑛+1)

∞

𝑛=0

1

𝑧𝑛+1
, 

The domain of convergence is  {
|𝑧| > 1,
|𝑧| > 2,

⇒ |𝑧| > 2 (Fig.90). 

Here we get the series containing only the principal part of the 

Laurent series. 

 

 

Figure 90. 

ІІІ. Combining 2) and 3), we get 

3𝑧

𝑧2 + 𝑧 − 2
= ∑

1

𝑧𝑛+1

∞

𝑛=0

+∑(−1)𝑛
∞

𝑛=0

𝑧𝑛

2𝑛
,  

The domain of convergence is  {
|𝑧| > 1,
|𝑧| < 2,

⇒  1 < |𝑧| < 2 

(Fig.91).  

Hence, we get the general form of the Laurent series 

containing both the regular and the principal parts. 

 

Figure 91. 

ІV. Combining 1) and 4), we get 

3𝑧

𝑧2 + 𝑧 − 2
= −∑𝑧𝑛

∞

𝑛=0

+∑(−1)𝑛
∞

𝑛=0

2𝑛+1

𝑧𝑛+1
,  

Since the domain of convergence {
|𝑧| < 1,
|𝑧| > 2,

⇒ 𝑧 ∈ ∅ (Fig.92) 

consists of no points, this series representation has no sense.   

Figure 92. 

 

 

Expand the function 𝑧3 cos
1

𝑧
 in a power series about 𝑧 = 0. 

Let us apply the formula 

cos𝑤 = ∑(−1)𝑛
∞

𝑛=0

𝑤2𝑛

(2𝑛)!
,   |𝑤| < ∞, 

when 𝑤 =
1

𝑧
, 𝑧 ≠ 0. 

Example 8. 
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Hence, 

𝑧3 cos
1

𝑧
= 𝑧3 (1 −

1

2!
(
1

𝑧
)
2

+
1

4!
(
1

𝑧
)
4

−⋯+ (−1)𝑛
1

(2𝑛)!
(
1

𝑧
)
2𝑛

+⋯) =

= 𝑧3 −
1

2!
𝑧 +

1

4! 𝑧
−

1

6! 𝑧3
+⋯+

(−1)𝑛

(2𝑛)! 𝑧2𝑛−3
+⋯ 

Since |𝑤| = |
1

𝑧
| < ∞, the domain of convergence is |𝑧| > 0. 

 

Review Questions 

1. What series is called a power series with complex terms? 

2. What is called the circle of convergence and the radius of convergence of a power 

series centered at the point 𝑧0? 

3. Formulate Abel's theorem for a power series with complex terms. 

4. What formulas can be used to calculate the radius of convergence 𝑅 of a power series 

∑ 𝑐𝑛𝑧
𝑛∞

𝑛=0 ? 

5. What kind of convergence of the power series is in the middle of the circle of 

convergence? 

6. Is a power series convergent at the points of the circumference of its circle of 

convergence? 

7. Is the sum 𝑆(𝑧) of a convergent power series always an analytic function? 

8. Is it possible to differentiate (integrate) power series with complex terms in the middle 

of the circle of convergence term by term; outside the circle of convergence? 

9. Does the radius of convergence of a power series with complex terms change when 

differentiating (integrating) the series term by term? 

10. What series is called the Taylor series for the analytic function 𝑓(𝑧) around the point 

𝑧0?  

11. What formulas determine the coefficients of the Taylor series for a function 𝑓(𝑧)? 

12. Is it possible to claim that the Taylor series expansion of the function 𝑓(𝑧) is unique? 

13. What series is called the Maclauren series for the analytic function 𝑓(𝑧)?  

14. Give examples of the Maclauren series expansions of some elementary functions. 

What are their circles of convergence? 

15. What series is called the Laurent series for the analytic function 𝑓(𝑧)? 
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16. What is the domain of convergence of the Laurent series? 

17. What formulas determine the coefficients of the Laurent series? 

18. What is called the regular part of the Laurent series?  

19. In which region does the regular part of the Laurent series converge? 

20. What is called the principal part of the Laurent series? 

21. In which region does the principal part of the Laurent series converge? 

22. In which case the Laurent series turns into a Taylor series? 

 

Exercises 8.2 

1. Expand the function 𝑓(𝑧) in a power series about 𝑧 = 𝑧0, applying the corresponding 

Maclaurin series expansions.  

1) 𝑒3𝑧−2,    𝑧0 = 1;                  

2)  sin
𝜋𝑧

4
,    𝑧0 = 2;                 

3)  ln 𝑧 ,    𝑧0 = 1.           

2.  Expand the function 𝑓(𝑧) in a power series about 𝑧 = 𝑧0. 

1) 
1

2𝑧 + 5
,    𝑧0 = 3; 

2) 
1

(𝑧 + 1)3
,    𝑧0 = 0. 

3. Find all possible power series expansions about 𝑧 = 𝑧0 of the given functions.  

1) 
1

𝑧 − 2
,    𝑧0 = 1 − 𝑖; 

2) 
1

𝑧(𝑧 + 2)
,    𝑧0 = −2; 

3) 
2𝑧 − 3

𝑧2 − 5𝑧 + 6
,    𝑧0 = 0. 

4.  Expand the function 𝑓(𝑧) in a power series about 𝑧 = 𝑧0.  

1) 𝑒
𝑧
𝑧−𝑖 ,    𝑧0 = 𝑖; 

2) 𝑧 cos
𝜋𝑧

𝑧 + 2
,    𝑧0 = −2. 

Answers 
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9. The Residue Theory 

 

9.1 Isolated Singular Points of  a Single-Valued Analytic 
Function 

  

I. Zeros of a Single-Valued Analytic Function  

Let us consider the analytic function 𝑓(𝑧), 𝑧 ∈ 𝐷. 
 

 A point 𝑧0 is called a zero of 𝑛-th order (zero of multiplicity 𝑛) for the analytic 

function 𝑓(𝑧), if 

𝑓(𝑧0) = 𝑓′(𝑧0) = 𝑓′′(𝑧0) =. . . = 𝑓
(𝑛−1)(𝑧0) = 0,    𝑓

(𝑛)(𝑧0) ≠ 0. 

If 𝑛 = 1 then 𝑧0 is called a simple zero for the function 𝑓(𝑧) 
 

 

Analytic function  𝑓(𝑧) has a zero of 𝑛-th order at the point 𝑧0 if and only 

if  

𝑓(𝑧) = (𝑧 − 𝑧0)
𝑛𝜙(𝑧),                                             (9.1) 

where 𝜙(𝑧) is analytic at the point 𝑧0 and  𝜙(𝑧0) ≠ 0. 

 

 

 

Find zeroes of the following functions 

1)  (𝑧 − 2)(𝑧3 − 8)2;           2)  cos 7𝑧 ;           3)  tan2𝑧. 

State the multiplicity of these zeroes. 

1)  Since   

(𝑧 − 2)(𝑧3 − 8)2 = (𝑧 − 2)3(𝑧2 + 2𝑧 + 4)2 = (𝑧 − 2)3(𝑧 + 1 + 𝑖√3)2(𝑧 + 1 − 𝑖√3)2, 

Then, solving the equation 

(𝑧 − 2)3(𝑧 + 1 + 𝑖√3)2(𝑧 + 1 − 𝑖√3)2 = 0,   

we get 

{

𝑧1 = 2,

𝑧2 = −1 − 𝑖√3,

𝑧3 = −1 + 𝑖√3.

 

 

Example 1. 

Definition. 

Theorem 9.1 
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Thus, we obtain 

𝑧1 = 2 is a zero of the third order; 

𝑧2 = −1 − 𝑖√3 is a zero of the second order; 

𝑧3 = −1 + 𝑖√3 is a zero of the second order. 

2)  Function cos 7𝑧 is equal to zero if  

7𝑧𝑘 =
𝜋

2
+ 𝑘𝜋,   (𝑘 = 0,  ± 1,  ± 2,  . . . ), 

thus, 

𝑧𝑘 =
𝜋

14
+
𝑘𝜋

7
,   (𝑘 = 0,  ± 1,  ± 2,  . . . ). 

Since 

(cos 7𝑧)′|𝑧𝑘 = −7 sin 7𝑧|𝑧𝑘 = −7 sin (
𝜋

2
+ 𝑘𝜋) ≠ 0, 

function cos 7𝑧 has simple zeroes at the points  𝑧𝑘 =
𝜋

14
+
𝑘𝜋

7
,   (𝑘 = 0,  ± 1,  ± 2,  . . . ). 

3)  Since  

tan2𝑧 =
sin2 𝑧

cos2 𝑧
, 

the given function has zeroes at the points where the numerator is equal to zero. 

Thus, we have to solve the equation  

sin2 𝑧 = 0. 

This yields to zeroes of multiplicity 2 

𝑧𝑘 = 𝜋𝑘, 𝑘 = 0,  ± 1,  ± 2,… 

 

II. Isolated Singularities of a Single-Valued Analytic Function 

 

 A point 𝑧0 is called the singular point (singularity) of the function 𝑓(𝑧), if 

𝑓(𝑧) fails to be analytic at 𝑧0. A point that is not singular is called a regular 

point. 
  

 A point 𝑧0 is called the isolated singular point (isolated singularity) of the 

function   𝑓(𝑧),   if   𝑓(𝑧)   is   single-valued   and   analytic   in   the   annulus  

0 < |𝑧 − 𝑧0| < 𝑅. 

Since function 𝑓(𝑧) is analytic in the annulus 0 < |𝑧 − 𝑧0| < 𝑅, then there exists the 

Laurent series representation of this function in this annulus.  

Definition. 

Definition. 
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The singularity of 𝑓(𝑧) at 𝑧0 is reflected in the principal part of the Laurent series.  

Let us consider the classification of isolated singular points.  

 

Case 1.  

The Laurent series does not contain terms with negative powers of (𝑧 − 𝑧0) (the principal 

part did not appear), that is  

𝑓(𝑧) = ∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=0

= 𝑐0 + 𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2+. . . +𝑐𝑛(𝑧 − 𝑧0)

𝑛 +⋯. 

Then 

lim
𝑧→𝑧0

𝑓(𝑧) = lim
𝑧→𝑧0

(𝑐0 + 𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2+. . . +𝑐𝑛(𝑧 − 𝑧0)

𝑛+. . . ) = 𝑐0 < ∞. 

If 𝑓(𝑧) is not defined at 𝑧0, we may redefine it putting 𝑓(𝑧0) = 𝑐0. Moreover, even if the 

original 𝑓(𝑧0) does not coincide with 𝑐0, we may change the value of the function at the point 

𝑧0 by 𝑓(𝑧0) = 𝑐0. As a result, the function 𝑓(𝑧) will be defined and analytic inside the circle 

|𝑧 − 𝑧0| < 𝑅.  

 

 Point 𝑧0 is called removable singularity if lim
𝑧→𝑧0

𝑓(𝑧) = 𝑐0 < ∞. 

 

 

In the neighborhood of a removable singular point 𝑧0 the function f (z) is 

bounded and may be written in the form 

𝑓(𝑧) = (𝑧 − 𝑧0)
𝑚𝜙(𝑧), 

where 𝑚 ≥ 0 is integer number and 𝜙(𝑧0) ≠ 0. 

  

Case 2.  

The  Laurent  series  contains  a  finite  number  of  terms  involving  negative  powers 

of (𝑧 − 𝑧0) (the principal part has a finite number of negative powers), that is 

𝑓(𝑧) =
𝑐−𝑚

(𝑧 − 𝑧0)
𝑚
+. . . +

𝑐−2
(𝑧 − 𝑧0)

2
+

𝑐−1
𝑧 − 𝑧0

+∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=0

. 

Hence,  

lim
𝑧→𝑧0

𝑓(𝑧) = lim
𝑧→𝑧0

(
𝑐−𝑚

(𝑧 − 𝑧0)
𝑚
+. . . +

𝑐−2
(𝑧 − 𝑧0)

2
+

𝑐−1
𝑧 − 𝑧0

+∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=0

) = ∞. 

 

 

Definition. 

Lemma 9.1. 
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 Point 𝑧0 is called pole if lim
𝑧→𝑧0

𝑓(𝑧) = ∞. In this case, integer number 𝑚 is called 

order of pole, and we say that 𝑧0 is a pole of order 𝑚.  

 

 If 𝑚 = 1 then 𝑧0 is called a simple pole. 

 

 
  

If 𝑧0 is a pole of order 𝑚 for 𝑓(𝑧), then the function can be written in the 

form 

𝑓(𝑧) =
𝜙(𝑧)

(𝑧 − 𝑧0)
𝑚
, 

where 𝜙(𝑧) is analytic at the point 𝑧0 and 𝜙(𝑧0) ≠ 0. 
 

 

If the point 𝑧0 is a zero of multiplicity 𝑚 for the analytic function 𝑔(𝑧), 

then function 𝑓(𝑧) =
1

𝑔(𝑧)
  has a pole of order 𝑚 at the point 𝑧0. 

  

Case 3.  

The Laurent series contains an infinite number of terms involving negative powers of 

(𝑧 − 𝑧0) (the principal part has an infinite number of negative powers), that is 

𝑓(𝑧) = ∑ 𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=−∞

. 

 

 Point 𝑧0 is called essential singularity if lim
𝑧→𝑧0

𝑓(𝑧) does not exist. 

 

 

 

Find isolated singular points of the given functions.  

1)  
𝑒𝑧−1

𝑧
;        2) 

tan 𝑧

𝑧
;        3) 

𝑧−1

𝑧3+2𝑧2+𝑧
;        4) 𝑒

1

𝑧2. 

State the type of isolated singularities. 

1)  Consider the function  𝑓(𝑧) =
𝑒𝑧−1

𝑧
. 

Since the numerator is an analytic function and the denominator is equal to zero only at 

the point 𝑧 = 0, then 𝑧 = 0 is the isolated singularity of the given function. 

 

Example 2. 

Definition. 

Definition. 

Definition. 

Lemma 9.2. 

Lemma 9.3. 
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Let us find the limit 

lim
𝑧→0

𝑒𝑧 − 1

𝑧
= 1. 

Thus, 𝑧 = 0 is a removable singular point for 
𝑒𝑧−1

𝑧
. 

2) Isolated singularities of the function  

tan 𝑧

𝑧
=
sin 𝑧

𝑧 cos 𝑧
 

are 𝑧 = 0 and 𝑧𝑘 =
𝜋

2
+ 𝑘𝜋, 𝑘 = 0,  ± 1,  ± 2,  . .. (zeroes of cos 𝑧).   

Evaluate the limits 

lim
𝑧→0

tan 𝑧

𝑧
= lim
𝑧→0

sin 𝑧

𝑧 cos 𝑧
= 1; 

Therefore, 𝑧 = 0 is a removable singular point. 

lim
𝑧→
𝜋
2
+𝑘𝜋

tan 𝑧

𝑧
= lim
𝑧→
𝜋
2
+𝑘𝜋

sin 𝑧

𝑧 cos 𝑧
= [
1

0
] = ∞, (𝑘 = 0,  ± 1,  ± 2,  . . . ). 

Hence, 𝑧𝑘 =
𝜋

2
+ 𝑘𝜋, (𝑘 = 0,  ± 1,  ± 2,  . . . ) are poles.  

Let us find the order of poles 𝑧𝑘 =
𝜋

2
+ 𝑘𝜋  from the multiplicity of zero 𝑧𝑘 for the 

function cos 𝑧. 

Since (cos 𝑧)′ = −sin 𝑧  and 

−sin 𝑧𝑘 = −sin (
𝜋

2
+ 𝑘𝜋) = {

1 ≠ 0, 𝑘 = 2𝑚 + 1,
−1 ≠ 0, 𝑘 = 2𝑚;

 

points 𝑧𝑘 =
𝜋

2
+ 𝑘𝜋 are simple zeros of cos 𝑧. 

Thus, 𝑧𝑘 =
𝜋

2
+ 𝑘𝜋, (𝑘 = 0,  ± 1,  ± 2,  . . . ) are simple poles. 

 3) Let us rewrite the function in the form 

𝑧 − 1

𝑧3 + 2𝑧2 + 𝑧
=

𝑧 − 1

𝑧(𝑧2 + 2𝑧 + 1)
=

𝑧 − 1

𝑧(𝑧 + 1)2
. 

Isolated singularities of the function are zeroes of the denominator 

𝑧(𝑧 + 1)2 = 0, 

𝑧 = 0 (simple zero) and 𝑧 = −1 (zero of the multiplicity 2). 

Since 

lim
𝑧→0

𝑧 − 1

𝑧3 + 2𝑧2 + 𝑧
= lim
𝑧→0

𝑧 − 1

𝑧(𝑧 + 1)2
= ∞, 
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lim
𝑧→−1

𝑧 − 1

𝑧3 + 2𝑧2 + 𝑧
= lim
𝑧→−1

𝑧 − 1

𝑧(𝑧 + 1)2
= ∞, 

we get, that 𝑧 = 0 is the simple pole and 𝑧 = −1 is the pole of the second order.  

4) Isolated singularity of the function 𝑒
1

𝑧2 is 𝑧 = 0. 

Let us investigate the behavior of the function when 𝑧 → 0. Consider two possible 

directions of approaching 𝑧 = 0:  along the real axis and along the imaginary axis. 

Along the real axis we have 𝑧 = 𝑥, thus 

lim
𝑧→0
 𝑒
1
𝑧2 = lim

𝑥→0+
 𝑒
1
𝑥2 = 𝑒+∞ = +∞. 

Along the imaginary axis we have 𝑧 = 𝑖𝑦, therefore 

lim
𝑧→0
 𝑒
1
𝑧2 = lim

𝑦→0+
 𝑒

1
(𝑖𝑦)2 = lim

𝑦→0+
 𝑒
−
1
𝑦2 = 𝑒−∞ = 0. 

Thus we obtain that the limit lim
𝑧→0
 𝑒

1

𝑧2 does not exist.  

Hence, function 𝑒
1

𝑧2 has an essential singularity at the point 𝑧 = 0. 

 

Case 4.  

The point at infinity of the extended complex plane (𝑧 = ∞) is an isolated singularity of 

a single-valued analytic function 𝑓(𝑧) if there exists such number 𝑅 that outside the circle 

|𝑧| > 𝑅 the function 𝑓(𝑧)  does not have any finite singularities. The function may be 

expanded in the Laurent series in the annulus 𝑅 < |𝑧| < ∞.  

 

 Point 𝑧 = ∞ is called the removable singularity if lim
𝑧→∞

𝑓(𝑧) = 𝑐0 < ∞ and the 

Laurent series does not contain terms with positive powers of 𝑧, that is 

𝑓(𝑧) = 𝑐0 +∑
𝑐−𝑛
𝑧𝑛

∞

𝑛=1

. 

 

 Point 𝑧 = ∞ is called the pole of order 𝑚 if lim
𝑧→∞

𝑓(𝑧) = ∞ and the Laurent 

series contains a finite number 𝑚 of terms involving positive powers of 𝑧, that 

is  

𝑓(𝑧) = ∑ 𝑐𝑛𝑧
𝑛

𝑚

𝑛=−∞

. 

 

Definition. 

Definition. 
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 Point 𝑧 = ∞ is called the essential singularity if lim
𝑧→∞

𝑓(𝑧) does not exist and 

the Laurent series contains an infinite number of terms involving positive 

powers of 𝑧, that is  

𝑓(𝑧) = ∑ 𝑐𝑛𝑧
𝑛

∞

𝑛=−∞

. 

 

 

 

State the type of isolated singularity 𝑧 = ∞ for the following functions  

1)  
𝑧2−1

𝑧3+1
;          2) 

𝑧2+1

𝑧+1
;          c) 𝑒𝑧. 

1)  Since   

lim
𝑧→∞

𝑧2 − 1

𝑧3 + 1
= 0, 

the point 𝑧 = ∞ is a removable singularity. 

2) Since  

lim
𝑧→∞

𝑧2 + 1

𝑧 + 1
= ∞, 

the point 𝑧 = ∞ is a pole. 

3) Since expansion 𝑒𝑧 = 1 + 𝑧 +
𝑧2

2!
+
𝑧3

3!
+. . . +

𝑧𝑛

𝑛!
+. . .  is the Laurent series for 𝑒𝑧 in the 

neighborhood of 𝑧 = ∞. This expansion contains an infinite number of terms involving 

positive powers of 𝑧, thus,  𝑧 = ∞ is an essential singularity. 

 

Review Questions 

1. What point of the complex plane is called the zero of the analytic function 𝑓(𝑧); simple 

zero; zero of the 𝑛-th order? 

2. Which point of the complex plane is called an isolated singular point of the function 

𝑓(𝑧); regular point of the function 𝑓(𝑧)? 

3. What are the types of isolated singular points? 

4. How does the classification of isolated singular points affect the Laurent series 

expansion around these points of the function 𝑓(𝑧)? 

Example 3. 

Definition. 
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5. What type of isolated special point 𝑧0 is, if the Laurent series of the function 𝑓(𝑧) in 

the neighborhood of this point does not contain the principal part; contains a finite 

number of terms with negative powers of  𝑧 − 𝑧0; contains an infinite number of terms 

with negative powers 𝑧 − 𝑧0? 

6. What can be said about the type of isolated singular point 𝑧0, if lim
𝑧→𝑧0

𝑓(𝑧) = 𝐴 < ∞; 

lim
𝑧→𝑧0

𝑓(𝑧) = ∞; lim
𝑧→𝑧0

𝑓(𝑧) doesn’t exist? 

7. What can be said about the type of isolated singularity 𝑧0, if lim
𝑧→𝑧0

(𝑧 − 𝑧0)
𝑚𝑓(𝑧) =

𝐴 < ∞? 

8. What is the relationship between the zero and the pole of the function 𝑓(𝑧)? 

9. In which case the point 𝑧 = ∞ will be an isolated singularity of the function 𝑓(𝑧)? 

10. How does the classification of singular point 𝑧 = ∞ affect the Laurent expansion of 

function 𝑓(𝑧)? 

11. What can be said about the type of isolated singularity 𝑧 = ∞, if lim
𝑧→∞

𝑓(𝑧) = 𝐴 < ∞; 

lim
𝑧→∞

𝑓(𝑧) = ∞; lim
𝑧→∞

𝑓(𝑧) doesn’t exist? 

 

Exercises 9.1 

1. Find isolated singular points of the given functions. State the type of isolated 

singularities. Investigate the isolated singularity at the point of infinity (𝑧 = ∞). 

1)  
1

𝑧−𝑧3
;                                           2) 

𝑧5

(1−𝑧)2
;                                 

 3) 
1

𝑧(4+𝑧2)2
;                                    4) 

𝑒𝑧

𝑧2+1
;                                    

 5)  
1

𝑒𝑧−1
−
1

𝑧
;                                  6) 

1−𝑒−𝑧

𝑧
;   

7) 
𝑒𝑧

𝑧(1−𝑒−𝑧)
;                                    8) 𝑧𝑒

1

𝑧;     

 9)  tan 𝑧;                                        10) sin
1

1−𝑧
;                               

11)  
1+cos𝑧

𝑧−𝜋
;                                   12) 

cotan𝑧

𝑧2
. 

Answers 
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9.2 The Residue of  an Analytic Function at an Isolated 
Singularity 

 

Let us consider the single-valued function 𝑓(𝑧). If point 𝑧 = 𝑧0 is regular or isolated 

singularity of this function, then there exists such closed positive oriented contour 𝐶 that point  

𝑧 = 𝑧0 lіes inside the region bounded by 𝐶. Function 𝑓(𝑧) is analytic on the contour 𝐶 and in 

the region bounded by that contour (except, perhaps, the point 𝑧0). 
 

 The value of integral 
1

2𝜋𝑖
∮ 𝑓(𝑧)𝑑𝑧
𝑐

 is called a residue of the function 𝑓(𝑧) at 

the point 𝑧0 and is denoted by  

res
𝑧=𝑧0

[𝑓(𝑧)] =
1

2𝜋𝑖
∮𝑓(𝑧)𝑑𝑧

 

𝐶

.                                      (9.2) 

 

If point 𝑧 = 𝑧0 is regular, then function 𝑓(𝑧) is analytic on the contour 𝐶 and in the region 

bounded by that contour. Thus, by Cauchy's Theorem in simply-connected domain, integral 

in the formula (9.2) is equal to zero and  

res
𝑧=𝑧0

[𝑓(𝑧)] = 0. 

If point 𝑧0 is an isolated singularity, then integral (9.2) coincides with the formula for 

determining the coefficient 𝑐−1 near 
1

𝑧−𝑧0
 in the Laurent series expansion of function 𝑓(𝑧) 

about the point 𝑧 = 𝑧0: 

 
 

 The value 

res
𝑧=∞
[𝑓(𝑧)] = −lim

𝜌→∞

1

2𝜋𝑖
∮ 𝑓(𝑧)𝑑𝑧

 

|𝑧|=𝜌

= −𝑐−1                    (9.3) 

is called a residue of the function 𝑓(𝑧) at the infinity point. It coincides with 

the value opposite to the coefficient 𝑐−1 near 
1

𝑧
 in the Laurent series expansion 

of function 𝑓(𝑧). 

Definition. 

Definition. 
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Let us consider some ways of evaluating the residues. 

Case 1.   

If 𝑧0 is the removable singularity of the function 𝑓(𝑧), then the Laurent series does not 

contain terms with negative powers of (𝑧 − 𝑧0) and  

res
𝑧=𝑧0

[𝑓(𝑧)] = 𝑐−1 = 0. 

Thus, the residue of the function at the removable singularity is equal to zero. 

 

Case 2.  

1. If 𝑧0 is the simple pole of the function 𝑓(𝑧), then there exists the power series 

expansion in the neighborhood of 𝑧0 

𝑓(𝑧) =
𝑐−1
𝑧 − 𝑧0

+ 𝑐0 + 𝑐1(𝑧 − 𝑧0) + 𝑐2(𝑧 − 𝑧0)
2 +⋯+ 𝑐𝑛(𝑧 − 𝑧0)

𝑛 +⋯. 

Let us multiply both sides of equality by (𝑧 − 𝑧0) and find the limit when 𝑧 tends to 𝑧0 

lim
𝑧→𝑧0

[(𝑧 − 𝑧0)𝑓(𝑧)] = lim
𝑧→𝑧0

[(𝑧 − 𝑧0) (
𝑐−1
𝑧 − 𝑧0

+∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=0

)] = 

= lim
𝑧→𝑧0

[(𝑐−1 + 𝑐0(𝑧 − 𝑧0) + 𝑐1(𝑧 − 𝑧0)
2 +⋯+ 𝑐𝑛(𝑧 − 𝑧0)

𝑛+1 +⋯)] = 𝑐−1. 

Thus, 

res
𝑧=𝑧0

[𝑓(𝑧)] = lim
𝑧→𝑧0

[(𝑧 − 𝑧0)𝑓(𝑧)].                                           (9.4) 

 

2. In the case when function 𝑓(𝑧) may be represented in the form  

𝑓(𝑧) =
𝜑(𝑧)

𝜓(𝑧)
 , 

where 𝜓(𝑧) and 𝜑(𝑧) are analytic in the neighbourhood of 𝑧0, 𝜑(𝑧0) ≠ 0, 𝜓(𝑧0) = 0, but 

𝜓′(𝑧0) ≠ 0. 

Then, the residue at the simple pole is 

res
𝑧=𝑧0

[𝑓(𝑧)] =
𝜑(𝑧0)

𝜓′(𝑧0)
.                                                       (9.5) 

3. If 𝑧0 is the pole of order 𝑚 of the function 𝑓(𝑧), then there exists the power series 

expansion in the neighborhood of 𝑧0 

𝑓(𝑧) =
𝑐−𝑚

(𝑧 − 𝑧0)
𝑚
+. . . +

𝑐−2
(𝑧 − 𝑧0)

2
+

𝑐−1
𝑧 − 𝑧0

+∑𝑐𝑛(𝑧 − 𝑧0)
𝑛

+∞

𝑛=0

. 
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First, let us multiply the equality by (𝑧 − 𝑧0)
𝑚  

(𝑧 − 𝑧0)
𝑚𝑓(𝑧) = 𝑐−𝑚 + 𝑐−𝑚+1(𝑧 − 𝑧0) + ⋯+ 𝑐−1(𝑧 − 𝑧0)

𝑚−1 + 𝑐0(𝑧 − 𝑧0)
𝑚 +⋯. 

In order to find 𝑐−1 we differentiate both parts of the equality (𝑚 − 1) times  

𝑑𝑚−1

𝑑𝑧𝑚−1
[(𝑧 − 𝑧0)

𝑚𝑓(𝑧)] = (𝑚 − 1)! 𝑐−1 +𝑚! 𝑐0(𝑧 − 𝑧0) + ⋯. 

Then find the limit when 𝑧 tends to 𝑧0  

lim
𝑧→𝑧0

𝑑𝑚−1

𝑑𝑧𝑚−1
[(𝑧 − 𝑧0)

𝑚𝑓(𝑧)] = lim
𝑧→𝑧0

((𝑚 − 1)! 𝑐−1 +𝑚! 𝑐0(𝑧 − 𝑧0) + ⋯) = (𝑚 − 1)! 𝑐−1. 

Thus, the residue at the pole 𝑧0 of order 𝑚  is  

res
𝑧=𝑧0

[𝑓(𝑧)] =
1

(𝑚 − 1)!
lim
𝑧→𝑧0

𝑑𝑚−1

𝑑𝑧𝑚−1
[(𝑧 − 𝑧0)

𝑚𝑓(𝑧)].                          (9.6) 

 

 

 
 

If 𝑓(𝑧) is analytic everywhere on the complex plane excluding a finite 

number of isolated singularities 𝑧 = 𝑧𝑘,  𝑘 = 1,2,… ,𝑚, and 𝑧 = ∞, then  

𝑟𝑒𝑠
𝑧=∞
[𝑓(𝑧)] +∑ 𝑟𝑒𝑠

𝑧=𝑧𝑘
[𝑓(𝑧)]

𝑚

𝑘=1

= 0.                                             (9.7) 

 

 

 

Evaluate the residues at each finite isolated singular point of the functions  

1) 
sin 𝑧

𝑧(𝑧+1)
;             2) 

1

𝑧3−𝑖𝑧2
;             3) tan 𝑧;             4) 𝑧3𝑒

1

𝑧. 

1)  Function 
sin 𝑧

𝑧(𝑧+1)
 has two isolated singularities (solutions of 𝑧(𝑧 + 1) = 0):  

removable singularity at the point 𝑧0 = 0;  

simple pole at the point 𝑧1 = −1. 

Then, according to Case 1., we get 

res
𝑧=0
[
sin 𝑧

𝑧(𝑧 + 1)
] = 0. 

Applying formula (9.4), we obtain the residue at the point 𝑧1  

res
𝑧=−1

[
sin 𝑧

𝑧(𝑧 + 1)
] = lim

𝑧→−1
[(𝑧 + 1)

sin 𝑧

𝑧(𝑧 + 1)
] = lim

𝑧→−1

sin 𝑧

𝑧
= sin 1. 

 

Example 1. 

Lemma 9.4. 
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2)  There are two isolated singularities of the function 
1

𝑧3−𝑖𝑧2
=

1

𝑧2(𝑧−𝑖)
 : 

simple pole at the point 𝑧0 = 𝑖; 

pole of the second order at the point 𝑧1 = 0. 

Thus, by formulas (9.4) and (9.6), we get 

res
𝑧=𝑖
[

1

𝑧3 − 𝑖𝑧2
] = lim

𝑧→𝑖
[(𝑧 − 𝑖)

1

𝑧2(𝑧 − 𝑖)
] = lim

𝑧→𝑖

1

𝑧2
= −1, 

res
𝑧=0
[

1

𝑧3 − 𝑖𝑧2
] = lim

𝑧→0

𝑑

𝑑𝑧
[𝑧2

1

𝑧2(𝑧 − 𝑖)
] = lim

𝑧→0

𝑑

𝑑𝑧
[
1

(𝑧 − 𝑖)
] = lim

𝑧→0

−1

(𝑧 − 𝑖)2
= 1. 

3) Function tan 𝑧 has simple poles at points 𝑧𝑘 =
𝜋

2
+ 𝜋𝑘,   𝑘 = 0,  ± 1,…. It is 

convenient to apply formula (9.5) for evaluating residues at these points 𝑧𝑘. 

res
𝑧=𝑧𝑘

[tan 𝑧] =
sin 𝑧

(cos 𝑧)′
|
𝑧=𝑧𝑘

=
sin 𝑧𝑘
−sin 𝑧𝑘

= −1,   𝑘 = 0,  ± 1,… .  

4) There is essential singularity of the function 𝑧3𝑒
1

𝑧 at the point 𝑧0 = 0.   

To find residue at the essential singularity we have to represent the function as Laurent 

series about 𝑧0 = 0. Then we use the fact that res
𝑧=𝑧0

[𝑓(𝑧)] = 𝑐−1. 

𝑧3𝑒
1
𝑧 = 𝑧3 (1 +

1

𝑧
+

1

𝑧22!
+ ⋯+

1

𝑧𝑛𝑛!
+ ⋯) = 

= 𝑧3 +
𝑧3

𝑧
+
𝑧3

𝑧22!
+
𝑧3

𝑧33!
+
𝑧3

𝑧44!
+. . . +

𝑧3

𝑧𝑛𝑛!
+. . . = 

 

Thus, 

res
𝑧=0
[𝑧3𝑒

1
𝑧] = 𝑐−1 =

1

4!
=
1

24
. 

 

Review Questions 

1. What is called a residue of the function 𝑓(𝑧) at the point 𝑧0 ? 

2. How the residue of the function 𝑓(𝑧) is related to the coefficients of the Laurent series? 

3. What is the residue of the function 𝑓(𝑧) at the removable singular point 𝑧0; at the 

simple pole 𝑧0; at the pole of the 𝑛-th order 𝑧0; at the essential singularity 𝑧0? 
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4. By what formula can we calculate the residue of the function 𝑓(𝑧) =
𝜑(𝑧)

𝜓(𝑧)
, if the 

functions 𝜑(𝑧) and 𝜓(𝑧) are analytic at the point 𝑧0, 𝜑(𝑧0) ≠ 0,𝜓(𝑧0) = 0, but 

𝜓′(𝑧0) ≠ 0? 

5. What is called a residue of the function 𝑓(𝑧) at the point 𝑧 = ∞ ? 

6. What is the residue of the function 𝑓(𝑧) at the point 𝑧 = ∞, if the Laurent series 

expansion of the function around this point is known? 

 

Exercises 9.2 

1. Evaluate the residues at each finite isolated singular point of the functions 

1)  
𝑧

(𝑧+1)3(𝑧−2)2
;                             2)  

𝑧2

(1+𝑧2)2
;   

3)  
1

𝑧(1−𝑧2)
;                                     4)  

sin 𝑧

𝑧2−
𝜋

4
𝑧
;     

5)  
1−cos𝑧

(𝑧−3)𝑧3
;                                    6)  

𝑒𝑧

(9+𝑧2)𝑧2
;   

7)  
sin2𝑧

(𝑧+𝑖)(𝑧−
𝑖

2
)2

;                              8)  
1

sin 𝑧
;   

9)  tan𝑧;                                        10) 𝑧3𝑒
1

𝑧;                                          

11)  sin
𝑧

𝑧+1
;                                  12)  

𝑒
−
1

𝑧2

1+𝑧4
. 

Answers 
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9.3 Application of  Residue 

 

I. Application to Contour Integrals 

 

 

Residue Theorem 

Let the function 𝑓(𝑧) be analytic everywhere in the closed domain 𝐷 

bounded by the contour 𝐶, except at a finite number of isolated 

singularities 𝑧1,  𝑧2,  . . . ,  𝑧𝑚, lying inside the domain.  

Then 

∮𝑓(𝑧)

 

𝐶+

𝑑𝑧 = 2𝜋𝑖∑ 𝑟𝑒𝑠
𝑧=𝑧𝑘

𝑚

𝑘=1

[𝑓(𝑧)].                                            (9.8) 

 

Proof.   

Let us construct the closed contours 𝛾1,  𝛾2,  . . . ,  

𝛾𝑚 around each of singular points 𝑧1,  𝑧2,  . . . ,  𝑧𝑚 

respectively. Moreover, these contours do not contain 

other singularities, except the corresponding point (Fig. 

93). Thus, we obtain multiply-connected closed 

domain, bounded by contours 𝐶,  𝛾1,  𝛾2,  . . . ,  𝛾𝑚.   

 

 
Figure 93. 

The function 𝑓(𝑧) is analytic everywhere inside the domain obtained.  

Applying the Cauchy's Theorem in Multiply-connected Domain, we get 

∮𝑓(𝑧)𝑑𝑧

 

𝐶+

+∑ ∮𝑓(𝑧)

 

𝛾𝑘−

𝑑𝑧

𝑚

𝑘=1

= 0. 

By definition of residues and formula (5.2), we may rewrite this equality as 

∮𝑓(𝑧)𝑑𝑧

 

𝐶+

= −∑ ∮𝑓(𝑧)

 

𝛾𝑘−

𝑑𝑧

𝑚

𝑘=1

= 2𝜋𝑖∑
1

2𝜋𝑖
∮ 𝑓(𝑧)

 

𝛾𝑘+

𝑑𝑧

𝑚

𝑘=1

= 2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑚

𝑘=1

[𝑓(𝑧)]. 

 

This theorem gives the way of evaluating contour integrals of the functions of complex 

variable without applying primitives, line integrals and Cauchy’s Formulas. Moreover, the 

Theorem 9.2 
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Residue Theorem could be applied to some types of improper integrals of the functions of real 

variable.  

Let us consider some examples. 

 

 

Evaluate the integral  

∮
sin 2𝑧

𝑧2 + 9

 

|𝑧|=4

𝑑𝑧. 

The isolated singularities of the integrand  
sin 2𝑧

𝑧2+9
 are 

solutions of the equation 𝑧2 + 9 = 0. 

Thus, we have simple poles 

𝑧1 = 3𝑖  and  𝑧2 = −3𝑖. 

Both points located inside the circle |𝑧| < 4 (Fig. 94). 

Then, by formula (9.8), 

 

Figure 94. 

∮
sin 2𝑧

𝑧2 + 9

 

|𝑧|=4

𝑑𝑧 = 2𝜋𝑖 (rez
𝑧=3𝑖

[
sin 2𝑧

𝑧2 + 9
] + rez

𝑧=−3𝑖
[
sin 2𝑧

𝑧2 + 9
]) = 

= 2𝜋𝑖 ( lim
𝑧→3𝑖

[(𝑧 − 3𝑖)
sin 2𝑧

𝑧2 + 9
] + lim

𝑧→−3𝑖
[(𝑧 + 3𝑖)

sin 2𝑧

𝑧2 + 9
]) = 

= 2𝜋𝑖 ( lim
𝑧→3𝑖

[
sin 2𝑧

(𝑧 + 3𝑖)
] + lim

𝑧→−3𝑖
[
sin 2𝑧

(𝑧 − 3𝑖)
]) = 2𝜋𝑖 (

sin 6𝑖

6𝑖
+
sin(−6𝑖)

−6𝑖
) = 

= 2𝜋𝑖 (
𝑖 sinh6

6𝑖
+
−𝑖 sinh 6

−6𝑖
) =

2𝜋𝑖 sinh6

3
. 

 

 

Evaluate the integral  

∮
1

𝑧(𝑧 + 𝑖)(𝑧 − 3)

 

|𝑧|=2

𝑑𝑧. 

The isolated singularities of integrand are solutions of the 

equation 𝑧(𝑧 + 𝑖)(𝑧 − 3) = 0. 

Thus, we have simples poles 

𝑧1 = 0, 𝑧2 = −𝑖 and 𝑧3 = 3, 

 

Figure 95. 

but only points 𝑧1 and 𝑧2 are inside the circle |𝑧| < 2 (Fig. 95). 

Example 1. 

Example 2. 
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Hence, by formula (9.8), 

∮
1

𝑧(𝑧 + 𝑖)(𝑧 − 3)

 

|𝑧|=2

𝑑𝑧 = 2𝜋𝑖 (rez
𝑧=0
[

1

𝑧(𝑧 + 𝑖)(𝑧 − 3)
] + rez

𝑧=−𝑖
[

1

𝑧(𝑧 + 𝑖)(𝑧 − 3)
]) = 

= 2𝜋𝑖 (lim
z→0
[z

1

z(z + i)(z − 3)
] + lim

𝑧→−𝑖
[(𝑧 + 𝑖)

1

𝑧(𝑧 + 𝑖)(𝑧 − 3)
]) = 

= 2𝜋𝑖 (lim
𝑧→0

[
1

(𝑧 + 𝑖)(𝑧 − 3)
] + lim

𝑧→−𝑖
[

1

𝑧(𝑧 − 3)
]) = 2𝜋𝑖 (

1

−3𝑖
+

1

−𝑖(−𝑖 − 3)
) = 

= −
𝜋

15
(1 + 3𝑖). 

 

 

 

Evaluate the integral  

∮
cos 3𝑧

𝑧(𝑧 − 𝜋)3

 

|𝑧−2|=1.5

𝑑𝑧. 

Point 𝑧1 = 𝜋 is the third order pole of the integrand and is 

located inside the circle |𝑧 − 2| < 1.5, another singularity 𝑧2 =

0 is outside the circle (Fig. 96).  

By formula (9.8), we get 

 

Figure 96. 

∮
cos 3𝑧

𝑧(𝑧 − 𝜋)3

 

|𝑧−2|=1.5

𝑑𝑧 = 2𝜋𝑖 res
𝑧=𝜋

[
cos 3𝑧

𝑧(𝑧 − 𝜋)3
] = 2𝜋𝑖

1

2!
lim
𝑧→𝜋

𝑑2

𝑑𝑧2
[(𝑧 − 𝑧0)

3
cos 3𝑧

𝑧(𝑧 − 𝜋)3
] 

= 𝜋𝑖 lim
𝑧→𝜋

𝑑2

𝑑𝑧2
[
cos 3𝑧

𝑧
] = 𝜋𝑖 lim

𝑧→𝜋
(
2 − 9𝑧2

𝑧3
cos 3𝑧 +

6

𝑧2
sin 3𝑧) =

1

𝜋2
(9𝜋2 − 2)𝑖. 

 

 

 

Evaluate the integral  

∮ 𝑧𝑒
1
𝑧−𝑖𝑑𝑧.

 

|𝑧−𝑖|=1

 

Point 𝑧 = 𝑖 is the essential singularity lying inside the contour. 

Let us find the residue at this point from the Laurent series 

expansion about 𝑧 = 𝑖.  

 

Figure 97. 

𝑧𝑒
1
𝑧−𝑖 = ((𝑧 − 𝑖) + 𝑖)𝑒

1
𝑧−𝑖 = (𝑧 − 𝑖)𝑒

1
𝑧−𝑖 + 𝑖𝑒

1
𝑧−𝑖 = 

Example 3. 

Example 4. 
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= (𝑧 − 𝑖) (1 +
1

𝑧 − 𝑖
+

1

2! (𝑧 − 𝑖)2
+. . . ) + 𝑖 (1 +

1

𝑧 − 𝑖
+

1

2! (𝑧 − 𝑖)2
+. . . ) = 

 

Therefore,  

∮ 𝑧𝑒
1
𝑧−𝑖𝑑𝑧

 

|𝑧−𝑖|=1

= 2𝜋𝑖 res
𝑧=𝑖
[𝑧𝑒

1
𝑧−𝑖] = 2𝜋𝑖 (

1

2
+ 𝑖) = −2𝜋 + 𝜋𝑖. 

 

II. Residues for the Evaluation of Definite Integrals  

Sometimes we may use residues for evaluating definite or improper integrals of functions 

of a real variable. It may help us when other methods are too complicated to apply.  

 

1. Integrals of the Form ∫ 𝑅(sin 𝑡 , cos 𝑡)𝑑𝑡
2𝜋

0
 

Let us consider definite integral 

∫ 𝑅(sin 𝑡 , cos 𝑡)𝑑𝑡

2𝜋

0

, 

where 𝑅(sin 𝑡 , cos 𝑡) is a rational function of sin 𝑡 and cos 𝑡, and continuous for 0 ≤ 𝑡 ≤ 2𝜋 

(or 𝛼 ≤ 𝑡 ≤ 𝛼 + 2𝜋). 

Application of the Universal Trigonometric Substitution 𝑦 = tan
𝑡

2
  leads to complicated 

improper integrals. 

It is convenient to provide another substitution 

𝑧 = 𝑒𝑖𝑡 . 

Then 𝑑𝑧 = 𝑖𝑒𝑖𝑡𝑑𝑡 and, as a result, we get 

𝑑𝑡 =
1

𝑖𝑧
𝑑𝑧. 

In this case, we may use Euler’s formulas and rewrite sin 𝑡 and cos 𝑡 as  

sin 𝑡 =
𝑒𝑖𝑡 − 𝑒−𝑖𝑡

2𝑖
=
1

2𝑖
(𝑧 −

1

𝑧
)  ,        cos 𝑡 =

𝑒𝑖𝑡 + 𝑒−𝑖𝑡

2
=
1

2
(𝑧 +

1

𝑧
). 

The interval of integration [0, 2𝜋] is transformed into |𝑧| = 1,  0 ≤ arg 𝑧 < 2𝜋.  
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Then, the integral may be written in the complex form  

∫ 𝑅(sin 𝑡 , cos 𝑡)𝑑𝑡

2𝜋

0

= ∮ 𝑅

 

|𝑧|=1

(
1

2𝑖
(𝑧 −

1

𝑧
) ,
1

2
(𝑧 +

1

𝑧
))
1

𝑖𝑧
𝑑𝑧.                  (9.9) 

The integral on the right side could be solved by the application of the Residue Theorem.  

 

 

Evaluate the integral 

∫
1

5 + 4 cos 𝑡
𝑑𝑡

2𝜋

0

. 

Let us make the corresponding substitution  

∫
1

5 + 4 cos 𝑡
𝑑𝑡

2𝜋

0

=
|
|
𝑧 = 𝑒𝑖𝑡 ,   cos 𝑡 =

1

2
(𝑧 +

1

𝑧
)

𝑑𝑡 =
1

𝑖𝑧
𝑑𝑧

[0, 2𝜋] → |𝑧| = 1,  0 ≤ arg 𝑧 < 2𝜋

|
|
= 

= ∮
1

5 + 4 ⋅
1
2 (
𝑧 +

1
𝑧)

 

|𝑧|=1

1

𝑖𝑧
𝑑𝑧 =

1

𝑖
∮

1

2𝑧2 + 5𝑧 + 2

 

|𝑧|=1

𝑑𝑧 = 

=
1

2𝑖
∮

1

(𝑧 + 2)(𝑧 + 0.5)|𝑧|=1

𝑑𝑧. 

Now we have to find isolated singularities of the integrand.  

Point 𝑧 = −0.5 is the simple pole and is located inside the circle |𝑧| < 1, another isolated 

singularity 𝑧 = −2 is outside the contour of integration. 

By the Residue Theorem, we obtain 

1

2𝑖
∮

1

(𝑧 + 2)(𝑧 + 0.5)

 

|𝑧|=1

𝑑𝑧 = 2𝜋𝑖
1

2𝑖
res
𝑧=0.5

[
1

(𝑧 + 2)(𝑧 + 0.5)
] = 

= 𝜋 lim
𝑧→0.5

[(𝑧 + 0.5)
1

(𝑧 + 2)(𝑧 + 0.5)
] = 𝜋 lim

𝑧→0,5
[

1

(𝑧 + 2)
] =

2𝜋

5
. 

Thus,  

∫
1

5 + 4 cos 𝑡
𝑑𝑡

2𝜋

0

=
2𝜋

5
. 

 

Example 4. 
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2. Integrals of the Form ∫
𝑃𝑛(𝑡)

𝑄𝑚(𝑡)

+∞

−∞
𝑑𝑡 

Let us consider improper integral 

∫
𝑃𝑛(𝑡)

𝑄𝑚(𝑡)

+∞

−∞

𝑑𝑡, 

where 𝑃𝑛(𝑡) and  𝑄𝑚(𝑡) are polynomials of degrees 𝑛 and 𝑚,  𝑛 + 1 < 𝑚. 

Let us substitute a real variable 𝑡 with a complex variable 𝑧. If function 
𝑃𝑛(𝑧)

𝑄𝑚(𝑧)
 is analytic 

on the real axis and in the upper part of the complex plane (𝐼𝑚 𝑧 > 0), except at a finite 

number of isolated singularities 𝑧1,  𝑧2,  . . . ,  𝑧𝑚, lying in the upper part of the complex plane, 

then  

∫
𝑃𝑛(𝑡)

𝑄𝑚(𝑡)

+∞

−∞

𝑑𝑡 = 2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑝

𝑘=1

[
𝑃𝑛(𝑧)

𝑄𝑚(𝑧)
].                                    (9.10) 

 

 

Evaluate the integral 

∫
𝑡2

(𝑡2 + 1)2(𝑡2 + 4)

+∞

−∞

𝑑𝑡. 

Let us consider function 
𝑧2

(𝑧2+1)2(𝑧2+4)
, where 𝑧 is a complex variable. It is analytic 

everywhere on the real axis and on the complex plane except at isolated singularities 

 𝑧1 = 𝑖,  𝑧2 = −𝑖 (poles of the second order),  

 𝑧3 = 2𝑖,  𝑧4 − 2𝑖 (simple poles).  

Let us consider poles located in the upper part of the complex plane, that is,   

𝑧1 = 𝑖 and 𝑧3 = 2𝑖. 

Evaluate the residues at these points 

res
𝑧=𝑖
[

𝑧2

(𝑧2 + 1)2(𝑧2 + 4)
] = lim

𝑧→𝑖

𝑑

𝑑𝑧
[(𝑧 − 𝑖)2

𝑧2

(𝑧2 + 1)2(𝑧2 + 4)
] = 

= lim
𝑧→𝑖

𝑑

𝑑𝑧
(

𝑧2

(𝑧 + 𝑖)2(𝑧2 + 4)
) = 

= lim
𝑧→𝑖
(
2𝑧(𝑧 + 𝑖)2(𝑧2 + 4) − 𝑧2(2(𝑧 + 𝑖)(𝑧2 + 4) + (𝑧 + 𝑖)22𝑧)

(𝑧 + 𝑖)4(𝑧2 + 4)2
) =

5

36𝑖
 , 

Example 5. 
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res
𝑧=2𝑖

[
𝑧2

(𝑧2 + 1)2(𝑧2 + 4)
] = lim

𝑧→2𝑖
((𝑧 − 2𝑖)

𝑧2

(𝑧2 + 1)2(𝑧2 + 4)
) = 

= lim
𝑧→2𝑖

(
𝑧2

(𝑧2 + 1)2(𝑧 + 2𝑖)
) = −

1

9𝑖
. 

Thus, by formula (9.10), we get 

∫
𝑡2

(𝑡2 + 1)2(𝑡2 + 4)

+∞

−∞

𝑑𝑡 = 2𝜋𝑖 (res
𝑧=𝑖
[

𝑧2

(𝑧2 + 1)2(𝑧2 + 4)
] + res

𝑧=2𝑖
[

𝑧2

(𝑧2 + 1)2(𝑧2 + 4)
]) = 

= 2𝜋𝑖 (
5

36𝑖
−
1

9𝑖
) =

𝜋

18
. 

 

3. Integrals of the Form ∫ 𝑅(𝑡)𝑒𝑖𝛼𝑡
+∞

−∞
𝑑𝑡. 

Let us consider improper integrals 

∫ 𝑅(𝑡) cos 𝛼𝑡

+∞

−∞

𝑑𝑡,  

   ∫ 𝑅(𝑡) sin 𝛼𝑡

+∞

−∞

𝑑𝑡, 

where 𝑅(𝑡) is proper rational fraction and 𝛼 > 0. 

To evaluate these integrals, we used to evaluate improper integral of the form  

∫ 𝑅(𝑡)𝑒𝑖𝛼𝑡
+∞

−∞

𝑑𝑡. 

Then we apply one of the formulas  

∫ 𝑅(𝑡) cos 𝛼𝑡

+∞

−∞

𝑑𝑡 = 𝑅𝑒( ∫ 𝑅(𝑡)𝑒𝑖𝛼𝑡
+∞

−∞

𝑑𝑡), 

∫ 𝑅(𝑡) sin 𝛼𝑡

+∞

−∞

𝑑𝑡 = 𝐼𝑚( ∫ 𝑅(𝑡)𝑒𝑖𝛼𝑡
+∞

−∞

𝑑𝑡). 

Let us substitute a real variable 𝑡 with a complex variable 𝑧. If function 𝑅(𝑧)  is analytic 

on the real axis and in the upper part of the complex plane (𝐼𝑚 𝑧 > 0), except at a finite 

number of isolated singularities 𝑧1,  𝑧2,  . . . ,  𝑧𝑚, lying in the upper part of the complex plane, 

and 𝑅(𝑧) → 0,  𝑧 → ∞, then 
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∫ 𝑅(𝑡)𝑒𝑖𝛼𝑡
+∞

−∞

𝑑𝑡 = 2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑝

𝑘=1

[𝑅(𝑧)𝑒𝑖𝛼𝑧]. 

Hence, 

∫ 𝑅(𝑡) cos 𝛼𝑡

+∞

−∞

𝑑𝑡 = 𝑅𝑒(2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑝

𝑘=1

[𝑅(𝑧)𝑒𝑖𝛼𝑧]),                        (9.11) 

∫ 𝑅(𝑡) sin 𝛼𝑡

+∞

−∞

𝑑𝑡 = 𝐼𝑚(2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑝

𝑘=1

[𝑅(𝑧)𝑒𝑖𝛼𝑧]).                         (9.12) 

 

 
 

Evaluate the integrals 

∫
(𝑡 − 3) cos 𝑡

(𝑡2 + 1)

+∞

−∞

𝑑𝑡 

and 

∫
(𝑡 − 3) sin 𝑡

(𝑡2 + 1)

+∞

−∞

𝑑𝑡. 

Let us consider the function 

𝑧 − 3

(𝑧2 + 1)
𝑒𝑖𝑧. 

This function has two isolated singularities - simple poles  𝑧1 = 𝑖  and 𝑧2 = −𝑖, but only 

one (𝑧1 = 𝑖) is in the upper part of the complex plane.  

Let us check the second condition 

lim
𝑧→∞

𝑧 − 3

(𝑧2 + 1)
= 0. 

Thus, we may evaluate the residue at the point 𝑧1 = 𝑖.  

res
𝑧=𝑖
[
𝑧 − 3

(𝑧2 + 1)
𝑒𝑖𝑧] = lim

𝑧→𝑖
((𝑧 − 𝑖)

(𝑧 − 3)𝑒𝑖𝑧

(𝑧2 + 1)
) = lim

𝑧→𝑖
(
(𝑧 − 3)𝑒𝑖𝑧

(𝑧 + 𝑖)
) = (

1

2
+ 𝑖
3

2
) 𝑒−1. 

Therefore, by formulas (9.11) and (9.12), we get 

∫
(𝑡 − 3) cos 𝑡

(𝑡2 + 1)

+∞

−∞

𝑑𝑡 = 𝑅𝑒(2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑝

𝑘=1

[
(𝑧 − 3)𝑒𝑖𝑧

(𝑧2 + 1)
]) = 

= 𝑅𝑒 (2𝜋𝑖 (
1

2
+ 𝑖
3

2
) 𝑒−1) = −3𝜋𝑒−1, 

Example 6. 
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∫
(𝑡 − 3) sin 𝑡

(𝑡2 + 1)

+∞

−∞

𝑑𝑡 = 𝐼𝑚(2𝜋𝑖∑ res
𝑧=𝑧𝑘

𝑝

𝑘=1

[
(𝑧 − 3)𝑒𝑖𝑧

(𝑧2 + 1)
]) = 𝐼𝑚 (2𝜋𝑖 (

1

2
+ 𝑖
3

2
) 𝑒−1) = 𝜋𝑒−1. 

 

Review Questions 

1. Formulate the Residue Theorem. 

2. Can it be asserted that the sum of the residues of the analytic function 𝑓(𝑧) at all its 

singular points, including the point 𝑧 = ∞, is zero? 

3. How to find the residue of the function 𝑓(𝑧) at the point 𝑧 = ∞ if the values of residues 

at all other singular points of this function are known? 

4. What problems can the residue theory be applied to? 

5. How can we evaluate integrals along a closed curve using the theory of residues? What 

theorem is this application based on? 

6. How to apply the theory of residues to the evaluation of definite integrals of the form 

∫ 𝑅(cos 𝑥
2𝜋

0
; sin 𝑥)𝑑𝑥 ?  

7. How to apply the theory of residues to the evaluation of improper integral 

∫
𝑃𝑛(𝑡)

𝑄𝑚(𝑡)

+∞

−∞
𝑑𝑡, where 𝑃𝑛(𝑡) and  𝑄𝑚(𝑡) are polynomials?  

8. How to apply the theory of residues to the evaluation of improper integrals 

∫ 𝑅(𝑡) cos 𝛼𝑡
+∞

−∞
𝑑𝑡, ∫ 𝑅(𝑡) sin 𝛼𝑡

+∞

−∞
𝑑𝑡, where 𝑅(𝑡) is a proper rational fraction? 

 

Exercises 9.3 

1.  Evaluate the integrals by the Residue Theorem. 

1)  ∮
𝑒𝑧

𝑧3(𝑧+1)

      
|𝑧|=2

𝑑𝑧;                                  

2) ∮
𝑒𝑧
2
−1

𝑧3−𝑖𝑧2

      
|𝑧+𝑖|=3

𝑑𝑧;              

3)  ∮ 𝑧 tan𝜋𝑧
      
|𝑧|=1

𝑑𝑧;                                

4) ∮
sin𝜋𝑧

(𝑧2−1)3

      
𝑥2

4
+𝑦2=1

𝑑𝑧;                     
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5)  ∮
𝑧

cos 𝑧

      
𝐶

𝑑𝑧,  where С is the contour of the rectangle whose vertices are  

 𝑧1 = −𝑖, 𝑧2 = 2 − 𝑖, 𝑧3 = 2 + 𝑖, 𝑧4 = 4; 

6)  ∮
𝑒𝑧

𝑧4+2𝑧2+1

      
|𝑧−𝑖|=1

𝑑𝑧;                          

 7) ∮
cosh 2𝑧

𝑧2(𝑧+2)(𝑧−1)

      
|𝑧−1|=1,5

𝑑𝑧;          

8) ∮ 𝑧2𝑒
1

𝑧
      
|𝑧+1−𝑖|=2

𝑑𝑧;                              

9)  ∮ (𝑧 − 1)2 sin
1

𝑧−1

      
|𝑧−1|=1

𝑑𝑧.      

2. Evaluate the integral 

1)  ∫
𝑑𝑡

7+3 cos 𝑡

2𝜋

0
;                                 

2) ∫
cos 𝑡+1

sin 𝑡+2

2𝜋

0
𝑑𝑡;                   

3)  ∫
𝑑𝑡

(4−3 sin2 𝑡)2

2𝜋

0
;                           

4) ∫
𝑡

(𝑡2+4𝑡+13)2
𝑑𝑡

∞

−∞
;        

5)  ∫
𝑡2+1

𝑡4+1
𝑑𝑡

∞

0
;                                   

6) ∫
cos 2𝑡

𝑡2+9
𝑑𝑡

∞

0
;            

7) ∫
𝑡 sin 3𝑡

𝑡2+4

∞

0
𝑑𝑡. 

Answers 

 

 

 

 

 

 

 



 

 

 

239 

10. Operational Calculus 

 

Operational calculus is one of the mathematical methods that, in many cases, makes it 

possible to reduce the study of differential, integral etc. equations to simpler algebraic 

problems. Its practical applications include control systems analysis, signal processing, some 

problems in physics, engineering, and other fields.  
 

10.1 The Concept of  Laplace Transforms 

 

I. Definition 

Let function 𝑓(𝑡) be defined for real variable 𝑡. 
 

 The Laplace transform of 𝑓(𝑡) is the function 𝐹(𝑝) of the complex variable 

𝑝 = 𝑠 + 𝑖𝜎, which is defined by 

𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

0

.                                       (10.1) 

Here the variable of integration is 𝑡, while a parameter 𝑝 is independent of 𝑡. 
 

 Function 𝑓(𝑡) is called the original function of 𝐹(𝑝). The integral on the right 

side of the formula (10.1) is called the Laplace integral. 

The relationship between functions 𝑓(𝑡) and 𝐹(𝑝) is denoted by the symbol 𝑓(𝑡) ÷ 𝐹(𝑝). 

Also, we may use denotions 𝑓(𝑡) →
𝐿
𝐹(𝑝) , 𝐹(𝑝) = 𝐿{𝑓(𝑡)} . 

We may consider the Laplace transform as an operator that transforms the function  𝑓(𝑡) 

into the function 𝐹(𝑝). 
Since the integral on the right side of the formula (10.1) is improper, it is not meaningful 

for any function 𝑓(𝑡). This integral is convergent and transformation can be realized if 

function 𝑓(𝑡) satisfies the following conditions  

1. ∀  𝑡 < 0, 𝑓(𝑡) ≡ 0. 

2. Function 𝑓(𝑡) is piecewise continuous, that is, the interval can be divided into a finite 

number of subintervals on which the function is continuous and has a finite number of 

discontinuities of the first kind (“jumps” or “removable”) at the endpoints of subintervals.  

Definition. 

Definition. 
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This condition allows the function to be integrated for any finite subinterval of the 𝑡-axis. 

3. Function 𝑓(𝑡) has a bounded order of growth for 𝑡 → ∞, that is, there exists positive 

constants 𝑀 > 0,  𝑠 ≥ 0 such, that for every 𝑡 > 0  

|𝑓(𝑡)| ≤ 𝑀𝑒𝑠0𝑡 ,   𝑠0 < 𝑠.                                                 (10.2) 

The greatest lower bound 𝑠0 of values 𝑠 is called the index of the order of growth of the 

function 𝑓(𝑡).  

This condition provides the convergence of the Laplace integral. 

 

Let the function 𝑓(𝑡) of real variable 𝑡 satisfies conditions 1–3. Then 

integral  F(p) = ∫ e-ptf(t)dt
∞

0
  is  absolutely  convergent  when 𝑅𝑒 𝑝 =

𝑠 > 𝑠0, where s0 is the index of the order of growth of the function 𝑓(𝑡), 

and function  𝐹(𝑝) of the complex variable 𝑝 is analytic for any p, 

Rep > s0. 

 

Let us find the Laplace transforms for some elementary functions by the definition.  

 

 

Find the Laplace transform for the Heaviside function  

ℎ(𝑡) = {
1,   𝑡 ≥ 0,
0,   𝑡 < 0.

 

This function satisfies condition 1-3 (the index of the order 

of growth is zero) (Fig. 98). 

Thus, by formula (10.1) 

  

 

Figure 98. 

ℎ(𝑡) ÷ 𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑑𝑡

∞

0

= lim
𝑏→∞

∫𝑒−𝑝𝑡𝑑𝑡

𝑏

0

= lim
𝑏→∞

𝑒−𝑝𝑡

−𝑝
|
0

𝑏

= lim
𝑏→∞

𝑒−𝑝𝑏

−𝑝
+
1

𝑝
=
1

𝑝
,    

where 𝑅𝑒 𝑝 > 0.  

Therefore, 

ℎ(𝑡) ÷
1

𝑝
 . 

 

From now on, let us agree to regard elementary functions 𝑒𝑡 ,  sin 𝑡 ,  cos 𝑡 etс. as  

𝑓1(𝑡) = {
sin 𝑡 ,   𝑡 ≥ 0,
0,   𝑡 < 0;

   𝑓2(𝑡) = {
cos 𝑡 ,   𝑡 ≥ 0,
0,   𝑡 < 0;

   𝑓3(𝑡) = {
𝑒𝑡 ,   𝑡 ≥ 0,
0,   𝑡 < 0.

 

Example 1. 

Theorem 10.1 

Note. 
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These functions may be written as products 𝑓1(𝑡) = ℎ(𝑡) sin 𝑡, f2(t) = h(t) cos t,  

𝑓3(𝑡) = ℎ(𝑡)𝑒
𝑡. Further, we are not going to write the factor h(t), considering that the function 

is identically zero for 𝑡 < 0. 

 

 

Find the Laplace transform for the exponential function  

𝑓(𝑡) = 𝑒𝑎𝑡 , 𝑎 ∈ R,   𝑡 ≥ 0. 

Function 𝑓(𝑡) = 𝑒𝑎𝑡 satisfies condition 1-3 and the index of 

the order of growth is 𝑠0 = 𝑎 (Fig. 99 for 𝑎 > 0). The Laplace 

transform 𝐹(𝑝) is analytic for 𝑝, 𝑅𝑒 𝑝 > 𝑎.  

By the formula (10.1), we get 

 

 

Figure 99. 

𝑓(𝑡) ÷ ∫ 𝑒−𝑝𝑡𝑒𝑎𝑡𝑑𝑡

∞

0

= lim
𝑏→∞

∫𝑒−(𝑝−𝑎)𝑡𝑑𝑡

𝑏

0

= − lim
𝑏→∞

𝑒−(𝑝−𝑎)𝑡

𝑝 − 𝑎
|
0

𝑏

= 

= − lim
𝑏→∞

𝑒−(𝑝−𝑎)𝑏

𝑝 − 𝑎
+

1

𝑝 − 𝑎
=

1

𝑝 − 𝑎
, 

where 𝑅𝑒 𝑝 > 𝑎 .  

Thus, 

𝑒𝑎𝑡 ÷
1

𝑝 − 𝑎
. 

 

We may apply the definition and evaluate improper Laplace integrals for another 

elementary functions. However, a much more powerful approach is to consider some general 

properties of the Laplace transform and use them, instead of calculating the integrals.  

 

II. Properties of the Laplace Transform   
 

1. Linearity Theorem.  
 

 

Let 𝑓𝑘(𝑡) ÷ 𝐹𝑘(𝑝), where 𝑅𝑒 𝑝 > 𝑠𝑘 ,  𝑘 = 1, 𝑛, then 

𝑓(𝑡) = ∑𝐶𝑘𝑓𝑘(𝑡)

𝑛

𝑘=1

÷ 𝐹(𝑝) = ∑𝐶𝑘𝐹𝑘(𝑝)

𝑛

𝑘=1

,                     (10.3) 

where 𝑅𝑒 𝑝 > 𝑠0 = 𝑚𝑎𝑥
𝑘=1,𝑛

𝑠𝑘, 𝐶𝑘 are arbitrary numbers, 𝑘 = 1, 𝑛. 

Example 2. 

Theorem 10.2 
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Proof.   

Let us prove the property for two functions 𝑓(𝑡) = 𝐶1𝑓1(𝑡) + 𝐶2𝑓2(𝑡).  

Assume that 𝑓1(𝑡) ÷ 𝐹1(𝑝) and 𝑓2(𝑡) ÷ 𝐹2(𝑝), then 

𝐹(𝑝) = ∫ 𝑒−𝑝𝑡(𝐶1𝑓1(𝑡) + 𝐶2𝑓2(𝑡))𝑑𝑡

∞

0

= 𝐶1∫ 𝑒
−𝑝𝑡𝑓1(𝑡)𝑑𝑡

∞

0

+ 𝐶2∫ 𝑒
−𝑝𝑡𝑓2(𝑡)𝑑𝑡

∞

0

= 

= 𝐶1𝐹1(𝑝) + 𝐶2𝐹2(𝑝). 

 

 

Find the Laplace transform for functions 

𝑓1(𝑡) = sin 𝑡  and  𝑓2(𝑡) = cos 𝑡.  

It is convenient to find the Laplace transforms for trigonometric functions by Linearity 

property. Since sin 𝑡 and cos 𝑡 may be expressed by exponential function and  𝑒𝑎𝑡 ÷
1

𝑝−𝑎
, we 

get 

𝑓1(𝑡) = sin 𝑡 =
1

2𝑖
(𝑒𝑖𝑡 − 𝑒−𝑖𝑡) ÷

1

2𝑖
(
1

𝑝 − 𝑖
−

1

𝑝 + 𝑖
) =

1

𝑝2 + 1
, 

𝑓2(𝑡) = cos 𝑡 =
1

2
(𝑒𝑖𝑡 + 𝑒−𝑖𝑡) ÷

1

2
(
1

𝑝 − 𝑖
+

1

𝑝 + 𝑖
) =

𝑝

𝑝2 + 1
, 

where 𝑅𝑒 𝑝 > 1. 

 

 

 

Find the Laplace transform for the function 

𝑓(𝑡) = 𝑒𝑎𝑡 sin𝜔𝑡. 

Hence, 

𝑓(𝑡) = 𝑒𝑎𝑡 sin𝜔 𝑡 =
1

2𝑖
𝑒𝑎𝑡(𝑒𝑖𝜔𝑡 − 𝑒−𝑖𝜔𝑡) =

1

2𝑖
(𝑒(𝑎+𝑖𝜔)𝑡 − 𝑒(𝑎−𝑖𝜔)𝑡) ÷ 

÷
1

2𝑖
(

1

𝑝 − 𝑎 − 𝑖𝜔
−

1

𝑝 − 𝑎 + 𝑖𝜔
) =

𝜔

(𝑝 − 𝑎)2 +𝜔2
, 

where 𝑅𝑒 𝑝 > 𝑎 + |𝐼𝑚𝜔|. 
 

2. Time-scaling Theorem.  
 

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝),  where 𝑅𝑒 𝑝 > 𝑠0, then for any positive 𝐶 we have 

𝑓(𝐶𝑡) ÷
1

𝐶
𝐹 (

𝑝

𝐶
)  or 𝑓 (

𝑡

𝐶
) ÷ 𝐶𝐹(𝐶𝑝),                             (10.4) 

where Rep > s0.  

Example 4. 

Example 3. 

Theorem 10.3 
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Proof.   

Let us apply formula (10.1)  

𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑓(𝐶𝑡)𝑑𝑡

∞

0

= |

Substitution
𝐶𝑡 = 𝑦, 𝐶𝑑𝑡 = 𝑑𝑦
𝑡 = ∞
𝑦 = ∞  

𝑡 = 0
𝑦 = 0

| =
1

𝐶
∫ 𝑒−

𝑝
𝐶
𝑦𝑓(𝑦)𝑑𝑦

∞

0

=
1

𝐶
𝐹 (
𝑝

𝐶
). 

 

 

 

Find the Laplace transform for functions 

𝑓1(𝑡) = sin𝜔𝑡  and  𝑓2(𝑡) = cos𝜔𝑡.  

Since sin 𝑡 ÷
1

𝑝2+1
 and cos 𝑡 ÷

𝑝

𝑝2+1
, we may apply formula (10.4) 

sin𝜔 𝑡 ÷
1

𝜔
⋅

1

(
𝑝
𝜔)

2
+ 1

=
𝜔

𝑝2 +𝜔2
 , 

cos𝜔𝑡 ÷
1

𝜔
⋅

𝑝

(
𝑝
𝜔)

2
+ 1

=
𝑝

𝑝2 +𝜔2
. 

 

3. Time-delay Theorem.  

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝), where 𝑅𝑒 𝑝 > 𝑠0, then for any positive number 𝜏 > 0 

we have 

𝑓(𝑡 − 𝜏) ÷ 𝑒−𝑝𝜏𝐹(𝑝), 𝑅𝑒 𝑝 > 𝑠0.                        (10.5) 

Proof.   

Let us apply formula (10.1) 

𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑓(𝑡 − 𝜏)𝑑𝑡

∞

0

= |

Substitution
𝑡 − 𝜏 = 𝑦, 𝑑𝑡 = 𝑑𝑦
𝑡 = ∞
𝑦 = ∞  

𝑡 = 0
𝑦 = −𝜏

| = ∫ 𝑒−𝑝(𝑦+𝜏)𝑓(𝑦)𝑑𝑦

∞

−𝜏

= 

= ∫𝑒−𝑝(𝑦+𝜏)𝑓(𝑦)𝑑𝑦

0

−𝜏

+∫ 𝑒−𝑝(𝑦+𝜏)𝑓(𝑦)𝑑𝑦

∞

0

. 

Since 𝑓(𝑦) = 0 for 𝑦 ∈ [−𝜏, 0], the first integral is equal to zero. Thus 

𝐹(𝑝) = ∫ 𝑒−𝑝(𝑦+𝜏)𝑓(𝑦)𝑑𝑦

∞

0

= 𝑒−𝑝𝜏∫ 𝑒−𝑝𝑦𝑓(𝑦)𝑑𝑦

∞

0

= 𝑒−𝑝𝜏𝐹(𝑝). 

Example 5. 

Theorem 10.4 
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This property is useful when finding Laplace transforms of periodic functions (periodic 

signals) and piecewise continuous functions.  

 

 

Find the Laplace transform for the function 

𝑓(𝑡) = {
2,   𝑡 ∈ (0,1),
0,   𝑡 ∈ (−∞, 0) ∪ (1,+∞).

 

Let us rewrite function 𝑓(𝑡) in terms of Heaviside function 

𝑓(𝑡) = 2ℎ(𝑡) − 2ℎ(𝑡 − 1). 

 

Figure 100. 

Then, by formula (10.5) for 𝜏 = 1, we obtain 

𝑓(𝑡) = 2ℎ(𝑡) − 2ℎ(𝑡 − 1) ÷ 2 ⋅
1

𝑝
− 2𝑒−𝑝 ⋅

1

𝑝
=
2

𝑝
(1 − 𝑒−𝑝). 

 

 

 

Find the Laplace transform for the function 

𝑓(𝑡) = {

𝑡,          𝑡 ∈ (0,2),
4 − 𝑡,   𝑡 ∈ (2,4),
0,         𝑡 ∈ (−∞, 0) ∪ (4,+∞).

 
 

Figure 101. 

Let us rewrite function 𝑓(𝑡) in terms of Heaviside function 

𝑓(𝑡) = 𝑡 ℎ(𝑡) − 𝑡 ℎ(𝑡 − 2) + (4 − 𝑡) ℎ(𝑡 − 2) + (𝑡 − 4) ℎ(𝑡 − 4) = 

= 𝑡 ℎ(𝑡) − 2(𝑡 − 2) ℎ(𝑡 − 2) + (𝑡 − 4) ℎ(𝑡 − 4). 

Therefore, 

𝑓(𝑡) ÷
1

𝑝2
− 2𝑒−2𝑝

1

𝑝2
+ 𝑒−4𝑝

1

𝑝2
=
(1 − 𝑒−2𝑝)2

𝑝2
. 

 

 

 

Find the Laplace transform for the periodic function. 

Let 𝑓(𝑡) be some T-periodic function. Then  

𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

0

= ∫𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

𝑇

0

+∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

𝑇

. 

Let us provide the substitution 𝑡 = 𝑦 + 𝑇 in the second integral.  

∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

𝑇

= |

Substitution
𝑡 = 𝑦 + 𝑇, 𝑑𝑡 = 𝑑𝑦
𝑡 = ∞
𝑦 = ∞  

𝑡 = 𝑇
𝑦 = 0

| = ∫ 𝑒−𝑝(𝑦+𝑇)𝑓(𝑦 + 𝑇)𝑑𝑦

∞

0

. 

Example 6. 

Example 7. 

Example 8. 
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Hence, applying  𝑓(𝑦 + 𝑇) = 𝑓(𝑦) , we get 

𝐹(𝑝) = ∫𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

𝑇

0

+ 𝑒−𝑝𝑇 ∫ 𝑒−𝑝𝑦𝑓(𝑦)𝑑𝑦

∞

0

= ∫𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

𝑇

0

+ 𝑒−𝑝𝑇𝐹(𝑝). 

Therefore,  

𝐹(𝑝) =
1

1 − 𝑒−𝑝𝑇
∫𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

𝑇

0

. 

 

 

Find the Laplace transform for the periodic function (Fig.102) 

𝑓(𝑡) = {
sin 𝑡 ,   𝑡 ∈ (2𝜋𝑛, (2𝑛 + 1)𝜋),
0,         𝑡 ∈ ((2𝑛 + 1)𝜋, (2𝑛 + 2)𝜋),

  𝑛 = 0, 1, 2, 3…  .  

By the result of example 8, we get  

𝐹(𝑝) =
1

1 − 𝑒−2𝜋𝑝
∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

2𝜋

0

= 

=
1

1 − 𝑒−2𝜋𝑝
∫ 𝑒−𝑝𝑡 sin 𝑡 𝑑𝑡

2𝜋

0

= 

 

 

Figure 102. 

=
1

1 − 𝑒−2𝜋𝑝
⋅
𝑒−𝑝𝑡

𝑝2 + 1
(−𝑝 sin 𝑡 − cos𝑡)|

0

𝜋
=

1

1 − 𝑒−𝜋𝑝
⋅

1

𝑝2 + 1
 . 

Thus,  

𝑓(𝑡) ÷
1

1 − 𝑒−𝜋𝑝
⋅

1

𝑝2 + 1
 . 

 

4. Shift Theorem.  
 

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝), where 𝑅𝑒 𝑝 > 𝑠0, then for arbitrary number 𝑎, we 

have 

𝑒𝑎𝑡𝑓(𝑡) ÷ 𝐹(𝑝 − 𝑎),   𝑅𝑒 𝑝 > 𝑅𝑒 𝑎 + 𝑠0.                     (10.6) 
 

Proof.   

Since the function 𝑒𝑎𝑡𝑓(𝑡) satisfies the conditions 1-3 of existence of the Laplace 

transform, then for 𝑅𝑒 𝑝 > 𝑅𝑒 𝑎 + 𝑠0 we have 

∫ 𝑒−𝑝𝑡𝑒𝑎𝑡𝑓(𝑡) 𝑑𝑡

∞

0

= ∫ 𝑒−(𝑝−𝑎)𝑡𝑓(𝑡) 𝑑𝑡

∞

0

= 𝐹(𝑝 − 𝑎). 

Example 9. 

Theorem 10.5 
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Find the Laplace transform for the function 

𝑓(𝑡) = 𝑒𝑎𝑡 cos𝜔𝑡. 

Since cos𝜔𝑡 ÷
𝑝

𝑝2+𝜔2
, then 

𝑒𝑎𝑡 cos𝜔  𝑡 ÷
𝑝 − 𝑎

(𝑝 − 𝑎)2 + 𝜔2
. 

 

5. Differentiation of the Laplace Transform.  

 

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝),  where 𝑅𝑒 𝑝 > 𝑠0, then for positive integer number 𝑛 

we have 

𝑡𝑛𝑓(𝑡) ÷ (−1)𝑛
𝑑𝑛

𝑑𝑝𝑛
𝐹(𝑝),                                 (10.7) 

where 𝑅𝑒 𝑝 > 𝑠0. 

Proof.   

Let us prove for 𝑛 = 1  (𝑡𝑓(𝑡) ÷ −𝐹′(𝑝)).  

Since 𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑓(𝑡) 𝑑𝑡
∞

0
, we differentiate the equality with respect to 𝑝 

𝐹′(𝑝) = ∫
𝑑

𝑑𝑝
(𝑒−𝑝𝑡𝑓(𝑡))𝑑𝑡 =

∞

0

−∫ 𝑒−𝑝𝑡𝑡𝑓(𝑡)𝑑𝑡

∞

0

. 

Thus, 

𝑡𝑓(𝑡) ÷ −𝐹′(𝑝). 

To obtain formula for 𝑛 = 2  we have to differentiate again 

𝐹′′(𝑝) = −∫
𝑑

𝑑𝑝
(𝑒−𝑝𝑡𝑡𝑓(𝑡))𝑑𝑡 =

∞

0

∫ 𝑒−𝑝𝑡𝑡2𝑓(𝑡)𝑑𝑡

∞

0

 

and 

𝑡2𝑓(𝑡) ÷ 𝐹′′(𝑝). 

Continuing the differentiation, we obtain the result of the theorem. 

 

 

 

Find the Laplace transform for power function 𝑡𝑛,   𝑛 ∈ N,  𝑡 ≥ 0.   

Let us rewrite 𝑡𝑛 in terms of Heaviside function  

𝑔(𝑡) = ℎ(𝑡)𝑡𝑛 = {
0,  t < 0,

𝑡𝑛,  𝑡 ≥ 0.
 

Example 10. 

Example 11. 

Theorem 10.6 



 

 

 

247 

Applying (10.7) for 𝑓(𝑡) = ℎ(𝑡),  𝑡 ≥ 0. Then, since ℎ(𝑡) ÷
1

𝑝
, we get 

(−1)𝑛ℎ(𝑡)𝑡𝑛 ÷
𝑑𝑛

𝑑𝑝𝑛
(
1

𝑝
) = (−1)𝑛

𝑛!

𝑝𝑛+1
,  𝑅𝑒 𝑝 > 0, 

Finally, 

𝑡𝑛 ÷
𝑛!

𝑝𝑛+1
,  𝑅𝑒 𝑝 > 0. 

 
 

Find the Laplace transform for the function 𝑡𝑛𝑒𝑎𝑡 ,   𝑛 ∈ N,  𝑡 ≥ 0.  

Since 𝑒𝑎𝑡 ÷
1

𝑝−𝑎
, we obtain by (10.7) 

𝑡𝑛𝑒𝑎𝑡 ÷ (−1)𝑛
𝑑𝑛

𝑑𝑝𝑛
(
1

𝑝 − 𝑎
) =

𝑛!

(𝑝 − 𝑎)𝑛+1
,  𝑅𝑒 𝑝 > 𝑅𝑒 𝑎. 

 

Now let us list the Laplace transforms obtained by definition and properties 1.-5. for the 

most useful elementary functions. 

 

Table of the Laplace Transforms of Elementary Functions  

 

𝑓(𝑡) 𝐹(𝑝) 𝑓(𝑡) 𝐹(𝑝) 
 

1 
1

𝑝
 

 

sinh 𝛽𝑡  
𝛽

𝑝2 − 𝛽2
 

 

𝑒𝛼𝑡 
1

𝑝 − 𝛼
 

 

cosh 𝛽𝑡 
𝑝

𝑝2 − 𝛽2
 

 

sin𝜔𝑡 
𝜔

𝑝2 + 𝜔2
 

 

𝑒𝛼𝑡 sin𝜔𝑡 
𝜔

(𝑝 − 𝛼)2 + 𝜔2
 

 

cos𝜔𝑡 
𝑝

𝑝2 + 𝜔2
 

 

𝑒𝛼𝑡 cos𝜔𝑡 
𝑝 − 𝛼

(𝑝 − 𝛼)2 + 𝜔2
 

 

𝑡𝑛 
𝑛!

𝑝𝑛+1
 

 

𝑡 sin𝜔𝑡 
2𝑝𝜔

(𝑝2 + 𝜔2)2
 

 

𝑡𝑛𝑒𝛼𝑡 
𝑛!

(𝑝 − 𝛼)𝑛+1
 

 

𝑡 cos𝜔𝑡 
𝑝2 − 𝜔2

(𝑝2 + 𝜔2)2
 

 

Example 12. 



 

 

 

248 

Let us consider some more general properties of transforms. 
 

6. Integration of the Laplace Transform.  
 

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝), where 𝑅𝑒 𝑝 > 𝑠0, and integral ∫ 𝐹(𝑧)𝑑𝑧
∞

𝑝
 converges, 

then  

𝑓(𝑡)

𝑡
÷ ∫ 𝐹(𝑧)𝑑𝑧

∞

𝑝

,   𝑅𝑒 𝑧 ≥ 𝑠 > 𝑠0,   𝑅𝑒 𝑝 > 𝑠0.          (10.8) 

 

Proof.   

Since 𝐹(𝑝) the Laplace transform for 𝑓(𝑡), then ∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡
∞

0
= 𝐹(𝑝) and 

∫ 𝐹(𝑧)𝑑𝑧

∞

𝑝

= ∫ ∫ 𝑒−𝑧𝑡𝑓(𝑡)𝑑𝑡

∞

0

𝑑𝑧

∞

𝑝

= |
change the order 

of integration
| = ∫ ∫ 𝑒−𝑧𝑡𝑓(𝑡)𝑑𝑧

∞

𝑝

𝑑𝑝

∞

0

= 

= ∫ 𝑓(𝑡) ∫ 𝑒−𝑧𝑡𝑑𝑧

∞

𝑝⏟      
𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒

𝑡ℎ𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙

𝑑𝑝

∞

0

= ∫ 𝑓(𝑡)
𝑒−𝑧𝑡

−𝑡
|
𝑝

∞

𝑑𝑝 =

∞

0

∫
𝑓(𝑡)

𝑡
(− lim

𝑧→∞
𝑒−𝑧𝑡

⏟    
=0

+ 𝑒−𝑝𝑡)𝑑𝑝 =

∞

0

 

= ∫ 𝑒−𝑝𝑡
𝑓(𝑡)

𝑡
𝑑𝑡

∞

0

. 

Thus, we get the formula (10.8). 

 

 
 

Find the Laplace transform for the function  

sin 𝑡

𝑡
. 

Since sin 𝑡 ÷
1

𝑝2+1
, then, by application of formula (10.8), we have 

sin 𝑡

𝑡
÷ ∫

1

𝑧2 + 1
𝑑𝑧

∞

𝑝

= lim
𝑏→∞

arctan 𝑧|
𝑝

𝑏
= 

= lim
𝑏→∞

arctan 𝑏 − arctan 𝑝 =
𝜋

2
− arctan 𝑝 = arccot 𝑝. 

 

 

Example 13. 

Theorem 10.9 
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7. The Laplace Transform of the Derivatives.  

 

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝), where 𝑅𝑒 𝑝 > 𝑠0, and derivatives 𝑓(𝑛)(𝑡) satisfy 

conditions 1-3 of the existence of the transform, then 

𝑓′(𝑡) ÷ 𝑝𝐹(𝑝) − 𝑓(0), 𝑅𝑒 𝑝 > 𝑠0,                                       (10.9) 

𝑓(𝑛)(𝑡) ÷ 𝑝𝑛𝐹(𝑝) − 𝑝𝑛−1𝑓(0) − 𝑝𝑛−2𝑓′(0) − ⋯− 𝑓(𝑛−1)(0), (10.10)  

where  𝑓(𝑘)(0) = 𝑙𝑖𝑚
𝑡→0+

𝑓(𝑘)(𝑡),  𝑘 = 0, 𝑛 − 1,  𝑛 ∈ N .  

 

Proof.   

By formula (10.1), 

𝑓′(𝑡) ÷ ∫ 𝑒−𝑝𝑡𝑓′(𝑡)𝑑𝑡 =

∞

0

|

integrate by parts

𝑢 = 𝑒−𝑝𝑡 𝑑𝑢 = −𝑝𝑒−𝑝𝑡𝑑𝑡

𝑑𝑣 = 𝑓′(𝑡)𝑑𝑡 𝑣 = 𝑓(𝑡)
| = 

= 𝑒−𝑝𝑡𝑓(𝑡)|0
∞ + 𝑝∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

0

= 𝑝𝐹(𝑝) − 𝑓(0). 

Formula (10.10) may be obtained by 𝑛 –times integration by parts in the integral 

∫ 𝑒−𝑝𝑡𝑓(𝑛)(𝑡)𝑑𝑡

∞

0

. 

 

This property is one of the most important properties of Laplace transforms. We apply it 

when solving Cauchy problems for linear ordinary differential equations and boundary value 

problems for partial differential equations since it allows us to replace the differentiation of 

the original with the operation of multiplication of the transform by an independent variable. 

 

 

Find the Laplace transform for the differential expression  

𝑦IV(𝑡) + 2𝑦′′′(𝑡) − 3𝑦′′(𝑡) − 𝑦′(𝑡) + 5𝑦(𝑡) − 4, 

if 𝑦′′′(0) = 1,  𝑦′′(0) = 2,  𝑦′(0) = 0,  𝑦(0) = −1. 

Let 𝑦(𝑡) ÷ 𝑌(𝑝). Then 

𝑦′(𝑡) ÷ 𝑝𝑌(𝑝) − 𝑦(0) = 𝑝𝑌(𝑝) + 1; 

𝑦′′(𝑡) ÷ 𝑝2𝑌(𝑝) − 𝑦(0)𝑝 − 𝑦′(0) = 𝑝2𝑌(𝑝) + 𝑝; 

𝑦′′′(𝑡) ÷ 𝑝3𝑌(𝑝) − 𝑦(0)𝑝2 − 𝑦′(0)𝑝 − 𝑦′′(0) = 𝑝3𝑌(𝑝) + 𝑝2 − 2; 

Example 14. 

Theorem 10.10 
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𝑦𝑉𝐼(𝑡) ÷ 𝑝4𝑌(𝑝) − 𝑦(0)𝑝3 − 𝑦′(0)𝑝2 − 𝑦′′(0)𝑝 − 𝑦′′′(0) = 𝑝4𝑌(𝑝) + 𝑝3 − 2𝑝 − 1. 

Thus, since 4 ÷
4

𝑝
, we get 

𝑦IV(𝑡) + 2𝑦′′′(𝑡) − 3𝑦′′(𝑡) − 𝑦′(𝑡) + 5𝑦(𝑡) − 4 ÷ 𝑝4𝑌(𝑝) + 𝑝3 − 2𝑝 − 1 + 

+2(𝑝3𝑌(𝑝) + 𝑝2 − 2) − 3(𝑝2𝑌(𝑝) + 𝑝) − (𝑝𝑌(𝑝) + 1) + 5𝑌(𝑝) −
4

𝑝
= 

= (𝑝4 + 2𝑝3 − 3𝑝2 − 𝑝 + 5)𝑌(𝑝) + 𝑝3 + 2𝑝2 − 5𝑝 − 6 −
4

𝑝
 . 

 

8. The Laplace Transform of the Integral.  

 

 

Let 𝑓(𝑡) ÷ 𝐹(𝑝), where 𝑅𝑒 𝑝 > 𝑠, then  

∫𝑓(𝑦)𝑑𝑦

𝑡

0

÷
1

𝑝
𝐹(𝑝),   𝑅𝑒 𝑝 > 𝑠.                            (10.11) 

 

Proof.   

By formula (10.1), 

∫𝑓(𝑦)𝑑𝑦

𝑡

0

÷∫ 𝑒−𝑝𝑡∫𝑓(𝑦)𝑑𝑦

𝑡

0

𝑑𝑡

∞

0

= |
change the order 

of integration
| = 

= ∫ 𝑓(𝑦)∫ 𝑒−𝑝𝑡𝑑𝑡

∞

𝑦

𝑑𝑦

∞

0

= ∫ 𝑓(𝑦)
𝑒−𝑝𝑡

−𝑝
|
𝑦

∞

𝑑𝑦

∞

0

=
1

𝑝
∫ 𝑒−𝑝𝑦𝑓(𝑦)𝑑𝑦

∞

0

=
1

𝑝
𝐹(𝑝). 

 

This property is useful when solving linear integral equations.  

 

 

Find the Laplace transform for the function  

Si(𝑡) = ∫
sin 𝑦

𝑦
𝑑𝑦.

𝑡

0

  

Since 
sin 𝑡

𝑡
÷ arccot 𝑝 (see example 13.), then we have 

Si(𝑡) = ∫
sin 𝑦

𝑦
𝑑𝑦

𝑡

0

÷
1

𝑝
arccot 𝑝. 

 

 

Example 15. 

Theorem 10.11 
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9. The Laplace Transform of the Convolution. 

Let us consider two functions 𝑓(𝑡) and 𝑔(𝑡), 𝑡 > 0.  
 

 A function defined by the relation 

𝜙(𝑡) = ∫𝑓(𝑧)𝑔(𝑡 − 𝑧)𝑑𝑧

𝑡

0

= ∫𝑓(𝑡 − 𝑧)𝑔(𝑧)𝑑𝑧

𝑡

0

          (10.12) 

is called the convolution of the functions 𝑓(𝑡) and 𝑔(𝑡) and is denoted by 

(𝑓 ∗ 𝑔)(𝑡). 
 

Thus, the convolution is defined as the integral of the product of the two functions after 

one is reflected about the 𝑧-axis and shifted by the amount 𝑡. It may be found by one of the 

integrals from (10.12) since the choice of which function is reflected and shifted does not 

change the integral result. 
 

 

Find the convolution of functions 𝑓(𝑡) = 𝑒𝑡 and 𝑔(𝑡) = 𝑡 .    

𝑓(𝑡) ∗ 𝑔(𝑡) = 𝑒𝑡 ∗ 𝑡 = ∫𝑒𝑧(𝑡 − 𝑧)𝑑𝑧

𝑡

0

= 𝑡(𝑒𝑡 − 1) − (𝑡𝑒𝑡 − 𝑒𝑡 + 1) = 𝑒𝑡 − 𝑡 − 1.  

 

 

 

Convolution Theorem (Borel’s Theorem) 

Let  𝑓(𝑡) ÷ 𝐹(𝑝),  where  𝑅𝑒 𝑝 > 𝑠1,  and  𝑔(𝑡) ÷ 𝐺(𝑝),  where  

𝑅𝑒 𝑝 > 𝑠2, then  

∫𝑓(𝑧)𝑔(𝑡 − 𝑧)𝑑𝑧

𝑡

0

÷ 𝐹(𝑝)𝐺(𝑝),   𝑅𝑒 𝑝 > 𝑚𝑎𝑥( 𝑠1, 𝑠2).      (10.13) 

 

Proof.   

First, let us check that the convolution of the functions 𝑓(𝑡) and 𝑔(𝑡) with a bounded 

order of growth is also a function with a bounded order of growth. 

If there exist positive constants   𝑀1 > 0, 𝑀2 > 0 ,  𝑠 ≥ 0 such, that for every 𝑡 > 0  

|𝑓(𝑡)| ≤ 𝑀1𝑒
𝑠1𝑡 ,   𝑠1 < 𝑠, 

|𝑔(𝑡)| ≤ 𝑀2𝑒
𝑠2𝑡 ,   𝑠2 < 𝑠.  

 

Example 16. 

Definition. 

Theorem 10.12 
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Therefore, 

|∫𝑓(𝑧)𝑔(𝑡 − 𝑧)𝑑𝑧

𝑡

0

| ≤ |𝑀1𝑀2∫𝑒
𝑠1𝑧𝑒𝑠2(𝑡−𝑧)𝑑𝑧

𝑡

0

| = |
𝑀1𝑀2

( 𝑠1 −  𝑠2)
(𝑒𝑠1𝑧 − 𝑒𝑠2𝑧)| ≤ 

≤
𝑀1𝑀2
|𝑠1 −  𝑠2|

𝑒𝑠0𝑧, 𝑠0 = max( 𝑠1, 𝑠2). 

Next, we may apply formula (10.1) 

∫ 𝑒−𝑝𝑡∫𝑓(𝑧)𝑔(𝑡 − 𝑧)𝑑𝑧

𝑡

0

𝑑𝑡

∞

0

= |
change the order 

of integration
| = 

= ∫ 𝑓(𝑧)∫ 𝑒−𝑝𝑡𝑔(𝑡 − 𝑧)𝑑𝑡

∞

𝑧

𝑑𝑧

∞

0

= |
make the substitution

𝑡 − 𝑧 = 𝑦
in the inner integral

| = 

= ∫ 𝑓(𝑧)∫ 𝑒−𝑝(𝑧+𝑦)𝑔(𝑦)𝑑𝑦

∞

0

𝑑𝑧

∞

0

= ∫ 𝑒−𝑝𝑧𝑓(𝑧)𝑑𝑧∫ 𝑒−𝑝𝑦𝑔(𝑦)𝑑𝑦

∞

0

∞

0

= 𝐹(𝑝)𝐺(𝑝). 

 
 
 

The important and useful corollary of the Convolution Theorem is the Duhamel’s 

Formula 

𝑝𝐹(𝑝)𝐺(𝑝) ÷ 𝑓(0)𝑔(𝑡) + ∫𝑓′(𝑧)𝑔(𝑡 − 𝑧)𝑑𝑧

𝑡

0

= 𝑔(0)𝑓(𝑡) + ∫𝑓(𝑡 − 𝑧)𝑔′(𝑧)𝑑𝑧.

𝑡

0

 (10.14) 

It is obtained from the formula (10.13) by differentiation. 

This formula is frequently used to determine the original function for a given transform. 

 

 

Find the Laplace transform for the convolution of functions 

𝑓(𝑡) = 𝑒𝑡 and 𝑔(𝑡) = 𝑡. 

Since 𝑒𝑡 ÷
1

𝑝−1
 and 𝑡 ÷

1

𝑝2
, then by Borel’s Theorem 

𝑒𝑡 ∗ 𝑡 ÷
1

𝑝 − 1
⋅
1

𝑝2
=

1

𝑝2(𝑝 − 1)
 .  

 

Review Questions 

1. What do we call the Laplace transform of the function 𝑓(𝑡)?  

2. What integral do we call the Laplace integral? 

Example 17. 
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3. What function do we call the original function? 

4. Under what conditions for the function 𝑓(𝑡) can the Laplace transform be realized?  

5. What condition provides the convergence of the Laplace integral? 

6. Formulate the Linearity Theorem. 

7. Formulate the Time-scaling Theorem. 

8. Formulate the Time-delay Theorem. 

9. How to find the Laplace transform for the periodic function? 

10. Formulate the Shift Theorem. 

11. Formulate the theorem about the Differentiation of the Laplace Transform. 

12. Formulate the theorem about the Integration of the Laplace Transform. 

13. Is it possible to find the Laplace Transform of the derivative of the function 𝑓(𝑡)? 

By what formula?  

14. What is the Laplace Transform of the 𝑛-th derivative? 

15. What is the Laplace Transform of the integral of the function 𝑓(𝑡)? 

16. What is the convolution of the functions 𝑓(𝑡) and 𝑔(𝑡)? 

17. Formulate the Convolution Theorem (Borel’s Theorem). 

18. Write down the Duhamel’s Formula. 

 

Exercises 10.1 

1. Using the definition and formula 10.1 find the Laplace transform for given functions. 

1) 𝑓(𝑡) = sin 𝑡 ;                              2) 𝑓(𝑡) = cos 𝑡 ; 

3) 𝑓(𝑡) = 𝑒−𝑡;                                4) 𝑓(𝑡) = sinh𝑡;   

5) 𝑓(𝑡) = cosh𝑡;                            6) 𝑓(𝑡) = 𝑡;   

7) 𝑓(𝑡) = 𝑡2;                                  8) 𝑓(𝑡) = 𝑡𝑒𝑡 . 

2. Using the Linearity Theorem find the Laplace transform for given functions. 

1) 𝑓(𝑡) = sin2 𝑡 ;                             2) 𝑓(𝑡) = cos3 𝑡 ;   

3) 𝑓(𝑡) = 𝑒𝑎𝑡 cos𝜔  𝑡 ;                   4) 𝑓(𝑡) = cosh𝑡 + 5sinh𝑡 ;   

5) 𝑓(𝑡) = sinh𝑡 cos 5 𝑡 ;                 6) 𝑓(𝑡) = cosh3𝑡(2 cos 3 𝑡 − 4 sin 𝑡) ; 

7) 𝑓(𝑡) = 3𝑡 cos2 𝑡 . 

3. Using the Time-scaling Theorem find the Laplace transform for given functions. 

1) 𝑓(𝑡) = sin2 4 𝑡;           



 

 

 

254 

2) 𝑓(𝑡) = cos3 3 𝑡;            

3) 𝑓(𝑡) = 3cosh4𝑡 + 5sinh6𝑡.          

4.  Using the Shift Theorem find the Laplace transform for given functions. 

1) 𝑓(𝑡) = 𝑒𝑎𝑡 sin𝜔  𝑡 ;   

2) 𝑓(𝑡) = 𝑒3𝑡 cos2  𝑡 ;    

3) 𝑓(𝑡) = cosh2𝑡 cos 2 𝑡 + 2sinh3t sin 3𝑡  ;    

4) 𝑓(𝑡) = 4sinh𝑡 cos 2𝑡 cos 3𝑡 . 

5.  Using the Theorem 10.6 find the Laplace transform for given functions: 

1) 𝑓(𝑡) = (𝑡3 + 2𝑡2 + 3𝑡)𝑒𝑡 ; 

2) 𝑓(𝑡) = (𝑡2 + 𝑡) cos 𝑡  ;   

3) 𝑓(𝑡) = (𝑡2 + 5𝑡)sin𝑡 ;  

4) 𝑓(𝑡) = 𝑡𝑒𝑡 cos 2𝑡. 

6. Using the Theorem 10.9 find the Laplace transform for given functions: 

1) 𝑓(𝑡) =
𝑒−2𝑡 sin 𝑡

𝑡
 ;                        2) 𝑓(𝑡) =

sinh3𝑡

𝑡
 ; 

3) 𝑓(𝑡) =
sin 4𝑡 sin 3𝑡

𝑡
 ;                    4) 𝑓(𝑡) =

cosh3𝑡−cosh2𝑡

𝑡
 ; 

5) 𝑓(𝑡) =
1−𝑒𝑎𝑡

𝑡𝑒𝑡
.  

7. Find the Laplace transform for the differential expression using the Theorem 10.10. 

1)    4𝑦′′(𝑡) − 5𝑦′(𝑡) + 2𝑦(𝑡) − 2𝑒𝑡,              

        𝑦′(0) = 0,  𝑦(0) = 0;                                             

2)   𝑦′′′(𝑡) + 7𝑦′′(𝑡) + 3𝑦′(𝑡) − 𝑦(𝑡) + 2𝑡, 

      𝑦′′(0) = 1,  𝑦′(0) = −3,  𝑦(0) = 2; 

3)  𝑦IV(𝑡) + 𝑦′′′(𝑡) − 2𝑦′′(𝑡) − 4𝑦′(𝑡) − 2𝑦(𝑡) + sin 2 𝑡, 

      𝑦′′′(0) = 3,  𝑦′′(0) = −2,  𝑦′(0) = 0,  𝑦(0) = 0. 

8.  Using the Time-delay Theorem find the Laplace transform for given functions. Plot 

the graph. 

1) 𝑓(𝑡) = {
0,  𝑡 < 1  and  𝑡 > 2,
1,  1 < 𝑡 < 2;

               

2) 𝑓(𝑡) = {
0,  𝑡 < 0  and  𝑡 > 2,
1,  0 < 𝑡 < 1,
−1,  1 < 𝑡 < 2;
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3) 𝑓(𝑡) = {
𝑡 − 2,  2 < 𝑡 < 3,
4 − 𝑡,  3 < 𝑡 < 4,
0,  𝑡 > 4  and  𝑡 < 2.

              

9. Find the Laplace transform for the periodic function. Plot the graph. 

1) 𝑓(𝑡) = {
1,  2𝜋𝑛 < 𝑡 < (2𝑛 + 1)𝜋,
−1,  (2𝑛 + 1)𝜋 < 𝑡 < (2𝑛 + 2)𝜋,  𝑛 = 0, 1, 2, 3. . .
0,  𝑡 < 0;

 

2) 𝑓(𝑡) = {
𝑡 − 2𝑛,  2𝑛 < 𝑡 < 2𝑛 + 1,
0,  2𝑛 + 1 < 𝑡 < 2𝑛 + 2,  𝑛 = 0, 1, 2, 3. . . ,
0,  𝑡 < 0.

 

10.  Find the convolution of functions and its Laplace transform.  

1) 𝑓(𝑡) = sin 𝑡 and 𝑔(𝑡) = 𝑡;        

2) 𝑓(𝑡) = cos 𝑡 and 𝑔(𝑡) = 𝑡 ; 

3) 𝑓(𝑡) = sin 𝑡 and 𝑔(𝑡) = cos 𝑡. 

Answers 
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10.2 Determining the Original Function from the Transform 

 

Let us consider a very important question: how to find the function 𝑓(𝑡), which is the 

original for the Laplace transform 𝐹(𝑝). 

First, there exists the table of transform of those functions that are most often appeared 

in the application of operational calculus. In this case, we may apply the properties of the 

Laplace transform.  

Second, there exists the general method of determining the original function from the 

transform (Mellin's formula).  

 

I. By Properties of Transforms 

Consider the Laplace transform of the unknown original function 𝑓(𝑡) is a known 

rational function 𝐹(𝑝) =
𝑃𝑚(𝑝)

𝑄𝑛(𝑝)
, where 𝑃𝑚(𝑝) and 𝑄𝑛(𝑝) are polynomials with no common 

factors and the fraction is proper (𝑚 < 𝑛). 

In this case, we have to apply partial fraction decomposition to the function 
𝑃𝑚(𝑝)

𝑄𝑛(𝑝)
 and 

rewrite it as the sum of elementary fractions 

𝐴

𝑝 − 𝑎
,     

𝐴

(𝑝 − 𝑎)𝑘
,     

𝐵𝑝 + 𝐶

𝑝2 + 𝑏𝑝 + 𝑐
,     

𝐵𝑝 + 𝐶

(𝑝2 + 𝑏𝑝 + 𝑐)𝑘
, 

where 𝐴,  𝐵,  𝐶,  𝑎,  𝑏,  𝑐 are real numbers and 𝑏2 − 4𝑐 < 0.  

Then we may obtain the original function (inverse transform) of each elementary fraction 

from the table of Laplace transforms. The sum of the obtained inverse transforms is  𝑓(𝑡). 
 

 

Find the original function for the transform  

𝐹(𝑝) =
5𝑝 + 8

𝑝2 + 2𝑝 − 8
.  

Since the denominator has two real roots we may use partial fraction decomposition and 

obtain  

5𝑝 + 8

𝑝2 + 2𝑝 − 8
=

5𝑝 + 8

(𝑝 − 2)(𝑝 + 4)
=

𝐴

𝑝 − 2
+

𝐵

𝑝 + 4
=
𝐴(𝑝 + 4) + 𝐵(𝑝 − 2)

(𝑝 − 2)(𝑝 + 4)
, 

 

Example 1. 
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where 

{
𝐴 + 𝐵 = 5,
4𝐴 − 2𝐵 = 8,

⇒ {
𝐴 = 3,
𝐵 = 2.

 

Thus,      

𝐹(𝑝) =
3

𝑝 − 2
+

2

𝑝 + 4
 

From the table of Laplace transforms we get 

3

𝑝 − 2
÷ 3𝑒2𝑡 

and 

2

𝑝 + 4
÷ 2𝑒−4𝑡 . 

Finally, 

𝑓(𝑡) = 3𝑒2𝑡 + 2𝑒−4𝑡 . 
 

 
 

Find the original function for the transform  

𝐹(𝑝) =
3𝑝 + 1

𝑝2 − 2𝑝 + 5
. 

The denominator has no real roots. Thus, to use the table of Laplace transforms, we 

reduce it to table formulas by completing the square in the denominator  

3𝑝 + 1

𝑝2 − 2𝑝 + 5
=

3𝑝 + 1

(𝑝 − 1)2 + 4
. 

Such denominator corresponds to the originals 

𝑒𝑡 cos 2𝑡 ÷
𝑝 − 1

(𝑝 − 1)2 + 22
; 

𝑒𝑡 sin 2𝑡 ÷
2

(𝑝 − 1)2 + 22
. 

Let us create the appropriate numerators for the given fraction 

3𝑝 + 1

(𝑝 − 1)2 + 4
=
3(𝑝 − 1) + 4

(𝑝 − 1)2 + 4
== 3

𝑝 − 1

(𝑝 − 1)2 + 22
+ 2

2

(𝑝 − 1)2 + 22
 

Hence, 

3𝑝 + 1

𝑝2 − 2𝑝 + 5
÷ 3𝑒𝑡 cos 2𝑡 + 2𝑒𝑡 sin 2𝑡. 

 

Example 2. 
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Find the original function for the transform  

𝐹(𝑝) =
5𝑝2 − 4𝑝 + 3

𝑝3 − 𝑝2 + 𝑝 − 1
. 

Let us apply partial fraction decomposition 

5𝑝2 − 4𝑝 + 3

𝑝3 − 𝑝2 + 𝑝 − 1
=

5𝑝2 − 4𝑝 + 3

(𝑝 − 1)(𝑝2 + 1)
=

𝐴

𝑝 − 1
+
𝐵𝑝 + 𝐶

𝑝2 + 1
= 

=
𝐴(𝑝2 + 1) + (𝐵𝑝 + 𝐶)(𝑝 − 1)

(𝑝 − 1)(𝑝2 + 1)
=
𝐴𝑝2 + 𝐴 + 𝐵𝑝2 − 𝐵𝑝 + 𝐶𝑝 − 𝐶

(𝑝 − 1)(𝑝2 + 1)
 

Then 

 {
𝐴 + 𝐵 = 5,
𝐶 − 𝐵 = −4,
𝐴 − 𝐶 = 3,

   ⇒   {
𝐴 = 2,
𝐵 = 3,
𝐶 = −1.

   

Therefore,  

5𝑝2 − 4𝑝 + 3

𝑝3 − 𝑝2 + 𝑝 − 1
=

2

𝑝 − 1
+
3𝑝 − 1

𝑝2 + 1
== 2 ⋅

1

𝑝 − 1
+ 3 ⋅

𝑝

𝑝2 + 1
−

1

𝑝2 + 1
. 

Finally, by the table of Laplace transforms we get  

𝑓(𝑡) = 3𝑒𝑡 + 3 cos 𝑡 − sin 𝑡 . 

 

  

 

Find the original function for the transform  

𝐹(𝑝) =
12 − 3𝑝

(𝑝 + 2)(𝑝 − 1)2
. 

Let us apply partial fraction decomposition 

12 − 3𝑝

(𝑝 + 2)(𝑝 − 1)2
=

𝐴

𝑝 + 2
+

𝐵

𝑝 − 1
+

𝐶

(𝑝 − 1)2
= 

=
𝐴(𝑝 − 1)2 + 𝐵(𝑝 − 1)(𝑝 + 2) + 𝐶(𝑝 + 2)

(𝑝 + 2)(𝑝 − 1)2
= 

=
𝐴𝑝2 − 2𝐴𝑝 + 𝐴 + 𝐵𝑝2 + 𝐵𝑝 − 2𝐵 + 𝐶𝑝 + 2𝐶

(𝑝 − 1)(𝑝2 + 1)
 . 

Then 

 {
𝐴 + 𝐵 = 0,
−2𝐴 + 𝐵 + 𝐶 = −3,
𝐴 − 2𝐵 + 2𝐶 = 12,

   ⇒   {
𝐴 = 2,
𝐵 = −2,
𝐶 = 3.

   

Example 3. 

Example 4. 
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Thus,  

12 − 3𝑝

(𝑝 + 2)(𝑝 − 1)2
=

2

𝑝 + 2
−

2

𝑝 − 1
+

3

(𝑝 − 1)2
÷ 2𝑒−2𝑡 − 2𝑒𝑡 + 3𝑒𝑡 . 

 

 

Find the original function for the transform  

𝐹(𝑝) =
3𝑝2 + 4𝑝 − 16

(𝑝2 + 4𝑝 + 8)2
. 

Complete the square in the denominator 

3𝑝2 + 4𝑝 − 16

(𝑝2 + 4𝑝 + 8)2
=
3𝑝2 + 4𝑝 − 16

((𝑝 + 2)2 + 4)2
 

Since  

𝑡 sin𝜔𝑡 ÷
2𝑝𝜔

(𝑝2 +𝜔2)2
,           𝑡 cos𝜔𝑡 ÷

𝑝2 −𝜔2

(𝑝2 + 𝜔2)2
, 

then, by the Shift Theorem, we have 

𝑡𝑒𝑎𝑡 sin𝜔𝑡 ÷
2(𝑝 − 𝑎)𝜔

((𝑝 − 𝑎)2 +𝜔2)2
,        𝑡𝑒𝑎𝑡 cos𝜔𝑡 ÷

(𝑝 − 𝑎)2 −𝜔2

((𝑝 − 𝑎)2 + 𝜔2)2
, 

Thus, 

3𝑝2 + 4𝑝 − 16

((𝑝 + 2)2 + 4)2
=
3((𝑝2 + 4𝑝 + 4) − 4) − 8𝑝 − 16

((𝑝 + 2)2 + 22)2
=
3((𝑝 + 2)2 − 22) − 8𝑝 − 16

((𝑝 + 2)2 + 22)2
= 

= 3 ⋅
(𝑝 + 2)2 − 22

((𝑝 + 2)2 + 22)2
− 2 ⋅

4(𝑝 + 2)

((𝑝 + 2)2 + 22)2
÷ 3𝑡𝑒−2𝑡 cos 2𝑡 − 2𝑡𝑒−2𝑡 sin 2𝑡. 

 

 

Find the original function for the transform  

𝐹(𝑝) = ln (1 +
1

𝑝
). 

Since 𝐹(𝑝) has a rational derivative, it is convenient to apply the theorem 10.9 about the 

integration of the Laplace Transform. 

Thus,  

ln (1 +
1

𝑝
) = ∫

1

𝑧(𝑧 + 1)
𝑑𝑧

∞

𝑝

= ∫ (
1

𝑧
−

1

𝑧 + 1
)𝑑𝑧

∞

𝑝

÷
1

𝑡
(1 − 𝑒−𝑡). 

 

Example 5. 

Example 6. 
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II. By Convolution Theorem and Duhamel’s Formula. 

If the given transform 𝐹(𝑝) may be written as a product of two transforms of original 

functions from the table of Laplace transforms  

𝐹(𝑝) = 𝐹1(𝑝)𝐹2(𝑝), 

then we may use the Borel’s Theorem  

𝐹1(𝑝)𝐹2(𝑝) ÷ ∫𝑓1(𝑧)𝑓2(𝑡 − 𝑧)

𝑡

0

𝑑𝑧. 

Sometimes it is convenient to apply Duhamel’s Formula  

𝑝𝐹1(𝑝)𝐹2(𝑝) ÷ 𝑓1(0)𝑓2(𝑡) + ∫𝑓1
′(𝑧)𝑓2(𝑡 − 𝑧)

𝑡

0

𝑑𝑧. 

 

 

Find the original function for the transform  

𝐹(𝑝) =
𝑝2

(𝑝2 + 1)2
. 

Since cos 𝑡 ÷
𝑝

𝑝2+1
, then by the Borel’s Theorem  

𝑝2

(𝑝2 + 1)2
=

𝑝

𝑝2 + 1
⋅

𝑝

𝑝2 + 1
÷∫cos 𝑧 cos( 𝑡 − 𝑧)

𝑡

0

𝑑𝑧 = 

=
1

2
∫(cos 𝑡 + cos( 2𝑧 − 𝑡)

𝑡

0

)𝑑𝑧 = 

=
1

2
(𝑧 cos 𝑡 +

1

2
sin( 2𝑧 − 𝑡))|

0

𝑡
=
1

2
(𝑡 cos 𝑡 + sin 𝑡) .  

Thus, 

𝑝2

(𝑝2 + 1)2
÷
1

2
(𝑡 cos 𝑡 + sin 𝑡) . 

 

 

 

 

Find the original function for the transform  

𝐹(𝑝) =
𝑝3

(𝑝2 + 1)2
 . 

Let us apply Duhamel’s Formula  

Example 7. 

Example 8. 
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𝑝3

(𝑝2 + 1)2
= 𝑝 ⋅

𝑝

𝑝2 + 1
⋅

𝑝

𝑝2 + 1
÷ cos 0 cos 𝑡 + ∫(cos 𝑧)′ cos( 𝑡 − 𝑧)

𝑡

0

𝑑𝑧 = 

= cos 𝑡 − ∫sin 𝑧 cos( 𝑡 − 𝑧

𝑡

0

)𝑑𝑧 = cos 𝑡 −
1

2
∫(sin 𝑡 + sin( 2𝑧 − 𝑡)

𝑡

0

)𝑑𝑧 = 

= cos 𝑡 −
1

2
(𝑧 sin 𝑡 −

1

2
cos( 2𝑧 − 𝑡))|

0

𝑡

= cos 𝑡 −
1

2
𝑡 sin 𝑡 . 

 

III. Mellin’s Formula  

Here we consider the general formula for determining the original function for the 

Laplace transform. 

 
 

Let function 𝐹(𝑝) of the complex variable p = s + iσ satisfy the 

following conditions. 

1. Function 𝐹(𝑝) is analytic for 𝑅𝑒 𝑝 = 𝑠 > 𝑠0; 

2. If |𝑝| → ∞ then 𝐹(𝑝) → 0 uniformly with respect to 𝑎𝑟𝑔 𝑝 (for 

𝑅𝑒 𝑝 = 𝑠 > 𝑠0); 

3. For any complex number 𝑝, 𝑅𝑒 𝑝 = 𝑠 > 𝑠0, integral  

∫ |𝐹(𝑝)|𝑑𝑝,

𝑠+𝑖∞

𝑠−𝑖∞

  𝑠 > 𝑠0, 

is convergent. 

Then function 𝐹(𝑝) 𝑓𝑜𝑟 𝑅𝑒 𝑝 > 𝑠0 is the Laplace transform for the 

function 𝑓(𝑡) of real variable 𝑡 > 0,  which is defined by the formula 

𝑓(𝑡) =
1

2𝜋𝑖
∫ 𝑒𝑝𝑡𝐹(𝑝)𝑑𝑝,

𝑠+𝑖∞

𝑠−𝑖∞

                   (10.15) 

where  integral  is  considered  along  the  arbitrary  straight  line 

𝑅𝑒 𝑝 = 𝑠 > 𝑠0, thus,  

𝑓(𝑡) =
1

2𝜋𝑖
lim
𝜎→∞

∫ 𝑒𝑝𝑡𝐹(𝑝)𝑑𝑝

𝑠+𝑖𝜎

𝑠−𝑖𝜎

. 

 

Theorem 10.13 
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 Formula (10.15) is called Mellin’s Formula, and the integral on the right side 

of (10.15) is called Mellin’s integral.  
 

It could be solved by the Residue Theorem. 

 

 

 

Find the original function for the transform  

𝐹(𝑝) =
1

𝑝
, 𝑅𝑒 𝑝 > 0. 

It is easy to see that the conditions of the theorem are fulfilled.  

Then, by (10.15), we get 

𝑓(𝑡) =
1

2𝜋𝑖
∫

𝑒𝑝𝑡

𝑝
𝑑𝑝,

𝑠+𝑖∞

𝑠−𝑖∞

  𝑠 > 0. 

The integrand has one simple pole 𝑝 = 0.  

Thus, by the Residue Theorem, we have 

𝑓(𝑡) = res
𝑝=0
[
𝑒𝑝𝑡

𝑝
] = lim

𝑝→0
(𝑝
𝑒𝑝𝑡

𝑝
) = 1,  𝑡 ≥ 0. 

 

 

Find the original function for the transform  

𝐹(𝑝) =
𝜔

𝑝2 +𝜔2
, 𝑅𝑒 𝑝 > 0,  𝜔2 > 0. 

Function 𝐹(𝑝) satisfies the conditions of the theorem (10.13).  

Thus, we may apply Mellin’s Formula 

𝑓(𝑡) =
1

2𝜋𝑖
∫

𝜔𝑒𝑝𝑡

𝑝2 +𝜔2
𝑑𝑝,

𝑠+𝑖∞

𝑠−𝑖∞

 

Function 𝐹(𝑝) =
𝜔𝑒𝑝𝑡

𝑝2+𝜔2
, has two simple poles 𝑝1 = 𝑖𝜔 and 𝑝2 = −𝑖𝜔.  

Hence, by the Residue Theorem, 

𝑓(𝑡) = ∑ res
𝑝=𝑝𝑘

[
𝑒𝑝𝑡𝜔

𝑝2 +𝜔2
]

2

𝑘=1

= lim
𝑝→𝑖𝜔

((𝑝 − 𝑖𝜔)
𝑒𝑝𝑡𝜔

𝑝2 +𝜔2
) + lim

𝑝→−𝑖𝜔
((𝑝 + 𝑖𝜔)

𝑒𝑝𝑡𝜔

𝑝2 +𝜔2
) = 

=
𝑒𝑖𝜔𝑡𝜔

2𝑖𝜔
−
𝑒−𝑖𝜔𝑡𝜔

2𝑖𝜔
= sin𝜔 𝑡,   𝑡 ≥ 0. 

Example 9. 

Example 10. 

Definition. 
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IV. Theorems About Expansions 

There are a lot of cases when we may use the power series expansion of the transform 

𝐹(𝑝). In particular, when 𝐹(𝑝) is a rational fraction. 

 

 

The First Theorem About Expansion 

Let the Laurent series expansion of the transform 𝐹(𝑝) (convergent for 

|𝑝| ≥ 𝑅) contain only negative powers of  𝑝  

𝐹(𝑝) = ∑𝑐𝑘

∞

𝑘=1

𝑝−𝑘 , 

Then the original function is  

𝑓(𝑡) = ∑
𝑐𝑘𝑡

𝑘−1

(𝑘 − 1)!

∞

𝑘=1

ℎ(𝑡),                      (10.16) 

where ℎ(𝑡) is Heaviside function.  
 

The proof of this theorem follows from the formula 
𝑡𝑛

𝑛!
÷

1

𝑝𝑛+1
. 

 Futher we skip the Heaviside function ℎ(𝑡). 
 

 

Find the original function for the transform  

𝐹(𝑝) =
1

𝑝 − 1
. 

Since for |𝑝| < 1 

𝐹(𝑝) =
1

𝑝 − 1
=

1

𝑝 (1 −
1
𝑝)
=
1

𝑝
∙

1

(1 −
1
𝑝)
 . 

To find the power series expansion, let us apply the formula (3.18) to the second fraction. 

Thus, 

𝐹(𝑝) =
1

𝑝
∑

1

𝑝𝑘

∞

𝑘=0

=∑
1

𝑝𝑘+1

∞

𝑘=0

=∑
1

𝑝𝑘

∞

𝑘=1

, 

Then, by formula (10.16), we get 

𝑓(𝑡) = ∑
𝑡𝑘−1

(𝑘 − 1)!

∞

𝑘=1

= 𝑒𝑡 . 

Example 11. 

Theorem 10.14 

Note. 
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Find the original function for the transform  

𝐹(𝑝) =
1

𝑝
cos

1

𝑝
. 

Applying power series expansion for cos𝑤 = ∑
(−1)𝑘

(2𝑘)!

∞
𝑘=0 𝑤2𝑘, we obtain 

𝐹(𝑝) =
1

𝑝
cos

1

𝑝
=
1

𝑝
∑

(−1)𝑘

(2𝑘)! 𝑝2𝑘

∞

𝑘=0

=∑
(−1)𝑘

(2𝑘)! 𝑝2𝑘+1

∞

𝑘=0

. 

Hence, by formula (10.16),  

𝑓(𝑡) = ∑
(−1)𝑘𝑡2𝑘

((2𝑘)!)2

∞

𝑘=0

. 

This series is convergent for any 𝑡 ≥ 0. 
 

 

 

The Second Theorem About Expansion 

Let the following conditions be fulfilled.  

1. Function 𝐹(𝑝) is defined in the half-plane 𝑅𝑒 𝑝 > 𝑠0 and has only 

poles 𝑝𝑘 as isolated singularities; 

2. If |𝑝| → ∞ then 𝐹(𝑝) → 0 uniformly with respect to 𝑎𝑟𝑔 𝑝 (for 

𝑅𝑒 𝑝 = 𝑠 > 𝑠0); 

3. For any complex number 𝑝, 𝑅𝑒 𝑝 = 𝑠 > 𝑠0, integral  

∫ |𝐹(𝑝)|𝑑𝑝,

𝑠+𝑖∞

𝑠−𝑖∞

  𝑠 > 𝑠0, 

is convergent. 

Then the original function is    

𝑓(𝑡) = ∑ res
𝑝=𝑝𝑘

[𝑒𝑝𝑡𝐹(𝑝)]

𝑛

𝑘=1

.                                            (10.17) 

If function 𝐹(𝑝) =
𝑃𝑛(𝑝)

𝑄𝑚(𝑝)
  has only simple poles  𝑝𝑘 (𝑘 = 1,𝑚), then 

original function is  

𝑓(𝑡) = ∑
𝑃𝑛(𝑝𝑘)

𝑄𝑚
′ (𝑝𝑘)

𝑒𝑝𝑘𝑡
𝑚

𝑘=1

.                                              (10.18) 

Example 12. 

Theorem 10.15 
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This theorem is a corollary of Mellin’s Formula. 

 

Find the original function for the transform  

𝐹(𝑝) =
1

(𝑝 − 1)2(𝑝 + 2)
. 

Function 𝐹(𝑝) has two isolated singularities:  

𝑝1 = 1 is the pole of the second order, 

𝑝2 = −2 is the simple pole. 

Thus, by (10.17)  

𝑓(𝑡) = res
𝑝1=1

[
𝑒𝑝𝑡

(𝑝 − 1)2(𝑝 + 2)
] + res

𝑝2=−2
[

𝑒𝑝𝑡

(𝑝 − 1)2(𝑝 + 2)
] = 

=
1

1!
lim
𝑝→1

𝑑

𝑑𝑝
((𝑝 − 1)2 ⋅

𝑒𝑝𝑡

(𝑝 − 1)2(𝑝 + 2)
) + lim

𝑝→−2
((𝑝 + 2) ⋅

𝑒𝑝𝑡

(𝑝 − 1)2(𝑝 + 2)
) = 

= lim
𝑝→1

(
𝑒𝑝𝑡

(𝑝 + 2)
)
𝑝

′

+ lim
𝑝→−2

(
𝑒𝑝𝑡

(𝑝 − 1)2
) = lim

𝑝→1

𝑡𝑒𝑝𝑡(𝑝 + 2) − 𝑒𝑝𝑡

(𝑝 + 2)2
+
1

9
𝑒−2𝑡 = 

=
1

9
(3𝑡𝑒𝑡 − 𝑒𝑡 + 𝑒−2𝑡). 

 

 

 

Find the original function for the transform  

𝐹(𝑝) =
𝑝 − 1

(𝑝 + 1)(𝑝 − 2)
. 

Function 𝐹(𝑝) has two simple poles 𝑝1 = −1 and  𝑝2 = 2.  

Since  

𝑃1(𝑝) = 𝑝 − 1   

and  

𝑄2(𝑝) = (𝑝 + 1)(𝑝 − 2) = 𝑝
2 − 𝑝 − 2, 𝑄2

′ (𝑝) = 2𝑝 − 1,  

then, by (10.18) 

𝑓(𝑡) =
𝑃1(−1)

𝑄2
′ (−1)

𝑒−𝑡 +
𝑃1(2)

𝑄2
′ (2)

𝑒2𝑡 =
2

3
𝑒−𝑡 +

1

3
𝑒2𝑡 . 

 

 

Example 13. 

Example 14. 
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Review Questions 

1. What methods do we know to determine the original function from the Laplace 

transform? 

2. How could we find the original function 𝑓(𝑡) if the Laplace transform is a rational 

function 𝐹(𝑝) =
𝑃𝑚(𝑝)

𝑄𝑛(𝑝)
? Under what conditions for the function 𝐹(𝑝) is it possible? 

3. How could we find the original function 𝑓(𝑡) when the Laplace transform 𝐹(𝑝) is 

written as a product of two transforms of original functions from the table of Laplace 

transforms? 

4. When is it convenient to apply Duhamel’s Formula?  

5. Write down Mellin’s Formula.  

6. What is called Mellin’s integral? How can we solve Mellin’s integral? 

7. Formulate the First Theorem About Expansion. 

8. Formulate the Second Theorem About Expansion. 

9. When can we apply the theorems about expansion? 

 

Exercises 10.2 

1.  Find the original function for the given transforms by partial fractions decomposition. 

1) 𝐹(𝑝) =
𝑝2+3𝑝+4

𝑝(𝑝−1)(𝑝−2)
;                            

2) 𝐹(𝑝) =
1

𝑝3−8
;  

3) 𝐹(𝑝) =
6𝑝+5

(𝑝+2)(𝑝2−2𝑝+10)
;                     

4) 𝐹(𝑝) =
4𝑝+6

𝑝2(𝑝−1)2
;  

5) 𝐹(𝑝) =
3𝑝2−1

(𝑝+1)2(𝑝2+4)
;                          

6) 𝐹(𝑝) =
𝑝+3

𝑝3−4𝑝2+3𝑝
;    

7) 𝐹(𝑝) =
𝑝

𝑝4−1
;                                      

8) 𝐹(𝑝) =
3𝑝2+3𝑝−13

𝑝3+4𝑝2+13𝑝
; 

9) 𝐹(𝑝) =
1

(𝑝+2)2(𝑝−1)3
. 
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2.  Find the original function for the given transforms by Convolution Theorem or 

Duhamel’s Formula. 

1) 𝐹(𝑝) =
9

(𝑝2+9)2
;                          

2) 𝐹(𝑝) =
1

(𝑝+1)(𝑝+2)2
;      

3) 𝐹(𝑝) =
𝑝

𝑝4−1
;                              

4) 𝐹(𝑝) =
𝑝2

(𝑝2+1)(𝑝2+4)
.   

3.  Find the original function for the given transforms by the Mellin’s Formula. 

1) 𝐹(𝑝) =
𝑝

(𝑝+1)(𝑝+2)(𝑝+3)(𝑝+4)
;    

2) 𝐹(𝑝) =
4−𝑝−𝑝2

𝑝3−𝑝2
;    

3) 𝐹(𝑝) =
1

𝑝(𝑝2+1)
.   

4.  Find the original function for the given transforms by Theorems About Expansions. 

1) 𝐹(𝑝) =
𝑝+1

𝑝(𝑝−1)(𝑝−2)(𝑝−3)
;                   

2) 𝐹(𝑝) =
1

𝑝(𝑝2+1)2
;      

3) 𝐹(𝑝) =
1

(𝑝−1)3(𝑝3+1)
;                          

4) 𝐹(𝑝) =
1

𝑝(𝑝2+1)(𝑝2+4)
; 

5) 𝐹(𝑝) =
1

𝑝(𝑝4+1)
;                                  

6) 𝐹(𝑝) =
1

(𝑝𝑘+𝜔𝑘)
, if 𝑘 is positive integer. 

Answers 
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10.3 Application of  Laplace Transform 

 

The properties of the Laplace transform make it possible to find solutions to Cauchy 

problems for ordinary linear differential equations with constant coefficients and for systems 

of linear differential equations with constant coefficients since operations on the transform are 

much simpler than operations on the unknown function. 

 

I. Solving Linear Ordinary Differential Equations  
 

1. Let us consider the Cauchy Problem (initial value problem)  

𝑦(𝑛) + 𝑎1𝑦
(𝑛−1) +⋯+ 𝑎𝑛𝑦 = 𝑓(𝑡),                                     (10.18)  

𝑦(0) = 𝑦0,  𝑦
′(0) = 𝑦1,  … ,  𝑦

(𝑛−1)(0) = 𝑦𝑛−1.                          (10.19) 

where 𝑎1,  𝑎2, … ,  𝑎𝑛 are real coefficients, and 𝑦0,  𝑦1,  … ,  𝑦𝑛−1 are known real numbers. 

Function 𝑓(𝑡) is a given function of variable 𝑡.  

Assume that function 𝑓(𝑡) and the solution 𝑦(𝑡) satisfy all the existence conditions of 

the Laplace Transform. Apply the Laplace transform to the left and right sides of (6.18) 

Let 

𝑦(𝑡) ÷ 𝑌(𝑝) = ∫ 𝑒−𝑝𝑡𝑦(𝑡)𝑑𝑡

∞

0

. 

and 

𝑓(𝑡) ÷ 𝐹(𝑝) = ∫ 𝑒−𝑝𝑡𝑓(𝑡)𝑑𝑡

∞

0

. 

By theorem 10.10 about the Laplace Transform of the derivatives, we may find  

𝑦′(𝑡) ÷ 𝑝𝑌(𝑝) − 𝑦(0); 

𝑦′′(𝑡) ÷ 𝑝2𝑌(𝑝) − 𝑦(0)𝑝 − 𝑦′(0); 

⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯⋯ 

𝑦(𝑛)(𝑡) ÷ 𝑝𝑛𝑌(𝑝) − 𝑦(0)𝑝𝑛−1 − 𝑦′(0)𝑝𝑛−2 −⋯− 𝑦(𝑛−1)(0). 

As a result we get the linear algebraic equation about the transform 𝑌(𝑝). Solving it for 

𝑌(𝑝) and determining the original, we obtain the solution 𝑦(𝑡) of the initial value problem 

(10.18), (10.19). 
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Solve the Cauchy problem 

𝑦′′(𝑡) − 2𝑦′(𝑡) + 𝑦(𝑡) = 0,   𝑦′(0) = 1,   𝑦(0) = 0. 

Let 𝑦(𝑡) ÷ 𝑌(𝑝).  

Applying the Laplace transform, we find 

𝑦′(𝑡) ÷ 𝑝𝑌(𝑝) − 𝑦(0) = 𝑝𝑌(𝑝); 

𝑦′′(𝑡) ÷ 𝑝2𝑌(𝑝) − 𝑦(0)𝑝 − 𝑦′(0) = 𝑝2𝑌(𝑝) − 1. 

Thus, we get  

𝑝2𝑌(𝑝) − 1 − 2𝑝𝑌(𝑝) + 𝑌(𝑝) = 0 

or 

𝑌(𝑝)(𝑝2 − 2𝑝 + 1) = 1. 

Therefore,  

𝑌(𝑝) =
1

𝑝2 − 2𝑝 + 1
=

1

(𝑝 − 1)2
. 

Using the table of transforms to find the inverse Laplace transform, we obtain 

𝑦(𝑡) = 𝑡𝑒𝑡 ,  𝑡 ≥ 0. 

 

 

 

Solve the Cauchy problem 

𝑦′′(𝑡) + 4𝑦(𝑡) = cos 2𝑡 ,   𝑦(0) = 1,   𝑦′(0) = −1. 

Let 𝑦(𝑡) ÷ 𝑌(𝑝).  

Applying the Laplace transform, we find 

𝑦′(𝑡) ÷ 𝑝𝑌(𝑝) − 𝑦(0) = 𝑝𝑌(𝑝) − 1; 

𝑦′′(𝑡) ÷ 𝑝2𝑌(𝑝) − 𝑦(0)𝑝 − 𝑦′(0) = 𝑝2𝑌(𝑝) − 𝑝 − 1. 

The Laplace transform of the right-sided function 

cos 2𝑡 ÷
𝑝

𝑝2 + 4
 . 

Therefore, 

𝑌(𝑝)(𝑝2 + 4) − 𝑝 + 1 =
𝑝

𝑝2 + 4
. 

Solving this equation for 𝑌(𝑝) 

𝑌(𝑝) =
𝑝

(𝑝2 + 4)2
+

𝑝

𝑝2 + 4
−

1

𝑝2 + 4
. 

Example 1. 

Example 2. 



 

270 

 

Using the linearity of the inverse Laplace transform and the table of transforms yields 

𝑦(𝑡) =
1

4
𝑡 sin 2𝑡 + cos 2𝑡 −

1

2
sin 2𝑡 ,  𝑡 ≥ 0. 

 

 

 

Solve the Cauchy problem 

𝑦′′(𝑡) + 𝑦(𝑡) = 𝑓(𝑡),   𝑦(0) = 0,   𝑦′(0) = 0, 

where 𝑓(𝑡) = {
0,  0 < 𝑡 < 1,
2,  𝑡 > 1.

 

Let 𝑦(𝑡) ÷ 𝑌(𝑝).  

Then 

𝑦′′(𝑡) ÷ 𝑝2𝑌(𝑝) − 𝑦(0)𝑝 − 𝑦′(0) = 𝑝2𝑌(𝑝). 

Since the right-sided function may be written in the form 𝑓(𝑡) = 2ℎ(𝑡 − 1), we apply 

the Shift Theorem and get 

𝑓(𝑡) = 2ℎ(𝑡 − 1) ÷
2

𝑝
𝑒−𝑝. 

Then the Cauchy problem may be written as 

𝑝2𝑌(𝑝) + 𝑌(𝑝) =
2

𝑝
𝑒−𝑝. 

This yields 

𝑌(𝑝) =
2

𝑝(𝑝2 + 1)
𝑒−𝑝 = (

2

𝑝
−

2𝑝

(𝑝2 + 1)
) 𝑒−𝑝. 

Let us apply the Shift Theorem and the table of Laplace transforms. 

Thus, 

𝑦(𝑡) = (2 − 2 cos 𝑡)ℎ(𝑡 − 1),  𝑡 ≥ 0. 

  

2. Duhamel’s Method 

This method is convenient when solving the Cauchy problem of the form  

𝑦(𝑛) + 𝑎1𝑦
(𝑛−1) +⋯+ 𝑎𝑛𝑦 = 𝑓(𝑡),                                      (10.18) 

𝑦(0) = 0,  𝑦′(0) = 0,  … ,  𝑦(𝑛−1)(0) = 0                                  (10.20) 

where 𝑎1,  𝑎2, … ,  𝑎𝑛 are real coefficients and function 𝑓(𝑡) satisfies all the existence 

conditions of the Laplace Transform, but it could be complicated to find this transform. 

Note, that initial conditions are homogeneous in this case. 

Example 3. 
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Duhamel’s Method consists of several steps 

First, we have to solve auxiliary initial value problem 

𝑥(𝑛) + 𝑎1𝑥
(𝑛−1) +⋯+ 𝑎𝑛𝑥 = 1,  

𝑥(0) = 0,  𝑥′(0) = 0,  … ,  𝑥(𝑛−1)(0) = 0. 

By theorem 10.10 about the Laplace Transform of the derivatives, we obtain  

𝑥(𝑡) ÷ 𝑋(𝑝),     𝑥′(𝑡) ÷ 𝑝𝑋(𝑝),     𝑥′′(𝑡) ÷ 𝑝2𝑋(𝑝),   …     𝑥(𝑛)(𝑡) ÷ 𝑝𝑛𝑋(𝑝)  

and 

1 ÷
1

𝑝
. 

Thus, 

𝑝𝑛𝑋(𝑝) + 𝑎1𝑝
𝑛−1𝑋(𝑝) +⋯+ 𝑎𝑛−1𝑝𝑋(𝑝) + 𝑎𝑛𝑋(𝑝) =

1

𝑝
. 

Solving for 𝑋(𝑝) yields 

𝑋(𝑝) =
1

𝑝(𝑝𝑛 + 𝑎1𝑝
𝑛−1 +⋯+ 𝑎𝑛)

 

and we can find original function 𝑥(𝑡),  𝑡 ≥ 0. 

Second, we apply the operational method to the problem (10.18), 10.20).  

Let 

𝑦(𝑡) ÷ 𝑌(𝑝),     𝑦′(𝑡) ÷ 𝑝𝑌(𝑝),     𝑦′′(𝑡) ÷ 𝑝2𝑌(𝑝),   …     𝑦(𝑛)(𝑡) ÷ 𝑝𝑛𝑌(𝑝),  

and suppose that 𝑓(𝑡) ÷ 𝐹(𝑝). 

Hence, 

𝑌(𝑝)(𝑝𝑛 + 𝑎1𝑝
𝑛−1 +⋯+ 𝑎𝑛) = 𝐹(𝑝). 

Therefore, 

𝑌(𝑝) =
𝐹(𝑝)

(𝑝𝑛 + 𝑎1𝑝
𝑛−1 +⋯+ 𝑎𝑛)

. 

Third, we rewrite the last fraction as 

𝑌(𝑝) = 𝑝𝐹(𝑝)
1

𝑝(𝑝𝑛 + 𝑎1𝑝
𝑛−1 +⋯+ 𝑎𝑛)

= 𝑝𝑋(𝑝)𝐹(𝑝). 

Finally, the solution to the Cauchy problem (10.18), (10.20) may be obtained by 

Duhamel’s Formula (10.14) 

𝑦(𝑡) = ∫ 𝑓′(𝑧)𝑥(𝑡 − 𝑧)𝑑𝑧
𝑡

0

= ∫ 𝑓(𝑡 − 𝑧)𝑥′(𝑧)𝑑𝑧
𝑡

0

.                        (10.21) 
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Solve the Cauchy problem 

𝑦′′(𝑡) + 𝑦′(𝑡) =
1

1 + 𝑒𝑡
,   𝑦(0) = 0,   𝑦′(0) = 0. 

First, let us solve the auxiliary problem 

𝑥′′ + 𝑥′ = 1,   𝑥(0) = 0,  𝑥′(0) = 0. 

Since  

𝑥′(𝑡) ÷ 𝑝𝑋(𝑝), 𝑥′′(𝑡) ÷ 𝑝2𝑋(𝑝), 1 ÷
1

𝑝
, 

we get 

𝑝2𝑋(𝑝) + 𝑝𝑋(𝑝) =
1

𝑝
. 

Thus, 

𝑋(𝑝) =
1

𝑝2(𝑝 + 1)
=
−1

𝑝
+
1

𝑝2
+

1

𝑝 + 1
. 

Applying the partial fraction decomposition 

1

𝑝2(𝑝 + 1)
=
𝐴

𝑝
+
𝐵

𝑝2
+

𝐶

𝑝 + 1
, 

we obtain 

𝐴 = −1, 𝐵 = 1, 𝐶 = 1 

and 

𝑋(𝑝) =
−1

𝑝
+
1

𝑝2
+

1

𝑝 + 1
. 

Using the inverse Laplace transform yields 

𝑥(𝑡) = −1 + 𝑡 + 𝑒−𝑡 ,  𝑡 ≥ 0. 

Applying the formula (10.21), we obtain the solution of the given problem 

𝑦(𝑡) = ∫ 𝑓(𝑧)(−1 + (𝑡 − 𝑧) + 𝑒−(𝑡−𝑧))′𝑑𝑧 =
𝑡

0

∫
1 − 𝑒−(𝑡−𝑧)

1 + 𝑒𝑧
𝑑𝑧 =

𝑡

0

 

= ∫ (
1

𝑒𝑧(1 + 𝑒𝑧)
−

𝑒−𝑡

1 + 𝑒𝑧
) 𝑒𝑧𝑑𝑧 =

𝑡

0

∫ (
1

𝑒𝑧
−
1 + 𝑒−𝑡

1 + 𝑒𝑧
)𝑑𝑒𝑧 =

𝑡

0

 

= (ln 𝑒𝑧 − (1 + 𝑒−𝑡) ln|𝑒𝑧 + 1|)|  
0

𝑡 = 𝑡 − (1 + 𝑒−𝑡) ln |
𝑒𝑧 + 1

2
| ,  𝑡 ≥ 0. 

 

Example 4. 
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II. Solving Systems of Linear Ordinary Differential Equations 

The Cauchy problem for systems of ordinary linear differential equations with constant 

coefficients can also be solved by the operational method. Let us consider this idea with 

examples.  

 

 

Solve the Cauchy problem 

{
𝑦′(𝑡) = 𝑦(𝑡) + 3𝑥(𝑡) − 2𝑡,      𝑦(0) = 1;

𝑥′(𝑡) = 𝑦(𝑡) − 𝑥(𝑡) + 𝑒𝑡 ,        𝑥(0) = 0.
 

Assume that solutions 𝑦(𝑡) and 𝑥(𝑡) satisfy all the existence conditions of the Laplace 

Transform.  

Then 

𝑦(𝑡) ÷ 𝑌(𝑝), 

𝑥(𝑡) ÷ 𝑋(𝑝). 

By property about the Laplace Transform of the derivatives, we have 

𝑦′(𝑡) ÷ 𝑝𝑌(𝑝) − 𝑦(0) = 𝑝𝑌(𝑝) − 1, 

𝑥′(𝑡) ÷ 𝑝𝑋(𝑝) − 𝑥(0) = 𝑝𝑋(𝑝). 

By the property of Linearity of the Laplace Transform, we get the transforms of the right 

sides of the equations  

𝑦(𝑡) + 3𝑥(𝑡) − 2𝑡 ÷ 𝑌(𝑝) + 3𝑋(𝑝) −
2

𝑝2
,

𝑦(𝑡) − 𝑥(𝑡) + 𝑒𝑡 ÷ 𝑌(𝑝) − 𝑋(𝑝) −
1

𝑝 − 1
.

 

As a result, we rewrite the system in operational form  

{
 

 𝑝𝑌(𝑝) − 1 = 𝑌(𝑝) + 3𝑋(𝑝) −
2

𝑝2
,

𝑝𝑋(𝑝) = 𝑌(𝑝) − 𝑋(𝑝) −
1

𝑝 − 1
.     

 

 

Therefore, 

{
 
 

 
 (𝑝 − 1)𝑌(𝑝) − 3𝑋(𝑝) =

𝑝2 − 2

𝑝2
,

𝑌(𝑝) − (𝑝 + 1)𝑋(𝑝) =
1

𝑝 − 1
.     

 

Example 5. 
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Thus, we get the linear system of the algebraic equations about 𝑌(𝑝) and 𝑋(𝑝). We have 

to solve this system. Then find the inverse Laplace Transforms for 𝑌(𝑝) and 𝑋(𝑝), which 

leads to the solution of the original system. 

Let us solve the system by Cramer’s Method. 

𝛥 = |
𝑝 − 1 −3
1 −(𝑝 + 1)

| = 4 − 𝑝2,              

       𝛥𝑦 = ||

𝑝2 − 2

𝑝2
−3

1

𝑝 − 1
−(𝑝 + 1)

|| =
−𝑝4 + 6𝑝2 − 2

𝑝2(𝑝 − 1)
,

𝛥𝑥 = ||
𝑝 − 1

𝑝2 − 2

𝑝2

1
1

𝑝 − 1

|| =
2

𝑝2
.                          

 

Hence, 

𝑌(𝑝) =
𝛥𝑦
𝛥
=

𝑝4 − 6𝑝2 + 2

𝑝2(𝑝 − 1)(𝑝2 − 4)
,

𝑋(𝑝) =
𝛥𝑥
𝛥
=

−2

𝑝2(𝑝2 − 4)
.               

 

Now, let us apply the partial fraction decomposition for 𝑌(𝑝) and 𝑋(𝑝) 

𝑌(𝑝) =
1

2
⋅
1

𝑝
+
1

2
⋅
1

𝑝2
+

1

𝑝 − 1
−
3

8
⋅
1

𝑝 − 2
−
1

8
⋅
1

𝑝 + 2
, 

𝑋(𝑝) =
1

2
⋅
1

𝑝2
−
1

8
⋅
1

𝑝 − 2
+
1

8
⋅
1

𝑝 + 2
, 

and find the inverse Laplace Transforms  

𝑌(𝑝) =
1

2
⋅
1

𝑝
+
1

2
⋅
1

𝑝2
+

1

𝑝 − 1
−
3

8
⋅
1

𝑝 − 2
−
1

8
⋅
1

𝑝 + 2
÷
1

2
+
1

2
𝑡 + 𝑒𝑡 −

3

8
𝑒2𝑡 −

1

8
𝑒−2𝑡 , 

𝑋(𝑝) =
1

2
⋅
1

𝑝2
−
1

8
⋅
1

𝑝 − 2
+
1

8
⋅
1

𝑝 + 2
÷
1

2
𝑡 −

1

8
𝑒2𝑡 +

1

8
𝑒−2𝑡 . 

Finally, the solution of the original system  

𝑦(𝑡) =
1

2
+
1

2
𝑡 + 𝑒𝑡 −

3

8
𝑒2𝑡 −

1

8
𝑒−2𝑡 ,

𝑥(𝑡) =
1

2
𝑡 −

1

8
𝑒2𝑡 +

1

8
𝑒−2𝑡 ,                

 

for 𝑡 ≥ 0. 
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Solve the Cauchy problem 

{
𝑥″(𝑡) + 𝑥′(𝑡) + 𝑦″(𝑡) − 𝑦(𝑡) = 𝑒𝑡 ,      𝑦′(0) = 0, 𝑦(0) = 0;

𝑥′(𝑡) + 2𝑥(𝑡) − 𝑦′(𝑡) + 𝑦(𝑡) = 𝑒−𝑡 ,     𝑥′(0) = 1,        𝑥(0) = 0.
 

Let functions 𝑦(𝑡),  𝑥(𝑡) satisfy all existence conditions of the Laplace Transform. 

Then, by property about the Laplace Transform of the derivatives, we get 

𝑦(𝑡) ÷ 𝑌(𝑝),

𝑦′(𝑡) ÷ 𝑝𝑌(𝑝),

𝑦″(𝑡) ÷ 𝑝2𝑌(𝑝),

          

𝑥(𝑡) ÷ 𝑋(𝑝),

𝑥′(𝑡) ÷ 𝑝𝑋(𝑝),

𝑥″(𝑡) ÷ 𝑝2𝑋(𝑝) − 1.

 

Since 𝑒𝑡 ÷
1

𝑝−1
,   𝑒−𝑡 ÷

1

𝑝+1
, we may rewrite the system  

{
 

 (𝑝
2 + 𝑝)𝑋(𝑝) + (𝑝2 − 1)𝑌(𝑝) =

𝑝

𝑝 − 1
,

(𝑝 + 2)𝑋(𝑝) − (𝑝 − 1)𝑌(𝑝) =
1

𝑝 + 1
,     

 

Solve the system by Cramer’s Method  

{
 

 𝑌(𝑝) =
3𝑝

2(𝑝2 − 1)2
,

𝑋(𝑝) =
2𝑝 − 1

2(𝑝 − 1)(𝑝 + 1)2
.

 

and, then, apply the partial fraction decomposition 

{
 

 𝑌(𝑝) =
3

4

2𝑝

(𝑝2 − 1)2
,

𝑋(𝑝) =
1

8

1

(𝑝 − 1)
+
3

4

1

(𝑝 + 1)2
−
1

8

1

(𝑝 + 1)
=
1

4

1

(𝑝2 − 1)
+
3

4

1

(𝑝 + 1)2
.

 

Let us find the inverse Laplace Transforms. Since sinh 𝑡 ÷
1

𝑝2−1
 and 𝑒−𝑡 ÷

1

𝑝+1
, then by 

theorem about differentiation of the Laplace Transform, we get 

𝑡 sinh 𝑡 ÷ −(
1

𝑝2 − 1
)
′

=
2𝑝

(𝑝2 − 1)2
,         𝑡𝑒−𝑡 ÷−(

1

𝑝 + 1
)
′

=
1

(𝑝 + 1)2
. 

Hence, the solution of the original system  

𝑦(𝑡) =
3

4
𝑡 sinh 𝑡 ,          

𝑥(𝑡) =
1

4
sinh 𝑡 +

3

4
𝑡𝑒−𝑡 ,

 

for 𝑡 ≥ 0. 

Example 6. 
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Review Questions 

1. How could we apply the Laplace transform? For what problems? 

2. What properties of the Laplace transform should we use for solving the Cauchy 

problem for ordinary linear differential equations with constant coefficients?  

3. Formulate the algorithm to solving the Cauchy problem for an ordinary linear 

differential equation with constant coefficients by using the Laplace transform. 

4. What is the idea of the Duhamel’s Method? What kind of initial conditions should be 

in the Cauchy problem? 

5. Formulate the algorithm for solving the Cauchy problem by Duhamel’s Method. 

6. How to solve the Cauchy problem for systems of ordinary linear differential equations 

with constant coefficients by using the Laplace transform?  

 

Exercises 10.3 

1. Solve the Cauchy problems. 

1) 𝑥′(𝑡) + 𝑥(𝑡) = 𝑒−𝑡 ,    𝑥(0) = 1; 

2) 𝑥′(𝑡) − 𝑥(𝑡) = 1,   𝑥(0) = −1; 

3) 𝑥′(𝑡) + 2𝑥(𝑡) = sin 𝑡 ,   𝑥(0) = 0;  

4) 𝑥′′(𝑡) + 𝑥′(𝑡) = 1, 𝑥(0) = 0, 𝑥′(0) = 1; 

5) 𝑥′′(𝑡) + 𝑥(𝑡) = 0, 𝑥(0) = 1, 𝑥′(0) = 0;  

6) 𝑥′′(𝑡) − 2𝑥′(𝑡) = 𝑒2𝑡 ,   𝑥(0) = 𝑥′(0) = 0; 

7) 𝑥′′(𝑡) + 2𝑥′(𝑡) − 3𝑥(𝑡) = 𝑒−𝑡 , 𝑥(0) = 0, 𝑥′(0) = 1;  

8) 𝑥′′(𝑡) + 𝑥(𝑡) = 𝑡 cos 𝑡 , 𝑥(0) = 𝑥′(0) = 0;  

9) 𝑥′′(𝑡) + 2𝑥′(𝑡) + 𝑥(𝑡) = sin 𝑡 , 𝑥(0) = 0,   𝑥′(0) = −1; 

10) 𝑥′′(𝑡) − 2𝑥′(𝑡) + 𝑥(𝑡) = 1, 𝑥(0) = 𝑥′(0) = 0;  

11) 𝑥′′(𝑡) + 4𝑥′(𝑡) = 𝑡, 𝑥(0) = 1,   𝑥′(0) = 0; 

12) 𝑥′′(𝑡) + 2𝑥′(𝑡) + 𝑥(𝑡) = 𝑓(𝑡), 𝑓(𝑡) = {
1,  0 < 𝑡 < 2,
3,  𝑡 > 2,

  𝑥(0) = 𝑥′(0) = 0; 

2. Solve the Cauchy problems by Duhamel’s Method. 

1) 𝑦′′(𝑡) − 𝑦′(𝑡) =
1

1+𝑒𝑡
,   𝑦(0) = 0,   𝑦′(0) = 0; 

2) 𝑦′′(𝑡) + 𝑦(𝑡) =
1

2+cos 𝑡
,   𝑦(0) = 0,   𝑦′(0) = 0; 

3) 𝑦′′(𝑡) + 𝑦(𝑡) =
1

1+sin2 𝑡
,   𝑦(0) = 0,   𝑦′(0) = 0; 
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4) 𝑦′′(𝑡) − 𝑦(𝑡) = tanh𝑡,   𝑦(0) = 0,   𝑦′(0) = 0. 

3. Solve the Cauchy problems. 

1)  {
𝑦′ = 4𝑥 − 3𝑦,   𝑦(0) = 1,

𝑥′ = 3𝑥 + 4𝑦,   𝑥(0) = 1;
                                   

2)   {
𝑦′ = 𝑥 + 1,      𝑦(0) = 0,

𝑥′ = −𝑦 + 2,   𝑥(0) = −1;
   

3)   {
𝑦′ = 𝑥 + 𝑦,            𝑦(0) = 2,

𝑥′ = −𝑥 + 3 + 1,     𝑥(0) = 1;
                                  

4) {
𝑥′ + 𝑦′ − 𝑦 = 𝑒𝑡 ,           𝑦(0) = 0,

2𝑥′ + 𝑦′ + 2𝑦 = cos 𝑡 ,   𝑥(0) = 0;
 

5) {
2𝑥′′ − 𝑥′ + 9𝑥 − 𝑦′′ − 𝑦′ − 3𝑦 = 0,      𝑦′(0) = 𝑦(0) = 0;

2𝑥′′ + 𝑥′ + 7𝑥 − 𝑦′′ + 𝑦′ − 5𝑦 = 0,     𝑥′(0) = 𝑥(0) = 1.
 

6) {
𝑥′′ + 2𝑥 + 4𝑦 = 0,5 sin 2 𝑡,   𝑦′(0) = 1,  𝑦(0) = 0,

𝑦′′ − 3𝑦 − 𝑥 = −𝑡,                  𝑥′(0) = 𝑥(0) = 0;
    

7) {
𝑥′ + 2𝑥 + 𝑦 = sin 𝑡 ,        𝑦(0) = 1,

𝑦′ + 4𝑥 − 2𝑦 = cos 𝑡 ,     𝑥(0) = 0;
 

8) {

𝑥′ + 𝑦 − 𝑧 = 0,     𝑥(0) = 0,

𝑦′ − 𝑧 = 𝑒𝑡 ,           𝑦(0) = 0,5,

𝑧′ + 𝑥 − 𝑧 = 0,     𝑧(0) = 0.

 

Answers 
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10.4 Fourier Integral and Fourier Transformation 

 

Let us consider yet another integral transform – the Fourier transform. The Fourier 

transform is important in the problems of signal processing, image processing, quantum 

mechanics, electromagnetism, and optics. It is a powerful mathematical tool that allows us to 

view signals in a different domain, inside which difficult problems become simpler to analyze. 

 

I. General Definition of the Fourier Integral 

Let function 𝑓(𝑥) be defined and integrated absolutely for 𝑥 ∈ (−∞,+∞), that is, there 

exists convergent improper integral 

∫ |𝑓(𝑥)|

+∞

−∞

𝑑𝑥 = 𝑀 < ∞. 

Assume also, that function 𝑓(𝑥) is piecewise smooth on any finite segment [−ℓ, ℓ], that 

is, it can be divided into the finite number of distinct parts and on each part both the function 

and its first derivative are continuous. 
 

 Function 𝑓(𝑥) can be represented in the form 

𝑓(𝑥) =
1

𝜋
∫ 𝑑𝜔

+∞

0

∫ 𝑓(𝑡) cos𝜔(𝑡 − 𝑥)𝑑𝑡

+∞

−∞

.               (10.21) 

This formula is called the Fourier integral formula, and the integral on the 

right side of (10.21) is called the Fourier integral of the function 𝑓(𝑥). 
 

The Fourier integral formula occurs for the points of continuity of the function 𝑓(𝑥), but 

in the point of discontinuity 𝑥0 of the given function we have  

1

𝜋
∫ 𝑑𝜔

+∞

0

∫ 𝑓(𝑡) cos𝜔(𝑡 − 𝑥0) 𝑑𝑡

+∞

−∞

=
𝑓(𝑥0 − 0) + 𝑓(𝑥0 + 0)

2
. 

Formula (10.21) may be obtained from the Fourier series of the function 𝑓(𝑥) on the 

segment [−ℓ, ℓ] when ℓ → ∞. 

Indeed, let us consider the Fourier series of the function 𝑓(𝑥) on the segment [−ℓ, ℓ] 

𝑓(𝑥) =
𝑎0
2
+∑(𝑎𝑛 cos

𝑛𝜋𝑥

ℓ
+ 𝑏𝑛 sin

𝑛𝜋𝑥

ℓ
)

∞

𝑛=1

, 

Definition. 
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where 

𝑎0 =
1

ℓ
∫𝑓(𝑡)𝑑𝑡

ℓ

−ℓ

;           𝑎𝑛 =
1

ℓ
∫𝑓(𝑡) cos

𝑛𝜋𝑥

ℓ
𝑑𝑡;

ℓ

−ℓ

       𝑏𝑛 =
1

ℓ
∫𝑓(𝑡) sin

𝑛𝜋𝑥

ℓ
𝑑𝑡.

ℓ

−ℓ

  

Then, we may rewrite it as 

𝑓(𝑥) =
1

2ℓ
∫𝑓(𝑡)𝑑𝑡

ℓ

−ℓ

+
1

ℓ
∑(∫𝑓(𝑡) cos

𝑛𝜋𝑡

ℓ
𝑑𝑡

ℓ

−ℓ

cos
𝑛𝜋𝑥

ℓ
+ ∫𝑓(𝑡) sin

𝑛𝜋𝑡

ℓ
𝑑𝑡

ℓ

−ℓ

sin
𝑛𝜋𝑥

ℓ
)

∞

𝑛=1

 

or 

𝑓(𝑥) =
1

2ℓ
∫𝑓(𝑡)𝑑𝑡

ℓ

−ℓ

+
1

ℓ
∑ ∫𝑓(𝑡) (cos

𝑛𝜋𝑡

ℓ
cos

𝑛𝜋𝑥

ℓ
+ sin

𝑛𝜋𝑡

ℓ
sin
𝑛𝜋𝑥

ℓ
)

ℓ

−ℓ

𝑑𝑡

∞

𝑛=1

= 

=
1

2ℓ
∫𝑓(𝑡)𝑑𝑡

ℓ

−ℓ

+
1

ℓ
∑ ∫𝑓(𝑡) cos

𝑛𝜋(𝑡 − 𝑥)

ℓ

ℓ

−ℓ

𝑑𝑡

∞

𝑛=1

. 

Let us provide the denotion ∆𝜔𝑛 =
𝜋

ℓ
  and 

𝜔1 =
𝜋

ℓ
,     𝜔2 =

2𝜋

ℓ
,     𝜔3 =

3𝜋

ℓ
,…    𝜔𝑛 =

𝑛𝜋

ℓ
,… 

Hence, 

1

2ℓ
∫𝑓(𝑡)𝑑𝑡

ℓ

−ℓ

+
1

𝜋
∑(∫𝑓(𝑡) cos𝜔𝑛(𝑡 − 𝑥)

ℓ

−ℓ

𝑑𝑡)

∞

𝑛=1

∆𝜔𝑛. 

Consider this series when ℓ → ∞. 

Since  

∫ |𝑓(𝑥)|

+∞

−∞

𝑑𝑥 = 𝑀 < ∞, 

we get for the first term 

|
1

2ℓ
∫𝑓(𝑡)𝑑𝑡

ℓ

−ℓ

| ≤
1

2ℓ
∫|𝑓(𝑡)|𝑑𝑡

ℓ

−ℓ

<
1

2ℓ
∫ |𝑓(𝑡)|𝑑𝑡

+∞

−∞

=
1

2ℓ
𝑀 → 0,     ℓ → ∞. 

For any ℓ, the expression ∫ 𝑓(𝑡) cos𝜔𝑛(𝑡 − 𝑥)
ℓ

−ℓ
𝑑𝑡 is considered as a function of  𝜔𝑛, 

and sum ∑ (∫ 𝑓(𝑡) cos𝜔𝑛(𝑡 − 𝑥)
ℓ

−ℓ
𝑑𝑡)∞

𝑛=1 ∆𝜔𝑛 may be understood as an integration sum for 

𝜔 ∈ [0,+∞). 

Finally, we obtain formula (10.21) 
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𝑓(𝑥) =
1

𝜋
∫ 𝑑𝜔

+∞

0

∫ 𝑓(𝑡) cos𝜔(𝑡 − 𝑥) 𝑑𝑡

+∞

−∞

. 

It may be written in the form 

𝑓(𝑥) = ∫(𝐴(𝜔) cos𝜔𝑥 + 𝐵(𝜔) sin𝜔𝑥)

∞

0

𝑑𝜔,                             (10.22) 

where                           

𝐴(𝜔) =
1

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡
+∞

−∞

, 𝐵(𝜔) =
1

𝜋
∫ 𝑓(𝑡) sin𝜔𝑡 𝑑𝑡
+∞

−∞

. 

    Thus, the Fourier integral formula can be considered as an analog of the Fourier series.  

In both cases, the function 𝑓(𝑥) is represented as the sum of harmonic components. However, 

unlike the Fourier series, which gives the expansion of the function into harmonic oscillations 

with a discrete frequency 𝜔 =
𝑛𝜋

𝑙
, 𝑛 = 1,2,3,… , the Fourier integral gives the expansion of 

the function into harmonic oscillations with a frequency 𝜔, which continuously varies from 0 

to +∞. 

Amplitudes 𝐷(𝜔) and initial phases 𝛷(𝜔) depend on the frequency 𝜔 and are expressed 

in terms of the function 𝐴(𝜔) and 𝐵(𝜔): 

𝐷(𝜔) = √𝐴2(𝜔) + 𝐵2(𝜔) ,             𝛷(𝜔) = arctan
𝐴(𝜔)

𝐵(𝜔)
 . 

Formula (10.22) may be written in terms of amplitudes and initial phases 

𝑓(𝑥) = ∫ 𝐷(𝜔) sin(𝜔𝑥 + 𝛷(𝜔))

∞

0

𝑑𝜔,                                  (10.23) 

 

 

𝐴(𝜔) =
1

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡 =

+∞

−∞

1

𝜋
∫𝜋𝑡 cos𝜔𝑡 𝑑𝑡

1

0

= 

Find the Fourier integral for the function 

𝑓(𝑥) = {
0,      𝑥 < 0,
𝜋𝑥,   0 ≤ 𝑥 ≤ 1,
0,      𝑥 > 1.

 

The function satisfies the conditions of existence of the 

Fourier integral. Let us evaluate coefficients 𝐴(𝜔) and 𝐵(𝜔) and 

apply the formula (10.22).   
 

Figure 103. 

Example 1. 
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= (
𝑡 sin𝜔𝑡

𝜔
+
cos𝜔𝑡

𝜔2
)|
𝑡=0

𝑡=1

=
𝜔 sin𝜔 + cos𝜔 − 1

𝜔2
, 

𝐵(𝜔) =
1

𝜋
∫ 𝑓(𝑡) sin𝜔𝑡 𝑑𝑡

+∞

−∞

= ∫𝑡 sin𝜔𝑡 𝑑𝑡

1

0

=
sin𝜔 − 𝜔 cos𝜔

𝜔2
. 

Therefore, by (10.22) we get 

𝑓(𝑥) = ∫ (𝐴(𝜔) cos𝜔𝑥 + 𝐵(𝜔) sin𝜔𝑥)

+∞

0

𝑑𝜔 = 

= ∫
(𝜔 sin𝜔 + cos𝜔 − 1) cos𝜔𝑥 + (sin𝜔 − 𝜔 cos𝜔) sin𝜔𝑥

𝜔2

+∞

−∞

𝑑𝜔. 

The integral obtained converges to the function 𝑓(𝑥) on the entire numerical axis, except 

the point of discontinuity 𝑥 = 1. At this point, the value of the Fourier integral is   

𝑓(𝑥0 − 0) + 𝑓(𝑥0 + 0)

2
=
𝜋 + 0

2
=
𝜋

2
, 

whereas the value of the function is 𝑓(1) = 𝜋. 

 

II. The Fourier Formula for Even and Odd Functions.  

If function 𝑓(𝑥) is even (𝑓(−𝑥) = 𝑓(𝑥)) then the Fourier formula has the form   

𝑓(𝑥) = ∫ 𝐴(𝜔) cos𝜔𝑥 𝑑𝜔

∞

0

,                                           (10.24) 

where                                                 

𝐴(𝜔) =
2

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡

∞

0

. 

If function 𝑓(𝑥) is odd (𝑓(−𝑥) = −𝑓(𝑥)) then the Fourier formula has the form 

𝑓(𝑥) = ∫ 𝐵(𝜔) sin𝜔𝑥 𝑑𝜔

∞

0

,                                            (10.25) 

where                                                   

𝐵(𝜔) =
2

𝜋
∫ 𝑓(𝑡) sin𝜔𝑡 𝑑𝑡

∞

0

. 

If function 𝑓(𝑥) is defined on the interval (0,+∞), then it can be arbitrarily extended 

(even or odd) on the interval (−∞, 0) and then represented by corresponding Fourier integrals: 

by integral (10.24) for even extension and by integral (10.25) for odd extension. 
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Formulas (10.24) and (10.25) may be written in so-called symmetrical forms. 

Let  

𝐴(𝜔) = √
2

𝜋
𝐹𝑐(𝜔),          𝐵(𝜔) = √

2

𝜋
𝐹𝑠(𝜔). 

For even function we get from (10.24) 

𝑓(𝑥) = √
2

𝜋
∫ 𝐹𝑐(𝜔) cos𝜔𝑥 𝑑𝜔

∞

0

,                                      (10.26) 

where                                                      

𝐹𝑐(𝜔) = √
2

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡

∞

0

,                                        (10.27) 

 

 Function 𝐹𝑐(𝜔) is called the Fourier cosine transform of the function 𝑓(𝑥) 

and function 𝑓(𝑥) defined by (10.26) is called the inverse Fourier cosine 

transform of the function 𝐹𝑐(𝜔). 

The relationship of the functions 𝑓(𝑡) and 𝐹𝑐(𝜔) is denoted by the symbol  

𝑓(𝑡)
  𝐹𝑐  
→  𝐹(𝜔). 

 

In the case of odd function, formula (10.25) may be written as 

𝑓(𝑥) = √
2

𝜋
∫ 𝐹𝑠(𝜔) sin𝜔𝑥 𝑑𝜔,

∞

0

                                          (10.28) 

where                                                       

𝐹𝑠(𝜔) = √
2

𝜋
∫ 𝑓(𝑡) sin𝜔𝑡 𝑑𝑡

∞

0

.                                           (10.29) 

 

 Function 𝐹𝑠(𝜔) is called the Fourier sine transform of the function 𝑓(𝑥) and 

function 𝑓(𝑥) defined by (10.28) is called the inverse Fourier sine transform 

of the function 𝐹𝑠(𝜔). 

The relationship of the functions 𝑓(𝑡) and 𝐹𝑠(𝜔) is denoted by thesymbol  

𝑓(𝑡)
  𝐹𝑠  
→  𝐹(𝜔). 

 

 

Definition. 

Definition. 
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two continuous functions and has one point of discontinuity 𝑥 = 0. 

Furthermore, the function is absolutely integrable on the interval (−∞,+∞): 

∫ |𝑓(𝑥)|

+∞

−∞

𝑑𝑥 = ∫𝑒𝑥𝑑𝑥

0

−∞

+∫ 𝑒−𝑥𝑑𝑥 = 2 < ∞

+∞

0

. 

The function is odd, so let's apply the formula (10.25): 

𝐵(𝜔) =
2

𝜋
∫ 𝑒−𝑡 sin𝜔𝑡 𝑑𝑡

+∞

0

=
2

𝜋
⋅

𝜔

1 + 𝜔2
. 

(this integral is calculated separately by the formula of integration by parts). 

Hence, 

𝑓(𝑥) =
2

𝜋
∫

𝜔

1 + 𝜔2
⋅ sin𝜔𝑥 𝑑𝜔

+∞

0

,    𝑥 ≠ 0. 

Here 𝑥 ≠ 0, since at the point of discontinuity 𝑥0 = 0 the value of the function is 1, and 

the Fourier Integral is equal to the arithmetic average of its one-sided limits.  

Thus, 

2

𝜋
∫

𝜔

1 + 𝜔2
⋅ sin𝜔𝑥 𝑑𝜔

+∞

0

=
𝑓(𝑥0 − 0) + 𝑓(𝑥0 + 0)

2
=
−1 + 1

2
= 0,    𝑥0 = 0. 

 

 
 

Find the Cosine Fourier Transforms for the function  

𝑓(𝑥) = 𝑒−𝑥  (𝑥 ≥ 0). 

By formula (10.27) we get 

𝐹𝑐(𝜔) = √
2

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡
+∞

0

= √
2

𝜋
∫ 𝑒−𝑡 cos𝜔𝑡 𝑑𝑡
+∞

0

. 

Find the Fourier Integral for the function 

𝑓(𝑥) = {
−𝑒𝑥,   𝑥 < 0,
𝑒−𝑥,   𝑥 ≥ 0.

 

This function satisfies the conditions of existence of the 

Fourier integral. Indeed, the function is defined on the entire 

numerical axis and is piecewise smooth, since it consists of 

 
Figure 104. 

Example 2. 

Example 3. 
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Since 

∫ 𝑒−𝑡 cos𝜔𝑡 𝑑𝑡
+∞

0

=
1

𝜔2 + 1
, 

we obtain  

𝐹𝑐(𝜔) = √
2

𝜋
⋅

1

𝜔2 + 1
. 

 

 

As a result, it could be represented by different Fourier Integrals. 

Let us consider the even extension on (−∞, 0]. Thus, by formula (10.24) we get 

𝐴(𝜔) =
2

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡

+∞

0

=
2

𝜋
(∫2 ⋅ cos𝜔𝑡 𝑑𝑡 +

3

0

∫ 0 ⋅ cos𝜔𝑡 𝑑𝑡

+∞

3

) =
4

𝜋

sin 3𝜔

𝜔
. 

Hence,  

𝑓(𝑥) = ∫ 𝐴(𝜔) cos𝜔𝑥 𝑑𝜔

+∞

0

=
4

𝜋
∫
sin 3𝜔 ⋅ cos𝜔𝑥

𝜔
𝑑𝜔

+∞

0

. 

For the odd extension, we obtain by integral (10.25) 

𝐵(𝜔) =
2

𝜋
∫ 𝑓(𝑡) sin𝜔𝑡 𝑑𝑡

+∞

0

=
2

𝜋
(∫2 ⋅ sin𝜔𝑡 𝑑𝑡 +

3

0

∫ 0 ⋅ sin𝜔𝑡 𝑑𝑡

+∞

3

) =
4

𝜋
⋅
1 − cos 3𝜔

𝜔
. 

Therefore,    

𝑓(𝑥) = ∫ 𝐵(𝜔) sin𝜔𝑥 𝑑𝜔

+∞

0

=
4

𝜋
∫
(1 − cos 3𝜔) sin𝜔𝑥

𝜔

+∞

0

𝑑𝜔. 

Both Fourier integrals represent the given function in the entire domain of its definition, 

including the point of discontinuity 𝑥0 = 3, since at this point the value of each of the obtained 

integrals is 

𝑓(𝑥0 − 0) + 𝑓(𝑥0 + 0)

2
=
2 + 0

2
= 1 

and coincides with the value of the function  𝑓(3) = 1. 

 

Find the Fourier Integral for the function 

𝑓(𝑥) = {
2,   0 < 𝑥 < 3,
1,    𝑥 = 3,
0,    𝑥 > 3.

 

Function 𝑓(𝑥) is defined on the interval (0, +∞). Thus, it 

can be extended onto the interval (−∞, 0]  in different ways.  

 

Figure 105. 

Example 4. 
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III. The Fourier Integral in the Complex Form. 

Let us return to the formula (10.21) 

𝑓(𝑥) =
1

𝜋
∫ [ ∫ 𝑓(𝑡) cos𝜔(𝑡 − 𝑥)𝑑𝑡

+∞

−∞

] 𝑑𝜔

+∞

0

. 

We may understand the function  

∫ 𝑓(𝑡) cos𝜔(𝑡 − 𝑥)𝑑𝑡

+∞

−∞

 

 as an even function of 𝜔. In this case, it may be defined for negative values of 𝜔.  

Thus,                           

𝑓(𝑥) =
1

2𝜋
∫ [ ∫ 𝑓(𝑡) cos𝜔(𝑡 − 𝑥)𝑑𝑡

+∞

−∞

] 𝑑𝜔

+∞

−∞

. 

Applying Euler’s formula  

cos𝜔(𝑡 − 𝑥) =
𝑒𝑖𝜔(𝑡−𝑥) + 𝑒−𝑖𝜔(𝑡−𝑥)

2
, 

we get 

𝑓(𝑥) =
1

2𝜋
∫ ( ∫ 𝑓(𝑡)

𝑒𝑖𝜔(𝑡−𝑥) + 𝑒−𝑖𝜔(𝑡−𝑥)

2
𝑑𝑡

+∞

−∞

)𝑑𝜔

+∞

−∞

. 

Hence, by changing the order of integration, 

𝑓(𝑥) =
1

2𝜋
∫
𝑓(𝑡)

2
( ∫ 𝑒𝑖𝜔(𝑡−𝑥)𝑑𝜔

+∞

−∞

+ ∫ 𝑒−𝑖𝜔(𝑡−𝑥)𝑑𝜔

+∞

−∞

)𝑑𝑡

+∞

−∞

. 

Let us consider the second integral in the parenthesis  

∫ 𝑒−𝑖𝜔(𝑡−𝑥)𝑑𝜔

+∞

−∞

= |

Substitution
−𝜔 = 𝑧,    𝑑𝜔 = −𝑑𝑧
𝜔 = +∞ 𝑧 = −∞
𝜔 = −∞ 𝑧 = +∞

| = − ∫ 𝑒𝑖𝑧(𝑡−𝑥)𝑑𝑧

−∞

+∞

= ∫ 𝑒𝑖𝑧(𝑡−𝑥)𝑑𝑧

+∞

−∞

. 

Therefore, 

𝑓(𝑥) =
1

2𝜋
∫
𝑓(𝑡)

2
( ∫ 𝑒𝑖𝜔(𝑡−𝑥)𝑑𝜔

+∞

−∞

+ ∫ 𝑒𝑖𝜔(𝑡−𝑥)𝑑𝜔

+∞

−∞

)𝑑𝑡

+∞

−∞

= 

=
1

2𝜋
∫ 𝑓(𝑡) ∫ 𝑒𝑖𝜔(𝑡−𝑥)𝑑𝜔

+∞

−∞

𝑑𝑡

+∞

−∞

=
1

2𝜋
∫ 𝑑𝜔 ∫ 𝑓(𝑡)𝑒𝑖𝜔(𝑡−𝑥)

+∞

−∞

𝑑𝑡

+∞

−∞

. 
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 The integral of the form 

1

2𝜋
∫ 𝑑𝜔 ∫ 𝑓(𝑡)𝑒𝑖𝜔(𝑡−𝑥)

+∞

−∞

𝑑𝑡

+∞

−∞

 

is called the Fourier integral in the complex form. 
 

It may be written as 

𝑓(𝑥) =
1

2𝜋
∫ 𝑒𝑖𝜔𝑥
+∞

−∞

𝑑𝜔 ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡
+∞

−∞

𝑑𝑡                                   (10.30) 

or      

𝑓(𝑥) =
1

2𝜋
∫ 𝐶(𝜔)𝑒𝑖𝜔𝑥
+∞

−∞

𝑑𝜔,                                             (10.31) 

where                                                   

𝐶(𝜔) = ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡

+∞

−∞

. 

The Fourier integral in complex form may be written in the symmetric form if  

𝐹(𝜔) =
1

√2𝜋
𝐶(𝜔). 

Then from the formula (10.28) we obtain 

𝑓(𝑥) =
1

√2𝜋
∫ 𝐹(𝜔)𝑒𝑖𝜔𝑥
+∞

−∞

𝑑𝜔,                                         (10.32) 

where                                                   

𝐹(𝜔) =
1

√2𝜋
∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡

+∞

−∞

.                                          (10.33) 

 

 Function 𝐹(𝜔) defined by (10.33) is called the Fourier transform in the 

complex form of the function 𝑓(𝑥). Function 𝑓(𝑥) defined by (10.32) is called 

the inverse Fourier transform of the function 𝐹(𝜔). 

The relationship of the functions 𝑓(𝑡) and 𝐹(𝜔) is denoted by symbol 

𝑓(𝑡)
  𝐹  
→ 𝐹(𝜔). 

The Fourier transform has many applications in physics and engineering (signal filtering 

and compression, noise removal, data transmission, etc.). It transforms the function of the time 

variable to a function of the frequency variable and vice versa. 

Definition. 

Definition. 
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Find the Fourier integral in complex form for the function 

𝑓(𝑥) = {
0,      𝑥 < 0,
𝜋𝑥,   0 ≤ 𝑥 ≤ 1,
0,      𝑥 > 1.

 

Let us apply the complex form (10.31) of the Fourier integral. 

First, we evaluate 𝐶(𝜔). 

𝐶(𝜔) = ∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡

+∞

−∞

= 𝜋∫𝑡𝑒−𝑖𝜔𝑡𝑑𝑡

1

0

= 𝜋(
𝑡𝑒−𝑖𝜔𝑡

−𝑖𝜔
−
𝑒−𝑖𝜔𝑡

𝑖2𝜔2
)|
0

1

= 𝜋
𝑒−𝑖𝜔(1 + 𝑖𝜔) − 1

𝜔2
. 

Then we get the Fourier integral in complex form 

𝑓(𝑥) =
1

2𝜋
∫ 𝐶(𝜔)𝑒𝑖𝜔𝑥
+∞

−∞

𝑑𝜔 =
1

2
∫
𝑒−𝑖𝜔(1 + 𝑖𝜔) − 1

𝜔2
𝑒𝑖𝜔𝑥

+∞

−∞

𝑑𝜔. 

 

 

 

Find the Fourier transform for the function 

𝑓(𝑥) = 𝑒−𝑥
2
. 

Use the formula 

∫ 𝑒−𝑧
2

+∞

−∞

𝑑𝑧 = √𝜋 . 

Let us apply formula (10.33) 

𝐹(𝜔) =
1

√2𝜋
∫ 𝑒−𝑡

2
𝑒−𝑖𝜔𝑡𝑑𝑡

+∞

−∞

=
1

√2𝜋
∫ 𝑒−(𝑡

2+𝑖𝜔𝑡)𝑑𝑡

+∞

−∞

. 

Consider separately the expression (𝑡2 + 𝑖𝜔𝑡) and complete the square 

𝑡2 + 𝑖𝜔𝑡 = 𝑡2 + 2 ∙
𝑖𝜔

2
𝑡 + (

𝑖𝜔

2
)
2

− (
𝑖𝜔

2
)
2

= (𝑡 +
𝑖𝜔

2
)
2

− (
𝑖𝜔

2
)
2

= (𝑡 +
𝑖𝜔

2
)
2

+
𝜔2

4
. 

Then we get 

𝐹(𝜔) =
1

√2𝜋
∫ 𝑒

−(𝑡+
𝑖𝜔
2
)
2

− 
𝜔2

4 𝑑𝑡

+∞

−∞

=
𝑒− 

𝜔2

4

√2𝜋
∫ 𝑒

−(𝑡+
𝑖𝜔
2
)
2

𝑑𝑡

+∞

−∞

= 

Example 5. 

Example 6. 
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= |
|

Substitution

𝑡 +
𝑖𝜔

2
= 𝑧,    𝑑𝑡 = 𝑑𝑧

𝑡 = +∞ 𝑧 = +∞
𝑡 = −∞ 𝑧 = −∞

|
| =

𝑒− 
𝜔2

4

√2𝜋
∫ 𝑒−𝑧

2
𝑑𝑧

+∞

−∞⏟      

√𝜋

=
1

√2
𝑒− 

𝜔2

4 . 

Thus we obtain the Fourier transform 

𝐹(𝜔) =
1

√2
𝑒− 

𝜔2

4 . 

 

 

VI. Spectral Characteristics 

Let us consider the Fourier integral in the form  (10.22) 

𝑓(𝑥) = ∫(𝐴(𝜔) cos𝜔𝑥 + 𝐵(𝜔) sin𝜔𝑥)

∞

0

𝑑𝜔, 

where                           

𝐴(𝜔) =
1

𝜋
∫ 𝑓(𝑡) cos𝜔𝑡 𝑑𝑡
+∞

−∞

, 𝐵(𝜔) =
1

𝜋
∫ 𝑓(𝑡) sin𝜔𝑡 𝑑𝑡
+∞

−∞

. 

Let us substitute cos𝜔𝑥 and sin𝜔𝑥 in the integral according to Euler's formulas 

𝑓(𝑥) = ∫ (𝐴(𝜔)
𝑒𝑖𝜔𝑥 + 𝑒−𝑖𝜔𝑥

2
+ 𝐵(𝜔)

𝑒𝑖𝜔𝑥 − 𝑒−𝑖𝜔𝑥

2𝑖
)

∞

0

𝑑𝜔 = 

=
1

2
∫([𝐴(𝜔) − 𝑖𝐵(𝜔)]𝑒𝑖𝜔𝑥 + [𝐴(𝜔) + 𝑖𝐵(𝜔)]𝑒−𝑖𝜔𝑥)

∞

0

𝑑𝜔. 

The relationship between functions 𝐴(𝜔), 𝐵(𝜔) and the Fourier transform 𝐹(𝜔) is 

defined by 

𝐹(𝜔) = √
𝜋

2
(𝐴(𝜔) − 𝑖𝐵(𝜔)). 

 

Functions 𝐴(𝜔), 𝐵(𝜔), 𝐹(𝜔) are called the spectral characteristics of the 

function 𝑓(𝑥). 

 

  

Number 𝜔 is called the wavenumber, which takes all values from −∞ to +∞, 

and the spectrum of wave numbers is called a continuous spectrum. 

 

 |𝐹(𝜔)| is called the amplitude spectrum.  It specifies the amplitude of signal 

components as a function of frequency 𝜔. 

Definition. 

Definition. 

Definition. 
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 arg𝐹(𝜔) is called the phase spectrum of the function 𝑓(𝑥). It specifies the 

phase of signal components as a function of frequency 𝜔.  
 

 

 

Find the spectral characteristic, the amplitude and the phase spectra for the function  

𝑓(𝑥) = {
0,  −∞ < 𝑥 ≤ 0,
1,  0 < 𝑥 ≤ 1,
0,  1 < 𝑥 < ∞.

 

Applying the formula (10.33), we find the Fourier transform of 

the function 𝑓(𝑥), which determines the spectral characteristic of 

this function: 

  

Figure 106. 

𝐹(𝜔) =
1

√2𝜋
∫ 𝑓(𝑡)𝑒−𝑖𝜔𝑡𝑑𝑡
+∞

−∞

=
1

√2𝜋
∫ 1 ⋅ 𝑒−𝑖𝜔𝑡𝑑𝑡
1

0

= −
1

√2𝜋𝜔𝑖
𝑒−𝑖𝜔𝑡|

0

1

= 

=
1

√2𝜋

(1 − 𝑒−𝑖𝜔)

𝜔𝑖
=

1

√2𝜋

𝑖(𝑒−𝑖𝜔 − 1)

𝜔
= 

=
𝑖

√2𝜋𝜔
(cos𝜔 − 𝑖 sin𝜔 − 1) =

1

√2𝜋𝜔
(sin𝜔 + 𝑖(cos𝜔 − 1)). 

The amplitude spectrum of the function 𝑓(𝑥) is determined by the modulus of the spectral 

characteristic 

|𝐹(𝜔)| = √((𝐴(𝜔))2 + (𝐵(𝜔))2 =
1

√2𝜋|𝜔|
√sin2𝜔 + (cos𝜔 − 1)2 = 

=
1

√2𝜋|𝜔|
√sin2𝜔 + cos2𝜔 − 2 cos𝜔 + 1 =

1

√2𝜋|𝜔|
√2(1 − cos𝜔) = 

=
1

√𝜋|𝜔|
√2 sin2

𝜔

2
= √

2

𝜋

1

|𝜔|
|sin

𝜔

2
|. 

The amplitude spectrum |𝐹(𝜔)|, obviously, satisfies inequalities  

0 ≤ |𝐹(𝜔)| ≤ √
2

𝜋

1

|𝜔|
, 

converges to zero together with sin
𝜔

2
 at the points   

𝜔

2
= 𝜋𝑘,    𝜔 = 2𝜋𝑘,    (𝑘 = 0,±1,±2, ...) 

Definition. 

Example 7. 
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and takes the maximal values √
2

𝜋

1

|𝜔|
 at the points, where |sin

𝜔

2
| = 1, 

𝜔

2
=
𝜋

2
+ 𝜋𝑘,    𝜔 = 𝜋(2𝑘 + 1),    (𝑘 = 0,±1,±2, …). 

Moreover, |𝐹(𝜔)| → 0 when 𝜔 → ∞. 

The phase spectrum of the function 𝑓(𝑥) is determined by the argument of the spectral 

characteristic 

arg𝐹(𝜔) = arctan
𝐵(𝜔)

𝐴(𝜔)
= arctan

cos𝜔 − 1

sin𝜔
. 

 

V. Properties of the Fourier Transform 

Let us consider some properties. 

1. Linearity Property 

Let 𝑓𝑘(𝑥)
  𝐹  
→ 𝐹𝑘(𝜔), 𝑘 = 1, 𝑛, then 

𝑓(𝑥) = ∑𝐶𝑘𝑓𝑘(𝑥)

𝑛

𝑘=1

  𝐹  
→ 𝐹(𝜔) = ∑𝐶𝑘𝐹𝑘(𝜔)

𝑛

𝑘=1

,                        (10.34) 

where 𝐶𝑘 are arbitrary numbers, 𝑘 = 1, 𝑛.  

   

2. Time-scaling Property 

Let 𝑓(𝑥)
  𝐹  
→ 𝐹(𝜔),  then for any positive 𝐶 we have 

𝑓(𝐶𝑥)
  𝐹  
→ 

1

|𝐶|
𝐹 (
𝜔

𝐶
).                                                  (10.35) 

   

3. Time-delay Property 

Let 𝑓(𝑥)
  𝐹  
→ 𝐹(𝑝),  then for any positive number 𝜏 > 0 we have 

𝑓(𝑥 ± 𝜏)
  𝐹  
→ 𝑒±𝑖𝜏𝜔𝐹(𝜔).                                             (10.36) 

   

4. Shift Property 

Let 𝑓(𝑥)
 𝐹 
→𝐹(𝜔), then for arbitrary number 𝑎, we have 

𝑒±𝑖𝑎𝑥𝑓(𝑥)
  𝐹  
→ 𝐹(𝜔 ∓ 𝑎).                                           (10.37) 
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5. Differentiation of the Fourier Transform 

Let 𝑓(𝑥)
  𝐹  
→ 𝐹(𝜔),  then for positive integer number 𝑛 we have 

𝑥𝑛𝑓(𝑥)
  𝐹  
→ 𝑖𝑛

𝑑𝑛

𝑑𝜔𝑛
𝐹(𝜔).                                            (10.38) 

   

6. The Fourier Transform of the Derivatives 

Let 𝑓(𝑥)
  𝐹  
→ 𝐹(𝜔), then 

𝑓′(𝑥)
  𝐹  
→ 𝑖𝜔𝐹(𝜔), 

𝑓′′(𝑥)
  𝐹  
→ − 𝜔2𝐹(𝜔),                                                   (10.38) 

𝑓(𝑛)(𝑥)
  𝐹  
→ (𝑖𝜔)𝑛𝐹(𝜔). 

   

7. The Fourier Transform of the Convolution  

Let 𝑓(𝑥)
  𝐹  
→ 𝐹(𝜔) and 𝑔(𝑥)

  𝐹  
→ 𝐺(𝜔), then  

𝑓(𝑥) ∗ 𝑔(𝑥) = ∫𝑓(𝑧)𝑔(𝑥 − 𝑧)𝑑𝑧

𝑥

0

  𝐹  
→ 𝐹(𝜔)𝐺(𝜔).                      (10.39) 

 
 

Find the Fourier transform for the function 

𝑓(𝑥) = 2𝑒−4𝑥
2
− 𝑒−(𝑥+1)

2
+ 𝑥𝑒−𝑥

2
. 

Here we may apply the result of example 6.  

𝑒−𝑥
2   𝐹  

→ 
1

√2
𝑒− 

𝜔2

4  

and corresponding properties. 

Consider the function as a sum 

𝑓(𝑥) = 2𝑒−4𝑥
2

⏟    
𝑓1(𝑥)

− 𝑒−(𝑥+1)
2

⏟    
𝑓2(𝑥)

+ 𝑥𝑒−𝑥
2

⏟  
𝑓3(𝑥)

. 

By Linearity Property (10.34) we can find the Fourier transform for each term separately. 

𝑓1(𝑥) = 2𝑒
−4𝑥2 = 2𝑒−(2𝑥)

2
= |

by Time-scaling Property

formula (10.35)
|
  𝐹  
→ 

1

√2
𝑒− 

(
𝜔
2
)
2

4 =
1

√2
𝑒− 

𝜔2

16 ; 

𝑓2(𝑥) = 𝑒
−(𝑥+1)2 = |

by Time-delay Property

formula (10.36)
|
  𝐹  
→ 𝑒𝑖 𝜔

𝑖

√2
𝑒− 

𝜔2

4 =
𝑖

√2
𝑒𝑖 𝜔− 

𝜔2

4 ; 

Example 8. 
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𝑓3(𝑥) = 𝑥𝑒
−𝑥2 = |

Differentiation 

of the Fourier Transform

formula (10.38)
|
  𝐹  
→ 𝑖

𝑑

𝑑𝜔
(
1

√2
𝑒− 

𝜔2

4 ) = −
𝑖𝜔

2√2
𝑒− 

𝜔2

4 . 

Thus, we obtain 

𝐹(𝜔) =
1

√2
(𝑒− 

𝜔2

16 − 𝑖𝑒𝑖 𝜔− 
𝜔2

4 −
𝑖𝜔

2
𝑒− 

𝜔2

4 ). 

 

Review Questions 

1. What do we call the Fourier integral of the function 𝑓(𝑥)? Under what conditions for 

the function 𝑓(𝑥) does it exist? 

2. Write down the Fourier integral formula. 

3. What is the frequency? What is amplitude and initial phase?  

4. Write down the Fourier Formula for even and odd functions. 

5. What do we call the Fourier cosine transform? The inverse Fourier cosine transform? 

6. What do we call the Fourier sine transform? The inverse Fourier sine transform? 

7. Write down the Fourier integral in the complex form. 

8. What do we call the Spectral Characteristics? 

9. What is the wavenumber? What is the continuous spectrum? 

10. What do we call the amplitude spectrum? The phase spectrum? 

11. Formulate the Linearity property of the Fourier Transform. 

12. Formulate the Time-scaling property of the Fourier Transform. 

13. Formulate the Time-delay property of the Fourier Transform. 

14. Formulate the Shift property of the Fourier Transform. 

15. Could we differentiate the Fourier Transform? 

16. Write down the Fourier Transform of the derivatives. 

17. How to find the Fourier Transform of the convolution? 

 

Exercises 10.4 

1. Find the Fourier Integral for functions. 

1) 𝑓(𝑥) = {
0,    𝑥 < 0,
3,    0 ≤ 𝑥 ≤ 1,
0,    𝑥 > 1.
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2) 𝑓(𝑥) = {
0,              𝑥 < 0,
1 − 𝑥 𝑎⁄ ,    0 ≤ 𝑥 ≤ 𝑎,
0,               𝑥 > 𝑎.

 

3) 𝑓(𝑥) = {
0,               𝑥 < −𝜋,
cos(𝑥 2⁄ ) ,  − 𝜋 ≤ 𝑥 ≤ 𝜋,
0,                 𝑥 > 𝜋.

 

4) 𝑓(𝑥) = {
0,                𝑥 < −𝜋,
sin(𝑥 2⁄ ) ,  − 𝜋 ≤ 𝑥 ≤ 𝜋,
0,                 𝑥 > 𝜋.

 

5) 𝑓(𝑥) = {
1 + 𝑥,   − 1 < 𝑥 ≤ 0,
1 − 𝑥,   0 < 𝑥 < 1,
0,         |𝑥| ≥ 1.

 

2. Find the Cosine and Sine Fourier Transforms for functions. 

1) 𝑓(𝑥) = 𝑒−𝑎𝑥  (𝑎 > 0,   𝑥 ≥ 0). 

2) 𝑓(𝑥) = {

1 ,    0 ≤ 𝑥 < 𝑎,
1

2
 ,   𝑥 = 𝑎,

0,    𝑥 > 𝑎.

 

3) 𝑓(𝑥) = {
cos 𝑥 ,  0 ≤ 𝑥 ≤ 𝜋,
0,        𝑥 > 𝜋.

 

4) 𝑓(𝑥) = {
sin 𝑥 ,  0 ≤ 𝑥 ≤ 𝜋,
0,       𝑥 > 𝜋.

 

5) 𝑓(𝑥) = {
4𝑥 − 1,    0 ≤ 𝑥 ≤ 1 4⁄ ,
0,            𝑥 > 1 4⁄ .

 

6) 𝑓(𝑥) = {
2𝑥 − 3,  0 ≤ 𝑥 ≤ 3 2⁄ ,
0,          𝑥 > 3 2⁄ .

 

3. Find the Fourier transform for functions. 

1) 𝑓(𝑥) = {
0,  𝑥 < 0,
𝑒−𝑥,          𝑥 ≥ 0.

   

2) 𝑓(𝑥) = {
0,    𝑥 < 0,
3,    0 ≤ 𝑥 ≤ 2,
0,    𝑥 > 2.

 

3) 𝑓(𝑥) = {
0,    𝑥 < −1,
𝑥,    − 1 ≤ 𝑥 ≤ 1,
0,    𝑥 > 1.

 

4) 𝑓(𝑥) = {
0,  𝑥 < 0,
𝑒−𝑥 sin 𝑥 ,  𝑥 ≥ 0.

 

5) 𝑓(𝑥) = {
0,  𝑥 < 0,
𝑒−𝑥 cos 𝑥 ,  𝑥 ≥ 0.
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4. Find the spectral characteristic, the amplitude and the phase spectra for functions. 

1) 𝑓(𝑥) = {
0,  𝑥 < 0,

𝑒−3𝑥,          𝑥 ≥ 0.
 

2) 𝑓(𝑥) = {
0,  𝑥 < 0,
𝑥𝑒−𝑥,          𝑥 ≥ 0.

 

Answers 
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Answers 
 

Answers to exercises 1.1 

1. 1)  
1

3
,
2

5
,
5

7
,
10

9
,
17

11
;  2)  

√3

6
,
√3

18
, −

√3

162
, −

√3

486
,
√3

1458
;  3) 

1

2
, −

1

6
,
1

24
, −

1

120
,

1

720
;   

4)  
1

3
,
1

8
,
27

256
,
1

8
,
3125

16384
.  

2. 1)  ∑
2𝑛+1

2𝑛+1 
∞
𝑛=0 ; 2)  ∑

(−1)𝑛+12𝑛

10𝑛+1 
∞
𝑛=1 ; 3)  ∑

𝑛+1

4𝑛−1 
∞
𝑛=1 ;  4)  ∑

(−1)𝑛

𝑛(𝑛+1) 
∞
𝑛=1 ; 5) ∑

3𝑛−1

5𝑛+2
∞
𝑛=0 ;  

6) ∑
𝑛!

10𝑛−1
∞
𝑛=0 ; 7) ∑

(−1)𝑛 𝑛!

√𝑛+1
∞
𝑛=0 ; 8) ∑ (

2𝑛+3

7𝑛−5
)
𝑛+1

∞
𝑛=0 .  

3. а)  
1

3
;  б)  

1

4
;  в)  3

3

7
;  г)  1 − √2. 

Back to exercises. 

Answers to exercises 1.2 

1. 1) yes; 2) no; 3) yes; 4) no; 5) no; 6) yes; 7) yes; 8) no.  

Back to exercises. 

Answers to exercises 1.3 

1. 1) convergent; 2) convergent; 3) divergent; 4) convergent; 5) convergent; 6) convergent;  

7) convergent; 8) convergent. 

2. 1) divergent; 2) divergent; 3) convergent; 4) convergent; 5) convergent; 6) convergent;  

7) divergent; 8) convergent. 

Back to exercises. 

Answers to exercises 1.4 

1. 1) convergent; 2) divergent;3) convergent; 4) divergent; 5) divergent; 6) convergent;  

    7) convergent; 8) convergent; 9) convergent; 10) convergent; 11) convergent; 12) divergent;  

    3) divergent; 14) divergent. 

2. 1) convergent; 2) convergent; 3) divergent; 4) divergent; 5) convergent; 6) divergent; 

    7) divergent; 8) convergent; 9) divergent; 10) divergent; 11) convergent; 12) convergent.   

3. 1) divergent; 2) convergent; 3)  divergent; 4) convergent; 5) convergent; 6) convergent; 

    7) convergent; 8) convergent; 9) convergent; 10) convergent. 
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4. 1) convergent; 2) divergent; 3) convergent; 4) divergent; 5) convergent; 6) convergent;   

    7) divergent; 8) convergent. 

Back to exercises. 

Answers to exercises 1.5 

1. 1) conditionally convergent; 2) divergent; 3) absolutely convergent; 4) divergent;  

5) absolutely convergent; 6) absolutely convergent; 7) divergent; 8) conditionally convergent; 

9) conditionally convergent; 10) absolutely convergent; 11) divergent. 

Back to exercises. 

Answers to exercises 2.1 

1. 1)  
1

𝑒
< 𝑥 < 𝑒; 2)  𝑥 < −1, 𝑥 > 1; 3) 𝑥 ∈ R; 4) −2 < 𝑥 < 2; 5) 𝑥 > 3, 𝑥 < 1; 6) 𝑥 ≥ 5

1

3
,  

𝑥 < 4
2

3
; 7) 𝑥 > 0; 8) 2 < 𝑥 < −√2, √2 < 𝑥 < 2; 9) 𝑥 < −1, 𝑥 > 1; 10) 𝑥 ∈ R; 11) 𝑥 > 1. 

Back to exercises. 

Answers to exercises 2.2 

1. 1)  𝑥 ∈ R;  2)  𝑥 ∈ R;  3)  𝑥 ∈ R;  4)  𝑥 ∈ R.   

Back to exercises. 

Answers to exercises 3.1 

1. 1) −
1

√2
≤ 𝑥 ≤

1

√2
; 2) 𝑥 ∈ R; 3) −5 ≤ 𝑥 < 5; 4) 2 < 𝑥 ≤ 8; 5) 0 ≤ 𝑥 < 4;  

6) −9 < 𝑥 < −5; 7) 2 ≤ 𝑥 ≤ 4; 8) −3 < 𝑥 < 3; 9) −9 < 𝑥 < 9; 10) 1 < 𝑥 ≤ 3; 11) 𝑥 = 4. 

2. 1)  
6

(3−𝑥)3
; 2)  ln 4 − 2 ln(2 − 𝑥) − 𝑥. 

Back to exercises. 

Answers to exercises 3.2 

1. 1) ∑
(−1)𝑛2𝑛

𝑛!
∞
𝑛=0 𝑥2𝑛+1, 𝑥 ∈ R; 2) ∑

(−1)𝑛(𝑛+2) 32𝑛

(2𝑛+1)!
∞
𝑛=0 𝑥2𝑛+1, 𝑥 ∈ R;  

3) ∑
(−1)𝑛−1𝑥2𝑛+1

𝑛
∞
𝑛=1 , |𝑥| < 1;  4) 

1

2
+ ∑

1∙3∙5∙…∙(2𝑛−1)

2∙4∙…∙2𝑛

𝑥2𝑛

22𝑛+1
∞
𝑛=1 , |𝑥| < 2;  

5) ln 2 + ∑ (−1)𝑛−1∞
𝑛=1 (1 + 2−𝑛)

𝑥𝑛

𝑛
, −1 < 𝑥 ≤ 1;   
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6) −∑
3𝑛

 2𝑛+1
∞
𝑛=0 (𝑥 + 1)𝑛 ,   −

5

3
< 𝑥 < −

1

3
;   

7) ln 3 + ∑
(−1)𝑛−1

𝑛  3𝑛
∞
𝑛=1 (𝑥 − 1)𝑛, −2 < 𝑥 ≤ 4;   

8) 1 + ∑ (−1)𝑛
2∙5∙…∙(3𝑛−4)

𝑛!  3𝑛
∞
𝑛=1 (𝑥 − 1)𝑛, 0 ≤ 𝑥 ≤ 2.   

2.  1)  {
−
1

𝑥
ln(1 + 𝑥3), |𝑥| < 1, 𝑥 ≠ 0,

0,           𝑥 = 0;
  2) 𝑥 arctan 𝑥 , |𝑥| ≤ 1;  3)  (1 + 3𝑥3)𝑒𝑥

3
, 𝑥 ∈ R; 

4) (𝑥 − 1)𝑒𝑥,    𝑥 ∈ R; 5)  
1−𝑥2

(1+𝑥2)2
, |𝑥| < 1; 6) {

1

𝑥
(𝑒−2𝑥 − 1),  𝑥 ≠ 0,

−2,                   𝑥 = 0.
    

Back to exercises. 

Answers to exercises 3.3 

1. 1)  0,7788;  2)  0,2231;  3)  0,97802;  4)  0,1974;  5)  1,005;  6)  0,17365;  7)  3,017.   

2. 1,39, 𝜀 = 10−2.  

3. 2,154, 𝜀 = 10−3. 

4.  1)  0,6080;  2)  0,3230;  3)  0,4971;  4)  0,487;  5)  0,370;  6)  0,098. 

5. 1)  0;  2)  
1

6
. 

6. 1)  𝑦 = 1 +
1

2
𝑥2 +

2

3
𝑥3 +

11

24
𝑥4 +⋯;         2)  𝑦 = 2 + 𝑥 −

1

2
𝑥2 +

5

6
𝑥3 +⋯;   

3)  𝑦 = 1 + 2(𝑥 − 1) + 4(𝑥 − 1)2 +
25

3
(𝑥 − 1)3 +⋯;   

4)  𝑦 =
𝜋

2
(𝑥 − 1) +

1

2
(𝑥 − 1)2 +

1

6
(𝑥 − 1)3 +

1

24
(𝑥 − 1)4 +⋯ .  

7.  1)  𝑦 = 𝑥 +
1

1∙2
𝑥2 +

1

2∙3
𝑥3 +

1

3∙4
𝑥4 +⋯ ;      2)  𝑦 =

1

3
𝑥3 −

1

7∙9
𝑥7 +

2

7∙11∙27
𝑥11 −⋯. 

Back to exercises. 

Answers to exercises 4.1 

1. 1) yes; 2) no; 3) no; 4) yes; 5) no; 6) yes.  

2. 1) −3 + 4∑
(−1)𝑛

𝑛
sin 𝑛𝑥∞

𝑛=1 ; 2) 
1

𝜋
+ ∑ (

sin 2𝑛

𝑛
cos 𝑛𝑥 +

1−cos2𝑛

𝑛
sin 𝑛𝑥)∞

𝑛=1 ;  

3) 
3𝜋

4
+ ∑

(−1)𝑛

𝑛
sin 𝑛𝑥∞

𝑛=1 +
2

𝜋
∑

1

(2𝑛−1)2
cos(2𝑛 − 1)𝑥∞

𝑛=1 ;  

4) 
2 sin𝜋𝑎

𝜋
(
1

2𝑎
+ 𝑎∑

(−1)𝑛+1

𝑛2−𝑎2
cos 𝑛𝑥∞

𝑛=1 ); 5)  
2 sin𝜋𝑎

𝜋
∑

(−1)𝑛+1𝑛

𝑛2−𝑎2
sin 𝑛𝑥∞

𝑛=1 . 

Back to exercises. 
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Answers to exercises 4.2 

1. 1) 
𝜋2

3
+ 4∑

(−1)𝑛

𝑛2
cos 𝑛𝑥∞

𝑛=1 ; 2) 
4

𝜋
∑

(−1)𝑛+1

(2𝑛−1)
cos(2𝑛 − 1)𝑥∞

𝑛=1 ;  

3) 
−𝜋2+2𝜋+1

2𝜋
+ 

2

𝜋
∑

(−1)𝑛−cos𝑛+𝜋𝑛 sin𝑛

𝑛2
cos 𝑛𝑥∞

𝑛=1 .  

2. 1) ∑ (−1)𝑛 (
12

𝑛3 
−
2𝜋2

𝑛
) sin 𝑛𝑥∞

𝑛=1 ; 2) ∑
(−1)𝑛−1

2𝑛
sin 2𝑛𝑥∞

𝑛=1 ;  

3)  
2

𝜋
∑

1+𝑛(𝜋−2) cos𝑛+sin𝑛

𝑛2
sin 𝑛𝑥∞

𝑛=1 .      

Back to exercises. 

Answers to exercises 4.3 

1. 1) −3 + ∑
4(−1)𝑛+1

𝜋𝑛
sin 𝜋𝑛𝑥∞

𝑛=1 ;  

2) 
7

4
+ ∑ (−

3((−1)𝑛−1)

𝜋2𝑛2
cos

𝜋𝑛𝑥

3
−
(−1)𝑛+2

𝜋𝑛
sin

𝜋𝑛𝑥

3
)∞

𝑛=1 .  

2. 1) 
8

3
+
4

𝜋
∑

(−1)𝑛+1

𝑛2
cos

𝜋𝑛𝑥

2
∞
𝑛=1 ; 2) 

1

3
+
2

𝜋
∑ (

sin
2𝜋𝑛

3

𝑛
−
3(1−cos

2𝜋𝑛

3
)

2𝜋𝑛2
) cos

2𝜋𝑛𝑥

3
∞
𝑛=1 .  

3. 1) 
4

𝜋
∑

1

(2𝑛−1)
sin

(2𝑛−1)𝜋𝑥

5
∞
𝑛=1 ; 2) 

2

𝜋
∑ (

1

𝑛
+
1−(−1)𝑛

𝜋𝑛2 
) sin

𝜋𝑛𝑥

2
∞
𝑛=1 .   

4. 1) ∑ (−
2

𝜋𝑛
cos

𝜋𝑛

2
+

4

𝜋2𝑛2
sin

𝜋𝑛

2
) sin

𝜋𝑛𝑥

2
∞
𝑛=1 ; 2) 1 − ∑

6

𝜋𝑛
sin

𝜋𝑛

3
cos

𝜋𝑛𝑥

3
∞
𝑛=1 ;  

3) 1 + ∑ (
2((−1)𝑛−1)

𝜋2𝑛2
cos 𝜋𝑛𝑥 +

1−(−1)𝑛

𝜋𝑛
sin 𝜋𝑛𝑥)∞

𝑛=1 . 

Back to exercises. 

Answers to exercises 4.4 

1. 1) ∑ 𝑏𝑛 sin
𝑛𝑥

2
∞
𝑛=1 , де  𝑏2𝑘+1 =

8

𝜋
(
𝜋2(2𝑘+1)2−4

(2𝑘+1)3
) , 𝑏2𝑘 = −

4𝜋

𝑘
;  

2)  
2

𝜋
∑

1−(−1)𝑛cosh𝜋

1+𝑛2
𝑛 sin 𝑛𝑥∞

𝑛=1 ; 3)  
8

𝜋2
∑

(−1)𝑛

(2𝑛−1)2
sin

(2𝑛−1)𝜋𝑥

2
∞
𝑛=1 ;  

4) 
32

𝜋2
∑

1

(2𝑛−1)3
sin

(2𝑛−1)𝜋𝑥

2
∞
𝑛=1 ; 5) 2∑

(−1)𝑛−1

𝑛
sin 𝑛𝑥∞

𝑛=1 ;  

6) −
4

𝜋
∑

2𝑛−1

𝑎2−(2𝑛−1)2
sin(2𝑛 − 1)𝑥∞

𝑛=1 , if 𝑎 is even; −
4

𝜋
∑

2𝑛

𝑎2−4𝑛2
sin 2𝑛𝑥∞

𝑛=1 ,  if 𝑎 is odd.  

2. 1)  
4𝜋2

3
+ 16∑

(−1)𝑛

𝑛2
cos

𝑛𝑥

2
∞
𝑛=1 ; 2) 

sinh𝜋

𝜋
(1 + 2∑

(−1)𝑛

1+𝑛2
cos 𝑛𝑥∞

𝑛=1 );  

3) 
1

2
−

4

𝜋2
∑

(−1)𝑛

(2𝑛−1)2
cos(2𝑛 − 1)𝜋𝑥∞

𝑛=1 ; 4) 
ℎ

𝜋
+
2ℎ

𝜋
∑

sin𝑛ℎ

𝑛ℎ
cos 𝑛𝑥∞

𝑛=1 ;  

5) 
2

3
−

9

2𝜋2
∑

1

𝑛2
cos

2𝜋𝑛𝑥

3
∞
𝑛=1 +

1

2𝜋2
∑

1

𝑛2
cos 2𝜋𝑛𝑥∞

𝑛=1 ;  
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6) 
4𝑎

𝜋
∑

1

𝑎2−(2𝑛−1)2
cos(2𝑛 − 1)𝑥∞

𝑛=1 , if 𝑎 is even; 
2

𝜋𝑎
+
4𝑎

𝜋
∑

1

𝑎2−4𝑛2
cos 2𝑛𝑥∞

𝑛=1 , if 𝑎 is odd.  

3. 1) 
10

𝜋
∑

(−1)𝑛

𝑛
sin

𝜋𝑛𝑥

5
∞
𝑛=1 ; 2)  

4

𝜋
∑

(−1)𝑛

𝑛
sin

𝜋𝑛𝑥

2
∞
𝑛=1 ;   

3) 
𝑒2𝜋−1

𝜋
(
1

2
+ ∑ (

1

1+𝑛2
cos 𝑛𝑥 −

𝑛

1+𝑛2
sin 𝑛𝑥)∞

𝑛=1 ) − 1. 

Back to exercises. 

Answers to exercises 5.1 

2. 1)  
4

5
−
7

5
𝑖; 2) 0; 3) 3 + 𝑖.  

3. 1) −219(1 + 𝑖√3); 2) 2√2(cos
5𝜋

12
+ sin

5𝜋

12
); 3) −1728𝑖.  

4. 1) √8
10

(cos
5𝜋+8𝜋𝑘

20
+ sin

5𝜋+8𝜋𝑘

20
) , 𝑘 = 0,1,2,3,4; 2) ±(1 − 𝑖√3); 3) ±1 ± 𝑖, ±

√2

2
(1 ± 𝑖);  

4) −𝑖,  ±
√3

2
+
𝑖

2
.  

5. ±𝑖√3, ±(3 ± 𝑖√34).  

Back to exercises. 

Answers to exercises 5.2 

1. 1) circumference: center (5,−3) and 𝑅 = 2; 2) straight line 𝑦 = 3𝑥 − 1; 3) hyperbola 𝑦 =

 
1

𝑥
; 4) ellipse: center (0,0), focal points 𝑥 = ±2, semi-major axis 

5

2
.   

2. 1) ; 2) ; 3) ; 4) ; 5) ;  

6)  .  

3.  1) 0.2 − 0.4𝑖; 2) 𝑅𝑒𝑤 =
𝑥

𝑥2+𝑦2
, 𝐼𝑚𝑤 = −

𝑦

𝑥2+𝑦2
; 3) a) circle 𝑢2 + 𝑣2 − 2𝑢 = 0; b) circle 

𝑢2 + 𝑣2 +
𝑣

4
= 0; c) circle |𝑤| =

1

5
;  d) ray Arg𝑤 = −

𝜋

4
; e) straight line 𝑢 =

1

2
;  

4) circles 𝑥2 + 𝑦2 −
𝑥

𝐶1
= 0, 𝑥2 + 𝑦2 +

𝑦

𝐶2
= 0. 

4. 1) 𝑅𝑒𝑤 = 𝑒−𝑦 sin 𝑥 , 𝐼𝑚𝑤 = 𝑥;  2)  𝑅𝑒𝑤 =
𝑥3+𝑥𝑦2+𝑥

𝑥2+𝑦2
, 𝐼𝑚𝑤 =

𝑦𝑥2+𝑦3−𝑦

𝑥2+𝑦2
. 

Back to exercises. 



 

300 

 

Answers to exercises 5.3 

1.  1)  𝑒4 cos 3 − 𝑖𝑒4 sin 3 ;  2)  sin 3 cosh2 + 𝑖 cos 3 sinh2 ;    3) cosh 5 ;  4)  
8+15𝑖

17
;  

5) 𝑖 sinh 6 ; 6) – cos 5 sinh 1 + 𝑖 sin 5 cosh1 ; 7) 
80+9√3𝑖

91
; 8) (2𝑘 ±

1

4
) 𝜋𝑖,    𝑘 ∈Z;  

9) 
1

2
ln 26 + 𝑖(arctan 5 + 2𝜋𝑘), 𝑘 ∈ Z; 10) 𝑒2𝑘𝜋(cos ln2 + 𝑖 sin ln2), 𝑘 ∈Z; 11) 

𝑒

√2
(1 − 𝑖);  

12) 
𝜋

2
− 𝑖ln(2 ± √3); 13) 

𝜋

2
+ 𝜋𝑘 − 𝑖ln(√2 ± 1),    𝑘 ∈Z;  

14) ln(√5 ± 2) + (2𝑘 ±
1

2
) 𝜋𝑖,    𝑘 ∈Z.  

2.  1) 𝑒𝑥
2−𝑦2(cos 2𝑥𝑦 + 𝑖 sin 2𝑥𝑦);  2)  sin 5𝑥 cosh (5𝑦 + 2) + 𝑖cos 5𝑥 sinh(5𝑦 + 2);   

3)  
sin 2𝑥 cosh2𝑦

2(cos2 𝑥 cosh2 𝑦+sin2 𝑥 sinh2 𝑦)
+ 𝑖

cos2𝑥 sinh 2𝑦

2(cos2 𝑥 cosh2 𝑦+sin2 𝑥 sinh2 𝑦)
;   

4)  
𝑥cos𝑥cosh𝑦−(𝑦+1)sin𝑥sinh𝑦

𝑥2+(𝑦+1)2
− 𝑖

(𝑦+1)cos𝑥cosh𝑦+𝑥sin𝑥sinh𝑦

𝑥2+(𝑦+1)2
.  

Back to exercises. 

Answers to exercises 6.1 

1. 1) nondifferentiable;  2) differentiable,  𝑓′(𝑧) = 2𝑖𝑒2𝑖𝑧+3;  3) nondifferentiable;   

4) differentiable,  𝑓′(𝑧) − 2sin 2𝑧.  

Back to exercises. 

Answers to exercises 6.2 

2. 1) analytic;  2) nonanalytic; 3) analytic; г) nonanalytic; 5) nonanalytic; 6) analytic.   

3. 1)  2𝑖𝑧2 + 𝑖𝑧 + 𝐶𝑖;  2)  𝑧3 + 2 + 𝐶𝑖;  3) (1 + 𝑖)𝑧 − 
𝑖

𝑧
+ 3 − 2𝑖. 

4. 1)  𝑧 − 𝑒2𝑧 + 𝐶;  2)  𝑖𝑧 + cosh𝑧;  3)  5𝑖𝑧2 + 3𝑧 − 68 − 54𝑖.  

Back to exercises 

Answers to exercises 6.3  

1. 1) 𝛼 =
𝜋

4
, 𝑘 = 2√2; 2) 𝛼 = 0, 𝑘 =

1

4
; 3) 𝛼 =

𝜋

2
, 𝑘 = 4.   

2. 1) 𝑅𝑒𝑧 > 0 is expanded, 𝑅𝑒𝑧 < 0 is contracted; 2) |𝑧 − 1,5| > 0,5 is expanded, 

 |𝑧 − 1,5| < 0,5 is contracted; 3) |𝑧| < 2 is expanded,  |𝑧| > 2 is contracted.  

3. 1) 𝑖; 2) 2𝑒
𝜋

4
𝑖
, 2𝑒

3𝜋

4
𝑖 , 2𝑒

5𝜋

4
𝑖 , 2𝑒

7𝜋

4
𝑖
; 3) 

𝜋(2𝑘+1)

8
, 𝑘  is integer.   
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4. |𝑤 − 1| = 2.  

6. 𝑤 = (−1 + 2𝑖)𝑧 − 4𝑖.  

7. 𝑤 = 𝑧 + 1 − 𝑖.  

8. 𝑤 =
−2𝑧−2𝑖

𝑧+3𝑖
.  

9. 𝑤 = 2(1 + 𝑖)
𝑧−1

(1+𝑖)𝑧−2
.  

10. 𝑤 =
(6+2𝑖)𝑧+2−14𝑖

(1+𝑖)𝑧+1−5𝑖
.  

11. 𝑅𝑒𝑧 > 0, 𝐼𝑚𝑧 > 0.   

12. 𝑤 = 𝑒
3𝜋

4
𝑖(𝑧 − 𝑖)3.  

13. 𝐼𝑚 𝑤 < 0.  

14. 𝑤 =
1

2
(𝑧 − 1 +

1

𝑧−1
) .        

Back to exercises. 

Answers to exercises 7.1 

1. 1) 6𝑖; 2) 1 − 𝑒−1; 3)  𝑒−4 − 𝑒−1.  

2.  
1

2
+
2

3
𝑖.  

3. 8 + 8𝑖. 

4. 2𝜋𝑖.  

5. −
16𝜋

3
.  

Back to exercises.  

Answers to exercises 7.2 

1. 1) 0; 2) 2𝜋𝑖(1 − sh4); 3) 2𝜋𝑖 cos(2 − 𝑖) ; 4) 9𝜋𝑖 sin 3𝑖 ; 5) 
𝜋

2
(4𝑖 − 1); 6) 8𝜋𝑖.   

Back to exercises.  

Answers to exercises 8.1 

1. 1) divergent; 2) absolutely convergent; 3) nonabsolutely convergent for 𝛼 ≠ 2𝑘𝜋, 𝑘 is 

integer, absolutely convergent for 𝛼 = 2𝑘𝜋, 𝑘 is integer. 

Back to exercises. 
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Answers to exercises 8.2 

1. 1)  ∑
3𝑛𝑒

𝑛!
(𝑧 − 1)𝑛, |𝑧 − 1| < ∞∞

𝑛=0 ; 2)  ∑
(−1)𝑛𝜋2𝑛

(2𝑛)!42𝑛
(𝑧 − 2)2𝑛, |𝑧 − 2| < ∞∞

𝑛=0 ;   

3)  ∑
(−1)𝑛−1

𝑛
(𝑧 − 1)𝑛, |𝑧 − 1| < 1∞

𝑛=0 ;  

2. 1)  ∑
(−1)𝑛2𝑛

11𝑛+1
(𝑧 − 3)𝑛, |𝑧 − 3| <

5

2
∞
𝑛=0 ; 2) ∑

(−1)𝑛

2
𝑛(𝑛 − 1)𝑧𝑛−2, |𝑧| < 1∞

𝑛=2 ;  

3. 1) ∑
(𝑧−1+𝑖)𝑛

(1+𝑖)𝑛+1
, |𝑧 − 1 + 𝑖| < √2∞

𝑛=0 ;   ∑
(1+𝑖)𝑛

(𝑧−1+𝑖)𝑛+1
, |𝑧 − 1 + 𝑖| > √2∞

𝑛=0 ;  

2)  −
1

2(𝑧+2)
− ∑

(𝑧+2)𝑛

2𝑛+2
, 0 < |𝑧 + 2| < 2∞

𝑛=0 ;  −
1

2(𝑧+2)
+ ∑

2𝑛−1

(𝑧+2)𝑛+1
, |𝑧 + 2| > 2∞

𝑛=0 ;   

3) –∑ (
1

2𝑛+1
+

1

3𝑛+1
) 𝑧𝑛, |𝑧| < 2∞

𝑛=0 ;  −∑ (
2𝑛

𝑧𝑛+1
−

𝑧𝑛

3𝑛+1
) ,   2 < |𝑧| < 3∞

𝑛=0 ;   

∑
2𝑛+3𝑛

𝑧𝑛+1
, |𝑧| > 3∞

𝑛=0 ;  

4. 1)  𝑒 ∑
𝑖𝑛

𝑛!(𝑧−𝑖)𝑛
, 0 < |𝑧 − 𝑖| < ∞∞

𝑛=0 ;  

2)  ∑
(−1)𝑛+122𝑛

(2𝑛)!(𝑧+2)2𝑛−1
−∞

𝑛=0 ∑
(−1)𝑛+122𝑛+1

(2𝑛)!(𝑧+2)2𝑛
, 0 < |𝑧 + 2| < ∞∞

𝑛=0 . 

Back to exercises. 

Answers to exercises 9.1 

1. 1)  𝑧 = ±1, 𝑧 = 0 − simple poles , 𝑧 = ∞ − removable; 2)  𝑧 = 1 −  pole of  order 2, 

  𝑧 = ∞ − pole of  order  3; 3) 𝑧 = ±2𝑖 − poles of  order 2, 𝑧 = 0 − simple pole , 

  𝑧 = ∞ − removable;  4) 𝑧 = ±𝑖 − poles of  order 2, 𝑧 = ∞− essential singularity;  

5)  𝑧 = 2𝑘𝜋𝑖 (𝑘 = 0,±1,±2… ) − simple poles,   𝑧 = ∞ − is non isolated singularity;  

6) 𝑧 = 0 − removable;  𝑧 = ∞− removable; 7)  𝑧 = 0 − pole of order 2, 

  𝑧 = 2𝑘𝜋𝑖 (𝑘 = 0,±1,±2… ) − simple poles,    𝑧 = ∞− is non isolated singularity;  

 8)  𝑧 = 0 − essential singularity , 𝑧 = ∞ − simple pole ;  

9)  𝑧 = (2𝑘 + 1)
𝜋

2
 (𝑘 = 0,±1,±2… ) − simple poles, 𝑧 = ∞ − is non isolated singularity;  

10)  𝑧 = 1 − essential singularity, 𝑧 = ∞ − removable; 11)  𝑧 = 𝜋 − removable, 

  𝑧 = ∞ − is non isolated singularity; 12)  𝑧 = 0 −  pole of  order 3,  

 𝑧 = 𝑘𝜋 (𝑘 = 0,±1,±2… ) − simple poles,   𝑧 = ∞ − is non isolated singularity.  

Back to exercises. 
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Answers to exercises 9.2 

1. 1)  res
𝑧=−1

𝑓 =
2

27
, res
𝑧=2
𝑓 = −

1

27
;  2)  res

𝑧=𝑖
𝑓 = −

𝑖

4
, res
𝑧=−𝑖

𝑓 =
𝑖

4
; 3) res

𝑧=0
𝑓 = 1, res

𝑧=±1
𝑓 = −

1

2
;  

4) res
𝑧=0
𝑓 = 0, res

𝑧=
𝜋

4

𝑓 =
2√2

𝜋
 ; 5)  res

𝑧=0
𝑓 = −

1

6
,   res
𝑧=3
𝑓 =

2

27
sin2

3

2
; 6) res

𝑧=0
𝑓 =

1

9
,            

res
𝑧=3𝑖

𝑓 = −
1

54
(sin 3 − 𝑖 cos 3),    res

𝑧=−3𝑖
𝑓 = −

1

54
(sin 3 + 𝑖 cos3); 7) res

𝑧=𝑘𝜋
𝑓 = (−1)𝑘,    𝑘 ∈Z;  

8) res
𝑧=−𝑖

𝑓 =
4

9
𝑖sinh2, res

𝑧=
𝑖

2

𝑓 = −
4

9
𝑖(𝑒 + 2𝑒−1); 9)  res

𝑧=(2𝑘+1)
𝜋

2

𝑓 = −1,    𝑘 ∈Z; 10) res
𝑧=0
𝑓 =

1

24
; 

11)  res
𝑧=−1

𝑓 = −cos 1 ; 12)  res
𝑧=0
𝑓 = 0, res

𝑧=𝑧𝑘
𝑓 = 0 , where 𝑧𝑘 are the solutions of the equation 

 1 + 𝑧4 = 0,   𝑘 ∈ Z; 

Back to exercises. 

Answers to exercises 9.3 

1. 1) 𝜋𝑖(1 − 2𝑒−1); 2) 2𝜋𝑖(1 − 𝑒−1); 3) 0; 4) 0; 5)−𝜋2𝑖;   

6) 
𝜋

2
(cos 1 + sin 1 + 𝑖(sin 1 − cos 1)) ;  7) −𝜋𝑖(

cosh4

6
−
1

2
); 8)  

𝜋𝑖

3
; 9)− 

𝜋𝑖

3
;   

2. 1)  
7𝜋

40√10
;  2)  

2𝜋

√3
;  3)  

5𝜋

8
;  4)  −

𝜋

27
;   5)  

𝜋√2

2
;  6)  

𝜋𝑒−6

6
; 7) 

𝜋𝑒−6

2
. 

Back to exercises. 

Answers to exercises 10.1 

1. 1) 
1

1+𝑝2
;  2) 

𝑝

1+𝑝2
;  3) 

1

1+𝑝
;  4) 

1

𝑝2−1
;  5) 

𝑝

𝑝2−1
;  6) 

1

𝑝2
;  7) 

2

𝑝3
;  8) 

1

(𝑝−1)2
. 

2. 1) 
2

𝑝3+4𝑝
;  2) 

𝑝2+2

𝑝3+4𝑝
;  3) 

𝑝−𝑎

(𝑝−𝑎)2+𝜔2
;  4) 

𝑝+5

𝑝2−1
;  5) 

0,5𝑝−0,5

(𝑝−1)2+25
−

0,5𝑝+0,5

(𝑝+1)2+25
;  

6) 
2𝑝3

𝑝4+324
−

2

𝑝2−6𝑝+10
−

2

𝑝2+6𝑝+10
; 7) 

0,5

𝑝−ln 3
+

0,5(𝑝−ln 3)

(𝑝−ln3)2+4
;  

3. 1)  
32

𝑝3+64𝑝
;  2)  

0,25𝑝

𝑝2+81
+
0,75𝑝

𝑝2+9
;   

3)  
3𝑝

𝑝2−16
+

30

𝑝2−36
;  

4.  1)  
𝜔

(𝑝−𝑎)2+𝜔2
;  2) 

1

2
(
1

𝑝−3
+

𝑝−3

(𝑝−3)2+4
) ; 3)  

𝑝3

𝑝4+64
+

36𝑝

𝑝2+324
;  

4) 
𝑝−1

(𝑝−1)2+25
+

𝑝−1

(𝑝−1)2+1
−

𝑝+1

(𝑝−1)2+25
−

𝑝+1

(𝑝+1)2+1
.   

5.  1) 
3𝑝2−2𝑝+5

(𝑝−1)4
; 2) 

𝑝4+2𝑝3+6𝑝−1

(𝑝2+1)3
; 3) 

2(5𝑝3+6𝑝2+5𝑝−1)

(𝑝2+1)3
; 4) 

(𝑝−1)2−4

((𝑝−1)2+4)2
. 
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6.  1)  arctan
1

𝑝+2
 ;  2)  

1

2
ln
𝑝−3

𝑝+3
 ;  3)  

1

4
ln
𝑝2+49

𝑝2+1
 ; 4) 

1

2
ln
𝑝2−4

𝑝2−9
 ; 5)  ln

𝑝+1−𝑎

𝑝+1
 . 

7.  1)  (4𝑝2 − 5𝑝 + 2)𝑌(𝑝) −
2

𝑝−1
; 2)  (𝑝3 + 7𝑝2 + 3𝑝 − 1)𝑌(𝑝) − 2𝑝2 − 11𝑝 + 14 −

2

𝑝2
; 

3) (𝑝4 + 𝑝3 − 2𝑝2 − 4𝑝 − 2)𝑌(𝑝) + 2𝑝 − 1 +
2

𝑝2+4
;   

8. 1)   
𝑒−𝑝−𝑒−2𝑝

𝑝
;   2)   

(1−𝑒−𝑝)2

𝑝
; 3) (

𝑒−𝑝−𝑒−2𝑝

𝑝
)
2

.   

9. 1) 
tanh0,5𝑝

𝑝
; 2) 

1−(1+𝑝)𝑒−𝑝

𝑝2(1−𝑒−2𝑝)
.  

10.  1) 𝑡 − sin 𝑡,  
1

𝑝2(𝑝2+1)
; 2) 1 − cos 𝑡,  

1

𝑝(𝑝2+1)
; 3) 

1

2
𝑡 sin 𝑡,  

𝑝

(𝑝2+1)2
. 

Back to exercises. 

Answers to exercises 10.2 

1. 1) 2 − 8𝑒𝑡 + 7𝑒2𝑡; 2) 
1

12
(𝑒2𝑡 − 𝑒−𝑡 cos√3 𝑡 − √3𝑒−𝑡 sin√3 𝑡);  

3) −
7

18
𝑒−2𝑡 + +

7

18
𝑒𝑡 cos 3 𝑡 +

87

54
𝑒𝑡 sin 3 𝑡; 4) 16 + 6𝑡 − 16𝑒𝑡 + 10𝑡𝑒𝑡;  

5) −
29

25
𝑒−𝑡 +

2

5
𝑡𝑒−𝑡 +

29

25
cos 2 𝑡 + +

81

50
sin 2 𝑡;    6) 1 − 2𝑒𝑡 + 𝑒3𝑡; 7) 0,5(cosh𝑡 − cos 𝑡);  

8) −1 + 4𝑒−2𝑡 cos 3 𝑡 − 3𝑒−2𝑡 sin 3 𝑡; 9) 
1

27
𝑒𝑡(𝑡 − 1) +

1

18
𝑒−2𝑡 (𝑡2 +

4

3
𝑡 +

2

3
).  

2.  1) 
sin 3𝑡−3𝑡 cos3𝑡

6
; 2) 𝑒−𝑡 − (1 + 𝑡)𝑒−2𝑡; 3) 

cosh𝑡−cos 𝑡

2
; 4) 

3 sin 3𝑡−2 sin 2𝑡

5
.  

3. 1) −
1

6
𝑒𝑡 + 𝑒−2𝑡 −

3

2
𝑒−3𝑡 +

2

3
𝑒4𝑡; 2) 2𝑒𝑡 − 4𝑡 − 3; 3) 1 − cos 𝑡.  

4. 1) −
1

6
+ 𝑒𝑡 −

3

2
𝑒2𝑡 +

2

3
𝑒3𝑡;  2) 

1

54
𝑒𝑡(3𝑡2 + 2𝑡 − 2) +

1

27
𝑒−2𝑡(2𝑡 + 1);  

3) 1 − cos 𝑡 − 0,5𝑡 sin 𝑡 ; 4) 
1

12
(3 − 4 cos 𝑡 + cos 2 𝑡); 5) ∑

(−1)𝑘+1𝑡4𝑘

(4𝑘)!

∞
𝑘=1 ;  

6) ∑
(−1)𝑘+1𝜔(𝑚−1)𝑘𝑡𝑚𝑘

(𝑚𝑘)!

∞
𝑘=1 . 

Back to exercises. 

Answers to exercises 10.3 

1. 1) (𝑡 + 1)𝑒−𝑡; 2) −1; 3) 
1

5
(𝑒−2𝑡 − cos 𝑡 + 2 sin 𝑡); 4) 𝑡; 5) cos 𝑡; 6) 

1−𝑒2𝑡+2𝑡𝑒2𝑡

4
;  

7) 
1

8
(𝑒𝑡 − 𝑒3𝑡 − 2𝑒−𝑡);  8)  

1

4
(𝑡 cos 𝑡 − sin 𝑡 + 𝑡2 sin 𝑡); 9) 

1

2
(𝑒−𝑡 − 𝑡𝑒−𝑡 − cos 𝑡);  

10) 
1

2
(1 − 𝑒𝑡 cos 𝑡 + 𝑒𝑡 sin 𝑡);  11) 

1

4
𝑡 + cos 2 𝑡 −

1

8
sin 2 𝑡;  
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12) 1 − 𝑒−𝑡 − 𝑡𝑒−𝑡 + 2(1 − 𝑒−(𝑡−2) − (𝑡 − 2)𝑒−(𝑡−2))ℎ(𝑡 − 2).  

2. 1) 𝑒𝑡 − 1 − (𝑡 + ln 2 − ln( 𝑒𝑡 + 1))(𝑒𝑡 + 1);   

2) cos 𝑡 ln( 2 + cos 𝑡) − ln 3 cos 𝑡 + sin 𝑡 (𝑡 −
4

√3
arctan

tan0,5t

√3
) ;  

3) cos 𝑡
1

2√2
(ln |

√2+cos 𝑡

√2−cos 𝑡
| − ln( 2 + 2√2)) + sin 𝑡 arctan sin 𝑡 ;  

4) cosh𝑡 − sinh𝑡 + 2cosh𝑡 (arctan𝑒𝑡 −
𝜋

4
);  

3. 1) {
𝑥 =

6

5
𝑒5𝑡 −

1

5
𝑒−5𝑡 ,

𝑦 =
3

5
𝑒5𝑡 +

2

5
𝑒−5𝑡;

 2) {
𝑥 = 2 sin 𝑡 − 1,
𝑦 = 2 − 2 cos 𝑡 ;

 3) {
𝑥 =

15

8
𝑒2𝑡 −

9

8
𝑒−2𝑡 +

1

4
,

𝑦 =
15

8
𝑒2𝑡 +

3

8
𝑒−2𝑡 −

1

4
;
  

4) {
𝑥 = −

1

2
−
11

34
𝑒4𝑡 + 𝑒𝑡 −

3

17
cos 𝑡 +

5

17
sin 𝑡 ,

𝑦 =
22

51
𝑒4𝑡 −

2

3
𝑒𝑡 +

4

17
cos 𝑡 −

1

17
sin 𝑡 ;

 5) {
𝑥 =

1

3
(𝑒𝑡 + 2 cos 2 𝑡 + sin 2 𝑡),

𝑦 =
1

3
(2𝑒𝑡 − 2 cos 2 𝑡 − sin 2 𝑡);

  

6) {
𝑥 = −2𝑡 −

7

36
sin 2 𝑡 +

28

9
sin 𝑡 −

13√2

36
sinh√2𝑡,

𝑦 = 𝑡 +
1

36
sin 2 𝑡 −

7

9
sin 𝑡 +

13√2

36
sinh√2𝑡;

 7) {
𝑥 = 2 sin 𝑡 − 3𝑡,
𝑦 = 6𝑡 + 3 − 2 cos 𝑡 − 3 sin 𝑡 ;

  

8) {
𝑥 =

1

3
cos 𝑡 +

2

3
cosh√2𝑡,

𝑦 = 𝑧 =
1

3
cos 𝑡 −

1

3
cosh√2𝑡.

  

Back to exercises. 

Answers to exercises 10.4 

1. 1) 𝑓(𝑥) =
2

𝜋
∫

𝜔

1+𝜔2
sin𝜔𝑥 𝑑𝜔

∞

0
, integral converges to  3 2⁄  at the points 𝑥 = 0 and 𝑥 = 1; 

2) 𝑓(𝑥) =
1

𝜋
∫ (

1−cos𝑎𝜔

𝑎𝜔2
cos𝜔𝑥 +

𝑎𝜔−sin𝑎𝜔

𝑎𝜔2
sin𝜔𝑥)𝑑𝜔

∞

0
; 3)  𝑓(𝑥) =

4

𝜋
∫

cos𝜋𝜔

1−4𝜔2
cos𝜔𝑥 𝑑𝜔

∞

0
; 

4) 𝑓(𝑥) =
8

𝜋
∫

𝜔cos𝜋𝜔

1−4𝜔2
sin𝜔𝑥 𝑑𝜔

∞

0
; 5) 𝑓(𝑥) =

2

𝜋
∫

(1−cos𝜔)

1−𝜔2
cos𝜔𝑥 𝑑𝜔

∞

0
.  

2. 1) 𝐹𝑐(𝜔) = √
2

𝜋

𝑎

𝑎2+𝜔2
, 𝐹𝑠(𝜔) = √

2

𝜋

𝜔

𝑎2+𝜔2
; 2) 𝐹𝑐(𝜔) = √

2

𝜋

sin𝑎𝜔

𝜔
, 𝐹𝑠(𝜔) = √

2

𝜋

1−cos a𝜔

𝜔
;  

3) 𝐹𝑐(𝜔) = √
2

𝜋

sin𝜋𝜔

1−𝜔2
, 𝐹𝑠(𝜔) = √

2

𝜋

𝜔(1−cos𝜋𝜔)

1−𝜔2
;  4) 𝐹𝑐(𝜔) = √

2

𝜋

1+cos𝜋𝜔

1−𝜔2
 , 𝐹𝑠(𝜔) = √

2

𝜋

sin𝜋𝜔

1−𝜔2
; 

5) 𝐹𝑐(𝜔) = √
2

𝜋

4

𝜔2
(cos

𝜔

4
− 1), 𝐹𝑠(𝜔) = √

2

𝜋
(
1

𝜔
−

4

𝜔2
sin

𝜔

4
); 6) 𝐹𝑐(𝜔) = √

2

𝜋

2

𝜔2
(cos

3𝜔

2
− 1), 

𝐹𝑠(𝜔) = √
2

𝜋
(
2

𝜔2
sin

3𝜔

2
−
3

𝜔
).  
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3. 1) 𝐹(𝜔) =
1

√2𝜋

1

1+𝑖𝜔
; 2) 𝐹(𝜔) =

3𝑖

√2𝜋

𝑒−2𝑖𝜔−1

𝜔
; 3) 𝐹(𝜔) = −√

2

𝜋

𝑒𝑖𝜔

𝑖
;  

4) 𝐹(𝜔) =
1

2√2𝜋𝑖
(

1

1+𝑖(𝜔−1)
−

1

1+𝑖(𝜔+1)
); 5) 𝐹(𝜔) =

1

2√2𝜋
(

1

1+𝑖(𝜔−1)
+

1

1+𝑖(𝜔+1)
). 

4. 1) 𝐹(𝜔) =
1

√2𝜋
(

3

9+𝜔2
− 𝑖

𝜔

9+𝜔2
) , |𝐹(𝜔)| =

1

√2𝜋

1

√9+𝜔2
, arg𝐹(𝜔) = arctan

𝜔

3
;  

2) 𝐹(𝜔) =
1

√2𝜋
(
1−𝜔2

(1+𝜔2)2
− 𝑖

2𝜔

(1+𝜔2)2
) , |𝐹(𝜔)| =

1

√2𝜋

1

1+𝜔2
, arg𝐹(𝜔) = arctan

2𝜔

1−𝜔2
. 

Back to exercises. 
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De Moivre’s formula 136  

delta-neighborhood of a point 142 
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differentiation of the Laplace transform 246  
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Duhamel’s method 271  
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essential singularity 219, 222 
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exponential function of complex variable 153, 157 
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formula 
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Euler’s 152  

Fourier integral 278  
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Mellin’s 262 
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Fourier cosine transform 282  

Fourier integral 278  

Fourier integral formula 278  
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Fourier series 104  

Fourier sine transform 282 

Fourier transform 286  

fractional linear transformation 179  

function of a complex variable 146  

functional series 48  

generalized Cauchy’s integral formula 197 

geometric series 8  
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harmonic series 9  

holomorphic function 169 

hyperbolic functions of complex variable 155 

hyperharmonic series 23, 33  

image of region 174 
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numerical series 7  

numerical series on the complex plane 201 
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original function 239  

partial sum 7 

partial sum of the series 7  

periodic extension 120 

piecewise monotonic function 105 

phase spectrum 289  

point at infinity 147 

pole of order m 219, 221 

polynomial function 151  

power function 157, 182 

power of complex number136  

power series 63  

power series about a 63 
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power series representation 76 

preservation of angles 174  

principal part of the Laurent series 210 
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product of two complex numbers 132  

properties of the Fourier transform 290 

purely imaginary number 127 
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rational function 151 
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removable singularity 218, 221 
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alternating 37 
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convergent 7, 48   

        divergent 7  
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Fourier 104  

functional 48  

geometric 8 
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Laurent 208  
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trigonometric 102  

uniformly convergent 55 

set of values of the function 146  

shift theorem 245  
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simple pole 219  

single-valued function 146  

singular point 217  

singularity 217  

simply connected domain 143  
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standard form of complex number 127  

sum of the functional series 48 

sum of two complex numbers 132  

table of the Laplace transforms 247  

Taylor’s series 76 

Taylor’s series on the complex plane 206 
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alternating series 37 

Cauchy’s 28  

D’Alembert’s 25  

divergence 17  

first comparison 19  

integral 31  

Leibniz’s 37 

limit comparison 21  

ratio 25  

root 28 

second comparison 20 
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