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Introduction

This textbook is designed for second-year students studying the discipline "Higher
Mathematics 3. Series. Theory of the Functions of a Complex Variable", which is the third
credit module belonging to the discipline "Higher Mathematics" for Bachelors of the Specialty
131 "Applied Mechanics".

The proposed manual consists of ten main chapters. Each of them contains a theoretical
part and provides examples and figures to help clarify the theory and show some applications,
making this a good textbook for classroom use as well as for independent study.

The first chapter introduces the Numerical series. Here we determine the convergence or
divergence of a positive-terms series and provide some tests that allow us to handle a broad
range of such series including the Comparison, Ratio, Root and Integral Tests. Then we study
the alternating series, where the terms of the summation alternate between being positive and
negative. Here we get acquainted with absolutely and conditionally convergent series and
study the alternating series test for convergence.

The next two chapters are about the Functional and Power series, which are useful when
solving a large variety of mathematical problems. Here we show how to determine when such
series converge, what is the domain of convergence and how to find it, and what is the meaning
and importance of uniform convergence.

We also show how to represent certain functions using power series (Taylor’s and
Maclaurin’s Series). In particular, we answer the question: what functions can be represented
by power series and how do we find such representations? Here we show how to use Taylor
series for evaluation integrals when the antiderivative of the integrand cannot be expressed in
terms of elementary functions, for solving Cauchy problems for differential equations and
other applications.

The fourth chapter is concerned with the Fourier Series powerful tool that occurs
frequently in various problems studied during Engineering education. A Fourier series is an
expansion of a periodic function in terms of an infinite sum of sines and cosines.

The fifth section is devoted to the concept of a function of a complex variable. The topic
begins with a definition of complex numbers, their geometric representation, their algebra,
powers and roots of complex numbers. This part covers limits and continuity, the definition

of a function of a complex variable and elementary functions of a complex variable.
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The next sixth part is about the differentiation of the function of a complex variable. Here
we get acquainted with a definition of analytic functions and conformal mappings. The
seventh chapter is devoted to problems of integration of the function of a complex variable
including the Cauchy Theorem and Cauchy integral formula. In the next section, the reader
may find the basic concepts of the Taylor and Laurent series.

The ninth chapter is devoted to the Residue Theory. Here we determine the concept of
singular points and residues at these points, the residue theorem and its applications.

The last part deals with the basic concepts of the Laplace and Fourier transforms and
their applications.

Each topic is provided with review questions and exercises, which will allow students to
master the skills of solving practical problems and prepare for examination. Answers are given
at the end of the manual.

The manual can be used to provide full-time, distance or mixed education.



1. Numerical Series

1.1 Basic Concepts and Definitions of Numerical Series

|. The Concept of Numerical Series
Consider the infinite sequence of numbers

a;, Ay, Qg .. Q..

[ Deﬁnition.} The expression

a, +a, +az+--+a, + -
Is called a numerical series and is denoted by

(00]

a,. (1.1

n=1

[ Deﬁnition.} The numbers a,, a,, as, .. a,, .. arecalled the terms of the series and

the number n is called the index of summation.

Since we can find the sum of only a finite amount of numbers, how should we understand
the meaning of an infinite sum?
Let us define numbers

Slzal, 52=a1+a2, Sn=a1+a2+a3+...+an'

[ Deﬁnition.] The sum of the first n terms S,, of a series is called the n-th partial sum of the

series.

Since the number of terms of the series is infinite, it is possible to compose an infinite

sequence of partial sums {S,,,n > 1}

[ Deﬁnition.} If there exists a finite limit S of the sequence {S,,,n = 1}
limS,, =S,

n—->0o

then a number S is called the sum of the series (1.1) and we say the series

converges (is convergent) or summable.

[ Deﬁnition.} If the finite limit does not exist (for example, {S, } tends to infinity), then the

series (1.1) has no sum and diverges (is divergent).

7



Hence, we may define the sum of the series as

(ee)

lim§, = Z a, .
n—>oo

n=1

Let us consider some examples.

[ Example 1. ]

Consider the series (geometric series)

Za“‘1= l+a+a*+a+-+a™+ -
n=1
The sequence of terms
1, a, a? a3, .. ad",
IS @ geometric progression with the first term 1 and ratio a, (a # 0).

The sum of the first n terms of the geometric progression is
_1-a"
" 1-a

Let us consider several cases with respect to a.

, when a # 1.

Case 1. If |a| > 1, then |a|™ - o,n — o and

lims. = lim —— %
nl—>r§on_nl—r>lolo 1—a

Therefore, the limit of {S,,} does not exist and, according to the definition, the series is

divergent.
Case 2. If |a| < 1, then |a]™ - 0,n — oo and
limSn=1im1_an=1im( . an) . :
l1—-a 1-a 1—a

In this case, the series is convergent and its sum is

Case 3. If a = 1, then

Za”_1=1+1+---

n=1
Since the n-th partial sum is
Sp=14+14+-+1=n,

n times

8




we obtain

limS,, = limn = o

n—->oo n—0co

and the series is divergent.
Case 4. If a = —1, then

E}ﬂﬂ=1—1+1—1+m

n=1
In this case

s = {0, when n is even,
™ | 1, when n is odd.

Therefore, the series is divergent.

[ Example 2. ]
Prove that the following series (harmonic series) is divergent
il—l+1+1+1+ +1+
1n_ 2 3 4 n
n=

Let us group the terms of the series

1+1+ 1,2 1+1+1+1 1+ +1 1+ +1 +
o A G A R GRS R (AR

Each group contains twice the number of terms as the preceding group. Since increasing

the denominator decreases the value of a fraction, we have

373717377
1 1 1 1 1 1 1 1 1
576777878 8 8 872’
1 1 1 1 1 1
ottt ettt Ee=
1 1 1 1 1
Tttty >yt ot =g

Since the sum of the terms within each set of parentheses is greater than % we obtain the

following inequalities:

N =

1 1
S,>1+-4-=2>15=3"
4 +2+2

)

©



1 1 1 1
58>1+E+E+§>4'§;
1 1 1 1 1
1 1 1 1 1 1

Using the method of mathematical induction, it may be proved that for every positive
integer m
Sym > (m+1)-~.
It follows that S,, can be made as large as desired by taking n sufficiently large and

lim S,, = co.

n—-0o

Since {S,,} diverges, the given series is divergent.

Il. Properties of Numerical Series
Let us consider some general properties of numerical series.

[ Theorem 1.1 ]

If a series obtained from a given series (1.1) by removing a certain

number of its terms converges, then the given series itself is convergent.
Conversely, if a given series converges, then a series obtained from a
given series (1.1) by removing a certain number of its terms also

converges.

Proof. Rewrite the series (1.1) as follows

(0.0]

Zan—a1+a2+a3+ ‘t+a, + Z

n=1 C

Let S,, be the sum of the first n terms, C; (k < n) — the sum of k removed terms (it is

a constant value independent of n). Define o,,_; = S,, — Cx, the sum of terms that belong to
the sum S,, but do not belong to C,,.. Then
Sn = Ck + On—k-

From this relationship, it follows that if lima,_; exists, then exists lim S, as well.

n—-oo n—-oo

Conversely, if lim S,, exists, then lim o,,_;, also exists. Thus, we prove the property.
n—-oo n—-oo

10



[ Deﬁnition.] The series obtained from a given series by suppression of some amount of its

terms

oo

Y

k=n+1

is called the remainder of the series.

As a corollary for theorem 1.1, we have

[ Theorem 1.2 ]

If a series converges then its remainder tends to zero when n — oo,

[ Theorem 1.3 ]
If a series

a, +a, +az+-+a, + -
converges and its sum is S, then the series
Ca1 + Caz + Ca3 + +Can + Yy

where C is some fixed number, also converges, and its sum is CS.

Proof. Since the original series is convergent and

limS, = lim(a; + - +a,) =S,
n—->0oo

n—-oo

we have

limo, = lim(Ca; ++-+Ca,) = limC(a; + :--+a,) = Clim§,, = CS.
n—-oo n—-co n—oo

n—->0oo

Thus, the series Ca, + Ca, + --- +Ca,, + --- is convergent and its sum is CS.

[ Theorem 1.4 ]

If the series

ay +ay + o +ay + o

and
by + by + - +by, + -

converge and their sums, respectively, are S, and S, then the series
(a1 + bl) + (az + bz) + +(an + bn) +

and
(a; — by) + (ay — by) + - +(a, — by) + -

are also convergent and their sums are S, + S, and S, — S, respectively.

11



Proof. Let us prove the property for the first new series.
Since the original series are convergent and

limS,, = lim(a; +--+a,) =S,
n—-oo n—-oo

limS,, = lim(b; + -+ b,) =S,
n—-oo n—-oo

we get for the new series

Ai_ff}osn = Tlti_r)f)lo((% +by) + (az + by) + - +(an + by)) =
= rlli_rLlo((al +a, +--+a,) +(by + by + -+ b)) =
= Jim (@, + -+ +@y) + 1im (by + -+ +by) =
= lim S,, + AL”SOSM =S8, + Sp.

n—-oo

Therefore, the series (a; + b,) + (a, + by) + - +(a,, + b,) + --- is convergent.

For the second series, the proof is similar.

[ Example 3. ]
Find the sum of the series

(00]

n=1

Let us apply the partial fraction decomposition to the general term of the series
3 A B An+ 3A+ Bn
m=;+n+3 - n(n+ 3)

Then

{ 34 =3,

A+B=0.

This yields

A=1, B =-1.

Next, we consider the partial sum of the series

5—i3—3+3+3+3+3+
"_k_lk(k+3)_1-4 25 3-6 4-7 5-8

+ > PR S > + > PR

T n—-49Mn-1) n-3)n n-2)(n+1) (r—-1Dn+2) nn+3)

12



Applying the formula

3 1 1
n(n+ 3) n n+3
to each term of the partial sum
1 1 1 1 1 1 1 1 1
Sw=lmgteTstyTgta 7 st
1 1 1 1 1 1 1 1 1 1
a1 T hn 3 nth2 nrith i ntr2tnns3
After reducing the same fractions, we get
1 1 1 1 1
S"=1+§+§_n+1_n+2_n+3'
Hence,
_ _ 1 1 1 1 1 11
rlll—r>10105n=1111—I>Iolo(1+§+§_n+1_n+2_n+3>=?
[Example4.]

Find the sum of the series

o 2" + 4T
2 "
n=0

Let us rewrite the general term as

n n n n

R E)
IS (@ +G))

n

converges and their sums are the sums of

Then

n=
Since the series Y0, G)n and Y 0(

wIlN

geometric progression, we get

S ) e

n=0 n=0 n=0

wl N

Review Questions
1. What is a numerical series? What is the common term of the numerical series?

13



What expression is called the n-th partial sum of the series?

Is the expression a, + a, + a¢ + -+ +a,, a partial sum of the series Y5, a,,?
What is the sum of a numerical series?

How does the sum of the series differ from the n-th partial sum of the series?
Give the definitions of the convergent and divergent series.

Can we say that a convergent series has a finite sum?

©© N o g bk~ W N

Does removing a finite number of terms of the series affect the convergence of the
series?

9. What is the sum of a convergent series if all its terms are multiplied by the same
number?

10. What is the sum of two converging series?

11. What is the remainder of the series?

12. What can be said about the limit of the remainder of the convergent series when
n — oo?

13. Does the series converge if all terms, starting from some number, are equal to zero?
14. What numerical series is called geometric? Under what conditions does a geometric
series converge and diverge?

15. What numerical series is called harmonic? Is it convergent?

Exercises 1.1

1. Write down the first five non-zero terms of the following series.

o N2+l w SN
1) Ynsos 5 2) Ynm1—ns

[o'e] (_1)n foe) n"
3) =2 4) Yn=1 Jenr

2. Find the general term of the following series.
1) l+§+§+l+...;
2 4 8 16

) L_4,. 6 __8

11 101 1001 10001

3) SH+—+—=+-;
4) _l+l_i+i_i+i_...;
2 6 12 20 30 42
5) l+i+i+£+...;
7 12 17 22
14



6) Lylzy 123 1234,
9 99 999 9999
1 2 6 24 120
N -Gt Gt - w*

9 () +() +G) )+

3. Find the sum of the following series.

I 1 .
1) Zn:1m,

2) Xn=1

1
nn+1)(n+2)’

5M43M

3) XZn=o—jgn
4) Yo . (Vn+2-2n+1+Vn).

Answers

15



1.2 Necessary Condition for Convergence of a Series

One of the main questions about series is that of whether the given series converges or
diverges. But it is complicated to find out by using a limit of partial sums because we should
know the general formula for partial sum. Unfortunately, finding a general formula is a
complicated process in most of cases. That’s why we need sufficient conditions to solve the

problem of convergence. We shall also establish the necessary condition for convergence.

[ Theorem 1.5 ]

If a series converges, then its n-th term tends to zero as n — oo:

lima, = 0.

n—>0oo

Proof. Let us consider the convergent series

(00]

Zan=a1+a2+a3+---+an+---

n=1

According to the definition, we have for the sequence of partial sums {S,, }
limS, =S,
n—oo

where S is a finite fixed number - the sum of series.

It is obvious that

Subtracting the second equation from the first termwise, we obtain

limS,, — lim§,_; =5-5=0.
n—-0oo

n—-oo
But
limS, — lim§,,_; = lim(§,, — S,,_1) = lima, = 0.
n—-oo n—>0o n—-oo n—->oo
Hence,
lima, = 0.
n—-oo

[ Warning. ]Remember this theorem gives us a requirement for convergence, but not a

guarantee of convergence. That is, if lim a,, = 0, the series may be divergent!
n—>0o

16



For example, let us consider harmonic series

21—1+1+1+1+ +1+
n 2 3 4 n

n=1

We have proved that it is divergent, but

1
lim — = 0.
n-on

Therefore, from the fact that lim a,, = 0, it does not follow that the series converges.

n—-oo

Thus, to examine the convergence of a series it is not enough to prove that lima,, = 0,

n—-oo

since that may be true for divergent as well as for convergent series.

As a corollary for this theorem, we have a test for divergence of the series.

[ Theorem 1.6 ]
Divergence test.

If the n-th term of a series does not tend to zero as n — oo:

lima, # 0,
n—-0o
then the series diverges.
[ Example 1. ]
Consider the series
= 1+ : + ’ bt
15n+1_6 11 16 5n+1
n:
Since
n 1

fiman =l 25 =520

the given series is divergent.

Review Questions

1. Formulate the necessary condition for the series to converge. Give an example that
demonstrates that this condition is not sufficient.

2. Will the series converge if all its members, starting from some number, are equal to

zero?
17



3. Will a series whose common term goes to zero converge when n — o? Give an
example.

4. What can be said about a series whose common term does not go to zero when n —
c0?

5. Formulate a sufficient condition for the divergence of the series (Divergence test).

Exercises 1.2

1. Investigate whether the necessary condition for convergence holds.

D) Soyars 2) Tia s
3) T L 4 T (24
5) Zicings 6) Lot e
7N Saa () 8) Mol
2. Prove that the following series diverge.

1) Z;‘{;OZ—:;; 2) Z%°=131,!L;

3) T (2 8 e i
5) T 6) To, It
7 T 8) Tyt
Answers

18



1.3 Comparing Series with Positive Terms

Consider two series with positive terms:

(0]

a,=a;+a, +--+a, +-- (1.1
n=1
and
an=b1+b2+---+bn+--- (1.2)
n=1

[ Theorem 1.7 ]

First Comparison Test
If vn>1, a, < b, and the series (1.2) converges, then the series (1.1)

Is also convergent.

Proof.

Let s,, and a,, be, respectively, the partial sums of the first and the second series:
Sp,=ay +a +--+a,,
0, = by + b, + -+ b,

The series (1.2) converges and

limo, =o.
n—-oo

Sincevn>1, 0<a, <b,,
Sp <o, < oO.
Thus, we have that the sequence of partial sums {s,,} increases as n increases and it is
bounded. It follows that it has a limit

lims, =s

n—oo

and s < .

[ Example 1. ]

Consider the series

=1 1 1 1
Zn_n:1+ﬁ+¥+"'+n_n+"'
n=1

19



Since
1 1 1 1 1 1

¥<?’ F<F"" nn<2—n,...
The series 1 +2i2+213+ ---+2in+ --- converges, since its terms, beginning with the
second, form a geometric progression with a common ratio % The sum of this series is 1 %
Hence, according to the First Comparison Test, the given series also converges, and its

1
sum does not exceed 1 5

[ Example 2. ]
Let us consider the series

21—1+1+1++1+
n-4n 4 2:42 343 n-4n

n=1

It is obvious that

1 < 1
n-4n 4n

1

n.4TL

. 1 . . . 1 . .
Since Y7, 17 Is convergent as geometric series g (= 7 < 1), the given series Y5,

converges by the First Comparison Test.

[ Theorem 1.8 ]

Second Comparison Test

If vn>1, a, = b, and the series (1.2) diverges, then the series (1.1)

Is also divergent.

Proof. Sincevn>1, a, = b, >0,
Sp = Op.
The series (1.2) is divergent and its partial sums increase with increasing n. It follows
that

lim g,, = oo.
n—-oo

As a result
lims, = oo.
n—oo

That is the series (1.1) is divergent.

20



[ Example 3. ]

The series
i L + . + -+ . +
Lavn+1 V2 3 Vn+1

Is divergent because its terms are greater than the corresponding terms of the harmonic series

1 _1+1+ N 1
n+1 2 3 n+1

n=1

+ -

[ Example 4. ]
Investigate the series

i ! —1+1++ ! +
Hmﬁ+1)_hﬂ In3 In(n+ 1)
n=

for convergence.
Graphically (Fig. 1) it is easy to prove the inequality

Inn+1)<n+1, |
3

then
: 2

1 1
> . I I . |
| 1 1 ;:

nn+1) n+ / ) 1H(X+1>)

Series /A T2 3

L fq ! ! !

i NS U SN SN _
n+1 2 3 n+1 Figure 1.

n=1
Is divergent as harmonic series. Then, according to the Second Comparison Test, the given

series is also divergent.

[ Theorem 1.9 ]

Limit Comparison Test

Consider

. a’TL
lim —=~C_.
lim =

If C is positive finite number then either both series are convergent or

both series are divergent.
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Proof. Since 0 < C < oo, there exist two positive finite numbers, m and M, such that
m<C<M.

Hence, for large enough n the quotient Z—" Is close to C and there exists a positive integer

N such that if n > N we have

an
m<—<M.
by,

Thus, multiplying the inequality by b,
mb, < a, < Mb,, n > N.
If ). b,, is divergent then ), mb,, diverges and so since mb,, < a,, for all sufficiently large
n by the Second Comparison Test the series ), a,, also diverges.
Similarly, if ), b,, converges then ), Mb,, is convergent and so since a,, < Mb,, for all

sufficiently large n by the First Comparison Test the series )’ a,, is also convergent.

When investigating the convergence of series by Limit Comparison Test, it is
convenient to apply the table of equivalent infinitesimal quantities in order to construct the

series Y1 b,

Let z(x) - 0, x — xg.

sin z (x) ~z(x) arcsin z (x) ~z(x) e?®) — 1~z(x)
tan z (x) ~z(x) arctan z (x)~z(x) a*® —1~z(x)Ina
_ z(x) m
In(1+ z(x))~z(x) log,(1+ z(x)) ~ g (1+z()™ — 1~m z(x)

[ Example 5. ]

Consider the series

e}

z_ LTS SHDWE SRS SN
Sll’lZn—Sll’l2 Sll’l4 51n2n

n=1

Let us compare it to a convergent series (geometric progression)

OOE 1—1+1+ +1+
2n 2 4 2n
n=1

22



Since

sini
. 271_
lim —===1,
271

according to the Limit Comparison Test, the given series converges.

[ Example 6. ]
Investigate for convergence the series

0

Z A T+ L~
n2+4 5 8 13 244

n=1

Let us compare this series with the harmonic series

=1 1 1 1 1
Z_=1+_+_+_+'"+E+'"'

n 2 3 4
n=1
Since
n 2
n _ nz+4 n
A g, T Am T = fimag=
n

and harmonic series |

Test.

When applying the Comparison Tests we need to construct another series - the one
with which we are going to compare. In this case, we heed the series whose convergence or
divergence is known to us.
Here we have several examples of series, which are often used for comparison:
1. Geometric series Yo, aq™ L.
It converges when |g| < 1, and diverges when |g| = 1.
2. Harmonic series 27?:1%-
It is divergent.

. . 1
3. Hyperharmonic series Y7—4 —

It converges when p > 1, and diverges whenp < 1.

23



Review Questions

1. Formulate the First Comparison Test.

2. Formulate the Second Comparison Test.

3. Formulate the Limit Comparison Test.

4. Can we say that, when the inequality a,, =

b,, is fulfilled, the divergence of the series

Ym—q a,, follows from the divergence of the series Yo b,,?

5. Can we say that, when the inequality a,,

< b,, is fulfilled, the convergence of the series

Yn=q a, follows from the divergence of the series Y51 b,,?

6. Can we say that, when the inequality a,,

> b,, is fulfilled, the convergence of the series

Ym=q a, follows from the divergence of the series Y51 b,,?

7. Can we say that the series ).;—; a,, coincides if the series Y., b,, and lim Zn

8. Can we say that the series Yo, a,, CO

9. Can we say that the series Yo, a,, CO

Exercises 1.3

1?

n—oo Un

incides if the series ¥*_, b, and lim - = 07?

n—00 Un

incides if the series ¥*_, b,, and lim =% = c0?

n—oco by

1. Investigate for convergence by the First or Second Comparison Tests.

(e 0] 1 .
1) Zn=0 (2n+3)5m’

1+n
3) Z:lozl m ’

oo 1 .
8) Xn=13 e

o 1
7) Zn=1\/ﬁ;

2) an

n4+n+3

sm 2n

4) ZTL 1 3n+6 ;

6) Xn= 1W’

27’1
7m(2n+1)’

8) Xn=1

2. Investigate for convergence by the Limit Comparison Test.

o 1
1) Zn:l tan % ’

o1
3) Xn=1n’ sin—;

5) TizaIn ()

3"+1
n

51242

7)2111\/_51

Answers

1+—=);

2) Tl (1+5=)

1

o n-1
4) Zn:l ==

)
6) Yot arctanzln ;

2(3n+1)

8) Z‘Il:l m )

24



1.4 Tests of Convergence

There are a lot of series involving quite complicated expressions that make it challenging
the application of comparison tests. We introduce sufficient tests that are useful while

determining the convergence or divergence of the series.

|. Ratio Test (D’Alembert’s Test)

[ Theorem 1.10 ]
Let

(0]

zan=a1+a2+---+an+---
n=1

be the positive-term series.

If there exists a limit

a
lim =X = D, (1.3)

n—oo an

then

o the series is convergent for D < 1;

o the series is divergent for D > 1;

o for D = 1 we have to apply a different test (the series may be convergent

or divergent).

Proof.

1)Case D < 1.Lete > 0andbesuchthatD + & < 1.

According to (1.3) and the definition of a limit, there exists the number N(e) = N that
for all valuesof n > N,

An+1
an

—D|<s,

that is

An+1
an

D—e< <D +e.

Hence, Vvn > N,

An1 < (D + &)a,

25



and
ay+1 < (D +¢&)ay
ansz < (D +8)ayyr < (D +e)’ay

Now we get two series
ayt+a;+--+ay+aygg Haygp o
and
ay+ (D + &)ay + (D + €)?ay + -
The second series converges as the geometric progression and, according to the First
Comparison Test and Property I, the original series is convergent.
2) Case D > 1.
According to (1.3) and the definition of a limit, there exists the number N(e) = N that
for all valuesof n > N,

An+1
an

> 1.

Hence,

Ansq > Ay

Therefore, the sequence {a,,, n = N} increases and lim a,, # 0. But this means that the

n—->00

original series diverges.

[ Example 1. ]

Test the following series for convergence

Zl—1+1+1+1+ +1+
n! 2 6 24 n!

n=1

Let us apply the Ratio Test.

Here,
1 1 1 1
M= MMT I T 12 n-(nt 1) al(ntl)
n!
Hence,
a n! 1
D = lim =2 = lim ———— = lim

n-o dy n—>oon!(n+1)_n—>oon+1=

Since D = 0 < 1, it follows that the given series is convergent.

26



[ Example 2. ]
Consider the series

- 1 1 1
Z)(n2+1)-5n_1+2-5+5-52+10-53+"'
n=

To investigate it for convergence we apply the Ratio Test.

Let
1

T s

1

1

+

1

+ -

(n?+1)-5"

T i+ D2+ 1) 57 2+ 2n+2) -5

Thus, let us evaluate the limit

a n?+1)-5"
D = lim =2 = lim ( )

This means that the given series converges.

1

= = — lim
n-owo a, n-ow (n? +2n+2)-57+*1 § R 1

{ Example 3. ]
Let us investigate for convergence of the series

= (n+1)! 2 6 24

=1+—+—+—+

Here we have
(n+1)!

n = (3n+ 1)?

N (n+1)! N
4 (3n + 1)? 16 ' 49 " 100 Gn+1)2 '
n=

_(m+D+1) (n+2)

M T BT )+ 12 Bn+ 42

Evaluate the limit

D= 1im & _ (n+2)!-(Bn+1)*
_nl—l;go a, _nl—r>£10(3n+4)2'(n+1)!_nl—>oo
2
341
= lim Z
n—oo
3+ﬁ

m

3In+1

_(n+1)!-(n+2)_

3In+4

*(n+2) = oo,

;

(n+ 1)!

Since D > 1, it follows that the given series is divergent by the Ratio Test.
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Il. Root Test (Cauchy’s Test)

[ Theorem 1.11 ]
Let

[00]

Zan=a1+a2+---+an+---
n=1
be the positive-term series.

If there exists a limit

lim%/a, = C, (1.4)
then
o the series is convergent for C < 1;
o the series is divergent for C > 1;
o for C = 1 we have to apply a different test (the series may be convergent

or divergent).

Proof.

1) Case C < 1.Lete > 0andbesuchthat C + ¢ < 1.

According to (1.4) and the definition of a limit, there exists the number N(e) = N that
for all valuesof n > N,

e —cl <e

that is
C—e<Ya,<C+e.
Hence, Vn > N,
a, < (C+e)™

Since the series }.(C + €)™ converges as the geometric progression, the original series is
convergent according to the First Comparison Test and Property I.

2) Case C > 1.

According to (1.3) and the definition of a limit, there exists the number N(e) = N that
for all valuesof n > N,

Ya, > 1.
Hence, a, > 1 and lima, # 0.

n—oo

Therefore, the original series diverges.
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Useful limits

limin =1,

n—-oo

n

1
lim (1 + —) =e.
n—oo n

[ Example 4. ]

Test the following series for convergence

(00]

n 1 4 9 n
z(3nn—1) “2t s te +(3n—1)

n=1

According to the Root Test

C=lim ( n )” I n 1
= = 1m -
now [\3n—1/ ~now3n—1 3

Since C = § < 1, it follows that the given series is convergent.

[ Example 5. ]
Let us investigate the series

z by
In"n 1n22 1n33 In* 4 In"n

by the Root Test.

Evaluate the limit

C = lim%/a, = li Ly li - —1—0
nl—r>Iolo n nl_r)glo (lnn) —nl_)ngom—;— '

Since € = 0 < 1, the series ),o— 27, converges.
[ Example 6. ]
Investigate for convergence of the series
= : + ’ b -
—~ 10m 10 100 1000 10m

Let us apply the Root Test.
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Evaluate the corresponding limit

2l n 1

1
C =lim%a,=lim [—=—IlimVYn=—<1.

n—-oo

n-0\ 10" 10n->w 10

Thus, the given series is convergent.

[ Example 7. ]
Let us consider the series

Since

C = lim%/a, = lim

n—oo n—oo

1

and the given series diverges.

n

_ 1\ 1
=Ehm <1+£> —Ee>1, (e~2,718...),

n—-oo

[ Example 8. ]

Investigate for convergence

>a(m(2)Y.

n=1

By the Root Test we have

o o on n+2\"\" _ . n+2\"
Cziglgo,/anziggo\/n(ln( " )) =%1jrgo(ﬁ-ln< - ))

n+
= lim /n - lim ln( -

n—0o n—-oo

= Inlim
n—-oo

Thus, the series is divergent.

2\" n+2\"
) = lim ln( ) = lim ln<
n—-oo n n—-oo

E2

2\2
<1+—) =Ine?=2>1.
n
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. Integral Test

[ Theorem 1.12 ]
Consider the positive-term series

Ean =a;ta,+az+--+a, +ay g+
n=1

and let

f() = ay,
where f is the function obtained by replacing x with n.
If £(x) is a continuous, nonincreasing and function positive-valued for

every real number x > 1, then the series

o converges if floof(x) dx is convergent;

o diverges if flwf(x) dx is divergent.

Proof.
Let f be a function y = f(x) as above (Fig.2).

For positive integer n > 1, the area of the circumscribed rectangular polygon
(Fig 2a.) is

D FU) = FD + f@) + -+ f(n = 1),
k=1

Vs Vi
~
a
“a __ y=f(x) __y=f(®)
An| @y N n|@n+ N
ol 1 23 ... nntl X 0l 123 n n+l X
a) b)

Figure 2.
In the same fashion we get the area of the inscribed rectangular polygon (Fig 2b).)

D PO = F@)+F(3) + -+ f().
k=2
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Since | 1n f(x)dx is the area of the curvilinear trapezoid created by the function y =

f(x),forl <x <n,

zn:f(k) anf(X)dx Snz_ff(k)-
k=2 1 k=1

Denote the n-th partial sum of the series Y.y, f (k) as S, then previous inequality may

be written

n

Su—f(1) < f () dx < Sp_y.

1
If the improper integral f1°°f(x) dx is convergent and equals K > 0, then, according to
preceding inequalities,
So,—f()<K,or S, <f(1)+K
for every positive integer n > 1.
Hence, the sequence {S,} is monotone increasing and bounded for n > 1. Therefore,

there exists finite limit lim S,, = S and the series }:;_; a,, converges.

n—-oo

If the improper integral is divergent, then
. n
lim f;"f () dx = oo,

and since [, f(x) dx < S,_;, we have lim S,,_; = oo.

n—->oo

Thus, the series .5, a,, is divergent.

[ Example 9. ]
Test for convergence the series
o1 11 1
zn—p_ I TR R
n=1

This series is called the hyperharmonic series.

Let us apply the Integral Test, putting
1
f) ==

xP
This function satisfies all the conditions of theorem 1.12. Consider the improper integrals

for various values of p.
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Forp > 1,

b b
1 _ 1 1
—dx = lim | —dx = lim

1

= l —_ = ;
b ) xP b—eo (1 — p)xP~H, oo (1—p)bP1 1-p p-1

1
the mtegral IS convergent and, hence, the series converges.

Forp =1,
oo b
1 : 1 . b 1
j—dx = lim f—dx = limIn|x||{ = limlnb — In1 = oo,
X b X b—- o b—oo
1 1

the integral is divergent and, hence, the series diverges.

Forp <1,
oo b
L= tim [ Lax=tim | —im 2L
fx_l’x_bl—{?o x_Px_erElol—pl_bLngol—P_l_P_oo,
1 1

the integral is divergent and, hence, the series diverges.

The summing-up is

convergent for p>1,
dlvergent for p < 1.
1

[ Example 10. ]

Let us apply the Integral Test to investigate the convergence of the series

i 1
nlnn

n=2

Let

1
fx) = xInx

This function satisfies all the conditions of theorem 1.12.

Consider the improper integral
b

b
® dx _ dx _ d(In x) _ b
f = hmj = llmj = limIn|lnx||] =
, xInx b-o ) xInx b-ow Inx b—oo
2 2

= gim (In|lnb| — In|In 2|) = oo.

This improper integral diverges, this yields, that the given series is divergent.
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[ Example 11. ]
Consider the series

Inn
3
n=2
To apply the Integral Test we put
Inx
flx) = -
This function satisfies all the conditions of theorem 1.12. Then
b dx
“*Inxdx Inxdx [¢=Inx du:?
j T = lim T = =
2 X b—oo X d _dx _ 1
2 V= F V= _Z_XZ
. lnxb+jbdx _ o (M2 b 1%\ _In2 1 (
“poe\ 2x2l, " ), 2a3) Teno\ 8 2b2 4x2l,) 8  4bow
_ In 2 N 1
8 16

The improper integral is convergent and, hence, the series converges.

[ Example 12. ]

Let us apply the Integral Test to investigate the convergence of the series

o0

n
z 2n?

n=1

Let

X 2
fG) = =227,

This function satisfies all the conditions of theorem 1.12.

Consider the improper integral
b

-x — Tivn -x 2 — i -x —
fl x27%dx = lim = | 270 dx” = lim oo 2 ,
1
1 , 1 1 1 1
o lim (277 = 274) = — — i ( ——)= .
1n4bl—r>£10( ) In4so0e\202  16) " 16ln4

This improper integral is convergent, thus, that the given series converges.
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Review Questions
1. Formulate the Ratio Test.

2. In what cases is it appropriate to apply the Ratio Test? Is it possible to investigate a

series Yo = bythls test?

3. What can be said about the convergence of the series, if lim = = 1?

n—oco an

4. Formulate the Root Test.

5. In what cases is it appropriate to apply the Root Test? Is it possible to investigate a

series Y- 17

6. What can be said about the convergence of the series, if lim \/a,, = 1?

n—oo

7. Formulate the Integral Test.

8. In what cases is it appropriate to apply the Integral Test? Is it possible to investigate a

series Yo 17

9. What numerical series is called hyperharmonic? Under what conditions does it

converge and diverge?

10. What tests can be applied to investigate for convergence of the series )., 15 ’)

Exercises 1.4

1. Investigate for the convergence by the Ratio Test.

2n+1 (3n+1)!
1) Zn 072n+4-’ 2) Zn 132”+4n
n?+3n-1 . 2n n+1
3) Xn= 11.5..(4n-3)" 4) Xp=15""tan—-
45n+2 3n o n!
5) Zn 09271 3412 ) 6) Zn=1_n;
2n+1 Z42n
1) XZn=2 ooy 8) o1~
1
9) Y= 1(n+1)' 10) Y4 arcsm—n,
o 271 - 2
11) Xne1—s 12) Y=gy
13) ¥, n!sin— — 14) Z;‘f’zl%.
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2. Investigate for the convergence by the Root Test.

n+1 o
1) Xnsiarcsin® ——; 2) anlm;
. 94n+3 +4 2
%) Zn=1gg 9 2 ()
w 1 13\
5) anoﬁ(nT) ) 6) Zn 15371 i n Zrzln’
2
_ +5 o 1
7) Yn=16 n(Z+4) ; 8) anoarctan"ﬁ;
9 v (7n+6)n_ 10) = 8n(n+6)2 .
n=1\zn+3/ ’ n=1 n+7 ’
o 4Tl " 5 5n?
11) Zn=1n_n; 12) Zn=1(5n:l_1) .
3. Investigate for the convergence by the Integral Test.
1) Zn 0n2+3 2) Zn 13\/@;
[0 0] 1 .
3) Zn=1 (n+1)\/m' 4) Zn 1n(n+1)
(e 0] 1 .
5) Xn= 0n4+4 6) Zn=6(n—4)1n6(n—4)’
00 1 .
7) anlmr 8) Xn= 2nln5
1
o 1
) DIAPELF 10) Xn=2 77
4. Investigate for the convergence.
. sin%
1) Zn=2m; 2) Xn= 1nln(n+1)

oo ’ 1
3) Zn 1nn! 4) Zn:l %;

5 Xn=o Vne —Vn ;

o0 1 .
6) Xn=1 (5n—4)(6n-5)’

7) Y 5% arcsinfn; 8) Y. In (5n+3).

5M42

Answers
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1.5 Alternating Series

|. Concept of Alternating Series
Previously, we have considered positive-term series. But there are many series out of
there that have both positive and negative terms. One of the simplest and the most useful,

series of this type is a series, whose terms have alternating signs.

[ Deﬁnition.} The series that could be written in one of the forms

a;—a,+ag— -+ ta, + - = 2(—1)"‘1% (1.5)
n=1

or
0+ @ = @ + Dy = ) (<D = = Y (D) gy,
n=1 n=1

where a,, > 0 for every n, is called an alternating series.

Since tests that we looked at for series convergence have required that all the terms in
the series be positive, we cannot apply them to alternating series. The test that we are going

to consider now will be a test for alternating series.

[ Theorem 1.13 ]

Alternating Series Test (Leibniz’s Theorem)

Consider the alternating series
a;—a, +-+(=D"ta, + - = Z(—l)n‘lan, (a, > 0).
n=1

If the following two conditions are satisfied:
° a, = a,4, foralln > N, where N is come natural number;

o lima, = 0;

n—-0o

then the series is convergent, its sum is positive and does not exceed the

first term.

Proof.
1) Let us consider the sum of the first n = 2m terms:

Som = (a; —az) + (a3 —ay) + -+ (Azm—1 — Azm)-
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Since a,, > a,, ., for every n, each of the expressions in parentheses is positive and the
sum S,,,, > 0. Moreover, it increases with increasing m.

Rewrite this sum as follows
Som = a1 — (az — az) — (ay — ay) — - — (Agm—2 — Azm-1) — Aom-
According to the condition a, > a,,,, each of the parentheses is positive and,
subtracting these parentheses from a, we get
Som < aq.

Hence, the sequence {S,,,} is increasing and bounded above. Consequently, {S,,,} has
the limit:
limS,,, =Sand 0 < S < a,.

m—oo

2) Now let us consider the sum of the first n = 2m + 1 terms:
Sam+1 = g — Az + = Ay + A1 = Sam + Aomsr

Since lima,, = 0, it follows that

n—oo

lim Sy,41 = lim (Sy + Azpy1) = lim Sy, + lim aypyq = S.
m—-oo m—-oo m—-oo m—-oo

Therefore, we have proved that lim S,, = S both for even n and odd n. The original series

n—oo

IS convergent.

Corollary. If the alternating series is convergent, then the error obtained when
replacing S by S, does not exceed in absolute value the first of the
suppressed terms, that is

|S _Snl = |rn| < Qpiq-

[ Example 1. ]
Test the alternating the series

1 1 1 (1)n1 = (=11
L=gt3—at Z

n=1

for convergence.

Since
1 1
o 1>=>=>" > >—>
2 3 n+1
o lim=-=0;
n—-oon

this series converges by the Alternating Series Test.

38



[ Example 2. ]
Test for convergence of the alternating series

(00]

4 6 8 —1)™'@2n+2) O DM (En+2)
2 6 12 n(n+ 1) —Z n(n+ 1)

Let us check the fulfillment of the conditions of Leibniz’s Theorem.
First, we write down the inequality

° Qp > Apyq

2n + 2 2(n+1)+2
i+ D D+ D+1)
2n+2 2n+4
n > n+2 ;
2n+2)(n+2) > 2n+ 4)n;
2n% + 6n + 4 > 2n? + 4n;

2n+4 > 0.
The inequality obtained holds for any natural n, and
f>6>i .>2n+2> 2n+4 S
26 12 nn+1) (m+1)n+2)

Second, we have to find the limit

2 2
2n + 2 ntnz

o lim ———— = lim ———=0.
n—»oon(n+ 1) n—oo 1+1
n

Thus, the given series converges by the Alternating Series Test.

[ Example 3. ]

Investigate for convergence the alternating the series
3 +4 5+ (-1 nt2 Z nn+
Stz gt t D = (-1

By the Alternating Series Test, we have
o Condition a, > a,,; holds for any natural n, since

n+2>n+3
n+1 n+2’

n+2?2>Mm+1Dn+3);
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n+4n+4>n*+4n+3;

1> 0.
Hence,
3>4>5> >n+2>n+3>
2 3 4 n+1 n+2
Let us check the second condition.
2
n+2  1+-
o lima, = lim = lim =1=+0.
n—-oo n-oon + 1 n—-oo 1
1 +H

This condition fails.

Thus, the given series diverges.

Il. Absolute and Conditional Convergence.
The alternating series is a special case of so-called plus-minus series. Plus-minus series

has both positive and negative terms. For example

® . sin sinﬂ singn i sin5n sin3ﬂ sin7n
T _ m sing SN snm sing s singy
an Syt tT9 Tt T3¢ Tt tT

n=1

2, 1.v2 V2 1 V2

2 +4 18 50 36 98+
Let us give an important sufficient condition for the convergence of a plus-minus series.

[ Deﬁnition.] The plus-minus series

[o0]
zan=a1+a2+a3+---+an+--- (1.6)
n=1

Is called absolutely convergent if a series made up of the absolute values of its

terms

D lan | = la] +1a| + las] + -+ lan| + - (1.7)

n=1

converges.

[ Deﬁnition.] If the series (1.6) converges, while the series (1.7) diverges, then the given

plus-minus series is called a conditionally convergent series.
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[ Theorem 1.14 ]
Sufficient condition

If the plus-minus series

Zan=a1+a2+a3+---+an+--- (1.6)
n=1

Is such that a series made up of the absolute values of its terms

D lan] = lag] + laa] + las] + = + lay] + - (1.7)

n=1

converges, then the given series is also convergent.

Proof.

Assume, that S, and o;, are the n-th partial sums of the series (1.6) and (1.7). Let s,,, be
the sum of all positive terms and s,,, the sum of absolute values of all negative terms of the
sum S,,, then

Sp = Sin — San and oy, = Sy, + Sop.

Since the series (1.7) converges, lim g,, = o and the values of s,, and s,,, are less than
n—>0o

o. Moreover, the sequences {s;,,} and {s,,} have limits s; and s, respectively.
Hence,

lim§S, = 11m (S1n Son) = 81 — S5.

n—oo

Thus, the plus-minus series (1.6) converges.

[ Example 4. ]

Consider the plus-minus series

T3 5w 3m Tm
31n2 Sin ) sinT Sin ) Sin 2 Sin )

Z _Sm+4+9+16+25+36+49+"'

Test the series

o | . n . T . 31

sin — sin= sin —
41 _ |.. E 2 4
z ) = |51n4| + 7 + 9 +

_ . TN
sinm sin T

16

nz
n=1

for convergence.
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. sin—
Since |—;
n

< iz and Z;‘{;ln—lz IS convergent as the hyperharmonic series (p = 2 > 1),

..Tn

4

according to the First Comparison Test, the series Y., S—Z

Is convergent. Hence, the

._n

Sll‘l
series ).~ —= also converges. Moreover, it is absolutely convergent.

[ Example 5. ]
Investigate for convergence of the alternating series

n-1 _1\n—-1
z( 1) 1 1_1+...+( 1) N
4 n

2 '3

It is conditionally convergent since it is convergent (see example 1), but

D™ _ i %

diverges.

[ Example 6. ]
Investigate for convergence of the alternating series

i (_1)n+1 B 1 1 1 1 (_1)n+1

= b — e b
2n?2+3 5 11 21 35 2n% + 3

n=1

Let us consider a series made up of the absolute values of its terms

( 1)n+1
z 2n2+3 2n2 +3°
n=1
Since
1 1 1
a, = < <—=b,,

2n?+3 2n? n?
we apply the First Comparison Test.

The series Y o4 iz converges as the hyperharmonic series where p = 2 > 1. This yields

that the series Y o 15575 CONverges.

(_1)n+1

Hence, the given series Y, e Is absolutely convergent.
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[ Example 7. ]
Investigate for convergence of the alternating series

(-1 2n 2 4 6 8 (- 2n

L+ Dn+3) 815 2473 Tmrnmez

Consider a series made up of the absolute values of its terms

00
n=1

Let us investigate this series for convergence by the Limit Comparison Test. We compare

(D" 2n
n+1)(n+3)

_ = 2n
_;(n+1)(n+3)'

it with the harmonic series Yo, %

Since

. a, _ 2n-n _ 2
lim — = lim

noo b, noo (n+ 1)(n + 3) =rll‘l£‘o(1+%) (1+%)

. . . . oo 2n . .
and the harmonic series diverges, the series Yo ; IO Is divergent.

- . .y _(-D™2n
Then it is necessary to test the alternating series ).;7—, At D)

by Leibniz’s Theorem
to understand whether it diverges or converges conditionally.
Let us check the first condition.
° Qp > Apyq
2n S 2n + 2
m+1)n+3)" n+2)(n+4)’

nn+2)(n+4)>mnm+1*(n+3);
nd+6n®+8n>n3+5n*+7n+3;

n?+n-3>0.
The last inequality holds for any natural n > 2. Thus, the first condition is fulfilled
starting from the second term of the series.

Let us check the second condition is fulfilled, since

o lim en = lim %
n—oo (n + 1)(71 + 3) n-oo (1 n %) (1 n %)

Hence, the alternating series Y., ( (-D™2n

miDmea) converges coditionally.
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[ Example 8. ]
Investigate for convergence of the series

Dt 1 11 (=

Gt 3 e g T Ty T
n=

Evaluate the sum of this series with an error of less than 10~%.

Since the series made up of absolute values

222(32)4

converges by the First Comparison Test (compared to the hyperharmonic convergent

. 1 . . .
series Y04 F)’ the given series is absolutely convergent.

Let us find the sum of the series. First, we need to find how many terms of series we
should take to get a given error of less than 107,
According to the corollary to the Alternating Series Test, the error does not exceed in

absolute value the first of the suppressed terms. Thus we have to find such number n that

. <107*
(3n)* '
It is easy to see that forn = 4
1 1 »
G 12 10
This yields
1 1 1
S = —y-l'@—az —0.0114.

As already mentioned earlier in the corollary from the Alternating Series Test, for
convergent alternating series the absolute value of remainder r;,, does not exceed the absolute
value of a,,; 4, i.€

7] < apys
Applying this fact, the sum S of a convergent alternating series can be calculated with an

error not exceeding the absolute value of a,, .
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[ Example 9. ]

Investigate for convergence

o -Drt 111 (-
= — — 4.
n4+5 6 21 86 n*+5

n=1
Evaluate the sum of this series with an error e = 0,01.

Consider the series made up of absolute values of its terms

(—1)"1 d 1
; nt+5 ;n‘* +5
It is convergent by the First Comparison Test, since
1 1
nt+5" n*

and the series Yo - 175 CONVerges as hyperharmonic (p = 4 > 1).

(-pn?

n4+5

Thus, the given alternating series Yo converges absolutely.

Let us evaluate the sum of this series with the given error e = 0,01. We have to calculate
the absolute values of the first few terms of the given series until we get a term whose absolute
value is less than € = 0,01:

1 1 1 1
aq =g, a, :ﬁ' as =g, a4=m.
According to the corollary from the Alternating Series Test we have
3] < ay < 0,01.

Hence, to evaluate the sum S of a given series with the given error € = 0,01, it is

necessary to find the sum of its first three terms

1 1

1
S~ E_EJ’%NO” 0,05+ 0,01 =0,13.

Properties of absolutely convergent and conditionally convergent series
1. If Y7, a, is absolutely convergent and its sum is S then any rearrangement of the

terms of ), a, is absolutely convergent and its sum is S.
2. (Riemann’s Rearrangement Theorem)

If Yn—; a, is conditionally convergent and o is any real number then there exists a

rearrangement of the terms of ).;—; a,, whose sum will be o.
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Moreover, the terms can be rearranged so that the new series diverges.

For example, let us consider the conditionally convergent series (see example 5.)

Zn 1

Suppose that S is the sum of this series.

1)1’1 1

I U S S S S S S
2 3 4 5 6 7 8

Now let us rearrange the terms of the series so that each positive term is followed by two

negative ones
1 1 1 1 1 1 1 1

2 4 3 6 8 5 10 12 *
Next, we add each positive term with the negative one coming after it

(1 1>1<1 1> 1+(1 1> 1+ 1 1+1 1+
2436851012 2 4 6 8

. . . . . 1 .
The series obtained is convergent. Moreover, its sum is -, since

N _1(1 1 1 \‘_1
= 3 =

11 1,
6 8 20 72 1" 2
zip, s /

n

S.

N| =
I
el B

As a result, by changing the order of the terms of the series, we halved the sum.
3. If series Y-, a, and )._,b, are convergent and their sums are S, and S,

respectively, then their product

a, - b, = (ab;) + (a1b, + a,b,) + (a;b3 + a,b, + azby) + -+
n=1 n=1
+(a;b, + azby_q + -+ ap_1b, + apby) + -+
IS a convergent series and its sum is
S=5,-S,.

3. If series ).>°_; a,, is absolutely convergent, then the series Y.o— Ca,,, where C — const,
Is absolutely convergent.

4. If series Yo-,a, and Y b, are absolutely convergent then the series
Yneq(a, * b,) are absolutely convergent.

5. The absolute convergence of the series is not affected by dropping or adding a finite

number of terms.
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Review Questions
1. What is the alternating series? What is the plus-minus series? How are they different?
2. Formulate the Alternating Series Test.

3. Is it possible to claim that an alternating series converges if lima,, = 0?

n—oo

4. Is it possible to assert that an alternating series converges if the sequence of modules
of the members of this series is monotonic increasing?

5. Formulate the sufficient conditions of the convergence of an alternating series.

6. Which series is called absolutely convergent? conditionally convergent?

7. Is it possible to assert that the convergence of a series consisting of the absolute values
of its members follows from the convergence of the series?

8. What can be said about the convergence of numerical series, if the series composed of
the absolute values of its members converges?

9. What can be said about the convergence of alternating series if the series composed of
the absolute values of its members diverges?

10. What can be said about the convergence of alternating series if the series is
convergent but the series composed of the absolute values of its members diverges?
11. Can it be asserted that arithmetic operations on absolutely convergent series (sum,

difference, multiplication of series) do not change the nature of convergence of the

obtained series? What can be said in this case for conditionally convergent series?

Exercises 1.5

1. Investigate for absolute or conditional convergence.

D" w (D"(2n+4)!
1) Zn 2(nln)n 2) Z"=1T:;
[0 I 1
3) Troa(-1"tan; 4) T (1"
nHn" %)
5) Yoo 6) Yy o
+2 1"
7) S D () 8) Tiver g
9) Tii(—1)"nin (1+5); 10) Yy e

11) 3, (-1 (22)

n+1

Answers
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2. Functional Series

2.1 The Concept of a Functional Series

Consider the series

(0]

Zun(x) =u () +u,(x) + -+ u,(x) + - (2.1)

n=1

[ Deﬁnition.] The series whose terms are functions of x is called a functional series.

Here we assume that all the functions are defined and continuous in the same interval.

For example,
In"x In?x  In3x In™x
D Ynmi—z =lnx+—+—+ -+ —+-, x€(0,+);

2) Z(x+ 3)"=1+C+3)++3)2+ -+ x+3)"+, x € (-0, +0).
n=0
For each real number x (definite numerical value) we get different numerical series,

which may be proved to be convergent or divergent.

[ Deﬁnition.] The set of all those values of x for which the functional series converges is

called the domain of convergence of the series.

The method of determining the domain of convergence is based on investigating the
series made up of the absolute values of its terms (Qo-;lu,(x)]). To determine the

convergence of these positive-term series we apply Ratio or Root Tests.

[ Deﬂnition.]The functional series Y.;>-; u, (x) is called convergent on some interval (a, b)

if it converges as a numerical series at each point x of this interval.

We may also consider the sequence of partial sums of the series (2.1)
Si=u(x), S;=ui(x) +uy(x), ... Sp=u(x)+uy(x)+--+u,(x), ...

and, in this case, it is the sequence of functions defined on some interval (a, b).

[ Deﬁnition.] The sequence of functions {S,,(x),n = 1} converges pointwise on the interval

(a, b) to the function S(x) ( lim S, (x) = S(x)) if it converges as a numerical
n—oo

sequence at each point of the interval (a, b).
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Since the sum of a series is the limit of a sequence of partial sums, we can define the sum
of a functional series.

[ Deﬁnition.] The sum of the functional series is some function of x:

(00]

> () = lim 5,(0) = SG),

n=1

where function S(x) is defined in the domain of convergence.

If the series converges then its sum can be written in a form
S(x) = Sn(x) + rn(x)-

[ Deﬁnition.] Expression 1, (x) is called the remainder of the series (2.1) and

T (X)) = ngq () + Upya (X) + -+

[ Theorem 2.1 ]
The remainder of the convergent series tends to zero when n — co.

Proof.

Let us consider the sum of convergent series

00)

D (@) = 50 = 5, () + @),

n=1

then

T (x) = S(x) = Sp(x).
Since

lim, () = lim (SG0) = $,(x)) = 0,

we get, that the remainder of the convergent series approaches zero as n tends to infinity.

[ Example 1. ]
Find the domain of convergence of the series
= In"x In?x In3x In"x

Z 3 —lnx+?+? + 3 +

n=1
Applying the Root Test, we get

n _nf(ln™x) - |Inx]

lim yu, ()| = lim | = lim 3 = |Inx|
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Thus, the series converges when |Inx| < 1 and diverges when |Inx| > 1.
Let us solve the inequality
|Inx| < 1,
-1<lnx <1,

1
-<x<e.
e

. . 1
Hence, the interval of convergence is (Z’ e).

At the endpoints of the interval, it is impossible to investigate the series using the Root

Test. But we can do it separately by investigating of numerical series obtained in the points
x=eandx = -.
e

For x = e we have

i lnne - 1

n=1 n= 1

Since it is a hyperharmonic series and p = 3 > 1, it converges.

Forx = iwe get

(0] 1 (e 0]
In"2 O =D"
nd n3 -’
n=1 n=1
It is absolutely convergent alternating series since the series made up of the absolute

. 1 .
values of its terms )., — Is convergent.

Finally, the domain of convergence is

1
velte]
e
[ Example 2. ]
Find the domain of convergence of the series
n 4 2 4 3 n
Z( )n() (;C)+(;C) +(1)n()1+

Applying the Ratio Test, we obtain

(4™ (2n-— DI _ . @n-1)

Un+1(X)] im )
2n+1) (A4x)" n-o (2n+ 1)

un(x)  now

lim

n—-oo

|4x| = |4x].
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According to the Ratio Test, this series converges when
|[4x| < 1.
Thus,

1_ 1
1SSy

Consider the endpoints of this interval.

1 . .
Forx = S e get the numerical series

oo ) (4 . (— %))n 00 i (=1)" (- 1)2n
Z(_l) 2n—1 :Z(_l) 2n—1 Z n—1_

2n -1
n=1 n=1
This series diverges as a harmonic series.
Forx = iwe obtain the alternating series
= (=1)" 1 1
=—14+=-—=+-
2n—1 3 5
n=1
which is convergent by Leibniz Theorem.
Hence, the domain of convergence is
c ( 1 1
*EUT A
[ Example 3. ]
Find the domain of convergence of the series
—x+x2+x3++x +

_11+x2”_1+x2 1+x% 1+x6 1+ x2n

By the Root Test, this series converges when
lim %] = lim " " |x|
nl_l;l;lo un(x) - nl_)ngo 1 + x2n n—>oo n/ll + xZn

Let us consider this limit when |x| > 1:

X S X 1

L = lim _)0n_)oo'_|_|__<1

2] x|

When |x| > 1

n—>oo n/ll + xZn n—-oo 5
Ix | W-Fl

Thus, the series is convergent when |x| > 1.
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Contrariwise, when |x| < 1, we get

. |x|
lim ————=—=

n YT+ 220]

and the series is convergent.

x*" -5 0,n - o,

= 1
when |x| < 1 Ixl <

Since for x = 1 and x = —1, we get divergent series

= 1 = (—1)n
RREDR
. . n=1 n=1
the domain of convergence is

X € (—0;—1)U (—1;1) U (1; +0).

[ Example 4. ]

Find the domain of convergence of the series

o

—n? - - - —n?
Ze N°X — =X f 74X 4 079X L ... oY ...
n=1

By the Ratio Test, this series is convergent when

g ()] e @O emx | 1
lim [———| = lim > = lim [ ———| = lim |———| < 1.
N0 un(x) now| e~N°X n-ow |eN°X+2nx+x now |@2NX . pX
The last inequality holds when x > 0.
For x = 0, we get the divergent series ), —, 1.
Thus, the domain of convergence is
x € (0; ).
[ Example 5. ]
Find the domain of convergence of the series
- " x . . x . x ) x
Z sz_n = sinx + smﬁ + smﬁ + et sz_n + -
n=1
According to the Ratio Test, we get
. X X
Uy q(x SIN 577 X X snrt| 1
limL()zl #=Sm2n on| = lim 21; ==<1
n—w | Uy (%) | singg n - oo i 2

Hence, this series converges for any real x. Thus, the domain of convergence

x € (—00;00) .
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[ Example 6. ]
Find the sum of series

1 1 1 1
x+1 (x+Dx+2) (x+2)x+3) (x+3)(x+4)

for x € [0,1].

By partial fraction decomposition, we have
1 1 1

(x+n)(x+n+1)=x+n_x+n+1’ n=1523
the partial sum of series is
Sp(x) = ! — - — 1 e 1 _
x+1 (x+1D(x+2) (x+2)(x+3) x+n)(x+n+1)
1 1 1 1 1 1 1 1
=x+1_(x+1_x+2)_(x+2_x+3>_m_<x+n_x+n+1)=x+n'
Hence,
S(x) = Ai_}ngoSn(x) = lim =0

n-oo X +n
forany x € [0,1].

[ Example 7. ]

Find a sum of the series
x+x(x—D+x*(x—1D+x3(x—-1)+ -
for x € [0,1].
Let us consider the partial sum of this series
S,()=x+x(x—D+x*(x—D+x3x—-1D+ - x"1(x—-1) =
=x+x?—x+x3—x>+ - +x"—x"1 =x",
Thus, we obtain

0, 0<x<1,

— |1 — |1 n _—_
S0 = limsy() = lima" = {7 °7 027

It is well-known that the finite sum of continuous functions is the continuous function.
But examples 1 and 2 show that the infinite sum of continuous functions may be either a
continuous or a discontinuous function. Therefore, a natural question arises: what properties
a series should possess for its sum to be continuous? Moreover, under what condition is it

possible to differentiate and integrate the series termwise?
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Review Questions

1. What series is called functional? Give examples of functional series.

2. What is the difference between functional and numerical series?

3. What is called a point of convergence and a domain of convergence of a functional
series?

4. Is it possible to apply tests of convergence of numerical series to find the domain of
convergence of functional series? How?

5. Why, when finding the domain of convergence of a functional series, do we consider
a series composed of the absolute values of its members?

6. Formulate an algorithm for finding the domain of convergence of a functional series.

7. What do we understand as the sum of a functional series?

8. Can we say that the sum of a functional series is defined in its domain of convergence?

Exercises 2.1

1. Find the domain of convergence of the functional series.

(0] [o'e) 1
1) Yy oln™x; 2) Xn=1 T
3) Xn=1 Sin%; 4) Xn=1 xntanin;
oo Vnoo G o
5) Z'fl=1 (X—Z)n ) 6) ZTL 1 n3”(x 5)" )
7 X, e ™™, 8) Y13 — xH)";
o 1
9) Xn=1 1 10) Yy
e 1
11) Zn=1 nx "
Answers
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2.2 Uniform Convergence of a Functional Series

[ Deﬁnition.} The functional series

(00]

D> )

n=1

is called dominated in some range of x if there exists a convergent numerical

oo
n=1

such that for all values of x from this range the following relations are fulfilled:

positive-term series

lu; (0)| < ay, lu, ()| < ay, ..., lu, ()| < a,, ...

In other words, the series is dominated if each of its terms does not exceed, in absolute

value, the corresponding term of some convergent numerical series with positive terms.

[ Deﬁnition.} The functional series Yo—; u,(x) is called a uniformly convergent on the

interval [a, b] if for any arbitrary small € > 0, there is an integer N such that
for all n > N the inequality
1S(x) = Sp(0)] < ¢

will be fulfilled for any x of the interval [a, b].

Investigation for uniform convergence by definition could be complicated. It is useful to
apply the Weierstrass Criterion which gives us sufficient conditions for the uniform

convergence of a series.

[ Theorem 2.1 ]
Weierstrass Majorant Test (Weierstrass Criterion)

The dominated in [a, b] (or (a, b)) functional series converges uniformly

and absolutely in [a, b] (or (a, b)).

Proof.

Let us consider the dominated series

oo

z U, (x).

n=1
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Thus, there exists a convergent numerical positive-term series

(ee)

Z an’

n=1

where for any x € [a, b]: |u,(x)| < a,,,n = 1.
Let € > 0. Since series )y, aiconverges then by theorem 1.2 its remainder goes to zero

when n — oo and there exists such number N = N (¢) that forany n > N

(00

a, < E&.
k=n+1
Hence, for any positive p
p p
Z lu, (x)] < Z a < €
k=n+1 k=n+1
and for p — oo we get
oo oo
Z lu, ()] < z a, <E.
k=n+1 k=n+1

The remainder of series tends to zero when n — oo, thus, the series Y37 ;|u, (x)]
converges and the series )., u, (x) is absolutely convergent.

Moreover, it leads to

(0]

Z U (x)

k=n+1

[00]

< i ()] < Z a, < ¢

k=n+1 k=n+1

[ ()] =

forn > N and for any x € [a, b].

Therefore, the series Y.7-; u, (x) is uniformly convergent.

[ Example 1. ]
Investigate for uniform convergence of series
(0]
cos nx cos2x cos3x cos nx
T cosx + 52 + 33 + et o

1

S
Il

for x € [0,2m].

For any x € [0,27] we have

COS nx 1
=l =
nt I nn

56



Let us consider the positive-term series

S
2.
Since by applying the Root Test we get
nl1 1
lim [—=Ilim—-=0<1,
n—-oo n n—-oon

1 -
the series Y- 175 is convergent and, by Weierstrass Criterion, the series Y%, ———

nn

dominated and converges uniformly and absolutely for x € [0,2x].

[ Example 2. ]
Investigate for uniform convergence of series
-1 (S SR S
nS+x* 154+ x* 25+ x* 354 x* n® + x*

n=1
for x € (—o0, 400).

Since for any value of x we get

1 1
n> + x4 T n®
and the numerical positive-term series
(0]
1
n5
n=1

IS convergent as the hyperharmonic series withp =5 > 1,

This yields that the original series is dominated.
Thus, by Weierstrass Criterion, the series ).o>—; — 5 converges uniformly and absolutely

for x € (—oo, +00).

[ Warning. ] Weierstrass Criterion gives sufficient conditions for uniform convergence but

they are not necessary.

Some nondominated functional series are uniformly convergent.
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[ Example 3. ]

Investigate for uniform convergence of series

UG S 1 1 G

1n+xm 1+x2 2+4+x* 3+4+x° n + x2n
n=

The given series is convergent for x € (—oo, +00) (we propose to prove this ourselves)
and nondominated.

Let us prove the uniform convergence by definition.

By Corollary to Alternating Series Test

1S(x) = Sn ()] = |m (O] < lup4a ()1,

we get
< !
n+1+x2"2 "n4+1

1S(x) = Sn(0)] <

From inequality

- <
n+1 €
we have
1
n=>—-—-—1
£

Hence, for any arbitrary small € > 0, there exists an integer N > i — 1 such that for all

n = N the inequality
1S(x) = Sa(0)| < ¢
is fulfilled for any x € (—o0, +00).

_1yn—1
Thus, the given functional series Z;‘f;l(ni)

is uniformly convergent for x €

x2n

(=90, +0).

Properties of uniformly convergent series

[ Theorem 2.2 ]

The sum of uniformly convergent series of continuous on some interval

[a, b] functions ).;—; u,, (x) is a function continuous on that interval,

This property holds for dominated series. Some nondominated functional series

with continuous terms have for the sum a discontinuous function.
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[ Example 4. ]
Let us consider the series

Z(Xn—xn_l) =x+ (x?—x) + (x3=x2) + -+ (x"—x""1) + -

n=1
for x € [0; 1].
It is obvious, that this series is not dominated, but n-th term u,(x) = x*—x™"1 is
continuous on [0; 1] function.
However, for the n-th partial sum
S, () =x+(x?—x)+ (x3—x?) + (x*—x3) + -+ (x"—x""1) = x
we get

1 whenx =1
. — - n — Vi )
i:rgosn(x) - Al_l;l;lox - {O, when x € [0; 1).

Thus, the sum of the original series is a discontinuous function.

[ Theorem 2.3 ]

Let there be a series of continuous functions ).>>-; u,,(x) dominated on
some interval [a,b] and let S(x) be the sum of the series. Then the
integral of S(x) from « to x, which limits belong to the interval [a, b], is

equal to the sum of integrals of the terms of the given series:

fS(t)dtzfxiun(t)dtz

X X X
= ful(t) dt + fuz(t) dt + -+ fun(t) dt + -
(¢4 (¢4 (¢4
If a series is not dominated, term-by-term integration of it is not always possible.
[ Example 5. ]
Prove that it possible to integrate termwise the series
- sinnx
7’15

1

S
1l

from 0 to a. Find this integral.
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For any real x, we have

sinnx 1
n®> |~ nd
and the positive-term series
(0]
X
n5
n=1

IS convergent.

sinnx

Hence, the series Z‘,’f:ln—s Is dominated and, by Weierstrass Criterion, it converges

uniformly and absolutely for any real x.

By theorem 2.3 we may integrate this series term-by-term

a co

[e's) . %) %) a
sinnx sinnx 1 _ 1 —cosnx@
Z z dxzz 3 dt=2—5 sinnx dt = — | =
n n n n n 0
0 0

n=1 n=1

0

n=

(o'e]
z 1 <—cosna —CoS O) z 1 — cosna
ns n n no '

n=1 n=1

[ Theorem 2.4 ]
If the series Y-, u,,(x) made up of the functions having continuous

derivatives on the interval [a, b] converges to the sum S(x) and the series
u () +u,00)+ o+ u () + -

made up of the derivatives of its terms is dominated on the same interval,

then the sum of the series of derivatives is equal to the derivative of the

sum of the original series; that is,

!

§'(x) = (2 un(x)> =u'y(0) +u () + -+ u () +

n=1

The requirement of the dominance of a series of derivatives is extremely essential,
and if not fulfilled it can make term-by-term differentiation of the series impossible

[ Example 6. ]
Prove that it possible to differentiate termwise the series
= sinnx
n5

1
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Each term of a given series is a continuous function and

(sin nx)' COSNX
ns T ot
Let us consider the series of derivatives

(0]

cosnx

n4
1

S
Il

For any real x, we have

|cos nx| 1
nt* |~ nt

and the positive-term series

IS convergent.
Hence, the series of derivatives converges uniformly and absolutely for any real x.

By theorem 2.4 we get

0 . ! (o) . , [o'e)
Z Sinnx z <Sln TlX) Z cosnx
ns ns nt -’

n=1 n=1 n=1

[ Example 7. ]

Investigate if it possible to differentiate termwise the series

(0.0]

sin 5™x
P

n=1
For any real x, we have
sin 5™x 1
5n |~ 50

Since the positive-term series
=1
2.5
n=1

is dominated and, by Weierstrass Criterion, it converges

sin 5™x

Is convergent, the series Yo,

uniformly and absolutely for any real x.



Each term of a given series is a continuous function and

= cos 5™x.

sin5™x\ 5™ cos5™x
( 5 ) D
Let us consider the series of derivatives

(00]

z cos 5™x.

n=1
This series is divergent for any real x by Divergence Test, since

1, for x = 0;

lim Ny = { )
cos 5%x doesn't exist, for x # 0.

n—oo

Therefore, it is impossible to differentiate termwise the series

(0]

sin 5™x
571

n=1

Review Questions

1. What functional series is called uniformly convergent?

2. What functional series is called dominated?

3. Formulate the Weierstrass Majorant Test.

4. What are the properties of the uniformly convergent series?

5. Inwhat case will the sum of an infinite number of continuous functions be a continuous
function?

6. State the conditions under which the functional series can be integrated term by term.

7. State the conditions under which the functional series can be termwise differentiated.

Exercises 2.2

1. Find the domain of convergence and prove the uniform convergence for the series.

2,2

w sinnx w e
o (sinx+v3cosx)" oo n
3) Y=t on ) 4) Y= (1" x44n2 "

2. Prove that it is possible to differentiate termwise the series Y.;-; % sin% :

cosn?x

3. Prove that it is possible to integrate termwise the series Yo e from a to b.

2n+1

Answers
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3. Power Series

3.1 The Concept of a Power Series

|. The Concept of a Power Series
Let us consider the most useful case of a functional series — the power series.

[ Deﬁnition.] A power series about a (or just power series) is any functional series that can

be written in the form

0o

Y ayx-a =

n=0
=aqyta(x—a)+a(x—a)*+-+a,(x—a)* + - (3.1)
where a, a,y, a;, a,, ..., a, are real numbers and a,, are called coefficients

of the series.

When a = 0, we have a special case of power series

(00]

apx™ = ag+ ayx + azx* + -+ ax™ + (3.2)
n=0
Substituting y = x — a, we obtain the series of type (3.2) from the series of type (3.1)
z a,(x —a)* = 2 a,y".
n=0 n=0

We are going to provide all the subsequent ideas and properties for the power series (3.2).

Due to the substitution, the properties are retained completely for the series (3.1).

Il. Interval of Convergence
Consider the power series

Z ApX™ = Ay + a1 x + azx® + -+ ax™ + -
n=0
The question of convergence is very important for power series. Since x is a variable, the
investigation for convergence of power series of the form (3.2) is always connected with the

following three questions.
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e Can the power series diverge for all values of x except x = 0?
e Can the power series converge for any value of x?
e (Can a power series converge at some values of x and diverge at others?

The answer to these questions is given by the main theorem of the theory of power series.

[ Theorem 3.1 ]
Abel’s Theorem

1. If a power series converges for a nonzero value x,, then it converges
absolutely whenever |x| < |x4].
2. If a power series diverges for a nonzero value x,, then it diverges

whenever |x| > |x;|.

Proof.

1) Since the numerical series

z apx = ag + ayx; + ayxf + o+ apxf + -

n=0
converges, it follows that a,,x{* = 0, n — oo. Thus, there exists a number M > 0 such that
vn =0, |a,xi| < M.

Rewrite the common term of the series (3.2)

n

<M -

n
n| =

a,x
@ -

|anxi1 N
1

n
For |x| < |x;]| the series Yo_q M - |xi| IS convergent as a geometric progression with
1

X

common ratio < 1.

X1

According to the Comparison Test, we have, the series ).»—,|a,x™| converges and the
series Y.o—, a,x" is absolutely convergent.

2) Let the series (3.2) is divergent at some point x,.

Assume, that at the point x3, |x3| > |x,|, the series Y.;°_, a,x% converges. By the first
part (just proved), it should be convergent at the point x, as well, since |x,| < |x3|. But this
contradicts the condition that at the point x, the series diverges.

Hence, the series diverges at the point x as well.
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From the Abel’s Theorem we have the structure of the domain of convergence (Fig. 3).

Series converges

-X, x2
S T 0y N
Series diverges Series diverges
Figure 3.

Thus, the domain of convergence of a power series is an interval with the center at the
coordinate origin. It is obvious, that there exists number R, |x,| < R < |x,|, such that for any
point x lying inside this interval, the series converges and converges absolutely, while for

points lying outside it, the series diverges (Fig. 4).

Series converges

—R/—\R
S N

Series diverges Series diverges

Figure 4.

The domain of convergence is always some interval, which can be degenerate into a point

or spread over the real axis (in particular cases).

[ Deﬁnition.] The number R is called the radius of convergence of the power series. The

interval (—R, R) is called the interval of convergence.

At the end points of the interval convergence and divergence of a given series should be
investigated separately. To determine the convergence of these positive-term series we apply
Ratio or Root Tests.

[ Example 1. ]

Determine the interval of convergence of the series

2

- x™ 1 X X x™
D =gttt gt

n=0
Applying the Root Test directly, we obtain

lim

n—oo

|x|

>

xn
2n+2

Hence, the series converges when ";—' < 1, thatis, if |x| < 2. The series diverges when

|x| > 2. The radius of convergence is R = 2.
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If x = 2, then

N

(00] 271 (00]
Z on+z Z
n=0 n=0

- : . : 1
and it diverges since lima, = lim Z= i 0.

n—-oo n-oo 4

If x =—2,then

. . . . 1
and it diverges since lim i = # 0.

n—oo

Finally, the domain of convergence is (-2, 2).

For the power series about a

o

z a,(x—a)"=ap+a;(x—a)+ta,(x—a)+-+a,(x—a)t + -
n=0

we have that it converges for values of x that satisfy the inequality (Fig. 5)
|x —a| <R,
—R<x—a<R,
a—R<x<a+R.

Series converges
a-R /_\a +R
_/' a k

Series diverges Series diverges

Figure 5.

[ Example 2. ]

Determine the domain of convergence of the series

i — n _ 2 _ 3 _ n
Zl%:(x_l)_k(x 41) _|_(x 91) +...+%+...

Applying the Ratio Test, we obtain

(x_l)n+1
_ n+1D% | _ . n? I
=1y _%Lr?o(n+1)2|x 1] =lx— 1.
n2
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The series is convergent when
lx — 1] < 1,
-1<x-1<1,
0<x<?2

S2-1)" v 1
2 nz n2
n=0 n=

0

If x = 2, then

and it converges as hyperharmonic series.
If x =0, then

S0-1D" o (-D)n
z nz n?
n=0 n=0
and it is absolutely convergent diverges since Y.o_, |—(_nlz)n

1.
= >0 — Is convergent.

Therefore, the domain of convergence is [0, 2].

lll. Radius of Convergence
The radius of convergence of the power series (3.2) can be determined through its
coefficients, using the Ratio or Root Tests.

First, let us consider a series of the absolute values of the members of the series (3.2)

(e 0]
z la,x™"|.
n=0

Suppose, that there exists the limit

= f1’

then by Ratio Test, the series (3.2) is absolutely convergent if

n+1

lim an+1xn = lim nt1 lx| = ¢4|x| < 1.
n—oo anx n—oo n
This yields
1
x| < Z,
1 1
—Z <x< Z
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Thus, the interval of absolute convergence of the series (3.2) is x € (—fifi) and the
1 1

number
1 | an
R =—=lim (3.3)
1 "o llpyg
Is its radius of convergence.
Similarly, when suppose that there exists
lim%y/|a,| = ¢,,
n—-oo
then, by the Root Test, we get
1 1
R =—=lim (3.4)

To find the region of convergence of the power series (3.2), it is necessary to do the next
steps:

1) find the radius R of convergence of the series (by (3.3) or (3.4));

2) investigate the convergence of the series at the ends of the convergence interval

(—R; R), that is, investigate the convergence of numerical series of the form

o0 o0

D @R, ) an(-R)";

n=0 n=0

3) make a conclusion about the domain of convergence of the power series.
Let us consider some examples.

[ Example 3. ]
Find the domain of convergence of the series

Z 3™ =14 3x +3%x%2 +33x3 + -+ 3" ...
n=0

Since the coefficients of this series are a,, = 3", a,,.; = 3™*1, we may apply both (3.3)
and (3.4) to determine the radius of convergence. Let us apply (3.3)
3" 1

= lim gn+l 3"

an

R = lim

n—oo

An+1

Thus, the series is absolutely convergent when x € (—gg)

Let us investigate for convergence of the series at the end points of interval x = —% and
1

X ==
3
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1 . .
Forx = — 5+ we get the numerical series

E}—nn=1—1+1—1+"”
n=0

1 . .
For x = 3 we obtain the series

0

zhﬁ=1+1+1+1+"“

n=0

Since lima, = lim1 =1+ 0 for both these series, the necessary condition for

n—0o n—->oo

convergence is not fulfilled and these series diverge.

Hence, the domain of convergence is

{ Example 4. ]

Determine the domain of convergence of the series

S x+1)" 1 x41 (x+1)2 x +1)"
G+ _ 1 G Y G

on+2 92 23 24 + n+2
n=0
First, let us apply formula (3.4) to determine the radius of convergence
1 1
R = lim = lim = 2.

Second, we have to solve the inequality
lx+1| <R =2,
—-3<x<1

Thus, the interval of convergence is x € (=3, 1).

Third, at the end points x =1 and x = —3 we have series Z;ﬁo% = Z;’;’:O% and

yo L2y (_i) respectively.

2‘rl+2

Since the necessary condition for convergence is not fulfilled for both these series

(lima, = lim i = % # 0), they diverge.
n—-oo

n—-oo

Hence, the domain of convergence is
x € (—3,1).

69



[ Example 5. ]
Determine the domain of convergence of the series

(n 1) X x2  x3 x(n—l)
(S S T N I A —
Z(n—l)' RETR TR TR e Tl

Since n-th and (n + 1)-th terms of series have the form
1 1
M- T

it is better to apply formula (3.3) to determine the radius of convergence

1
(n-1)! 1)

= lim—*= = limn = oo,

An+1 n—oo ; n—-oo

R = lim

n—-oo
That means that the series converges for all values of x.
Thus, the region of convergence of the given series is

X € (—00,00),

[ Example 6. ]

Find the domain of convergence of the series

Z(nx)" =1+x+(2x)>+ Bx)3+ -+ ()" +
n=0
Let us consider the n-th term a,, = n™. Applying formula (3.4), we get the radius of
convergence

1 1 1
=lim—=0

n—>oon/|an| _nllc}onnn n-on

Thus, we can conclude that the series converges only at one point x = 0. For all other

values of x # 0, the given series diverges.

IV. Properties of Power Series.

[ Theorem 3.2 ]
The power series Y.o—,a,x™ is dominated on any interval [—r,r] that

lies completely inside the interval of convergence
[-r,r] € (=R,R).
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Proof.

Since r < R, the numerical positive-term series

(00]

D lanlr™ = lagl + laslr + laglr? + = + |ay "
n=0
converges.

But when |x| < r, the term of the series }.;_, a,x™ do not exceed, in absolute value, the

(00
> lanlr™
n=0

Therefore, the series )., a,x™ is dominated on the interval [—r, r].

corresponding terms of series

[ Theorem 3.3 ]

The sum of a power series .o, a,x™ is a continuous function on every

interval lying entirely within the interval of convergence.

Proof.
Since the series on this interval is dominated and its terms are continuous functions of x,
according to the theorem 2.2, we have, that the sum of the series Y.,"_, a,x™ is a continuous

function.

[ Theorem 3.4 ]
If the limits of integration « and g lie within the interval of convergence

of a power series ([a, 8] € (—R, R)), then the integral of the sum of the

series is equal to the sum of the integrals of the terms of the series:

B B
JS(x)dx=fZanx"dx=
a a n=0

B B B
=fa0dx+.fa1xdx+---+Janx"dx+--- (3.5)
a a a

Proof.
Since limits of integration may be taken in the interval [—r, ], where series is dominated,

and according to the theorem 2.3, we can fulfill the term-by-term integration.
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[ Theorem 3.5 ]

Inside the interval of convergence (—R,R) of the power series
Ym—o anx™ (3.2) the derivative of the sum is equal to the sum of the series

obtained by termwise differentiation of the original series that is for x €

(—R,R)

S'(x) = (i anx”>, = i(anxn)’ =

=0

=a, + 2a,x + 3azx* + -+ na,x" 1 + - (3.6)

Proof.
First, let us prove that the series

Z(anx")’ = a; + 2a,x + 3azx* + -+ na,x"t + -
n=0
is dominated on any interval [-r,r] € (—R, R).
Consider the point r such that r < p < R. Since the series (3.2) converges at this point,

we have lima, p™ = 0 and there exists a positive number M such that forany n € N

n—oo

lanp™| < M.

Then for x € [—7,7]
n—-1

<nMq"1,

|nanxn_1| = |nanrn_1| = nlanpn_ll

where q =£< 1.

Now investigate for convergence of the series
M
;(1 +2q+3¢*+ - +ng"t + ).

Let us apply the Root Test

lim \/ng"-1=q < 1.
n—-oo

Thus, the terms of the series Yo ,(a,x™) =Y, na,x™ 1, forx € [—r,r], are less, in

. . - M -
absolute value, than the terms of the convergent numerical positive-term series > Yoo ng™ L.

Therefore, the series (3.6) is dominated on the interval [—r, ], and, since every interior point
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of the interval (—R, R) may be included in some interval [—r, r], it follows that the series (3.6)
converges for any x € (—R, R).

According to Theorem 2.4, we have, that

S'(x) = (i anx">

n=0

!

E(anxn)’ =aq + 2a2x + 3a3x2 + ... 4 nanxn—l + ..

n=0

Series (3.6) may be differentiated again term by term, and this may be continued

as many times as you need. The interval of convergence of each series obtained by
differentiation is the same interval (—R, R). Theorems 3.4 and 3.5 are useful for problems

about the sum of power series.

[ Example 7. ]

Find the sum of the series

Z nx™t=14+2x+3x*+ - +nx" 1+
n=0

which is convergent for x € (—1,1).

Since nx™ 1 = (x™)’, the given series consists of the derivatives of the series
(00]
zx” =14+x+x2+ - +x" 4+
n=0

This series converges for x € (—1,1) and may be considered as a sum of geometric

progression

(00]

1
Zx"=1+x+x2+---+x"+---=m, x € (—1,1).
n=0

Thus, we may apply Theorem 3.5 and formula (3.6)

!

00 / 1
(an) =(1+x+---+x"+---)’=1+2x+3x2+---+nx"_1+---=< )

1—x
n=0

This yields

C . 1Y 1
Z"" _(1—x> = a2 YL
n=0
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[ Example 8. ]
Find the sum of the series

(00

2 3 n

* +x +x + +x -+
_:x — — see — .-.,
n 2 3 n

n=1

which is convergent for x € (—1,1).

ny'’/ n
Since x™ 1 = (%) and [ =dx = x™"*, we have to consider the series

(0]

1
Zx"‘l =1+x+x24+-+x"1+. =1—5 XE (=1,1).

n=1

Let us apply Theorem 3.4 and formula (3.5) for [0,x] < (—1,1)

X oo 0 X X 1
ij"dx=Z jxndx =j1_ dx = —In(1 — x).
0 n=0 n=0 \0 0 x

Thus,

z— — —In(1—x), x€ (=1,1).
n=1 n

Review Questions

1. What series is called a power series?

2. Formulate the Abel’s Theorem.

3. What can we say about the convergence of a power series, if it converges for a nonzero
value x,?

4. What can we say about the convergence of a power series, if it diverges for a nonzero
value x,?

5. What do we mean by the interval of convergence of a power series?

6. What do we mean by the radius of convergence of a power series?

7. What do we mean by the domain of convergence of a power series? What is the
difference between the interval of convergence and the domain of convergence?

8. How can you calculate the radius of convergence? What possible values can it take?
9. Formulate an algorithm for finding the domain of convergence of a power series.

10. Is it necessary to investigate for convergence of the power series at the boundary

points of the interval of convergence? How to do it?
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11. What properties do power series have?

12. Can it be asserted that the power series converges uniformly on any segment that is
fully or partially contained in the interval of convergence?

13. Will the sum of the power series be continuous at each point of the interval of
convergence?

14. Can it be asserted that the power series converges uniformly on any interval that is
fully or partially contained in the interval of convergence?

15. Will the sum of the power series be continuous at each point of the interval of
convergence?

16. Is it possible to differentiate a power series term by term in the middle of the
convergence interval or outside it?

17. What conditions must a power series satisfy so that it can be integrated term by term?
18. Will the radius and interval of convergence of a power series change when

differentiating (integrating) the series term by term?

Exercises 3.1

1. Find the interval, the radius and the domain of convergence for the following power

series.
D A ) S ey
) e D 2o
5) T 6) T, S
7) Yn= 1(151)31);: ' 8) Xn= 1n+2 (3)n;
0) T () xm; 10) T ("2 (x - 2)1,

11) Yooin™(x —4)*"
2. Find the sum of the series

w nm+)x™?1
1) Xnei =

3n+1

x € (—3,3);

Answers

w M
2) Zn=1m, X € (—2,2)
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3.2 Taylor’s and Maclaurin’s Series

|. Power Series Representation for Function

Since the convergent power series has a sum, we say, that a power series determines a
function f(x) whose domain is the interval of converges of the series.

That is, forany x € (—R,R)

(00]

fx) = z a(x—a)"=a,+a;(x—a) +a,(x—a) + - +a,(x—a)t + -

n=0

[ Deﬁnition.] If the function £(x) is defined in this way, then ¥%°_, a,,(x — a)™ is a power

series representation for f(x) (f is represented by the power series)

Power series representation for functions is useful in advanced mathematics and
applications, for example in Numerical Computation or the field of Ordinary Differential

Equations.

Il. Taylor’s and Maclaurin’s Series
Let f(x) be a function such that it has derivatives of all orders in the neighborhood of
the point x = a.
Assume that this function has a power series representation about x = a
fx)=ay+a,(x—a)+a,(x—a)>+-+a,(x—a)" + - (3.7)
Let us determine the coefficients of this series representation.
First, according to the equality (3.7), we have for x = a
fla)=ay+a,(a—a)+ay(a—a)*+-+a,(a—a)* + - = a,.
Thus,
ap = f(a).
Second, let us find the first derivative of the function and its power series:
f'(x) =a, +2a,(x —a) + 3a;(x —a)* + -+ na,(x —a)* 1 + -,
and put x = a into the equality obtained
f'(a) =a; +2a,(a—a) + - +na,(a—a)" 1 + - = ay.
Hence,

f'(a) = a;.
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Continue applying differentiation and find the second derivative
F(x) =2a,+ 3 2as(x —a) + -+ n(n — Da,(x — Q)2 + -

Then forx = a

f"(a) = 2a,
and
L, L@ _ 1@
2 2!
Using the third derivative gives
f"(x)=3-2a3+4-3 2a,(x —a)+ - +nn—1DMn—-2)a,(x —a)" 3+ -
and forx = a
W L@@
3:2 3!
From the fourth derivative as x = a
_fY(@) (@)
Ty 32T A
Now we are ready to write the formula for the general term. Since
@)y =nn-1)Mn-2) ..-2a, +(n+1Dn-1)..-2a,_;(x —a) + -
we obtain
_f™M(a)
"ol

Therefore, the power series representation for the function f(x) about x = a is

= F()
=) P ey =

" n)
- f@+ @ -0+ 2w+t D ey s oy
[ Deﬁnition.] Series (3.8) is called the Taylor Series for f(x) about x = a.
Let us rewrite equality (3.8) as
f(x) = P (%) + Ry (%), (3.9)

where B, (x) is the n-th degree Taylor polynomial for f (x)
f ”( )

(x—a)* +-+

(x—a)"

(n)
Pn(x)=f(a)+f’(a)(x—a)+ f n( )
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and R,,(x) is the reminder term (from Single Variable Calculus)

FO(E)
(n+1)!

Since P,(x) is the n-th partial sum of the series (3.8), its limit as n — oo is equal to the

R,(x) = (x — a)™*1, for some & € (a, x). (3.10)

sum of the series. That is
f(x) = lim P, (x).
n—>0oo
Consider equality (3.9) as n — oo, then
f(x) = lim P,(x) + lim R,,(x) = f(x) + lim R, (x).
n—oo n—oo n—oo
Therefore,
lim R,,(x) = 0.
n—>oo
From the foregoing, it follows that the Taylor series (3.8) is a given function f(x) only
when
lim R, (x) = 0.
n—->0o
If lim R, (x) # 0, then the series is not the given function. Moreover, it may converge
n—-oo
to a different function.

Since formula (3.10) is quite complicated to prove that the reminder term approaches

zero, it is better to use another sufficient condition.

[ Theorem 3.6 ]

If the function f(x) has derivatives of all orders in the neighborhood of
the point x = a and there exists such number M that for any x from this
neighborhood

[f™M@)| <M,
then the Taylor series (3.8) converges to the function f(x) in the

neighborhood of the point x = a.

Proof.
Let us consider the reminder term of (3.8) given by (3.10)

FOD )

n+ D) (x — a)™*1, for some & € (a, x).

Ry (x) =
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Hence,

|f(n+1)(€)| |x _ a|n+1
R =———|x—al""' < M——>.
IRn () == K~ el =M=
_n+1
Since lim *=*"— = 0. we obtain

n-ooo (n+1)!

lim R, (x) = 0.
n—-oo
Thus, the Taylor series (3.8) converges to the function f(x) in the neighborhood of the

point x = a.

Let us consider the partial case of the Taylor series.

[ Deﬁnition.] If a = 0, then the Taylor Series for f(x) about x = 0 is called the Maclaurin
Series for f(x) and

= Fm) (o
Foo =y LoD
n=0

n!

Z )
f 2('0) xZ + .-+ f n'(O) x4 ...

=f(0)+f'(0)x + (3.11)

The Maclaurin series (3.11) is a given function f(x) only when lim R, (x) = 0, where
n—oo

fDE)

D x™*1, for some & € (0, x).

Rn(x) =

Ill. Examples of Expansion of Functions in Maclaurin Series

1. Expansion of the function f(x) = e*.
The function f(x) = e* has a derivative of any order
f(x) = e*.

Since the values of the function and its first n derivatives at the point x = 0

fO)=f(0) = =fM(O) = =1,

we obtain from the formula (3.11)
x? x3 x™

e¥ =ltxtortgt bt (3.12)

Let us prove that this series presentation is true for every real number x.
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Consider the neighborhood (—#, i) of the point x = 0. Here for any x from (—h, &)
F® )| = le¥] < e = M.
Hence, by Theorem 3.6,
7%i_)rroloRn(x) = 0.

2. Expansion of the function f(x) = sin x.

Let us find the successive derivatives of f(x) = sin x.

f) = sinx F(©) =0
o= one=sn(s+2) -
Fw- ez, F@-o
£(x) = — cosx = sin (x + 35), F0) = -1

£ (x) = sinx = sin (x + 43), V(0 = 0
f™(x) = sin (x +n ) FM(0) = sinn ™

Substituting the values into (3.11) we get an expansion:

X3 XS x2n+1

sinx =x——+——"-+ (-1 )n(2n+1)'

TR (3.13)

Since
A
(n) = |gi —
|f ™ ()| |sm (x +n2)| <1,
we have, according to the Theorem 3.6,
limR,(x) =0
n—-oo

and this series presentation is true for every real number x.

3. Expansion of the function f(x) = cos x.

Finding the values of the derivatives for x = 0 of the function f(x) = cosx and
substituting them into (3.11), we obtain the expansion

- 2n
cosx = 1_§+E_ -+(—1)"(2n)!+
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Since
If™ )| = |cos (x +ng)| <1,

we have lim R,,(x) = 0 and this series expansion is true for every real number x.
n—>0oo

4. Expansion of the function f(x) = (1 + x)™ (the Binomial Series).

Consider the function

f)=0Q+x)™,

where m is an arbitrary constant number.

Since f'(x) =m@AQ +x)™ ! = % the function f(x) satisfies the differential
equation
(1 +2)f"(x) = mf(x) (3.15)
and the condition
£(0) =1. (3.16)

Let us find a power series
fx)=1+ax+ax*+ -+ ax™+ -

that satisfies the equation (3.15) and condition (3.16).

Putting this series into (3.15), we obtain

(1+x)(a; + 2a,x + 3azx* + -+ na,x" 1+ ) =
=m(l+a;x+a,x*>+azx3+ -+ a,x"+ )

Collecting the coefficients of identical powers of x in different parts of the equation, we

find
a; =m, a, + 2a, = ma,, - na, +(n+ Da,_, =ma,,

Therefore, we get

ag = 1,

a, =m,

(m - 1a,
a, = —2 =,

_(m=2a, (m-2)(m-Da
B="3 T 2-3 ’
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_mm—-1)-(m—-n+1)
an = 2:3...n :
These are binomial coefficients.

Hence, we obtain

mim-1) mm—-1)--(m—-—n+1)
Ot Y

If m is a positive integer, then a,,,+; = a,,+, = --- = 0 and the series is converted into

Q1+x)"=14+mx+ x4+ (3.17)

a polynomial. If m is a fractional or negative integer, then we have an infinite series.

Let us determine the interval of convergence of series (3.17) by applying the Ratio Test:

mm—-—1)--(m—-n+1) mim—-1)-(m—-n+2)

Un+1 = n xn) Un = (n_1)| n-l
y Upiq mim—-1)--(m—-n+1)(n—-1)! _ |’m—n+1|| = ||
ot U, | now| m@m-—1)-(m—n+2)n! ol et n =

Therefore, series (3.17) converges for x € (—1,1).
At the endpoints x = —1 and x = 1 the question of convergence or divergence of a series

(3.17) is decided separately for each specific series.

Finally,
m(m—1 mm—1)(m—2
A+x)™=1+mx+ (2' )x2+ ( 3)'( )x3+---
mm—-1)-(m—n+1
+ ( )n'( )x”+---, x € (-1,1). (3.18)
Let us look through some particular cases.
1) Form = —1, we have
1
R 2 93 pvin gk (=)™ o e —
T+ % 1—x+x“—x>+-+(1D"x" 4+, x €(-1,1). (3.19)
Changing x by —x, we get
=14+x+x*+x3+-4+x"+-, x€(-11). (3.20)

1—x
2) Form = % we have

1 1 1-3
V1 =1+4+—x— —x?
+ x +2x 2_4x +2_4_6x

1:3-(2n—1)

D e Y, xE[-L1] (321)

3
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3) Form = —%, we have

1,11, 13
Ttz 27724 226"

+(1YJ"3'W(mP_D n g € (-1,1]. (3.22

2-4-6-8----2nx ’ X ’ ] ( )

The binomial expansion is very useful for obtaining the expansions of other functions.

5. Expansion of the function f(x) = In(1 + x).
Since foxﬁdx = In(1+ x)|z = In(1 + x), let us apply Theorem 3.4 about the

integration of power series and expansion (3.19).

Hence,
X X
In(1 + x) =f1+xdx=j(l—x+x2—x3+---+(—1)"x"+---)dx=
0 0
x? x3 x"
= —_—— —_—— e —_ n_l— coe —_—
X 2+3 + (-1) n+ ,  x€(—1,1).

Series is divergent for |[x| > 1 and x = —1, but as x = 1 we get
m2o1-sydi ly G
ne=tToT3Ty n

Therefore,

2 X3 xn
In(1+x)=x —ytg ot (—1)"‘1?+ -, x€(-=1,1]. (3.23)

6. Expansion of the function f(x) = arctanx.

Here we are going to use the same idea as for the logarithmic function.

1
1+x2

1

- X
Since | —

dx = arctanxl’é = arctanx, let us find the expansion for using

formula (3.19). Changing x by x?2, we obtain

1 — 2 4 6 n,.2n
1+x2—1—x +x*—x+ -+ (D" + x € (—1,1).
Applying Theorem 3.4
X X
— 1 — 2 4 6 n,.2n —
arctanx—jl_l_xzdx—j(l—x +x*—x°+ -+ (1) 4+ )dx =
0 0
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x3 XS x2n+1

=x—?+€+---+(—1)"2n+1+---, x € (—1,1).

Series is divergent for |x| > 1, but forx = 1 and x = —1 we get
arctanl = - 1 —1+l— et (1) + -

4 3 5 2n+1 ’

arctan(—1) = 2o +1—1+ ---+ﬂ+
4 3 5 2n+1
Thus,
X3 x5 x2n+1
arctanx=x—?+?—~-+(—1)”2n+1+--- ) x €[-1,1]. (3.24)

7. Expansion of the function f(x) = arcsinx.

Similarly, we get the expansion

x3 N 3+ x° N 3-5-x’ R 3:5---(2n— 1)x2n*? o

2-3 2-4-5 2-4-6-7 2:4-6--2n-(2n+1) ’
x € [-1,1]. (3.25)

arcsinx = x +

[ Example 1. ]
Find the Taylor series about (x — %) for the function y = sin x.

We may do this in two ways: directly, by formula (3.8), and by known Maclaurin series

expansions. Let us consider both methods.

1. Let us find the successive derivatives of sin x and evaluate them at x = %

f(x) = sinx, f (%) -4
f'(x) = cosx, £ (%) -5
f"'(x) = —sinx, £ (%) -4
f"'(x) = —cosx, o (%) _ _vz_i;

and this pattern of four numbers repeats itself indefinitely.

Substituting these values into (3.8) we obtain

. 1 3 1 2 43 3 1
S‘”:T?("‘%)‘ﬁ(x‘%) _2-_3!(x_%) tra(x=g) +
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V3 T\ ° 1 T\ 6 V3 87
+2-5!(x_€) _ﬁ(x ) _2-7!( )+

6
Thus, the Taylor series about (x — g) IS

(0]

sinx = Z an (x — g)n,

n=0

where

n 1
(—1)22_n!, for n =2k, k = 0;

a, =
n-1 +/3
(-1 2 , for n=2k+1,k=0.
2-n!

This series presentation is true for every real number x.
2. Let us make the substitution t = x — % In this case
sinx = sin (x n) + ) = sin (t + n) = sintcosn + COStSinT[ = \/gsint + 1COSt
B 6/ 6] 6/ 6 6 2 2 '

Now, since t = 0, when x = % we may apply Maclaurin series expansions (3.13) and

(3.14)

$2k+1 1 e 2k

V3 1 t
7smt+§cost = Z(— W 2k £ D! Ekzzo(—l)k Ik t € (—o0,400)

and returnto x by t = x —%

6

( D*V3 ( 7-[)2k+1+ o (1K ( T\ 2k

It is easy to see that this expansion could be written in the form of the result obtained

by general formula (3.8), that is

[o0] - n
sinx = z an (x —g) , X € (—00,+00),
n=0

where

n 1
(—1)2 7 for n=2k,k > 0;

a, =
n-1 w/
(-1) 2z , for n=2k+1,k>0.
2-n!
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[ Example 2. ]

Investigate whether it possible to represent the function

1
T %2

y:{e ** for x #0,
0, for x=0

by Maclaurin series.
First, let us find the derivative of the function at the point x = 0.

By definition we have

1
- 1
/ Y Y(x)_Y(O)_. exz__ x [
YO =y =i = i =] -
ex
1
U ' __2 x
= |by LHospitalsRule| = lim—xl=1im —=0
x—0 2 = x—0 =
—;ex 2e”*

In the same way we may find
y"(0) =y"(0) = - = y(0) = 0.
Thus, the Maclaurin series expansion for the given function is
0 2 0 n
y(x) = 0+0x+5x + +Ex + -,

which leads that y(x) = 0 throughout an interval containing zero. But this contradicts the
definition of the function y(x).

Consequently function y(x) does not have a Maclaurin series representation.

[ Example 3. ]
Find the power series expansion about x = 1 for the function y = xe?*.

Consider the function xe?* and make the substitutiont =x — 1 orx =t + 1.
xe?* = (t + 1)e?t*+D = e2(te?! + e2h),
Since t = (x — 1)| ,=1 = 0, let us apply the Maclaurin series representation (3.12) to
each addend

* Zt n ® 2t n ® Zntn+1 b zntn
ez(teZt+eZt)=e2<t (2t) +Z( ) >=ez<z +Z )=
n! n! n! n!

n=0 n=0 n=0 n=0




— 5,2 2 2 22 3 2n n+1 2 22 2 Zn n —
=e t4_iit '+'§?t '+"°+“£Tt + - |+ ]-+-iit-+-§Tt -+...+“%Tt + - =

2n+1

— [2n 2% (n + 3)
— 52 2 +1 _ ,2 2 n+1 _
=e“+e E <_Tl! + n+ 1)!> th™ =e“+e E . t"T, t € (—oo,+00).

n=0 n=0

This yields, after returning to t = x — 1, the power series expansion about x = 1

= 2" (n + 3
xe?* = e? + e? Z —(n' )(x — 1)L, x € (—o0,+).
n=0 '

[ Example 4. ]

Find the Maclaurin series expansion of the function

y=ln(x+ 1+x2).
It is known that

X
ln(x+ 1+x2)=j at
0

Vi+eZ
So it is convenient to apply the Maclaurin series expansion of the function Nrereia

(1+ tz)_% by (3.22) and further integration of the series.
Thus,

.6.. 2
n=0
~ +§:( 1)n1-3----(2n—1) x2n+1 <1
- 2:4-6--2n @2n+1)’ ST
n=0
[ Example 5. ]
Find the sum of the power series

= (21 + 1)x2"
Z n! '
n=0
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Since (2n + 1)x2™ = (x2™*1)’, let us integrate the series from 0 to x

2n+1

X oo o) X [o%]
2n + 1)t?" 1 X
jig dt=2—J(2n+1)t2" dt=z
n! n! n!
o0 n=0

n=0 0 n=0

Next, we apply the Maclaurin series (3.12)

oo [0.0]
Z x2n+1 (x2)n L2
=X = Xxe .

n! n!
n=0 n=0

Hence,

had 2n
f(x) = Z (2n -I;lll)x = (xexz)’ =(1+ 2x2)ex2, x €R.

[ Example 6. ]

Find the sum of the power series

(00]
n

Do D

n=1

First, let us differentiate the series

(in (n+1)> i o <1

n=1 n=1

Second, we put x =2 (x # 0) out of the series and apply the Maclaurin series (3.23)

=i2ni=o: il (x—x+i::11> x2< z( 1)n( x)")—

n=1

00
Xn_l

n=
=;(—x—ln(1—x)), x| <1, x#0.

Separately, for x = 0 we have

Next, we integrate the series obtained

f(x)=f§:f: dx=—fx—12(x+1n(1—x))dx=1_

X
In(1—x) +C.
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Since

(e0)
n

. — . x —
e =N e~
n=1
we get
- X
C = — lim In(1—-x) =1.
x—0 X
Thus,

1—x
f(x)={1+ ~ In(1—-x), for |x| <1, x#0,

0, for x = 0.

At the points x = +1 the given series Z%°=1_n.;+1)

converges. Thus, its sum is
continuous on the segment x € [—1, 1].
At the pointx = —1

1—x
= 1.

1+ In(1 — x)

x=—1

The sum of the series at the point x = 1

(0]

> i =

n=1

(we propose to prove this fact on your own (see example 3 from 1.1))

Hence,
1—x
1+ Z In(1 —x), for x € [—-1,0) U (0,1),
fx) = 0, for x =0,
1, for x = 1.

Review Questions

1. What is the task of the power series expansions?

2. What series is called the Taylor series? What formulas are used to calculate the
coefficients of this series?

3. Is it possible to state that a function can be represented as a power series in a single
way? What series will it be?

4. Write down the expansion of the function f(x) into the Taylor series.
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sk )(xo)

5. Can we say that the Taylor series Y-, (x — xo)™ for the function f(x)

converges to this function?

6. What series is called the Maclaurin series? Write down the expansion of the
function f(x) in this series.

7. What is the residual term of Taylor's formula? What conditions must it satisfy?

8. Formulate a sufficient condition for the expansion of the function into a Taylor series,
which gives a convenient estimate of the residual term of the series.

9. Is it possible to expand a function into a Maclaurin series if there is not at least one
derivative of this function around the point x = 0?

10. Formulate the algorithm for expanding a function into a Taylor (or Maclaurin) power
series.

11. Is it possible to obtain the power series expansion of a function using known
expansions of elementary functions or previously found expansions?

12. Do the operations of term-wise differentiation or integration of series allow to obtain

the power series expansion of a function?
13. Write down the expansion of the functions e*, cosx, sinx, (1 + x)™, Tlx ﬁ

In(1 + x), arctan x, arcsin x. What are their intervals of convergence?

Exercises 3.2
1. Find the power series expansions about (x — a) for given functions. State the intervals

of convergence of the obtained expansions.

1) xe ™ 2**, a = 0; 2) sin3x + x cos 3x, a = 0;
2 — 0N- —1 = ()
3) xIn(14+x°), a=0; 4) T a=0;
2 -0 - 1 — 1.
5 In(x*+3x+2), a=0; 6) — A= 1;
7) In(x+2), a=1; 8) Vx, a=1.
2. Find the sum of the power series.
o (D" - =n" @Bn+1)x3"
1) Yo X 2) Ty XPME 3) Tnoo———;
o0 =nra2"
4) T 5) Soo(-D"@n+ D x?;  6) e, SR,
Answers
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3.3 Application of Power Series.

|. Approximation of Values of Functions
We may apply Maclaurin or Taylor series to approximate values of functions at the

specific point x. Let us illustrate this application by the examples.

[ Example 1. ]
Approximate the number e with an error less than 1073,

Let us use the expansion (3.12) for x = 1

_ 1 1 1
€—1+1+z+§+'“+a+'“.

Here we should choose appropriate n to approximate the function e* within the desired

accuracy.
Since forany x € [—1,1]: |e*| < 3, we can estimate the residual term as follows
3
e 3
R — n+1 < ]
A e Gy =+ 1)

If we need the error to be less than 1073, it is enough to solve the inequality

(n+1)! <107,
Solving the inequality by trying various n, we obtain, that forn = 6
> = 3 ~ 0.0006 < 1073 = 0.001.
m+1D! 7!

Thus, we have
_ 1 1 1 1 1
e=Ztatytatete”

~2+05+0.167 + 0.042 + 0.008 + 0.001 = 2.718.

[ Example 2. ]
Use the first two nonzero terms of the Maclaurin series to evaluate sin 0.1 approximately

and estimate the error in this approximation.
Consider the Maclaurin series (3.13) for sinx as x = 0.1

(0.1)3 s 0.1)5 ,_ 0001 000001

31 51 ' TR
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Since the series obtained is alternating, according to the Corollary to the Alternating
Series Test the error does not exceed in absolute value the third term

0.00001  0.00001
5 120
Hence, to six decimal places

~ 0.00000008.

1
sin0.1 = 0.1 — ~ (0.099833

3!

Il. Evaluating Indeterminate Forms
Sometimes we can evaluate indeterminate forms by expressing the functions involved as

Taylor series.

[ Example 3. ]

Evaluate
In(1 + x)
m-——----:
x—0 arctanx
We represent In(1 + x) and arctanx as a corresponding Maclaurin series

2 x2 x2 3 x4
lim = 43— = lIm —
x—0 x — arctanx 0 x—0 x3 x5
X—|\Xx—=+F
3 5
x3 x* x3 3x
e S o G )
lim lim =1.
x~0x? x5+” x=0 X3 1_3_xz+...
3 5 3 5
[ Example 4. ]
Evaluate
- 2—=2ex1
lim

x>1sin(x — 1)
Here we are going to use a Taylor series representation in powers (x — 1) for e*~1 and
sin(x — 1). This can be obtained by replacing x with (x — 1) in the series (3.12) and (3.13).
Thus,

—1)2 —1)3
(x—1) +(x 1) o

x-1 _ _
e* " =1+(x—-1)+ o1 3 ,
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sin(x—1)=(x—l)—(x_1)3+(x_1)5_

3! 5!
Therefore,
2—2(1+(x 1)+(x;_1)2+ )
}‘iﬂ (x —1)3 =
(=D =3+
_ 2
—1im_2(x_1)_2(x 2!1_) G DE2 =D)L
TP TN I P S

Ill. Evaluating Nonelementary Integrals
The approximation can then be used for the integration of the functions. Of course, we

are going to use this technique with functions for which the traditional calculus methods do
not work. For example, we may need to compute fﬂ% dx. Since a primitive for % cannot

be expressed in terms of elementary functions, this integral cannot be done by the classical
integration techniques.

[ Example 5. ]

EXpress f% dx as a power series.

Expand the integrand in a series using (3.13)

5 2n+1
xS x0T
sinx XT3 tEr Tt O gyt
X N X N
xZ x4— 2n
=1 —-— —_— e —1 n_______
TR e T T

This series is convergent for all values of x. Integrating termwise, we get

sin x x® x* x%n
[E T S <A

X 3! 5l (2n + 1)!
x3 x5 x7 x2n+1
= —_ — _1 n
T e T vt OV ey ran s T
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[ Example 6. ]

sinx

dx with an error of less than 1073,

Evaluate the integral fol

X

Let us use the result of the previous example

jsinx 1 N 1 1 N 1 1 N
B 313 515 717 919 11!11 '

The series on the right side is alternating, and we find by numerical evaluation that

1
717 = 0.0002

is the first term to be numerically less than 1073 = 0.001. Therefore, for evaluating this

integral with an error of less than 1073 we should calculate the first three terms of the series

1
fsmxd -2+ o946
x ¥ 733 e TR
0

IV. Series Solutions to Differential Equations

There are a lot of differential equations that can’t be solved explicitly in terms of finite
combinations of elementary functions. However, it is important to be able to solve such
equations because they arise from the problems of physics or mechanics.

Let us consider the method of power series solution to the Cauchy problem for the

differential equation. There are two main cases of applying this method.

First Case (The Method of the Successive Differentiation).
We represent the solution as a Taylor series, the sum of a finite number of terms of this
series will be approximately equal to the desired particular solution.
Consider, for example, the Cauchy problem for the second order differential equation
y'=Fxyy"), (3.26)
y(x0) =yo, ¥ (x0) = y1- (3.27)
Assume that the solution y = y(x) exists and may be represented in the form of a

Taylor series

y" (%o)
2!

(x — x0)% +

(x—x0)3+-+ (3.28)

y(x) = y(xo) + y' (xo) (x — x0) + y (!xo)

3

94



Since we know y(x,) and y'(x,) from (3.27), we have to find the values of y"'(x,),
y'""(x0), ... y™(xp), ... We can do it using equation (3.26) and conditions (3.27).
From the equation (3.26) we obtain
v (%) = F(xOJY(xo)»y'(xo))-

Differentiate both sides of (3.26) with respect to x

y" = (Fe,y,9)) =Eyy)+FGyy)y +F(uyy)y".  (3.29)
Substituting x,, we get y'"' (x,).
Differentiating (3.29) once again, we obtain y¥(x,) and so on.

Then, we put these values of derivatives into (3.28). This series represents the solution

of the Cauchy problem (3.26), (3.27) in the interval of convergence.

The same idea could be applied to the equations of any order.

[ Example 7. ]
Find the first four nonzero terms of the series representation for the solution of the

Cauchy problem

y' =xy? -1, y(1) = 1.
Let us consider a Taylor series representation of y

124 1 1224 1
y() = y(1) +y' (D = 1) +> 2(, d— 12+ yg—f)u —1)% 4
Here from the initial condition, we have
y(1) =1

and, from the equation, we get
’ 2
y=1-(y)) -1=0.

Differentiating the equation, we get

y"' =yt + Dy =y + 2xyy’.
Then,

r 2 !/

y'@ = () +2y(Wy' (1) = 1.
Differentiate again
y" =+ 2xyy ) = 4yy' + 2xy"? + 2xyy”

and calculateat x = 1
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y"(1) = 4y(D)y' (D) +2(y' D) + 2y(Ly" (1) = 2.
Next,

yV =6y'? + 6yy" + 6xy'y" + 2xyy""
andatx =1

yV (1) = 10.
Finally, putting these values back into the solution we obtain

y(x) = 1+%(x—1)2+%(x—1)3+%(x_1)4+... —

_ 132 —_ 133 —1)4
+(x 1) +(x 1) +5(x 1) e

=1 2 3 12

Second Case (The Method of Undetermined Coefficients).

We suppose that there exists a power series solution of the form

y(x) =ag+a,(x — xg) + a,(x —x0)% + az(x — x0)3 + -+ a,(x — x)™ + -+
and the task is to determine the coefficients a,, a,, a,, ---. This task is accomplished by
differentiating the power series term by term, substituting into the differential equation and

equating coefficients of the same powers of x.

[ Example 8. ]
Find the series representation for the solution of the Cauchy problem

y'—xy=0, y(0)=0 »'(0)=1
We are looking for a solution in the form,

y(x) =ag+ a;x + ax? + azx3+ -+ a,x™ + -
Let us differentiate this series twice

y'(x) = ay + 2a,x + 3azx* + -+ na,x" 1 + -,

y'(x) = 2a; +3-2azx+ -+ nn— Da,x" 2 + -
From the initial conditions, we can find
y(0)=a,=0 and y'(0) =a, = 1.
Plugging the series expressions into the equation, we get the identity
2a, +3-2azx + -+ nn—Da,x" %+ =ax?+ax3 4+ -+ ap_3x" i+

Collecting coefficients of the same powers of x, we obtain

a, =0, a; =0, 4-3a,=a,=1, - nn-1a, =a,_s.
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1 1
a4=—3_4, as =0, ag =0, a7=—3_4_6_7,
1
a4 =0, as =0, “0=37476-7-9-10
1
Azm-1 = 0, aszm = 0,

Gl = 36 7 3m- 3m+ 1)
Substituting the coefficients obtained into the series, we get the solution

1 1

7 3m+1
Tt a6 7 3m-Gmen T

1
= —4 D
y(x) Xty X Yty e ¥

This series converges for all values of x.

[ Example 9. ]

Find the series solution of the equation

y'+y=0.

Assume, that the solution is in the form,

y(x) =ag+ a;x + azx? +azx3 + -+ apx™ + - = Z apx"

n=0
Differentiate this series termwise
y"(x) =2a,+ 3 2a3x+ - +nn—1Da,x" 2%+ = z n(n—1)a,x" 2.
n=2
and plug into the equation
Z nn—Da,x" 2 + Z a,x" = 0.
n=2 n=0

Let us combine everything into a single series. To do this we rewrite the first series as

follows

Z(n +2)(n+ 1a,,,x™
n=0

It helps us to collect the coefficients of the same powers of x easier.
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Therefore,

E(n +2)(n+ Da,x™ + z a,x"™ = 0.
n=0 n=0

And

Z((n +2)(n+ Da,, +a,)x™ =
n=0

Hence,
n+2)(n+1a, ., +a, =0.
As a result, we obtain the recursion formula for calculating coefficients

M2 T T+ 1)

n=20123,--

If a, and a, are known, we can determine the remaining coefficients recursively.

For example,
—a a —a a
n=0: az—l—; 2? n=1: a3—2—;——3—1!,
—a; ) Qo —as a; a;
n=2 =TT 34 4 n=3a5= 35T 93.4.5 51
—a, —a, a, —as —a, a,
e I TS S K T TS A Tk

...........................................................................................

k Ao k
n = Zk ari = (—1) (Zk)', n = Zk + 1: Ark+1 — (—1)
Putting the coefficients obtained into the series, we get
Qo a, Qo
y(x) —a0+a1x—§x —gx + x4 2 5' >4
1)k Ao 1)k a1 2k+1 4 ...
D G D i

or

1 1 1 —1 k
J’(x)—ao<1——x +—x*——xb-- +ux2k+...>+

2! 4! 6! (2k)!
1 1 1 (—1)k
34 g5 x2k+1 4 ) =
+a1<x 3'x +5'x 7'x + - +(2k+1)' + >

Oo(_l)k 2k N (_l)k 2k+1
-“okZO@k)!x ! Lk D
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Do not worry about the fact that we don’t know what a, and a, are. We actually need
these to be in the problem to get the correct solution as arbitrary constants.

1 . .
Since the series Y5, z k)), x and Y5, (§k+)1), 2k+1 are well known Maclaurin series

for cos x and sin x, we could write the solution as

y(x) = aycosx + a; sinx.

Note. |Usually, we are not able to express power series solutions of differential equations
in terms of known functions.

Review Questions

1. To what problems can the power series expansions of functions be applied?

2. How can you evaluate a function at a point with a given error using a power series
expansion?

3. How to estimate the error of the approximation of function values using series?

4. What is the method of approximation of definite integrals using power series? Is it
possible to evaluate the integrals [ Smtalt N C(’Stdt [ethat?

5. Give the algorithm of the method of successive differentiation for finding an
approximate solution of differential equations using the Taylor series. For which
equations is this method used?

6. What is the method of undetermined coefficients for finding an approximate solution

of differential equations using series? For which equations is this method suitable?

Exercises 3.3

1. Evaluate with the given error «.

1) % £=10"% 2) In0,8, £=10"%
3) cos12°, £ =1075; 4) arctan 0,2, € = 107%;
5) 3/1,015, &€= 1073; 6) sin10°, ¢ =1075;

7) 250, £ =103,
2. Use the first three terms of the Maclaurin series of the function y = e* to approximate

Ve and estimate the error in the approximation.
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3. Use the first four terms of the Maclaurin series of the functiony = (1 +x)™ to

approximate 1/10 and estimate the error in the approximation.

4. Evaluate the integrals with the given error e.

1) fole‘xzdx, e=10"% 2) fgcojxdx, e =10"%
6
0,5 dx _ —4, 0,5 arctan x _ -2.
3)f0 m,s-lO ; 4)[0 . dx, e =107%
5) fol sinx?dx, € =1073; 6) f00,1 ln(li’x) dx, € = 1073;

5. Find the limits by applying the Maclaurin series expansions

1—cos2x sin x—arctanx

1) lim

2) lim
x—0 e5*—e )

xZ x—0 In(1+x3)

6. Find the first four nonzero terms of the series representation for the solution of the
Cauchy problem by method of successive differentiation.

1) y'=xy+e”, y(0)=0;

2) y"—xy*+y =0, y(0)=2, y'(0) =1,

3 ¥y =x+y% y()=1;

4) y" —xsiny' =0, y(1) =0, y'(1) = g

7. Find the power series representation for the solution of the Cauchy problem by the
method of undetermined coefficients.

) A-x)y'=1+x-y, y(0) =0;

2) y'=x*-y% y(0)=0.

Answers
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4. Fourier Series

4.1 The Concept of a Fourier Series

|. Harmonic Oscillations and Periodic Functions

Many processes in nature and engineering are repeated at regular intervals of time. Such
processes are called periodic. For example mechanical oscillations of a string, electromagnetic
vibrations and so on.

Mathematically, we can describe periodic processes by using periodic functions. The
periodic function is a function that repeats its values at regular intervals or periods. That is,
f(x) is periodic if there exists a positive number T such that for any x from the domain of
function the equality f(x + T) = f(x) holds.

The simplest example of oscillations is a harmonic oscillation provided by the function

f(x) = asin(wx + ¢@y), x =0,

where a is an amplitude (maximum displacement from the equilibrium position), w is an

angular frequency and ¢, is an initial phase. The general period for this functionis T = 2;”

[ Deﬁnition.]This function is called the simple harmonic and can also be written in the form

f(x) = asin(wx + ¢,) = Acoswx + B sin wx,

where a = VA? + B?, tang@, = £

e

Let us look through the oscillations obtained by adding several simple harmonics. For

example, a function

1
f(x) =sinx +§sin 3x +§sin 5x

. . . . 1 . 1 .
is a sum of three simple harmonics sin x, 5 sin 3x and -sin 5x.

The graphs of these functions and their sum are shown in the Figure 6.

34
i (’X’f#éi{l X+ %sin 3x+ 1§sin 5 f— P = \\'\ % sin3x
\\‘v ‘. ".“ x
\ =sin5x
\ 5
sinx
Figure 6.
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Let us add a lot more simple harmonics (Fig.7)

_ 1 1 1 1
f(x)y=smx+§sm3x+§sm5x+ +Esm49x+asm51x

y

R

Figure 7.

Thus, the sum of simple harmonics gives us new much more complicated periodic
oscillations.

Naturally, the question arises whether it is possible to determine complicated periodic
functions as a sum of simple harmonics. Generally, it is impossible if the sum is finite but
infinite sums of simple harmonics (trigonometric series) could represent other periodic

functions, even if they are a bit weird.

[ Deﬁnition.] A functional series of the form

a
70+alcosx+blsinx+a2 cos 2x + b, sin 2x + -+

a
= 70 + Z(an cosnx + b, sinnx)
n=1

Is called a trigonometric series. The constants a,, a, and b, are called

coefficients of the trigonometric series.

If such a series is convergent, then its sum is a periodic function with period 2, since

cosnx and sin nx are periodic functions with period 2.

Il. Expansion of 2m-periodic Functions in Fourier Series
Consider the trigonometric series convergent to 2m-periodic function in interval

[—m, 7]
fx) =— + Z(an cosnx + b, sinnx) (4.1)

Suppose that the series is termW|se integrable. This is possible if the series (4.1) is

convergent absolutely at each point of the interval [—m, 7].
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Let us evaluate the coefficients of the trigonometric series (4.1).

Integrate both sides of equality (4.1) from —m to m:

s A aO e s s
.[ f(x)dx=j 7dx+2(f ancosnxdx+f bnsinnxdx>,
—TT —TT n=1 -1 —TT

Compute separately each integral on the right side:
[
—ax = Tl:ao
2

sin nx|™

A
f a, cosnxdx = a,
—TT —TT

CcOoS nxln

s
j b, sinnxdx = —b,

Whence
i
j f(x)dx = ma,
-1
and
1 A
ap = ;j_nf(x)dx.

To evaluate coefficient a,,,, m # 0, multiply both sides of (4.1) by cos mx and integrate

termwise from — to m:

T ao T
j f(x) cosmx dx =—j cosmx dx +
- 2 -

© i T
+ Z <f a, cosnx cosmx dx + J b,, sin nx cos mx dx).
-7t —TT

n=1
Since,
T s
j sinnx cosmx dx = E_[ sin(n + m)x + sin(n —m)xdx =0,
—TT —TT
T s
f cosnx cosmx dx = E_f cos(n + m)x + cos(n —m)xdx = 0, m#n
-1 —T1T
A 1 s x T
f coszmxdx=—f (1+4+cos2mx)dx==| =m
_n 2)_, 2l o
we obtain
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T T
f f(x)cosmxdx = amf cos?mx dx = ma,,
—TT —T1T
and

1 T
a,, = ;f f(x) cosmx dx.
-7

Multiplying both sides of (4.1) by sin mx, integrating termwise from —m to = and

remembering, that

s s
f sinnx cosmx dx = Ef sin(n + m)x + sin(n —m)xdx = 0,
—TT —TT

A s
] sinnx sinmx dx = Ej cos(n —m)x — cos(n + m)xdx = 0, m#n
—TT -1

T 1 (" x|
fsinzmxdx=—j (1—cos2mx)dx==| =m
. 2] 2| _n

we find
Vs s
f f(x)sinmxdx = bmf sin? mx dx = nb,,
—r .

and

1 A
b,, = —j f(x) sinmx dx.
TJ) o

[ Deﬁnition,] The trigonometric series

a
flx) = 70 + z(an cosnx + b, sinnx),
n=1
where

1 (" 1 ("
ag = ;f f(x)dx, a, = EJ f(x) cosnx dx,
-7 -

1 A
b, = —j f(x)sinnx dx
TJ) o

(4.2)

(4.3)

(4.4)

is called the Fourier series of the function f(x). The coefficients a,, a,, and

b,, are called Fourier coefficients of the function f (x).

Practically to find a Fourier series expansion, it is sufficient to evaluate the integrals (4.3)

and (4.4) (the coefficients a,, a, and b,;) and put them into the series formula (4.2).
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I1l. Sufficient Conditions for Expandability

To find the Fourier coefficients, it was assumed that the trigonometrical series (4.1) is
convergent. But what properties should the function f(x) possess for the Fourier series (4.2)
to converge so that the sum of the Fourier series is equal to the values of the function f(x) at
the corresponding points?

Before we state the theorem about sufficient conditions for representing a function by

Fourier series, let us look through some definitions.

[ Deﬁnition.} The function is called piecewise monotonic if it can be divided into a finite

number of distinct parts and on each part the function is monotonic

(nonincreasing or nondecreasing).

A piecewise monotonic function may not »
be continuous everywhere (Fig. 8). However 1
the only discontinuities that are allowed are a \ //\ .
finitt number of jump and removable 7 N0
discontinuities of the first kind (for the point Al [
x = c there exist the one-sided limits Figure 8.
Jim f(x) =f(c+0) and lim f(x) = f(c —0)).

[ Theorem 4.1 ]

Sufficient conditions for representing a function

by Fourier series

If the 2mr -periodic function f(x) is a piecewise monotonic and bounded
on the interval [—m, ], then the Fourier series for f(x) converges at all
points.

At the points of its continuity, the values of the sum of series S(x) is equal
to the values of the function f(x).

At the points of discontinuities of f(x), the sum is the average of the two
one-sided limits; that is for the point x = c:

_fle+0)+f(c-0)
= 5 ,

5(c)

The proof of this theorem is out of our course.
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A function f(x) is called bounded on the interval [a,b] if there exists such

number A that for all x € [a, b]: |f(x)| < A. Otherwise, it is called unbounded.

Since the set of functions that may be represented by the Fourier series is broad, Fourier

series have a lot of applications in mathematics, physics and mechanics.

[ Example 1. ]

Find the Fourier series expansion for the y
< P 3 < /: |H

2m -periodic function

1, —nm<x<0,
f(x)—{3, 0<x<m.

Function f(x) is piecewise monotonic : |

A

¥

3z 2r - 0 2z 3T

and bounded and has a jump discontinuity
at x = 0 (Fig. 9). Hence, it admits expansion Figure 9.
in a Fourier series.

Let us calculate the coefficients:

1 (" 1 0 n 1
a0=;j f(x)dx=;(j dx+3j dx)=;(x|9n+3x|g)=4;
—TT -1 0

1 (™ 1(° "
a, =E_[ f(x)cosnxdx = E(_[ cosnxdx+3] cosnxdx) =
- —TT 0

s
-+
0

1 /sinnx|° sin nx
== +3

n\ n I_; n
1 (" 1((° "
b, :—j f(x)sinnxdx = —(j sinnxdx+3j sinnxdx) =
TJ)_, T\J_g 0
1 cosnx |9 cosnx|™ 1
:_(_ | — | ) =— (=14 cosnmn—3cosnmn+3) =
T n —1T n 0 mn

2 2 0, 1if n 1s even number;
= — 1 —_ = — — (— ny — 4-
— (1 — cosmn) — a--nm {_
mm

, if n is odd number.

Thus, we obtain the series

B 4 sin (2n— 1)x
f(x)_2+EZ m—1

n=1
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At the points of discontinuities +nm,n € N this series converges to value
f(inn+0)+f(i7m—0)_3+1_2

2 2
Here we have the average value of the two one-sided limits.

S(+mn) =

Figure 10 shows how the partial sums S,, (S35, Si1, Sz (purpur lines) ) of the series

more and more accurately represent the function f(x) (red line) asn — oo.

y
3 \‘
2 \
I !
X
] 4 T3 2 1 o 1 2 3T 5
Y
JAN N
| \\
2 S11
Aoz v
X
s ) T3 2 -1 0 1 2 3 x s
y
A E] AN
V\ \[
i 255‘2(9
M .\f\n
: v
: X
5 =] T -3 2 1 0 1 2 3 5

Figure 10.

[ Example 2. ]

Find the Fourier series expansion for the
21 -periodic function

f(x) =e* xe€[—-mm].

¥

Function f(x) admits expansion in a

Fourier series. _
Figure 11.
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By formulas (4.3) and (4.4), we get:

" x 1 x|™ 1 14 -7 2
ao=—| e*dx=—e*|__=—(e™—e™™)=—sinhm;
T)_, /s T om /s

s
. T
a, = _j eX cosnx dx = e*(cosnx +nsinnx)|__ =
-1

T (1 + n?)
= T+ nd) _1|_ ) (e™(cosmn + nsinmn) — e " (cos(—nn) + nsin(—nn))) =

— — n <; .
_n(1+n2)( 1)"sinhm;

1 Vi
b, = —j e*sinnxdx =
—TT

e*(sinnx — ncos nx)Ifn =
T

(1 + n?)
1

T +nd) (e™(sinmn + ncosmn) — e " (sin(—nn) + n cos(—wn))) =

_ 2n 1V sinh
= n(1+n2)( )" sinh .

Thus, we obtain the series

_ sinhm 1+2§ - _
f(x) = - 11+ > (cosnx —nsinnx) |.
n:

n

At the points +(2n — 1)@, n € N, this series converges to value
1
S(x(2n—Dm) = E(f(ﬂ) + f(—n)) = cosh .

This is the average value of the two one-sided limits.

Let us look through some very important and useful properties of the Fourier series.

[ Theorem 4.2 ]
For the termwise differentiation of the Fourier series

Let the function f(x) be such that its derivative is piecewise monotonic,
bounded and its Fourier series is continuous, then the Fourier series can
be termwise differentiated and the result of the differentiation is the

Fourier series of the derivative.

Fourier series is continuous everywhere in the interval [—m, ] if it has no

discontinuities in [—m, r].
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[ Theorem 4.3 ]
For the termwise integration of the Fourier series

Let the function f(x) be piecewise monotonic and bounded then the
Fourier series of the function can be termwise integrated and the result
Is a series (may not be the Fourier series for the integral of the function)

that converges to the integral of f(x).

Review Questions

1. What series is called trigonometric?

2. What functions are members of the trigonometric series?

3. What trigonometric series is called the Fourier series?

4. What formulas are used to calculate the coefficients of the Fourier series?

5. What function is called piecewise monotonic on the segment [a; b]?

6. Formulate sufficient conditions for representing the 2m -periodic function function by
Fourier series.

7. Can we say that the sum S(x) of the Fourier series of the function f(x) always
coincides with this function?

8. At what points do the sum S(x) of the Fourier series of the function f(x) and the
function f(x) coincide?

9. What is the sum S(x) of the Fourier series of the function f(x) at the discontinuity
points of this function and at the endpoints x = +nr?

10. Is it possible to integrate and differentiate the Fourier series term by term?

Exercises 4.1
1. Check if the following functions admit expansion in a Fourier series.

1) f(x)=5x—2, -n<x <m;

B

2) f(x)=x_2, T <x <,
9, —m<x<-1,
3) fx)=4x+1, 0<x<?2

X
X, 2<x<m;
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4 , —mT<x<-—2,
4) f(x) {2x+1, —2<x<2,
X, 2<x<m;
0, —T1<x<0,
Inx, 0<x<m;

, —nm<x<l]1,

G)f(x)‘{—, 1<x<m.

X

5) f(x) =,

2. Find the Fourier series expansion for the 2 -periodic function
1) f(x)=2x—-3, -t <x <m;

0,0 —m<x<0,
2)f(x)={1, 0<x<2,

0, 2<x<m;

T n<x<O0

910 = T

4) f(x) =cosax,—m < x < m, if a is not integer;
5) f(x) =sinax,—n < x < m, if a is not integer.

Answers
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4.2 Fourier Series for Even and Odd Functions

|. Expansion of 2n-periodic Even Functions in Fourier Series
Let the function f(x) be integrable in the interval [—m, 7].
Before considering the Fourier series for even and odd functions, let us consider the

elementary integration properties of such functions.

If the function is even (f(—x) = f(x)), then
T 0 - - -
f_nf(x)x f_nf(x) x+f0f(X)x jof( x) x+j0f(x)x

= jﬂf(x)dx + Jﬂf(x)dx =2 jnf(x)dx.
0 0 0
Similarly, if the function is odd (f(—x) = —f(x)), then

f}@w=f?MM+£ﬁ@m=fﬂﬂmHL?@M=

=— jonf(x)dx + Joﬂf(x)dx = 0.

The product of even and odd functions is an odd function, the product of two even
functions is an even function and the product of two odd functions is an even function.

Case 1. Let the function f(x) be the 2m-periodic even function and admit expansion
into a Fourier series.

Hence,
1™ 2 ("
%=;£wax=;Lf@Mm

1 (" 2 ("
a, = Ef f(x)cosnx dx = Ef f(x)cosnxdx, ne€{1,2,..};
e 0

even function

1 s
b, = —f f(x)sinnxdx =0, ne€e{l1,2,..}.
T ~————m—

~T odd function
Thus, the Fourier series of an even function contains “only cosines” and has the form

a
flx)= 70+ z a, cosnx, (4.5)
n=1
2 s
a, = E_[ f(x)cosnxdx, ne€{0,1,2,..}; (4.6)
0
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In this case, we say that the function f (x) is expanded in cosines on the interval [—m, 7r].

[ Example 1. ]

Find the Fourier series expansion for the 2r -periodic function

fQx) = x|,

determined on the interval [—m, 7].

2 - U| T 2 3m 4
Figure 12.
Function f(x) is a piecewise monotonic, bounded and even (Fig. 12). Thus, the Fourier

series has the form

= —. =T
s
0

2 (™ 2 (xsinnx)™ 1 (™ 1 cosnx®
anz—j xcosnxdx =— ——f sinnxdx | =—-—— =

T Jy s n lg nJ, T n* I
1 2 0, if n 1s even number;

=— - D=—((—-D"-1) = 4 _

mn? (cosmn = 1) mn? ((=1) ) {—W, if n is odd number.

Hence,

T A cos(2n—1)x
(x)_i__z (Zn —1)2

/A
n=1

Case 2. Consider the 2m-periodic odd function f(x), which admits expansion into a
Fourier series.

Hence,

j f(x)cosnxdx =0, n€{0,1,2,.};

N~———— —_—
T odd function
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1" 2 (™
b, = —f f(x)sinnx dx = —f f(x)sinnxdx, ne€{l2,..}.
T)_, ——— ),

even function

Thus, the Fourier series of an even function contains “only sines” and has the form

flx) = Z b, sinnx, (4.7)
n=1
2 T
b, = EJ f(x)sinnxdx, ne€{l2,..}. (4.8)
0
In this case, we say that the function f(x) is expanded in sines on the interval [—m, ].
[ Example 2. ]
Find the Fourier series expansion for the 2 -periodic function
-2, —1n<x<0;
f@)_{z 0<x<T.
Y
A “l€e—> <>
| ! x
-3z -2, -7\ 0 | 27! 3n
1 L} > I :
Figure 13.

Function f(x) is a piecewise monotonic, bounded and odd (Fig. 13). Thus, the Fourier

series has the form

fx)= Z b, sinnx.

Let us calculate the coefficients:
a, =0, n€{0,1,2,...};

b_Zf” _ d_4f"_ dy = 4 cosnx|™
n=_ Of(x)smnx X =— 0smnx Xx=——— T
4 4 0, if n 1s even number ;
=—(1- =—1-(-1D"=1{8
nn( cosmn) nn( =D" —, if n is odd number.
m
Thus,
=8 — sin(2n — 1)x
flx _nz n—1
n=1
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Review Questions

1. What are the elementary integration properties of even functions? Of odd functions?
2. How does the parity (even or odd) of a function affect its Fourier series expansion?
3. What does it mean to expand a function into a Fourier series in cosines on the interval
[—m, 7]? In sines on the interval [—m, T]?

4. What formulas are used to calculate the coefficients of the Fourier series for the even
function f(x)? For the odd function f(x)?

Exercises 4.2
1. Find the Fourier series expansion for the 2t —periodic even functions

1) f(x) =x2 —-n<x<m,

1, —n<x<—§
) f(x)=4-1 -Z<x<%,
L1, S<x<m
—-nm—x, —nT<x<-1,
3)f(x)={1, —1<x<1,
X — T, 1<x<m

2. Find the Fourier series expansion for the 2m -periodic odd function

1) f(x)=x3 —-n<x<m;

(0, —n<x<—§,
Vs T
2) f(x) =1 x, —;SxS;,
L0, S<x <
(—m—x, —m<x<-—1,
-1, -1<x<0,
Hf =9 | 0<x<1,
\ T — X, 1<x<m.
Answers
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4.3 Fourier Series for 2¢-periodic Functions

Consider the 2¢-periodic function f(x), which is piecewise monotonic and bounded on

the interval [—#,#]. Let us expand this function in a Fourier series.
Make the substitution

£t
X =—.
([

Then the function f (%) Is the 27 -periodic function of ¢.

Thus, it may be represented as a Fourier series on the interval [—m, ].

f (€t> z (a,, cosnt + b,, sinnt),

T

where

1" et 1" Pt
a0=;j_nf<;>dt, an=gj_nf<?>cosntdt,

1™ ety
b, = —j f <—) sinnt dt.
A

T J_ T

Return to the original variable

' s s
x=;t=>t=?x:>dt=?dx.
v |-
™ |-

Hence, we obtain the Fourier series for the 2£-periodic function

mnx nmnx

a .
fx)= 70 + z(an cosT + b, smT),
n=1
where

1 £
a5 =7 f f()dx;

j nmnx mnx
f(x) cos——dx, f f(x) sin—dx.
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[ Theorem 4.4 ]

Sufficient conditions for representing a function

by Fourier series

If the 2¢ -periodic function f(x) is a piecewise monotonic and bounded
on the interval [—#, ], then the Fourier series for f(x) converges at all
points. At the points of its continuity, the values of the sum of series S(x)
is equal to the values of the function f(x). At the points of discontinuities,

of f(x) the sum is the average of the two one-sided limits.

The Fourier series of an even 2¢-periodic function f(x) has the form

0.0]

ag mnx
f(x) =—+Zancos—, (4.11)
2 £
n=1
2 (¢ 2 (* mnx
a, ==\ f(x)dx; a,=-=| f(x)cos—dx. (4.12)
£ Jy £ ), 4

In this case, we say that the function f(x) is expanded in cosines on the interval [—¢, £].
If 2¢-periodic function f(x) is odd then the Fourier series has the form

fo = b, sin#, (4.13)

n=1
2 (¢ nx

b, = —j f(x)sin——dx. (4.14)
£ Jy ?

In this case, we say that the function f(x) is expanded in sines on the interval [—#, £].

[ Example 1. ]

Find the Fourier series

| l 1 1
expansion for the function / ; /
0, —2<x<0; —< > ' X

1 -4 20 0 2 ( 4 6
f(x)_—x, 0<x<2 )
2 Figure 14.

defined on the interval [—2,2]. Period is 4 (Fig. 14).

Function f(x) is a piecewise monotonic and ¢=2. Hence, the Fourier series has a form

mnx )

f(x) a°+§ ( T b si

=— — in—).
x) =~ 1 ay, 05— nSin—
n=
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Let us calculate the coefficients:

1 (2 121 1 x? 1
% =§f_2f<x)dx=§fo 7 =37| T
1(%x mnx 12 nx
f f(x)cos—dx —Ef ECOSde=ZL xcosdez
1/ 2 mnx mnx 1 nnx?
:Z<7m ——J sm— x) ) COSTO =

if n 1is even number;

1 1 n O
= (cosmtn — 1) = 7 (=D"-1)= _ 2

T2n? —, if n is odd number.
m’n

1 (2 nx 1 (%x | mnx 12 Tnx
——j f(x)sin—dx =—f —sin—dxz—f xsin—dx =
2)_, 2 0 0

2), 2 2 4 2
1 < 2 x| nx )
=— + —f cos—dx
4
1/ 4 4  7nx (—1)nt?
=Z(—%~cosnn+n2n2-sm > 0) =

At the points of continuity of function, we have

B (2n—1)7tx (-t mnx
f@x) = _+2( 2(2n—1)2 2 "2 >

At the points of discontinuities of f(x), this series converges to value % — the average

of the two one-sided limits.

[ Example 2. ] ___________

Find the Fourier series expansion for

the function

¥

fx)=x 3
defined on the interval [—-3,3] (Fig. 15).

This function is a 6-periodic and odd.

Thus, ?

mnx Figure 15.

flx) = b,, sin =

n=1
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By (4.14) we obtain

2 (3  mnx 2 9 mnx 3x wnx\|°
bn=§j0 X sin—— dx=§-(n2n251n 3 T 0ST3 >0=
6 6
= ——cosnn = — (—1)"*1,
n n

Hence, we get the Fourier series expansion

() = 6 (-D™!  mnx
f(x _Ez ——sin——.
n=1

Review Questions

1. Write down the Fourier series for the 2¢-periodic function f(x) given on the interval
[—4,¢].

2. What formulas are used to calculate the coefficients of the Fourier series for the 2¢-
periodic function f(x)?

3. Formulate sufficient conditions for representing the 2¢-periodic function function by
Fourier series.

4. What is the sum S(x) of the Fourier series of the 2¢-periodic function f(x) at the
discontinuity points of this function and at the endpoints x = +£?

5. What does it mean to expand a function into a Fourier series in cosines on the interval
[—2,€]? In sines on the interval [—#, £]?

6. What formulas are used to calculate the coefficients of the Fourier series for the even
2¢-periodic function f(x)? For the odd 2¢-periodic function f(x)?

Exercises 4.3
1. Find the Fourier series expansion for the 2¢-periodic functions
1) f(x)=2x—-3, -1<x<1, £=1;

2, —3<x<0
Z)f(x)_{x, 0<x<3,

2. Find the Fourier series expansion for the 2¢-periodic even functions
1) f(x) =4—x2% —2<x<2, =2

" £ =3.
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0, —2<x<-1,
2)f(x)={|x|, —-1<x<1, ¢£=2.
0, 1<x<2,

3. Find the Fourier series expansion for the 2#-periodic odd functions
1) f(x) =1, -5<x<5, £=75;

x+2 —2<x<-1,
2)f(x)={1, —-1<x<1, ¢£=2.
2 — X, 1<x<2,

4. Find the Fourier series expansion for the T-periodic functions. Functions are given by

their graphs.

1)

2)

Answers
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4.4 Fourier Series for Functions Defined

on an Arbitrary Interval

|. Let there be given, on some interval [a, b], %Y
a piecewise monotonic function f(x) (Fig. 16). It is possible M
to represent this function in the form of a sum of a Fourier . i .
series at the points of continuity. To do this, we should ol @ b
consider a so-called periodic extension of the function £ (x). Figure 16.

The periodic extension is some periodic piecewise monotonic and bounded function
g(x) with a period 2L > b — a, which coincides with the function f(x) on [a, b] (Fig. 17).

g(x)

X

1
a

y
4
?

o-----=
N

+2L £+4L

Figure 17.

The simplest periodic extension of the function f(x) is the function A(x) iswhen
L= bz;a . We get it by taking the graph of the function f(x) on the interval [a, b] and then

repeating that graph to the right and left of the graph of the original function (Fig. 18).

Ty

1 X

\k

(=]
a_

Figure 18.

In any case, we can expand periodic extensions in a Fourier series of the form

2nmx 2nmx
f(x)=— + Z (an cos— + b, sin ), (4.11)

—a b—a

where
2 (P 2nmx
aozmj f(x)dx, an=—j f(x)cos dx,
(4.12)
2nmx
b, =—j f(x)sm adx
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At all points of interval [a, b] (with the exception of points of discontinuity), the sum of
this series coincides with the given function. That means we have expanded the function f(x)

in a Fourier series on the interval [a, b].

[ Example 1. ]
Find the Fourier series expansion for the function
fx)=1-x
defined on the interval [1, 3] (Fig. 19).

AY

¥

Here

L=3-1_4
= —=1

Thus, according to (4.11), the Fourier series has a form

Figure 109.

a
f(x) = 70 + Z (a, cosmnx + b, sinmnx).
n=1

By formulas (4.12), we get:
13 x?
ag =TJ1 (1—-x)dx = <x—7>

1 3
a, =If (1 —=x)cosmnxdx =
1

3
1

3
=0

1

1 1 X
= | —sinmnx — —— cosTnx — —sinmnx
mn men mn

1 3
b, = I_I (1—-x)sintnxdx =
1

3

1 1 X
=|——cosmnx — sinmtnx + — cos mnx

mn T2n? mn

=— (D%

1

At the points of continuity of function

f(x)=-1 +%Z (_i)n sinmtnx .

At the endpoints of the interval [1, 3], this series converges to value —1 — the average

of the two one-sided limits.
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Il. Let a piecewise monotonic and bounded function f (x) be given on the segment [0, £].

According to I., since L = p there exists a Fourier series expansion for this function on

the segment [0, #]

2nmx . 2nmx

f(x)=— + Z (a,, cos—— + b,, sin ),
£ ?
where
2 £
= j feodx
2nmx 2nmx

j f(x) cos dx, f f(x) sin

(4.13)

dx. (4.14)

Let us consider two important cases. We can construct the odd or the even extension of f(x)

on the segment [—7, 0].

Case 1.

If we redefine the given function as E\

fGx)

_ (f(=x), x € [—4,0], ! X
feven(x) - { f(x), x € [0’ {], -L 0 L
we get an even function (Fig. 20), and the expansion in a Figure 20.
Fourier series contains only cosines.
f(x) = 7 z a, cos (4.15)
2 (¢ 2 (¢ nmx
ag = —j f(x)dx; a, = f(x) cos——dx. (4.16)
2 ), 2], ¢

Thus, we have expanded in cosines the function f (x) on the segment [0, #].

[ Example 2. ]
Find the Fourier series expansion in cosines for the Ay
function
fx)=1—-x o
defined on the segment [0, 1]. -
Figure 21.

In this case, we have to consider an even periodic

extension of the function (Fig. 21).
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Thus,

x+1, x € [—1,0],

feven(x) = { - x, x € [0,1],

and, by (4.15), the Fourier series has a form

(x)—?0 z COSNTTX .

n=1
According to (4.16), we evaluate
1

1 X2
ao,=2| (1—-x)dx = 2<x——) =1;
0 2
0
1
a, = ZJ (1 —=x)cosmnxdx =
0
1 1 x !
=2 (— sintnx — —— cos Tnx — —sin nnx) =
mn m?n? mn 0
0, if n 1s even number;

= (cosnn—l)— 2(( 1)”—1)—{

T2n? ——, if n is odd number.
m2n

Therefore, the Fourier series expansion in cosines is

f(x) ——+ Z(Zn—l)z cost(2n—1)x.

Case 2.

y
If we redefine the given function as y

_f(_X), X € [—f, 0], _IL ) 1
= | L
s =g, elo au
we get an odd function (Fig. 22), and the expansion |
in a Fourier series contains only sines. Figure 22.
- nmx
fx) = b,, sin —~
n=1
where

. _2.[" X
n=7 . f(x)sin 7 ax.

Thus, we have expanded in sines the function f(x) on the segment [0, #].
123
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[ Example 3. ] ¥

Find the Fourier series expansion in sines for the

function

¥

fx)=1-x
defined on the segment [0, 1].

In this case, we have to consider an odd periodic 1
: : : Figure 23.
extension of the function (Fig. 23).

Hence,

_(—x-= ]_, X € [_1;0];
fodd(x) _{ 1—x, x € [0,1],

and, by (4.17), the Fourier series has a form

f(x) = Z b, sinnmx.
n=1
According to (4.18), we have

1
bn=2j (1—-x)sintnxdx =
0

1 1 X 12
=2(——cosmnx — ) sintnx + —costnx = —
n Tn mn o N

Thus, the Fourier series expansion in sines is

()_25:1 |
fx—n —sinmnx.

n=1

Review Questions

1. Is it possible to expand a non-periodic function in the Fourier series?

2. How can a non-periodic function be represented by a Fourier series on any interval
[a, b]?

3. What conditions must a non-periodic function satisfy for its expansion into a Fourier
series on the segment [a, b]?

4. How to expand in the Fourier series the non-periodic function f(x) given on half the
period [0, £]?
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5. What is a periodic extension of the function?

6. What does odd periodic extension mean for the function f(x) given on the interval
[0, £]? What kind of Fourier series do we get in this case?

7. What does even periodic extension mean for the function f(x) given on the segment

[0,#]? What kind of Fourier series do we obtain in this case?

Exercises 4.4

1. Find the Fourier series expansion in sines.
1) f(x) =x2% 0<x<2m;

2) f(x) =coshx, 0 <x<m;

X, 0<x<1,
3)f(x)_{2—x, 1<x<2;

) f(x)=2x—x2% 0<x<2;

5 f(x) =x—4n, 4n < x < 5m;

6) f(x) = cosax, 0 < x < m, where a is integer.
2. Find the Fourier series expansion in cosines

1) f(x) =x?% 0<x<2m;

2) f(x) =coshx, 0 <x<m;

x, 0<x<1,
3)f(x)_{Z—x, 1<x<2;

1, 0<x<h,
4)f(x)={ 0, h<x<m

5)f(x)={1’ “<x<2,

3—x, 2<x<3;

6) f(x) = sinax, 0 < x < m, where a Is integer.

3. Find the Fourier series expansion on the given interval
1) f(x) =10—x, 5 <x < 15;

2) f(x) =4—x, 2<x <6

) f(x) =e*—1, 0 <x < 2m.

Answers
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5. The Concept of a Function of a Complex Variable

5.1 Complex Numbers and Operations on Complex Numbers

|. The Concept of Complex Number

There exist different sets of numbers such as natural (N), integer (2), rational (Q), real

(R) etc. It is well-known that the set of real numbers consists of rational numbers, such as
integers (2, -10) and fractions (%, 3.7), irrational numbers (V3 = 1.73205 ..., In0.2 =

—1.6094 ..., sin2 = 0.090297 ...) and transcendental numbers (mr = 3.141592..., e =
2.718281 ...). Geometrically real numbers are the points on the straight infinitely long line
(real line) (Fig. 24).
R-3 2 1 0 1 2
oz sinz y3 e
Figure 24.

The basic mathematical (addition, subtraction, multiplication, division) and more

4

3
i
T

advanced (exponentiation, logarithms, n-th root etc.) operations can be performed on real
numbers. However, finding the square root of the negative number is impossible in terms of
real numbers, since the product of the number by itself is not negative.
Nevertheless, the problems where we need to find the square root of negative numbers
arise quite often in different fields of mathematics, physics, engineering etc.
For example, let us consider the quadratic equation
x2+1=0 = x?=-1.

For solving such kind of equations, the concept of an imaginary unit was introduced.

[ Deﬁnition.] The number that, when squared, gives —1 is called an imaginary unit and is

denoted by i = vV—1.

Thus, an imaginary unit is one of the solutions of the equation x2 +1 =0.
That is

x =+Vv-—1 or x = +i.
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[ Deﬁnition.] The product of real number and imaginary unit is called an imaginary number

or purely imaginary number.

As a result, we can find square roots of any negative real number
V=16 =V16v—1=4i = (4i)?%=-16,
Vo5 =V5V=1=v5i = (V5i) =-5.
We use imaginary numbers to define the so-called complex numbers, combinations of a

real number and an imaginary number.

[ Deﬁnition.] The number of the form (standard form)
zZ=x+1y, (5.1)

where x and y are real numbers and i = v/—1 is called a complex number.
Numbers x and y are called real and imaginary parts of complex number and
are denoted by

Rez = x, Imz=y.

For example,
z=2+3i = Rez=2, Imz=3;
z=1In7 — V5i = Rez=1n7, Imzz—?i/g;
z=5i = Rez=0, Imz=15 = 5iisapurely imaginary number;

z=12 = Rez =12, Imz =0 = 12 is areal number.
The set of complex numbers is denoted by the symbol C.
From the last example, we have that the set of real numbers is a subset of the complex

numbers (RcC).

Geometric Representation

1. Since a complex number is an ordered pair of real \ Im z
numbers (x, y), it is natural to use a point on the plane with yh----- z T Xy
Cartesian coordinates x and y as a geometric image of a I _
complex number (Fig. 25). The number z =0 (Rez = 0, " Rez
Im z = 0) corresponds to the origin of coordinates. Figure 25.

Conversely, any point in a plane may be regarded as a geometric image of a complex

number.
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[ Deﬁnition.] Such a plane is called the complex plane. Since points lying on the x-axis

correspond to real numbers (Imz = 0), the x-axis is called the real axis.
Similarly, points lying on the y-axis are purely imaginary numbers (Re z = 0),

the y-axis is called the imaginary axis of the complex plane.

2. Sometimes it is convenient to represent the complex

number z = x + iy as a position vector (vector that joins the b e

point with the origin) of the point (x, y) (Fig. 26). |

X Rez
Figure 26.
[ Example 1. ] 2,=-2+20 fImz
Find real and imaginary parts of complex i =2+
numbers : :
2, =241, z,=—2+2i, z3 =—3i. IR Ry
Plot these numbers on the complex plane (Fig. 27).
For zy =2+iwehaveRez; =2, Imz; = 1.
Forz, = -2+ 2i:Rez, = =2, Imz, = 2. 473 =—3i
Forz; = —3i:Rez; =0, Imz; = —3. Figure 27.

Two complex numbers z; = x; + iy, and z, = x, + iy, are equal if and only if

X1 = X2, Y1 = Yo

Trigonometric form of the complex humber

It is well-known that the position of the point (x, y) on \ Im z
the plane could be defined in terms of polar coordinates ) I Z=x+1y
(p, d), where p is the distance of the point from the origin, P f E
and ¢ is the angle between the position vector of the point X Re 7

and the positive direction of the real axis in a counter- Figure 28.
clockwise direction (Fig. 28).
Using the relationship between Cartesian and polar coordinates
xX=pcosp, y=psing,
it is possible to rewrite the complex number
z=x4+1iy= pcos¢p +ipsing = p(cos¢p + isin ).
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[ Deﬁnition.] The expression

z =p(cos¢p +ising) (5.2)
is called the trigonometric form of the complex number. Here p is called the

modulus, ¢ is called the argument of the complex number and are denoted by

p=lzl=|x+iyl, ¢=Argz

Applying the Cartesian to polar conversion formulas for z = x + iy, we get

— — [y2 2 — =2
p = |z| =+x?+y? tanqb—tanargz—x, x # 0. (5.3)

When solving the last equation of (5.3), the signs of the numbers x and y should be taken

T
_;’

into account. Since values of arctangent belong only to ( g) formula (5.3) is good only

for points lying in the first and fourth quadrants. Arguments of the points lying in the second
and third quadrants need to be adjusted. Moreover, the argument is not defined uniquely, but
within the additive number 2nk, k € Z. The value of arg z is denoted by the principal value
of the argument Arg z, 0 < Arg z < 2.

Thus,

argz = Argz + 2nk, k € Z, (5.4)
where

( arctan%, x>0,

T+ arctan%, x <0,

T
-, x=0,vy>0,

Argz=1{ 2 Y (5.5)
3w
- x=0y<0,
0, y=0 x>0,
TT, y=0 x<0,

\undefined, x =0, y = 0.

There is no general convention for defining the principal value of the argument. In

the literature, the reader can find that its values should be in the interval (—m, ].
Unfortunately, this aspect can lead to misunderstandings.

[ Deﬁnition.] The exponential form of the complex number is
z = pe'®, (5.6)
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Two complex numbers are equal if and only if their moduli are equal and the values
of their arguments are either equal or differ by 2nk, k € Z.

Complex conjugate

[Deﬁnition,]The complex number Z=x —iy is called the Imz
complex conjugate number of z = x + iy. Real N7 AZ=XHLY
|z] :
parts and moduli of these numbers are equal, but . !
rg z X
Imaginary parts and arguments change their sign Argz | Rez
under conjugation Izl l
) ) 2 R Z=Xx-iy
Rez =Rez, |z =|z|, Figure 29.
Imz = —Imz, argz = —arg z.

Geometrically conjugate numbers are symmetrical with respect to real axis (Fig. 29).

[ Example 2. ]
Find real and imaginary parts of complex numbers
.. 5t , . . 5 .
zl=2(cosz+151n£), Z2=COS—ﬂ+lSll’l—n, Z3=3(COSE—lSIHE),
3 3 6 6 4 4
. > -
z, = 2e'", ze = 3e" 4, Zg = e 6.

Plot these numbers on the complex plane (Fig. 30).

Evaluating corresponding values of sines and cosines, we obtain

Imz
21=2(cos%+isin%)=2-%+i-2.\/7§ 1
=1+3i
and, as a result,
Rez, =1, Imz, = 3. A )
For - e . =
Se . 5m V3 1 & z
Zy = cos?+ lsm? = —7+ lE
we have b T .
V3 1 i
Rezmp=—7 Imz=y Figure 30.
For

Z3 = 3(cos%—isin%) = 3(cos(—%) +isin(—£)) =ﬂ—3—ﬁi
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we obtain

3v2 3v2
Rez3 =T, Imz3=—T.

From exponential form of complex number, we get
z, = 2e'™ = 2(cosw + isinw) = -2 = Rez, =—2, Imz, = 0;

5t 571)__3\/5__3\/2

5T
zs = 3e'% =3<cos—+isin— = i

4 4 2 2
3v2 3v2
- R€Z5=—T, m25=—T;
T T ™ V3 1
Zg = e l6=cos(—g)+isin(—g)=7—iz
V3 1
— Rez6=7, mze——z.

[ Example 3. ]
Write down trigonometric form of the complex numbers:

Zl - _3 + 31, ZZ == 2 + 5l, Z3 = —4l, Z4 = 2, ZS = 3l’ Z6 = —1

Applying formulas (5.3), (5.4) and (5.2) to each number, we get
1z,] = /(=3)% + 32 =18 = 32,
3

zy=—-3+3i = 3r =
Argz, =m+ arctan§ =m + arctan(1) = i
3 3
— 37 °n . _);
Zq \/—<cos 1 + 1 Sin 2
|z,| =+/2%2 + 52 =+29, 5 5
Zz,=2+5i= 5 =z, =V29 (cos arctan— + i sin arctan—);
Arg z, = arctanz, 2 2
23] = V0% + (=4)* =4, 3m 3
Zz3 = —4i = 31T = z3=4<cos—+isin—);
Argz3 =—, 2 2

2
Z,=2 > {|Z4|:V22+02 =2 5 z, = 2(cos 0 + i sin 0);

Argz, =0,
|zs| = 0%+ 3% =3, s T
Zs =30 = T = z5=3(cos—+isin—);
Arg zs = —, 2 2
2
— [/(_1)2 2 —
Zg=—1 = {|Z6|_ (=D*+0% =1, = Zg = COST + isinT.
Arg zo = m,

131



Il. Operations on Complex Numbers
Let us consider two complex numbers z; = x; + iy; and z, = x, + iy,.
Addition and subtraction

L Deﬁnition.] The sum of two complex numbers z; and z, is a complex number z whose real

and imaginary parts are defined by

Rez = x1 + x5, Imz =y, + y,.

Thus, we add each part (real and imaginary) separately

7y + 7 = (xg +iy1) + (0 +1y2) = (0 +x3) +i(y1 +¥2). (5.7)
Subtraction is defined similarly.

[ Deﬁnition.] The difference of two complex numbers z; and z, is

Zy — Zy; = (xg +iy1) — (X +iy;) = (X1 — x2) + (Y1 — ¥2)-

Using the representation of complex numbers as position vectors on the complex plane,

addition and subtraction could be illustrated \ Im 2
7tz

geometrically by the parallelogram rule (Fig. 31).

It is easy to see that the commutative and X1+ iy,

associative laws for addition

Zl+22=ZZ+le Zz=x2+U/2

z1 + (2, + 23) = (21 + 2,) + z3, Rez

hold for complex numbers. Figure 31.

Multiplication

L Deﬁnition.] The product of two complex numbers z, and z, is a complex number z whose

real and imaginary parts are defined by

Rez = x1x5 — V15, Imz = x1y, + x,y;.

These formulas are obtained by multiplying z; and z, as two binomials, taking into
account that, i? = —1, thus,
212, = (X + iy) (X +1y2) = x1%, + ix1y, +iy1%, + 1%y,1y, =
= X1X2 — Y1Y2 + ix1Y, + iy1X; = (XX — y1Y2) + (X1 Y2 + y1x2). (5.8)
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The three basic laws for addition and multiplication: the commutative, associative and
distributive laws hold. That is
212y = 237y,
21(23 * 23) = (21 " 73) 23,

Z1(Z2 + Z3) == lez + Z1Z3.

It is easy to prove that

and, generally, for positive integer k

i4-k — 1’ i4—k+1 — i, i4k+2 = -1 i4k+3 —

Note 2. | The product of conjugate complex numbers is the real number
zZ = (x +iy)(x — iy) = x? + ixy — iyx — i’y? = x? + y? = |z|%
This concept we use when dividing complex numbers.

Let us consider two complex numbers in trigonometric form

z, = py(cos¢; + isin¢g,) and z, = p,(cos ¢, + isin ¢,).
Thus, their product is

212, = p1(cos ¢y + isingy) - pp(cosp, +ising,) =

= p1P2 ((cos ¢1 cos ¢, — sin ¢, sin ¢,) + i(sin ¢, cos ¢, + cos ¢, sin ¢2)> =
cos(¢p1+¢2) sin(¢q+¢2)

= p1p2(cos( @y + ;) +isin( P, + ¢p;))

Hence, the product of two complex numbers in trigonometric or exponential form is

Z1Zy = p1p2(cos( Py + ¢p,) +isin( ¢, + ¢p)) = P1P29i(¢1+¢2)- (5.9)

To multiply the two complex numbers in trigonometric or exponential form we have
to multiply their moduli and add their arguments.

Division

[ Deﬁnition.] The quotient of two complex numbers z; and z, (z, # 0) is a complex number

z whose real and imaginary parts are defined by

zzw Imz =201 2 x5 +y5 # 0.
x5 + i X3 + s
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To obtain these formulas we have to multiply both numerator and denominator by the

complex conjugate of the denominator.

Thus,
Z_l _ x, + i}’1 _ (x1 + i}’l)(xz — iyz) _ (xlxz + 3’1)’2) + i(xzyl — xlyz) _
Zy Xy + lyz (xZ + lyZ)(xZ - lyZ) x22 + yzz
X1X, + XV, — X
_% ; )’12)’2 n 2)’; 12372 (5.10)
x; +Y; x; +Y;

Let us consider two complex numbers in trigonometric form
z, = py(cos¢; + isin¢,) and z, = p,(cos ¢, + isin ¢,).
Thus, their quotient is

7y pi(cospy +ising;) pi(cospy +ising)(cosp, —ising,)
Z ~ pa(cosp, +ising,)  py(cosd, +ising,)(cosd, —ising,)

P1 ((cos ¢4 cos ¢, + sin ¢, sin ¢,) + i(sin ¢, cos ¢p, — cos ¢, sin gbz))
cos(¢p1—¢2) sin(¢1—¢2)

P2 <cos2 ¢, + sin? (,bz)

1

~ Z—l(eos(cpl — ¢) + isin($; — ).

Hence, the quotient of two complex numbers in trigonometric or exponential form is

2L =P cos(py — y) +isin(py — y)) = L eil@r-02), (5.11)
P2 P2

Zy

To divide the two complex numbers in trigonometric or exponential form we have to
divide their moduli and subtract their arguments.

[ Example 4. ]

Evaluate

2—i+3+2i
3i 1+i°

Let us do it step by step.
1. Do the first division

2 —1i  |multiply both numerator | (2 —1i) - i _ 20 — i? _ |remember that| _ _ 1+ 2i

3i | and denominatorbyi [~ 3i-i 3;2 i2 — _1 3
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2. Do the second division

3420 | multiply both numerator and denominator | (3 +2)(1—1i)

1+i | by the complex conjugate of the denominator| ~— (14 i)(1 —1i)

B ‘ apply | _ 3+2i—-3i-2i* remzeniberlthat 5
the distributive property 1+1 and simplify 2

3. Do the addition
14+2i 5-—1i ( 1 5) <2 1) 13 7
J— e [— —_ l =

3 T2 372)73%2)' 76 76
Thus,
2—i 3+20 13 7
3i 1+i 6 '6
[Example5 ]

Evaluate z, z, and for
. 3 . .3
z1 =3 (cosl + lsml) and z, = 4(cos—n + lsm—n).
12 12 4 4

Since both numbers are in trigonometric form, apply formulas (5.9) and (5.11).
Find the product by (5.9)

the moduli are multiplied

T s 3 3T
Z1Z, = 12 (cos— + lsm—) (cos— + isin )

12 12 4 4 and the arguments are added| —
_ 17 <T[ 3 4 <T[ 3 _ 17 107 N 10n> B
- (COS 12 4) tsin{T* % )) B (COS 12 TSy =
5@  5m V3 1 _
=12 (cos?+ lsm?> =12 <—7+ l§> = —6V3 + 6i.

Find the quotient by (5.11)

z 3 (cos Vil i sin 12)

22 _4(c0534 + i sin BZ)_

3 T 37T+,_ T 3m\\ 3 —8n+__ —8m\\
_4(C°S<12 4) lsm(12 4))_4(“’5(12) lsm<12>>_

3( 21 ,_Zn)_3(1 \/§> 3 3\/§_

the moduli are divided .
and the arguments are subtracted|

—|(cos— —isin— ) =
4

~ 4 3 3
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Integer Power of Complex Number

Let us consider z™, where z is some complex number and n is a positive integer number.
Since positive integer power of number means multiplication of n instances of z together, it
is natural to use the formula (5.9) of multiplication of complex numbers in trigonometric form.

Suppose, that z = p(cos¢ +ising). Let us find z" = (p(cos¢ + isin¢p))™.
According to the rule, we have to multiply moduli n times and add n identical arguments.

Thus, we get

z" = p"(cosn¢ + isinn ).
For negative integer power, we apply the previous formula and (5.11)

n (gt 1 1(cos0 +isin0)
z"=(z =—

z"  p*(cosn¢ +isinng) p~"(cos(—n¢) + i sin(—ne)).

As a result, we get De Moivre’s formula.

[ Theorem 5.1 ]

De Moivre’s formula

For any integer n

z" = p"(cosn¢ +isinn ). (5.12)

We can prove this fact for positive powers using the mathematical induction
method.

Using De Moivre’s formula significantly simplifies calculations in problems involving
high powers of complex numbers. Sometimes we have to convert to trigonometric form first.

[ Example 6. ]
Evaluate

(1+iV3)Y.

Let us find the trigonometric form of the complex number z = 1 + i+/3

2 = 12 + V3 =

2,
I
Argz = arctg\/§ =3

Hence,

z=2 (cos%+ ising)
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Thus, according to De Moivre’s formula, we have

171 17m 2T 2T
(1+iV3)17 =2V (COST-l- lsmT) =217 (cos (Sn +3 ) + isin (5n +3 )) =
2T 2T 1 V3
=217 (— COS —=— isin?> = 217 (E — 17> = 216 _ j216,/3,
[ Example 7. ]
Evaluate
(1+10)°
—1+0)7”

First, let us find trigonometrical forms of numbersz;, =1+iandz, = -1+

T
|z, = \/E, Arg z; = arctanl = Z =

Z; = \/E(cos%+ isin%);

3
|ZZ| = \/EJ Arg Zy =T + arctan(_l) = T 1

3 3
Zy = ﬁ(COST + isinT).

Then, we apply De Moivre’s formula for numerator and denominator

(1+i)5=<\/§(COSZ+lsm )) = (V2) (cos—+151n%)

(—1+i)7=<\/§<coss%r+lsm3—n>) = (V2) (COS¥“S‘“2%T)

Finally, we do the division by formula (5.11)

(1+i)5 (\/_) (cos +lSln54T[) _
(—1+i)7 (\/—) (cos—+z . Zln)

4
1 57 21m . (5m 21m
=5 (cos (G =) +esm(F-5)) -
1 16m\ ¢ 16m\y 1 o 1
=§<cos<—T)+lsm<—T>>=E(cos4n—lsm4n)=z.
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Root of Complex Number

Let z be some complex number and n be a positive integer number. We consider the
problem of extracting the n-th root of a complex number z. According to the definition of the
n-th root, this means that we must find such complex number w whose n-th power is z

z=w"
Hence, for w = r(cosy + i siny)
w™ = r"*(cosny + isinny) = p(cos ¢ + isin ).

Since two complex numbers are equal if and only if their moduli are equal and the values

of their arguments are either equal or differ by 2wk, k € Z, we get

¢ +2nk  Argz + 2mk

|w|=r=7i/_=1(/m, argw =y = ,keZ

n n

As a result, we obtain the formula for the n-th root of a complex number
n— o n Argz+2mk . . Argz+2mk
Vz =1/|z| (cos—n +isin——— ) (5.13)
The number of different values of the root is n, we get them when k =0, 1,...(n — 1).
For the other values of k (k = n), root values will be obtained to coincide with those
considered. Points on the complex plane, which correspond to different values of the n-th root,

are located at the vertices of a regular n-gon, which is inscribed in a circle of radius 1/|z|

centered in the origin of coordinates.

[ Example 8. ]
Find all the values of the following roots

1) ¥1, 2) Vi, 3) V2 — 2i.

Plot the values obtained on the complex plane.

1) First, we have to find the trigonometric form of z = 1:

|z| = \/m =1, argz = arctan0 = 0,
thus,
z=cos0+isin0.
Apply formula (5.13)

2wk 2wk
V1 = COST-l- isinT, k=0,1,2,3,4.

138



Write down and plot distinct values of the root

(Fig. 32): \ 1 m 2
k=0, Zg=cos0+isin0 =1, o 41
Zy 7 .
k=1 _ 2T bisi 2T ,2'“ \
=1, zy = cos—+isin—, ; 2
Am Am /1 Rez
=2 = —_— | Sin — "\ y
k , Z, = COS z + isin = Zs‘\\h ’
6w 6m 17z,
k =3, Z3z = COS— + i Sin—,
5 5 Figure 32.
=4 _ 8r +isi 8r
= 4, z4—c055 lSln5.
2) Similarly, since forz =i
p - ) ¢ - 2 )
we get
. 77: + x - n
i =cos5 +isinz.
Hence,
s s
5 5> +t2mk 5+ 2mk m+4nk w4+ 4nk
Vi=cos“—+isine——=cos———— + isin——,k=20,1,2.
3 3 6 6
Thus, distinct values of the root (Fig. 33) are Im z
s T V3 1
k=0, ZO=COSg+iSing=7+i§, Z:lrf ».“Zlo
Lo 1 B 57T+_ _5m \/§+,1 | ! Rez
=1, zy = cos——tisin——=——+i, . .
3t 3w _ e
k=2, Z; = COS— + isin— = —i.
g g Figure 33.
3) Let us find trigonometric form of z = 2 — 2i.
Since
7T
p =18, ¢ =arctan(=1) = K
we obtain

2—2i= \/§(cos (%T) + i sin (%T))
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Thus,

T T
— + 2mk — + 2mk
V2 -2i=1%8 COS4T+ isin4T =
7 + 8k 7 + 8k
= %(cos—+ isin—), k=0,1.
8 8
Hence, distinct values of the root (Fig. 34) are Imz
71 71 P N
k=0, Zy = %(cos— + i sin —), Zo/ \
8 8 ' \\M‘\ \"%
15n 15n \ ~~_/ Rez
k=1, zZy = %(cos— + isin —) 2z
8 8 ‘
Figure 34.

Review Questions

1. What is the complex number?

2. What is called the real part of a complex number; the imaginary part of a complex
number?

. What is the geometric interpretation of complex numbers?

. What is an imaginary unit? How do we determine it?

. What numbers are called complex conjugates?

. What are the forms of complex numbers?

. What is the standard form of the complex number?

o N oo o1 b~ W

. What is the modulus and the argument of the complex number? By what formulas are
they determined?

9. What is called the principal value of the argument of a complex number?

10. Write down the trigonometric and exponential forms of the complex number.

11. What operations on complex numbers can be performed in algebraic form? Write
down the formulas.

12. What operations on complex numbers can be performed only in the trigonometric or
exponential forms? Write down the formulas.

13. Write down the De Moivre’s formula.

14. How can we extract the n-th root of a complex number? Write down the formula.
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Exercises 5.1

1. Find real and imaginary parts of complex numbers and plot these numbers on the
complex plane.

1)z, = =3+ 4i; z, =5 —3i; z3 = —1—3L.

4T . . 4w 51 . . bm 4T . . _4m
2)Z4=3(COS?+lSIIl?); 25=cosz+lsm?; Z6=2(COS?—lSIH?).

.TT .51 .TT
3) Z7 = 4‘el§; ZB = 26_17,' Z9 = elE.
2. Evaluate
1) 2 iz 2) — 4+ ;
1+1 1+11-21 1421 2—1

3) 1+ D)(A—3D) +=+i(1+10).
3. Evaluate

1+iv3) *° _ (2-20)7 (V3-30)°
D (55) 2 DA

4. Find all the values of the following roots and plot the values obtained on the complex

plane
1) V=2 + 2i; 2) V=2 — 2v/3i;
3) V1; 4 i.

5. Find the solutions of the equation
z6 = -27.

Answers
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5.2 The Concept of a Function of a Complex Variable

|. The Concept of a Domain in the Complex Plane
If x and y (or one of them) are real variables, then z = x + iy is called a complex
variable. We say that complex variable z is defined if it is known the set of complex numbers

(D cC), whose values z acquires.

[ Deﬁnition.}The set of interior points of the circle i J},
! \
- - - 1
(without circumference) of radius § centered ‘\ zp
at the point z, is called §-neighborhood of a L _,/’
point z, (Fig. 35). Figure 35.
[ Deﬁnition.} The point z, is called an interior point of
the set D if there exists the neighborhood of
z, all of whose points belong to D. The
) . . ) | e Jpoint : bOU.lldalZ;l point
point z, is called a boundary point of D if
every neighborhood of z, contains points D
belonging to D and also points not f
belonging to D. The point z, is called an e
exterior point of D if a point is not an Figure 36.

interior point or a boundary point of D
(there exists the neighborhood of z, all of
whose points do not belong to D). See

Figure 36.

[ Deﬂnition.}The set D cC is called the domain, if -

oD is an open set, that is, D consists only of L '

interior points;

- - : : 2 E )
D is a connected set, that is, any two points " J - .

of the set may be joined by the continuous

) ) _ _ Figure 37.
curve all points of which are in D (Fig. 37).
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[ Deﬁnition.] The set of all boundary points of D is called boundary of the domin
the boundary of the domain, it could be a
curve or a discrete set of points (Fig. 38).

Domain together with all its boundary points Figure 38.
is called closed and is denoted by D.

[ Deﬁnition.]We say that domain D is simply connected if ;I’/D 3 '
every simple closed contour in the domain ;'r l\\D ,"I
encloses only points in D. Otherwise, the Simalgfiiﬂected m““idpjiiglnne“ed
domain is multiply connected. See Figure 39. Figure 39.

[ Example 1. ]
In each case, sketch the curve determined by the given equation:
1)|z+2—i| =3; 2)Rez =3 3)Rez? =a? a #0;
4)Rei;+j=2; 5) arg(z—1)=%.
Letz =x + iy.

1) |z+2—-i] =3.
Using the addition of complex numbers and the

definition of modulus, we obtain

lz+2—-il=|x+iy+2—-i|l=|(x+2)+i(y—1)| = \_//

=J(x+22+(y-1?%=3,
Hence, we get Figure 40.

(x+2)?2+(@y—-1)2%=9

It is the equation of the circumference whose center isthe pointz, = =2 +ior (—=2; 1)

and whose radius is R = 3 (Fig. 40). fims
2) Rez = 3.

According to the definition we have Re z = x, hence, we

can rewrite the equation as
x =3 Figure 41.

Thus, the line Re z = 3 is a straight line parallel to y-axis (Fig. 41).
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3)Rez? =a? a =+ 0.
Since
z?2 = (x +iy)? = (x? — y?) + 2xyi,
we get

Rez? = x% — y2,

Imz

. .
. ,
. ,
. .
. ,
\ s 2 _ 42
N ,/ Rez® =a
. .
. ,
|
NP
A
— 3
K
U N Rez
, .
, .
, .
, .
, N
. J
. .
. .

Figure 42.

Thus, equation Re z2 = a? defines the hyperbola x? — y? = a? (Fig. 42).

4)Re§=2, zZ #* —I.

Using the division of complex numbers, we obtain

z—2 x+iy-2 ((x=-2)+iy)(x—iy+1)

z+i x+iy+i (x+iy+D)(x—ily+1)

(P =2x+y*+y) Hi2 - x+2y)

x?+ (y+1)?
Thus,
z—2 (x*=2x+y*+y)
Re e =
zZ+i x?+ (y+1)?
Hence,

(x?=2x+y2+y)=2(x*+(y+1)?)
and
(x+ D2+ (y+15)2 ==

"Rez

Figure 43.

It is the equation of the circumference of radius R = g centered at the point (—1; —1.5).

Point z = —i is excluded from the line (Fig. 43).

T

5 Arg(z—-1) = "
Since the equation
T
Arg(z—1) =Arg(x —1+iy) = 7
Is equivalent to
x—1>0, x>1,
arctan = z = 4 = tanz =
x—1 4’ x—1 4’

Aimz
arg(z—l):;

* Rez

Figure 44.

{x>1,
y=x—1.

Hence, the equation Arg(z — 1) = % determines the ray from the point z = 1 that forms

an angle of % with the positive direction of the abscissa axis (Fig. 44).
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Letus consider |z — (a + ib)| = R, where a + ib is a known complex number and

R > 0 is a real number. Then, since

z—(a+ib)| = |x+iy—(a+ib)| = |(x —a) = (y = b)i| = {(x — @) + (y — b)?,
we have that
|z — (a + ib)| = R is equivalent to (x — a)? + (y — b)? = R?. (5.14)
Thus, the equation |z — (a + ib)| = R determines the circumference whose center is at

the point z, = a + ib and whose radius is R.

[ Example 2. ]
In each case, sketch the regions determined by the given inequalities
D z+i] <2 2) |z+1—-1i]| > 1;
d1<|z+2|<3; 4) |zl <3, —Z <Arg(z+1-i) <.
Letz = x +iy. Aimz
Dz+i|<2=x*+(y+1)? <4. Kﬁ
Thus, the region consists of points of the circle of radius _jleR=2 ez
2 centered at (0;—1), including the border — the
circumferences |z + i| = 2 (Fig. 45). I;i39;ure i
lz+1—-il>1=>(x+1D)*+(y—-1)2> 1.  Im 2
The region consists of points lying outside the circle of
radius 1 centered at (—1;1), excluding the boundary — the r i
circumference |z + i| = 2 (Fig. 46). _1 =
1<|z+2|<3=>1<(x+2)*+y2<0. Figure 46.
As a result, we have points lying between Im 2

circumferences of radii 1 and 3 centered at the point (—2; 0),

including the circumferences themselves. m \

./1Rez
According to the definition of an argument of the
complex number we get Figure 47.

Such kind of region is called an annulus (Fig. 47).

4)|z|<3=x*+y?<0.
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T y—1 =«

A s __ —

—Z<Arg(z+1—i)<iﬁ{ 4<arctanx+1<2'
x> -1

Timz

X <y <+,
= { x> —1.
Thus, we get the system of inequalities

—x <y < 4o,

x2+y2<9,
{x > -1, Figure 48.

that define the region (Fig. 48).

Il. The Concept of a Function of a Complex Variable

[ Deﬁnition.] If there exists some law, that associates each value z of some set D of complex

numbers with one or more complex numbers w, then the function of a complex

variable is defined on the set D (Fig. 49) and it is denoted by

w = f(2). (5.15)
Aimz f Almw
/\U\-W
S |
l o ! _
X Rez u Rew
Figure 49.

[ Deﬁnition.]lf each z € D is associated with only one value of w, then the function is

called single-valued, otherwise it is called multiple-valued.
The set D is called the domain of function, and the set of values of w that

correspond to all z € D is called the set of values of the function f(2).

Since each complex number z is represented by a pair of real numbers (x,y) and the
number w also corresponds to a pair of real numbers (u, v), the relationship w = f(z) is
equivalent to the pair of two real-valued functions (u(x,y), v(x,y)).

Substituting z = x + iy into the function f(z) directly and performing all the operations

required by this function, we can find functions u(x, y) and v(x, y).
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Thus, the function (5.15) can be represented in the form
w=f(2)=fx+iy) =ulxy) +iv(x,y). (5.16)
Here
u(x,y) = Re(w) = Re(f) = Re(f(2)) is called real part of the function w = f(z);
v(x,y) = Im(w) = Im(f) = Im(f(2) is called imaginary part of the function w = f(2).
Functions u(x, y) and v(x, y) are defined in the domain D of the plane of real variables

(x,y), corresponding to the domain D of the complex plane.

Ill. Limit and Continuity

[ Deﬁnition.] A number wy, is called the limit of the single-valued function w = f(z) at the

point z, (limf(z) = Wo) If for every € > 0 there exists § = §(&) > 0 such
Z—Zg

that for all points of the region 0 < |z — z,| < &, the inequality | f(z) — wy| <
¢ holds.

LDeﬁnition.JThe single-valued function w = f(z), defined at the point z, and its

neighborhood, is called continuous at the point z, if
lim £ () = £ (z).

A function w = f(z) is called continuous on the set D if it is defined and

continuous at each point of D.

[ Lemma 5.1. ]
A function w = f(z) = u(x,y) + iv(x,y) is continuous at the point

Zy = Xy + iy, if and only if both functions u(x,y) and v(x,y) are

continuous, in terms of functions of two variables, at the point (x, yo).

Let us note that sometimes we may encounter the sequences increasing without bound
({z, =n,n = 1},{z, = ni,n = 1}) or functions discontinuous at some points (w = i)

Thus, it is necessary to enter the complex number z = oo. In the complex plane, there
corresponds to the point at infinity.

The points in the complex plane C together with the point at infinity z = oo form the so-

called extended complex plane. It is denoted by C.
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[ Example 3. ]
For the function w = z?2 find

1) the value of the function at the point z = 2 — i;
2) real and imaginary parts of the function;
3) image of the points of circumference |z| = 2;
4) image of the points of region: 0 < Argz < %, |z| < 3;
5) inverse image of the linesu = C;, v = C,, where C;, C, are real positive numbers.
Let us consider the function w = z2
1) Substituting directly z = 2 — i, we get

w2 —1i)=(2-1i)?=3—4i.
2) Let z = x + iy. Since

w(z) = (2)? = (x + iy)? = x% — y? + 2xyi,

we obtain
Rew =x%2 —vy2, Imw = 2xy.
3) Since
2l = /x? +y2 =2
and

lw| = [x% — y2 + 2xyi| =/ (x%2 — ¥2)2 + (2xy)% = /x* — 2x2y2 + y* + 4x2y2 =

= \/x4 + 2x2y2 + y* = \/(xz +y2)2 = x2 + y2,
we get
lw| = 4.
Thus, the image of the circumference |z| = 2 is the circumference of radius 4 centered at the
origin of the coordinates.
4) Similarly to 3) the image of circle |z| < 3 are all the points of circle |w| <9,
excluding the circumference |w| = 9.

Let us consider the region 0 < Argz < %.

According to definition, we have

y @
0<Argz= arctan;<z, x>0
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Thus,

0=tan0<%<tan%=1,x>0.

Since
2xy 2%
Argw = arctan — 7 = arctan————
)
X
and the function g(t) = :zz Is monotonic for t € [0,1],
we get Figure 50.

2 s
0 = arctan0 < arctan 1= 02 < Argw < arctan 112 < arctan(+w) = >

Consequently, the image of the region 0 < Argz < %, |z| < 3is

lw| <9, 0<Argw < g (Fig. 50).

5) Since u(x,y) = Rew = x? — y?,for u = C,, Imw

we get =
x?—y?=(,.

Thus, we obtain the family of hyperbolas (x-axis s
Is the axis of symmetry).

Similarly, for v(x,y) = Imw = 2xy, if v = C,,
we have

2xy = C,. Figure 51.

We obtain another family of hyperbolas (y = x is the axis of symmetry) (Fig.51).

Review Questions

. What kind of variable is called a complex variable?

. What is called an interior point ( a boundary point, an exterior point) of the set D?
. What kind of the set D cC is called domain? Make the examples.

. What is the boundary of the domain?

. What is the region determined by the equation |z — (a + ib)| = R?

. Make a definition of the function of a complex variable w = f(z2).

~N O o1 B~ W DN P

valued?
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8. What is called the domain of function? The set of values of the function?

9. What are the real and imaginary parts of a function of a complex variable?

10. What is called the limit of the function of a complex variable f(z) at the point z,?

11. What function of a complex variable is called continuous at the point z,; in the region
D?

12. Function f(z) is continuous at the point if and only if both the real and imaginary

parts are continuous at this point. Is the statement true?

Exercises 5.2

1. Sketch the curve determined by the given equations.

1) |z—=5+ 3i| = 2; 2) Imz? = 2;

3) 3Rez + Im(Z + 2i) = 1; 4) |z+ 2|+ |z— 2| =5.

2. Sketch the regions determined by the given inequalities.

Diz—i| <2, |z+1+2i] <3 2)1<Imz<?2, |z—1-1i| <2;
3 |z—11<2 |z—1+2i|>1; )zl <3, S<Argz<Z;

5) OSArg(z—i)Sg, 1 < Rez < 3; 6) |z—1|+|z+ 1| <4, Imz+ Rez <1.

3. For the function w = ifind

1) the value of the function at the point z = 1 + 2i.
2) real and imaginary parts of the function.

3) image of the points of lines:

nl
4’

ax=2 b)y=4 ¢)lz|=5  d)Argz=

21

4) inverse image of linesu = C;, v = C,, where C;, C, are real positive numbers.

e)lz—1| = 1.
4. Find real and imaginary parts of the following functions.

1) i Re Z + Ime?; 2) §+z".

Answers
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5.3 Elementary Functions of a Complex Variable

Let us consider the main elementary functions of complex variables.

|. Polynomial Function

[ Definition.] The polynomial function is the single-valued function of the form

P,(2) = apz"+ap_1z" 1+ -+ ayz® + a1z + ay, (5.17)
where z = x + iy, n IS nonnegative integer, a,, a4, ..., a, (a, # 0) are

complex coefficients.

[ Theorem 5.2 ]

Fundamental Theorem of Algebra

Every nonconstant polynomial with complex coefficients has at least one

complex root.

By the division algorithm, we can factor any polynomial into linear factors
Po(2) = an(z — 21)(z — 23) -+ (2 + zp),
where z,, z,, ..., z, are complex roots of polynomials.
These roots can be pure imaginary, real or complex conjugate. They can be also multiple
(multiplicity is more than one).
Since every real number is a complex number with its imaginary part equal to zero, this

theorem holds for polynomials with real coefficients.

Il. Rational Function

[ Deﬁnition.} The rational function is the single-valued function of the form

B2 apz"+ -+ az® +az+ag

5.18
Qm(z) bpz™+ -+ byz? + bz + b, ( )

where z = x + iy, n, m are nonnegative integer, ay, a4, ..., a,, bg, by, ...,

b,,, are complex coefficients.

The domain of a rational function is all points of the complex plane except for those
where Q,,(z) = 0.
The partial fractions decomposition extends to rational functions of complex variables,
but, since polynomial Q,,,(z) can be factored into linear factors, it is simplified.
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Let n < m and

Qm(2) = by (z — 21)P1(z — z5)P2 - (Z + 2 )P, p1 +pPz+tpe=m

then
P.(z A A A A, _
R(Z)= n( ) — 10 11 - 12 - Foee 1p, 1+
Qm(z) (z—z)Pr (z—z)Pr71 (z—z)P172 zZ— 2z
A A, _ A Ap o, _
+$+...+ 2Pz 1+...+$ e k Pk 1’
(z — z,)P2 zZ— 7, (z + z;,)Pk Z— 7

where Ao, A11, ..., A p,—1 are complex undefined coefficients. They can be found by the
general method from Calculus.

Ill. Euler’s Formulas

For any real x, we have the well-known Maclaurin series for exponential and
trigonometric functions

e 2n+1 o 2n

sinx=2(— )"(2n+1)' COS X =Z(— )ik 2

n_

Let us evaluate e™*;

(ix)z (ix)3 (ix)4 (ix)s (iX)6 (lx)7 (lx)8 (lx)g
2! * 3! T 4! + 5! + 6! 71 gl 9l
Since % =1, 4+l = (4k+2 = 1 j4k+3 = _

e =1+ ix+

i..., weget
x%  ix3  x* ix® x® ix7 x® ix°

T T H i T R TR

x? x* x® «xB x3 x5 x7 x°
(1 EETRTr TR TR )+l(x——+§—7+a— )
Consequently,

e = cosx +isinx. (5.19)
Similarly, '

e ™ =cosx —isinx. (5.20)
These formulas are called Euler’s formulas.
Let us add formulas (5.19) and (5.20)

e* + e~ = (cosx + isinx) + (cosx — isinx) = 2 cos x.
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Hence,

eix + e—ix

cosX =————. (5.21)

Similarly, from difference of formulas (5.19) and (5.20), we obtain
ix

e —e~™ = (cosx + isinx) — (cosx —isinx) = 2isinx,

and, then

elX — p—ix

inx = ————. 5.22
sin x T ( )

IV. Exponential Function

[ Deﬁnition.] The exponential function of complex variable z = x + iy is defined by

zZ

e? = e*™ = e*(cosy + isiny) (5.23)

This formula follows from Euler’s formula (5.19).
Properties of Exponential Function
1. e” reduces to the usual exponential function e* for y = 0.
2.e? # 0forall z, since e* > 0.
3. Since the exponential function is defined in trigonometric form
e’ = e*(cosy +isiny),
we get
le?| = e*, arge? =y+ 2mk, ks integer.
4. Exponential function is periodic with T = 2mi

eZt2m = gX+(+2MI = oX(cos(y + 21) + isin(y + 27m)) = e*(cosy + i siny) = e?.

Consequently,
o ¢ =1ifandonly if z = 2kmi, k is integer.
o ¢“1 =¢e”ifandonly if z; = z, + 2kmi, k is integer.

5. Let z,, z, are complex numbers. Then

Z1 5,29 — p21%Z5.
e 1e 2 — e 1 2’
e“1
—_— — pZ1—22.
erz  © ’

(e?1)™ = e™1, n is positive integer.
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6. The expression e® is meaningless, since

lim e?

Z—00

does not exist, since lim e* =0 and lim e* = +oo0.

X——00 X—+00

[ Example 1. ]

TT
Evaluate e **'.

By formula (1.23) we get

—2+i% -2 U .. I 1 \/§ 1 \/§ . 1
e 6 =¢ (COSg+l51ng)=; 7+l§ =2—ez+lz—ez.

[ Example 2. ]
Find real and imaginary parts of function e+t

Substituting z = x + iy directly, we obtain

eZZ+i — ez(x+iy)+i — e,2x+i(2y+1) — er cos(Zy + 1) + ier sin(2y + 1).
Hence,

u(x,y) = Ree?**t = e** cos(2y + 1),
v(x,y) = Ime?*™t = e?*sin(2y + 1).

V. Trigonometric Functions

[ Deﬁnition.] Trigonometic functions of complex variable z = x + iy is defined by

eiz + e—iz . eiz _ e—iz
oSz = ————) sinz = ———. (5.24)

These formulas follow from formulas (5.21) and (5.22).
Similarly to the functions of real variables, we define

sin z COS Z
, cotz = — .
CcoS Z sinz

Properties of Trigonometric functions

tan z = (5.25)

1. Trigonometric functions are periodic. For cos z and sin z period is 2, for tan z and

cot z it is .

cos(z+ 2m) =cosz, sin(z+ 2m) = sin z,
tan(z + m) = tanz, cot(z+ m) = cotz.
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2. The main real properties of trigonometric functions hold, for example,
cos(—z) = cosz, sin®z+cos?z =1,
sin2z = 2sinzcosz, etc.
3. The inequalities |cos x| < 1 and |sin x| < 1 are no longer true for cos z and sin z. It
IS easy to see from the example
pl(2) 4 o=i(20)
2

e % 4 e?
2

> 1.

|cos 2i| =

4. Substituting z = x + iy directly, we obtain
sinz = sin(x + iy) = sinx cosh y + i cos x sinh y,

cosz = cos(x + iy) = cosx coshy — i sinx sinh y.

[ Example 3. ]

s .
Evaluate cos (Z + l).
Applying formulas (5.24) and (5.23), we get

ei(%”) + e_i(%ﬂ.) 1

TN o e | -y _ 1o 40 T T
COS(4+l)— > —2(6 4 +e 4)—2(6 (COS4+lSIH4)+
re(cos™ — esinT)) < (VN (VT VR
€COS4 lSln4 —26 5 l2 82 lz =
e W2+eV2 e W2—eVv2 W2 V2

= +1 = —cosh1l — i —sinh1.
4 4 2 2
[ Example 4. ]
Find real and imaginary parts of the function sin( 1 — iz).
Letz =x + iy.
sin(1—iz) =sin(1—i(x +iy)) =sin(1+y—ix) =
— %(ex+i(1+y) _ e—x—i(1+y)) —

= —%(ex(cos( 1+y)+isin(1+y))—e*(cos(1+y)—isin(1l+y))) =

eX¥ —e™* eX+e™*
=—igcos(1+y)+( > )

—isinhx cos(1 + y) + coshx sin(1 + y).

sin(1+y) =
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Therefore,
Re sin(1 —iz) = coshxsin(1 + y),
Imsin(1 —iz) = —sinhx cos(1 + y).

VI. Hyperbolic Functions

[ Deﬁnition.] Hyperbolic functions of complex variable z = x + iy is defined by

e?+e’? _ e?—e™?
coshz = ———, sinh z = ———, (5.26)
2 2
sinh z cosh z
tanh z = , cothz = — .
cosh z sinh z

(5.27)

Properties of Hyperbolic functions
1. Functions cosh z, sinh z are periodic T = 2mi
cosh(z + 2mi) = cosh z, sinh (z + 2mi) = sinh z.
Functions tanh z, coth z are periodic T = mi
tanh(z + mi) = tanh z, coth(z + mi) = coth z.
2. The main real properties of hyperbolic functions hold, for example,
cosh(—z) = coshz, cosh?z —sinh?z =1, sinh2z = 2sinhzcoshz, ect.

3. Relation between trigonometric and hyperbolic functions

sinix =i sinhx, cosix = coshx, tanix = i tanhx,

sinhix =i sinx, coshix = cosx, tanhix =i tanx
4. Substituting z = x + iy directly, we obtain

sinh z = sinh(x + iy) = sinhx cosy + i cosh x sin y,

cosh z = cosh(x + iy) = coshx cosy — i sinhx siny.

[ Example 5. ]
Evaluate cosh(2 — 3i).
By formulas (5.26) and (5.23)
o(2-30) 4 o—(2-30)
cosh(2 — 3i) = 5 = E(ez(cos 3 —isin3)+e ?(cos3 + isin3)) =
e’+e 2 = e?—e? o
= cos 3 — [ sin ST = cos 3 cosh2 — i sin 3 sinh2.
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VIl. Logarithmic Function
Let z = x + iy be a nonzero complex number. The natural logarithmw =1Inz is
defined as the inverse function of the exponent
ez = gW = z w=u+iv.
If ¢ =argz, —m < ¢ < m, then z = pe'?.
Thus,

eV = eueiv — peicl)

Consequently, we get

eY=p = u=1Inp
and
v=¢+2nk, k=0,+1,%2,..

L Deﬁnition.] The natural logarithm (multiple-valued logarithmic function) of the nonzero

complex number z = x + iy is defined by the formula
Inz=Inp +i(¢ + 2rk), (5.28)
where p = |z|, ¢ = Argz, k=0,%+1,%2,...

L Deﬁnition.] The principal value of the logarithm is
Lnz =Ilnp + i¢. (5.29)

Function Ln z always has a unique value.

[ Example 6. ]
Evaluate In(1 + i) and Ln(1 + i).

By formula (5.28)

_ ™ =1n\/§+i(—+2nk), k=0+1,+2 ..
Arg(1+i) =arctan1 =7 4

In(1+1i) =

The principal value is

T
Ln(1+i)=ln\/§+iz.

VIill. Complex Exponential Function and Complex Power Function

Let us consider functions of the forms

a”, where a is complex, a # 0, and z%, where a is complex.
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Both functions are multiple-valued and use the complex logarithm for definition.

[ Definition.] Complex exponential function

a? = e?na, (5.29)
Complex power function

7% = e@nz, (5.30)

[ Example 7. ]

Evaluate i°.
Applying formulas (1.29) and (1.28), we obtain
il =1,

Arg (i) =~

= elni —

i _ ei(ln 1+i(§+27‘rk)> _ e_(§+2nk), k=0 4142, ..

IX. Inverse Trigonometric and Hyperbolic Functions

Since trigonometric and hyperbolic functions are related to exponential functions (for

elZ_p-iz
i

2

example, sinz = ), then it is quite obvious that their inverse functions are related to

logarithmic functions.

Let us consider w = arcsin z, then z = sin w. According to the definition of sine, we get
eiw —iw
sinw =

— e
21
or it could be written as the quadratic equation for e as follows
(e™)’ = 2ize™ —1 = 0.
Solving this equation, we obtain
eW =iz ++1—z2

By using logarithms, we get

w= %ln (iz ++1-— ZZ).
Finally,
arcsin z = —iln (iz ++1-— Zz).

Similarly, we could obtain formulas for other inverse functions.
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[ Deﬁnition.] Inverse trigonometric functions:

arcsinz = —iln(iz £ V1 — z2) ; arccosz = —iln(z +vVz2 —1); (5.31)

arctan z = ——1n5 arccot z = —ln% (5.32)

Inverse hyperbolic functions:

arsinhz = ln(z ++vV1+ ZZ) ; arcoshz = ln(z +Vz2 — 1) ; (5.33)

14z z+1

artanhz = —ln— arcothz = —ln— (5.34)
1-z z-1

The principal values of inverse trigonometric functions

Arcsin z = —iLn(iz ++vV1-— ZZ) ; Arccos z = —iLn(z +Vz2% — 1); (1.35)

lZ z—i

Arctanz = — - L — Arccotz = - Ln— (1.36)
l+Z Z+i
The principal values of inverse hyperbolic functions
Arsinhz = Ln(z ++vV1+ zz) ; Arcosh z = Ln(z +Vz2 — 1); (1.37)
Artanhz = ~Ln=—=; Arcothz = ~Ln“™. (1.38)
[ Example 8. ]
Evaluate
1) arcsini; 2) Arcosh2.

1) By formula (5.31)
arcsini = —iln (i2 +4/1— iz) = —iln(-1 £ V2).

Numbers (—1 +v/2) and (—1 — +/2) are real, the first is positive, the second is negative.

Therefore,
|-1++V2|=v2-1, Arg (-1+V2) =0,
and
|-1-+v2|=1+V2, Arg(-1-V2) =
Hence, for integer k, we get
—iln(-1+v2) = —i(In(v2 — 1) + i2nk) = 2nk — iln(v2 - 1),
—iln(—-1-+2) = —i (1n(1 +V2) +i(m + 2nk)) = 2k + D — iln(1 + V2).
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Finally,

2wk — iln(\/i — 1),

arcsini =
{(Zk + Dm — iln(1 +v2),

where k =0,+1,+2, ...

and

2) By formulas (5.37)
Arcosh 2 = Ln (2 + \/ﬁ) = Ln(2 + \/§)
Both numbers (2 + v/3) and (2 — +/3) are real positive.
Thus,
2+V3|=2++3, Arg(2++3) =0,

|2-V3|=2-+3, Arg(2—-+3) =0.
Consequently,

1n(2 + \/§),

Arcosh 2 = {ln(Z B \/§)

Review Questions

1. Which functions of a complex variable are elementary?

2. Give the definition of the exponential function of a complex variable. What are the
properties of this function?

3. Is it possible to state that the exponential function is periodic? If so, what is the
minimal period it has?

4. What functions does the Euler formula relate to? Write down this formula.

5. What formulas determine the trigonometric functions of a complex variable?

6. Is it true that the trigonometric functions sinz and cos z in the complex plane are
bounded?

7. What formulas define hyperbolic functions? How are they related to the trigonometric
functions of a complex variable?

8. Which elementary functions of a complex variable are periodic with a period 2mi ?

9. How is the logarithmic function of a complex variable determined? Does it belong to
multiple-valued functions?
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10. What is the principal value of the logarithm of a complex number?
11. How are the complex exponential function and the complex power function

determined?
12. How are inverse trigonometric and hyperbolic functions of a complex variable

determined?

Exercises 5.3

1. Evaluate.
1) e*3L; 2) sin(3 — 2i);
. s .
3) cos5i; 4) cotan (Z_ iln 2),
3n , . ,
5) cosh (7 + 31); 6) sinh(—1 + 5i);
T . 1+
7) tanh(In3 + El), 8) lnﬁ,
9) Ln(1 + 5i); 10) 2%;
_n1-i
11) (%) ; 12) Arcsin 2;
13) arccosi; 14) artanh?2i.

2. Find real and imaginary parts of the following functions.

1) e?’; 2) sin(5z + 2i);
COoSs z

3) tan z; ) —

Answers
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6. Differentiation of the Function of a Complex
Variable

6.1 Cauchy-Riemann Equations

|. The Concept of Derivative
The concept of the derivative of a function of a complex variable is provided similarly to
the derivative of a function of a real variable.
Let the increment of independent variable z = x + iy be Az = Ax + iAy, then the
corresponding increment Aw of single-valued function w = f(z) is
Aw = f(z + Az) — f(2).

[ Deﬁnition.} If single-valued function w = f(z) is defined at every point of a domain D

and there exists the limit

. fz+Az)-f(2)
lim — = lim ,
Az—0 Az  Az—0 Az

(6.1)
such, that it is independent of the direction from which Az approaches 0, then

this limit is called the derivative of functionw = f(z) at point z and is denoted
by f'(z) or %. In this case, a function w = f(z) is said to be differentiable at

the point z.

The concept of limit and, therefore, the concept of derivative, is applied only to

single-valued functions.

Properties of Derivatives.

1. If function f(z) is differentiable at z € D then it is continuous at the point z.

2. Let the functions f(z) and g(z) be differentiable (3 ', g') at the point z. Then
e (A-f+B-g) =A-f"+B- g forany complex numbers 4, B;
s f-9)=f-9+f g,

o if gy =0, (L) =LLLL
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3. Chain Rule
Let the functions w = f(z) be differentiable at the point z and g(w) be differentiable at

the point f(z). Then
Gf @)z =9'(F @) f' (2.

Il. Cauchy-Riemann Equations
It is obvious that the concept of differentiability of a function of a complex variable
should be closely related to the behavior of the real and imaginary parts of this function. Let

us consider this relationship.

[ Theorem 6.1 ]

Cauchy-Riemann Equations
Function
w=f(z)=u(lxy) +iv(x,y), z=x+1iy
Is differentiable at a point z = x + iy if and only if there exist partial
derivatives of the functions u(x,y) and v(x,y) with respect to the
variables x and y and the following relations hold
du Odv du  0dv
ox dy’  0dy ox

Relations (6.2) are called Cauchy-Riemann Equations.

(6.2)

Proof.

1) Assume that functions u(x,y) and v(x,y) are differentiable with respect to the
variables x and y and the Cauchy-Riemann Equations are fulfilled. Let us prove the existence
of the derivative f'(2).

According to the definition of derivative and formula (2.1), we have

lim — = lim M
Az—»0 Az Az-0 Az

The total increments of functions u(x, y) and v(x, y) could be written as follows

_Ou ou
Au =57 —Ax + @Ay + a;Ax + 1Ay,
and
_Ov v
Av =5 —Ax + @Ay + a,Ax + B,Ay,
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where a;Ax + ;Ay and a,Ax + [,Ay are infinitesimals of the high order relative to
Ax - 0, Ay = 0.
Thus, by plugging them into the limit and using (6.2), we get

ou ou v v
(6 Ax +ayAy+a1Ax+B1Ay)+l<axAx+ayAy+a2Ax+B2Ay>

im Yy
A;I—T}OE AZ30 Ax + iAy B
(guA gv Ay + a;Ax + ,BlAy) +1i (gv Ax + gu Ay + a,Ax + ,BZAy)
= lim ~%X X
Az—0 Ax + iAy
) 6 (Ax + iAy) + (le —Ay) + (a; +iay)Ax + (B, + L,Bz)Ay
= A220 Ax + iAy
ou A A .0V A A _ _
_ ﬁ( X+ }’)‘l'la(x"‘l y) . (ag +ia)Ax + (B +if)Ay
lim , + lim , =
AZ—0 Ax + iAy Az—0 Ax + iAy
_Ou  Ov i Ax 1 Ay _
_E—HE AzI—I}oAx+1A (@ +iaz) + 1moAx+lAy(B1+l’82)
Since —~— and —2— are bounded, we have
Ax+iAy Ax+iAy
Ax B |Ax|
Ax + iAy \/(Ax)z + (Ay)?2
Ay | _ |Ay|
Ax + iAy \/(Ax)z + (Ay)?2

As a result, the third and the fourth addends approaches to zero when Az - 0 (Ax — 0,
Ay — 0), as a product of bounded function and infinitesimal.

The first and the second addends do not depend of Az.

Thus,

2) Assume now, that there exists f'(z) for z = x + iy. Let us show that the Cauchy-
Riemann Equations are fulfilled.

According to definition of derivative, we have

lim ﬂ— f'(2).

Az—0 Az
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Thus,
g =f'(2) +v,
where y - 0, Az - 0. The value of y is complex, hence, y =y, + iy,, where y; — 0,
¥, = 0, when Ax - 0, Ay — 0.
From another point of view, derivative f'(z) at the point z = x + iy is complex number
f'(z) = a+ib.
Let us find the increment of function f(z)
Af(z) = Au+iAv = f'(2)Az + yAz = (a + ib)(Ax + iAy) + (y; + iy,)(Ax + iAy) =
= (aAx — bAy + y;Ax — y,Ay) + i(bAx + alAy + y,Ax + y;Ay).

Then, equating the real and imaginary parts, we get

Au _ou —Ax + a—uAy = alAx — bAy + y;Ax — y,Ay,
~ ox dy
Av _ —Ax + a—Ay bAx + aAy + y,Ax + y,Ay.
~ ox dy
Therefore,
a=a—u —b=a—u b=6_v a=a—v.
ox’ oy’ ox’ oy

As a result we get the Cauchy-Riemann Equations

6u_6v 6u_ dv
ox 9y’ dy = ox

The previous theorem turns out that derivative of the function f(z) defined by partial

derivatives of u and v:
u 617 u au ov au 617 av

Assume that function w = f(z) could be written in terms of polar coordinates, that

is we use trigonometric form of complex number z = p(cosg + ising) = pe'?,
w = f(z) = u(p, @) + iv(p, ¢).
In this case, the Cauchy-Riemann Equations has the form
du 10v v 1ou

ap pdp’ dp  pop
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and the derivative of the function is

,()_1(617 ,au)_p(aqu,av)
fz_z 10 16<p ~ z\dp lap'

Ill. Derivatives of Elementary Functions
The derivatives of elementary functions are calculated according to the same formulas as
for functions of a real argument.
For example,
(z™)' =nz"1, (e?) = e?,
(cosz)' = —sinz, (sinz)' =cosz,

(cosh z)' = sinhz, (sinhz)’ = coshz,

1 1 1
(Lnz)' = ~ (Arcsinz)’ = N (Arctanz)’' = T 52 ect.
Let us prove some formulas.
1. Consider the function
f(z) = z>.

Since z = x + iy, we get
z? = (x +iy)? = (x? — y?) + i2xy.
Thus,
u(x,y) = Rez? = x2 — y?,
v(x,y) = Imz? = 2xy.

Find the partial derivatives of the real and imaginary parts

a_u = 2x, a_u = =2y,
0x ady
6_17 =2y a_v = 2x
dx ’ dy
Since
du OJv ou dv
ax oy’ ay  ox
the Cauchy-Riemann Equations are fulfilled and function f(z) = z2 has derivative.
Therefore,
(z3)' = a—u+ ia—v =2x +i2y = 2(x + iy) = 2z.
d0x d0x
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2. Consider the function
f(z) =e”.
For z = x + iy we have
e? = e**W = e¥*cosy +ie*siny
and
u(x,y) = Ree? =e*cosy, v(x,y) = Ime? = e*siny.

Partial derivatives are

du o ou L
a—e cosy, E——e sinvy,
dv ‘o dv .
a=e siny, @=e Cosy.
Hence,
du Jv ou v
ax 0y’ ay  ox
The Cauchy-Riemann Equations hold and the derivative of function f(z) = e? is
(e?)' = a—u+ ia—v =e*cosy +ie*siny = e”.
d0x 0x

3. Let us consider the function

1
f(z) = E'Z %= 0.

Then, for z = x + iy by the formula for division of two complex numbers, we get

1 X Yy
E=x2+yz+lxz+y2
and
Wy =y, V0Y) =y
xXc+y xXc+y
Since partial derivatives are
ou  y?—x? ou —2yx
ax " Ay 3y " Gy
v 2yx ov  y?—x?
o Gy AN
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we obtain

du Jdv ou dv
aza, E:—a’ (x,y)i(0,0)
Since the Cauchy-Riemann Equations are fulfilled when z # 0, we get

T oy?—x? 2yx 1

1 .
(E) C(x2 4 y2)2 +l(x2 +y2)2 g2

Review Questions

1. What is the derivative of a function of a complex variable w = f(2)?

2. Does the limit lim 22 from the definition of the derivative function w = f(2) depend

Az—0 4z
on the method of approaching Az to zero?
3. Formulate the Cauchy-Riemann Equations for differentiability of the function w =
f(2) at the point z.
4. What formulas can be used to find the derivative of a differentiable function f(z) =
u(x,y) +iv(x,y)?
5. By what formulas are the derivatives of basic elementary functions defined w = f(z)?

6. Is it possible to calculate the derivative of the differentiable function by the formula
f'(z) = ‘;—Z + ig—z ? How can we get other formulas for calculating the derivative of a

function f(2)?

Exercises 6.1

1. Investigate (by the Cauchy-Riemann Equations) the differentiability of given
functions and find the derivatives (if it possible).

1) f(z) = z?Rez + iIm z?;

2) f(z) = p2iz+3.

3) f(z) = (z—1)Re(z+ 20);

4) f(z) = cos2z.

Answers
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6.2 Analytic Functions and Their Properties

The concept of the analytic function is basic to the theory of functions of a complex
variable. The class of analytic functions includes a lot of functions that may be applied to the

important problems of mathematics and its applications to the natural sciences.

[ Definition.] Function w = f(z) is called analytic (holomorphic, regular) at the point z, if

it is differentiable in some neighborhood of the point z,. If f(z) is analytic at
each point of some open set D then it is called analytic (holomorphic, regular)

onD.

Properties of analytic functions.

1. The sufficient condition for f(z) = u(x,y) + iv(x, y) to be analytic on D is that the

ou v v

3’ ' 3y exist, be continuous and satisfy the Cauchy-Riemann

partial derivatives Z—z,
Equations on D.
2. If the function f(z) is analytic on D, then it is continuous on D.
3. Let f;(z) and £, (z) be analytic functions on D, then
e f,(2) £ f,(2)and f;(2) - f,(z) are analytic function on D;

o f1(2)
f2(2)

4. Elementary functions of the complex variable (z", e, sin z, cosh z, ect.) are analytic

is analytic functions on D wherever f,(z) # 0.

in their domain.

5. If w = f(z) is analytic on D of the plane of the complex variable z, and an analytic
function p = g(w) is defined in the range G of its values in the plane of the complex variable
w, then the function G (z) = g(f(z)) is an analytic function on D of the complex variable z.

6. If w = f(z) is analyticon D and |f'(z)| # 0 in the neighborhood of a point z, € D,
then in the neighborhood of the point w, = f(z,) of the domain of values of the function f(z)
is defined an inverse function z = g(w), which is an analytic function of the is an analytic

function of the complex variable w and
1

f'(20) =m-
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7. If function w = f(z) is an analytic at the point z, then it can be represented as a sum

of a convergent power series in some neighborhood of the point z,.

[ Example 1. ]

Investigate whether the function f(z) = zIm z + Z is analytic.

According to the first property, we have to check whether the partial derivatives Z—z,

ou v

d : : . : .
%’ ax’ £ exist, are continuous and satisfy the Cauchy-Riemann Equations.

For z = x + iy we have
zimz+z=(x+iy)y+(x—iy)=xy+x+i(y*—y)
and
ul,y) =xy+x, vy =y*-y
Differentiate them

Ju Ju

w YTt T
v v

P Ve A

Therefore, functions u(x, y) and v(x, y) are differentiable for any (x, y).
But, since the Cauchy-Riemann Equations are not fulfilled
ou v
a=y+1¢2y—1=@,

function f(z) = zImz + Z is not analytic.

[ Example 2. ]

Find the analytic function w = f(z) if its real part is

u(x,y) =x*—y*—y.
Since function w = f(2) is analytic, then the Cauchy-Riemann Equations are fulfilled
dJu OJv Jdu dv

ax o0y’ 9y  ox
Hence,

6u_2 _av au_ ) - ov
dx x_ay' dy Yo = '

170



Let us use the first equation and integrate Z—; = 2x with respect to y.

Thus,

v(x,y) = f 2xdy = 2xy + @(x).

From the second equation, we get
dv , ,
5, = "y l=—o =y + o), = -2y - ¢'(x),

—2y—1=-2y—¢'(x)
¢o'(x) = 1.
Integrate it with respect to x and get
p'(x)=x+C,
where C is an arbitrary complex number.

Consequently,

v(x,y) =2xy +x + C.
Finally,

w=f(z)=x*—y>—y)+iQRxy+x+C) =z>+iz+iC,

where C is an arbitrary complex number.

[ Example 3. ]

Find the analytic function w = f(z) if its imaginary part is

v(x,y) = x + 2y,
and f(1+1i)=1.
Since function w = f(z) is analytic, we have
du Jdv OJu a_v
ox 9y’ ady ox’
Then
u_ov_, ou__0v_
ox oy dy ox
From the first equation, we get

—1.

u(x,y) = f 2dx =2x+ @(y).
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. du ov .
The second equation 3 — 9% yields

ou o, _ dv B
¢'(y)=-1
Integrate it with respect to y and get
() =-y+C

where C is an arbitrary complex number.
Thus,

u(x,y) =2x—y+C.

Consequently,

w=fZ)=0Q2x—-y+0)+i(x+2y)=2+i)z+C,

where C is an arbitrary complex number.

Let us find the number C from the condition f(1+ i) = 1. Plug z = 1 + i into the

function
fA+D)=QR+DA+D+C=3i+C=1.
Hence,
C = —3L.
Finally,

w=f(z)=2+i)z—3i.

Review Questions

1.

What function of a complex variable is called an analytic function at the point z; in the

region D ?

. Is the function w = f(z) analytic at the point z when it is differentiable at that point?

. How to investigate the function f(z) = u(x, y) + iv(x, y) for analyticity?

. Is the statement true that the single-valued function f(z) = u(x,y) + iv(x,y) is
. .. Ou v ou v
u_v u_%,
analytic if %y 3y %
. In what case can the function w = f(z) be restored if its real part u(x, y) or imaginary

part v(x, y) is known?

172



6. Give the algorithm for finding the analytical function w = f(z), if its real part u(x, y)

or imaginary part of v v(x, y) is known.

Exercises 6.2

1. Prove that the given functions are analytic

1) z3 + z; 2) i,zil;

z—-1
3) sin(2z + 1); 4) cosh(z? —1).
2. Investigate the given functions for analyticity
1) e?’-t: 2) Imz?+z—1+1;
3) sinh(2iz — i + 2); 4) z2+Z + 2;
5) e? — 323 + iz; 6)z+i2,z¢0.

zZ

3. Find the analytic function w = f(z) if its real part is
1) ulx,y) = —y(4x + 1);
2) u(x,y) =x3-3y%x + 2;

3) u(x,y)=x—y———, if f(i) =1—i.

x2+y?’

4. Find the analytic function w = f(z) if its imaginary part is
1) v(x,y) =y —e** sin2y;

2) v(x,y) = x + sinhx sin y;

3) v(x,y) =5x2—-5y2+3y—3,if f(3—2i) =1+ 2i.

Answers
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6.3 The Concept of a Conformal Mapping

Consider the analytic on D function w = f(z). Each value z = x + iy corresponds to the
value w = u(x,y) + iv(x, y), that is, each point (x,y) on the xy —plane corresponds to a
certain point (u,v) on the uv —plane. The set of all such points (u,v) on the uv —plane
(region G) is called the image of region D.

Suppose that there exists a derivative f'(z) at the point z, and it could be written in

exponential form

(20) = lim o = kel
[1(z) = Jim 57 = ke™,

where k = |f'(zy)| and @ = argf’'(z,).
Let us consider the geometric meaning of the argument and the modulus of the derivative.
1. Preservation of Angles at the Point
If the point (x, y) on the xy-plane describes some curve y in the region D, then the point
(u, v) on the uv-plane describes the curve I'. The curve I is called the image of the curve y

to the uv-plane by the analytic function w = f(2).

Consider the point z, = x, + iy, on  1m 2 y mw .,
the curve y and f'(z,) # 0. The straight l Y A
line [ is a tangent line to y at this point. P Y
Point z, go into wy = u, + iv, on the —~ & Re g 7 “ Rew
curve I'. Let L be the tangent line to I at Figure 52.

the point w, (Fig. 52).
An angle of rotation a coincides with the argument of the derivative of the function f(z)
at the point z, (f'(z,) # 0)

a = Arg f'(2o) (6.4)
and has the geometric meaning of the difference of the angle of the tangent to the curve y at
the point z, with the x-axis and the angle of the tangent to the curve I' at the point w, with
the u-axis.

Ifa = Arg f' (z,) > 0, then rotation is performed counterclockwise, in the opposite case
(xd = Arg f' (z4) < 0), it is clockwise.
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2. In the mapping performed by the Imz N Imw

analytic function (2) (f'(z,) # 0), the ; m~\? -
angle between any curves (yi, V2) N

intersecting in the point z, is equal to the Rez Rew
angle between their images - curves (I3, I3) Figure 53.

intersecting in the point w, (Fig. 53).

3. Invariance of Stretching
Let y be the curve connecting points z, and z, + Az. It is mapped by w = f(z) into

curve I connecting points w, and w, + Aw. Imz Imw

A 4 Wo+Aw
The value |i| is the linear magnification ot dz /_F
Zy W

ratio of the vector from z, to z, + Az under

Rez Rew

the mapping w = f(z) (Fig. 54). Figure 54

Thus,

Az
Is the magnification (coefficient of magnification) at the point z, under w = f(2).

(6.5)

If'(z0)l = Jim

It represents an expansion if it is greater than unity (|f'(z,)| > 1) and a contraction if it
is less than unity (|f'(z)] < 1).
Since the derivative f'(z,) does not depend on the way of approaching z, + 4z

to z,, the coefficient of the magnification at this point is constant.

[Deﬁnition.]A continuous univalence (make one-to-one correspondence) single-valued

mapping w = f(z) is called conformal at a point z if there exists f'(z),
f'(z) # 0and it has the properties of invariance of stretching and preservation
of angles at this point.

The continuous univalence single-valued mapping w = f(z) is called

conformal in the domain if it is conformal at each point of this domain.

Univalence of a single-valued analytic function in a domain is an extremely

important condition for conformal mapping. This condition is necessary and sufficient for a

mapping to be conformal.
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[ Example 1. ]
Describe the geometrical meaning of the following mappings

)w=z+b;, 2)w=e%z; 3)w=pz; 4 w=az+b,

where a, b are complex numbers (a # 0), «, p are real numbers

Imz pImw

(p > 0). w=z+b

1) Since the addition of complex numbers can be interpreted as
the addition of vectors, then the mapping w = z + b transfers each b 4 o
point z to the point w with the help of a parallel shift vector Rew
representing the number b (Fig. 55). Figure 55.

2) For mapping w = e'®z coefficient e'® is a complex number ~ "™#4imv
suchthat [e'®| = 1, arge'® = a. According to the multiplication of !
complex numbers, point z is transferred into the point w by rotation N “
of its radius-vector around the origin of coordinates by an angle a ﬁii
(Fig. 56). Figure 56.

3) Consider the mapping w = pz. By the rule of multiplication Imz pImw
of complex numbers we have |w| = p|z|, Argw = Arg z. According "
to the second equality the points z and w lie on the same ray starting z
from the origin. The first equality shows that the ratio of the Rez
magnitudes of radius-vectors of points w and z is constant and equal Figure 57_Rew

to p.
Therefore, the mapping w = pz is a similarity transformation with the center at the origin
of coordinates and the coefficient of proportionality p (Fig. 57).
4) Since the complex number a can be performed in Imz pImw
exponential form a = pe®, the function w = az + b could be
written as follows w = pe®z + b.

Then mapping w may be separated into two consecutive

ones: w; = pe®“zandw = w; + b.

The first mapping rotates the vector by an angle a and
changes the length by p times, and the second one transfers Figure 58.

parallel the point az with the help of a shift vector b (Fig. 58).
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[ Example 2. ]

Consider the mapping w = z2 + 2z. Determine

1) the angle of rotation a and the coefficient of magnification at the point z = 1 + i;
2) which part of the plane is expanded and which is contracted under the transformation;
3) at which points the conformality of the mapping is violated.
1) Function w = z2 + 2z is analytic as a sum of analytic functions and
w' =2z + 2.
Thus, by formula (6.4), the angle of rotation is
a=Argw (1+1i) = Arg(2(1 +1i) +2) = Arg(4 + 2i),
a = arctan0.5.
By formula (6.5), the coefficient of magnification is
k=|w(1+1)| =4+ 2i|] =20.

Since k = /20 > 1, it is the coefficient of an expansion.
2) Let us consider the coefficient of magnification

k=|w'(2)|=12z+2|.
Since expansion is performed when k > 1, we have

k=12z+2|>1,

| +1|>1
VA 2.

Thus, the outer part of the circle |z + 1| = % Is expanded under the transformation, and

the inner part of this circle is contracted.

3) Since function w = z% + 2z is analytic at each point of the plane, the conformality is

violated only at points where the derivative is zero:

2z+2=0.

Thus, the mapping is not conformal at the point z = —1.

[ Example 3. ]

Determine the image of the region 0 < x <1, 0 <y <1, under the transformation

w = z2,

Let us find real and imaginary parts of function. Substituting z = x + iy directly, we get
w=2z2=(x+iy)? =x?—y?+ 2xyi,
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Thus,
u=x%2-—y% v=2xy.
First, we find images of the vertices \ Imw
Imz oA
of the square. Point A(0, 1) transformed 1
into the point A,(—1,0), C(1,1) into

C,(0,2), B(1,0) into B,(1,0), and

1 -1 0 1
0(0,0) into 0,(0, 0) (Fig. 59). 0[0 B Rez A1 |01 Bi Rew
Figure 59.

Second, let us find images of sides.

ForOBwehavey =0, 0 <x < 1.

Thenu=x% v=0,or0<u<1 v=0.

Thus, we obtain the segment of the u-axis.

Similarly, we transformed other sides.
OA:x=0=>u=-y% v=0.

Thus, —1 < u < 0, v = 0 the segment A, 0, of the u-axis.

ACy=1=u=x?-1, v=_2x.

2
Thus, by expressing x, we get u = v: — 1. It is the arc of the parabola, connecting the

points A; (—1,0) and C, (0, 2).
BC:x=1=u=1-y?% v=2y.
2
Thus, we obtain the arc of the parabolau =1 — ": that connects the points B;(1,0) and

C,(0,2).
The images obtained you may see on Figure 59 (right-sided graph).

The main problems about conformal mappings are

e Direct Problem.

For the given analytic function investigate what is the image of the given region in the
xy-plane under the transformation into the uv-plane.

e Inverse Problem.

Construct the analytic function, such that the given region in the xy-plane conformally

transforms into the uv-plane.
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Let us consider some examples of conformal mappings.

I. Fractional Linear Transformation

a,z+bq

Fractional linear function w = a;b, # a,b,, transform conformally xy-plane

a22+b2 ’
onto uv-plane.

Properties

1. the point at infinity z = co maps into the finite point w = % and the point z = b2
2

a
maps into w = oo;

2. each straight line and each circle of the xy-plane map into the straight line and the
circle of the uv-plane;

3. points symmetric with respect to a circle are transformed into points symmetric with
respect to the image of this circle (the points are called symmetric with respect to a circle if
they lie on a common ray passing through the center of the circle, and the product of their
distances from the center is equal to the square of the radius of the circle);

4. there exists the unique linear-fractional function defined by the specification of a
correspondence between three different points z;, z,, z3 of the xy -plane and three different

points w;, w,, wy of the uv-plane. It could be written as follows

W —w; W, — W3 Z — Z1Zy — 23

= (6.6)
W_W3W2_W1 Z_Z3ZZ_Zl

If one of the points z, or wy is at infinity, then we replace differences contained

these points by 1. For example, if z; = oo, w, = oo, then

W_Wll 1 Zy — Z3

w—w3;l z-—2z3; 1

[ Example 4. ]
Find out the geometric meaning of transformation w = i

Let z be given in the exponential form: z = pe'®. Then
= 1. = le‘“".
pe'® p
Thus, under the transformation the points are mapped symmetric with respect to real axis

w

(¢ 5 ¢) and with respect to the circle |z| = 1 (p e %)
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Let us rewrite the fractional linear function as follows

o \
_alz+b1_%2+a_1_a1 1 +<b1 bz)

a,z + b, azz_|_b_2 a, Z_l_ﬁ a, ap
a, a,
b b, b
Denote A = =%, u = -2 and v = - — =2, Then
az az a; as

Thus, we may understand that mapping as the collection of elementary mappings made

by functions

w;=2z+Y, w, = —, ws = A(wy + V).
Wy
Thus, the mapping at hand is made up of stretching, rotations and translations of the

complex plane, and also of the inversion transformation in a circle.

[ Example 5. ]
Construct the analytic function, such that the region |z —a| > R; in the xy-plane

conformally transforms onto the region [w — b| < R, in the uv-plane.

The function w — b = J1fe

maps the circle |z —a| = R, into the circle |w —b| =

R1R;

zZ—a

__ R4Ry
=

= R,. Moreover, the image of z = co isw = b.

Thus, the transformation
RyR,
Z—Qa

+b

W:

maps the outer part of the circle |z — a| > R, onto the inner part of the circle |w — b| < R,.

[ Example 6. ]
Construct the analytic function, such that unit circle |z| < 1 conformally transforms onto

circle |w| < 1 and f(z,) = 0, where z, is a point lying in the inner part of the circle |z| = 1.
Since the center of the circle |[w| =1 is the image of the point z,, then the point z;
symmetric to z, with respect to the circle |z| = 1, goes into the point symmetric to w = 0

with respect to a circle |w| = 1, that is, into w = co.
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Points z, and z; lie on the same ray, therefore, Argz, = Argz;. From symmetry with
respect to a circle we get |z5]|zo| = 1.

Thus,
1 1

_eiArgzo - -

iArgzy — — : — .
|Zo| |zole~tAT8Z0  Z,

zo = |zgle

Let us apply the formula (6.6) when z, = z,, z3 = z5, w; = 0, w3 = oo and arbitrary
z, and w,, then

w—0 1 Z—ZyZy — Z

1 wy,—0 z—2}2,—2
Hence,

Z_ZO Z_ZO

w=k x V1 = )
Z—Z, 1—-24z

where k and k, are arbitrary complex numbers.

Since points of the circle |z| = 1 are mapped into points of the circle |w| = 1, then
lw(D)| = 1.

Therefore,

Zy

0
= k4| = 1.
5 e

Zy

lw()| = k]

= |k1|

Thus, k; = e'*, where « is the real number that

geometrically defines the angle of rotation of the

circle |w| < 1 about the origin of coordinates. Figure 60.
Figure 60 shows the grid conformally equivalent to the grid of polar coordinates of the
circle |w| < 1, from which we have that the mapping deforms the inner part and the boundary

of the circle |z| < 1.

[ Example 7. ]
Construct the analytic function, such that unit circle |z| < 1 conformally transforms onto

the upper part of the plane (Imw > 0) and f(0) =i, f(—i) =0.

By the third property, we have that point z = co (Ssymmetric to z = 0 with respect to a
circle |z| = 1) goes into point w = —i, (Symmetric to w = i with respect to a real axis). Let

us apply the formula (6.6) when z;, =0, z, = —i, z3 =, w; =i, w, =0, wy = —i.
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Thus,
1—-iz

w = .
Z—1

Figure 61 shows the transformation of the

circles |z| = r and rays Argz = const into the

w
uv-plane. Figure 61.
Il. Power Function
Power function w = (z — zy)™, where n > 2 is
an integer number, univalencly and conformally maps
ng
the inner part of the angle (qb < 27”) with the vertex na
Z w

at the point z, onto the inner part of the angle n¢ with

the vertex at the origin of the coordinates. Figure 62.

Let the region D of the xy-plane be connected and z € D, z = pe'?. The

condition ¢ < %’T Is necessary and sufficient for the univalency of the given mapping, that is,

the mapping makes one-to-one correspondence.

Transformation w = z™ is conformal everywhere in the xy-plane, excluding

points z = 0 and z = oo, where it increases angles by a factor of n.

[ Example 8. ]
Find the image of the region Im z > 0 under the transformation w = z?2,

In the given region (upper part of xy-

Imw

plane) the angle ¢ changes from 0 to 7.

Let z=pe'®, then w=2z2=re?¥, _[L[TAVATI. L __

Rez Rew

Thus, the upper part of the xy-plane

transforms onto the angle 2 times larger: Figure 63.
0 <y <2m.
Rays for angles ¢ = ¢, transform into rays ¥ = 2¢,, and circles |z| = p, go into circles
|z| = pg (Fig.63).
As a result, we have a mapping of the upper part of the plane onto the region, which can
be obtained from the plane by cutting out the nonnegative part of the real axis.
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[ Example 9. ]
Construct the analytic function, such that the upper part of the unit circle |z| < 1,

Im z > 0 conformally transforms onto the upper part of the plane Imw > 0.

The boundary of the half-circle consists I.

t i

of two parts: the segment of the real axis

—1<Rez<1 - ] I i
and the upper arc of the circumference z Figure 6p4_
|z| =1, Imz > 0,

intersecting at points z = 41 under the right angle (the first graph of Fig. 64).

Fractional linear function p = g maps the point z = —1 into the point p = —oo, and
the point z = 1 into the point p = 0. Thus, the given region is mapped onto the angle between
two perpendicular rays with the vertex in the origin of coordinates (see the second graph of
Fig. 64).

Let us rotate clockwise by the right angle by mapping - ip. Then the funcion w = (ip)?

maps this angle onto the upper part of the plane.

()
W= z+ 1/

Thus, the function is

Ill. Zhukovsky's Function
Zhukovsky's function W=%(z+§) maps univalencly and conformally both the

domains inside and outside of the unit circle |z| = 1 onto one and the same domain of the uv-
plane |[Rew| < 1, Imw = 0 (Fig. 65). B
Under this mapping each circle (1

. . . @)
|z| =7 < 1 goes into the ellipse with o

C
C
1/1 2) %J
w

semiaxis azl(r+3), b =—(——r)
2 r 2 \r

centered at the origin, and the circles

|z| = R > 1 goes into the ellipse with Figure 65.

semiaxis a = - (R + 1), b = l(R o 3) centered at the origin.
2 R 2 R
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[ Example 10. ]
Consider the Zhukovsky's function. Find the image of the regions:

1) unit circle |z| < 1 cut along the segment E 1];

2) unit circle |z| < 1 cut along the segment [—% 1].

1) Zhukovsky's function maps the circle |[z| = 1 into the segment [—1,1] (the upper

semicircle is mapped onto the lower lip, and the lower one onto the upper lip of

the cut), and the segment E 1] goes onto

5 1 5
the segment [1, Z]’ (w(l) =1, w (5) = Z)' f\

Thus, the inner part of circle |z] <1 is Kyl e 3
mapped onto the whole plane cut along the z "
segment [—1,1] U [1, Z] = [—1, Z] (Fig. 66). Figure 66.

. 5

2) Since w(— %) == w(0—) = —x, \
w(0+4) = +o0, w(1) =1, while the point z /\
goes along the segment [—% 1], the point w = jl -2 -1 i
goes along the real axis from w = —% to z w

w = —ooand from w = +otow = 1. Figure 67.
Thus, the inner part of circle |z| < 1 is mapped onto the whole plane cut along the rays

[_oo, —g] and [—1,1] U [1, +o] (Fig. 67).

Review Questions

1. What is the image of the domain D for the function w = f(z) analytic in this domain
called?

2. What is the mapping of the line y lying in the region D onto the plane w using the
analytical function w = f(z) called?

3. What do we understand by the coefficient of expansion (compression) at the point z,

for the mapping w = f(2)?
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4. What is the geometric meaning of the argument and modulus of the derivative function
w = f(2)?

5. What mapping w = f(z) is called conformal at point z of an arbitrary curve?

6. What mapping w = f(z) is called conformal in the domain?

7. Can it be asserted that the mapping w = f(z) is conformal in the domain D when the
function is analytic in the domain D and at every point of this domain f'(z) # 0?

Would the reverse statement be true?

Exercises 6.3

1. For the given transformations, find the angle of rotation and the coefficient of
expansion (compression) at the point z,.

1) wy =2z2+4iz+1, zo=1—1;

2) w, =§, Zy = 21;

3) wy = cos4iz, z, = %i.

2. Which part of the plane is expanded and which is contracted under the given
transformations?

1) wy = —z%+3z+8;

2) w, = 2;

3) wy = e’

3. At which points the conformality of the given mappings is violated?

1) wy = —z%2+ 2iz + 1;

2) w, = z° + 16z;

3) w; = sin4z.

4. Find the image of the curve |z| = 1 under the transformation w = 2z + 1.

5. Show that the angle between the lines y = 1 and y = x — 1 does not change under
the transformation w = (1 + i)z + (1 —i).

6. Construct the linear function, such that the point z, = 1 —i is fixed, but z = 2 — i
transforms onto w = i.

7. Construct the linear function, such that unit circle |z| < 1 conformally transforms onto
thecircle |[w — 1 +i| < 1.
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8. Construct the fractional linear function, such that the half of the plane Rez > 0
conformally transforms onto the half of the plane Imw < 0, and
w() =-1, w(=i) =0, w(-2i) =2.
9. Construct the fractional linear function, such that the circle |z — 1| < 1 conformally
transforms onto the half of the plane Rew < 1 , and
w0)=1+i, w@d+i)=1, w)=1-1.
10. Construct the fractional linear function, such that the circle |z — 2i] < 1 conformally
transforms onto |w| < 2, and
w(i) =2, w(+ 2i) =2i, w(3i)=-2i.

i—iz
14z

11. Find the image of the region |z| < 1,Im z > 0 under the transformation w =
12. Construct the power function, such that the region —% <arg(z—i) <0

. 3
conformally transforms onto the region 0 < argw < T’T.

13. Find the image of the region |z| < 1, Im z > 0 under the Zhukovsky's function.
14. Using the Zhukovsky's function, construct the function, such that the region
|z— 1| < 1, Imz < 0 conformally transforms onto the upper half of the plane.

Answers
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7. Integration of the Function of a Complex Variable

7.1 Integral with Respect to a Complex Variable

|. Basic Definition
Let us consider a piecewise smooth oriented curve I' in the complex plane. It is

convenient to determine this curve by parametric equations

{x = x(t),

y =y(),
where functions x(t) and y(t) are piecewise smooth functions of the real variable (parameter)

t € (a,b), moreover, |(x'(t))? + (y'(t))?| # 0 (thus, we may find the arc length).
Obviously, the curve I" on the complex plane could be defined as the complex function

z(t) = x(t) +iy(t) (7.1)
of the real variable t € (a, b).

Suppose that function w = f(z) is continuously defined at every point z of the curve I.

Consider the arc of the curve I" with the beginning at Imz
the point z, and the end at the point z. Let us partition this ;11 ;z
arc into n parts by points z,, z,, z5,..., Zp_1, Zp, = Z. . r
On the each arc z, 7z, k = 1,2, ...n, let us choose ~ S 2122 - / .
ez

point &,. Thus, we obtain the set of points &, &,,...,

En—l: En (Flg 68)
Next, we form the sum (integral sum)

f(1)(z1 —20) + f(§) (22 —z1) + -+ (&) (2 — Zp—1) = Z [z, (7.2)
k=1

Denote by A the maximum of the lengths |z, _,z|, k = 1,2, ...n.

Figure 68.

L Deﬁnition.] If for any partition of the curve I' such that 2 — 0 and for any choice of points

& 1t exists the limit 1}“8 Yr=1f (&) Az, then that limit is called the integral of

the function w = f(z) along the arc of curve I" and denoted by

f f(2)dz. (7.3)
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Il. Integration Formula
Let us find the integration formula in terms of real and imaginary parts of the integrand.
Consider f(z) = u(x,y) + iv(x, y), then for &, = a; + i5;, we get

f (&) = ulay, Bi) + iv(ay, Br)-

Since 4z, = Ax;, + iAy;, integral sum (7.2) is written as follows

Z f(&x)Az, = E(u(ak»ﬁk) + iv(ay, Br) ) Axy + idy,) =
k=1 k=1

> ”M
] S
I g

<u(aku3k)Axk + iv(ay, Br)Axy + u(ay, Br)Ayy + j v(ay, .Bk)Ayk> =

-1

((u(akugk)Axk — v(ay, Bi)Ayy) + i(v(ay, Bi)Ax, + u(ay, .Bk)Ayk)) =

n

= > @@ A% — vl By +1 ) (0(e B Ax + wag By,
k=1 k

=1

Thus,

[ r@rdaz=1imy foan, -
r k=1

n n
= y_r)%Z(u(akiﬁk)Axk —v(ay, Bi)dyy) + +i gi_{I(‘}Z(v(“k;ﬁk)Axk + uay, Br)Ayi)-
k=1 k=1

The last two sums correspond to the integral sums for line integrals of vector fields over
the curve.

As a result, the integral of the function w = f(z) = u(x,y) + iv(x,y) along the arc of

curve I' reduces to two line integrals of real functions

ff(z) dz = ju(x, y)dx —v(x,y)dy + if v(x,y)dx +u(x,y)dy. (7.4)
r r r
Obviously, we can use all the properties and methods of calculating line integrals of

vector fields over the curve.

Ifr=nul,v..ul,, wherel;, I, .. [, are piecewise smooth curves, then

ff(z)dz= ff(z)dz+ ff(z)dz+---+ ff(z)dz.
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[ Example 1. ]
Evaluate the integral

lemz"dz,
AB
where AB is a segment of the straight line connecting the points zp = —2 — i, z, = 1 + 2i.

First, we have to find real and imaginary parts of integrand
zImz = (x + iy) Im(x — iy) = —y(x + iy) = —xy — y?i,
thus,
u(x,y) = —xy, v(x,y) = —y*.
Second, let us find the equation of the straight line connecting the points zz; = -2 — i,
and z, = 1 + 2i by the formula for the equation of a line through two points (-2, —-1), (1,2):

x+2 y+1
142 2471

then
y=x+1for -2 <x<1.

According to formula (7.4), we obtain

jzlmz‘dz = j(—xy)dx —(=yHdy +i f(—yz)dx + (—xy)dy =

AB
y=x+1 ! 1
= |dy = dx = f(—x(x+1)+(x+1)2)dx_i j(_(x+1)2—X(X+1))dx=
—2<x<1l = A
1 1
3 9
= j(x+1)dx—ij(2x2+3x+1)dx:5_§i_
[Example2.]

Evaluate the integral

f]mzdz,
r

2 2
where I is a part of ellipse x: + y; = 1 lying in the first quarter.
Real and imaginary parts of the integrand are

u(x,y) =y, v(x,y) = 0.
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Consider the given curve I' as parametric equations
{x = 2cost,
y = 3sint,

where 0 <t < % since it lies in the first quarter.

Then, by formula (7.4), we get
x =2cost, dx = —2sintdt,
flmzdz=jydx+ifydy= y = 3sint, dy7=TBcostdt, =
r r r OStSE
s T s s
2 2 2 9 2
=—j6Sin2tdt+ij9sintcostdt= —3[(1—cosZt)dt+i§Jsin2tdt=
0 0 0 0

n n
2 9cos2tjz 3w 9

—1
0 4

_ 3(t sinZt)
B 2

0

llIl. Cauchy's Theorem in Singly-connected Domain.

[ Theorem 7.1 ]
If function f(z) is single-valued and analytic in the simply-connected

domain D then the integral of this function along any closed contour C

lying entirely within D (Fig. 69) is equal to zero

ff(z)dz = 0.
C
Proof.
Let us consider the integral
ff(z)dz=’(ﬁudx—vdy+ij€vdx+udy, D
Cc Cc Cc
where C is a closed contour (the start point of C coincides
Figure 69.

with the end point) lying entirely within D (Fig. 69)
Since function f(z) is analytic inside the contour C, functions u(x, y) and v(x, y) have

continuous first-order derivatives in the domain bounded by curve C. Moreover, the Cauchy-
Riemann equations are fulfilled.
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Let us apply Green’s Formula for curvilinear integrals
aQ 6P
j[)de+ Qdy = Jf —— = dxdy

to each line integral.
Thus,

du av
j[)vdx+udy J —— = xdy.

where is a domain lying entirely within D; and bounded by the closed contour C.
According to the Cauchy-Riemann equations

Jdu _ ov Jdu B ov
ox 0y’ dy  ox
we obtain

v au
jéudx—vdy ﬂ ——x—— dxdy =0,

du E)v
fvdx+udy f _x__ dxdy = 0.

Hence,

fﬁf(z)dzzfudx—vdy+ij€vdx+udy=0.

Cc Cc

[ Corollary 1. J

Integral of the analytic function f(z) along any

unclosed curve, lying entirely within D and connecting
two points of the domain (Fig. 70), is independent of the
choice of the integration curve

ff(Z) dz = jf(z) dz. Figure 70.
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[ Corollary 2. ]
If the function f(z) is single-valued and analytic in the simply-connected domain then

an integral along any curve, connecting points z, (start) and zz (end), can be evaluated by the

formula

fﬂ@w=F@w—Hal (7.5)

where F'(z) = f(2).

This formula is similar to the Newton—Leibniz Formula (Second Fundamental Theorem

of Calculus) for definite integral.

[ Example 3. ]
Evaluate the integral

2i
j (z—1i)dz.

Function (z — i) is analytic in the complex plane, thus, by formula (3.5), we get
21 2i
iy (2 _(@ o (A=DR N,
j(z—z)z— 5 iz =\ —i(20) ) — > —i(1-0) )= L.
1-i

1-i
IV. Cauchy's Theorem in Multiply-connected Domain.

[ Theorem 7.2 ]

If function f(z) is analytic in multiply-connected closed domain D,
bounded by contours C, C;, C,, ..., C, (Fig. 71), then

ij f(z)dz + kz ff(z) dz = 0.

=1¢p_

Proof.

Let us consider the set of smooth curves y4, v, ...,
¥» connecting the contour C with the contours C;,
C,, ..., C, (Fig. 72).

Figure 71.

192



Hence, the domain D is bounded by the curves C,
Ci, C,, ..., C, and the curves y;, v, ..., ¥n. Point
moves along curves y;, ¥,, ..., ¥, twice in opposite
directions. In this case domain is simply-connected.
Figure 72. According to Cauchy's theorem in simply-

connected domain, the integral around the boundary

of this domain is zero:

jﬂf(z)dz + Z ff(z)dz + Z jsf(z)dz + Z j[)f(z)dz ~ 0.

=lyg_ k=1yy,

But the integrals along the curves y,, v,, ..., ¥, are taken twice in opposite directions,

thus, they are cancelled:

> ferda+ Zjﬁ fdz==Y §raz+ Y §@dz=0

k=1 Yk_ k=1 yk+ k=1 yk+

Therefore, we get the statement of theorem

jgf(z)dz + z jéf(z)dz - 0.

lck

Review Questions

1.

What is the integral of the function of the complex variable f(z) along the curve L

called?

. Is it possible to claim that the calculation of the integral fo(z)dz of a function of a

complex variable is reduced to the calculation of two line integrals of the second kind

of real functions?

. Write down the formula for calculating the integral fL f(2)dz.

. What formula is applied to calculate the integral fo(z)dz if the curve L is given by

parametric equations x = x(t),y = y(t) t € [t,t,]?

. Formulate Cauchy's theorem in a simply-connected domain.

. What must the function f(z) be in order for the integral of this function along any

closed curve to be zero?
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7. Formulate Cauchy's theorem in a multiply-connected domain.
8. Write down the Newton-Leibniz formula for the function f(z) analytic in the simply-

connected domain.

9. Formulate the condition of independence of path for the integral fL f(2)dz.

Exercises 7.1

1. Evaluate the integral

1+i

1) f (322 + 2z — 1)dz;
1-i
0

2)jzcoszdz;
i

21
3) j 2ze? dz.
i

2. Evaluate the integral fr Rezdz, if I' is an arc of parabola y = 2x2, between the
pointsz=0and z = 1 + 2i.

3. Evaluate the integral fL z%Imzdz, if L isasegment of the straight line connecting the
pointsz =0and z = 2 + 2i.

4. Evaluate the integral fC(Zz + 1)zdz, where C is the unit circle |z| = 1.

5. Evaluate the integral fL z?|z|dz, where L — is a half of the circle |z| = 2,Imz < 0.

Answers
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7.2 Cauchy’s Integral

|. Cauchy’s Integral Formula

[ Theorem 7.3 ]

Let the function w = f(2) be analytic in the simply-connected domain D
bounded by closed contour C (Fig.73).

For any interior point z, € D

1 /@

2mi ) z — zg
C

dz = f(z). (7.5)

[Deﬁnition.} This formula is called Cauchy's integral

formula and the left-sided integral is called

Cauchy's integral.

Figure 73.
Proof.

Consider the integrand g(z) =

; (? . This function is analytic everywhere in the D except
40

at the point z,.

Let us construct a closed contour-circle y,: |z — z,| =
p lying entirely in D and containing the point z, (Fig. 74). R
Then the function g(z) is analytic in the region lying Yo
between the circle y, and the contour C (boundary of the
region D). Figure 74.
According to Cauchy's theorem in multiply-connected
domain, we have

f(2) g+ f(2)
Z — ZO Z — ZO
Ct+ Yo_

dz=20

Change the direction of motion along the circle y, in the second integral. Thus,

[@  _ @
7 =
Z — ZO Z — ZO

C+ YO+

Now, solve the right-sided integral for y,: |z — z,| = p.

dz.
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Substituting z = z, + pe'?, we get dz = pie’?dp, 0 < ¢ < 2m and

f@ f(2)

Z — ZO Z — ZO
c |z—2zo|=p

—dz —f UG )ple"”dw = lf f(2)de.

Next, we transform the integrand by adding and subtracting the number f(z,):

2T

T 2T
ijf@ﬂ¢=ﬁiﬂ@—ﬂ%mw+y[ﬂ%m@
0 0

0
Let ztend to z, (p — 0), then (f(z) — f(z,)) — 0 and we get

{fﬂ%ﬂ¢=#@d]d¢=hﬁﬁﬂ
0 0

Therefore, we obtain the Cauchy's integral formula

f (@)

Z_ZO
Cc

dz = 2mif (z,).

Il. Generalized Cauchy’s Integral Formula
Consider the function f(z), analytic in the simply-connected domain D bounded by

closed contour C. Then, by the Cauchy's integral formula, we have for any z € D

fw)

F@ = g f s
C

Let us differentiate this function with respect to z.
Since

i(f(W)) __fw)

dz\w—2z) (w-—2)%

we get
1
@)= ¢ LW gy

2mi ] (w — z)?
C
Differentiate it once more

w1220 f(w)
frz) = 27i ) (w—12)3 dw.

196



Differentiate it again

. _1-2-3 f(w)
f'""(z) = - C(W_Z)4dw.

21

Continuing the process of differentiating, we get the formula for the n-th order derivative

ool [ FW)
f( )(Z) = Zﬂij W — 2+ dw.

Thus, forany z, € D

!
F®(zy) = 2’;_ G _f Z;nﬂdz. (7.6)
c

This formula is called Generalized Cauchy’s Integral Formula.

[ Example 1. ] Imz
Evaluate the integral

=2

ze? g / -
=t <
|z|=2

Function g(z) = % is analytic in the circle |z| < 2

Figure 75.
except at the point z = 1 (Fig. 75).

By Cauchy's integral formula (7.5), for z, = 1 and f(z) = ze?, this yields

ze? L, _
3€ p— 1dz = 2mi(ze?)| =1 = 2mel.
|z|=2

[ Example 2. ]
Evaluate the integral

COS Z !
dz. —1 1] 3
f (z+2)(z—1-1) ? le—z\\/ Rez
|z—1]=2

The denominator of the integrand is equal to zero at two

points zy = 1 +iand z, = —2, but only the point z, = 1 + i Figure 76.
belongs to the circle |z — 1| < 2 (Fig.76).

COoSs z

Tne-1D S analytic everywhere inthe |z — 1| < 2 except at

Thus, function g(z) =

the point z, = 1 + i.
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Cosz

Applying the Cauchy's integral formulaforz, = 1+i and f(z) = 22 we get
COS Z
COS Z 7+ 2 _(COSZ
dz = Ld =2 _
7€ Z+)z-1-D " §£ z—1-0 " 7”(z+z)20=1+i
|z—1|=2 |z—1|=2

_27TiCOS(1+i)_7T1+3_ 14

= 311 =z ( i) cos( 0).
[ Example 3. ]
Evaluate the integral

i)‘ 4coshzd
z2+ 4 z  /
|z|=4 maz

The denominator of the integrand is equal to zero at two

Z1:_2i Re Z

points of the circle |z| < 4 (Fig. 77).

Zy=21
points z, = 2i and z; = —2i, moreover, both points are interior 4<\4

In order to apply the Cauchy's integral formula we have to
4 Figure 77.

use partial fractions decomposition to e

Hence,

4 4 A B A(z—2i)+B(z +20)
244 (Z+20Gz-20) G420 " @=20)  G+20@-2D)

and

z| A+B =0, N A=,
11 —=2iA + 2iB =4, B = —i.

Then, we may rewrite the given integral as a sum of integrals and apply the Cauchy's

integral formula to each of the integrals obtained.

4coshz icoshz —icoshz
f dz = jé -dz + f —dz =
|z|=4

z2+ 4 zZ+ 2 z— 21
|z|=4

= 2mi(icoshz)|, —_5; + 2mi(—icoshz)|, —; = —2mcosh(—2i) + 2mcosh2i = 0.

|z|=4

[ Example 4. ]
Evaluate the integral




Since function g(z) = (SZ“_ILZ; in the | Im z
2i
|z —i] <1 except at the point z, = i (Fig. 78), let us apply the L
oF
Generalized Cauchy’s integral formula (7.6) forn = 2, z, =i and
f(z) = sin2z: Rez
sin2z dy = 27i 22)"] Agi sin 2i Figure 78.
=1 z= (sm z)"|;,=; = —4misin 2i.
|z—i|=1
[ Example 5. ] \ 1m 2
Evaluate the integral \
2z+1 —2f zy=0 z=1\,
% ZZ(Z_l)dZ' Rez
|z|=2
The denominator of the integrand is equal to zero at two
points z, = 0 and z; = 1. Both points are interior points of the Figure 79.

circle |z| < 2 (Fig. 79).
Thus, let us apply partial fractions decomposition to the integrand
2z+1 A B C A(z—1)+Bz(z—1) +Cz?

ZZ(Z—1)=Z_2+;+Z—1_ z%(z—1)
2|B+C =0, A=—1,
VA A—B 252, = B = —3,
11 —4A=1, C =3.

Then, we rewrite given integral as a sum of three integrals

f 2z+1 f J %Bd N % 3 d
zz(z—l) z P z—1%

|z|=2 |z|=2 |z|=2

Let us apply the Generalized Cauchy s integral formula (7.6) to the first integral and
Cauchy’s integral formula (7.5) to the second and third integrals

f i § daee § Jace § 22,

|z]|=2 |z|=2 |z|=2
Tl=1, ZO=OI Zo= 0 Zo—l
f(2)=1 f(2)=3 f(z)=3

2mi , . ) . .
= _T(l) |Z0=0 —2mi-3+4+ 2ni-3 = —6mni + 6mi = 0.
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Review Questions
1. What is the Cauchy's integral?
2. Write down the Cauchy's integral formula for the analytic function f(z) in the

simply-connected domain D.

3. What is the integral gﬁc % dz for the function f(z) analytic in the simply-connected
—40

domain D, if z, is an internal point of the domain D; z, is an external point of the

domain D; (C is the curve bounding the closed region D)?

4, What is the integral gﬁ f( ) —dz for the function f(z) analytic in the simply -

connected domain D, if z, is an internal point of the domain D; z, is an external
point of the domain D; (C is the curve bounding the closed region D)?
5. What formula allows us to find the derivative of any order of the function f(z)

differentiable at the point z,?

Exercises 7.2

1. Evaluate the integrals.

eZz+1
1 —dz;
) jéz—1+2iz
|z—2i|=3

) jé sinh4z — z p
) z+1 %
|z+2]|=3

3 3€ cos(2z + i)

z—14+1
|z—3+i|=3

Z;

sin 3z p
z+2)3 %

|z+i|=5

c jg z2 4+ 4
) z(z — 2i0)? “

|z—2i|=1

2+ 2i
6) jg (z—l)(z+1)

|z|=2

4)

Answers
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8. Power Series on the Complex Plane

8.1 Numerical Series

Let us consider the sequence of complex numbers

{z,n>0}={z, =x1+iy,, 2, =%, +1Vy, e, Zp =Xy +1Vy ..}

[Deﬁnition.}The sequence of complex numbers {z,,n > 0} is called convergent and

complex number z = x + iy isits limit (lim z,, = z), if there exist finite limits
n—-oo

limx, =x, limy, =y.
n—oo

n—oo

L Deﬁnition.} Numerical series involving complex terms

Wy +W2 +W3++Wn+= Zﬁzlwn (81)
is called convergent (the series converges) if there exists the finite limit of the
sequence of partial sums S, = Y- w, = w; +w, + -+ w,

S = lim§,.

n—oo

In this case, number S is called the sum of the given series.

It is easy to see, that series (8.1) is convergent if and only if the series of real numbers
Rew; + Rew, + Rews +...+ Rew, +..., (8.2)
Imw; +Imw, + Imw; +...+Imw, +... (8.3)
are convergent. Let U be the sum of series (8.2) and V be the sum of series (8.3). Thus, the

sum of series (8.2) is a complex number S = U + iV,

[ Theorem 8.1 ]

Series Yo, wy, is absolutely convergent if the series formed from the

i [wal (8.4)

moduli

IS convergent.
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Since |wy,| is areal number, the series )., |w,, | is a numerical series of real nonnegative
terms, therefore, for absolutely convergence we may use any known convergence tests for

series from real-variable calculus.

[ Theorem 8.2 ]
If forany n = n, |w,| < a,, a, = 0 and the series ).,°-; a,, converges,

then the series ) ;;—, w,, is absolutely convergent.

[ Theorem 8.3 ]
Ratio Test

Wnt1

If there exists the limit lim

n—>0oo

= D, then

Wn
o the series Y.>_; w,, is convergent for D < 1;

o the series ).»_, w,, is divergent for D > 1.

[ Theorem 8.4 ]
Root Test

If there exists the limit lim \/|w,,| = K, then
n—-oo

o the series Y.-_; w,, is convergent for K < 1;

o the series Y.-_; w,, is divergent for K > 1.

[ Theorem 8.5 ]

If the series ).;,—; w,, is absolutely convergent then it coverges.

The proofs of these theorems are similar to the corresponding theorems from the first

part (Numerical Series) of this textbook.

[ Example 1. ]
Test the following series for convergence

[oe}

cosn+isinn - \/§+i "
l)z n2 ’ Z)Z 3 '

1) Let us find the modulus of the general term

cosn+isinn

|Wn| =

cos?n+sinn 1
n2

n* n2
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The series formed from the moduli

Z|wn| =) 5

Is convergent, thus the given series

o0
Z cosn+isinn

n=1
Is absolutely convergent.

2) Consider the series formed from the moduli
i V3 +i\"
3

(\/_+z)‘ \/_+l

Applying the Root Test, we get

lim \/
n—-oo

N
thus the given series Y5 _; (\E;l) is absolutely convergent.

2
==<1

Review Questions

1. Give the definition of the convergence of the sequence of complex numbers
{z,,,n > 0}.

2. What does it mean for numerical series involving complex terms to converge?

3. Is the statement “Series involving complex terms is absolutely convergent if the series
formed from the moduli converges” correct?

4. Formulate the Ratio Test for numerical series involving complex terms.

5. Formulate the Root Test for numerical series involving complex terms.

Exercises 8.1

1. Test the following series for convergence

cosin nsinin gina
1) 22:1 ns ’ 2) Z‘?’f:l ’ 3) Zﬁ:l_-

5n n

Answers
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8.2 Laurent Series

|. Power Series
The concept of the power series in complex analysis is provided similarly to the same

idea in real-variable calculus.

L Deﬁnition.} A power series about z, is a series written in the form

(0]

z ch(z—z) " =co+c1(z—2y) + (2 —2p)* + -+ cp(z—2z)" + -

n=0

where z,, ¢y, ¢4, C3, ..., Cp, ... are complex numbers and c, are called

coefficients of the series.

[ Theorem 8.6 ]

Abel’s Theorem

1. If a power series Yo, c,(z — z,)™ converges for a nonzero value z,
Z, # Z,, then it converges absolutely whenever |z — z,y| < |zo — z4].

2. If a power series Y.o_, ¢, (z — zy)™ diverges for a nonzero value z,,

z, # Z,, then it diverges whenever |z — z,| > |z, — z,].

From the statement of Abel's Theorem, we have the
structure of the region of convergence of the power series ? i
as illustrated on Figure 80. :
Thus, there exists a number R such that inside the
circle (|z — zy| < R) the given power series converges and o Rez
outside the circle (|z — z,| > R) it diverges. Figure 80.
| Definition. | The number R is called the radius of -
convergence of the power series (Fig. 81). o
Depending on the form of the coefficients,
R may have any value between 0 and o)
The circle |z — zy| < R is called the circle ez
Figure 81.

of convergence.
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Properties

1. We may find the radius of convergence by formulas

1
orR = lim 77—

n—oo |Cn|

R = lim

n—-oo

Cn+1

2. Inside the circle of convergence the sum S(z) of a power series is an analytic function.
3. Inside the circle of convergence a power series may be termwise integrated and
differentiated. The radius of convergence of the series obtained is equal to the radius of

convergence of the original series.

[ Example 1. ]

Find the domain of convergence of the series

n%+5 s = (z = 20)"
(z — 20)" 2n(n + 1)’
=1 n=0

Let us consider series with positive and negative powers of (z — 2i) separately.

Since for the series Yo, Z(fl( 2D” the coefficient of the general termis ¢, = ﬁ the
radius of convergence is
_ 2" (n+2)
R = lim = lim =
noe Cpiql moe| 27(n+ 1)

and the series converges in |z — 2i| < 2.

2
For the series Y- 1(— the coefficient of the general term is C,, = n? + 5, thus,

N [ (n+1)?+5
r = lim = > =
n-oo n n—oo n?+5
and the series converges in |z — 2i| > 1. Imz

The domain of convergence for the sum of series

is the intersection of the domains of convergence for

each addend. \/\/

—

(z—=2D)™ .
Hence, the series Y& 1( zl)n + Y= rreverds \ /7«,4\ 7
convergent in the annulus 1 < |z — 2i| < 2 (Fig. 82). / / ‘ 2\1232

Figure 82.
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[ Example 2. ]
Find the domain of convergence of the series

.}
VA

n!
n=0

The coefficient of the general termis c,, = % thus,

= lim

R = lim

n—-oo

= lim(n+1) = oo.

n—-oo

(n+1)!|
n!

Cn+1

Hence, the series is convergent for any point of the complex plane.

Il. Taylor’s Series
Let the function f(z) be analytic in some neigbourhood of the point z,. This function

has the power series representation about z = z,

f( o) f"(20) f”’( 0)

F2) = f(z0) +1= (2 = 20) + = (2 = 20)? 5= (2 = 20)° +
f”&) . > f ™ (20) ,
+ n! 0 (z—2zy) "+ = Z, - 0 (z —zp)™ (8.5)

It is called the Taylor Series for f(z) about z = z,.

The radius of convergence of this series is equal to the distance from the point z, to the
nearest point where the analyticity of the function is violated.

For z, = 0 the series (8.5) has a form

" (n) ® (n)
f() f(0)22+ +f (O)z"+...=zf '(0)

2! n!

f(z) =f(0) +

z". (8.6)

This series is called the Maclaurin Series.
The Taylor and Maclaurin series for functions of a complex variable are similar to those

known for functions of a real variable. It is easy to obtain the expansion for elementary

functions:
z%2 z3 Ak
—1+Z+§+3'+ R , z] < oo
23 45 L2+l
sinz=z——+——...+(—-D" z| < oo;
3! 5l +(=D (2 +1)' 12l
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2 Z4— 2n

cosz =1 _E-I_Z_"'_l_(_l)n 2!

2 Z3 n

z
In(1 =z —— 4+ ——.. . 4 (—D1— et <1;
n(l+z)=z > + 3 +(—1) n+ |z|

mim—1 mim—-1)---(m—n+1
%224_...4_ ( ) n'( )Zn

+..., |z] < o

1+2)"=14+mz+ + -, |zl < 1;

1
1+2z
1
1—2z

etc.

=1-z+z*-23+ -+ (-D"z"+ -, |z] < 1;

=14+z+2z2+23++2z"+-, 2| <1

[ Example 3. ]

Find the first six terms of Maclaurin series expansion of the function

f(z) =tanz.

Let us find derivative of the function and calculate their values at a point z, = 0:

(@)= (@) = — = (0 =—55=1;

2sinz ZSinO_

= f"(0) = 0

[ =

cos3 z cos30

1+ 2sin?z
cos*z

. 14 2sin?0
f'(z) =2 —_— =2

cos* 0

N fIII(O) — 2<

2sinz + sin3 z

cos® z cos> 0

- 2sin0 + sin® 0
fr(z)=38 =0;

= fV(0) = 8<

2+ 11sin?z + 2sin*z
cos® z

fV(Z)=8<

v 2 4+ 11sin? 0+ 2sin*0
= f'(0)=8 = 16.

cos® 0

Thus, by formula (8.6) the Maclaurin series expansion is
— 2 3 16 5
tanz = Z+§Z +§Z +...

The nearest points to z = 0, where the analyticity of the function f(z) =tanz is

violated, are z = +§, thus the circle of convergence is |z| < g
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[ Example 4. ]
Find the power series expansion about z = 1 + i of the function
f(Z) — eZz+i.

Let us rewrite the given function in terms of the expression (z — 1 — i):

eZz+i — eZ(z—l—i+1+i)+i

— p2(z-1-0) g 2(14D)+i — p2+3i,2(z—1-0)

Hence, applying the Maclaurin series formula for the exponential function
2 W3 Wn
W —_ —_ —_— JEE—
=ltwtortort b, w| <o,
whenw = 2(z — 1 — i), we obtain

22(z—1—10)?
( )+

g2ztl = g2+3l (1+2(Z—1—i)+ 1

3 n! (z=-1-0D".

23(z—1—1)3 2M(z —1— )" = p2+3ipn
L2 A )+...>—2

The circle of convergence is |z — 1 — i] < oo, that yields |z| < .

Ill. Laurent Series

[ Deﬁnition.] The power series that contains both positive and negative values of the

powers of the expression (z — z,):

+o0
Con o C_1
ch(z—z) "=ttt + +
Z n( o) (z — zp)" (z—29)2%  z-— z
n=—ow

+eo+ci(z—20) +c(z—279)* + -+ cp(z—2zg)" + - =

z CETAT z en(z — 2)", 8.7)

=0

Is called the Laurent series. Complex numbers ..., c_,, ..., C_1,Cg, C1, -+ Cppp =

are called the coefficients of Laurent series.

The domain of the convergence of the series

i S e R e Z
z—2zy (z—2p)? (Z_Zo)n (Z_Zo)n

is the exterior to the circumference |z — z,| = r (|z — z,| > r), where radius r may be found
by one of formulas
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] c_
r = lim |[=&2

n—-oo

or r = lim%y/|c_,]|.
C_n n—oo

Series

Cot+ci1(z—2y) + (2 — 29)+...+cp(z — zp)"+...= Z cn(z —zp)"
n=0

converges in the interior to the circumference |z — z,| = R (|z — z,] < R). We may find the

radius of convergence by formulas

. 1
“ lorR = lim —.

n-w +/lcpl

R = lim

n—oo

Cn+1

The domain of convergence for Z;’{’:l(ZC‘T")n+
—40

Y=o Cn(z —2zy)™ is the intersection of the domains of ’

convergence for each addent. Thus, if r < R the Laurent series
(8.7) converges in the annulus
r < |z —z,| <R. (Fig. 83) Figure 83,
On the circumferences |z — zy| = R and |z — z,| = r, the
series can both converge and diverge.

If > R, then the domains |z — z,| < R and |z — z,| > r have no common points and
the Laurent series does not converge anywhere.

Obvious, that the Laurent series is a generalization of the concept of power series.

Is there exists analytic (in some annulus) function, which is the sum of the Laurent series

convergent in the given annulus?

[ Theorem 8.7 ]

About the expansion of an analytic function on an annulus
in a Laurent series
The function f(z), single-valued and analytic in the annulus

r < |z — zy| < R, isuniquely represented by a convergent Laurent series

C_n c_; C_q
f@ =+ gt gyt ot
+o0
+c1(z — zo) + (2 — zg)*+... +Cp (2 — 2p)"+... = Z Cn(z — zp)™.
n=-owo
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The coefficients may be evaluated by formulas

g C, = 1 f)dz n=0,%1,%2,..); (8.8)

n — . )
2mi J (z — zp)"*!
where C is an arbitrary closed contour lying in the annulus

Figure 84. r < |z — zy| < R and containing the point z, inside (Fig. 84).

Sometimes the coefficients c,, may be calculated by application of known power
series expansions and partial fractions decomposition.

[ Definition.] The series Y1, ¢, (z — o)™ converging in |z — z,| < R is called the regular

part of the Laurent series.

[ Deﬁnition.] The series Y+, ——

(z—zp)"

of the Laurent series.

converging in |z — z,| > r is called the principal part

Properties

1. Inside the domain of convergence it is possible to differentiate and integrate the
Laurent series term by term. The domains of convergence of the results are the same as the
domain of the original series.

2.1fc_.;,=0,c_, =0,..,c_,, =0, ..., then the Laurent series coincides with the Taylor
series. The domain of convergence is the disk |z — z,| < R.

3. The Laurent series may contain an infinite number of both negative and positive
powers. Sometimes, it may contain a finite number of negative powers but an infinite number
of positive powers. And vice versa, the Laurent series may contain an infinite number of

negative powers but a finite number of positive powers.

[ Example 5. ]
Find the power series expansion of the function ﬁ about z = 0 in the domains:

1) |z| < 2, 2) 2 < |z| < .
1) The given function is analytic in |z| < 2.
Let us apply the formula

o0

1
— = n 1. 8.9
g 2,0 < (89)

n
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Hence,

o0

1 1 1 1 1 1 Z\"
z+zi=Z'1+%=Z'1_( Z)‘Zz(‘z) =

27 n=0

*© jn+lm

z(_ )" (21)n+1 z on+l ’

when |—%| < 1,then |z| < |2i] = 2.

The series obtained is the Taylor series for the function ﬁ in|z| < 2.
2) Function ﬁ is analytic in 2 < |z| < . Let us apply the formula (8.8)

g T

1'_ = n=0

Z+ 2i

2=
VA

1 1 1 1
zZ 14 VA

when |—%| < 1,then |z| > |2i] = 2.

[ Example 6. ]
Find the Taylor series expansion about z = 1 of the function

(z— )2
Since

1 d/1
(z—2)2  dz (z — 2)'
let us find the power series for i by (8.9) and differentiate it term by term.

1 1 1
7z-2 (z-1D-1 1-(@z-1

z(z—l)n |z —1] < 1.

Thus,

o0 o0

(z__lz_)Z ;Z (Z — ) (2@ - 1)n> _ Eé(z gy :z P

n=0 n=0

This series is convergentin |z — 1| < 1.

[ Example 7. ] Find all possible power series expansions about z = 0 of the function
3z

z24+z-2

First, let us apply partial fractions decomposition and obtain
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3z _ 1 N 2
z24+z—-2 z—1 z+42
We may expand each addend in two ways (with different domains of convergence).

1) First case for the first addend 2) Second case for the first addend
1 1 i . 1 11 1 i <1>" i 1
= — = — Z . —_—_ - —_ = 3
z—1 1—z z—1 21_1 z Z zn+1
n=0 7 n=0 n=0
The domain of Imz - Imz
_ A It Is converges ///
convergence s //l — in |z| > 1 (Fig. 86). 7 §
|z| < 1 (Fig. 85). Qy Q}O// e
Figure 85. /. /
Figure 86.
3) First case for the second addend 4) Second case for the second addend
2 1 i ( Z)n 2 _ 2 1 _ 2 - 2 n _
- N L \"2) T z+2 z 2 -;Z(—ﬁ B
1)) & 2 (-3
% P © on+1
- Z(—nn o - Z(—n" o
n=0 n=0
The domain of fmz It is converges Iz
convergence is 7 in |z| > 2 (Fig. 88). , ' \
2l < 2 (Fig. 87). 7
Figure 87. Figure 88.

Let us combine expansions for the first and second fractions (one for the first fraction
and another for the second fraction).

I. Combining 1) and 3), we get

z?2 +32—2 zz +z( 1)n2n=§:(_1+(_2?n>zn,

n=0
The domain of convergence is {: : "= |z| < 1 (Fig.89).
Thus, we get the Maclaurin series representation of the Figure 89.

function.
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I1. Combining 2) and 4), we get
i +1

3z 1, 2"
z24+z-2 - Zz”“ +Z(_1) zn+l -
n=0 n=0

0

Z(l_l_( 1)n2n+1) sy

n=0

The domain of convergence is {l : "= |z| > 2 (Fig.90).

Here we get the series containing only the principal part of the
Laurent series.
I11. Combining 2) and 3), we get

3z Wz Ak
ZZ+Z—2=Z n+1 z( 1) on’

|z| > 1,

The domain of convergence is {|Z| <2 = 1<]z| <2 /y /
(Fig.91). //

Hence, we get the general form of the Laurent series
containing both the regular and the principal parts.
IV. Combining 1) and 4), we get

ZZ+Z— Zz +Z( 1)n zntl’

Since the domain of convergence {: : > 2 "=z €@ (Fig.92)

consists of no points, this series representation has no sense.

oy

Figure 90.

/

Figure 91.
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Figure 92.

[ Example 8. ]
Expand the function z3 Cosi in a power series about z = 0.

Let us apply the formula

2n

w
cosw = Z)(—l)" 2’ lw| < oo,
n=

Whenwzi, z# 0.
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S SUE S G L
2! 4'z  61z3 (2n)! z2n=3

. 1 . .
Since |w| = |;| < oo, the domain of convergence is |z| > 0.

Review Questions

1.
2.

What series is called a power series with complex terms?
What is called the circle of convergence and the radius of convergence of a power

series centered at the point z,?

. Formulate Abel's theorem for a power series with complex terms.

. What formulas can be used to calculate the radius of convergence R of a power series

o0 Caz"™?

. What kind of convergence of the power series is in the middle of the circle of

convergence?

. Is a power series convergent at the points of the circumference of its circle of

convergence?

. Is the sum S(z) of a convergent power series always an analytic function?

. Is it possible to differentiate (integrate) power series with complex terms in the middle

of the circle of convergence term by term; outside the circle of convergence?

. Does the radius of convergence of a power series with complex terms change when

differentiating (integrating) the series term by term?

10. What series is called the Taylor series for the analytic function f(z) around the point

Zy?

11. What formulas determine the coefficients of the Taylor series for a function f(z)?

12. Is it possible to claim that the Taylor series expansion of the function f(z) is unique?

13. What series is called the Maclauren series for the analytic function f(z)?

14. Give examples of the Maclauren series expansions of some elementary functions.

What are their circles of convergence?

15. What series is called the Laurent series for the analytic function f(z)?
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16. What is the domain of convergence of the Laurent series?

17. What formulas determine the coefficients of the Laurent series?

18. What is called the regular part of the Laurent series?

19. In which region does the regular part of the Laurent series converge?
20. What is called the principal part of the Laurent series?

21. In which region does the principal part of the Laurent series converge?

22. In which case the Laurent series turns into a Taylor series?

Exercises 8.2

1. Expand the function f(z) in a power series about z = z,, applying the corresponding
Maclaurin series expansions.

1) e3272, z, =1;

2) sin%, Zy = 2;

3) Inz, z,=1.

2. Expand the function f(z) in a power series about z = z,,.

1
2z+5’

1
e "

3. Find all possible power series expansions about z = z, of the given functions.

D

ZO=3;

= 0.

1 .
1) m, Z0=1—l;

3 2z —3 _0
)22—52+6' %o =%

4. Expand the function f(z) in a power series about z = z,.

z
1) eZ—i, Zg = l,

Tz
zZ+ 2
Answers

2) Z cos , Zg = —2.
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9. The Residue Theory

9.1 Isolated Singular Points of a Single-Valued Analytic
Function

|. Zeros of a Single-Valued Analytic Function

Let us consider the analytic function f(z),z € D.

[ Definition. ] A point z, is called a zero of n-th order (zero of multiplicity n) for the analytic
function f(2), if
f(z0) = f'(z0) = f"(20) =...= f""D(z5) =0, f™(z) % 0.

If n = 1 then z, is called a simple zero for the function f(z)

[ Theorem 9.1 ]
Analytic function f(z) has a zero of n-th order at the point z, if and only

if
f(2) = (2= 2))"¢P(2), (9.1)
where ¢(z) is analytic at the point z, and ¢(z,) # O.
[ Example 1. ]
Find zeroes of the following functions
1) (z-2)(z3 - 8)% 2) cos7z; 3) tan?z.
State the multiplicity of these zeroes.
1) Since

(z—2)(z3-8)2=(z—2)3(z2 422+ 4)%=(z-23z+1+iV3)%(z +1-iV3)?
Then, solving the equation

(z—2)3(z+1+iV3)%(z+1-iV3)?2 =0,

Z1 = 2,
{Zz =-1- l\/g,
Z3 = -1 + l\/g.

we get
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Thus, we obtain

z, = 2 is a zero of the third order;
z, = —1 —iv3is a zero of the second order;
73 = —1 + iv/3 is a zero of the second order.

2) Function cos 7z is equal to zero if

A
Tz =5 +km, (k=0, 1, +2,..),

thus,
K k=0, 1, £2
Zk_14 7;(_;_,_,...).
Since
- - n
(cos7z)'|,, = —7sin7z|, = —7sin (E + kn) * 0,
function cos 7z has simple zeroes at the points z, = % + k7” (k=0, £1, £2,...).
3) Since
sin? z
tan’z = —
COS~ Z

the given function has zeroes at the points where the numerator is equal to zero.
Thus, we have to solve the equation
sin?z = 0.
This yields to zeroes of multiplicity 2
z), = 1k, k=0, +1, +2,...

Il. Isolated Singularities of a Single-Valued Analytic Function

[ Deﬁnition.] A point z, is called the singular point (singularity) of the function f(z), if

f(2) fails to be analytic at z,. A point that is not singular is called a regular

point.

[ Definition.]A point z, is called the isolated singular point (isolated singularity) of the

function f(z), if f(z) is single-valued and analytic in the annulus

O<|Z_ZO|<R.

Since function f(z) is analytic in the annulus 0 < |z — z,| < R, then there exists the

Laurent series representation of this function in this annulus.
217



The singularity of f(z) at z, is reflected in the principal part of the Laurent series.

Let us consider the classification of isolated singular points.

Case 1.
The Laurent series does not contain terms with negative powers of (z — z,) (the principal

part did not appear), that is

400

f(z) = Z ch(z—2z)" =co+ (2 —29) + c3(z — 29)*+...+¢,,(z — z)" +
n=0

Then
lim £ (z) = lim (cO + ¢1(z — zp) + ¢3(z — zp)*+... +cp(z2 — 2p)"+...) = ¢y < o

Z—Zo

If £ (2) is not defined at z,, we may redefine it putting f(z,) = c,. Moreover, even if the
original f(z,) does not coincide with c,, we may change the value of the function at the point
Zy by f(zy) = co. As a result, the function f(z) will be defined and analytic inside the circle

|z —zy] <R.

[ Deﬁnition.] Point z is called removable singularity if lim f(z) = ¢, < .
Z-Z

[ Lemma 9.1. ]

In the neighborhood of a removable singular point z, the function f (z) is
bounded and may be written in the form

f(2) = (z = 20)"$(2),

where m > 0 is integer number and ¢(z,) # 0.

Case 2.
The Laurent series contains a finite number of terms involving negative powers

of (z — z,) (the principal part has a finite number of negative powers), that is

C_2

TR z—z0+zc"(z_z°)n'

f(2) =

Hence,

. T Com C_2 . nl_
zh—>r2)f(z) _21130 ((z—zo)m -I_"'_I_(Z—zo)2 Z—ZO+ZCn(Z Zo) >
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[ Deﬁnition.} Point z, is called pole if lim f(z) = . In this case, integer number m is called
Z—Zg

order of pole, and we say that z, is a pole of order m.

[ Deﬁnition.] If m = 1 then z, is called a simple pole.

[ Lemma 9.2. ]
If z, is a pole of order m for f(z), then the function can be written in the
form
9 (2)
f(2) = m,

where ¢ (z) is analytic at the point z, and ¢(z,) # 0.

[ Lemma 9.3. ]
If the point z, is a zero of multiplicity m for the analytic function g(z),

then function f(z) = — has a pole of order m at the point z,.
9(2)

Case 3.
The Laurent series contains an infinite number of terms involving negative powers of

(z — z,) (the principal part has an infinite number of negative powers), that is

400

f@ =) ez =z

n=—w

[ Deﬁnition.] Point z, is called essential singularity if lim f(z) does not exist.
Z—Zg

[ Example 2. ]
Find isolated singular points of the given functions.
ef-1, tanz, z-1 X
1) z '’ 2) z '’ 3) z3+2z%2+7’ 4) es*.

State the type of isolated singularities.

1

eZ

1) Consider the function f(z) = Z_
Since the numerator is an analytic function and the denominator is equal to zero only at

the point z = 0, then z = 0 is the isolated singularity of the given function.
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Let us find the limit

o ef—-1
lim =1.
z—0 VA

z
. . . -1
Thus, z = 0 is a removable singular point for eT

2) Isolated singularities of the function

tan z sin z

Z ZC0SZz

arez=0and z, = §+ km, k=0, +1, +2, .. (zeroes of cos z).

Evaluate the limits

~ tanz _  sinz
lim = lim =1
z-0 Z z—0Z COS Z

Therefore, z = 0 is a removable singular point.
_ tan z ) sin z

lim = lim

Z—>%+k7‘[ Z Z—>%+k7‘[ ZC0sz

1
:[6] —oo,(k=0, +1, +2,...).

T

Hence, z;, = St krm,(k=0, £1, £2,...)arepoles.
Let us find the order of poles z, = §+ kmr from the multiplicity of zero z, for the

function cos z.
Since (cosz)' = —sinz and

)={1¢O,k=2m+1,

- _ . 7T k
—smzk——sm(—+ [ 10,k = 2m;

2
points z;, = g + km are simple zeros of cos z.

Thus, z;, = % +km, (k=0, +1, +2,...)are simple poles.

3) Let us rewrite the function in the form
z—1 _ z—1 _z- 1
z3+222+z z(z2+2z+1) z(z+1)?

Isolated singularities of the function are zeroes of the denominator
z(z+1)? =0,
z = 0 (simple zero) and z = —1 (zero of the multiplicity 2).
Since
z—1 _ z—1

lim =lim————— = oo,
z-0z3 + 222+ 2z  z-0z(z + 1)?
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I z—1 _ z—1
o173 + 222 47 zom1 z(z+1)2

we get, that z = 0 is the simple pole and z = —1 is the pole of the second order.

1
4) Isolated singularity of the function ez? is z = 0.
Let us investigate the behavior of the function when z — 0. Consider two possible
directions of approaching z = 0: along the real axis and along the imaginary axis.

Along the real axis we have z = x, thus

1 1
limez* = lim ex?
z-0 x—0+

Along the imaginary axis we have z = iy, therefore

1 1 _1
limezZ = lim e®)? = lim e Y =e ™™ = 0.
z-0 y—0+ y—-0+

1
Thus we obtain that the limit lim ez? does not exist.

z—-0

1

Hence, function ez? has an essential singularity at the point z = 0.

Case 4.

The point at infinity of the extended complex plane (z = ) is an isolated singularity of
a single-valued analytic function f(z) if there exists such number R that outside the circle
|z| > R the function f(z) does not have any finite singularities. The function may be

expanded in the Laurent series in the annulus R < |z| < .

[ Deﬁnition.] Point z = oo is called the removable singularity if lim f(z) = ¢, < o and the
Z—>00

Laurent series does not contain terms with positive powers of z, that is

f@)=co+ )y =2

[ Deﬁnition.] Point z = oo is called the pole of order m if lim f(z) = co and the Laurent

series contains a finite number m of terms involving positive powers of z, that
IS

m

f(z2) = Z cpz™.

n=—x
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[ Deﬁnition.] Point z = oo is called the essential singularity if lim f(z) does not exist and
Z—00

the Laurent series contains an infinite number of terms involving positive

powers of z, that is

0

f(2) = Z cpz™.

n=—x

[ Example 3. ]
State the type of isolated singularity z = <o for the following functions
z%2-1, z2+1, 2
1) z3+1’ 2) z+1’ c) e”.
1) Since
lim %L
zl—glo z3+1
the point z = oo is a removable singularity.
2) Since
o z2 41
lim = 00,
z-w 7+ 1

the point z = « is a pole.
2 3 n
3) Since expansion e = 1+ z + =+ —+...+—+... isthe Laurent series for e in the

neighborhood of z = co. This expansion contains an infinite number of terms involving

positive powers of z, thus, z = o is an essential singularity.

Review Questions

1. What point of the complex plane is called the zero of the analytic function f (z); simple
zero; zero of the n-th order?

2. Which point of the complex plane is called an isolated singular point of the function
f(2); regular point of the function f(z)?

3. What are the types of isolated singular points?

4. How does the classification of isolated singular points affect the Laurent series

expansion around these points of the function f(z)?
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8.
9.
10

11

. What type of isolated special point z, is, if the Laurent series of the function f(z) in

the neighborhood of this point does not contain the principal part; contains a finite
number of terms with negative powers of z — z,; contains an infinite number of terms

with negative powers z — z,?

. What can be said about the type of isolated singular point z,, if lim f(z) = A <
Z-2Zg

lim f(z) = oo; lim f(z) doesn’t exist?
Z—Zg Z—2Zg

. What can be said about the type of isolated singularity z,, if lim (z — z,)™f(2) =
Z-2Zg

A < 0?

What is the relationship between the zero and the pole of the function f(z)?

In which case the point z = co will be an isolated singularity of the function f(z)?

. How does the classification of singular point z = co affect the Laurent expansion of
function f(2)?

. What can be said about the type of isolated singularity z = oo, if limf(z) = A < «;
Z—00

lim f(z) = oo; lim f(z) doesn’t exist?
Z— 00 Z—00

Exercises 9.1

1. Find isolated singular points of the given functions. State the type of isolated
singularities. Investigate the isolated singularity at the point of infinity (z = ).
1 z5
1) z—z3’ 2) (1-2)?%’
1 e’
3) z(4+2z2)?’ 4) z2+1’
1 1 1-e %
) ez—1 7' 6) z
e’ 1
7) Z(l—e_z)’ 8) Z€Z,
9) tanz; 10) sin —;
1-z
14+cosz cotanz
11) — 12) —
Answers
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9.2 The Residue of an Analytic Function at an Isolated
Singularity

Let us consider the single-valued function f(z). If point z = z, is regular or isolated
singularity of this function, then there exists such closed positive oriented contour C that point
z = z, lies inside the region bounded by C. Function f(z) is analytic on the contour C and in

the region bounded by that contour (except, perhaps, the point z).

[ Deﬁnition.] The value of integral ﬁgscf(z)dz is called a residue of the function f(z) at

the point z, and is denoted by

Z=2Z

1
res[f(2)] = %.(ff(z)dz. (9.2)
C

If point z = z, is regular, then function f(z) is analytic on the contour C and in the region
bounded by that contour. Thus, by Cauchy's Theorem in simply-connected domain, integral

in the formula (9.2) is equal to zero and

res[f(z)] = 0.

Z=2Z

If point z, is an isolated singularity, then integral (9.2) coincides with the formula for

1

Z—Zg

determining the coefficient c_; near

in the Laurent series expansion of function f(z)

about the point z = z,:

zrfzsg[{(z)]

+w0 [}

oy G e [ o
Z cp(z—2zy))" = +(Z—Z0)n+ +(Z_ZO)2+Z_ZO+ch(z Zy)
n=—owm n=0

[ Deﬁnition.} The value
_ 1
reslf @] = ~lim o § f@dz=—c, 93)

|z|=p
Is called a residue of the function f(z) at the infinity point. It coincides with

the value opposite to the coefficient c_, neari in the Laurent series expansion

of function f(z).
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Let us consider some ways of evaluating the residues.
Case 1.
If z, is the removable singularity of the function f(z), then the Laurent series does not

contain terms with negative powers of (z — z,) and
res[f(z)] =c_, =0.
Z=Zg
Thus, the residue of the function at the removable singularity is equal to zero.
Case 2.

1. If z, is the simple pole of the function f(z), then there exists the power series

expansion in the neighborhood of z,

fl2) =~

+ o+ ci1(z—2p) +cy(z— zo) + -t (z—2zy)" +

Let us multiply both sides of equality by (z — z,) and find the limit when z tends to z,

+ Z cn(z — zo)")] =

= lim[(c.y + co(z —zp) + c1(z — 2p)? + -+ cp(z — 2)"™ L + )] = c_;.

Z—2Zg

Jim [(z - zo)f (z)] = lim [(Z - Zo)(

Thus,
res [f(2)] = hm [(z = z0)f (2)]. (9.4)

z=z,

2. In the case when function f(z) may be represented in the form

where ¥ (z) and ¢(z) are analytic in the neighbourhood of z,, ¢(z,) # 0, Y(z,) = 0, but

Y'(z,) # 0.
Then, the residue at the simple pole is

res[f(2)] = :/;};((z(;))

3. If z, is the pole of order m of the function f(z), then there exists the power series

(9.5)

expansion in the neighborhood of z,

C_2

e e XA

f(2) =
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First, let us multiply the equality by (z — z,)™
(z=20)"f(2) = cem + Comy1(Z —20) + -+ c1(2 = 29)™ ™ + co(Z — 20)™ + -
In order to find c_,; we differentiate both parts of the equality (m — 1) times
dm—l
dzm-1

Then find the limit when z tends to z,

[(z—2z))"f(2)]=(m—1D)lc_; +mlcy(z — zy) + -

m-—1

lim
z-zo dzM™1

[(z—zy)"f(2)] = ZlLr? ((m =Dy +mlcy(z —z) + ) =(m-1)!c_;.

Thus, the residue at the pole z, of order m is

m-—1

1
res [f(z)] = lim [(z = z))"f (2)]. (9.6)

z=2z, (m—1)!zozodzm1

[ Lemma 9.4. ]

If f(z) is analytic everywhere on the complex plane excluding a finite

number of isolated singularities z = z,, k = 1,2,...,m, and z = oo, then

reslf @)1+ ) res[f(2)] = 0. ©.7)
k=1

[ Example 1. ]
Evaluate the residues at each finite isolated singular point of the functions

1) sinz | 2)

z(z+1)’

1 . 3 1
23152 3) tan z, 4)Z ez,
sinz
z(z+1)

1) Function has two isolated singularities (solutions of z(z + 1) = 0):

removable singularity at the point z, = 0;
simple pole at the point z; = —1.
Then, according to Case 1., we get
sinz
%0 [z(z s Il
Applying formula (9.4), we obtain the residue at the point z,

sinz sin z sin z
res [ ]= lim [(z+ 1) = lim

= sin 1.
z=—1 Z(Z + 1) z—>—1 Z(Z + 1) zo—1 Z sin
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_ 1
z3—iz?2  z2%2(z-i)

2) There are two isolated singularities of the function

simple pole at the point z, = i;
pole of the second order at the point z; = 0.
Thus, by formulas (9.4) and (9.6), we get

res 5= | =t~ =] = m = 1

1 d _ 1
20 [23 iz? ] y—mdz[ zz(z—i)] _BL%E[(z—i) _ili%(z—i)z =1

3) Function tanz has simple poles at points z, =§+nk, k=0 +£1,.. Itis

convenient to apply formula (9.5) for evaluating residues at these points z,.

sin z sin z;, 1 k=0 +1

— SIn zy,

res [tanz] =
Z=zk[ ] (cosz)'l,_,

1
4) There is essential singularity of the function z3ez at the point z, = 0.
To find residue at the essential singularity we have to represent the function as Laurent

series about z, = 0. Then we use the fact that res [f(z)] = c_;.
Z=Zg

Thus,

Review Questions

1. What is called a residue of the function f(z) at the point z, ?

2. How the residue of the function f(z) is related to the coefficients of the Laurent series?
3. What is the residue of the function f(z) at the removable singular point z,; at the

simple pole z,; at the pole of the n-th order z,; at the essential singularity z,?
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4. By what formula can we calculate the residue of the function f(z) = %, if the

functions @(z) and Y (z) are analytic at the point z,, ¢(zy) # 0,¥(z,) = 0, but
Y'(z0) # 07?

5. What is called a residue of the function f(z) at the point z = oo ?

6. What is the residue of the function f(z) at the point z = oo, if the Laurent series

expansion of the function around this point is known?

Exercises 9.2

1. Evaluate the residues at each finite isolated singular point of the functions

2

z z
) (z+1)3(z-2)%’ 2) (1+42z2)2’
1 sinz
) z(1-z2)’ 4) z2-2y’
4
1-cosz e?
°) (z—3)z%’ 6) (9+z2)z2’
sinZZi : 8) .1 ;
(z+1)(z—5)? sinz
9) tanz; 10) z3ez;
_1
.z e z?
11) sin—; 12) et

Answers
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9.3 Application of Residue

|. Application to Contour Integrals

[ Theorem 9.2 ]
Residue Theorem

Let the function f(z) be analytic everywhere in the closed domain D

bounded by the contour C, except at a finite number of isolated

singularities z;, z,, ..., zZ;, lying inside the domain.
Then
?éf(z) dz = ZRiZ res [f(2)]. (9.8)
Z=Zy
Cy k=1

Proof.

Let us construct the closed contours y;, v, ...,
Ym around each of singular points z, z,, ..., z,,
respectively. Moreover, these contours do not contain

other singularities, except the corresponding point (Fig.

93). Thus, we obtain multiply-connected closed

Figure 93.

domain, bounded by contours C, v1, ¥2, ---, Yim-
The function f(z) is analytic everywhere inside the domain obtained.

Applying the Cauchy's Theorem in Multiply-connected Domain, we get

ff(z)dz+i ff(z)dz = 0.
Cy

k=1y_

By definition of residues and formula (5.2), we may rewrite this equality as

ff(z)dz = —i jgf(z) dz = Zﬂii% jgf(z) dz = ZHii Zrzezsk [f(2)].
o k=1y, = k=1

This theorem gives the way of evaluating contour integrals of the functions of complex

variable without applying primitives, line integrals and Cauchy’s Formulas. Moreover, the
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Residue Theorem could be applied to some types of improper integrals of the functions of real

variable.

Let us consider some examples.

[ Example 1. ]
Evaluate the integral

i

|z]|=4

sin 2z
Z
z2+9

2z

The isolated singularities of the integrand =

Imz

z1=3i

solutions of the equation z2 + 9 = 0.
Thus, we have simple poles
z, = 3i and z, = —3i.
Both points located inside the circle |z| < 4 (Fig. 94).

Figure 94.
Then, by formula (9.8),
_(f sin 2z dz = 2mi (rez sin ZZ] rez [ﬂb =
z24+9 z=3i1z2 + 9] z=-3i[z2+9
|z[=4
Sin 2z sin 2z
= 2mi (le_gll [(z — 3i) Py + Zl_i)r_nBl [(z + 31) ) =
i ( sin 2z [ sin2z D o (sm 61 N sm(—6i)) _
P (z + 3i) z—> i (z — 3i) 61 —6i
o (l sinh 6 N —isinh 6) _ 21i sinh 6.
61 —61 3
[ Example 2. ]
Evaluate the integral
1 Imz
fﬁ GrE-HY
|z|=2 2 7=0 |y z3=3
The isolated singularities of integrand are solutions of the Z="1 e
equation z(z +i)(z—3) = 0.
Thus, we have simples poles Figure 95.

leo,Zzz_iandZ3:3,

but only points z, and z, are inside the circle |z| < 2 (Fig. 95).
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Hence, by formula (9.8),

3€ z(z + i)l(z —-3) dz = 2mi (ge% [z(z +i)(z— 3)] + = [Z(Z +i)(z— 3)])

|z|=2

= 2l <1im v/

z—0 [ z(z + i)l(z — 3)] + zlir?i [(Z +1)

z(z + i)l(z — 3)]) -

B e

——5(1+3i).

[ Example 3. ]

Evaluate the integral

cos 3z
dz.

f Imz
z(z —m)3 m
|z—2|=1.5 z;= 0}, 2 3.5
Zi=m

Point z; = m is the third order pole of the integrand and is

Rez

located inside the circle |z — 2| < 1.5, another singularity z, =
0 is outside the circle (Fig. 96).

Figure 96.

By formula (9.8), we get

cos 3z cos 3z 1 cos 3z
jg ——dz = 2mi res [—] = 2m—11m—[(z — ) —]

z(z —m)3 z=r |z(z — m)3 2! z-m dz? z(z —m)3
|z—2]=1.5
o dZCOS3Z__1_ 2 —9z2 3_{_6_3_1922_

T[lzl_r)?_tﬁ[ " ]—mZLH)T e cos 3z ;sm Z —F(n )i.
[ Example 4. ]
Evaluate the integral
1 Imz
zez-idz.

|z—i|=1

Point z = i is the essential singularity lying inside the contour.

Let us find the residue at this point from the Laurent series

expansion about z = i, Figure 97.

1. 1 1 1
zez-i = ((z—1i) +i)ez-i = (z —i)ez-i + iez—i =
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=(Z—i)<1+zii+2!(21—i)2+'")+i(1+zii+2!(21—i)2+m>:

=(z—i)+(1+i)+(1+::) ! +(1+%1) !

2 z—1i) \6 (z—10)%"
Therefore,
1 1 1
zez-idz = 2mi res [zez—i] = 2mi (E + i) = —2m + mi.
zZ=1l
|z—i|=1

Il. Residues for the Evaluation of Definite Integrals
Sometimes we may use residues for evaluating definite or improper integrals of functions

of a real variable. It may help us when other methods are too complicated to apply.

1. Integrals of the Form fozn R(sint,cost)dt

Let us consider definite integral

2T

j R(sint,cost)dt,
0
where R(sint, cos t) is a rational function of sin t and cos t, and continuous for 0 < t < 2m

(ora<t<a+2n).
Application of the Universal Trigonometric Substitution y = tan% leads to complicated
improper integrals.
It is convenient to provide another substitution
z=e,
Then dz = ie‘tdt and, as a result, we get
1
dt:='T-dZ.
Lz
In this case, we may use Euler’s formulas and rewrite sin t and cos t as

_t_eit—e‘it_1< 1) t_eit+e‘it_1( +1)
sint = ——-——=(2-—), cost=——"—=-(z+—)

The interval of integration [0, 2] is transformed into |z] = 1, 0 < argz < 2m.
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Then, the integral may be written in the complex form

2T

fR(sint,cost)dt= %R(%(z—%),%(z+§)>iizdz. (9.9)

0 |z|=1

The integral on the right side could be solved by the application of the Residue Theorem.

[ Example 4. ]
Evaluate the integral

J 5+4costdt
0

Let us make the corresponding substitution

. 1 1
z =eY, cost=—(z+—)
2 z

—dt

f5+4cost dt = —dz

0 iz

[0,2r] = |z| =1, 0 <argz < 2w

1 1d 1 3€ 1 P
= —az = — 7 =
1 1\iz i 2z2+4+5z+2
e 5+ 47 (2+3) j2i=1
1 1

" 2i) ., @+ 2)(z +05) dz
Now we have to find isolated singularities of the integrand.
Point z = —0.5 is the simple pole and is located inside the circle |z| < 1, another isolated
singularity z = —2 is outside the contour of integration.

By the Residue Theorem, we obtain

Zl il Cr D105 Y= Zmﬂzreoss [(z n 2)(z ¥ 0. 5)]

= [(Z Mo 0.5)] =m lim, [(z e

Thus,

2w

J 1 dt_Zn
54+ 4cost 5

0
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+00 Pp(t)

2. Integrals of the Form [~ o o
Let us consider improper integral
+00 p
t
n (L) it
J 0@

where P, (t) and Q,,(t) are polynomials of degreesnandm, n+1 < m.

Let us substitute a real variable t with a complex variable z. If function Q"(( ))

m

Is analytic

on the real axis and in the upper part of the complex plane (Imz > 0), except at a finite

number of isolated singularities z,, z,, ..., z,,, lying in the upper part of the complex plane,
then
T P P.(@)
t z
o dt = Zm res : 9.10
i%@ 2.5 6,0 e
[ Example 5. ]

Evaluate the integral

+00

t2
_j ey + 4%

2

Let us consider function where z is a complex variable. It is analytic

__z
(z2+1)2(z2+4)’
everywhere on the real axis and on the complex plane except at isolated singularities
z, =i, z, = —i (poles of the second order),
z3 = 2i, z, — 2i (simple poles).
Let us consider poles located in the upper part of the complex plane, that is,
z; =iand z; = 2i.

Evaluate the residues at these points

res [(22 T2+ 4)] = IZILT}E[(Z — 1)2 22 + 1)2(22 + 4)]

) d z?
ZIL?E<(Z F0)2(z2 + 4))
_ (22(2 +i)2(z2+4) —z2?QEz+D)(EZ*+4) + (z + i)222)> 5
= lim - =
zZ—-i (z +D)*(z% + 4)?
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res

z2 . 72
z=21 [(ZZ + 1)2(22 + 4)] z-21 <(Z N 21) (ZZ + 1)2(22 n 4)) =

. z2 1
Pty (22 +1)%(z+20)) 90
Thus, by formula (9.10), we get

s t2 , z? z?
_f I (55? l(zz D222+ 4)‘ TS [(zz + D22 + 4)]) B

_2,<5 1)_7‘[
~ " \36i 9i) T 18

3. Integrals of the Form fj;o R(t)et dt.

Let us consider improper integrals

400

f R(t) cos at dt,

— 00
+00

j R(t) sin at dt,
where R(t) is proper rational fraction and a > 0.
To evaluate these integrals, we used to evaluate improper integral of the form

+ 00

j R(t)et dt.

— 00

Then we apply one of the formulas

+ 00 +co
f R(t) cosat dt = Re j R(t)e'*t dt |,
+00 +00
f R(t)sinatdt = Im J R(t)e'*t dt |.

Let us substitute a real variable t with a complex variable z. If function R(z) is analytic
on the real axis and in the upper part of the complex plane (Imz > 0), except at a finite
number of isolated singularities z;, z,, ..., z,, lying in the upper part of the complex plane,
and R(z) —» 0, z — o, then
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+co p

j R(t)e™t dt = Zniz res [R(z)e'].

Z=Z)
— 00 k=1
Hence,
+ 00 p
f R(t) cosat dt = Re 27112 res [R(z)e'] |, (9.11)
—o k=1Z “k
+ 0o 1%
j R(t)sinatdt = Im lz res R(Z)ew‘z] : (9.12)
—00 k=1z “k
[ Example 6. ]
Evaluate the integrals
+00
(t—3)cost
(t2+1)
and
s 3)sint
t —_
[C-Deint,,
(t2+1)
Let us consider the function
z—3 .
elZ
(z2+1)

This function has two isolated singularities - simple poles z; =i and z, = —i, but only
one (z; = i) is in the upper part of the complex plane.

Let us check the second condition

lim ——>_ —
o (ZZ+1)

Thus, we may evaluate the residue at the point z; = i.

z—=3 .1 (z—3)e”\ ~ ((z—3)e”\ (1 3\ |
et e - 1£“<< )W>‘IZ‘E}<W>‘(§“§)Q -

Therefore, by formulas (9.11) and (9.12), we get

+ 0o p A
(t—3)costdt_R 5 Z (z—3)e”|\ _
e+ ooorelem 1zrfzsk zZ+1) |)

1 3
= Re (27‘[i (E + i—) e‘l) = —3me 1,

— 00

2
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+ 0o

— 00

p
t —3)sint z—3)e' 1 3
Ldt = Im| 2mi z res [( ) =Im (2771' (— + i—) e‘1> = e 1,

(2 + 1) (zZ+ 1) 2" 2

Z=Zg
k=1

Review Questions

1.
2.

Formulate the Residue Theorem.
Can it be asserted that the sum of the residues of the analytic function f(z) at all its

singular points, including the point z = oo, is zero?

. How to find the residue of the function f (z) at the point z = oo if the values of residues

at all other singular points of this function are known?

. What problems can the residue theory be applied to?

. How can we evaluate integrals along a closed curve using the theory of residues? What

theorem is this application based on?

. How to apply the theory of residues to the evaluation of definite integrals of the form

fgzn R(cosx;sinx)dx ?

. How to apply the theory of residues to the evaluation of improper integral

[ Pa® g1 where P, (t) and @y (t) are polynomials?

- Qm(t)

. How to apply the theory of residues to the evaluation of improper integrals

[T2R(®) cosatdt, [*7 R(t)sinat dt, where R(t) is a proper rational fraction?

Exercises 9.3

1.

Evaluate the integrals by the Residue Theorem.

) § ——dz;

z3(z+1)
|z|=2

72 _
2) * 2 dz;

. z3-iz?
|z+i|=3

3) § ztanmzdz;

|z|=1
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5) ¢ é dz, where C is the contour of the rectangle whose vertices are

Z1=_i, Z2:2_i, 23=2+i, Z4_=4‘;
e’ .

6) 9S|Z_i|-1mdz’
7)95 cosh 2z dz

|Z_1|=1522(2+2)(z—1) !

1

8) ¢ z%ezdz;

|z+1-i|=2
9) ¢ (z—1)? sin—dz.

|z—1]|=1

2. Evaluate the integral

) fZTL' dt

7+3 cost’

2w cost+1
2) f sint+2 dt;

3) fOZﬂ dat

(4— 351n2t)2’

t
4) f—oo (t2+4t+13)2 at;

5) fOOt +1

t4+1

6) foo cosZt ’

t2+9

7) J-OO t sin 3t

tZ2+4

Answers
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10. Operational Calculus

Operational calculus is one of the mathematical methods that, in many cases, makes it
possible to reduce the study of differential, integral etc. equations to simpler algebraic
problems. Its practical applications include control systems analysis, signal processing, some

problems in physics, engineering, and other fields.

10.1 The Concept of Laplace Transforms

|. Definition

Let function f(t) be defined for real variable t.

[ Deﬁnition.] The Laplace transform of f(t) is the function F(p) of the complex variable

p = s + io, which is defined by

0]

F(p) =]e‘ptf(t)dt. (10.1)

0

Here the variable of integration is t, while a parameter p is independent of ¢.

[ Deﬁnition.] Function f(t) is called the original function of F(p). The integral on the right

side of the formula (10.1) is called the Laplace integral.

The relationship between functions £ (t) and F (p) is denoted by the symbol f(t) + F(p).

Also, we may use denotions f(t) 5 F(p),F(p) = L{f(t)}.

We may consider the Laplace transform as an operator that transforms the function f(t)
into the function F(p).

Since the integral on the right side of the formula (10.1) is improper, it is not meaningful
for any function f(t). This integral is convergent and transformation can be realized if
function £ (t) satisfies the following conditions

1.Vt f(t)=0.

2. Function f(t) is piecewise continuous, that is, the interval can be divided into a finite
number of subintervals on which the function is continuous and has a finite number of

discontinuities of the first kind (“jumps” or “removable”) at the endpoints of subintervals.
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This condition allows the function to be integrated for any finite subinterval of the t-axis.
3. Function f(t) has a bounded order of growth for t — oo, that is, there exists positive
constants M > 0, s = 0 such, that for every t > 0
If ()] < MeSot, sy <s. (10.2)
The greatest lower bound s, of values s is called the index of the order of growth of the
function £ (t).

This condition provides the convergence of the Laplace integral.

[ Theorem 10.1 ]
Let the function f(t) of real variable t satisfies conditions 1-3. Then

integral F(p) = f0°° e Pf(t)dt is absolutely convergent when Rep =
s > sy, Where s, is the index of the order of growth of the function £ (t),
and function F(p) of the complex variable p is analytic for any p,

Rep > s,.

Let us find the Laplace transforms for some elementary functions by the definition.

[ Example 1. ]
Find the Laplace transform for the Heaviside function A

_(L t=0, 1 h(t)
O =1g <o *

This function satisfies condition 1-3 (the index of the order
of growth is zero) (Fig. 98).

~)

Thus, by formula (10.1) Figure 98.
co b e_pt b e_pb 1 1
h(t) + F(p) = f e Ptdt = lim | e Ptdt = lim = lim +-=1,
; boee bmeo —p |~ bw —p p P
where Rep > 0.
Therefore,
1
h(t) +—.
p
From now on, let us agree to regard elementary functions ef, sint, cost etc. as

sint, t>0, cost, t=>0, et, t>0,
fl(t)z{ 0, t<O0; fZ(t)z{ 0, t<0; f3(t)={0 t < 0.
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These functions may be written as products f;(t) = h(t)sint, f,(t) = h(t)cost,
f3(t) = h(t)et. Further, we are not going to write the factor h(t), considering that the function

IS identically zero for t < 0.

[ Example 2. ]

Find the Laplace transform for the exponential function

A
— pat
f(t) =e*, a€R, t=0. 1/@

Function f(t) = e® satisfies condition 1-3 and the index of

the order of growth is s, = a (Fig. 99 for a > 0). The Laplace ——— TR

Y

transform F(p) is analytic for p, Rep > a.

By the formula (10.1), we get Figure 99.
e ’ o--a)t|”
f(t) + f e Pledtdt = lim | e~ P~Midt = —lim =
b—oo b—oo p—a
0 0 0
e~ (P-a)b 1 1
= —lim + =

)

bbo p—a p—a p-—a
where Rep > a .

Thus,
1

p—a

edt ~

We may apply the definition and evaluate improper Laplace integrals for another
elementary functions. However, a much more powerful approach is to consider some general

properties of the Laplace transform and use them, instead of calculating the integrals.

Il. Properties of the Laplace Transform

1. Linearity Theorem.

[ Theorem 10.2 ]
Let £, (t) + F,,(p), where Rep > s;, k = 1,n, then

FO =) Gfi®+F®) = ) GF ), (103)
k=1 k=1

where Re p > s, = maxsy, C; are arbitrary numbers, k = 1, n.
k=1n
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Proof.
Let us prove the property for two functions f(t) = C,f,(t) + C,f,(t).

Assume that f; (t) +~ F;(p) and f,(t) = F,(p), then
FO) = [ e (GAD + CAO) =G [ e RO+ ¢, | e (e =
0 0

0
= C1F1(p) + GF,(p).

[ Example 3. ]
Find the Laplace transform for functions

fi(t) =sint and f,(t) = cost.
It is convenient to find the Laplace transforms for trigonometric functions by Linearity

property. Since sin t and cos t may be expressed by exponential function and et + p%a, we

get

—it -

(t)—'t—l(it 1(1 1)_ 1
A =sint=olet —e )+ o) Tt

1, . o171 1 p
t) = t =— 22 —u ——( ): :
fo8) = cost =5 (e +e™) 2\p—i p+i) A1

where Rep > 1.

[ Example 4. ]
Find the Laplace transform for the function
f(t) = e% sin wt.

Hence,
f(t) — eat sinwt = l_eat(eiwt _ e—iwt) — 2_l (e(a+ia))t _ e(a—iw)t) -

. 1( 1 1 )_ )
"2i\p—a—-iw p—a+iow) (p-a)?+ow?

where Rep > a + |Im w|.

2. Time-scaling Theorem.

[ Theorem 10.3 ]

Let f(t) ~ F(p), where Rep > s,, then for any positive C we have
flct)+2F (2) or f(3) + CF(Cp), (10.4)

where Rep > s,.
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Proof.
Let us apply formula (10.1)

- Substitution o
_ Ct=y, Cdt=dy| 1 _r 1 _/p
— pt — — Yy — —
F@)_je fieode= ", 2o L _ _Cfecgﬂwdy_CFQ)
0 y = © y = 0 0

[ Example 5. ]
Find the Laplace transform for functions

f1(t) = sinwt and f,(t) = cos wt.

- . 1 ..p
Since sint + o and cos t = ey we may apply formula (10.4)
_ . 1 1 o)
sinwt +—- > =— 2
w (B) +1 P + w
w
1 p p
coswtva- » > =p2+w2'
(&) +1

3. Time-delay Theorem.

[ Theorem 10.4 ]

Let £(t) + F(p), where Rep > s,, then for any positive number T > 0

we have
f(t—1)+e P'F(p), Rep > s,. (10.5)
Proof.
Let us apply formula (10.1)
- Substitution ©
Fo) = [ erre-nde= | 0" G207 = [ erorroay -
0 y = y=—tl| 7

oo

0
= [eroreay + [ e ray.
-T 0

Since f(y) = 0 for y € [—1, 0], the first integral is equal to zero. Thus

F(p) = f e POF()dy = e f e PYF(y)dy = e PTF(p).
0 0

243



This property is useful when finding Laplace transforms of periodic functions (periodic

signals) and piecewise continuous functions.

[ Example 6. ] le—>
Find the Laplace transform for the function

_ (2, t€(0,1),
f(t)_{o, t € (—,0) U (1, +0). Tl T

Let us rewrite function f(t) in terms of Heaviside function
f(t) = 2h(t) — 2h(t — 1). Figure 100.
Then, by formula (10.5) for T = 1, we obtain

f(

A

f(t)=2h(t)—2h(t—1)+2.1—2e—P.1=3(1—e—P)
Top p P '

[ Example 7. ]
Find the Laplace transform for the function

t,  te(02),
ft)=54—t te(24), — =
0. t€(=20) U +e). Figure 101,

Let us rewrite function £ (t) in terms of Heaviside function
fO=tht)—th(t—2)+@—-t)h(t—2)+({t—4) h(t—4) =
=th(t)—2(t—2)h(t—-2)+ (t—4) h(t —4).

f(®

Therefore,

1 1 1 (1—e2p)2
f(t)+p—2—26 pr—2+e 4pp—2=p—2.

[ Example 8. ]
Find the Laplace transform for the periodic function.

Let f(t) be some T-periodic function. Then

F(p) = | e Pt f(t)dt = | e P f(t)dt + | e P f(t)dt.
Jemro=] eous]

Let us provide the substitution t = y + T in the second integral.

© Substitution

t = T, dt=d
[errwar=|"T2E" T2 = [ eromro+may
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Hence, applying f(y +T) = f(y) , we get

T 00 T

F(p) = j e PLF(t)dt + e‘ij e PYf(y)dy = Je‘ptf(t)dt + e PTF(p).
0 0 0

Therefore,
T

1 —pt
F(p)=1_—e_pre PLE(t)dt.

0

[ Example 9. ]
Find the Laplace transform for the periodic function (Fig.102)

_ (sint, t€ (2nn,(2n+ 1)m),
f&) = {o, t € ((2n+ D, (2n + 2)1),

By the result of example 8, we get

2m f(
1 £ S
F0) = Ty | ¢ - V\ [\

n=20,123...

0 O| T 27 3m t
1 2T
= m—f e‘pt sintdt = Figure 102.
0
1 e Pt 1 1

: _
=T .pz = 1(—p sint — Cost)|0 =

l—e™ p24+1°

Thus,
1 1

f(t)+1_e—np.p2+1'

4. Shift Theorem.

[ Theorem 10.5 ]

Let f(t) =~ F(p), where Rep > s,, then for arbitrary number a, we

have
e f(t)+~F(p—a), Rep>Rea+s,. (10.6)

Proof.
Since the function e% f(t) satisfies the conditions 1-3 of existence of the Laplace

transform, then for Rep > Re a + s, we have

f e Pled f(t) dt = j e~ (POt F(t) dt = F(p — a).
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[ Example 10. ]
Find the Laplace transform for the function

f(t) = e cos wt.
Since cos wt + ——, then
p2+w

p—a
(- + w?

e cosw t +

5. Differentiation of the Laplace Transform.

[ Theorem 10.6 ]
Let f(t) = F(p), where Rep > s, then for positive integer number n

we have

n

d
VA Rl Gl ireer F(P) (10.7)

where Rep > s,.

Proof.
Let us prove forn =1 (tf(t) + —F'(p)).
Since F(p) = fooo e PLF(t) dt, we differentiate the equality with respect to p

(0] d [0 0]
F'(p) = j %(e‘ptf(t))dt=—f e PLtf(t)dt.
0

0
Thus,

tf () + —F'(p).

To obtain formula for n = 2 we have to differentiate again

[00]

F"(p) = j (e‘pttf(t))dt—j e P2 f(t)dt
0
and

t2f (&) + F"(p).

Continuing the differentiation, we obtain the result of the theorem.

[ Example 11. ]
Find the Laplace transform for power functiont™, n €N, t > 0.

Let us rewrite t™ in terms of Heaviside function

0,t<0
— n_ ) 2
g =hwe =45

246



Applying (10.7) for f(t) = h(t), t = 0. Then, since h(t) + %, we get

d" /1 n!
D RO = 3 () = (D Rep >0

dp™ \p
Finally,
n!
n .
t Tp"“' Rep > 0.

[ Example 12. ]
Find the Laplace transform for the function t"e%, n €N, t > 0.

Since e + p_ia, we obtain by (10.7)

t"edt + (—1)" v (1 = n Rep > Rea
' apn\p—a) -1 P '

Now let us list the Laplace transforms obtained by definition and properties 1.-5. for the

most useful elementary functions.

Table of the Laplace Transforms of Elementary Functions

f (@) F(p) f(t) F(p)
1
1 — sinh St ZL,BZ
p p° —
1 p
pat — cosh ft pZ_p2
) %)
. - at .
sin wt 72+ w? e sin wt P —a)? +w?
COS W 22+ w? e cosw P —a)? + w?
! 2
t" n+1 t sin wt > pwz >
p" (p* + w?)
[ 2 2
theat n - t cos wt p—w
(p —a)™* (p? + w?)?

247



Let us consider some more general properties of transforms.

6. Integration of the Laplace Transform.

[ Theorem 10.9 ]

Let f(t) = F(p), where Rep > s,, and integral fpoo F(z)dz converges,

then

+ j F(z)dz, Rez>=s>s, Rep>s,. (10.8)

p

10)
t

Proof.

Since F(p) the Laplace transform for f(t), then f0°° e PLf(t)dt = F(p) and

o

jF(Z)dzzpfoje‘th(t)dtdzz

change the order

=ffe‘2tf(t)dzdp=
0 p

of integration
P
(e 0] (e o] (0] e_Zt 0 [0 0] t
=jf(t) je‘”dz dpsz(t) n dpzfg —lime 2 + 7Pt |dp =
—_— Z— 00
0 P 0 p 0 -0
evaluate
this integral
fe_ptﬂ ),

Thus, we get the formula (10.8).

[ Example 13. ]
Find the Laplace transform for the function

sint
t
1

p2+1’

Since sint + then, by application of formula (10.8), we have

[}

sint 1 _ b
= > dz = limarctan Z| =
t VA + 1 b—o p

p

T

= l}im arctan b — arctan p = 5~ arctan p = arccot p.
—00
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7. The Laplace Transform of the Derivatives.

[ Theorem 10.10 ]

Let f(t) ~ F(p), where Rep > s,, and derivatives £ (t) satisfy
conditions 1-3 of the existence of the transform, then

f'(®) = pF(p) = f(0), Rep > sy, (10.9)
fO®) +p"F(p) —p" £ (0) = p"2f(0) — -+ — f7D(0), (10.10)
where f®(0) = lim fO1), k=0,n—1, n€EN.

Proof.
By formula (10.1),
© integrate by parts
f'(t) +j e Ptf'(t)dt =| u=e™P  du=-—-pePidt| =
0 dv = f'(t)dt v=f()

= e OIF +p [ e (O = pF() - £(O)
0
Formula (10.10) may be obtained by n —times integration by parts in the integral

oo

j e PLFM (1) dt.

0

This property is one of the most important properties of Laplace transforms. We apply it
when solving Cauchy problems for linear ordinary differential equations and boundary value
problems for partial differential equations since it allows us to replace the differentiation of

the original with the operation of multiplication of the transform by an independent variable.

[ Example 14. ]
Find the Laplace transform for the differential expression
Yy +2y"(®) - 3y" (1) —y'(®) + 5y(t) — 4,
ify"'(0) =1, y"(0) =2, y'(0) =0, y(0) = —1.
Let y(t) + Y(p). Then
y'(t) =pY(p) —y(0) =pY(p) + 1,
y'"'(t) = p*Y (p) —y(0)p — y'(0) = p*Y (p) + p;
y"'(©) +p°Y (p) —y(0)p® — y'(0)p — ¥"'(0) = p°Y(p) + p* — 2;
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yi(t) +p*Y (p) —y(0)p® — y'(0)p* —y"(0)p —¥y"'(0) = p*Y(p) + p*> — 2p — 1.
Thus, since 4 + s, we get
y) +2y" @) =3y" () —y'®) +5y(t) —4+p*Y(p)+p*-2p -1+
4
+2(p°*Y (p) + p* —2) = 3(*Y(p) +p) — @Y (p) + 1) + 5Y(p) 5"

4
=(p4+2p3—3p2—p+5)Y(p)+p3+2p2—5p—6—5.

8. The Laplace Transform of the Integral.

| Theorem 10.11 |

Let f(t) = F(p), where Rep > s, then

t 1
Jf(J/)dy + ;F(p), Rep >s. (10.11)
0

Proof.
By formula (10.1),

(0]

ff(y)dy+j e—Ptff(y)dydt =
: 0

0

change the order
of integration

oo}

ay=—[ e fay = —F )
, P p

e Pt
4

=ff(y)fe‘ptdtdy=ff(y)
0 y 0

This property is useful when solving linear integral equations.

[ Example 15. ]
Find the Laplace transform for the function

t
. siny
Sl(t)=j—d .

0 Y ’

Since L:t + arccot p (see example 13.), then we have
t

Si(0) fsiny g 1 .
i(t) = y -+ —arccot p.
y p
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9. The Laplace Transform of the Convolution.
Let us consider two functions f(t) and g(t), t > 0.

[ Deﬁnition.} A function defined by the relation

(t) = j F@g(t - 2)dz = f ft-2g@dz  (10.12)
0 0

Is called the convolution of the functions f(t) and g(t) and is denoted by

(f *9)(®.

Thus, the convolution is defined as the integral of the product of the two functions after
one is reflected about the z-axis and shifted by the amount ¢. It may be found by one of the
integrals from (10.12) since the choice of which function is reflected and shifted does not

change the integral result.

[ Example 16. ]
Find the convolution of functions f(t) = et and g(¢t) =t.

t

f(t)*g(t)=et*t=]eZ(t—z)dz=t(et—l)—(tet—et+1)=et—t—1.
0

| Theorem 10.12 |

Convolution Theorem (Borel’s Theorem)
Let f(t)+ F(p), where Rep>s;, and g(t)+ G(p), where
Rep > s,, then

t
jf(z)g(t —2z)dz +~ F(p)G(p), Rep > max(sy,s,). (10.13)
0

Proof.
First, let us check that the convolution of the functions f(t) and g(t) with a bounded
order of growth is also a function with a bounded order of growth.
If there exist positive constants M; > 0, M, > 0, s = 0 such, that for every t > 0
If(O] < Mye*t, s, <5,
lg(®)| < Myes2t, s, <s.
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Therefore,

t t
M. M
jf(z)g(t—z)dz < M1M2Jeslze52(t‘2)dz — #(eslz_eszz) <
0 0 (Sl - SZ)
MM, 5oz B
SToi=s,¢ 2 507 max( sy, Sz)-

Next, we may apply formula (10.1)

fe‘ptoff(z)g(t—z)dzdt =

change the order
of integration

make the substitution
t—z=y
in the inner integral

0
=J.f(z)zj e Plg(t —z)dtdz =

oo oo

=ff(2)] e"’(z+”g(y)dde=Je"’zf(Z)dZJ e P’ g(y)dy = F(p)G(p).
0 0

0 0

The important and useful corollary of the Convolution Theorem is the Duhamel’s

Formula

PF@)G(P) = F(0)g(6) + f F1(Dg(t - 2dz = gO)F () + j f(t - 2)g' (@ dz. (10.14)

It is obtained from the formula (10.13) by differentiation.

This formula is frequently used to determine the original function for a given transform.

[ Example 17. ]
Find the Laplace transform for the convolution of functions
f(t) =etand g(t) =t.
1

Since et + p—il and t + e then by Borel’s Theorem

Chpa L1 1
et xt+— — = ——r,
p—1p* p*(p—-1)

Review Questions

1. What do we call the Laplace transform of the function f(t)?

2. What integral do we call the Laplace integral?
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3. What function do we call the original function?

4. Under what conditions for the function f(t) can the Laplace transform be realized?

5. What condition provides the convergence of the Laplace integral?

6. Formulate the Linearity Theorem.

7. Formulate the Time-scaling Theorem.

8. Formulate the Time-delay Theorem.

9. How to find the Laplace transform for the periodic function?

10. Formulate the Shift Theorem.

11. Formulate the theorem about the Differentiation of the Laplace Transform.

12. Formulate the theorem about the Integration of the Laplace Transform.

13. Is it possible to find the Laplace Transform of the derivative of the function f(t)?
By what formula?

14. What is the Laplace Transform of the n-th derivative?

15. What is the Laplace Transform of the integral of the function f(t)?

16. What is the convolution of the functions f(t) and g(t)?

17. Formulate the Convolution Theorem (Borel’s Theorem).

18. Write down the Duhamel’s Formula.

Exercises 10.1

1. Using the definition and formula 10.1 find the Laplace transform for given functions.

1) f(t) = sint; 2) f(t) = cost;

3)f(t) =e 5 4) f(t) = sinht;

5) f(t) = cosht; 6) f(t) =t

7) f() =t% 8) f(t) = tet.

2. Using the Linearity Theorem find the Laplace transform for given functions.
1) f(t) = sin?t; 2) f(t) = cos3t;

3)f(t) =e¥cosw t; 4) f(t) = cosht + 5sinht ;

5) f(t) = sinhtcos5¢t; 6) f(t) = cosh3t(2cos3t — 4sint);

7) f(t) = 3t cos?t.
3. Using the Time-scaling Theorem find the Laplace transform for given functions.
1) f(t) = sin? 4 t;
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2) f(t) = cos®3t;

3) f(t) = 3cosh4t + 5sinhé6t.

4. Using the Shift Theorem find the Laplace transform for given functions.
1) f(t) =e%sinw t;

2) f(t) = e3 cos? t;

3) f(t) = cosh2t cos 2t + 2sinh3¢sin 3¢ ;

4) f(t) = 4sinht cos 2t cos 3t .

5. Using the Theorem 10.6 find the Laplace transform for given functions:
1) f(t) = (3 + 2t% + 3t)et;

2) f(t) = (t? + t) cost ;

3) f(t) = (t* + 5t)sint ;

4) f(t) = tet cos 2t.

6. Using the Theorem 10.9 find the Laplace transform for given functions:

1) f(t) — e—Zttsint ; 2) f(t) _ siniﬁt ;
3) f(t) _ sin 4ttsin 3t : 4) f(t) _ cosh3t;cosh2t ;
5) £(£) = =5

7. Find the Laplace transform for the differential expression using the Theorem 10.10.
1) 4y"(t) — 5y'(t) + 2y(t) — 2e",
y'(0) = 0, y(0) = 0;

2) y"(@)+7y"(t) +3y'(t) —y(t) + 2t,

y"(0) =1, y'(0) = =3, y(0) = 2;
3) y"(®) +y"'(t) — 2y"(t) — 4y'(t) — 2y(t) +sin 2¢,

y"(0) =3, y"(0) = -2, y'(0) = 0, y(0) = 0.
8. Using the Time-delay Theorem find the Laplace transform for given functions. Plot
the graph.

0,t<1andt>2
1)f(t)={1 1<t<2;

0,t<0andt>2,

2)f(t)={1,0<t<1,
-1, 1<t< 2
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t—2, 2<t<3
) f(t)={4—1t 3<t<4,
0, t>4 and t < 2.

9. Find the Laplace transform for the periodic function. Plot the graph.

1, 2mn <t < (2n+ 1)m,
Df) =31, Cn+1)rn<t<(@n+2)r,n=0,1,2,3...
0, t<O0;

t—2n, 2n<t<?2n+1,
2) f(t) =40, 2n+1<t<2n+2,n=0,1,2,3...,
0, t<O.

10. Find the convolution of functions and its Laplace transform.
1) f(t) =sintand g(t) = t;

2) f(t) =costand g(t) =t;

3) f(t) =sint and g(t) = cost.

Answers
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10.2 Determining the Original Function from the Transform

Let us consider a very important question: how to find the function f(t), which is the
original for the Laplace transform F(p).

First, there exists the table of transform of those functions that are most often appeared
in the application of operational calculus. In this case, we may apply the properties of the
Laplace transform.

Second, there exists the general method of determining the original function from the

transform (Mellin's formula).

|. By Properties of Transforms
Consider the Laplace transform of the unknown original function f(t) is a known

rational function F(p) = P"‘—(m, where P,,(p) and Q,,(p) are polynomials with no common

Qn(p)
factors and the fraction is proper (m < n).

Pm(p)
Qn(p)

In this case, we have to apply partial fraction decomposition to the function and

rewrite it as the sum of elementary fractions

A A Bp+C Bp+C
p—a (p—a) p24+bp+c’  (p?+bp+ )

where A4, B, C, a, b, c are real numbers and b? — 4¢ < 0.
Then we may obtain the original function (inverse transform) of each elementary fraction

from the table of Laplace transforms. The sum of the obtained inverse transforms is f(t).

[ Example 1. ]
Find the original function for the transform
5p+8
S

Since the denominator has two real roots we may use partial fraction decomposition and
obtain
5p + 8 5p + 8 A B A(p+4)+B(p—2)
P28 (p-2p+d p-2 pri  @-D@+d)
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where

A+B=-5, A=3,
LM—ZBz&:{B=Z

Thus,

3 N 2
p—2 p+t+4

F(p) =

From the table of Laplace transforms we get

3
=3 2t
p-2 °°
and
2
——— = 2e74,
p+4 ¢
Finally,
f(t) = 3e?t + 27,
[ Example 2. ]
Find the original function for the transform
3p+1
F(p) =———77—.
2 p?—2p+5

The denominator has no real roots. Thus, to use the table of Laplace transforms, we
reduce it to table formulas by completing the square in the denominator
3p+1  3p+1
p?—2p+5 (P—-1)2+4
Such denominator corresponds to the originals

-1

el cos2t + o _pl)z YL

elsin 2t + TR
Let us create the appropriate numerators for the given fraction

3p+1 =3(p—1)+4==3 p—1 P 2
p—D?>+4 (p-1?*+4 (p—1)% + 22 (p—1)% + 22
Hence,
3p+1

m + 3et cos 2t + 2el sin 2t.
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[ Example 3. ]
Find the original function for the transform

5p? —4p + 3
p’—p*+p—-1

F(p) =

Let us apply partial fraction decomposition
5p? —4p+3 _ 5p? —4p+3 __A +Bp+C:
pP-p*+p—-1 (@-DE*+1) p-1 p*+1
_A@P*+ 1D+ Bp+CO)(p-1) Ap*+A+Bp*—Bp+(Cp—C

pP-D@E*+1) p-D@E*+1)
Then
A+ B =05, A=2,
{C—B=—4, = {Bzg,
A—C =3, C = —1.
Therefore,
5p% —4p + 3 2 3p—1 1 1
" = + P2, +3. -2 .
pP-p?+p—-1 p-1 p2+1 p—1 p?2+1 p?+1

Finally, by the table of Laplace transforms we get

f(t) =3et+3cost —sint.

[ Example 4. ]
Find the original function for the transform
12 -3p
r+2)(p—-1*
Let us apply partial fraction decomposition
12 —3p A B C
G+DG-1DF p+z p-1 (p-12
A -1D?+Blp-D@+2)+C(p+2)
- (» +2)(p — 1)? -
Ap* —2Ap+ A+ Bp* +Bp— 2B+ Cp + 2C
(r—-DEP*+1) '

F(p) =

Then
A+ B =0, A=2,
—2A+B+C=-3, = {B=-2
A—2B+2C =12, C = 3.
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Thus,

12-3p 2 2 N 3 20-2t _ 20t 4 36t
= — - L€ — Le e-.
+2D@-1)? p+2 p-1 (@-1)
[ Example 5. ]
Find the original function for the transform

3p? +4p — 16
(p* +4p +8)*
Complete the square in the denominator
3p* +4p—16 _ 3p® +4p—16
P? +4p +8)2  ((p+2)? +4)?

F(p) =

Since
tsinwt+2p—w tcosa)t+M
(pZ + wZ)Z ’ (pZ + w2)2’
then, by the Shift Theorem, we have
_ _ 2 _ .2
te® sin wt + ((pz_(l;)z (_1,_)2))2)2' te® cos wt =+ (((;)_ :))2 n (3)2)2,
Thus,
3p> +4p—16 3((*+4p+4)—-4)—-8p—16 3((p+2)*-22)-8p—16 _
((p+2)*+4)? ((p +2)* + 27)? ((p +2)? +22)?
(p +2)% — 22 4(p + 2)

+ 3te %t cos 2t — 2te 2t sin 2t.

=it Grort

[ Example 6. ]

Find the original function for the transform

F(p) =In (1 +%>

Since F(p) has a rational derivative, it is convenient to apply the theorem 10.9 about the

integration of the Laplace Transform.

Thus,
11+1—f0o ! d—fl Y Nzl et
n( p)_ z(z+ 1) Z= (Z Z+1>Z't €
p p
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Il. By Convolution Theorem and Duhamel’s Formula.
If the given transform F(p) may be written as a product of two transforms of original

functions from the table of Laplace transforms

F(p) = F(p)F;(p),
then we may use the Borel’s Theorem

FL(0)Fy(p) + f £(DF( - 2) dz.
0

Sometimes it is convenient to apply Duhamel’s Formula

PE(D)E () + fL(0)f(6) + j F@Df(t - 2)dz.
0

[ Example 7. ]
Find the original function for the transform
2
p
F = —.
AR,
Since cost + p2p+1, then by the Borel’s Theorem
2 t
p p p _
07+ 1)° =p2 1 .pz +1choszcos(t—z)dz—
. 0
1
= E_/(COS t + cos(2z —t))dz =
0
1 1. t 1 .
= E(zcost +Esm(22 — t))lo = E(tcost + sint).
Thus,
p’ 1 .
W+E(tcost + Slnt) .
[ Example 8. ]
Find the original function for the transform
3
p
F I
(») 1)

Let us apply Duhamel’s Formula
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p3

@2+ 1?2

t
=Cost—f
0

= cost——(zsint—zcos(ZZ—t))

p .

t

P P +c050cost+j(cosz)’cos(t—z)dz=
0

p2+1'p2+1

t

1
sinz cos(t —z)dz = cost — E](sint + sin(2z —t))dz =
0

1 1 t 1
=COSt—§t51nt.

2 0

Ill. Mellin’s Formula

Here we consider the general formula for determining the original function for the

Laplace transform.

[ Theorem 10.13 ]

Let function F(p) of the complex variable p = s+ ioc satisfy the
following conditions.

1. Function F(p) is analytic for Rep = s > s;

2. If |p| = o then F(p) — 0 uniformly with respect to argp (for
Rep =s > sy);

3. For any complex number p, Rep = s > s, integral

S+ico

f F()ldp, s > 5o,

S—ioo
IS convergent.
Then function F(p) for Rep > s, is the Laplace transform for the

function f(t) of real variable t > 0, which is defined by the formula

S+ioco

1
F6) =5 f eP'F (p)dp, (10.15)

S—ioo
where integral is considered along the arbitrary straight line

Rep = s > s, thus,

1 S+io
= —1 pt
f(0) =5 lim f e F (p)dp.
s—io
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[ Deﬁnition.] Formula (10.15) is called Mellin’s Formula, and the integral on the right side
of (10.15) is called Mellin’s integral.

It could be solved by the Residue Theorem.

[ Example 9. ]
Find the original function for the transform

1
F(p)=;, Rep > 0.

It is easy to see that the conditions of the theorem are fulfilled.
Then, by (10.15), we get

S+ico
1 ePt
t) = — —dp, s> 0.
fO=535 | San s
S—100

The integrand has one simple pole p = 0.

Thus, by the Residue Theorem, we have

ebt ePt
t)y=res|—|=lim{p— | =1, t=>0.
f(® pg%[p] p1—>0(pp>

[ Example 10. ]
Find the original function for the transform

w

Function F(p) satisfies the conditions of the theorem (10.13).
Thus, we may apply Mellin’s Formula

S+ioco
) = 1 j weP? 4
/ S 2mi ) p? 4 w? P
S—100
t
Function F(p) = p‘;’%ﬁ;z, has two simple poles p; = iw and p, = —iw.

Hence, by the Residue Theorem,

2 ePtw ePlw ePlw
t) = res | ——| = lim —iw)——= |+ lim +iw)—— | =
£@© ;p=pk [p2+w2] Jim (0= i) s )+ im0+ )
eiwtw e—iwtw
=——————=sinwt, t=0.
2iw 2iw
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IV. Theorems About Expansions
There are a lot of cases when we may use the power series expansion of the transform

F(p). In particular, when F(p) is a rational fraction.

| Theorem 10.14 |

The First Theorem About Expansion
Let the Laurent series expansion of the transform F (p) (convergent for

|p| = R) contain only negative powers of p

[00]

F(p) = Z e,

k=1
Then the original function is
(t) = i it h(t) 10.16
/ _'k_l(k——1)! ’ (10.16)

where h(t) is Heaviside function.

1

The proof of this theorem follows from the formula % +

pn+1'

Futher we skip the Heaviside function h(t).

[ Example 11. ]

Find the original function for the transform

1
F(p) = m—
Since for [p| < 1
1 1 1 1
F@)=p_ = T 1

Pop(1-3) P (1-5)

To find the power series expansion, let us apply the formula (3.18) to the second fraction.

Thus,
DRI
kT K+l K’
k:0p k=op k:1p

Then, by formula (10.16), we get

f = i
k=1

F(p) =

S| =

et.

tk—l
k—1)

(
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[ Example 12. ]
Find the original function for the transform

1 1
F(p) = —cos—.
p p

(-Dk

Applying power series expansion for cosw = Y-, o]

w2k we obtain

P = teoslo IS CDF S (CDF
pp p&RpH Li(2k)! pt
Hence, by formula (10.16),
o (—1)Fe?
L ((2k)H%

This series is convergent for any t > 0.

f®) =

[ Theorem 10.15 ]

The Second Theorem About Expansion

Let the following conditions be fulfilled.

1. Function F(p) is defined in the half-plane Re p > s, and has only
poles p; as isolated singularities;

2. If |p| = oo then F(p) — 0 uniformly with respect to argp (for
Rep =s > sy);

3. For any complex number p, Rep = s > s, integral

S+ico

| 1Foldp, 5> s,
S—io
IS convergent.
Then the original function is
n
£ = z res [eP'F(p)]. (10.17)
P=Pk
k=1
If function F(p) = g”—(fp)) has only simple poles p, (k = 1,m), then

original function is

m

_ Pn(pk) Kkt
£(t) = z%(pk)ep | (10.18)

k=1
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This theorem is a corollary of Mellin’s Formula.

[ Example 13. ]
Find the original function for the transform

1
r—-D*(p+2)
Function F(p) has two isolated singularities:

F(p) =

p1 = 1 s the pole of the second order,
p, = —2 is the simple pole.
Thus, by (10.17)

f®) =

ePt ebt
Py [(p —1)2(p + 2)] TS, [(p - 1)2%(p + 2)] B

_Lyim 2 1)2 e?” I 2 il =
_ﬂplﬂ%<(p— ) '(p—1)2(p+2)>+pi@z (» + )'(p—1)2(p+2) —

i ePt i ePt i tept(p+2)—ept+1 ot
\ero) e\ 7)) e ror (90 T

1
= 6(3tet —el +e72Y),

[ Example 14. ]
Find the original function for the transform

p—1
p+Dp-2)
Function F(p) has two simple poles p, = —1 and p, = 2.

F(p) =

Since

Pi(p)=p—1
and
QP =@+D@P-2)=p*-p-2, Q) =2p-1,
then, by (10.18)
P(-1) _, P(2) , 2 1

Qé(—l)e Qé(Z)e :§e_t+§e2t.

ft) =
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Review Questions

1.

© 00 N O O b~

What methods do we know to determine the original function from the Laplace

transform?

. How could we find the original function f(t) if the Laplace transform is a rational

Pm(p)r)

function F(p) = L

Under what conditions for the function F(p) is it possible?

. How could we find the original function f(t) when the Laplace transform F(p) is

written as a product of two transforms of original functions from the table of Laplace

transforms?

. When is it convenient to apply Duhamel’s Formula?

. Write down Mellin’s Formula.

. What is called Mellin’s integral? How can we solve Mellin’s integral?
. Formulate the First Theorem About Expansion.

. Formulate the Second Theorem About Expansion.

. When can we apply the theorems about expansion?

Exercises 10.2

1. Find the original function for the given transforms by partial fractions decomposition.
1) F(p) = L2

2)F(p) = %

3 F®) = Gz

4 F(p) = s

5) F(p) = =2 —;

6)F() = sy

) F(p) = p%ﬂ

8) F(p) = 12

9) F(p) = ——

(p+2)2(p-1)%
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2. Find the original function for the given transforms by Convolution Theorem or

Duhamel’s Formula.
9

DF®) = oy
1
2) F(p) = e
__r_,
3) F(p) = i1
4) F(p) = —2
VF®) = e
3. Find the original function for the given transforms by the Mellin’s Formula.
_ P .
VEP) = onememem’
4—p—72
2 F(p) =7
1
) F) =50y

4. Find the original function for the given transforms by Theorems About Expansions.
1) F(p) =

2)F(p) =

p+1 .
p(p-1)(p-2)(p-3)’
1

PP+
) F() = =y
4 Fp) = p(p2+1§(p2+4);
5) F(p) = —

p(p*+1)’

6) F(p) = m, if k is positive integer.

Answers
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10.3 Application of Laplace Transform

The properties of the Laplace transform make it possible to find solutions to Cauchy
problems for ordinary linear differential equations with constant coefficients and for systems
of linear differential equations with constant coefficients since operations on the transform are

much simpler than operations on the unknown function.

|. Solving Linear Ordinary Differential Equations

1. Let us consider the Cauchy Problem (initial value problem)

y® 4+ ay@D 4.+ ay = f(0), (10.18)
y(0) =y, ¥'(0) =y1, o, yV(0) = Yy, (10.19)
where a,, a,,.., a, are real coefficients, and y,, y;, ..., Yn—1 are known real numbers.

Function f(t) is a given function of variable t.

Assume that function f(t) and the solution y(t) satisfy all the existence conditions of
the Laplace Transform. Apply the Laplace transform to the left and right sides of (6.18)

Let

(0]

yu>+Y@)=jeﬂ%ﬂ@dt

0

and

oo}

ﬂ0+F@>=jeﬁv@Ma

0

By theorem 10.10 about the Laplace Transform of the derivatives, we may find
y'(6) = pY(p) —y(0);
y' (@) = p*Y(p) — y(0)p — y'(0);

y™(®) +p"Y (p) — y(0)p™ = y'(0)p" % — - — y=1(0).
As a result we get the linear algebraic equation about the transform Y (p). Solving it for
Y (p) and determining the original, we obtain the solution y(t) of the initial value problem
(10.18), (10.19).

268



or

[ Example 1. ]
Solve the Cauchy problem
y'@®)-2y't)+y)=0, y'(0)=1, y(0)=0.

Let y(t) ~ Y(p).
Applying the Laplace transform, we find

y'(t) +pY(p) — y(0) = pY(p);

y"'(t) +p*Y (@) —y(0)p —y'(0) = p*Y(p) — 1.
Thus, we get

p*Y(p) —1—2pY(p) +Y(p) =0

Y)(*-2p+1) =1
Therefore,
1
P-2p 1 (D
Using the table of transforms to find the inverse Laplace transform, we obtain

Y(p) = >

y(t) = tet, t = 0.

[ Example 2. ]
Solve the Cauchy problem

y"(t) + 4y(t) = cos2t, y(0)=1, y'(0) =—1.
Let y(t) ~ Y(p).
Applying the Laplace transform, we find
y'(&) +pY(p) —y(0) =pY(p) — 1;
y"' () +p?Y(p) —y(0)p —y'(0) =p?Y(p) —p — 1.
The Laplace transform of the right-sided function

p
2t + .
cos 4t PZ )
Therefore,
p
Y 2 4) — 1= .
@@ +4)—-p+ 22+ 4
Solving this equation for Y (p)
p p 1

Y(p) = - .
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Using the linearity of the inverse Laplace transform and the table of transforms yields

1 1
y(t) =Ztsin2t+c052t—§sin2t, t=>0.

[ Example 3. ]
Solve the Cauchy problem

y'(@) +y()=f(), y(0)=0, y'(0)=0,

0, 0<t<1,
where f (£) ={2 t> 1.

Let y(t) ~ Y(p).
Then

y" () + p*Y(p) — y(0)p — y'(0) = p*Y (p).
Since the right-sided function may be written in the form f(t) = 2h(t — 1), we apply
the Shift Theorem and get

2
f(t) =2h(t—-1)+ Ee‘l’.
Then the Cauchy problem may be written as
2 2 -
p=Y(p)+Y(p) = ¢ P,

This yields

_ p_(2__ 2P \ _
"0 =5 GG

Let us apply the Shift Theorem and the table of Laplace transforms.
Thus,
y(t)=(2—=2cost)h(t—1), t =0.

2. Duhamel’s Method
This method is convenient when solving the Cauchy problem of the form

y™® +a,y@ D 4.t a,y = (1), (10.18)

y(0)=0, y(0)=0, .., y®D(0)=0 (10.20)

where a;, a,, ..., a, are real coefficients and function f(t) satisfies all the existence
conditions of the Laplace Transform, but it could be complicated to find this transform.

Note, that initial conditions are homogeneous in this case.
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Duhamel’s Method consists of several steps
First, we have to solve auxiliary initial value problem
xM™ 4+ x4t g x =1,
x(0)=0, x'(0) =0, .., x®V©0)=0.

By theorem 10.10 about the Laplace Transform of the derivatives, we obtain

x(t) = X(p), x'(t) +pX(p), x"@)+p*X(p), .. x™(t)+p"X(p)
and
1
1=-—
p
Thus,

1
p"X(p) + a,p" X () + - + a1 pX(p) + a, X (p) = >

Solving for X (p) yields

1
p(p™ +a;p™t + -+ ay,)

X(p) =

and we can find original function x(t), t = 0.

Second, we apply the operational method to the problem (10.18), 10.20).

Let

y® +Y®), Y@ +pY®), y'®+p*Y®), .. y™(@©)+p"Y(®),
and suppose that f(t) - F(p).

Hence,

Y@)(" + ap" "t + -+ ay) = F(p).
Therefore,

F(p)
(" +ap"t+ -+ ay)

Y(p) =

Third, we rewrite the last fraction as

Y(p) = pF(p)p(pn Tap i tta) pX(p)F (p).

Finally, the solution to the Cauchy problem (10.18), (10.20) may be obtained by
Duhamel’s Formula (10.14)

y(t) = ftf’(z)x(t —z)dz = jtf(t —z2)x'(z)dz. (10.21)
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[ Example 4. ]
Solve the Cauchy problem

y'(®)+y'(t) = y(0) =0, y'(0) =0.

1+ et’
First, let us solve the auxiliary problem

x"+x'=1, x(0)=0, x'(0) =0.

Since
/] " 2 1
x'(t)+pX(p), x"M)+pX(p), 1 +5,
we get
) 1
p°X(p) + pX(p) = m
Thus,

X(p) = =
p’p+1) p p* p+1
Applying the partial fraction decomposition
1 A B C

———=—t =+ —
p’(p+1) p p* p+1

we obtain
A=-1, B =1, c=1
and
X(p)z_—1+l2+;.
p p* ptl

Using the inverse Laplace transform yields
x(t)=—1+t+e7t t=0.
Applying the formula (10.21), we obtain the solution of the given problem
t1 _ p—(t-2)

y(t) = f f(@D)(=1+(t—2)+e D)dz =f — =

t 1 e™t\ | Y1 14e7
=f0 ez(1+ez)_1+ez edz=]0 e?  1+e? de” =

zZ

e
=(Ine’ - (1+e™nle? + 1P| =t — (1 +eIn

L ezo
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Il. Solving Systems of Linear Ordinary Differential Equations
The Cauchy problem for systems of ordinary linear differential equations with constant
coefficients can also be solved by the operational method. Let us consider this idea with

examples.

[ Example 5. ]
Solve the Cauchy problem

{y’(t) =y®) +3x(t) -2t, y(0)=1;
x'(t) = y(t) — x(t) + ef, x(0) = 0.

Assume that solutions y(t) and x(t) satisfy all the existence conditions of the Laplace

Transform.
Then
y(t) +Y(p),
x(t) = X(p).
By property about the Laplace Transform of the derivatives, we have
y'@®) +pY(p) —y(0) =pY(p) -1,
x'(t) + pX(p) — x(0) = pX(p).
By the property of Linearity of the Laplace Transform, we get the transforms of the right

sides of the equations

Y(8) + 3x(t) — 2t + Y(p) + 3X(p) — p3
1
V(O = x(O) + ¢ + V() = X@) ~ 5=

As a result, we rewrite the system in operational form
2
pY(p) —1=Y(p) +3X(p) - <t

1
\pX(p) =Y({) - X)) - 1

Therefore,

p*—2
(» —DY(p) - 3X(p) = moanl

1
Y(p)—(p+DX(p) = m—r
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Thus, we get the linear system of the algebraic equations about Y (p) and X (p). We have

to solve this system. Then find the inverse Laplace Transforms for Y (p) and X(p), which

leads to the solution of the original system.

Let us solve the system by Cramer’s Method.
p—1 -3

— — a2
=11 —p+p|=* P
2
—2
— S| prtepr-2
4, = p __b p
1 p*(p—1)
— —(p+1
— (p+1)
2
pc — 2
p_l pz 2
Ax= 1 =p—2.
1 —_
p—1
Hence,
v 4, p* —6p? + 2
R Ik
A, —2
I}

Now, let us apply the partial fraction decomposition for Y (p) and X (p)
11 1 1 1 3 1 1 1

)= 2 @t -1 8p-2 8pr2
¥yl L i1 1 1
2 p2 8 p—-—2 8 p+2
and find the inverse Laplace Transforms
NS O S U SOV SN S S SRS SIS S DN
2 p 2p>? p—1 8p—-2 8p+2 2 2 8

11 1 1 1 1 1 1 1

Finally, the solution of the original system

1 1 3 1
t) = — —t t __ _ 2t _ — ,-2t
y(t) 2+2 +e 89 8e ,
1 1 1
t) =t ——e2t 4 g2t
x(t) 2 8e +8e

fort > 0.
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[ Example 6. ]
Solve the Cauchy problem

{x"(t) +X' @) +y" @O —-y@®) =€, ¥y'(0)=0 y(0)=0;
x'() +2x(t)—y'(®)+yt)=et, x'(0)=1, x(0)=0.

Let functions y(t), x(t) satisfy all existence conditions of the Laplace Transform.

Then, by property about the Laplace Transform of the derivatives, we get

y(t) =Y (p), x(t) + X(p),
y'() = pY(p), x'(t) = pX(p),
y"() = p*Y (), x"(t) = p*X(p) — 1.
Since et + —, et +— we may rewrite the system
p—1 p+1
p
(@ +PX®) + @ - DY) = 57,
1
2)X(p) — (p— DY (p) = ——
i(p+ )X(p) — (p — DY (p) my
Solve the system by Cramer’s Method
3p
51
X(p) = 2p—1
P T2 - D+ D
and, then, apply the partial fraction decomposition
3 2p
Y(p) = A1)
1 1 3 1 1 1 1 1 3 1
X(p) =5

S8p—1) a(p+D? 8(p+D 4@P-1) 4@+DF
p*-1

Let us find the inverse Laplace Transforms. Since sinh t + and et = ﬁ, then by

theorem about differentiation of the Laplace Transform, we get

R tet+ = (1) =
R V) R ¢ A VR A R D

Hence, the solution of the original system

3
y(t) = Ztsinht,

(1:)—1 i ht+3t -t
X —4sm 4e ,

fort > 0.
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Review Questions

1. How could we apply the Laplace transform? For what problems?

2. What properties of the Laplace transform should we use for solving the Cauchy
problem for ordinary linear differential equations with constant coefficients?

3. Formulate the algorithm to solving the Cauchy problem for an ordinary linear
differential equation with constant coefficients by using the Laplace transform.

4. What is the idea of the Duhamel’s Method? What kind of initial conditions should be
in the Cauchy problem?

5. Formulate the algorithm for solving the Cauchy problem by Duhamel’s Method.

6. How to solve the Cauchy problem for systems of ordinary linear differential equations

with constant coefficients by using the Laplace transform?

Exercises 10.3

1. Solve the Cauchy problems.

1) x'(t) +x(t) = e, x(0)=1;

2) x'(t) —x(t) =1, x(0) =—1,;

3) x'(t) + 2x(t) = sint, x(0) = 0;

HNx"t)+x'(t) =1, x(0) =0, x'(0) =1,

5 x"(t)+x(t) =0, x(0) =1, x'(0) =0;

6) x"'(t) — 2x'(t) = e?t, x(0) = x'(0) = 0;

7)x"(t) +2x'(t) —3x(t) =et, x(0) =0, x'(0) =1;
8) x""(t) + x(t) =tcost, x(0) =x"(0) = 0;

9) x"(t) + 2x'(t) + x(t) = sint, x(0) =0, x'(0) = —1;
10) x"'(t) — 2x"(t) + x(t) = 1, x(0) = x'(0) = 0;

1) x"(t) +4x'(t) =t, x(0) =1, x'(0) =0;

12) 2'(0) + 26/ + 20 = FO, f© ={3 | S5 =¥ x(0) = x(0) = 0;

2. Solve the Cauchy problems by Duhamel’s Method.

Dy"(t)—y'(t) = y(0) =0, ¥'(0) = 0;

1

1+et’
2)y"() +y(®) = 57 ¥(0) =0, y'(0) =0;
)Y M) +y(t) = o7 ¥(0) =0, y'(0) =0;
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4) y"'(t) — y(t) = tanht, y(0) =0, y'(0) = 0.
3. Solve the Cauchy problems.

1) {3" =4x -3y, y(0) =1,
x'=3x+4y, x(0)=1;

2) {y' =x+1, y(0)=0,
x'=-y+2, x(0)=-1;

3) { y'=x+y,  y(0)=2
x'=—-x+3+1, x(0)=1;

y' —3y—x=-—t x'(0) = x(0) = 0;

x'+2x+y=sint, y(0)=1,

y' +4x — 2y =cost, x(0)=0;

xX+y—z=0, x(0)=0,

8){y' —z =ef, y(0) = 0,5,
Z+x—2z=0, z(0)=0.

7)

4){x+y y = ef, y(0) =0,

2x'+y'+ 2y =cost, x(0)=0;

5){29(” xX'+9x—y"—y' -3y=0, ¥(0)=y(0)=0;
2x"+x'+7x—y"+y ' —5y=0, x'(0)=x(0)=1.

6){x”+2x+4y—055m2t y'(0) =1, y(0) =0,

Answers
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10.4 Fourier Integral and Fourier Transformation

Let us consider yet another integral transform — the Fourier transform. The Fourier

transform is important in the problems of signal processing, image processing, quantum
mechanics, electromagnetism, and optics. It is a powerful mathematical tool that allows us to

view signals in a different domain, inside which difficult problems become simpler to analyze.

|. General Definition of the Fourier Integral
Let function f(x) be defined and integrated absolutely for x € (—oo, 400), that is, there

exists convergent improper integral

f lf(x)|dx =M < oo,

Assume also, that function f(x) is piecewise smooth on any finite segment [—#, ¢], that
I, it can be divided into the finite number of distinct parts and on each part both the function

and its first derivative are continuous.

[ Deﬁnition.] Function f(x) can be represented in the form

+ 0o

f(x) =%j dw f(t)cosw(t —x)dt. (10.21)

0
This formula is called the Fourier integral formula, and the integral on the

right side of (10.21) is called the Fourier integral of the function f(x).

The Fourier integral formula occurs for the points of continuity of the function f(x), but

in the point of discontinuity x, of the given function we have
1 +o00 +o00
Ej dw f(t)cosw(t —xy) dt =

0
Formula (10.21) may be obtained from the Fourier series of the function f(x) on the

fxo=0)+ f(x +0)
> :

segment [—#, £] when £ — oo,

Indeed, let us consider the Fourier series of the function f(x) on the segment [—#, ]

f(x)—@+ OOE (a cos@+b sinﬂ)
) T ¢ e/
n=
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where
£
nix

£ £
=2 [ fyar 2 cos™ae by == [ f)sin T ar
w=3 [1©dt;  e=5 [T b=5 [ f@sn
"y -
Then, we may rewrite it as

4
nmnx

¢ w [t
f(x)z%_j{f(t)dt+%nz1 J{ (t)cos—dtcosn%+ ff(t)smTletsinT

-

or
£

' o)
(x) = 1 j (©)de + 1 Z J © ( nmt nmx 4 nmt nnx) dt =
fx =57 f 7 f cosS cos 7 sin 7 sin 7 =

n=1_yp

00 '
=57 Jf(t)dt %z J{)f(t) cosm(t{)_ x)dt.

n:

Let us provide the denotion Aw,, = ; and

T 2T 3m nm
w1=z; w2=7, w3=7, wn=7,
Hence,
Y o ¢
1 1
27 jf(t)dt + EZ jf(t) cos wy, (t — x) dt | Aw,,.
—¢ n=1 \ —¢

Consider this series when £ — oo.

Since

j F GOl dx = M < oo,

we get for the first term
1 £
ﬁjf(t)dt <—j|f(t)|dt< j |f(t)|dt——£M—>O, £ — oo,
—{

For any ¢, the expression f_{,f(t) cos w, (t — x) dt is considered as a function of w,,

and sum Y>>, (fi,f(t) cos w, (t — x) dt) Aw,, may be understood as an integration sum for

w € [0, +0).

Finally, we obtain formula (10.21)
279



400

+00

1

f(x) =;f dw f(t) cosw(t — x) dt.
0 — 00

It may be written in the form

(00]

flx) = J (A(w) cos wx + B(w) sin wx) dw, (10.22)

0
where

1 [+ 1 [+
Alw) = Ef f(t) coswtdt, B(w) = Ef f(t) sin wt dt.

Thus, the Fourier integral formula can be considered as an analog of the Fourier series.
In both cases, the function f'(x) is represented as the sum of harmonic components. However,

unlike the Fourier series, which gives the expansion of the function into harmonic oscillations

with a discrete frequency w = % n = 1,2,3, ..., the Fourier integral gives the expansion of

the function into harmonic oscillations with a frequency w, which continuously varies from 0
to +oo.
Amplitudes D(w) and initial phases @ (w) depend on the frequency w and are expressed

in terms of the function A(w) and B(w):

A(w)
B(w)’
Formula (10.22) may be written in terms of amplitudes and initial phases

(ee)

f(x) = f D(w) sin(wx + cb(a))) dw, (10.23)

0

D(w) = \/Az(w) + B?(w), ®(w) = arctan

[ Example 1. ]

Find the Fourier integral for the function Jﬂ{’

0, x<0,
f(x)={nx, 0<x<1,
0, x>1.

The function satisfies the conditions of existence of the

Fourier integral. Let us evaluate coefficients A(w) and B(w) and = | <
apply the formula (10.22). Figure 103.

+o00 1
1 1
A(w)=; f f(t)cosa)tdt=;fntcosa)tdt=

0
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=1 wsinw+cosw—1

tsinwt coswt
(o)

w w? iz w? ’
+ o0 1
1 _ _ sinw — w cos w
B(w) = - f()sinwtdt = | tsinwtdt = 2 :
— o0 0

Therefore, by (10.22) we get

400

flx) = J (A(w) cos wx + B(w) sin wx) dw =
0

+ 00

f (wsinw + cosw — 1) cos wx + (sinw—wcosw)sinwxd
= .

a)z

The integral obtained converges to the function f(x) on the entire numerical axis, except
the point of discontinuity x = 1. At this point, the value of the Fourier integral is
flxg—0)+ f(xo+0) n+0 mw

2 2 2
whereas the value of the function is f (1) = m.

Il. The Fourier Formula for Even and Odd Functions.

If function f(x) is even (f (—x) = f(x)) then the Fourier formula has the form

(ee)

f(x) =fA(a)) cos wx dw, (10.24)

0
where

2 (00
Alw) = Ef f(t) cos wt dt.

0
If function f(x) isodd (f (—x) = —f(x)) then the Fourier formula has the form

oo}

fx) = j B(w) sinwx dw, (10.25)

0
where

2 (00]
B(w) = Ej f(t) sinwt dt.

If function f(x) is defined on the interval (0, +o0), then it can be arbitrarily extended
(even or odd) on the interval (—oo, 0) and then represented by corresponding Fourier integrals:

by integral (10.24) for even extension and by integral (10.25) for odd extension.
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Formulas (10.24) and (10.25) may be written in so-called symmetrical forms.
Let

Aw) = PR@),  B@) = [2E@)

For even function we get from (10.24)

flx) = \/%f F.(w) cos wx dw, (10.26)
0
where
2 (ee]
F.(w) = j;f f(t) coswt dt, (10.27)
0

[ Deﬁnition.] Function F.(w) is called the Fourier cosine transform of the function f(x)

and function f(x) defined by (10.26) is called the inverse Fourier cosine
transform of the function F.(w).

The relationship of the functions f(t) and F.(w) is denoted by the symbol

Fe
f(t) = F(w).

In the case of odd function, formula (10.25) may be written as

flx) = \/%j F.(w) sin wx dw, (10.28)

where

F.(w) = \/gj f(t)sinwtdt. (10.29)

[ Deﬁnition.]Function F,(w) is called the Fourier sine transform of the function f(x) and

function f(x) defined by (10.28) is called the inverse Fourier sine transform
of the function F; (w).
The relationship of the functions f(t) and F;(w) is denoted by thesymbol

£(6) = F(w).
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[ Example 2. ]

Find the Fourier Integral for the function AY
_ _ex’ x < 0, f(x) l e %
fe) = {e‘x, x = 0. | X
This function satisfies the conditions of existence of the —e*

Fourier integral. Indeed, the function is defined on the entire
. . . : . . Figure 104.

numerical axis and is piecewise smooth, since it consists of

two continuous functions and has one point of discontinuity x = 0.

Furthermore, the function is absolutely integrable on the interval (—co, 400):

+00 0 +o00
j |f(x)| dx = fexdx+j e Xdx =2 < oo,
e L o

The function is odd, so let's apply the formula (10.25):

400
2 2
B(w) = Ef e tsinwtdt = —
0

1+ w?

(this integral is calculated separately by the formula of integration by parts).

Hence,

+ o0

fo ==

-sinwxdw, x #0.

) 1+ w?

0
Here x # 0, since at the point of discontinuity x, = 0 the value of the function is 1, and

the Fourier Integral is equal to the arithmetic average of its one-sided limits.
Thus,

+ 0o

E] W -sinwxdwzf(x0_0)+f(x0+0)=_1+1=0 =0

m) 1+ w? 2 2 » 0 '
0

[Example3.]

Find the Cosine Fourier Transforms for the function

fx)=e™ (x =2 0).
By formula (10.27) we get

2 [t 2 [t
F.(w) = E_[ f(t) coswtdt = ;J et cos wt dt.
0 0
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Since

400
f e tcoswtdt =
0

w?+1
we obtain
F.(w) = 2 1
A= I w1
[ Example 4. ] Y
Find the Fourier Integral for the function [ L F@)
2, 0<x<3, T :
f(x) ={1, x =3, L e
0, x>3.

Function f(x) is defined on the interval (0, +0). Thus, it
. L Figure 105.
can be extended onto the interval (—oo, 0] in different ways.
As a result, it could be represented by different Fourier Integrals.

Let us consider the even extension on (—oo, 0]. Thus, by formula (10.24) we get

+ 00 3 400
2 2 4 sin 3w
A(a))=—f f(t) coswtdt =— JZ-coswtdt+J 0-coswtdt | =— :
A s T
0 0 3
Hence,
+ 00 +co
4 ( sin3w - cos wx
flx) = f A(w) coswxdw = —J dw.
s Q)
0 0
For the odd extension, we obtain by integral (10.25)
+0o0 3 +0oo
2 _ 2 _ _ 4 1—cos3w
B(w) = —j f(t)sinwtdt =— fZ - sin wt dt +J 0-sinwtdt | =—+ ———.
yia s [ Q)
0 0 3

Therefore,
+co

f(x) = f B(w)sinwxdw =
0
Both Fourier integrals represent the given function in the entire domain of its definition,

dw.

+00

4j‘ (1 — cos3w) sin wx
s w

0

including the point of discontinuity x, = 3, since at this point the value of each of the obtained
integrals is
f(x0—0)+f(x0+0)=2+0=1
2 2
and coincides with the value of the function f(3) = 1.
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Ill. The Fourier Integral in the Complex Form.
Let us return to the formula (10.21)

+ +00
1
f(x) = Ef l f f(t) cosw(t —x)dt|dw.
0 —00
We may understand the function

f f(t) cosw(t —x)dt

as an even function of w. In this case, it may be defined for negative values of w.
Thus,

f(x)=%j lj f(t) cosw(t —x)dt|dw.

Applying Euler’s formula
eiw(t—x) + e—iw(t—x)

2 )

cosw(t—x) =

we get
+oo [/ +

1 > eiw(t—x) + e—iw(t—x)
f(x)=ﬂf ff(t) > dt |dw.

oo}

Hence, by changing the order of integration,

+00 +00 +00
1 t , .
fx) = P J f—(z) j elwt=Ndey + f e~ w2 dy |dt.
Let us consider the second integral in the parenthesis
+0oo Substitution -0 +o00
j ety = [0 =5 do=—dz)_ f eiZt-)dz = f e#(t=0dz,
W=+ z=-—0
—o Ww=—00 z=+400 +to —®
Therefore,
1 + 00 ( ) +00 +00
t : .
f(x)= o f f_2 f elot="dy + f elot=Ndey |dt =

+ oo + 00 +oo +oo
= i j f(t) f eiw(t—x)dw dt = i j dw j f(t)eia)(t—x) dt.
2n 21
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[ Deﬁnition.]The integral of the form

400

+o00
1 .
5 | dw J f(®)e =2 q¢

— 00

is called the Fourier integral in the complex form.

It may be written as

+00 +00
1 . :
f(x)=% f e'“* dw j f(t)e @t dt (10.30)
or
1
Fo) = j C(w)el* dw, (10.31)
where
+00
C(w) = j f(t)e wiqt,
The Fourier integral in complex form may be written in the symmetric form if
1
Flw) =—C(w).
(w) NeT (w)
Then from the formula (10.28) we obtain
1
x)=— | F(w)e"*dw, 10.32
765 mi (@) (1032)
where
1
F(w =—J t)e@tdt. 10.33
(w) Var ) f@® ( )

[Deﬁnition.]Function F(w) defined by (10.33) is called the Fourier transform in the

complex form of the function f (x). Function f(x) defined by (10.32) is called
the inverse Fourier transform of the function F(w).
The relationship of the functions f(t) and F(w) is denoted by symbol
F
f(©) = F(w).

The Fourier transform has many applications in physics and engineering (signal filtering

and compression, noise removal, data transmission, etc.). It transforms the function of the time

variable to a function of the frequency variable and vice versa.
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[ Example 5. ]
Find the Fourier integral in complex form for the function

0, x<0,
f(x)={7tx, 0<x<1,
0, x>1.

Let us apply the complex form (10.31) of the Fourier integral.

First, we evaluate C(w).

1

+oo : ; 1 i
. . tetwt  pgTiwt e " (1+iw)—1
C(w) = j f(t)e @tdt = nf te widt = n( ) ( ) .

wz

=T

—iw i2w?
o 0

Then we get the Fourier integral in complex form

400

+ o0 .
() = 1 j C(@)ei® d 1 f e (1+iw)—1 o g
fx) = o w)e W= 2 e w.
[ Example 6. ]
Find the Fourier transform for the function
flx) = e

Use the formula

+00

j e 2 dz = 1.
Let us apply formula (10.33)

+ 00 +00
Fo) = —— [ e-tteriorg = L [ eerimngy
VZn_ VZn_

Consider separately the expression (t? + iwt) and complete the square

, " iw iw\* [iw\? iw\* [iw\? iw\* w?
t? +iot =t +2-—t+(—> —<—) =<t+_> _(_> =<t+_> L2

2 2 2 2 2 2 4
Then we get
+0o , 2 2 _w_Z +00 . 2
F((l)) = L j e_(t-l-%) _wTdt = e * f e_(t+l;)) dt =
var J Vam ).
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Substitution

iw -
—|tt5 =2z dt=dz _ﬂf -z% g _ L o
= = e ?dz=—e %.
t=+400 z=+c Vam V2

t=—00 ZzZ=—0 N
Thus we obtain the Fourier transform
1
ﬁe

1%

F(w) =

VI. Spectral Characteristics

Let us consider the Fourier integral in the form (10.22)

flx) = j (A(w) cos wx + B(w) sin wx) dw,
0

where
1+ 1+
Alw) = ;f f(t) coswtdt, B(w) = ;j f(t) sin wt dt.

Let us substitute cos wx and sin wx in the integral according to Euler's formulas
b eiwx —lwx eia)x _ e—ia)x
f(x) = f <A(w) > + B(w) 57 >dw =

0

(00]

1 . .
= ] ([A(@) — iB(0)]e™* + [A(w) + B(w)]e™%) dw.
0

The relationship between functions A(w), B(w) and the Fourier transform F(w) is
defined by

Fw) = \/%(A(w) —iB(w)).

[ Deﬁnition.]Functions A(w), B(w), F(w) are called the spectral characteristics of the
function f(x).

[ Deﬁnition.]Number w is called the wavenumber, which takes all values from —oo to 4o,

and the spectrum of wave numbers is called a continuous spectrum.

[ Deﬁnition.] |F (w)] is called the amplitude spectrum. It specifies the amplitude of signal

components as a function of frequency w.
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[ Deﬁnition.] argF (w) is called the phase spectrum of the function f(x). It specifies the

phase of signal components as a function of frequency w.

[ Example 7. ]
Find the spectral characteristic, the amplitude and the phase spectra for the function
0, —c0o<x<0, AY
f(x)={1, 0<x<1, — f ()
0, 1 <x<oo. !
Applying the formula (10.33), we find the Fourier transformof * ¢ =
the function f(x), which determines the spectral characteristic of !
this function: Figure 106.
F@ == [ foeiotdr = [ 1-eotdr = L gmir -
V2r ) o V2m 0 V2rwi 0

1 (1-e) 1 i(em®—-1)
2 Wi 2 ) B

i 1
B V2w V2w

The amplitude spectrum of the function f (x) is determined by the modulus of the spectral

(cosw —isinw—1) = (sinw + i(cosw — 1)).

characteristic

\/sinz W+ (cosw —1)% =

IF ()| = v ((A())? + (B(w))? = N

1
= \/sin2w+coszw—2cosw+1=

1
V2r|w| V2r|w|

2
251n2 sm
RE |wN f o]

The amplitude spectrum |F (w)|, obviously, satisfies inequalities

2 1
0<|F() < ==,
T |w]

converges to zero together with sin% at the points

J2(1—cosw) =

w
S=mk, w=2mk (k=01112.)
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and takes the maximal values \/%ﬁ at the points, where |sin%| =1,

w T
5= §+T[k, w=nmk+1), (k=0+1,+2,...).
Moreover, |F(w)| — 0 when w — oo,
The phase spectrum of the function f(x) is determined by the argument of the spectral
characteristic

B(w) . cosw—1
A(a))_arc M nw

argF (w) = arctan

V. Properties of the Fourier Transform
Let us consider some properties.

1. Linearity Property

Let f,(x) — F (), k = 1,7, then
n n
F
F0) =) Cefi@ = F@) = ) GF(w), (10.34)
k=1 k=1
where C,, are arbitrary numbers, k = 1, n.

2. Time-scaling Property

Let f(x) 5 F(w), then for any positive C we have

F 1 w
FCX) = o F (E) (10.35)

3. Time-delay Property
Let f(x) 5 F(p), then for any positive number 7 > 0 we have

Flx+17) = et F (o). (10.36)

4. Shift Property
Let f(x) 5 F(w), then for arbitrary number a, we have

etiaxf(x) 5 F(w F a). (10.37)
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5. Differentiation of the Fourier Transform

F
Let f(x) — F(w), then for positive integer number n we have

n

F
XG0 S o

F(o). (10.38)

6. The Fourier Transform of the Derivatives
Let £(x) — F (), then
f/(0) = iF (),
() > — w?F(w), (10.38)

£ (x) 5 (i0)"F ().

7. The Fourier Transform of the Convolution

Let £(x) — F(w) and g(x) — G(w), then

) * g(x) = j F(Dg(x - 2)dz 5 F(0)6 (). (10.39)
0

[ Example 8. ]

Find the Fourier transform for the function

Fx) = 284" — g (FD* 4 xo*,

Here we may apply the result of example 6.

and corresponding properties.

Consider the function as a sum
fx) = 284" — g (+D* 4 yox*,
f1(x) f2(x) f3(x)
By Linearity Property (10.34) we can find the Fourier transform for each term separately.

Fl_g 1 _o?

_ oax? _ (207 _ by Time-scaling Property| F 1 _1 _
S0 = ze 2e | formula (1035) | 2 * TR° "
: . 2 . .
_—(tD)? by Time-delay Property| F ;L L e
fa(x) = e | formula (10.36) ¢ GZ° TR Y
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Differentiation

of the Fourier Transform
formula (10.38)

f(x) = xe™" =

F . od (1 _o iw o
i |—e 7| = r
w

Thus, we obtain

Review Questions

1. What do we call the Fourier integral of the function f(x)? Under what conditions for
the function f(x) does it exist?

. Write down the Fourier integral formula.

. What is the frequency? What is amplitude and initial phase?

. Write down the Fourier Formula for even and odd functions.

. What do we call the Fourier cosine transform? The inverse Fourier cosine transform?

. What do we call the Fourier sine transform? The inverse Fourier sine transform?

. Write down the Fourier integral in the complex form.

. What do we call the Spectral Characteristics?

© 0O N O o1 B~ W DN

. What is the wavenumber? What is the continuous spectrum?

10. What do we call the amplitude spectrum? The phase spectrum?
11. Formulate the Linearity property of the Fourier Transform.

12. Formulate the Time-scaling property of the Fourier Transform.
13. Formulate the Time-delay property of the Fourier Transform.
14. Formulate the Shift property of the Fourier Transform.

15. Could we differentiate the Fourier Transform?

16. Write down the Fourier Transform of the derivatives.

17. How to find the Fourier Transform of the convolution?

Exercises 10.4

1. Find the Fourier Integral for functions.

0, x<0,
Df(x) =43, 0<x<1,
0, x>1.
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0, x <0,
2)f(x)—{1 x/a, 0<x<a,
0

) x> a.
0, x < —m,
3) f(x) ={ os(x/2), —m<x<m,
0, X > 1.
0, x < —T,
4) f(x) = {Sln(X/Z) —nm<x<m,
X > .

1+x, —1<x<0,
5)f(x)={1—x, 0<x<1,
0, x| = 1.

2. Find the Cosine and Sine Fourier Transforms for functions.
Dfx)y=e** (a>0, x=0).

1, 0<x<a,

1
2)f(x)={5,x=a,

0, x>a.

cosx, 0<x<m,
D@ ={,  xsn

sinx, 0<x<m,
4 f) = {0 X > .

4x—1, 0<x<1/4,
S)f(x)z{o x>1/4. /

2x—3,0<x<3/2,
o ro =0 5

3. Find the Fourier transform for functions.

0, x<0,
D@ ={ " rso
0, x<0,
2)f(x)—{3 0<x <2,
0, x>2.
x < -1,
x > 1.
_ (0, x <0,
4) flx )_{e *sinx, x > 0.
0, x <0,
5) f(x) _{e *cosx, x = 0.
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4. Find the spectral characteristic, the amplitude and the phase spectra for functions.

0, x <0,
D@ ={ % oo

0, x <0,
2) f(0) = {xe_x x = 0.

Answers
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Answers

Answers to exercises 1.1

1 2 5 10 \/§ V3 V3 V3, 1 1 1 1 1,
l' 1) _) _) _) - 2) —_ _J N __) _l 3)_) __) _) __I _l
3" 577" 9 18 162" 486’ 1458 2 6’ 24 120" 720
1 1 27 1 3125
4) D N R R .
3’ 8’ 256’ 8" 16384
2n+1, (-t w 31
2.1 ;2 — ;9 - ;
) Ziozms D) Tt o 3) T A Tiean 8 Zio oy

o o (D w (2n+3)M
6) anoﬁi 7) Xn=o \/Fln; 8) Xn=o (72_5) :

3.2) 7 6) 3 8) 325 1) 1—V2.

Back to exercises.

Answers to exercises 1.2

1. 1) yes; 2) no; 3) yes; 4) no; 5) no; 6) yes; 7) yes; 8) no.

Back to exercises.

Answers to exercises 1.3

1. 1) convergent; 2) convergent; 3) divergent; 4) convergent; 5) convergent; 6) convergent;
7) convergent; 8) convergent.

2. 1) divergent; 2) divergent; 3) convergent; 4) convergent; 5) convergent; 6) convergent;
7) divergent; 8) convergent.

Back to exercises.

Answers to exercises 1.4

1. 1) convergent; 2) divergent;3) convergent; 4) divergent; 5) divergent; 6) convergent;
7) convergent; 8) convergent; 9) convergent; 10) convergent; 11) convergent; 12) divergent;
3) divergent; 14) divergent.
2. 1) convergent; 2) convergent; 3) divergent; 4) divergent; 5) convergent; 6) divergent;
7) divergent; 8) convergent; 9) divergent; 10) divergent; 11) convergent; 12) convergent.
3. 1) divergent; 2) convergent; 3) divergent; 4) convergent; 5) convergent; 6) convergent;

7) convergent; 8) convergent; 9) convergent; 10) convergent.
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4. 1) convergent; 2) divergent; 3) convergent; 4) divergent; 5) convergent; 6) convergent;
7) divergent; 8) convergent.

Back to exercises.

Answers to exercises 1.5

1. 1) conditionally convergent; 2) divergent; 3) absolutely convergent; 4) divergent;
5) absolutely convergent; 6) absolutely convergent; 7) divergent; 8) conditionally convergent;
9) conditionally convergent; 10) absolutely convergent; 11) divergent.

Back to exercises.

Answers to exercises 2.1
1.1) §<x<e;2) x<-1,x>1;3)x€ER;4) -2<x<2;5)x>3, x<1;6)x25§,

x<4§;7)x>0;8)2<x<—\/§,\/§<x<2;9)x<—1,x>1;10)xeR;11)x>1.

Back to exercises.

Answers to exercises 2.2

1.1) xeR; 2) xeR; 3) xeER; 4 xeR.

Back to exercises.

Answers to exercises 3.1

1.1)—\7Sx_\/_,2)x€R 3)-5<x<5/4)2<x<8;50<x<4;
6)—9<x<—5;7)2Sx£4;8)—3<x<3;9)—9<x<9;10)1<xS3;1l)x=4

2.1) 5

)3, 72) In4—-2In(2 —x) — x.

Back to exercises.

Answers to exercises 3.2

—1\on _1\n 2n
L 1) Biino o2, x € Ry 2) iy

n! (2n+1)!

( 1)n—1x2n+1

3) Xri=1—

5)In2 + X5, (-D" (1 +2ME, ~1<x<1;

1-3:5...(2n—-1) x2"
2+4-.2n  22n+1’

X <1 45+ B0, x| < 2;
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o 3" n 5 1,
6)_Zn=om(x+1) , —3<x<—3

n-—1
Nn3+3=, S (x—1)" —2<x <4

371.

8) 1+ Y2 (-)nZE=Cr B y_ n o<x <2,

n! 3n

_1 3
2. 1) { xln(1+x ) Ixl <1x#0, 2) xarctanx, |x| <1; 3) (1+3x3)ex3, x €ER;

0, x=0;

1 -2X __
4 (x—1e*, xER;5) = 2 < 1; 6){(6 D, x #0,
) 2, x = 0.

Back to exercises.

Answers to exercises 3.3

1.1) 0,7788; 2) 0,2231; 3) 0,97802; 4) 0,1974; 5) 1,005; 6) 0,17365; 7) 3,017.
2.1,39, e =1072.

3.2,154, £ = 1073,

4. 1) 0,6080; 2) 0,3230; 3) 0,4971; 4) 0,487; 5) 0,370; 6) 0,098.

5.1) 0; 2) -,

61)y—1+ x% += x3+2x4+ 2)y=2+x—%x2+§x3+---,

3) y=1+2(x—1)+4(x—1)2+?(x—1)3+

4) y=£(x—1)+l(x—1)2+l(x—1)3+i(x—1)4+

7. l)y—x+—x + P xt e 2) y=§x3—7—:x7+7_1j27x11—---

Back to exercises.

Answers to exercises 4.1

1. 1) yes; 2) no; 3) no; 4) yes; 5) no; 6) yes.

2.1) =34+4),_ 1T)smnx 2) - +Zn 1( 2 cosnx + - OSZnsinnx);
3)—+2n 1T)smnx+ Y= 1(2 Cos(Zn— 1)x;

2sinma 1)"+1 2sinma ()™ 1n
4) ( +a), -, n2— Cosnx) 5) Yo 1712fsmnx

Back to exercises.
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Answers to exercises 4.2

1. 1)—+4Zn 1 n) cosnx; 2) — Zn 1((21) cos(2n — 1)x;
-m?+2m4+1 | 2 @ (—1)"—cosn+mnsinn
—_—t Eznzl e CoS nx.

3)

2T

)n—l

2.1) T ()" (35 — 2 sinna; 2) Tz, S sin 2nx;

1+n(m—2) cosn+sinn
3) —Z,‘?f_l (z=2) sin nx.

n2

Back to exercises.

Answers to exercises 4.3

)n+1
1.1) -3+, 1 sin Tnx;
7 . 3((- 1)"—1) mnx  (—1)"42 ., 7mnx
2)Z+Zn=1( 2n?2 0S5~ Ty ST )

2nn 2nn

8 4 Qoo -1 Tl+1 sin—  3|1-cos—— 2
2.1)§+;Zn:1( ) s == 2) + = Zn 1( - — ( 3)>cos 11:3an

n2 n 2mn?

1 (2n—-1)mx, 1-(-D™\ . mnx
3.1) - Zn L e 1) sin - ;1 2) = Zn 1( +t— )sm -

mnx mnx
)sm— 2) 1 —-Y7- 1—sm—cosT

4.1) Lo (- =

A1+, (w cos mnx + % sin nnx).

2n2

Back to exercises.

Answers to exercises 4.4

0 : 2 (2k+1)2 A,
1.1) X1 by sin=, ae byps1 = n(w) by = =

2 ow 1-(-D"coshm . ) 8 oo (D" . (2n-Dmx,
2) nznzl 7 nsinnx; 3) — Zn=1(2n—1)2 sin———;

8 ZTi e sin P52 ) 257, Sl sinnx,

6) — —Zn 1757 (2n11)2 sin(2n — 1)x, ifa is even; — %Z;‘{;l ﬁsin 2nx, if a is odd.
2.1) T+ 1655, Sl cos ™ 2) T (1 423, S ):

3) % — %21010:1 (2(1_:)17;2 cos(2n — 1)mx; 4) % + %2510:1 SR Cos nx:

5) g 5= Zn 1 iz annx = Zn 175 = cos 2mnx;
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6) —Zn 1—5————cos(2n — 1)x, if a is even; — + Zn 1 % cos 2nx, if a is odd.

a?- (2 1)

10 o (- )" i no,
3. 1);Zn=1 — ﬂ ; 2) Zn 1 n) sin 2=;

2
~Gr (o ))-t

Back to exercises.

Answers to exercises 5.1
2.1) 2-2i;2) 0;3)3+1.

3.1) —2%°(1 + iV3); 2) 2v2(cos = + sin2); 3) —1728i.

4.1) "8 (cos T 4 5in S k= 0,1,2,3,4:2) £(1 - iv3):3) £1+ i, + 2 (14 0);

4 —i, + 245
2 2

5. +iV3, +(3 +iV34).

Back to exercises.

Answers to exercises 5.2

1. 1) circumference: center (5,—3) and R = 2; 2) straight line y = 3x — 1; 3) hyperbolay =

%; 4) ellipse: center (0,0), focal points x = +2, semi-major axis g

3. 1) 0.2 - 0.4i; 2) Rew =

u = 0; b) circle

u? + v? +Z = 0; ¢) circle |w| = i; d) ray Argw = _%; e) straight line u = %;

4)circlesx2 +y2 —Z =0, x2+y2+ 2L =0.
Cy C,
x3+xy?+x Imw yx?+y3—y

4.1) Rew = e ¥sinx, Imw = x; 2) Rew = ———
x<+y

x2+7y2

Back to exercises.
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Answers to exercises 5.3

8+15i
17 "’

1. 1) e*cos3 —ie*sin3; 2) sin3cosh2 +icos3sinh2; 3)cosh5; 4)

80+9v3i
91

5)isinh6; 6) -cos5sinh1+isin5cosh1;7) ; 8) (Zkii)ni, k €z,

9) %ln 26 + i(arctan 5 + 2mk), k € Z; 10) e?*™(cosIn2 + i sinln2), k €Z; 11) %(1 —10);
12) ~—iln(2 £ V3); 13) Z+ mk — iln(vV2 £ 1), k €Z;

14) In(v5 £2) + (2k £3) mi, k €z,

2. 1) ex* v (cos 2xy + isin 2xy); 2) sin5x cosh(5y + 2) + icos 5x sinh(5y + 2);

) sin 2x cosh 2y i cos 2x sinh 2y )
2(cos? x cosh? y+sin? x sinh? y) 2(cos2 x cosh2 y+sin2 x sinh2 y)’
4) xcosxcoshy—(y+1)sinxsinhy . (y+1)cosxcoshy+xsinxsinhy
x2+(y+1)>2 x2+(y+1)2 '

Back to exercises.

Answers to exercises 6.1

1. 1) nondifferentiable; 2) differentiable, f'(z) = 2ie?%*3; 3) nondifferentiable;
4) differentiable, f'(z) — 2sin2z.

Back to exercises.

Answers to exercises 6.2

2. 1) analytic; 2) nonanalytic; 3) analytic; r) nonanalytic; 5) nonanalytic; 6) analytic.
3.1) 2iz% + iz + Ci; 2) 2 + 2+ C; 3) (1+i)z— = +3 - 20,

4.1) z—e?2 + C; 2) iz + coshz; 3) 5iz? + 3z — 68 — 54i.

Back to exercises

Answers to exercises 6.3

L) a=2% k=2VZ20a=0 k=53 a=17, k=4
2. 1) Rez > 0 is expanded, Rez < 0 is contracted; 2) |z — 1,5] > 0,5 is expanded,

|z —1,5] < 0,5 is contracted; 3) |z| < 2 is expanded, |z| > 2 is contracted.

. 3. 57T,
3.1) 1;2) 2e4', 2¢+', 24", 2¢ 7+ 3) T ks integer.
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4. |lw—1| = 2.
6.w=(—1+ 2i)z — 4i.
Tw=z+1-—1.

8w =22
z+31
. z—1
9. w=2(1+1) TEEPY
10. w = (6+2i)z+2—14i

(1+i)z+1-5i °
11. Rez > 0,Imz > 0.

31.
12.w=e='(z—1i)3
13.Imw < 0.

14.w=1(z—1+L).

2 z—1

Back to exercises.

Answers to exercises 7.1

1.1)6i;2)1—e 1 3) et —e™L,
2. =424,
2 ' 3
3.8 + 8i.
4, 2mi.

16m
5 ——.
3

Back to exercises.

Answers to exercises 7.2
1.1) 0; 2) 2mi(1 — sh4); 3) 2mi cos(2 — i) ; 4) 97i sin 3i ; 5)%(41' —1); 6) 8.

Back to exercises.

Answers to exercises 8.1

1. 1) divergent; 2) absolutely convergent; 3) nonabsolutely convergent for a #+ 2km, k is
integer, absolutely convergent for « = 2km, k is integer.

Back to exercises.
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Answers to exercises 8.2

n _1\n2n
11) 3502z - D" 12— 1 < 0;2) Xee 2o (z—2)™, |2 2| < oo;

(2n)!42n

fo'e] (_1)n—1 n
3) Xn=o (z—-D" |z—-1] < 1;
1)"2 5 o (-1 _
2.1) T S (2 -3y, |2-3] <55 2) 5, 2", |z| < 1;
(z—1+D)™ (1+H™ .
3. 1) Eito gpmer 12— 141l <VZ5 Eilog e 12— 1+11>V2;
2) — —yeo DT 2] <2; — Y |2+ 2] > 2;
2(Z+2) n=0 on+z z "2z +2) n= 0(z+2)”+1' z
. 1 1 zn
3) -3 (oo +om7) 2% 121 < 25 — B0 (oo — o), 2< 2l < 3;
2" 43"
Zn 0 Zn+1 ’ |Z| >3
o in . )
4.1) eZ"=0—n!(z—i)n’ 0<|z—i|] < oo;
(_1)TL+1227’L ( 1)n+122n+1

) Zn=0 (2n)!(z+2)2" 1 Zn OWJ 0 < |Z + 2| < 0.

Back to exercises.

Answers to exercises 9.1

1.1) z =41,z = 0 — simple poles, z = co —removable; 2) z =1 — pole of order 2,
z = oo — pole of order 3; 3) z = +2i — poles of order 2, z = 0 — simple pole,
z = oo —removable; 4) z = +i — poles of order 2, z = oo — essential singularity;
5) z = 2kmi (k =0,+1,+2...) — simple poles, z = co — is non isolated singularity;
6) z = 0 — removable; z = co — removable; 7) z = 0 — pole of order 2,
z = 2kmi (k =0,%1,%2...) — simple poles, z = oo — is non isolated singularity;
8) z = 0 — essential singularity, z = co — simple pole ;
9) z=(2k + 1)% (k=0,£1,%2...) — simple poles, z = o — is non isolated singularity;
10) z = 1 — essential singularity, z = co — removable; 11) z = m — removable,
z = oo — is non isolated singularity; 12) z = 0 — pole of order 3,
z=kmr(k=0,21,42..) — simple poles, z = o — is non isolated singularity.

Back to exercises.
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Answers to exercises 9.2

LD pesf =g pey == D ey =~y L =y =1 S =g

4) resf =0, gggf =22 ;5 resf = —<, resf = sin>7; 6)resf =,

Zreaglf = ——(sm3 —1cos3), I;e_sglf = ——(51n3 + icos3);7) resf = (-1*, kez;

8) Zr:e_slf = %isinhz, riﬁf = —gi(e +2e71);9) z=(£gi1)§f = -1, keZ,; 10) gsgf = i;
2

11) res f =—cos1;12) res f =0, Zr_esk f = 0, where z;, are the solutions of the equation

1+2z*=0, ke Z;

Back to exercises.

Answers to exercises 9.3

1. D) mi(1—2e71);2) 2mi(1 — e™1); 3) 0; 4) 0; 5)—m2i;

cosh4

6) - (cos 1+sinl+i(sinl—cosl)); 7)— ( ——) 8) — 9)— —
T 2 e~ me ™
21)40\/_ 2)\/_,3)—4)—; 5)2,6) 6,7)2.
Back to exercises.
Answers to exercises 10.1
1 p . 1, 1, p . 1, 2, 1
1.1) et 2) ot 3) et 4) oy 5) ey 6) ey 7) et 8) =T
) 2 )p2+2_ ) p—a ) )p+5. ) 0,5p-0,5  0,5p+0,5 |
p3+4p’ p3+4p’ (r-a)2+w?’ p2-1’ (r-1)2+25 (p+1)2+25’
) 2p3 _ 2 _ 2 . ) 0,5 0,5(p—In3)
p*+324 p2-6p+10 p2+6p+10° / p-In3 = (p-In3)2+4’
32 . 0,25p 0,75p_
3.1) p3+64p’ ) p%+81  p?+9’
3p 30
3) p%2-16 p?2-36’
W oy 11 p-3 . p? 36p |
4. 1) (p-a)?+w?’ 2) 2(p—3 +(p—3)2+4)’ 3) p4+64+p2+324'
) p-1 p-1 p+1 b+l
(p—1)2+25 (p—-1)2+1 (p—-1)2425 (p+1)2+1
3p2-2p+5  , p*+2p3+6p-1 ., 2(5p3+6p%+5p-1) (p—1)%-4
> 1) (p-1)* 2) @2+1)3  ’ ) (p?+1)3 ’ )((p—1)2+4)2'
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6. 1) arctan— ; 2) —ln— 3) ~In%; 449 ;5) In2=2
p+ p+1
7. 1) (4p? —5p+2)Y(p)—— 2) (p®+ 7p%+3p — 1)Y(p) — 2p? —11p+14——
3 (p*+p*—2p*—4p-2)Y(p) +2p—1+ 2+4
e P—e™2P (1-e"P)? e~P_e=2P\2
8.1) ——; 2 = ;3) ( . )
tanh0,5p 1—(1+p)e™P
9.1) p )pz(l—e‘z”)'
. p
10. 1) t —sint, m 2) 1 — cost, (2+1) 3) tsint, T

Back to exercises.

Answers to exercises 10.2
1.1) 2 — 8et + 7e?t; 2) i(ez‘t — e tcosV3t —+/3e tsinV3t);
3) ——e‘Zt + + -e cos3t+—e sin3t; 4) 16 + 6t — 16et + 10te’;
5) —Ee‘t + Ete‘t + ECOSZ t+ +Esin2 t; 6)1—2et+e3;7)0,5(cosht — cost);
8) —1+ 4e 2t cos3t —3e 2tsin3t;9) —el(t —1) + —e 2t (tz +2t+ E).
27 18 37" 3
2 1) sin 3t—3t cos 3t 2) ot — (1 + t)e_Zt' 3) cosht—cost 4) 3sin3t-2sin2t

6 2 5

3.1) —%et +e2t —%e‘“ +§e4t; 2) 2et — 4t —3;3) 1 — cost.

4.1) —=+et —2e? +2e%; 2) —ef(3t? + 2t — 2) + e (2t + 1);

(—1)k+1t4k

3) 1~ cost—0,5tsint;4) 3 (3~ 4cost +cos2t); 5) Tty — o

(_1)k+1w(m—1)ktmk

6) Xk=1

Back to exercises.

(mk)!

Answers to exercises 10.3

1—e?t42te?t
4 1)

1.1) (t+ De 5 2) -1, 3)%(6‘2't —cost + 2sint); 4) t; 5) cost; 6)
7)%(et —e3t —2e7Y); 8) i(t cost —sint + t? sint); 9)%(e‘t —te ' — cost);

10)1(1—etcost+etsint); 11)1t+c032t—lsin2t;
2 4 8
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12)1—et—tet +2(1 — e~ — (t — 2)e"ED)h(t — 2).
2.D)et—1—(t+In2 —1In(et + 1))(e* + 1);

. 4 tan0,5t .
2) costIn(2 4+ cost) —In3cost +sint (t —\/—garctan 7 ),

V24cost

1
3) cost 2V2 (ln V2—cost

4) cosht — sinht + 2cosht (arctanet - %);

—In(2 + 2\/5)) + sint arctansint;

_6 5t _ 1 —s¢ _15 2t 9 -2t 1
x—ge —Ee , szsint—l, x—?e —ge +4,
3.1) y2365t+ze—5t. ) y=2—2cost;3) :1_562t+§e—2t_1.
5 5 ’ Y= 8 4’
3 5 . 1 :
x=—%—£ 4t+e'f—5cost+551nt, x=§(6t+2c052t+sm2t),
4) 22 4t _ 2t 4 1 . 5) 1 ¢ :
y=,e" —;e tcost——sint; y=§(26 —2cos2t—sin2t);

7 . 28 . 13v2 .
x:—2t—£sm2t+?smt—?smh\/ft,?){xzzsint_gt'

6) y=6t+3—2cost—3sint;

_ 1. 7 . 13v2 . _
y—t+36sm2t 9smt+ ” sinhv2t;

X = gcos t+ gcosh\/it,
8)
y=z= gcost — %cosh\/ft.

Back to exercises.

Answers to exercises 10.4

1.1Y)f(x) ==, m -sin wx dw, integral converges to 3/2 at the points x = 0 and x = 1;
1- o)
2) f(x) = —f ( “2 7% cos wx + % sin wx) dw;3) f(x) =—], iosfaz) cos wx dw;

o (1 cos a))

4)f(x)——foowcosnwsmwxdw 5)f(x)——f cos wx dw.

1-4w?

2N E@W) = [Pt B )—ﬁa2+w2,2)F<w) —fs““‘“’,Fs( N e

Y E(0) = [PE0 (w) = [P gy o) = PR g < (2o
9) Fiw) = [ (cos = 1), i) = 23 - Ssint)i0) few) = [ 2 (cos®y - 1),
R = 2 (G’ -2).
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3i —2iw_ 2 iw
3.)F(@) = = D F@) = 25— 3) F) = — |27
1 1 1 1
4) F(w) = 2\/_1 (1+i(a)—1) 1+l(a)+1)) 5) F(w) = \/_(1+L(w 1)+1+i(w+1))'

1 3
x/ﬁ(9+w2_ 9+w 2) IF(w)] = \/_\/9-4-—2'

1-w i 2w _ 11
2) Fw) = ((1+w2)2_ (1+w 2)2) IF ()] V2m 1+ w?’

Back to exercises.

4.1) F(w) =

argF(w) = arctan%;
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Index

absolute convergence 40

absolutely convergent series 40

alternating series 37

alternating series test 37

amplitude 101, 280

amplitude spectrum 288

analytic function 169

angle of rotation 174

angular frequence 101

argument of the complex number 129
Borel’s theorem 251

boundary of the domain 143

boundary point 142

bounded function 106

Cauchy’s integral formula 195

Cauchy’s test 28

Cauchy-Riemann conditions 163

Cauchy's theorem in multiply-connected domain 192
Cauchy's theorem in singly-connected domain 190
circle of convergence 204

coefficients of Laurent series 208
coefficients of the trigonometric series 102
complex conjugate 130

complex number 127

complex plane 128

complex variable 142

conditional convergence 40

conditionally convergent series 42
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conformal mapping 175

connected set 142

continuity of the function at the point 147
continuity of the function on the set 147
convergence 7

convolution of the functions 251

convolution theorem 251

D’Alembert’s Test 25

De Moivre’s formula 136
delta-neighborhood of a point 142

derivative of function 162

derivatives of elementary functions 166
difference of two complex numbers 132
differentiation of the Laplace transform 246
divergence 7

divergence test 17

domain of convergence 48

domain of function 146

domain 142

dominated series 55

Duhamel’s formula 252

Duhamel’s method 271

elementary functions of complex variables151
essential singularity 219, 222

Euler’s formulas 152

expansion in cosines 112, 117, 122
expansion in sines 113, 117, 123

exponential form of the complex number 129
exponential function of complex variable 153, 157

extended complex plane 147
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exterior point 142
first comparison test 19
formula
Cauchy’s integral 195
De Moivre’s 136
Duhamel’s 252
Euler’s 152
Fourier integral 278
generalized Cauchy’s integral 197
Mellin’s 262
Fourier coefficients 104
Fourier cosine transform 282
Fourier integral 278
Fourier integral formula 278
Fourier integral in the complex form 286
Fourier series 104
Fourier sine transform 282
Fourier transform 286
fractional linear transformation 179
function of a complex variable 146
functional series 48
generalized Cauchy’s integral formula 197
geometric series 8
harmonic oscilation 101
harmonic series 9
holomorphic function 169
hyperbolic functions of complex variable 155
hyperharmonic series 23, 33
image of region 174
image of the curve 174

imaginary number 127
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imaginary part of complex number 127
imaginary part of the function of a complex variable 147
imaginary unit 126

index of summation 7

initial phase 101 280

integral of the function of complex variable 187
integral test 31

integration of the Laplace Transform 248
interior point 142

interval of convergence 65

invariance of stretching 175

inverse Fourier cosine transform 282

inverse Fourier sine transform 282

inverse Fourier transform 286

inverse hyperbolic functions 158

inverse trigonometric functions 158

isolated singular point 217

isolated singularity 217

Laplace integral 239

Laplace transform 239

Laplace transform of the derivatives 249
Laplace transform of the integral 250
Laurent series 208

Leibniz’s theorem 37

limit comparison test 21

limit of the function of a complex variable 147
logarithmic function of complex variable 157
Maclaurin’s series 76

Maclaurin’s series on the complex plane 206
Mellin’s formula 262

Mellin’s integral 262
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modulus of the complex number 129
multiple-valued function 146
multiply connected domain 143

n-th degree Taylor polynomial 77
n-th root of a complex number 137

numerical series 7

numerical series on the complex plane 201

open set 143

original function 239

partial sum 7

partial sum of the series 7

periodic extension 120

piecewise monotonic function 105
phase spectrum 289

point at infinity 147

pole of order m 219, 221

polynomial function 151

power function 157, 182

power of complex number136

power series 63

power series about a 63

power series on the complex plane 204
power series representation 76
preservation of angles 174

principal part of the Laurent series 210
principal value of logarithm 157
principal value of the argument 129
product of two complex numbers 132
properties of the Fourier transform 290
purely imaginary number 127

quotient of two complex numbers 133
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radius of convergence 65, 67
ratio test 25
rational function 151
real part of complex number 127
real part of the function of a complex variable 147
regular function 169
regular part of the Laurent series 210
remainder of the series 11, 49
remainder term 78
removable singularity 218, 221
residue of the function at the infinity point 224
residue of the function at the point 224
residue theorem 229
root test 28
second comparison test 20
series
absolutely convergent 40
alternating 37
conditionally convergent 42
convergent 7, 48
divergent 7
dominated 55
Fourier 104
functional 48
geometric 8
harmonic 9
hyperharmonic 23, 33
Laurent 208
Maclaurin’s 76, 206
numerical 7, 201
power 63,204
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Taylor’s 76, 206

trigonometric 102

uniformly convergent 55
set of values of the function 146
shift theorem 245
simple harmonic 101
simple pole 219
single-valued function 146
singular point 217
singularity 217
simply connected domain 143
spectral characteristics 288
standard form of complex number 127
sum of the functional series 48
sum of two complex numbers 132
table of the Laplace transforms 247
Taylor’s series 76
Taylor’s series on the complex plane 206
terms of the series 7
test

alternating series 37

Cauchy’s 28

D’Alembert’s 25

divergence 17

first comparison 19

integral 31

Leibniz’s 37

limit comparison 21

ratio 25

root 28

second comparison 20
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Weierstrass majorant 55
theorems about expansions 263
time-delay theorem 243
time-scaling theorem 242
trigonometic functions of complex variable 154
trigonometric form of the complex number 129
trigonometric series 102
uniformly convergent series 55
wavenumber 288
Weierstrass majorant test 55
zero for the analytic function 216
Zhukovsky's function 183
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