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Finding the global extremum and all extrema methods for functions of several variables are
considered — multi-start and heuristic methods based on it, tunnelling methods and dimensionality reduction
methods. The effectivity of the methods and their application for technological problems solving are
analysed. The advantages and disadvantages of these methods in the cases of technological problems solving
are identified.
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Pozensanymi memoou nowyky enobanvHo2o excmpemymy ma ycix eKCmpemymie QVHKYil 0eKilbKox
SMIHHUX — MYTbMUCMAPIN ThA e8PUCTNUYHT MEMOOU HA 1l020 OCHOBI, MYHENbHI MeMoou ma Memoou pedyKyii
posmiprocmi. Memoodu npoananizoéami 3 mouKku 30py e@pexmueHOCmi iX 3aCmOCY8aHHSA 00 SUPIULEHHS
MexHON02IYHUX 3a0ay. Busnaueno nepeeacu ma medoniku 3azuauenux memoodig y 6unaoxkax po3e sa3aHHs
MEXHOA0STUHUX 3A0aH.

Knrouoei cnosa: onmumizayiss mexnono2iuno2o npoyecy, 6a2amoekcmpemaibHa ONMumMi3ayis.

Paccmompenvl memoosi noucka enob6anbHo20 IKCMpemMyma U 8cex IKCMpemymo8 YHKYull HeCKOIbKUX
NEPEMEHHBIX — MYILIMUCTAPM U I8PUCIULECKUe MEeMO0bl HA €20 OCHO8e, MYHHEIbHbIE MEMOObl U MEmMOoObl
peoykyuu pazmeprocmu. Memoovl npoaHanu3Uposanvl ¢ MOUKU 3peHust IPHeKmusHOCmU Ux NPUMEHeHUs K
pewenuio mexunoaocudeckux 3aoay. Onpeoenenvl npeumywecmsa u HeoOCmamKu YKA3aHHbIX Memooo8 6
CYHAsAX peulenus MmexHoN02UYecKUx 3a0ad.

Knrouegvle cnoea: onmumuzayus — mexHon02UHECKO20 — Hpoyecca,  MHO20IKCMPEMAanlbHas
ONMUMUZAYUS.

INTRODUCTION

Using widespread numerical optimization methods allows finding an extreme point at
which, by definition, the target function values is the best in the neighbourhood [1, 2].
However, when the target function has more than one extremum, using traditional
optimization methods allow finding a local extremum only, which is not always the best of
possible. Obviously, the global extremum can be determined by knowing all the target
function extrema. The finding all possible target function extrema is known as a problem of
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multi-extremal optimization. The finding the best of all the target function extremes is
known as a problem of global optimization.

There is no doubt, without any theoretical justification, that it is possible to determine
a global extremum by determining the function value for all points in the function definition
area. However, for continuous functions such a problem cannot be solved even theoretically.
In real technological process optimization problems, the target function optimal value is
often known, for example, the maximum conversion rate of 100%. In such cases, the
optimization process can be stopped if the extremum is found that it is close enough to the
known optimal value.

PROBLEM STATEMENTS

All function extremes can be guaranteed only in exceptional cases, such as when the
number of extremes is known in advance. In other cases, special methods should be used to
solve the multi-extremal and global optimization problems.

The purpose of this work is to analyse the known global and multi-extremal
optimization methods in terms of their efficiency for solving real technological process
optimization problems.

MULTI-START BASED METHODS

Intuitively, to solve the multi-extremal optimization problem, we can offer a method
of random search [2], which consists of conducting several sequential or simultaneous local
extrema searches, starting from different, for example, randomly given or evenly distributed
starting points. This approach is called multi-start [1]. In some cases, this method actually
leads to the successful result. Multi-start algorithms are popular enough because they do not
imply constraints on the target function properties. However, in the practical application of
this approach, the researcher face some of its disadvantages. The main multi-starters
difficulty is that in order to obtain the global optimum with high reliability, the number of
starting points should be much greater than the number of local extrema. Thus, the
overwhelming part of the calculations leads to the repeated achievement of already found
local extremes. The second disadvantage is the excessive function value calculations
number. Using the multi-start is permissible only when information about the local extrema
number or the location of extrema attraction regions is available. Otherwise, there is a high
probability of getting false results.

For the multi-start improving, a number of methods are developed to reduce the
number of unnecessary calculations. Such methods have no rigorous mathematical
justification and are based on heuristics, rules that are subjected by practice. Such methods
do not overcome other multi-starter’s disadvantages — it is important to know the local
extrema number or the local extrema location for obtaining reliable results. However,
reducing the amount of calculations makes possible to increase the number of starting
points, which reduces the false results likelihood.

The cluster algorithms can significantly reduce the time and computational resources
for repeated descents into already found local extrema. Such algorithms are proposed and
elaborated by A. Thorn, and combined in [3]. In the function definition area, for example,
by chance, the large number of starting points are set. Next, starting in each of them, small
number of the local optimization procedure steps are carried out and the same number of
new points are get. The cluster analysis, a well-known statistical method for determining
groups in a multidimensional set is carried out for the points. When the local extrema
number is unknown in advance, the cluster algorithm should provide an automatic or
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iterative determination the clusters number. Only one point in each cluster gets as a point to
continue the local optimization process. It is possible to leave only one point in the each
extremum attraction area by repeating this procedure several times. Thus, both global and
all other extremes could be found. The research are shown the high efficiency of cluster
algorithms and they are widespread in practical application. However, as it is shown, for
example, in [4], in some cases the cluster method can lose local extrema if the extrema are
sufficiently close to each other.

Another multi-starters improvement is to evaluate the prospects of local optimization
processes. In function definition area, the large number of starting points (10-25 times
higher than the possible number of local extrema upper estimate). By analogy with the
previous method, a small but the same number of the local optimization procedure steps are
carried out form each of them. Next, the prospect of each local optimization process is
estimated based on the target function value. The most promising local optimization
processes are continue until the extremums are found. The idea is quite interesting but the
algorithm use same parameters, which values cannot be mathematically justified and depend
only on the researcher experience and intuition. It can be its main disadvantage.

TUNNELLING ALGORITHMS

In the second half of the last century were proposed global optimization algorithms,
which allow moving directly from one local extremum to another. These algorithms include
the optimality criterion modification. Their essence is to get a point in the new extremum
attraction area of and use it as the initial one for new local optimization. These algorithms
are called tunnelling.

The tunnelling algorithm consists of two stages: optimization and tunnel moving.
These steps are used consistently. At the optimization stage, the local extremum by the
optimality criterion is determined. At the tunnel moving stage, a tunnel function is
constructed and its extremum is determined. The tunnelling function extremum become the
new starting point for the next optimization stages. A. Levy and A. Montalvo, the method
authors, in [5] proposed the following kind of tunnelling function:

_ S-S
T(a,X)= Lexo] (1)

where X = {x1, x5,..., x,} is the variables vector S(X) is the optimality criterion, a is the
tunnel function parameter, a > 0; S(XV), j = 1, 2,...; is the j-th target function local
extremum; | | is the norm of the vector.

Levies and Montalvo’s tunnelling function quite often reached the boundaries of the
function definition area even before finding the global extremum. Therefore, R. Ge in [6]
refined the tunnelling method by proposing new kind of tunnelling functions (the author
called them "filling"):

—HX—X(-’)*
'CXp —2 ,
r+S(X) 8 o
T,(X,r.p, p)=—(,32 og (r+S(X)) +x - x V" )
where 7, B, p — parameters, > 0; r + SXV) > 0; p=1, 2.

YI(X,F,,H)=
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Tunnelling algorithms show satisfactory results for solving small-scale global
optimization problems. However, in general, this method cannot be considered highly
effective. The tunnelling function is extremely sensitive to parameter values, but there is no
algorithm for setting such values. With minor errors in the choice of tunnelling functions
parameters, the significant consequences, down to the inability to solve the optimization
problem, are observed. The tunnelling function could become close to zero in the all search
area or could create a "plateau problem". In addition, in the case of problem high
dimensionality due to minor errors, such as rounding, the calculation process becomes
unstable. Since most real-world technological problems are high dimensionality, tunnelling
algorithms should be used with extreme caution.

DIMENSION REDUCTION ALGORITHMS

In contemporary works, for example [7] the approach based on ideas of
dimensionality reduction is considered more fruitful According to this algorithm, a
multidimensional optimization problem is reduced to one or more one-dimensional
problems. An effective scheme of this kind is to reduce the dimension based on the space-
filling curve. Such a scheme is based on a fundamental fact that the N-dimensional hyper-
parallelepiped and the real axis segment [0, 1] are equal sets. So, the hyper-parallelepiped
can be reflected uniquely and continuously on the segment [0, 1]. Such reflections use the
special form of space-filling curve. Schemes of some form are shown in figure 1.
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Fig. 1. "Television", spiral-shaped and Peano space-filling curve

A "television" and spiral-shaped curve has large linear sections. It leads to an
increase in the density of the calculations of the objective function and a decrease in them
efficiency compared to the Peano curve.

One-dimensional global optimization methods are developed much better and
produce much more reliable results than multidimensional ones. It should be noted that if
the initial multidimensional function S(X) is continuous, then the one-dimensional space-
filling function is continuous too. However, the space-filling curve function is always non-
hollow and multi-extreme, even if the S(X) function is sufficiently canopy and unimodal.
This is the main deterrent to solving technological problems with this method.
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CONCLUSIONS

The methods for solving multi-extremal and global optimization problems should be
used with care to solve technological problems. The application of tunnelling methods is
limited by the problem dimension. Careless use of heuristic methods could lead to the loss
some optimal technological problems solution. At the same time, the using the
dimensionality reduction methods can lead to the search non-existent optimal. The
optimization results found should be rigorously analysed.
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