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Finding the global extremum and all extrema methods for functions of several variables are 
considered – multi-start and heuristic methods based on it, tunnelling methods and dimensionality reduction 
methods. The effectivity of the methods and their application for technological problems solving are 
analysed. The advantages and disadvantages of these methods in the cases of technological problems solving 
are identified. 
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Розглянуті методи пошуку глобального екстремуму та усіх екстремумів функцій декількох 
змінних – мультистарт та евристичні методи на його основі, тунельні методи та методи редукції 
розмірності. Методи проаналізовані з точки зору ефективності їх застосування до вирішення 
технологічних задач. Визначено переваги та недоліки зазначених методів у випадках розв’язання 
технологічних задач.  

Ключові слова: оптимізація технологічного процесу, багатоекстремальна оптимізація. 
 

Рассмотрены методы поиска глобального экстремума и всех экстремумов функций нескольких 
переменных – мультистарт и эвристические методы на его основе, туннельные методы и методы 
редукции размерности. Методы проанализированы с точки зрения эффективности их применения к 
решению технологических задач. Определены преимущества и недостатки указанных методов в 
случаях решения технологических задач. 

Ключевые слова: оптимизация технологического процесса, многоэкстремальная 
оптимизация. 
 

INTRODUCTION 
Using widespread numerical optimization methods allows finding an extreme point at 

which, by definition, the target function values is the best in the neighbourhood [1, 2]. 
However, when the target function has more than one extremum, using traditional 
optimization methods allow finding a local extremum only, which is not always the best of 
possible. Obviously, the global extremum can be determined by knowing all the target 
function extrema. The finding all possible target function extrema is known as a problem of 
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multi-extremal optimization. The finding the best of all the target function extremes is 
known as a problem of global optimization. 

There is no doubt, without any theoretical justification, that it is possible to determine 
a global extremum by determining the function value for all points in the function definition 
area. However, for continuous functions such a problem cannot be solved even theoretically. 
In real technological process optimization problems, the target function optimal value is 
often known, for example, the maximum conversion rate of 100%. In such cases, the 
optimization process can be stopped if the extremum is found that it is close enough to the 
known optimal value. 
 

PROBLEM STATEMENTS 
All function extremes can be guaranteed only in exceptional cases, such as when the 

number of extremes is known in advance. In other cases, special methods should be used to 
solve the multi-extremal and global optimization problems. 

The purpose of this work is to analyse the known global and multi-extremal 
optimization methods in terms of their efficiency for solving real technological process 
optimization problems. 
 

MULTI-START BASED METHODS 
Intuitively, to solve the multi-extremal optimization problem, we can offer a method 

of random search [2], which consists of conducting several sequential or simultaneous local 
extrema searches, starting from different, for example, randomly given or evenly distributed 
starting points. This approach is called multi-start [1]. In some cases, this method actually 
leads to the successful result. Multi-start algorithms are popular enough because they do not 
imply constraints on the target function properties. However, in the practical application of 
this approach, the researcher face some of its disadvantages. The main multi-starters 
difficulty is that in order to obtain the global optimum with high reliability, the number of 
starting points should be much greater than the number of local extrema. Thus, the 
overwhelming part of the calculations leads to the repeated achievement of already found 
local extremes. The second disadvantage is the excessive function value calculations 
number. Using the multi-start is permissible only when information about the local extrema 
number or the location of extrema attraction regions is available. Otherwise, there is a high 
probability of getting false results. 

For the multi-start improving, a number of methods are developed to reduce the 
number of unnecessary calculations. Such methods have no rigorous mathematical 
justification and are based on heuristics, rules that are subjected by practice. Such methods 
do not overcome other multi-starter’s disadvantages – it is important to know the local 
extrema number or the local extrema location for obtaining reliable results. However, 
reducing the amount of calculations makes possible to increase the number of starting 
points, which reduces the false results likelihood. 

The cluster algorithms can significantly reduce the time and computational resources 
for repeated descents into already found local extrema. Such algorithms are proposed and 
elaborated by A. Thorn, and combined in [3]. In the function definition area, for example, 
by chance, the large number of starting points are set. Next, starting in each of them, small 
number of the local optimization procedure steps are carried out and the same number of 
new points are get. The cluster analysis, a well-known statistical method for determining 
groups in a multidimensional set is carried out for the points. When the local extrema 
number is unknown in advance, the cluster algorithm should provide an automatic or 
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iterative determination the clusters number. Only one point in each cluster gets as a point to 
continue the local optimization process. It is possible to leave only one point in the each 
extremum attraction area by repeating this procedure several times. Thus, both global and 
all other extremes could be found. The research are shown the high efficiency of cluster 
algorithms and they are widespread in practical application. However, as it is shown, for 
example, in [4], in some cases the cluster method can lose local extrema if the extrema are 
sufficiently close to each other. 

Another multi-starters improvement is to evaluate the prospects of local optimization 
processes. In function definition area, the large number of starting points (10-25 times 
higher than the possible number of local extrema upper estimate). By analogy with the 
previous method, a small but the same number of the local optimization procedure steps are 
carried out form each of them. Next, the prospect of each local optimization process is 
estimated based on the target function value. The most promising local optimization 
processes are continue until the extremums are found. The idea is quite interesting but the 
algorithm use same parameters, which values cannot be mathematically justified and depend 
only on the researcher experience and intuition. It can be its main disadvantage. 
 

TUNNELLING ALGORITHMS 
In the second half of the last century were proposed global optimization algorithms, 

which allow moving directly from one local extremum to another. These algorithms include 
the optimality criterion modification. Their essence is to get a point in the new extremum 
attraction area of and use it as the initial one for new local optimization. These algorithms 
are called tunnelling. 

The tunnelling algorithm consists of two stages: optimization and tunnel moving. 
These steps are used consistently. At the optimization stage, the local extremum by the 
optimality criterion is determined. At the tunnel moving stage, a tunnel function is 
constructed and its extremum is determined. The tunnelling function extremum become the 
new starting point for the next optimization stages. A. Levy and A. Montalvo, the method 
authors, in [5] proposed the following kind of tunnelling function: 
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where Х = {x1, x2,…, xn} is the variables vector  S(X) is the optimality criterion, α is the 
tunnel function parameter, α > 0; S(X(j)*), j = 1, 2,…; is the j-th target function local 
extremum;  is the norm of the vector. 

Levies and Montalvo’s tunnelling function quite often reached the boundaries of the 
function definition area even before finding the global extremum. Therefore, R. Ge in [6] 
refined the tunnelling method by proposing new kind of tunnelling functions (the author 
called them "filling"): 
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where r, β, p – parameters, β > 0; r + S(X(j)*) > 0; p = 1, 2. 
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Tunnelling algorithms show satisfactory results for solving small-scale global 

optimization problems. However, in general, this method cannot be considered highly 
effective. The tunnelling function is extremely sensitive to parameter values, but there is no 
algorithm for setting such values. With minor errors in the choice of tunnelling functions 
parameters, the significant consequences, down to the inability to solve the optimization 
problem, are observed. The tunnelling function could become close to zero in the all search 
area or could create a "plateau problem". In addition, in the case of problem high 
dimensionality due to minor errors, such as rounding, the calculation process becomes 
unstable. Since most real-world technological problems are high dimensionality, tunnelling 
algorithms should be used with extreme caution. 
 

DIMENSION REDUCTION ALGORITHMS 
In contemporary works, for example [7] the approach based on ideas of 

dimensionality reduction is considered more fruitful According to this algorithm, a 
multidimensional optimization problem is reduced to one or more one-dimensional 
problems. An effective scheme of this kind is to reduce the dimension based on the space-
filling curve. Such a scheme is based on a fundamental fact that the N-dimensional hyper-
parallelepiped and the real axis segment [0, 1] are equal sets. So, the hyper-parallelepiped 
can be reflected uniquely and continuously on the segment [0, 1]. Such reflections use the 
special form of space-filling curve. Schemes of some form are shown in figure 1. 
 
 

         
 

Fig. 1. "Television", spiral-shaped and Peano space-filling curve 
 
 

A "television" and spiral-shaped curve has large linear sections. It leads to an 
increase in the density of the calculations of the objective function and a decrease in them 
efficiency compared to the Peano curve. 

One-dimensional global optimization methods are developed much better and 
produce much more reliable results than multidimensional ones. It should be noted that if 
the initial multidimensional function S(X) is continuous, then the one-dimensional space-
filling function is continuous too. However, the space-filling curve function is always non-
hollow and multi-extreme, even if the S(X) function is sufficiently canopy and unimodal. 
This is the main deterrent to solving technological problems with this method. 
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CONCLUSIONS 
The methods for solving multi-extremal and global optimization problems should be 

used with care to solve technological problems. The application of tunnelling methods is 
limited by the problem dimension. Careless use of heuristic methods could lead to the loss 
some optimal technological problems solution. At the same time, the using the 
dimensionality reduction methods can lead to the search non-existent optimal. The 
optimization results found should be rigorously analysed. 
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