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IlepeamoBa

Y 0epesni 2010 poxy B HTYY «KIII» BigOyracsa Tpajuriiiina mopidHa oJIiMIriajia
3 MaTeMaTHKH, $Ka MPOBOAUTLCS B pamkax | ertamy BeeykpaincbKol osiMImiagd 3
MaTeMaTUKHI JIJIsl CTYJEHTIB BUIINX HaBYAJbHUX 3akK/aa/iB. OprkoMiteT osiMIriaim
ouosttoBaB nepiuii npopekrop HTVY «KIII» FO.I. dxumenko.

Y Hiit B3 y4acThb 375 CTYJAEHTIB pi3HUX KypciB 22-X (haKy/abTeTiB Ta IHCTUTY-
TiB. Yucsaenni jaeseratiiil npeacraBuin (paky/JIbTETH 3 BUICOKUM PiBHEM MaTeMaTHIHOI
migrorosku: [[ICA, ®IOT, OEJI, ®MM, ITC.

[TepemozkiisiMu Ta ipu3epamMu oJtimmiaan B odiriitnomy 3aiiky craam: @.1. Sydau
(V kype @TT, rp. ®I-52) — I micrie B abcosrrorHOMY 3as1iky Ta | Miciie cepet cTyieHTiB
crapmux Kypcis; K.B. Mopasenpbka (II kype ITICA, rp. KA-83) ta 10.0. [lumma-
npkuit (KHY im. T.IleBuenka, mex.-mat. ¢-1) — II mictie B abcosmoTHOMY 3a1iKy Ta
IT micte cepen crynentis crapummx Kypeis; C.C. Moruabauit (11 kype ITICA, rp. KA-
81), O.0. Cirocapenko (I1I xype ITICA, rp. KA-71), B.B. Kitounikos (V kypc @T1,
rp. ®I-51) — III micre B abcosmoraHOMY 3astiky Ta I micie cepe/i cTyIeHTIB cTapImx
kypcis; K.O. Tonomuos (II kype ITICA, rp. KA-81), B.B. Menbauk (111 kype ITICA,
rp. KA-71), FO.C. Cemikina (KHY im. T.IlleBuenka, mex.-mat. ¢d-1), O.B. Cisuenko
(IT kype ITICA, rp. KA-82) — zaiinstin mpu3oBi 3aoxo4uyBasibi Mmicig. [Tepemorkiis-
MU Ta HpU3epaMi OJIIMINaIN cepejl CTyAeHTiB mepiioro kypey crain: A.C. Mazyp
(IIICA, rp. KA-92) — I wicre; T.1O. Kamamber (IIICA, rp. KA-93), L.J. Myciu
(ITICA, rp. KA-92), K.B. ®@yiiop (PIIM, rp. KM-91) — II micre; M.M. [IpeBaiib
(ITICA, rp. KA-92), J1.4. Tpinuyk (PEA, rp. EM-91) — III micrie. A.B. Tepentnen
(ITICA, rp. KA-92), A.B. Illenecr (ITICA, rp. KA-93) — saiinsin npu3osi 3a0xo-
qyBaJibHI Miciigd. CepeJl CTYJIEHTIB TeXHIUYHUX (haKyJbTETIB PO3IMOJILT MICIb TaKMIi:
Hro Ban Mao (III xkypc @®EJI, rp. A3-71) — I micne; 1.4, Tpinayk (I kypc PEA,
rp. EM-91) — II wmicrie; O.C. Herpeners (I kype @IOT, rp. 1C-91) — III wicrie.

3 nepemoxiiis I eramy Oyso chopmoBano 30ipHi yHiBepcutery it yuacti B 11
erari Beeykpaincbkoi osimmiagu cepen TexHiunnx BH3iB B M. CeBactonosti. VY i-
HaJ Il B3/ y4dacTh HoHa ) 150 CTY/IEeHTIB 3 pI3HUX BY3iB YKpalHU, MEePEeMOXKIIIB Ta
npuzepis I Typy osimmiagu. Hain yHiBepeuTeT mpejicraBiisiin TpU KOMaH/IH.

Crynentn KIII rigpo Buctynuan B CeBacTorosi, MOKa3aBIId TaKi Pe3yJbTaTH.
Y 3araJpHOMY 3aJliKy Cepell yCiX yIACHUKIB OJIMITIa N HaIll CTYJIEHTH TOCLIN Tep-
e Ta gapyre micig: @.1.3ybaa (OTI, 5-it kype) — nepire micte ta C.C.Moruibauit
(ITICA, 2-it kypc) — apyre wmicrie. Y kareropii "M" (dakynbreru ta iHCTHTYTH 3
roryinbieHnM BUBYeHHsIM MaTeMaTuauux gucruiin) crygentn HTYY «KIIT» moci-
mu Bei mpusosi mictgr: @.1.3y6aq (T, 5-it kype) — nepie micie, C.C.MoruibHuii
(ITICA, 2-it kypc) — npyre micte Ta K.B.Mopaserpra (ITICA, 2-it kypc) — Tpete
micte. ¥ kareropii "T" (rexuivuni dakyabreTn Ta iHCTUTYTH) Tpere Micte mocis Hro
Bau Mao (®EJI, 3-it kypc).



Oprkomirer BeeykpalHebKol Ty IeHTCHKOT ostiMiia n 3 MaTemaTuku (M. CeBacto-
11oJ16) Haropoaus komaury HTYY «KIII» rpaMororo 3a ak THBHY y4acTh B OJIMITA/]
Ta BUCOKUIT PIBEHbB IiITOTOBKM cepeJl KOMaH/ [ TPOBIIHNX BUIUX HABYAJIBHIX 3aKJIa-
JIiB YKpaluu.

2Kypi I eranty Beeykpaincobkoi omimmiann 3 marematuku B HTYVY «KIIIy supimm-
JIO BUJIATH HaBUYaJIbHUI IOCIOHUK 3 3aiadamu | eraly osimIiiajgn Ta iX po3B’si3KaMu.
Hagejieni Takoxk ymoBu 3aja4 1 dinajgbHOro eramy osimitiajin, sTKUl ITPOXOJUB Y
M. Cesactorosi B TpasHi 2010 p., a TakoxK po3B’si3ku 3aja4 (inaabHOro etary Bee-
ykpaincbkol ojtimiiagu 2009 p.

[le ButanHs IPOJIOBIKYE cepito 36IpHUKIB osimMIiaHIX 3a/1a4 3 MaTeMaTnkn [1-7].
Taki 36ipHUKYN OY/IyTh KOPUCHUMHU TIPU POOOTI MaTeMaTHIHUX I'yPTKIB, /I CTY/IEH-
TIB 1 MIKOJIAPIB, Kl [IKABJIATHCI MaTEMaTUKOIO.



1 Cryaenrcbka ogimmiaga HTYY "KIII"
3 maremaTtukm 2010 poky

YMmoBH 3aa49
Ilepwuti xypc

Bamaua 1.1. fki 3Havenns Moxke NpUitMaT IPAHUIA

lim M
n—oo M

?

e f: N — N — nedxa crop’ekiiisi (To6To dyHKIlisI, 001aCTh 3HAUEHD SKOT — BCs
mmozknHa N)?

Bamaga 1.2. Jlna xoxknoro o € R 3najitn Bei dynxmnii f: R? — R, gxi mMaioTsb

TaKy BJIACTUBICTH: 1Jis1 Oy/1b-s1K0l TpukyTHOI mipamign ABC D BUKOHYETHCS PiBHICTD
f(A)+ f(B)+ f(C)+ f(D) = af(P), ne P — nentp KyJii, ONUCAHOI HABKOJIO TIi€T
mipamin.

Bagada 1.3. [Ipo siBi HenepepsHi mepiognyHi (MOKIINBO, 3 PI3HUMIE [EPiOIaMH)

byukii f,g: R — (0, 00) Bimomo, mo lim % = 1. Hdosectu, mo f(x) = g(z) aus
T—00

Bcix ¢ € R.

Sagada 1.4. oBecTu, 1110 MHOXKIHA

{a2+(a+1)2—|—...+(b—1)2+b2: a,bGN,b—aZ6}

HEe MICTUTbH IIPOCTUX YHUCEJI.

Bagada 1.5. 3naiiTi rpaHuIio

n

. (—1)% k* + 12k + 10
n—r00 k' k2 + 21k + 110

3aga4da 1.6. 3 ojHOro 3 QOKYCIB einca 3 eKCIHEeHTPUCUTETOM £ TIiJI JeTKIM He-

HYJIEBIM KYTOM JI0 OLJIBITIOI OCI BUITYCKAIOTh CBITJIOBUiT TpoMiHb. [IpoMiab Ha TpoTs3i
HECKIHYEHHOT'O 4aCy PYyXa€ThCsd BHYTPIIIHBOIO YaCTUHOIO €JIIICa, BlJI3epKaJIOI0YNn-
cs1 BiJ1 fioro rpanutii. [Ipu n-omy nepetnni O61/IbIIOT OCI eJlilca BUMIPIOIOThH 3HAYEHHSI

rOCTPOTO KyTa (v, MiK IIpOMEHeM Ta Ii€o Biccio. 3HaiiTu rpannmo lim /ay,.
n—oo

Sagada 1.7. fKi 3HaveHHsd MOXKe NpUITMaTh

()" (hf)" o (fuf)”
(f2f1) (fzz) (f2f10)

rang )
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ne fi, fo, ..., fio — Jesxi Tpudi gudepenIiitoBai gpyHKIi?
3agada 1.8. 3HaiiTu iHTErpas

/ c0s(2010x) cos™® z dx.
0

Bamada 1.9. JosecTn, 1o /g OY/Ib-siKOro p > % Mag€ Miclle HepiBHICTH

1—6_%
- >

1
p

Cmapwi xypcu

1
1l—e2

Bamaga 1.10. Yu mozke 30iraTucs psij
EOO: f(n)
2 )
n=1 n
ne f — B3aemMHO-O1HO3HAaYHEe BijgoOpaxkenus 3 N B N7
amgaga 1.11. /Ius. 1.2.

Samaua 1.12. /us. 1.3.

Bagada 1.13. s koxuoro k € N moksajiemo

Tk:{ak+(a+1)k+...+(b—1)k+bk: a,beN,b—az(kH)!}.

(0.9]
Hosectu, mo muoxkuua | J Ty He MICTUTB MPOCTUX THCE.
k=1
3amada 1.14. 3naiitu cymy psty

(0. ¢]

Z (—1)* k* + 12k + 10
k' k2 +21k+ 110

k=1

. 2 2
3amada 1.15. Tino, obmezkene moBepXusaMu z = %5 + % Ta 2z = h, 3pobieno 3

oJiHOpiiHOrO Matepiasy. [Ipu sikomy criBBiJIHOIIEHHI MiXK MapaMerpaMu a, b ta h
e TiJ0, MTOCTaB/IeHe Ha BEPIINHY, He BTPATUTh PIBHOBArU i HE TePEKMHETHCH.

Bamada 1.16. Bunajkosa Bejimunna & posmojiijiena 3a 3akonom I[lyaccona 3 ma-

pamerpoM 7. 3HaliTn BCl € R, /11 AKNX BUKOHYETLCSA PIBHICTD

dé
M s sin(cosx) = 0.

Samada 1.17. 3ualiTu iHTErpaJ

jus

2
/ cos(2012x) cos®™° z da.
0



Bamaua 1.18. Oyukiig y: R — R ja1s Beix x € R 3a/10B0IbHSIE yMOBY

/0 (@) (1) dt = /  (2) y(t) dt.

Aki 3navenus mozke npuiimarn qucso y'(0)?

BiamoBiai Ta po3B’a3ku

1.1. Posé’azanma. Ilo-niepiie mokaxkemo, 110 0y/Ib-sike 9icjI0 o 3 TpoMizkKy [0, 1]
f(n)
n
f: N — N. JliiicHo, B sikocTi mpuKIay Takol pyHKIil Moxkaa B3atn f(n) = [an]
st a € (0,1] ra f(n) = [/n] g a = 0, j1e KBaapaTHi Jy>KKH MO3HAYAIOTD LTy

YaCTHUHY 4YHUCJIA.

MOXKe OYTH I'paHUIIEI0 BUPA3y IpU N — OO JII JIeTKOl CIOp €KTUBHOI (DYHKIIIT

Tenep mokazkeMo, IO KOJIHE YUCJIO0 « > 1 He MOoxKe OyTH TaKO T'DAHUIIEIO.

[Tpumyctmmo cynpoTusHe: lim,, @ =a>1.Toail< O‘TH < @, 13a OBHAYEHHAM
. n(a+1) :
rpanumi f(n) > =5 g BCIX JOCTATHBO BEINKHX 1. 30KPEMa, MI MOZKEMO B3ATH
n(a+1)

N HACTLJIBKU BEJIMKUM, 11100 BUKOHYBaJIacsi HEPIBHICTh > n+ 1. Toxal pa Beix

2
m > 1 MaeMo:

m(a+1) _ n(a+1)
flm) > TEED > M

B Toit ke vac, npu pizaux m < n GyHKIiisg f Moxe HabyTn He Oijibine n — 1 pi3HUX

>n+ 1.

3HAYCHb, TOOTO HE MOKPUE BCi 3HAYeHHA B 1 J10 n. [HAKIE KaxKydu, Jiesike 9uC/Io
k € {1,2,...,n} me yBiiine B obsactsb 3nauenb Gyukuii f. Ase e cymnepednts i1
CIOP’'€KTUBHOCTI.

Bignosinb: Byjb-sike 3Hadenns 3 npomizkky [0, 1].

1.2. Poze’asanma. IlokaxkeMo, mo st 6yab-sakux jasox Todok A, A” € R? mae
micrie pisaicte f(A') = f(A”). Has uporo posrisinemo Oyiub-siky cdepy S, 110
IIPOXOJIUTL Yepes3 JBl 1l Touky, Ta BubepeMo Ha Hiit jojarkoso Touku B, C, D Taxk,
mob ani A, B, C, D, ani A”, B, C', D ne nasexxau 6 oxniit mwiomuni. Toul 3 ymoBn
31291 MAaEMO

FAD) + [(B) + f(C) + f(D) = af(P) = f(A") + f(B) + f(C) + [ (D),
ne P — nentp cdepu S. 3pinen f(A") = f(A”).

Tomy f = C nns pesikoro C' € R. Ilpu oo £ 4 3 ymoBHE 3a1a49i 10IaTKOBO MAaEMO
4C = aC', 3Binku C' = 0. 3HalijieHi po3B’si3K1, 0YEBUJIHO, 38/I0BOJIbHAIOTH YMOBY.

Bignosine: f = C jpis neskoro C' € R npu a = 4; f =0 npu o # 4.

1.3. Jlosederma. Xin po3B’si3Ky 3a/€KUTh BiJl TOrO, YN € BiJIHOIIEHHS I1epPiojiB
Ty ta T, dyukuiit f Ta g panjonajbHuM abo ippalioHaJIbHIM YHCIOM.
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B nepriomy Bumajky (% € Q) dbyukuii f ta g MaoTh cuibHui nepioj 1T =
g

HCK(Ty,T,). Tomy st Oyjp-sikoro x € R
T
flz) lim flx+nT)

g(x) = gle+nl)

B npyromy Bumajky ( ¢ @) dyHKIIT f Ta g HEe MaOTb CHIJILHOIO IEpPIoiy.
Toni moxkHa migibpaTn 3pOCTaf0q1 OCJTIOBHOCTI HATypabhux uucet (my, k € N)

ta (ng, k € N) raxi, mo |miTy — niT,] — 0 upn k — oo. Tenep BHACIIOK Helle-
pepBHOCTI DYHKIN f Ta g MaeMo:

f@ @)

— lim f(:c + kaf)

= 1.
g(z) koo gl +muTy —niTy)  k—oo gz 4+ myTy)

1.4. Poss’azanna. [dus. po3s’s3ok 3agaqi 1.13.

1.5. Poss’asanma. CriodaTky pPo3KJIaJeMO pallioHaJbHUI Jpibd, 10 CTOITH IIijI
3HAKOM CyMH, Ha ejieMeHTapHi. Jlerko orpumaru, 1o

k* 412k +10 0 1
k2 + 21k + 110 k+10 k+11

BukopucrtoBytoun oTpuMane, CyMy MOXKHa PO3IHICATH, SIK

5 _Z”:(—n’f K+ 12k +10
”_kzl k! k2+21k+110_

" 0 1
prm :Sn Sn-
2 k' ( k+10+k+11) tn ¥

Posnmmiemo sipyry cymy, BiAMITHBINN T'PYIYBaHHS JOJAHKIB,

g _ o 1+10+1+10+1+
ST 12 72112 2113 ' 31-13 3. 14

(=1)"'10 (=) (=1)"10 (=1)"
m—1nt9) " ((n “Di(n+10)  nlin+ 10)) ECES )

3BojIAUN BUPA3U B JIY’KKax JI0 CIIJIBHONO 3HAMEHHHKa OTPUMYEMO (CTpore JoBejie-
HHSI BUMAara€ 3aCTOCYBAHHsS METO/Ly MaTeMaTHIHOT 1HIyKIIiT)

0 1 1 (1)t (—1)" 1 (—1)"
S n —_ — — -, . o . - —— — S /,’L —c
P T Ty T T T Ty 1 T R )
Takum auHOM,
1 (—1)"
Sp=——+ =,
1 nl(n + 11)



: , 1
i, ocratouno, S = lim S, = ——.
n—00 11

1
Bi i1b: ——.
IOBIL: ——

1.6. Pose’aszanna. Hexait A, (x,,y,) — TOUKa M-0r0 BII3EPKAJTIOBAHHS TPAE-

KTOpPil TpOMeHd BiJl TPaHuIl efirnca. fIK BiloMo 3 Teopil KPpUBUX JAPYTrOro MOPSIKY,
doxkasbai pajgiyen 1A, ta FyA, MaloTh JOBXKUHE @ + £X, Ta G — X, BiIIMOBIIHO
(1epes a Mu, sIK 3BHYAHO, MO3HAYAEMO JIOBKUHY OLIBIION MBBIC).

Tomy 3 TeopeMmu CHHYCIB, 3aCTOCOBAHOI 0 TPUKYTHUKY F1 A, Fo, MaeMo:

sinag,, FhA, a—ex,

sin oy, FlA, a+ex,

Hepazkko Gaquru (060B’SI3KOBO TIPOBEIITH CTPOTT BUKJIAAKH!), MO 3 POCTOM 7
TOUKN A,, OYIyTh HAOJIMZKATHCS 10 IPaBol a0 JIiBOI BEPIINHNI eJIiica: lim,, . o, = 0
i lim,, o |, = a. Tomy

. . %) Qp,
lim o, = lim p/laqg-— .. .- =
n—oo n—oo O[l O[n_l
. Qpa . sinayy, a—ea  1—c¢
= lim = lim — = = :
n—o0o  Qu, n—oo  sin v, at+ceca 1+¢
. . l1—¢
Biamnosiab: .
1+¢

1.7. Po3é’azarma. 3ayBayKuMo, IO %, J-Uif eJIEMEHT MATPUIL MOYKe Oy TH 3alliCaHO
‘. m m " et I gn m :
B TAKOMY BULJISI: (fzf]) = [ fi 35+ 311 + fif;". e osnaqae, mo sei



CTOBITYMKU MATPUIIL JIHIHO BUPAXKAIOThC 4epe3 TaKl YOTUPU CTOBITYUKMU:

T T A fi
5 5 B fo

) ) bl )
10 10 flo fio-

Tomy panr marpuili He Moxke OyTHu Oisibirne 4. B Toit ke dac 1eit panr MozkKe IpuiiMaTu
Oynb-sike 3Havdenus 3 muoxkuau {0, 1,2, 3,4}. [Ljst Toro, mob B 1[bOMY MEPEKOHATUCST

JOCTATHBO PO3LISHYTH Taki Habopu dyukmiit: fi = ... = fig = 0 (rang = 0),
f1 = ex,fz = ... = f10 = O (rang = 1), f1 = €x,f2 = 62x,f3 = ... = f10 = 0
(rang = 2), fi = €%, fo =e* f3 =¢e% fy = ... = fiop = 0 (rang = 3), i, napeunri,
fi=efo=e" fs=e"fi=efs=...= fio=0 (rang = 4). Bignosimgui

MaTpHUIll MaTUMYTh BKa3aHl paHru, HalupukJa/, npu x = 0.

1.8. Poss’asanmsa. B y3aranbHeHHsI i€l 3aa4di MOKayKeMo, IO JJisi OYIb-sIKOTO
o> 2

s
2
/ cos(ax) cos® ? xdx = 0.
0
Jificro, 11e BUTIINBAE 3 HACTYIIHUX PiBHOCTEI:

g
/ cos(ax) cos® 2z dr =
0

us

cos(a — 1)z cos® ! x dr — / sin(a — 1)z sinz cos® ? x dr =
0

NE

NIE

S— S— S— 5—

cos(a — 1)z cos® ! x dx +
05 J—

1 3
1 / sin(a — 1)z d(cos® ' z) =
0

INE
o[

sin(a — 1)z cos® x| —

cos(a — 1)z cos® ! x dx +

o

a{_

jus
2

cos(a — 1)z cos® ! xdr = 0.

Bianosias: 0.

1.9. Jlosederma. 3podbumo 3amiHy 3MIiHHUX t = %. Toni 3asa4a 3BejeTLES J10
HACTYITHOL: JIOBECTH, 1110 Jijisi JoBlibHOTO t € (0, 2] Mae micie HepiBHICTD

1—et
— =t
1l—e2
. 1—e! . .
Posrismemo dyukiio f(t) = — JI1s1 1OBEeJIEHHS HEPIBHOCTI JOCTATHBO

nokasaru, 1o gana (yHKILis MOHOTOHHO cragae upn ¢ € (0,2] 1 f(2) > 1 — e 2.
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e f(t+1)—1

Buaiigemo noxinny: f'(t) = . Iokazkemo, mo f/(t) < 0 upu ¢t > 0.

t2
Jl1s1 1IbOr0 PO3B’SIZKEMO HEPiBHICTH
—t
e (t+1)—1
( ) < 0.
t2

[Ipu ¢t > 0 1191 HEPiBHICTH €KBiBaJEHTHA HACTYITHII:
eft+1)-1<0 & t+1<e.

Bukonanusg ocTaHHBOI HEPIBHOCTI JIETKO TTEPEBIPIETHCA.
. _1
Jl1st 3aBepIIeHHsT OBEICHHST 3aJIUIIIIIOCH ToMiTuTH, mo f(2) > 1 — e 2.

1.10. Poss’asarns. PosrisinemMo cymy ABOX HOBLIBHUX WiIEHIB pamy. st mboro
zadikcyemo noBibHl m,n € N, m # n. [loguBumMoch, 110 CTAHETHCS 3 IHEI0 CYMOIO,
SIKITIO MU ITOMIHSIEMO MICISIMU YHCEJIbHUKU. Po3riIgHeMo pisHUIIO

(Lim) , S0 _ (fl0), Sl _

m n m n

_fm) = f(n)  flm) = f(n) _ (n—m)(f(m) — f(n))

m n mn

3 oTpUMAHOro MOXKHA 3aKJIOUUTH, 1Mo dKio m < n ta f(m) < f(n), Togl npn
[IepPeCcTaHOBIN YNCEbHUKIB CyMa MOKe JIUIIe 301/IbIITYBaTHCh.

BukopucroByioun oTpuMane, JOBEJAEMO, IO JJjsg OyAb SKOI'O B3aEMHO-
OJIHO3HAYHOI'O BijoOpaxkenHs [ psij Oyje posdiratucst. loBejieHHs1 OyJeMO IIPO-
BOIUTH Bij cynporusHoro. Hexait take BijgobOpaskennst f icuye. Posrisinemo ps

= f(n)

S => o OckinbKi f B3a€MHO-OJIHO3HAUHE BiJoOparkeHHs1, TOJ iCHye Takuii
n=1
Homep [y takuii, mo f(l1) = 1. Posrisinemo HOBY yHKIIITO

1, n=1;
filn) =q f(1), n=1;
f(n), ne N\{1,{}.

Orpumana GyHKIIiS 3a/I0BOJILHSIE YMOBI 3a/1a4i, IIPIIOMY Psi/l

51:1+Zf1<n) =14+ R
n=2

n?

Oys1e 36iKHUM (OCKIJIBKI Bl TOYATKOBOTO BiJl BIJIPI3HSETHCSI JIUIIE JBOMA IJICHAMI).
Kpim Toro S < S (B cuty noBejieHoro Ha nodarky). Jdaui, mis psy Sy icuye lo Take,
o f(l) = 2 1 MOBTOPUMO TIPOTIEYPY, 3a/IaBIIN, AHAJOTTIHIM IHHOM (PYHKIIO fo.
B pesysibTaTi orpuMaemMo 301xKHUI Psl

1 > fg(n)
S2:1+§+; 5

n

1
—1+-+R
+2+ 2

11



JIs SIKOro So < S < 5. IIponoB:Kyodn gaHy Ipoleaypy Ha m-My KpOIli, OTpUMa-
€MO

JUISE AKOTO S,y < S U T.JI.
B cuny 36ikH0CTI psiy S Oynemo matu, o lim R, = 0 i nepexogssan 10 IPaHnIi

. . m—0o0
B HepiBHOCTI S, < .S oTpuMaeMo

. w1 - fn)

o
3 npurtyieHss npo 301KHICTD psity S BUILIUBAE, M0 TADMOHIUHUI PsIT Y | % € 30i-
n=1
»KHIM. OTpuMaJIN ITPOTUPIUUs, TOOTO TaKl PN 3aBXKIU PO3OIXKHI.

BinnoBianb: Hi.

1.11. Pose’azanna. Jus. po3s’sa30k 3aaa4i 1.2.
1.12. Poss’azanma. us. po3s’si3ok 3aga4di 1.3.
1.13. Jlosederna. Sadikcyemo a, b € N 1 mokazkemo, 110

(b—a+1)qg
k+1)

Spi=ad" + ...+ =

Ie g — Jesike HaTypaJibHe ducyo. Llpboro Oyme mocTaTHbo I PO3B si3aHHS 3a1adi
(mpotymaiite qomy!).
HoBejennsa nposegaemMo inaykuieto 3a k. [Ipu k = 0 TBeprkenns odeBugne. [1pu-

IIyCTUMO, 1110 BOHO BipHO Jiist [ = 0, ..., k, 1 IOKaKeMo, 1110 BOHO 3aJIMIINUTHLCS CIIPa-
BejymuBuM 1pu [ = k + 1.
3 piBHOCTI

(x+ 1)FF2 — 2F2 = CFR M 4 CF pah + .+ Cf o + 1

Ma€MO:

b
(b4 DF2 — a2 =3 “((z+ 1?2 = 2M?) =

r=a
b b b b
= ZC’,fiéka +ZC’,§+2:Ek + ...+ZC,%+2x+Zl =
r=a r=a Ir=a r=a

= CF 1Skt + Cp oSk + ...+ ChiySt + So.

12



Tomy 3a npumymenuaM IHTyKIT1

1

Spp1 = s (b+ 1) — "2 — CF LSy — ... — Oy 81— So) =
_b—a+1 (b+ 1)F+2 — gFt2 oL Ak ol @1 o
k2 b+1—a 4D T TR )
(b41)kH+2_gh+2 . L : :
IPUIOMY “——=——— — HLJIe THICJI0 (;LOBeleTb IHJIYKIIIEIO 3a k) 3BijcH i BUILJINBAE
TBEPA2KECHHI.

1.14. Pose’azannsa. JIus. po3s’sa30k 3a1a4i 1.5.

1.15. Poss’azanns. Iloznaunmo Tisio depes [ 1 3HaiijieMO #Oro HEHTP Mac
M (xp,ynr, 2ar)- 3 MipKyBaHb cuMeTpil 3posymisio, mo xy = Yy = 0. Koopauaary
Zp MOKe OyTH 3HaligeHo 38 (POPMYJIOI0

mabh®/3  2h

[[[ zdxdyd=
_D — —_
M dedydz  wabh?/2 3
D

(Mu mporyckaeMo ejieMeHTapHe 00UNC/IeHHST TIOTPIHUX 1HTerpaIiB. )
[Tonoxenns piBHOBaru Oyje CTIHIKUM, SIKIIO JIOKAJLHUN eKCTpeMyM (DYHKITIT
2 2 2
9 9 x* y*  2h
flay) =(@—=0)"+(y—0)"+ (ngﬁ—?)
B Touri O(0,0) Oyxe minimymowm, jge f — 1 KBajpar BiJcTaHi MiXK TOYKOI Ha
noBepxHi mapabosioina Ta mentpom mac M. (VBaxkHo mpojgymaiite reil Moment!)
Tomy, nepeBipgiovun cTanjIapTHI yMOBU Ha MAaTPHUINO JPYTUX MOXITHIX, OTPUMAEMO

. . 2 2
HepiBHOCTI h < 3%, h < %.

3
Bignosiab: h < 1 min{a?, b*}.

1.16. Poss’azanms. Jnst Oyab-sKol aHaiTHaHOl PYHKI f

g > e—%(z)’f L& f(k:)(x)(z)k . -
M- (:B):kzok—!?f(k)(x):e 2];72:6 2f(x+§>.

Tomy 3a/1aua 3BOIUTHCS 0 PO3B’sI3aHHST PIBHIHHS
sin(cos(z + 7/2)) = 0,

po3B’si3KaMu sikoro € uncia wk, k € Z.

BianoBigws: © = 7k, k € Z.

1.17. Posse’azannsa. Jlus. po3s’sa30k 3a1a4i 1.8.

13



1.18. Poss’azanna. IlepenuineMo piBHAHHA B HACTYIHOMY BUTJISTL

[TomiTuMmoO, 1110 00U 1B IHTErpaJia, siKi BXOJAATL Y PIBHAHHSA € TIEBHUMU KOHCTAHTAMM,
TOMY [MO3HAYUMO 1X

Posrnsgnemo nBa BumnaKu:

1) A = 0. 3 nporo BuImBaE, B CUIy HemepepBHOCTI dyHKIHT ¥y, mo y(x) = 0,
x > 0, a Bignosigao y'(0) = 0.

2) A > 0. Toxi orpumyemo jiniiie jpudepeHiiagbie PIBHSIHHSA 3 MOCTIHHUME
KoedilieHTamMn

Ay// . By' —0

PO3B’SI3KOM SIKOTO Oyie byHKIs BUNISLY Y = ¢i + coe C%, ne C = —%

3i 3012kHOCTI iHTerpaJiiB Buinsae, mo ¢; = 0. Posristaemo Bumagok, ko ¢y # 0,
OCKIJIbKI B HPOTUJIEKHOMY BHUIIaJIKy y = 0, a 1eii BUIIaJI0K PO3IVISHYTO B IIEPIIOMY
nyakTi. Toai Buxoauth, mo C' > 0. [lijgcraBumo oTpuMaHmii po3B’si30K Yy = coe O

B II049aTKOBEC piBHHHHH Ta SHaﬁﬂeMO Co

—+00 “+00

B _ _ _ 2
C?coe™ " / cge 20t = —Clege Cm/cze Ctdt & ¢y = e
0 0
TakuM 9UHOM, PO3B 30K MAa€ BULJISIT Y = —%e—cx, spigku ' (0) = 2.

Bignosigs: y'(0) = 0 abo y'(0) = 2.

14



2 11 eran BceykpallHchKOl CTYJ€HTCHKOI OJIIMITIaIN 3
MaTeMaTUuKIN cepe CTYAEHTIB BUIINX HaBYAJbHUX
3aKJIadlB TeXHITHOI0, EKOHOMIYHOI'O Ta arpapHOro

npodinis (CeBacromnosib, 2009 p.)

IT eran BeeykpaiHcbKol CTYIeHTCHKOI osimmiaan y M. CeBacTono i TpOBOIUBCS

y TPbOX KaTeropisx:
I - e : .

— Kameeopia "M": no niel Kareropii BiIHOCH/IN CTYIEHTIB, 9Ki HABUAIOTHCS 34
CIIEIaJIbHOCTSIMU, 1110 TOTPEOYIOTH MOIVIMOJIEHOIO0 BUBUEHHST MaTeMaTHKY;

— Kameezopia "T": no 1iel karteropil BiIHOCHIN CTYIEHTIB TEXHIYHUX CIIEIiajIb-
HOCTeI;

— Kameeopia "C": 1o niel kareropil BiIHOCHIN CTYJIEHTIB, sIKi HaBYAIOTbHCS 34
€KOHOMITHIMHI Ta arpapHuMH CIIEIIaJbHOCTSIMUT.

B mpomy posaiyii mojiaHo 3aBjaHHS BciX Kareropiit omimmiagum 2009 p. 3
PO3B’sI3KaAMI.

YMmoBH 3aj1a49

Kameaopisa "M"

Bamaga 2.1. O6unciury BusHadHuk A, = |a;;|, g€

0 npuj=n+1-—1,
aj=<4 bumpunj<n+l—i 1<i<n, 1<j<n.
a upnj>n+1—u1,

Bamaua 2.2. Bekropu di, ds, ..., d, M- BUMIPHOTO JIHIKHOTO IIPOCTOPY JIiHIifi-
. n

Ho Heszasnexui. Jlosectu, mo Bekropu b; = Y (@; - dj) dj, i = 1, 2, ..., n, TakoxK
J=1

JIHITTHO He3aJIeKHl.

t o, t
Sagaua 2.3. osecTu, 1mo Kpupa 1 = {eﬂ cost, ev2sint, ev? } JIEYKATH Ha,
konyci 22 4+ y? = 22, Il AKUM KyTOM BOHA IepeTHHaE fioro npaMoJIiniiini TBipHi?

3amada 2.4. He BukopucToByoun TabJIHIb 1 KaJbKYJ/ISTOPa, MOPIBHATHA YNUC/Ia

2010%%% . 20082°% | 20092°% . 2009208,

Bagada 2.5. 3naiiTu KijgbKicTh yropsakoBannx Habopis (Ay, As, ..., Ap,) MHOXKHIH,

10 33/10BOJIBHAIOTH YMOBHU:
1) AAUAU.LUA, ={1,2, .., n};
2) AiNAsN...NA, =0, iem,neN, m>2.

Bagaua 2.6. Hexait f (x) — MHOrOWIEH cTemnens n 3 aificHuMu KoedirienTamu,

sIKuit Mae n JiificHux KopeHiB (He 060B’s13k0B0 pizaux). JloBectu, mio Jijist JTOBLIBHOTO

15



r € R BUKOHYETHCA HEPIBHICTH
f @) (@) < (f (@)

Samada 2.7. 3HaiiTu cyMmy YUCJIOBOIO Psjia,

A R
203 4l T (n 1) T

Saga4a 2.8. O0uucanTy iHTErpaI

1
/1n (x + Dda:.
0

1+ 22

Samada 2.9. Posp’s3aru cucremy jgudepeHnialbHIX PIBHSIHbD :

dx dy dz

r(z—y) yly—z) y—xz

Bamada 2.10. 3uaiitu Bei judepentiiosni dyukuil f: (0; +o0) — (0; +00),
SIK1 3aJI0BOJILHSAIOTH PIBHAHHA

f’(g>:%, ne a > 0.

Kamezopia "T"

Bagada 2.11. O6unciurn Busnadnuk A, = |a;;|, 1e

0 npm j =1,
a;; =< a mpuj <, 1<i:<n, 1<j7<n.
b upu j > 1,

Bamaua 2.12. Bekropu ay, ds, a3 He KoMILtaHapHi. /loBecTn, 1o BekTopu b; =

3
Yo (a;-a;) dj, i =1, 2, 3, TaKOK He KOMILJIAHAPHI.
J=1

Bamaua 2.13. Ilpsma neperunae piBHobiuny rinepbosy B Toukax A n B, a ii

acuMnIToTH — B Toukax C' 1 D. 3naiiT BlIHOIICHHS %.

3amada 2.14. He BukopucTroByodn TadUIb i KAJIbKYJIATOPA, JOBECTH, IO

2010%0% . 2008%°% ~ 20092 . 20092708,

Bagaua 2.15. SHaiiTu KiIbKiCTb yHopsiikoBanux Habopis (Ay, As, As, Ay) MHO-

ZKIH, 110 3a/J0BOJIbHAIOTHL YMOBU:
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1) Al UA2 UA3 UA4 = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10},
2) AlmAgﬂAgﬂA4:@.
3amgada 2.16. /Ius. 2.6.

Samada 2.17. 3uaiiTu cymy YUCJIOBOIO Psjia,

2 3 4 a1
A A

20 3 n!

Samada 2.18. O6uucguTu iHTErpas

1

/ (x —1) ””da:

0

Sagaua 2.19. /Ius. 2.9.
Bagada 2.20. 3uaiitu Bci audepenniiiopui dyukiii f: (0; +00) — (0; +00),

Kamezopis "C"

Bamaga 2.21. O6uncinTu BusHadnuk A, = |a;;|, 1e

=4 O TPIIE0 e 1< <.
i 1pu j # i,

Samaga 2.22. /Ius. 2.12.

Baga4a 2.23. Ilpava neperunae piBHOOIUHY Tirmepbosy B Toukax A m B, a i
acumnror — B Toukax C' i D. Hosectn, mo AC = BD.

Bamada 2.24. He BukopucToByrodn TabIUIb 1 KAJIBKY/ISITOPA, IOPIBHATH YNC/IA

loganes 2009 1 loggggg 2010.

Bagada 2.25. 3uaiitn uncio yrnopsakoBaHux Habopis (Ap, As, A3) MHOXKUH,

IO 38/10BOJIbHAIOTH YMOBH:
1) AAUA,UA3={1,2,3,4,5,6,7,8,9, 10};
2) AiN Ay N A = 0.
3amava 2.26. /lus. 2.6.

Bagada 2.27. 3HallTi CyMy YHCJIOBOIO PsiJia

2 4 6 n+1
g—a—f—ﬁ—...—l—(—l)

2n n
(2n + 1)!

17



1

zetdxr
Sagaga 2.28. O6uyucauTn iHTerpas | ———.
a b Of (x4 1)2

Sama4a 2.29. 3naliTu iHTErpajbHy KPUBY PiBHSIHHSA

(2:C3y2 — y) dr + (2x2y3 — x) dy = 0,

10 POXOAUTE 1depe3 Touky (1 1).

Bagada 2.30. Yu icuyiors dyukiii f (x) u g (x), g9ki He TOPIBHIOIOTH KOHCTAHTI

1 33/I0BOJIBHAIOTH B JIESIKOMY ITPOMIXKKY YMOBI

(f(x)-g(z) = f'(x) ¢ (x).

Bingmosiai Ta po3B’a3knu

2.1. Pose’asanna. Jlanwit BUBHATHIK Ma€ BUTJIS/T

b b ... b b 0
b b ... b 0 a
A = b b ... 0 a a
b 0 ... a a a
0O a ... a a a

[TomiHsiEMO MicIIIMU CTOBIII 3 HOMepaM# j U N+ 1 — 7, TOOTO nepinii i ocTaHHiil
CTOBIIIIL, JIPYTIii 1 IepejocTaniil Tomo. B pe3yabraTi jJicraneMo

O b b ... b b

O b ... b b

A — (—l)n(n;l) a a 0 ... b b
a a a .. 0 b

a a a .. a 0

Tomy ( auB. poss’azanms 3amadai 2.11 )

A, = (_1)%(_1)%% (an—Q + a3 4+ @ O bn—Z) _
= (—1)717(”2“)“@() (a”_2 +a" bt + a" M a4 L+ b"_2) .

(n

Biamosige: A, = (—1) >+ gh (a”_2 + a3t + a4 L+ bn_g).

2.2. Jlosedenna. Ipuryctumo, mo BekTopu by, by, ..., b, jiniitno 3a/exni. Tosi
3HAAYThCs JIMCHI 9mucia o, g, ..., Qp, X09a O OJlHE 3 SIKUX BiJIMiHHE Bij HYJIs 1
Takl, 1110

04151 + Oéggg + ...+ oznl;n = 6

18



Lle o3nauae, 1110

n

0‘12 ;) a]+oz22 Gy - ;) @+ ..t on Yy (dn-d;) @ =0

Jj=1 Jj=1

abo
(@-@)d + (C-dy)da+ ... + (€ dn)dy =0, (2.1)
Je €= a1y + aly + ... + a,d,.
OcKiJIbKE BEKTOPH A1, 02, ..., Oy, JIHIAHO He3aJIexKHI, TO C # 0,13 (2.1) Bumw-
Ba€, 1110
(C-ay) =0, (¢-dy) =0, ..., (c-a,) =0.

3 90ro BUXOJIUTD, ITI0

2= (5 5) c- (Oélc_il + ol + ... +04n6n) =

|
e
—
/\
@l

—

TooTo ¢ = 0. Ilpuitmm 1o nporupivus. Otke, BekTopu by, by, ..., b, JiHiiiHO
He3aJIeXKHi, 1110 i MoTpibHO OYJIO JOBECTH.

2.3. Poss’ ASANNA. Hesazxxko MEPEKOHATHCA, 1O KOOP/INHATH JIOBLJIBHOI TOYKU Jla-
HOI KPUBOl T = ef cost, Yy = ef sint, z = ef 3a/I0BOJILHAIOTHL PIBHSHHS KOHYCA,
TOOTO JlaHa KPUBA JIEXKUTH Ha, KOHYCI.

Bizbmemo joBiibHy TOUKy M (th? cost, eV sint, th?> KpUBOI i 3HAIIIEMO KYyT
©, T 9KUM JlaHa KpUBa MepeTuHAE TBIpHY KoHyca B Toduri M, TOOTO KyT MixK
TBIPHOIO KOHYCa Ta, JOTUIHOIO 0 KpuBOl B Touri M.

3a HanpaMHUIT BEKTOP TBIPHOI MOXKHA B3ATH BEKTOP KOJIHEApPHU O BEKTOPA
OM , nanpukiaj, BeKTop U1 = (cost, sint, 1), a 3a HAIPSIMHUIT BEKTOP JOTHIHOL
J10 KpuBol B Touli M — BeKTOP, KOJIiHEAPHUIT 10 BEKTOPA,

t / t / t \/
7= <<eﬂcost) , (eﬁsint> : (eﬂ) >,

HaIlPUKJIa/l, BEKTOP

Uy = (cost—ﬁsint, sint + V2 cost, 1)

Ockinbkn |@1| = V2, || = 2, (1, @) = 2, T0

(w1, ) \/5

[ e 2

Cos Y =

3Bijgcu ¢ = 45°.
BignoBiagb: 45°.
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2.4. Poss’azanna. [logiimmo Koyie 3 Jannx dnces Ha jojarie uncsao 20082908 .

: . : 2009 2008
2009%°% i nopiBHsIeMO onleprkaHi UnciIa (%) (%)

2010 2009_ 1+ 1 2009 2009 2008_ 1+ 1 2008
2009 N 2009 7\ 2008 B 2008 '

Posrisinemo dynkuito f(x) = (1 + %)x, x > 0. Ilokazkemo, 1m0 noxiana el

. [Tomamo 111 uncra y
BUTJISII:

dyHKIIIT
1\" r+1 1
/
r)=|1+—-] -(In — >0, x> 1.
(@) ( :1:) ( x T+ 1) -

Hiiicro, dyukmist g(z) = In ”TH — %H 3aJ10BOJIbHSIE YMOBU:

1) g(1) =In2 -3 > 0;

2) g(x) — 0 mpun x — +00;

3) g(x) e cnamHoro Ha poMiKKy [1; 4+00), ockinbku ¢'(x) = (Hll)Q — z(:c1+1) <0
x € [1; +00).

Tomy Vo € [1; +00) g(x) > 0, i, Bignosigmno, f'(x) > 0.

Orxke, dynkmia f(xr) = (1 - %)x 3pocrae Ha mpoMikky [1; +oo). Tomy

(1 + ﬁ)mog > (1 + ﬁ)mos’ 3BIJIKM BUILJIUBAE, 110
2010%"% - 20082 > 2009*"" - 20092,

Bignosizs: 201027 . 200820% > 200927 . 20092005,

2.5. Posé’azanna. 3 yMOBU 3ajiadi BUILIMBAE, 0 KOXKHE 3 dmcesa 1, 2, ... , n €
eJeMenToM xoda 0 ojmiel i3 muoxkuH Ap, Ao, ..., A,, 1 KojHe 3 IUX JHce] HE €
eJeMeHTOM Bijpasy Bcix Muoxkuu Ay, Ao, ..., A,,. ToMy KiJIbKicTh CIIOCODIB, IKIM
MOXKHA PO3MICTUTH KOXKHe 13 uncen 1, 2, ..., n y muoxkuau Ay, As, ..., A,,, J0pIBHIOE

CL+C2+ ..+ Cmt=2om_2

OTKe, 3riHO 3 MpaBUIOM J00YTKY MaeMo (2™ — 2)" myKanux ynopsKoBaHuX Ha-
oopiB muoxkun (Ay, A, ..., Ap).

n

Bignosigp: (2™ — 2)

2.6. Jlosederna. Hexait muorowien f(x) mae KopeHi x1, To ,..., Tx KPATHOCTI
a1, o, ..., ap BignosigHo (z; E R, o e NJi=1,2, ..., kg +as+...+ap=n
). Toni

flx)=A(x—2)" (x — 22)* ... (x — 2p)™ .

Posrisinemo 1Ba Buiaiku.
1). dxmo x =x;,i =1, 2, ..., k, T0 1aHa HEPIBHICTH € OYEBUHO BIPHOIO.
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2). Hexait © # x;, 1 =1, 2, ..., k. Toni
f(@) =Alaq (x — 2)" 7 (@ — 22)™ o (2 — ap) ™ +
+ag (@ —x)™ (@ —22)™ L (— )™+ .+

tag (@ —2)" (2 —2) o (z—2p)™ ] =

—f () ( T ),

Tr — I T — T9 T — Tk

abo

"z « o «
flz) _ o 2 44—
flx) z—21 x—x9 T — Tp

Hwndepenniroroun oOUJIBI YacTUHM JIaHOI PIBHOCTI 3a X, JICTAEMO
"(x)f(z) — (f'(x))? o o «
AR S T A S
(f(2)) (

t—11)°  (x—x) (x — ap)°
Boiacn f"(x)f(2) = (f'(x)" <0,
Taxum aunom, mepismicts f(z) - f/(z) < (f'(x))? Bukonyerses Vo € R, mo i

Tpeba OyJI0 JIOBECTH.

2.7. Poss’azannsa. OckiapKu 711 Beix ¢ € R
2?2 3 2t x"
e—ﬂ+y+§+§+ﬁ+ ot
ol juist © # 0
&_1—1+x+£3#£+ +xw1
x 3! 4l

[IpoaudepenIioroBaBI OCTAHHIO PIBHICTH 3 ypaxXyBaHHSAM, IO JaHWIl cTeleHeBuil

+ ...

P MOYKHA TTOYUIeHHO MU epPEeHIiioBaT, OTPUMAEMO

xex—(ex—l):l+2_x+3_a:2+ Jr(n—l)ac”*?jL
22 2! 3l 4! n! o
[Tokamaroun B 11i€l piBHOCTI £ = 1, OCTATOYHO JIICTAEMO
L2 syl o
2 31 4! h !

BinnosBiab: 1.

2.8. Poss’azanns.

! t =arctgx, x =tgt g
1 1 ’
I:/dez r=0—1t=0, :/ln(tgt+1)dt:
1+ 22 .
0 x:1—>t:Z 0
1 1
sin t+
:/hq\/_ ) t:Eln\/§+/lnsin(t+z)dt—/lncostdt,
cost 4 4
0 0 0
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[TomiTumo, 1o

_|_

o el
|
=
~ £
I

NN

—u=20

(an)
IS

lnsin<t+£>dt:‘i -4 ‘

In cosudu = | Incostdt.

I
M:i\
(@)
o\
N

3BiaKK BUIIMBaE, mo I = £ 1n 2.

Binmnosiab: g In 2.

2.9. Poss’azanma. llepenuinemo JaHy cUCTEMY Y BUIJISII

(y2 — xy) dr = (rvz — xy) dy,
{ (y2 — xy) dz = (y2 — :Uz) dy, (2:2)

2
nex#0, y#0, y#x, 24y, y° # vz
Jonamo By 1 mpaBy YacTHHE IEpIIOro piBHstHHS cuctemu (2.2) BiAIOBiTHO 0
JIIBOI 1 TpaBol YacTUH JIPYroro PiBHAHHSA Ii€l cucTeMi. B pesyibrari jlicraHeMo:

(y2 — xy) (dz + dx) = (y2 — xy) dy.

3Binkn d(z +x —y) = 0 abo
z+x—y=C, (2.3)

ste '] - JIOBLIbHA CTAJIA.
Cuissigrorenns (2.3) — neprnit interpas cucremu (2.2). s Toro, mob 3Ha-
fiTu 11e oJiuH Tepiuii IHTerpaJs JaHol CUCTeMU, IIEPETBOPUMO JIpyre PIBHAHHS INI€l

CHUCTEMI:
d(z— dz — zd
y* (dz — dy) = xydz — xzdy, abo (z=9) _ 9 22 J.
X Y
Bpaxosytoun (2.3) piBHSHHS MOZKHA 3BECTH JI0 —dx—x =d (5), 3BlJIKN
z
In|z| + = = Oy, (2.4)
Y

ne Cy - 1oBlIbHA CTAJIA.

Ouesu/Ho, 110 TIepimii inrerpad (2.3) 1 mepmmii inrerpar (2.4) vHesanexui. OTxke,
cucreMa (2.3), (2.4) yTBOpIOE 3arajibHiil iHTErpast JaHol cucTeMn JudepeHIia bHIX
PIBHSIHD.

Bignosiae: z +x —y =Cy, Injz|+ 2 =0,
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2.10. Poss’asanma. Hane piBusgnns

G N
'f@)‘ﬂ@ (2:5)
MOYKHA IIepelncaT y BUIJIsI
f’(x) = l’fczg>’ (26)
3BIJIKN BUILJIMUBAE, 110 . .
xf(;>::f%xy (2.7)

[Ipoudepentioemo 0bu Bl YacTunn piBHsiaHs (2.6) 3a 2

ro-arb @@L e

3 ypaxysanusaMm (2.5) i (2.7) piBasiang (2.8) MOKHA MEPETBOPUTH JI0 BUTJISIILY

v(f'@) (f'(as))’ _ '@

zf'(z) = —f(z) +

f(x) f(z) fz)
[aTerpytoun, jricraeMo J;/((xx)) = %, 3BLJIKU
f(z) = Cyzt, (2.9)

ne C, Cy - noBinbai crasi. Ockinbku 3 yMoBH 3a1adi ButinBae, mo f(x) > 0 i
fi(x)>0,10C; >01Cy>0.
[Tligcrasumo (2.9) y Buxigne piBasinast. B pesyibrari gictanemo

C1—1

a i
10— =

CQ$01 .

1

BBi,ZLCI/I CQ = W.
1

Ot:xe, Bl DYHKINIT, IO 3a/I0BOJILHSIIOTH YMOBH 3a/adi, MOXKHA 3allUCaTH y BH-

rsii f(x) = \/%, ne C' > 0.
e
Bignosine: f (z) = ——, C > 0.

VCOaC-1

2.11. Poss’asarma. Jannii BUSHAUHUK Ma€ BUIJISII;
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BijaiMeMo Biji Teprioro psjkKa Jpyruil, BiJ Jpyroro psijaka — TPeTiil, ..., Bij
epeIoCTalHbOro psijika — ocTanHiil. OTpumaemo:

—a b 0 .. 0 O

O —a b ... 0 0

A, = O 0 —a ... 0 O
O O 0 ... —a b

a a .. a 0

Poskiajiatoun BusHadHuk A, 3a eJeMEeHTaM# epIIoro CTOBIII, JICTAHEMO pe-
KYPEHTHY (POPMYITY

A, =—a-N, — 1+ (=1)"ap" .

BacrocoBytoun gany dhopmyry (n —2) pasu, BUpa3suMO BU3HAUHUK A, depe3 BU3HA-
qyauk As:

Ap=—a- D14+ ()" = —a(—a-Apo+ (=1)"ab"?) +
+ (_1)n+1abn—1 — CLQAn_Q + (_1)n+1 (a2bn72 4+ abn—l) _
:CL2 (—CL . An—S + (_1)n—1abn—3) + (_1)n—|—1 (a2bn—2 + abn—l) _
=—a® Ay s+ ()" (@@ TP+ ab" ) ==
:(_1)n—2an—2A2 + (_1)n—|—1 (an—2b2 + an—3bS 4+ an—4b4 4o abn—l) .

= —ab, TO

. —a b
Ockinbku Ay = ‘ |

0

An :(_1)n+1 (&n_1b+ an—QbQ + an—3bS 4 an—4b4 4o+ abn—l) —
:(_1)n+lab (an—2 + an—Sbl 4+ CLn_4b2 T CLn_5b3 4o+ bn—?) .

Bignosige: A, = (—1)""lab (a”_2 +a" 30 + a1 + a0 4 L+ b”_Q).

2.12. Poss’asanmna. Y po3B’s3Ky 3ajadi 2.2 MOKJIaCTH n = 3.

2.13. Pose’azanna. Bubepemo NpaMOKYyTHY JeKapTOBY cucTeMy KoopaunaT Ozy
Tak, 1mobd ocu Ox i Oy Oyian acumurToramMu piBHOOIUHOT ritepbosin. Tojii piBHSTHHS
niel rinepbosm Oye MaTh BUNIAL iy = <. SIKI0 o1 1 T2 — abcnucu To4oK Au B, o

A (3:1, xil), B (xg, %)

Ckutajiemo piBHsAHHS HpsiMoi AB:

a
T — 1 Y=o (x1y — a) zo
= — -~ abo T — 1] = — .
T2 — I x_g_x_l a
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[Ipsma AB neperunnae Bice Ox B Touni D (z1+ x2, 0) Ta Bick Oy B TOUIi
C (0, derted) o

10 (0_% M_ﬁ): (_xl, ﬁ),

L1T2 o )
a a
ﬁ:<x1+x2—x2,0——):(x1, ——>.
) X2
3 90oro BUILIMBAE, IO 1@ —ﬁ a 1ie O3HavaE, Mo 7 AC = 1.

Biamosiab: 1.

2.14. Poses’asanma. uB. po3s’s30K 3a1a4di 2.4.

2.15. Poss’asanna. Y po3s’sa3ky 3ajadi 2.5 nokjaactu m = 4, n = 10.

Bignosine: 1410,

2.16. Poss’asanma. JuB. po3s’s30k 3a1adi 2.6.

2.17. Pose’sazanma. Ockiabpkn g Beix ¢ € R

2 3 4 n
—w_q_r r _r  r _nr
et = TR TR —|—4' L+ (=1) oy + ...,
TOJI )
2 3 5 n+1
v _ X r _r T 1\
re ¥ = 1'+2' 3'—|—4' + (—1) - + ...,

[IpoaudepenIioloBaBIM OCTAHHIO PIBHICTH 3 ypaxXyBaHHSAM, IO JaHWIl CcTeleHeBuil
psAJi MOXKHA, TOYJICHHO JU(EPEHIIoBATH, OTPUMAEMO

. 2v  3x® 4x®  5xt n(n+1)2"
3 90ro OTpUMYyEMO
. 2v 32 423 bat no1 (n+1)2"
1—e (1_56):F_ 5 + TR + ...+ (=1) T

[Toknagaroun B 1i€l piBHOCTI & = 1, OCTATOYHO JIICTAEMO

2 3 4 w11
1= ———+——m+pn+k?r

BignoBigb: 1.
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2.18. Poss’azanms.

[

1
(x — 1)e*dx

x+1

I
O\H O\H O\H

0
1

e’dx —i—/emd o
(x 4+ 1)2 (x+1)2

0

(:1:+(1—2 )etdx / 20/1_3

1
B e’dx e’ / e'de e ]
) (@+ 1?2 (z+1)2, (x+1)2 4
0
Bignosiab: § —
2.19. Poss’asanma. JuB. po3s’sa30k 3amadi 2.9.
2.20. Poss’asanma. Y pOSB’HSKy zajtadi 2.10 nokytact a = 1.
Binnosige: f(x) = \F’ C > 0.
2.21. Poss’azarma. Jannii BUSHAUYHUK Ma€ BUTJISI;
0 1 1 1 1 0 1 1 1 1
2 0 2 2 2 1 01 ... 1 1
A = 3 3 0 3 3 ol 1 10 ... 1 1
n—1n—-—1n-1 0 n—1 1 1 1 .. 1
n n n n 0 11 1 ... 1

Bigugasmmm Biji meprioro psjaka JAPYTUil, Bijl Jpyroro psijaka — TPETii, ...

1epeJIoCTaAaHHBOIO PsIJIKa — OCTaHH1lt, MaTUMEMO

, Bin

-1 1 0 0 0
0 —1 1 0 0
A g O 0 -1 0 0
0 0 0 ~1 1
1 1 1 1 0

JlomaMo 10 Apyroro CTOBHILE MEPIINil CTOBIEIb, IIC/JId Y0ro J0 TPEThOTO CTOBIIIIA

JnoaamMo apyruit i .. B pesyabrari gictanemMo:

10 0 0
0 -1 0 0

A, =n| V0 Tt ¥ — (1) = 1),
0 0 0 1
1 2 3 n—1 n-—1




Bignosigp: A, = (-1)"' (n —1) - nl.

2.22. Poss’asanna. Y po3B’d3Ky 3ajadl 2.2 MOKJIACTH n = 3.
2.23. Poss’azarna. us. po3s’a3ok 3aga4di 2.13.

2.24. Posg’aszanna.
ITepwwutdcnocib6 Posruanemo dyukiuito f(x) =log,(z+ 1), x> 1.

n(x ' Inz _ In(z+1)
(f(:v))/ = (log,(z + 1))/ — (M) _ o+l T _

Inx In? z
_zlny — (v +1)In(z + 1)
N z(z+1)In 2

<0, z>1.

Orwxke, dyuxmis f(x) = log, (r+ 1) cmnamae na mpomikky (1; +00), a Tomy
logsnos 2009 > logyggg 2010.
HHpyeuidcnocib.

2009 1 1
logonos 2009 — 1 = logygos 2008 10g900s (1 + —2008) > 1ogagng <1 + 2008) >

1 2010
> 1oggngy | 1+ 2000 ) ~ 1ogs009 2000 loggngg 2010 — 1.

TaknMm YMHOM, 10g2008 2009 > 10g2009 2010.
Binnosiab: logygig 2009 > logsgge 2010.

2.25. Poss’asanma. Y po3s’a3ky 3agadi 2.5 nokytactu m = 3, n = 10.

Bimgnosine: 6.

2.26. Pose’azannsa. uB. po3s’sa30K 3a1a4i 2.6.

2.27. Pose’azanna. Ockiabku Juid BCiX ¢ € R

S R 20+
Slnx:x—§+§—ﬁ+...+(—l)m+...,
romi s x # 0
sin 2?2zt S 22"
S Y G e S
z ZTIMTI TR A o g TR

[IpoaudepeniiooBaBIIM OCTAHHIO PIBHICTD 3 ypaxyBaHHsM, IO JaHUN CTEleHEeBU
PsIJ, MOYKHA [TOUJIEHHO A epPeHIifoBaT, OTPUMAEMO

T CcosxT —sinx 20 4x®  62° , 2nx?nt

2 __§+ﬁ_?+".+(_l)
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[Hokamatoun B 11iii piBHOCTI £ = —1, OCTATOYHO JIICTAEMO

sinl —cos1 = §—a+ﬁ—...+(—1) m—l—

Bignosiab: sinl — cos 1.

2.28. Poss’asanna.

1

1 1 1
/xe /x—i—l—l Yetdx / e‘”daz /
x+1)?
0 0

0 0
1 1
- [ant e
+ | e'd
0 0

. . €
BignoBinb: 5~ 1.

2.29. Poses’asanna. llepenmiemo jgane piBHAHHS Y BUTJIS
203y dx — ydx + 22%y>dy — xdy = 0 abo 2y (dm2 + dyQ) — dxy = 0.

OckinibKi iHTerpajbHi KpuBM JaHOro piBHsiHHS & = 0 1 y = 0 He IPOXOJAThH depe3
touky (1; 1), TO pIBHSIHHSI MOYKHA [IEPETBOPUTH JIO BUTJISIILY

d(+ ) = 2 60 4 <x2 +yt+ i) — 0.
LY rYy

Bpigcn x? + y? + x—ly = (', ne C - craja iHTerpyBaHHsi. 3 yYMOBU 3aJiadl BUILINBAE,

mo y = 1 upu x = 1. BukopucToBytoun 110 1Mo4YaTKOBY YMOBY, 3HAXOJIMMO, IO

C = 3. Takum 9MHOM, PIBHAHHSA ITyKaHOI IHTErpabHOI KPUBOI MOXKe OyTH 3aIicaHo

y BUTJISA] $2+y2+x—1y = 3 abo xy (x2+y2—3) +1=0.

Bignosigs: ry (::r;2 +y? — 3) +1=0.

2.30. Poss’asanna. Bynemo mykarn dyukuil f(z) u g(x) y surms f(x) =

") g(x) = '@ ne u(z) u v(xr) — HoBi myKami GYHKII, IO 3a/0BOJILHAIOTE
v'(z)

v'(z)—1
wanpukiaaji, Vo > 1 dyskiil v (x) = %2 iu(r)=x+In (x — 1) 3a/10BOJIBHSIOTH 11€

piBnsnns, a Tomy Gynxiii f (z) = (r — 1) e* n g (x) = €7 3a10BOJILHAIOTH BUXiIHe

piastang v’ (z) +0'(x) = o/(x)-v'(x) abo u/(z) = . Heazkko nepesipuri, 1o,

piBHsgHHSI. O4UeBUIHO, 110 15 Hapa PYHKIIH 38/10BOJIbHAIOTH BUXi/IHE PIBHSIHHS VI €
R.
$2
BignoBiae: Tax, icaytors, Hanpukiaad, f(r) = (r —1)e* i g(z) =e=z, z € R.
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3 11 eran BceykpallchKOl CTYJ€HTCHKOI OJIIMITIaIN 3
MaTeMaTUuKIN cepe CTYAEHTIB BUIINX HaBYAJbHUX
3aKJIadlB TeXHITHOI0, EKOHOMIYHOI'O Ta arpapHOro

npodinis (CeBacronosib, 2010 p.)
B npomy myHKTI mojgano 3apganasg osimmiaan 2010 p.

YMmoBH 3a1a49

Kameaopisa "M"

3amada 3.1. CrupoctuT MaTpUIHUl BUpa3

BE—A)'+(2E+A) ' —5(6E+A— A",

ne A - KBagpaTHa MATPHUIA HOPSAKY 71, F - OAMHHYHA MATPHIS TOTO K CAMOTO
nopsKy; Al - marpug, obeprena 10 maTpuii A.

Bagada 3.2. Toukn Ay, As, ..., As, po30UBaIOTL KOJIO JiaMeTpoMm 1 Ha 2n
piBHUX JyT; B - JI0BLIbHA TOUYKA IHOIO 2Ke KOja. SHAWTH MOIYJb CyMH BEKTOPIB

BA, + BAy + ... + BA,,.

Sagada 3.3. /losectn, 1m0 cepeluHN HapasieJIbHIX XOP/l rinepbo/in JexKaTh Ha

OJIHI# TIPsIMiit, siKa MPOXOUTDH Yepes MeHTp rinepbosin. (Xoporo rinepbo/in Ha3uBa-
€TbCs1 BIJIPI3OK, IO CHOJIyYa€ Bl JOBLIBHI TOUKE Tiepbosin).

3agada 3.4. osectu, 1110 nupu a € (—%; O) IIOCJI1JIOBHICTD

2
T =a, Tpny1=a+x,, n €N

30iraeThbesd, Ta 3HAUTH 11 TPAHUITIO.

Bamada 3.5. 3uaiiTu HaiiMeHIe 3HaUYeHHsT (DYHKIT

(43" ~ (@ + ) —2
(z+3)" + (@ + )

, >0, neN.

fx) =

Bagada 3.6. Hexait dbyukiis f(x) BusHaueHa ta Tpudi HerilepepBHO JinepeHtii-
fiora nHa R. /loBecTn, 1o icaye Touka xg € R Taka, 1mo

f (o) £/ (o) £ (o) [ (20) > 0.

Bagada 3.7. Hexait dbyukiist f(z) Busnauena ta nernepepsHa Ha Bijpisky [0; 1].
Hosectu, mo Vn € N ichye Touka xy € [0; 1] Taka, 1mo

f (o).

n—+1

/1 f(z)z"dx =

29



3amada 3.8. 3HaiiTu 1noxijgHy po3B’sa3Ky 3ajadi Korri

v +y=¢ey® y0)=1, ¢(0)=0

3a napameTrpoM € npu € = 0.

Bamada 3.9. 3 TphOX OJIMHUIIL, TPHOX JIBIHOK Ta TPHOX TPIIOK HaABMaHHS CKJia-

JIAIOTDH JIeB aTUIIDPOBE YUCI0. SHANTH HMOBIPHICTE TOTO, 110 TPH OJIHAKOBI U pH
HE CTOSTUMYTD HOPSIJ.

Bagada 3.10. [Iis Beix ailicHUX 3HAYEHb X AOCIIIUTU 301KHICTD PsILy

i(%—sin(ﬁ-ﬂ))x.

n=

Kamezopis "T"

3amada 3.11. CrupocTut MaTpuydHuii BUpa3

QE—-A) ' 4 (E+A) T -3R2E+A- A,

ne A - KBagpaTHa MATPHUIA HOPSIAKY 71, F - OAMHHYHA MATPHIT TOTO K CAMOTO
nopsyiKy; Al - marpug, obeprena 1o maTpuii A.

Bagada 3.12. Toukn A, As, ..., Ag po30UBAIOTH KOJIO JiaMeTpoM 1 Ha 8 piBHIX

Jyr; B - JIoBiJIbHa TOYKA IBOT'O »Ke KoJjia. SHaflTu MOJy/ib cymMu BekTopiB BA; +

Sagada 3.13. losectu, 110 cepejuHu IapaJjejbHUX XOPJ, eJilica JiexKaThb Ha

OJIHII TIpsIMiil, sTKa MPOXOJUTH 4Yepe3 HeHTp ejinca. (Xop/owo efinca Ha3uBaeThCsI
BIJIPI30K, 110 CTIOJIyYAa€e /Bl JOBLIbHI TOUKHI eJiirca).

Samgaga 3.14. /lus. 3.4.

Samada 3.15. 3naiiTu HaliMeHIe 3HaYeHHSA QPYHKIIT

(43~ (2 + ) -2

f($): 4 1
(r+2) + (@' + )

, x> 0.

3amada 3.16. /lus. 3.6.

Samada 3.17. O0uucauTu iHTErpaJ

\/sin(3 — z)dx |
/ V/sin(3 — x) + /sin(z + 1)
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Samaga 3.18. 3naiiTu MOXiJHYy PO3B’sI3KY 3aj1a4i Korri

y' = () + % y(0)=0, y(0)=¢

1o napametpy € 1pu € = 0.

Sagada 3.19. 3 1BOX OJUHUIIb, JBOX JIBIOK Ta JBOX TPIOK HABMAaHHSI CKJIa la-

I0Th IIeCTUI(POBE YUCI0. SHAWTH HMOBIPHICTD TOrO, IO JBI OJIHAKOBI HUPHU He
CTOATUMYThH TTOPSII.

Bamada 3.20. /[yig Bcix JilicHUX 3HAYEHb X JOCIIIUTH 3012KHICTb PsIJLy

S (VaTi- o)

n=1

Kamezopisa "C"

Bamgada 3.21. 3uaiiTu mMaTpuio X, sika 3aJ0B0OJIbHSIE PIBHSIHHA

(2x%) " =2x1.

Bamaua 3.22. Touku Ay, A,, ..., Ag po3duBaioTh K010 JiamerpoM 1 Ha 6 piBHIX

nyr; B - 10BiIbHa TOYKA IBLOTO YK€ KOJa. SHaAlTH MOIy/Ib cyMu BeKTopiB BA; +
BAy + ...+ BAg.

Sagada 3.23. [loecTu, 110 cepeJnHn IapaJieIbHIX XOP, 1apado/ii JiexKaTh Ha,
ojtHiil psIMiil, siKa napaJieibHa J0 Bici mapabosm. (Xopoo napabosim Ha3HBaeTbCs
BIJIPI30K, 1110 CTIoJIyvae JiBi JIOBIIbHI TOUKN mapabosin).

Baga4a 3.24. 3’sicyBaTu, Ipu SIKUX Jiificanx a > 0 1I0C/IiJ0BHICTD

2
ry=a, Tpy1=a+z,, n€N

30iraeTbes. Y BUIIAQJKY 30i>KHOCTI MOC/IIOBHOCTI 3HANWTH 11 IPaHUIIIO.

Bamava 3.25. 3naiiTu HaliMeHIle 3HaAYCHHSA (PYHKIIT

(r+3)"— (24 5) 2
(+3)"+ (2 + )

fx) =

, x> 0.

agaua 3.26. /Ius. 3.6.
Samaua 3.27. us. 3.17.

Sagada 3.28. 3’acysaru, qn icHyorh dyHKIl f(x), sgKka He JOPIBHIOE TOTOKHO

0, u g(x), Jist IKUX B JIGSTKOMY IPOMi’KKY BUKOHYETHCSI PIBHICTD
(f(l‘))’ _ ['(=)
g(x) g'(x)
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Bamaga 3.29. /us. 3.19.

3amada 3.30. BanTaxk crovaTKy pO3MICTHIN y BAroHW BaHTaxKHICTIO 80 TOH,

aJie OJINH BArOH 3aJIMIINBCs 3aBaHTayKeHUM He ITOBHICTIO. ToJii Bech BaHTaXK Iiepe-
KJIAJI Y BaroHM BaHTarkHIicTIO 60 TOH: 3HA100M/I0CA Ha, 8 BAroHiB OLJIbIIE i IPU IO~
My OJMH BaroH TaKOXK 3aJINIINBCI 3aBaHTayKeHNMM He MoBHicTI0. HapermrTi, BanTazk
HepeKJIaIl y BaroHW BaHTaxkKHICTIO 50 TOH: 3HAI00MIOCS e Ha O BaroHIiB OLIbIIE,
IIPU [IbOMY BCi BAarOHU BUSIBIUJINCSI 3aBaHTayKeHUMI 1TOBHICTIO. CKIJILKI TOH BaHTaXKy
oyJ0?
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