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AIMS AND SCOPE 

 
The main objective of the course ‘Logic’ is an introduction to contemporary areas of 

research which in manifold extend intersect with laws, algorithms, patterns of human 

thought, inferencing and reasoning as an attempt to specify the demarcation line between 

‘sentience’ and ‘sapience’. According to such tasks, the main subject of the discipline deals 

with: automated reasoning; natural deduction; Artificial Intelligence (AI) research and 

development; theory and practice of proofs; formal modelling theory and practice; 

metamathematics; theories of truth; patterns of human thought (up to some meta-theoretical 

aspects concerning logic programming and introduction to knowledge bases, expert systems 

and knowledge representation methods).  

Attending and learning the course would eventualize into the following learning 

capabilities and program results to be obtained after finishing the course: formal 

representations of the algorithms of human reasoning and inferences; the ability to 

determine, evaluate, analyze and detect the validity of arguments and checking the input 

data for errors and invalidity; performing inductive reasoning procedures in scientific 

research and professional activity; performing the abductive analysis of scientific 

hypotheses; application of deductive reasoning in a correct way; distinguishing ability 

between the deductive reasoning and computation algorithm; have a basic knowledge about 

Rule-Based systems of Forward- and Backward- chained reasoning; learning theory of 

proof and being able to use several techniques of formal and informal proofs within the 

formal systems, such as Truth Tables, ‘Gentzen-style’ Sequent Calculus, ‘Fitch-style’ 

proofs, Axiomatic Deductive Systems, Natural Deduction Systems, Truth Trees (Tree 

Tableaux); understanding the idea behind the automated systems of proof and SAT-

problem in general; improvement of the operating skills concerning the concepts of models 

for the formal systems; calculating the truth-contingence of propositional functions, simple 

and compound propositions; building truth tables for any Boolean formula; building Venn’s 

diagrams for the argument validity evaluation; building and using logical matrices for 

many-valued logics (on the basic level); operating with the elements of First- and Second-

Order Predicate Logics and Modal logics, their syntax and semantics; being able to 
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construct and interpret First-Order Frames; application of the rules of inference and rules of 

decomposition for theoretical (reasoning) and practical tasks; read and decipher symbolic 

expressions / modeling semantics for the interpretation of Propositional Functions and 

Compound Propositions.  

The course is optional and, while being oriented on polytechnic profiles, is accessible 

to any bachelor degree program enrollees. That is, no special knowledge is required. 

Among the desirable (but not obligatory) skills and knowledge there may be mentioned 

basic understanding of Set Theory, pre-calculus, mathematical proofs basics, automata 

theory basics and insights into semantics. The recommended level of English for the 

successful comprehension is B1. The course is organized and structured in soundness with 

the paradigm of polytechnical education, having in mind the inclusion of truly useful parts 

of vast area of logical investigations for this paradigm. The knowledge and practical 

assignments are intended to serve as one of the access points (of introduction) to such areas 

of further professional education as Data Science, Fuzzy sets and Automata theory, Expert 

systems, AI Research, Machinic reasoning, Machine Learning, cognitive sciences areas, 

Neuron Networks and Consciousness applied studies withing Mind-Modelling Paradigm. 

This is only the list of paradigmatic disciplines, not mentioning the secondary, to which the 

course ‘Logic’ may serve as introduction because of wide area of applications of formal 

logic in contemporary scientific and technological investigations, which is constantly 

increasing.  

Methodological recommendations for individual learning based on the Syllabus of 

the discipline ‘Logic’ would enhance the learners resource base and educational capabilities 

during their assignment preparations for the practical classes.
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LOGIC: METHODOLOGICAL RECOMMENDATIONS FOR INDIVIDUAL 

LEARNING 

Topic 1: Logic, its Definitions, Applications and Subject. Patterns of Inference 

Aims: To introduce the subject of research, aims of studying, scope, application 

spheres of logic; to give definitions and representations of formal and informal logic, 

and to tell of the very idea of the phenomenon of reasoning and its difference from 

mere thinking.   

Key concepts: inference; argument; soundness; validity; premise; conclusion; 

metalanguage; ambiguity; natural language; logical semantics; Boolean algebra; 

reasoning; inferential pattern; formalization; formal language; symbolic logic; truth; 

falseness; valuation function.   

Plan 

1. Knowledge and belief. 

2. General definitions of logic. 

3. Logic and language. 

4. Patterns of inference (deduction, induction and abduction). 
Methodological recommendations 

1. Knowledge and belief. One of the most profound and primary problems 

concerning the human nature is a distinction between the knowledge, belief and mere 

opinion. In particular, it questions the grounding of what should be considered as 

‘episteme’ (knowledge) and ‘doxa’ (opinion), with the possibility of both to serve as a 

foundation of our beliefs in certain states of affairs. In short, what may be described as 

one’s opinion may be characterized as: one’s subjective disposition expressing her/his point 

of view concerning some actual situation in physical or social reality. Belief, on the other 

hand, may be defined as: one’s persuasion about what is a state of affairs in reality, how 

exactly the things are in the world, be it singular particular fact(s) or some more generalized 

notions concerning the external world. Thus, beliefs can possess some grounding, and are 

considered justified, or they can be unjustified and based simply on one’s worldviews, 

convictions, any subjective factors exposing the subject to any particular content of 

persuasion. While it is relatively clear concerning what belief and opinion are, it is not so 

clear what is knowledge. Plato has defined knowledge as justified and true belief. However, 

today such a definition comes under questions, one of which is: what is justification? How 
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can one ensure that something is genuinely justified, and what are the criteria and 

conditions for justification? From such questions arise different theories of knowledge and 

theories of truth. For example, knowledge may be defined as a mental content of the 

subject, corresponding the actual states of affairs in the world. It also may be viewed as a 

descriptive model of such states. One philosophers view knowledge as an adequate 

representation of the world, while the other claim it to be merely a construction of human 

mind that can tell us something about things only in a way they appear to us, but not to 

uncover their true core and meaning. Whatever would be the ultimate answer to these 

questions, if it is possible at all, it doubtlessly should rely on our study of the key 

instrument of cognition – human reasoning ability. Thus, the necessity arises in special 

branch of knowledge, dedicated solely to theoretical cognition and representation of 

thinking and reasoning as such.  

DEMARCATION SCOPE 

Non-Scientific 

Knowledge 
Non-Knowledge 

Contingent 

statements 
False Propositions Pseudoscience 

- common sense intuitions 

and notions (basic daily 

routine); 
- knowledge ‘by habit’ 

(ungrounded in fact); 
- personal knowledge (esp. 

experience-based!); 
- almost all ‘know-how’-

knowledge (scientists 

argue whether it counts at 

all); 

- personal or 

collective opinion 

(doxastic); 
- beliefs (magical 

thinking, religious 

worldview, cognitive 

biases etc.); 
- judgements of taste 

(aesthetic claims in 

general);  
- feelings and 

personal 

preferences;  

- it may turn out to be 

science, after all…’ - 

e.g. truths w/ lacking 

evidences (or rejected 

in fear of scientific 

revolution) 
- ad-hoc hypotheses 

providing best 

possible explanations 

for unexpected facts 

(however, incomplete 

and semi-justified!);  

- erroneous by content 

(ether or fluid 

electricity theories in 

XIX century); 
- erroneous by wrong 

extrapolation: the 

scope of theory is too 

wide or narrow 

(Newton’s physics);  
- ‘bad science’ either 

(1) ‘lo-fi per 

se’  research; or (2) 

observ. / exp. errors 

→ false data obtained 

- something that only 

pretends to be science, 

claiming that it really is, 

in fact - contradicting the 

scientific representation 

fundamentally;  
- activities, practices 

pretending to ‘replace’ 

the science in society; 
- scientific frauds etc. 

 

2. General definitions of logic. Logic is a branch of formal sciences dedicated to 

study of the forms and patterns of human reasoning (regardless of their particular content 

and contingent meaning), the structure of valid inferences, as well as types and tokens of 

their justification, the ways in which our experiences, beliefs and knowledge etc. are 

organised, ordered (by precedence, context, forms of usage and replication), revised, as 

well as represented. As a part of epistemology (generalized theory of knowledge), logic 

provides the demarcation criteria for the distinction between knowledge, opinion, beliefs, 

point of view, aesthetical judgements, normative and descriptive claims; more specifically, 
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its epistemic areas are closely tied to metatheoretical knowledge (theories of truth, model 

theory, metrology) within the special themes in philosophy of science (e.g., theories of 

knowledge construction, validation and representation, logical semantics, metalanguages of 

scientific discourse). Logic also deals with exploring of the valid and sound arguments, 

therefore, providing a metaphysical and methodological grounding for argumentation, 

eristic and rhetoric theories, general and specialized, related to practical areas of human 

existence: daily intuitions and reasoning, legal reasoning, basic cognitive educational 

activities.  

It is also a powerful tool for conceptual analysis in mathematics and humanities, with 

paradigmatic implications into proof theory and algorithms of proofs in mathematics, along 

with other areas of scientific knowledge. The expressive capacities of logic also play 

instrumental, decisive role in formalization and axiomatization of the scientific knowledge 

by providing basic concepts for terms definitions and descriptions, thus, allowing to build 

rigorous models of propositional knowledge, and to refine scientific theories 

algorithmically; to evaluate models, modes of representation, explanations etc. In addition 

to mathematics, logical analysis is widely applied in researches concerning such major 

topic for philosophy, literature theory, linguistics as natural (ordinary) languages and their 

relations to artificial (symbolic) propositional attitudes and constructed languages. 

In addition, logic theories and algorithms are widely applicable out of the given 

scopes in technical and applied sciences: AI research & development (from neural 

networks, automata theory, machine learning, programming calculations, to 

microprocessors functional approaches implementations), Computer sciences (paradigm of 

logical programming, scientific calculators), robotics, neurosciences, experimental 

psychology, microelectronics (circuitry, PCBs), smart devices controllers (based on fuzzy 

logic implementations), data sciences (construction of databases, semantic networks and 

frames  expert systems [of reasoning]), algorithm theory and automated (machine) 

reasoning (SAT-test, theorem-provers, auxiliary tools for mathematicians and 

programmers, graphing plotters, educational apps etc.).   

3. Logic and language. The key distinction which lies within the scope of logic in its 

relation to language (distinguishing the latter from the scopes of linguistic and philological 

fields) is an internal subdivision onto informal logic [which deals with informal reasoning, 
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that is, reasoning patterns of everyday life, the so-called commonsense consciousness], 

taking natural languages as its content; and formal logic, dealing with artificialized, 

intentionally constrained patterns of thought and generalized invariants, structures and 

stems of inferential activity [having, as its content, formal metalanguages]. Natural 

language – contingent-laden system of verbal communication that diachronically thrived 

given a certain historical period in-between molar or molecular community of human 

species representatives (group, tribe, union, ethnos, culture, civilization, nation, country 

etc.). Artificial language (a.k.a. formal language, metalanguage) – is an intentionally 

produced language constructed on the basis of natural languages, owing to its principles and 

grammatic structure, semantically, syntactically and symbolically constrained or augmented 

for the particular scholarly purposes (from research and modeling in the ideal experimental 

or thought-experimental paradigmatic environments to performing applied tasks within the 

foreclosed field of utilization, i.e., programming, robotics, machine learning etc.). AL is not 

a result of historical language development, but rather results from the dispositions of 

science of its time, in a proper sense being conducted as an instrument of scientific inquiry 

only in XIX century as the product of intersection between mathematical and philosophical 

sciences in works of B. Bolzano, G. Boole, G. Frege, C. Dodgson (aka Lewis Carroll), who, 

in their turn, have been preceded by works of G.W. Leibniz and some works of 

Enlightenment and Rationalistic philosophies writing on the subject of [speculated] 

possibility of Universal Grammar construction. 

4. Patterns of inference (deduction, induction and abduction). Inferential pattern 

is a sequence of propositions (statements, claims) which build up a complete thought in a 

form of series of premises ending up with some conclusion following from them.  All the 

valid inferences can be expressed in a finite number of valid forms, that is, certain empty 

structures indifferent to the particular meanings. For the inference to be valid in the context 

of these structure, there should be a certain correspondence between the components within 

each step and its conclusion. Deductive Inferential Patterns are inferential patterns where 

premises would necessarily guarantee that conclusion would be 100% right. Inductive 

Inferential Patterns are inferential patterns with premises which do not guarantee the 

conclusion to be true with necessity. Inductive reasoning is a case study or the enumeration 

of cases observed so far. It involves an element of probability.  From set of particular 
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singular judgements IIP concludes to the generalized conclusion (inference of a generalized 

conclusion from particular instances). Abductive reasoning is built up from an evident 

major premise, probable minor premise, falsifying the evidence of the conclusion (making 

it probable either). Abductive Inferential Pattern is the inference to the best explanation of 

some incomplete (partial) observations (IIP deals with complete observations). It starts 

from some case to which there be more than one conclusion that is definitely the case. It 

then applies the most probable or their disjunction ('... or ...'). 

Abductive inferential pattern is also considered as 'manipulable inference', that is, the 

conclusion is changeable under the new circumstances in time if such would appear. E.g., 

(1) Microbial lifeforms produce phosphine.  

(2) The new data from Venus observation has detected considerable amounts of phosphine 

in its atmosphere.  

⊢ Perhaps, there is a life on Venus atmosphere's upper layers.  

but then we have that  

(3) The research in Aug 2021 says that it was in fact sulphur. 

⊢' No life evidence on Venus is given. 

yet, we go further and get to know that 

(4) The research in Dec 2021 refutes the Aug research effectively. 

⊢'' An assumption of Venus inhabitability may be eventually true, again. 

DEDUCTION RULE → CASE → RESULT CHECKING THEORIES 

INDUCTION CASE → RESULT → RULE 
PROBABILITY 

CHECKING 

ABDUCTION RULE → RESULT → CASE DISCOVERIES 

Main reading: 1-3, 5, 11, 16 

Further reading: 2, 5, 9-11 

Self-assessment questions: 
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1. Unfold the notion of logic from the viewpoints of: argument analysis and 

validity checking; a field of mathematics and computer sciences; philosophical 

discipline concerned with the laws of reasoning; an area of commonsense reasoning 

studies.  

2. Posit the differences and compare: natural languages and artificial (formal) 

metalanguages; commonsense logic and formal logic. 

 

Topic 2: Classical Propositional Logic 

Aims: To define and introduce Classical propositional logic, a branch of formal 

logic that deals with propositions and arguments using the formal language 

(metalanguage). To introduce the syntax of formal logic, symbols, connectors and the 

rules of building well-formed formulas.   

Key concepts: proposition, propositional logic, formal logic, argument, premise, 

conclusion, validity, invalidity, truth, falseness, logical truth, factual truth, soundness, 

completeness, logical connective, symbolic logic, formal syntax, truth value, truth 

validity, atomic compound, tautology, contingent sentence, contradiction.   

Plan 

1. Historical review of logic development. 

2. Classical propositional logic. 

3. Concept of logical argument and its compounds.  

4. Syllogisms as the building blocks of classical logic. 

Methodological recommendations 

 

1. Historical review of logic development. First person to write a treaty dedicated to 

the laws of thought is believed to be Ancient Greek philosopher Aristotle. He is credited for 

introduction of three rules of inference (also known today as ‘laws of thought’). These three 

rules eventually laid down the foundations of contemporary formal logic: 

1). Law of non-contradiction: ‘it is false that A and not-A at the same time [in the 

same relation and / or the same context]’ - two contradictory sentences cannot be true at the 

same time; 

 2). Law of excluded middle: ‘for every statement, either it is true, or it is false, but 

not both at the same time [in the same relation and / or the same context] (if S is a statement 
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about the state of affairs in the world, either it is ’S’ or it is ‘not-S’)’; 

3). Law of identity: ‘whatever is A, if it is the case that A, then it is A (‘A = A’)’. 

It was also Aristotle who has determined the idea and the very concept of ‘categorical 

syllogisms’, and, on this basis, also developed classical syllogistic logic centred around the 

concept of ‘term’ as its milestone. Generally speaking, in Aristotle’s syllogistic logic, there 

are three terms requiring the corresponding operations with them – their distributing: the 

first term is subject (S) - of what it is being spoken in a statement; the second term is 

predicate (P) - something which is attributed to S; the middle term (M) which is, 

concerning the figure and the mood of syllogism can be both, accordingly. The examples of 

syllogisms accordingly to the use of terms is as follows: (a) 1. No P is M. 2.  All S is M. 

Therefore: 3. No S is P. (b) 1. All P is M. 2.  Some S is not M. Therefore: 3. Some S is not-

P. (c) 1. Some M is P. 2.  All M is S. Therefore: 3. Some S is P.  

(i) 1. No P is M. 2.  All S is M. Therefore: 3. No S is P. Particular example: 

1. None who is non-educated is undergraduate.  

2. All Ph.D. degree holders are undergraduates.  

Therefore: 3. No Ph.D. is non-educated. 

(ii) 1. All P is M. 2.  Some S is not M. Therefore: 3. Some S is not-P. Particular example: 

1. All PhD.-s are Masters of Arts.  

2. Some students are not Masters of Arts.  

Therefore: 3. Some students are not Ph.D.-s. 

(iii) 1. Some M is P. 2.  All M is S. Therefore: 3. Some S is P. Particular example: 

1. Some lecturers are professors.  

2. All the lecturers are educators.  

Therefore: 3. Some educators are professors. 

The other notable historical contributor into logic was a stoic philosopher 

Chrysippus. It is to him the first model of propositional logic is credited. He developed and 

altered some of Aristotle’s key concepts: instead of the terms he has proposed to use the 

assertions (not parts of sentence, words or syntactics objects, but rather the whole 

judgement); assertions themselves may be simple and complex (the latter are compound, 

the former are elementary); in their turn, complex assertions have been described as being 

determined by truth / non-truth of their simple compounds (on the basis of which the whole 
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truth or falseness of a complex assertion is deduced.  

At the dawn of classical German philosophy, in XVIII century, it was a German 

polymath, philosopher, linguist, naturalist and mathematician Gottfried Wilhelm (von) 

Leibniz to be first to introduce the formal logical calculus (which he himself defined as an 

‘algebra of concepts’). By the notion of algebra of thinking, using the analogy from 

mathematics and natural sciences, Leibniz attempted to represent the process and 

algorithms of human thinking as a formal system, such that it can be eventually reduced to 

the finite set of activities, mirrored themselves by arithmetical operations (addition, 

subtraction, multiplication, division). In this paradigm, human intelligence has been 

modelled as a form of computation, to which the whole intellectual activity, as Leibniz 

believed, can be reduced. Following the ideas of rationalist philosophies (namely, Rene 

Decartes idea of universal language), Leibniz was also one of the pioneers of proposal of 

creation of the ‘alphabet of human thought’ known also as ‘universal grammar’, which, in 

XX century, has inspired the model and theory of the same name (generative grammar, that 

is) by a linguist Noam Chomsky. Insofar, Leibniz made the first attempt of introduction of 

the formal reasoning model (later developed into a formal logical system by some of his 

successors). 

Classical logical reasoning (propositional calculus) was created, in XIX century, by 

British polymath George Boole, who laid the grounding not only to logic as we know it, but 

also to discrete mathematics and what today is known as Boolean algebra. Boole has 

introduced the algebra of logic (in particular, such its parts as: the laws of addition, 

multiplication, distribution and absorption – a set of algebraic properties which were now 

effectively applied to human thought). He also expanded and augmented the two-term 

propositions of Aristotle’s logic to whatever range, freeing the term logic from quantitative 

limits. In addition, it was Boole to provide Aristotle’s logic with solid mathematical 

grounding (namely, introducing the equations and tautologies, extrapolating both onto the 

thinking processes). Finally, in his investigation ‘Laws of Thought’ Boole has introduced 

the concept of ‘the universe of discourse’ (which would be discussed in the following 

lectures).  

Boole’s colleague, mathematician Augustus de Morgan contributed to his fellow’s 

system of classical formal logic by the introduction of a pair of transformation rules for 
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Boolean algebra (later known as valid rules of inference). The rules proposed by de 

Morgan, particularly, allowed to express the conjunctions via the terms of negated 

disjunctions and vice versa: (1) not-(A OR B) ⇔ not-A AND not-B; (2) not-(A AND B) ⇔ 

either not-A OR not-B. The two rules, owing to their contributor, have later been designated 

as ‘de Morgan’s laws’, still having a paradigmatic importance in contemporary systems of 

formal logic.  

German mathematician and philosopher Gottlob Frege at the end of XIX century has 

contributed into findings of his British predecessors by formalization of the study of logical 

consequences and inferential procedures and patterns, thus fulfilling the task initiated by 

Leibniz a century prior to him. The formalization of Frege allowed finally to turn logic fully 

into the subject of mathematics, after having both propositional logic of stoics and 

Aristotle’s term-logic subsumed in a rigorous formal non-contradictory way and 

represented in operational paradigm of mathematical thinking. Frege was first to ground his 

logic on an inferential system which has been known later in history of formal sciences as 

axiomatic system. In addition, the scholar has also presented and separated the syntax of 

logic (the rules of derivation within the axiomatic system and the rules of formation of the 

formulae which are considered to be syntactically valid within this axiomatic system), from 

its semantics - the ways of interpretation, as well ascriptions and definitions of the key 

notions, such as truth and falsity, validity and invalidity etc. 

2. Classical propositional logic. Classical Propositional Logic is the branch of logic 

which studies the propositions, statements or sentences taken as elementary (atomic) units, 

and the ways of building compound propositions, statements or sentences, as well as the 

logical relationships and properties derived from these methods of combining or altering 

propositions. Propositions are the building blocks of PL-languages; proposition is a singular 

sentence - a statement referring to some actual, possible, virtual fact or state of affairs (in 

physical world or concerning some content of mental states), basically assumed to be either 

true or false accordingly to the correspondence of such a statement to its extra-linguistic 

referents. Proposition, therefore, asserts that a certain state of affairs is the case; that is, 

truth-value of a particular proposition depends straightly on whether or not the state of 

affairs it affirms actually exists. Propositions can be compared to numbers: just as numbers 

are understood as the abstract referents of concrete numerals, the propositions are the 
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abstract meanings of a concrete sentences. Propositions p and q are logically equivalent iff 

it is impossible that one of them is true and the other is false. A proposition p is 

indeterminate if it is neither logically true nor logically false. A set of propositions is 

logically consistent iff it is possible that all the members of this set are true at the same time 

(otherwise, it is inconsistent). A set of sentences {P₁, ... Pn} logically entails C iff it is 

impossible for all {P₁, ... Pn}  to be true and C - false at the same time. 

3. Concept of logical argument and its compounds. Atomic compounds - the most 

basic PC structural units, denoted by single uncapitalized letters (usually, starting from ‘a, 

b, c’ … or ‘p, q, r, …’), each of which is either devoid of [any] meaning at all, or is a 

formal substitution for some sentence in natural languages. Premises - a set of [possibly 

empty] statements preeminent to the conclusion, that [are claimed to] support the 

conclusion, provide a justification to it, draw explicitly some implicit consequences of 

entailment which couldn’t have been derived without such supporting claims. Conclusion - 

an atomic or a compound proposition which is [claimed to be at least] entailed by some 

presuppositions or extra-lingual states of affairs. Argument - an ordered set of inferential 

steps (represented by propositions) where the last statement is thought to be (or actually is) 

entailed by contextual and factual content of those that preceed it; more common is to say 

on that behalf: ends with conclusion which is derived from its premises.  

Examples of the arguments are as follows:  

Premise 1:  It is known that only KPI diploma holders will get the job. 

Premise 2: Marie and Steve are the only KPI graduates among the applicants. 

∴ Either Marie or Steve will get the job 

 

Premise 1:  Some people believe that Gulliver was real person. 

Premise 2:  Gulliver is a fictional character.  

∴ Some people believe that fictional character is real.  

 

All dogs are mammals. 

All mammals are animals. 

∴ All dogs are animals. 
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There are 150 tickets for the show this weekend. 

Only 96 of them have been sold. 

∴ Some tickets for the weekend show have left and some are sold.  

 

Depending on the relations between premises and conclusion, we may say that there are: 

 (1) deductively valid arguments - if the truth of their premises guarantees the truth of 

the conclusion (=in every possible world where premises are true, same is for conclusion); 

if the set of premises 𝚽 doesn’t lead to false conclusion ψ to be derived from it (𝚽⊭¬ψ); 

 (2) inductively valid arguments - if the premises of an argument can support the 

conclusion, but without guaranteeing its truth; if the premises make the conclusion probably 

true / likely to be true / true under the normal circumstances.  

4. Syllogisms as the building blocks of classical logic. Syllogism is the oldest 

known form of argument, consisting of a major premise, a minor premise and a conclusion, 

each of which is a categorical proposition. By syllogisms we mean mainly two-premiss 

arguments containing exactly three distinct pairs of terms in each of three propositions, with 

middle term occurrence in both premises. A categorical proposition is a subject-predicate 

sentence consisting of a quantifier (universal: ‘all’ or particular: ‘some’), two terms (minor 

- Subject (S) and major - Predicate (P)) and a copula (either affirmative or negated). There 

are four types of categorical propositions:  

AffIrmo (affirmative categorical propositions):  

A (universal affirmation): ‘All S are P’ = ‘No S are not-P’ (S is wholly within P) 

I (particular affirmation): ‘Some S are P’ = ‘Not all S are not-P’ (At least one 

member of S is within P) 

nEgO (negative categorical propositions): 

E (universal negation): ‘No S are P’ = ‘All S are not-P’ (Denies any S within P) 

O (particular negation): ‘Some S are not-P’ = ‘Not all S are P’ (Denies that all 

members of S are within P) 

A figure of a syllogism is a relationship in which the middle term in syllogism stands 

to its major and minor terms. there are four figures in total:  

1st: each term occurs in the same place for both premises and conclusion;  

2nd: the terms are switched in major premise; 
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3rd: the terms are switched in minor premise; 

4th: the terms are switched for both. 

A mood of a syllogism is a valid form of a syllogism available within a given figure 

through variation of the quantities (universal / particular) and qualities (affirm / negate) of 

the premises and conclusion. There are 4 x 4 x 4 = 64 combinations of moods in total. 
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Main reading: 1-3, 7, 8 

Further reading: 4, 5, 9 

Self-assessment questions: 

1. Compare logical truth and factual truth. 

2. Give an example of valid and true, valid and false, invalid and true, and invalid 

and false arguments. 

3. Compare deductive and inductive validity of the arguments.  

4. Construct an informal syllogism of your own choosing (of A, I, E or O types).  

 

Topic 3: Syntax of Classical Propositional Logic and Truth Tables basics 

Aims: To describe a syntax of Classical Propositional Logic family and means of 

formalization of natural languages by its means. To introduce types of propositions, 

such as contingent sentences, logical tautologies and contradictory sentences. To 

represent and lay out the basics of a proof system known as Truth Tables, and give an 

algorithm of their building and use. To introduce the crucial concepts of the formal 

systems of logic.   

Key concepts: tautology, contingent sentence, contradiction, decidability, 
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satisfiability, completeness, soundness, functional completeness, logical connectives, 

propositional variables, metavariables, logical syntax, truth table, consistency, 

symbolic logic.   

Plan 

1. Syntax of formal (symbolic) logic. 

2. Contingencies, tautologies and contradictions  

3. Decidability, satisfiability and Truth Tables basics. 

4. Functional completeness of logical connectives. 

Methodological recommendations 

 

1. Syntax of formal (symbolic) logic. The basic formal language (also known as 

metalanguage) of Classical Propositional Logic consists of: 

p, q, r, s, … as atomic propositional variables;  

{φ, ψ} as metavariables standing for compound formulae (i.e., `φ’ may stand for a 

[possibly empty] set of infinite propositional atomic variables); 

function υ with nonempty set of values, which maps each atomic and compound 

proposition of our language to its truth-value; for Boolean algebraic propositional calculus 

we’ll begin with binary values set υ: {0; 1}, w/ ‘0’ meaning ‘false (otherwise, ‘⊥’) and ‘1’ 

— ‘true’ (⇄ ‘⊤’);  

unary logical connective `¬`, meaning ‘not’ (‘¬p’ := ‘not p’,  read as ‘it is not the case 

that p’ etc.); 

binary logical connectives, namely: ‘∧’ (conjunction operator) for ‘and’; ‘∨’ 

(disjunction operator) for ‘or’; ‘→’ (conditional arrow) meaning ‘if …, then …’ and ‘↔ / ≡’ 

(biconditional implication / equivalence relation indicator), which either stands for ‘… if 

and only if …’ (or just ‘… iff …’) or ‘… is equivalent to …’. 
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Truth-values for the basic logical connectives 

The examples of formulae built on the basis of the given syntax (with their 

corresponding disambiguation) are as follows:  

‘(P ∧ ¬Q) → (P ↔ R)’ (reads as: ‘if P and non-Q, therefore R is logically equivalent 

to P’) 

‘(P ∨ (Q → ¬R)) ∧ (S ∨ ¬Q)’  (‘either P or, if Q, then non-R AND S or non-Q’) 

‘A ∧ ¬C, B ∨ C ⊢ B’ (‘it is true that A and it is false that C; either B is true or C is 

true; so, B is true [since, by first premise, it is false that C]’) 

‘A → B, B → C ’⊢ A → C (‘if A, then B; if B, then C; so, if A, then C’) 

Truth Value - a semantic property of the compound formula or, traditionally, one of 

the two: either true or false. Truth-values aren’t possessed by interrogatives (questions), 

imperatives (commands) or exclamations. Truth Assignment - the operation of ‘mapping’ 

the atomic proposition to its truth-value according to its meaning, the conditions of its truth-

validity and the set of truth-values within the formal system.  

 

Binary truth-values for 16 Boolean functions 

The argument is valid if and only if there is no way its premises are true and the 
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entailed conclusion is false. Converse doesn’t hold: the argument is still valid if the 

conclusion is true but premises are [in some way] not. In the latter case, it is told off that, 

while still being Valid, the argument is not Sound. Sound argument is the valid argument 

with premises that are all true logically and (at the same time) factually, that is, 

corresponding to some fact in the world and logically coherent to the entailment of the 

argument.  

Argument TRUE FALSE 

VALID Sound argument 

Correct form 

True premises 

Unsound argument 

Valid form 

False premises 

INVALID Unsound argument 

Invalid form 

True premises 

Unsound argument 

Invalid form 

False premises 

 

In formal logic, the truth-values of singular propositions don’t match with the 

arguments’ validity / invalidity. It is easy to draw cases where, for each premise and the 

conclusion being logically and factually true, we’ll have invalid argument, despite it won't 

be a false inference concerning the content of each distinct proposition: such a falsity is 

known as 'non-entailment error' - a disposition where premises don't relate to the conclusion 

in either T/F ways. On the other hand, it may also be the case to demarcate Logical-truth-

values and Factual-truth-values: where logical truth value would mean 'a truth in a model / 

frame / under interpretation', factual truth value would denote the truth-conditions of the 

proposition in the real world. I.e., where logical truths are dependent on the relations inside 

the formal structures and co-determime the values of the compounds by their atoms being 

evaluated (so the values may be subject to change), the factual truths are based on a 

singular correspondence between fact and statement. 

2. Contingencies, tautologies and contradictions. Contingent sentence (formula) is 

a compound proposition which, under certain truth-assignments to its atomary components, 

takes either true or false meanings. E.g., the proposition ‘either W.Scott is the author of ‘

Ivanhoe’ or he is the author of ‘Waverley’ or he is the author of both’ can be both true 

and false, however, neither truth, nor falseness would follow here with necessity. At the 

same time, the disjunction: ’EITHER A wins the race OR B does’ is a contingent sentence 
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in case the statement has been made before the actual race took place. That is why it is 

plausible to mention that contingent sentences are time-dependent — their true / false 

meaning depends not only from the value of the propositions, but also from the subject of 

speech in relation to the time of event to which the proposition refers to.  The formal 

examples of contingent sentences are: ¬(p ∨ (q → r)) or p ⋀ (q ∨ ¬p) (both may be either 

true or false, depending on the truth values of atomic variables). Tautology is a complex 

logical proposition which is true under any truth assignment of its compounds.  E.g.: p → 

(q → (p ∧ q)); (p ∧ q) ↔ (q ∧ p); (a = b) → (Pa → Pb). A proposition is considered to be a 

contradiction when it is logically impossible that it be true or, equivalently, when it is 

logically necessary that it is false. General form of contradiction is φ ∧ ¬φ (at the same time 

and in the same relation), where φ denotes any arbitrarily taken compound formula (either 

consisting of one single variable or from two and more). The general idea is that 

contradictory formula expresses simultaneously the alleged truth of a proposition and its 

negation. 

3. Decidability, satisfiability and Truth Tables basics. To continue further insights 

into formal logic, we need to deal with more sophisticated notions and concept that are in 

use in the given discourse. To begin with, one should take a close look at the concepts 

dealing directly with the formal systems themselves, characterizing such systems in general 

(as well as in particular, either). Satisfiability - a formula F is satisfiable if there is a case 

such, that v(F) = 1. A class of questions of the formal theory is decidable, if there is an 

effective automated algorithm (procedure) which allows to give the correct answer to those 

questions each time for each WFF of the theory. E.g., for CPL, such question is:‘Is a 

formula F a tautology, contingency or a contradiction?’ The algorithm to determine this for 

any F that is off is called the decision procedure. A property P of some formal entity x is 

decidable if the class of questions ‘Does x have (or have not) got P?’ is decidable. 

There are Logics or their fragments, for which the decision procedure exists. On their 

account it can be said that such logics are decidable. There are also ’families’ of ‘semi-

decidable’ logics, with which we will deal with in future (as an example of such logics, one 

may consider first-order predicate polyadic logic or some of the n-valued logics where 

n>2). All the two-valued classical propositional logics are decidable. There are several 
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decision procedures for propositional logics with binary truth-values and any given set of 

traditional Boolean connectives, and the most common to practice, the easiest, yet effective, 

is a method of Truth Tables. A truth table is a diagram (that is, a table) which displays, for 

an argument or a propositional formula (either compound or atomic), the truth values of the 

whole formula and (/or) its compounds, as determined by each and any of the possible 

combinations of variables truth-assignments and, ultimately, the truth-values of each base 

(atomic) component (proposition) of the whole formula. Any particular truth table consists 

of: n input columns, where n is the amount of propositional variables; m output columns, 

where m is the total amount of atomic formulas + 1; r = k^n rows for each column, where k 

is an amount of different basic truth values within a logical system. E.g., for any classical 

binary propositional logic where k = 2, the amount of rows is defined as 2^n; for a formula 

((𝝋 ∧ ψ) → 𝝋) with only two variables, n = 2, r = 4, m = 2; for the formula (p ∨ (¬q ≡ s)) 

→ ¬r the result is, on the other hand: n = 2, r = 16, m = 3, etc.  

To build a truth table for any well-formed formula, there exists relatively simple 

algorithm which would work for any arbitrarily taken well-formed formula in each case, if 

one would follow this algorithm. The algorithm is as follows:  

1). Determine the amount of columns: m = c + k, k is the amount of propositional 

variables; simply count all the binary connectives and add them to k, that is; 

2). Determine the amount of horizontal rows: n = 2^k; 

3). Input: row 1 (all the propositional variables – the leftmost); all the subformulas; 

the whole formula (rightmost);  

4). Write down all the possible combinations of the truth assignments in rows for 

propositional variables. 

5). Determine the values for each combination for each of the compounds.  

6). Determine the final truth-values for each of the combinations on the basis of the 

truth-assignments of the compound parts of the formula for each row separately 

(accordingly to the truth values of the atomic compounds).  

E.g., we need to build a TT for the formula: 

(𝝋 ∧ ¬𝜓) ⊕ ((𝜓 →𝝋) ↔ (𝜓 →¬𝝋)) 

First come the computations as it was told off: k = 2, c=5 therefore, n = 2^2=4; m = 7. 

Then, after the appropriate correlated computations, we come to the generalized picture for 
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the main formula and its compound parts that is as follows:  

φ ψ (φ ∧ ¬ψ) ⊕ ((ψ → φ) ↔ (ψ → ¬φ) 

1 1 0 0 1 0 0 

1 0 1 0 1 1 1 

0 1 0 0 0 0 1 

0 0 0 1 1 1 1 

Generalized set of truth-values concerning the five basic logical connectives for any binary 

propositional logic is the following: 

 

The following examples would demonstrate, how exactly can truth tables be used in 

manifold ways to check the different aspects related to the well-formed formulae of 

classical propositional logics. Let us take the basic formal logic with two truth-values and a 

set of five connectives. Then we have: 
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4. Functional completeness of logical connectives. The base set of connectives is 

functionally complete when all other connectives in compound propositions (formulae) can 

be defined by means of this set, i.e., every truth-function is expressed by propositional 

formula that employs only connectives from this set. The main idea behind functional 

completeness for any given binary classical propositional logic is to express (:= define) the 

meaning of all five basic Boolean connectives by a set of chosen connectives that are taken 

as a basic set. It is thus similar to inductive definition in any area of mathematics: some 

minimal set is taken as a basic one, through which all the other necessary elements, entities 

etc. are defined. If such a definition is possible, the base set is understood as complete. 

Minimal functionally complete sets are:  

unary: {↑}, {↓}; 

binary: {¬, →}, {¬, ⋁}, {¬, ⋀}, {¬, ←}, {→, ⊥}, {←, ⊥}, {→, ⨁}, {←, ⨁}, {↛, ↔}, {↚, 

↔}, {↛, ⊤}, {↚, ⊤}; 

ternary: {¬, ⋀, ⋁}, {∨, ↔, ⊥}, {∧, ↔, ⨁}, {∨, ⨁, ⊤}, {∧, ↔, ⊥}, {∧, ↔, ⨁}, {∧, ⨁, ⊤}. 

The example of unary set with ↑:  

¬𝝋 ≝ 𝝋↑𝝋 

𝝋 ∧ ψ ≝ (𝝋↑ψ)↑(𝝋↑ψ) 

𝝋 ∨ ψ ≝ (𝝋↑𝝋)↑(ψ↑ψ) 

𝝋 → ψ ≝ 𝝋↑(ψ↑ψ) 

𝝋 ↔ ψ ≝ ((𝝋↑(𝝋↑ψ))↑(ψ↑(ψ↑𝝋)))↑(𝝋↑(𝝋↑ψ))↑(ψ↑(ψ↑𝝋))) 

The examples of binary sets. For {¬, ⋀}: 

𝝋 → ψ ≝ ¬(𝝋 ∧ ¬ψ)  

𝝋 ↔ ψ  ≝ ¬(𝝋 ∧ ¬ψ) ∧ ¬(ψ ∧ ¬𝝋) 



27 
 

𝝋 ∨ ψ ≝ ¬(¬𝝋 ∧ ¬ψ) 

For {¬, ⋁}: 

𝝋 → ψ ≝ ¬𝝋 ⋁ ψ  

𝝋 ↔ ψ  ≝ ¬¬((¬𝝋 ⋁ ψ) ⋁ ¬(𝝋 ⋁ ¬ψ)) 

𝝋 ⋀ ψ ≝ ¬(¬𝝋 ⋁ ¬ψ) 

For {¬, →}: 

𝝋 ∧ ψ ≝ ¬𝝋 → ¬ψ  

𝝋 ↔ ψ  ≝ ¬(𝝋 → ψ) → ¬(ψ → 𝝋) 

𝝋 ∨ ψ ≝ ¬(𝝋 → ψ) → (¬𝝋 → ¬ψ) 

Main reading: 2, 5, 10 

Further reading: 6, 10 

Self-assessment questions: 

1. Define the key components of the syntax of the formal languages in Classical 

Propositional logic. 

2. Unfold the notions of Satisfiability, Decidability, Completeness and Soundness. 

3. Lay out the general algorithm of Truth Tables building for well-formed formulae 

in CPL.  

 

Topic 4: Formal Proofs, Direct and Indirect 

Aims: To enumerate the set of algebraic properties assigned to formal logical 

systems. To define and introduce the basic and fundamental notion of formal proof 

and specify the differences between formal and informal proofs. To enumerate and 

exemplify the types of formal proofs (direct and indirect), as well as the tokens of 

each of the aforementioned types.   

Key concepts: algebra of logic, rules of transformation, logical equivalences, 

laws of logic, formal properties, formal proof, informal proof, direct proof, indirect 

proof, proof by assumption, conditional proof, proof by contradiction, normal forms, 

contrapositive, mathematical induction (weak and strong), proof by exhaustion, case 

proof.   

Plan 
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1. Algebraic properties of classical propositional logics. 

2. The concept of Formal proof: general notions and aspects. 

3. Direct proofs.  

4. Indirect proofs. 

Methodological recommendations 

 

1. Algebraic properties of classical propositional logics. For any classical 

propositional logic there exists a set of tautologies which are true on any possible truth 

assignment. These tautologies, with respect to the structure of a given particular 

propositional logic, are also known as ‘the laws of thought’ or, more precisely, the 

algebraic properties of classical propositional logics which are invariantly true regardless of 

the particular formal logic as such. These properties are as follows (the student of 

mathematically related specialty may notice that they are, to some extent, common with the 

algebraic properties of Boolean algebras in discrete mathematics):  

Idempotence: 

𝝋 ∨ 𝝋 ↔ 𝝋  

𝝋 ∧ 𝝋 ↔ 𝝋  

Commutativity: 

𝝋 ∨ 𝜓 ↔ 𝜓 ∨ 𝝋  

𝝋 ∧ 𝜓 ↔ 𝜓 ∧ 𝝋  

Associativity: 

(𝝋 ∨ 𝜓) ∨ 𝝌 ↔ 𝝋 ∨ (𝜓 ∨ 𝝌)  

(𝝋 ∧ 𝜓) ∧ 𝝌 ↔ 𝝋 ∧ (𝜓 ∧ 𝝌) 

Distribution property: 

𝝋 ∨ (𝜓 ∧ 𝝌) ↔ (𝝋 ∨ 𝜓) ∧ (𝝋 ∨ 𝝌) 

𝝋 ∧ (𝜓 ∨ 𝝌) ↔ (𝝋 ∧ 𝜓) ∨ (𝝋 ∧ 𝝌)  

de Morgan’s laws: 

¬(𝝋 ∧ 𝜓) ↔ ¬𝝋 ∨ ¬𝜓  

¬(𝝋 ∨ 𝜓) ↔ ¬𝝋 ∧ ¬𝜓 
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Absorption: 

𝝋 ∨ (𝝋 ∧ 𝜓) ⟺ 𝝋  

𝝋 ∧ (𝝋 ∨ 𝜓) ⟺ 𝝋  

Law of (non-)contradiction: 

𝝋 ∧ ¬𝝋 ⟺ ⊥  

Law of excluded middle: 

𝝋 ∨ ¬𝝋 ⟺ ⊤ 

Identity: 

𝜑 ∧ ⊤ ⟺ 𝝋  

𝝋 ∨ ⊥ ⟺ 𝝋 

Negation (inverse or complement)  

𝝋 ∨ ¬𝝋 ⟺ ⊤ 

𝝋 ∧ ¬𝝋 ⟺ ⊥ 

Material Conditional (Strict implication): 

𝝋 ⇒ 𝜓 ⟺ ¬𝝋 ∨ 𝜓 

 𝝋 ∨ 𝜓 ⟺ ¬𝝋 ⇒ 𝜓 

Domination:  

𝝋 ∨ ⊤ ⟺ ⊤ 

𝝋 ∧ ⊥ ⟺ ⊥  

Double negation: 

¬(¬𝝋) ⟺ 𝝋 

The following tautologies also allow the transformation of one formulae into the 

other within either truth tables, or any other given adequate system of logical proof, 

allowing to rewrite one formula as its tautological equivalence. These formulae are also 

considered as the laws of thought (although not canonically accepted, that is, not 

conventional ones): 

Transposition:  

¬𝝋 → ¬𝜓 ⟺ 𝜓 → 𝝋  

¬𝝋 → 𝜓 ⟺ ¬𝜓 → 𝝋 

𝝋 → ¬𝜓 ⟺ 𝜓 → ¬𝝋 
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𝝋 → 𝜓 ⟺ ¬𝜓 → ¬𝝋  

Exportation:  

𝝋 → (𝜓 → 𝝌) ⟺ (𝝋 ∧ 𝜓) → 𝝌  

Equivalence law: 

𝝋 ↔ 𝜓 ⟺ (𝝋 → 𝜓) ∧ (𝜓 → 𝝋) 

Biconditional property: 

𝝋 ≡ 𝜓 ⟺ (𝝋 ∧ 𝜓) ∨ (¬𝝋 ∧ ¬𝜓) 

Biconditional Negation (Inverse): 

¬(𝝋 ↔ 𝜓) ⟺ ¬𝝋 ↔ 𝜓 

¬(𝝋 ↔ 𝜓) ⟺ 𝝋 ↔ ¬𝜓 

¬(¬𝝋 ↔ ¬𝜓) ⟺ 𝝋 ↔ ¬𝜓 

Let p be any arbitrary well formed formula which consists of propositional variables 

and connectives {¬, ∧, ∨}. Then, its dual proposition dp is a proposition obtained by 

replacements on every occurrence of: ∧ with ∨; ∨ with ∧ and ⊤ with ⊥ (for every tautology) 

or ⊥ with ⊤ (for every contradiction). For instance, for the given two formulae, we obtain 

the following dual propositions.  

p = (p ∧ q) ∨ ((¬s ∨ ¬p) ∧ ¬(s ∨ ¬q)) ⟺ dp = ¬((¬p ∨ ¬q) ∧ ((s ∧ p) ∨ ¬(¬s ∧ q)) 

q = ((p ∨ q) ∧ ¬r) ∧ ¬p ⟺ dq = ¬(((¬p ∧ ¬q) ∨ r) ∨ p) 

The properties of formulae and their corresponding dual formulae along with 

connectives definitions by primitives make it possible for any 𝝋 in CPL to have an 

equivalent in a disjunctive normal form (DNF) and conjunctive normal form (CNF). 

Normal form is used to standardize the forms of well-formed formulae for different 

purposes (for instance, such as usage of proofs, representations, proving functional 

completeness of primitives sets, establishing semantic connections etc.). A well-formed 

formula is in disjunctive normal form if and only if: (1) it has at most {¬, ∧, ∨} as its 

logical connectives; (2) ¬ is applied only to atomic formulas; (3) no subformula that is a 

conjunct contains a disjunction. The following formulae are in their disjunctive normal 

forms: (P ∧ ¬R) ∨ (Q ∨ (R ∧ S)); (A ∧ ¬B) ∧ C ∨ (B ∧ ¬C); A ∨ (¬B ∧ A). A well-formed 

formula is in conjunctive normal form if and only if: (1) it has at most {¬, ∧, ∨} as its 

logical connectives; (2) ¬ is used as in disjunctive normal form — to atomic formulae only; 
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(3) the laws of distribution (aforementioned algebraic property) are in effect. The instances 

of the following formulae are in their conjunctive normal forms: (P ∧ Q) ∨ R ⟺ (P ∨ R) ∧ 

(Q ∨ R); P ∨ (Q ∧ R) ⟺ (P ∨ Q) ∧ (P ∨ R). 

The four following examples show how would look, for the arbitrarily taken well-

formed formulae of propositional logic, their corresponding negation normal form (NNF), 

conjunctive normal form (CNF) and disjunctive normal form (DNF) correspondingly: 

(1) ¬((a ∨ c) ∨ b) ∧ ((b ↔ c) → ¬a)  

NNF: ¬b ∧ ¬c ∧ ¬a 

CNF: ¬b ∧ ¬c ∧ ¬a  

DNF: ¬b ∧ ¬c ∧ ¬a 

(2) (¬(a ↔ b) → c ⊕ a) ↔ b 

NNF: (¬b ∧ c ∧ a) ∨ (b ∧ ¬c ∧ a) ∨ (b ∧ c) 

CNF: (b ∨ ¬c ∨ a) ∧ (¬b ∨ c ∨ a) ∧ (b ∨ c) 

DNF: (¬b ∧ c ∧ a) ∨ (b ∧ ¬c ∧ a) ∨ (b ∧ c) 

(3) (𝝋1 ∧ ¬𝝋2) ⊕ (𝝋2 → ¬𝝋1) 

NNF: ¬𝝋1 

CNF: ¬𝝋1 

DNF: ¬𝝋1 

(4) (r → (¬q ↔ p)) ∨ (p → (q ∧ ¬r)) 

NNF: ¬r ∨ ¬p ∨ ¬q 

CNF: ¬r ∨ ¬p ∨ ¬q 

DNF: ¬r ∨ ¬p ∨ ¬q 

The interpretation I of a well-formed formulae of a formal language 𝛤 is a truth-value 

mapping of a kind of I: 𝚽 ⇒ {T, F}, where 𝚽 is a set of propositional symbols (atomic 

formulas).  The interpretation of formula 𝝋 which belongs to a language 𝛤 (or, respectively, 

a set of formulas 𝚽 — a subset of the given formal language) is a restriction of the 

language 𝛤 that belongs to the set of propositional symbols of 𝝋 (or 𝚽). A partial 

interpretation of a formula 𝝋 of a language 𝛤 is the restriction of the interpretation of the 

language that 𝝋 belongs to a set ∆, where ∆⊆𝚽. Evaluation V of I is a function Vi: 𝚽 ⇒ 
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{T, F} which belongs to the set of sentences in any formal language of the classic 

propositional logic to their corresponding algebraic truth values, such that: 

(1) Vi(𝝋) = T iff I(𝝋) = ⊤, otherwise Vi(𝝋) = F 

(2) Vi(¬𝝋) = F iff Vi(𝝋) = T 

(3) Vi(𝝋 ∧ 𝜓) = T iff Vi(𝝋) = T and Vi(𝜓) = T 

(4) Vi(𝝋 ∨ 𝜓) = T iff Vi(𝝋) = T or Vi(𝜓) = T 

(5) Vi(𝝋 → 𝜓) = T iff Vi(𝝋) = F or Vi(𝜓) = T 

(6) Vi(𝝋 ↔ 𝜓) = T iff Vi(𝝋) = Vi(𝜓) 

2. The concept of Formal proof: general notions and aspects. Generally, by proof 

we mean a demonstration, showing that some statement, formula, hypothesis, explanation, 

model, claim, theory is true and / or has valid form. To give the same definition recursively, 

it can is also a demonstration of falseness of all the aforementioned (by showing that the 

information in question is, say, fallible, incomplete, inconsistent or completely false). 

Proofs vary by structural properties (forms), methods and types (strategies to be chosen for 

the method to be applied in particular case). A formal proof comes within a formal system 

by its means (formal language, along with the axioms and the rules of inference). In 

particular, to give a formal proof is to provide a sequence of assertions, from the 

assumptions which are the hypotheses of formal proofs. it’s required that every assertion is 

an immediate consequence of earlier assertions. In axiomatic systems of mathematics and 

logic, a formula is provable if there is a finite sequence of formulas beginning with an 

axiom and ending with this formula and such that every element of the sequence either is an 

axiom or results from preceding formulas of the sequence. 

It must be noted that all the epistemological terms that were presented previously in 

the given definitions are not all the same by their meaning in terms of formal logics. Theory 

(in metamathematics, logic, mathematics) - a formal theory is a set T of formulas of (a 

formal - artificial) language closed under a logical consequence = everything that is 𝚽 ⊢ 𝜏, 

𝚽 ⊆ T is also 𝜏 ∈ T. Logical consequence, also known as deductive implication, may be 

described as follows: if T is a theory, and 𝚽 is a deductive consequence of T, therefore it 

must be that 𝚽 ⊆ T. Statements that are provable without assumptions (premises), 

deductively followed from base set of propositions are known as logical theorems. Within 
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T-theories, theorems are statements and formulas that we can prove using as assumptions 

only axioms of T. That is, all the 𝜏 ∈ T. 

There exist several types of proofs, the intradistinction of which would yield 

immediately. The basic distinction of proofs may be told off by the reference to their 

subsets, namely, direct and indirect proofs. A direct proof is a type of proof where one 

deduces the conclusion directly from a set of premises within it by a finite sequence of 

inference steps through analysis and (or) combination. An indirect proof is based on adding 

assumption which is itself a negated conclusion. To perform a proof → to prove that 

negated conclusion is false (contradictory), so the initial conclusion is true. 

3. More precisely, let us take a look at Direct proofs. Conditional proof is a type of 

formal proof strategy in which the conclusion 𝜓 is deduced from a list of assumed premises 

(𝝋1, …, 𝝋n). On the basis of this the conditional proposition of a form ‘if 𝝋1 and 𝝋2 and 

… and 𝝋n, then therefore 𝜓’ is asserted. Depending on a method of proof which is chosen, 

the premises may consist of two various categories, namely, the hypotheses (which are 

known as a part of task for derivation) and assumption (called conditional proof 

assumption), which is added to the set and links further inference steps and the conclusion. 

A proof by mathematical induction usually proves that some property P holds of all 

elements of an infinite collection C. If C is the smallest set containing basis set B (typically 

{0, 1}) and is closed under one or more operations, then it is provable that a P holds of 

every member of C by proving that P holds of the members of B, and P is preserved under 

applications of various operations. Strong version of mathematical induction proves that P 

holds of all natural numbers by (a) proving that P holds of B, (b) proving that, for arbitrary 

number n, if P holds for all the numbers less then n, then P(n) as well. Weak version of 

mathematical induction is usually almost the same, but on the step (b) we prove that P(n), 

on that basis proving that P(n+1) holds as well. General strategy of a proof by mathematical 

induction, step-by-step, is as follows: 

1. The Base case. 

2. The Inductive case, which is itself a subdivision onto: 

2.1. Inductive Hypothesis 

2.2. Inductive step.  

Mathematical induction for Arithmetic (more precisely, its fragments which are 
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eligible for axiomatization) may be exemplified on the clauses based on Axiom 5 of Peano 

Axioms on Arithmetic: (PA5) ℙ[0] ∧ (∀x)(ℙ[x]→ ℙ[s(x)]). → ∀x(N[x] → ℙ[x]) (which 

would read as follows: ’suppose property ℙ holds of 0; suppose further that if ℙ holds of n, 

then it also holds for its successor n+; so then ℙ holds of every number’). Obviously, one 

may obtain the following exemplification case by merely a substitution of the fifth axiom 

into our generalized scheme: 

1. (BC): 0 has ℙ ℙ[0] 

2. (IC): for any n, if ℙ[n], so is for its successor (∀x){ℙ[x] → ℙ[x+]} 

2.1. (IH): ℙ[n] 

2.2. (IS): ℙ[n+].  

Proof by exhaustion is a form of inductive reasoning which itself is a substitution of 

all the given atomic and compound formulas to some axiom, axiom schema or, if this is the 

case, to the ‘blank’ template of formula that is needed to be proven. The proof is considered 

to be  complete if, on each possible substitution, the derivations are complete, and, as a 

consequence, the whole set of formulae is proven to be consistent. The formal notation of 

proof by exhaustion has the following form: 

{𝝋1 → 𝜓) ∧ (𝝋2 → 𝜓) ∧ … ∧ (𝝋ᵢ→𝜓} ⊨ 𝚽→𝜓 

It should also be noted, that this form of proof may be used only for a relatively small 

finite number of cases which itself is its objective limitation (it is generally possible but 

implausible to be applied to any large number of cases due to the length of proof which 

may turn to be enormous since the operation must necessarily be performed over each 

formula of the set, otherwise its consistency cannot be proven). 

Methods of case proofs can generally be characterized as the proofs which follow 

abductive patterns of inference (that is, a hypothetical reasoning). One of the most profound 

case proof is a Constructive existence proof — a proof of an existential conclusion, 

expressed by particular affirmative proposition of a kind: ‘this is the case, that P’, where  

the inference steps provide a proper description, production or construction of an entity 

which is (by proof) P. To complete it, the assumption about P’s existence is placed, then 

one should demonstrate that the assumption is true at least in one instance. Another useful 

type of formal case proof is a pigeonhole principle. Its formal layout is as follows: If we 

place m objects (o1, o2, …, om) into n bins (holes, shelves, placeholders, inputs) (b1, b2, 
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…, bn) and if m > n, then some bin bn would [necessarily] contain at least two objects. 

Procedural usage in constructing proof or tasks solving by the means of pigeonhole 

principle can be pinned down to the following algorithm: 

- Firstly, one specifies some designated set or domain D containing m objects 

(members) to distribute within the given amount of locations of distribution; 

- Secondly, one specifies additional domain B of n ‘buckets’ into which one should 

distribute all the elements of D such, that n < m; 

- If D = {m} / B = {n} (if m objects are distributed into n input ‘buckets’ then we 

have a base conclusion - analytical and a priori - that there are two m’s in one n at least!) 

4. Indirect proofs. A notorious example of indirect proof is another type of what has 

been previously defined as case proofs. Namely, the most usable and known instance of the 

indirect case proof is a proof by counterexample. In a certain sence, proof by 

counterexample may be described as a destructive / non-existance proof. According to such 

a characteristic, it, thus, tends to demonstrate quite opposite to the constructive existence 

proof, namely, that some universal affirmative proposition is always false (by any given 

possible instance), restricting its quantification scope (in case of successful proof). Case 

proof to such ends would mean, from algebraic and logical points of view, a providing of 

the counterexample. Such a proof (provision), eligible of arriving into a counterexample, is 

usually being performed in two stages. Generalized description of these stages is as follows: 

Stage 1. Given a one-step argument whose validity is to be checked, firstly we should 

locate a form of inference 𝝋, such that the argument is relying on it (meaning, that 𝝋 serves 

as its’ ‘truthmaker’ i.e. it is reliably truth-preserving for the argument validity.  

Stage 2. It should be shown that 𝝋 is not a generally reliable as a truthmaker by 

finding some other argument with the same pattern of inference but at the same time in a 

non-controversial way is invalid (say, having true premises and a false conclusion etc.).  

Another widespread form of indirect proofs is proving falseness of the assertion by 

considering what would happen for if it is true. It is more commonly known under the 

designation of a proof by contradiction. A proof by contradiction is performed by the 

following algorithm: 

1). Assume the negation of what you need to prove.   

2). Show in finite number of justified steps that this assumption results into 
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contradiction.  

3). Therefore, the base hypothesis is wrong, so the initial assertion is false.  

In other words, if the true assertion (taken initially) eventually leads to some 

impossible interpretations or meaning of the formula, the initial assumption has been 

proven to be false or wrong (depending on a formal system in which the proof is performed, 

as well as a designated method of demonstration). 

 

Another indirect proof, similar to countermodel construction, but indirect version of 

it, is known as a proof by non-consequence. To perform this proof, when we search for the 

countermodel, we try to show that: 𝚽 ⊭ 𝝋 (for classical propositional logic that would 

mean the attempt to prove that argument is invalid: 𝚽 is consistent, 𝝋 is false at the same 

truth-assignment; for first-order predicate logic: that the argument is invalid: under the 

interpretation I<𝚽, 𝝋(𝜏)>, I(𝚽) = ⊤ (so it is also consistent), I(𝝋(𝜏)) = ⊥). When 

performing the proof by non-consequence, we show 𝚽 ⊬ 𝝋, i.e., that the set 𝚽 of premises 

is semantically irrelevant to 𝝋, that is, whatever 𝚽 is at valuations and literals truth-

assignments, the Universe of Discourse of 𝚽 is such that its members have no logical 

relation to 𝝋 such, that the set entails 𝝋 (that is: 𝚽⋂{𝝋} = ∅). 

The third indirect proof which is more or less common is a proof by contrapositive. 

To grasp it in its entirety, one should recall the Laws of Logic, namely, the law of 

Contraposition of the implication: 𝝋 → 𝝍 ⇄ ¬𝝍 → ¬𝝋 or, in the other version: 𝝋 → 𝝍 ⇄ 

𝝍 ∨ ¬𝝋. For instance, we can use this equivalence to prove that 𝝋 → 𝝍. If this is more 

plausible to prove either ¬𝝍 → ¬𝝋, or 𝝍 ∨ ¬𝝋 instead, one may perform the proof and, by 

the same token, proving that 𝝋 → 𝝍. For classical propositional logic, to perform the proof, 
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it would be enough to build the Truth Table, showing that given any substitution to 𝝋 and 

𝝍, if the formula is rewritten by the scheme, the truth-values for any assignment in a row 

would yield as equivalent to each other. However, it may not work properly for the 

formulae of First-Order Logic, since they are not completely decidable within the realm of 

truth-table performance of the proof. 

Main reading: 3-8 

Further reading: 1, 2, 4 

Self-assessment questions: 

1. Provide an instance of use of Indirect Proof for Classical Propositional Logic. 

2. Give a distinction between Direct and Indirect formal Proofs. 

3. Provide an instance of Formal and Informal Proof for the same subject and task. 

 

Topic 5: Axiomatic Deductive Systems 

Aims: To define and introduce a system of Proof alternative to that of Truth 

Tables, namely, Axiomatic Deductive Systems of proof, enlisting their properties and 

general algorithm of proof, including the key components, algorithms and basics of 

their creation and overall procedure of their application. Additionally, the aim is to 

specify and demonstrate some expressiveness limitations of classical propositional 

logics family and the issues concerning their interpretation and truth-valuations.   

Key concepts: logical axiom, axiom schemata, rules of inference, substitution, 

detachment rule, logical theorem, infinite resolution, logical deduction, derivation, 

derived axioms, expressiveness, logical semantics, expressivity limitations.   

Plan 

1. Axiomatic deductive systems. 

2. Generalized properties of axiomatic deductive systems.  

3. Why axiomatic deductive systems are problematic?  

4. Limits of Classical propositional logics. 

Methodological recommendations 

 

1. Axiomatic deductive systems. In the first lecture, we have dealt with formal 

languages - a formal grammar and syntax comprised of the basic vocabulary and a finite set 
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of rules specifying which sequences of symbols are treated as well-formed formulas. The 

rules that, given one or more well-formed formulae of a formal language, state that some 

sequences of basic symbols are also well-formed formulae, are known as formation rules. 

Interpretation of a formal language is known as formal semantics. E.g., truth value 

assignments to propositions in classic propositional logics are its formal system. Deductive 

System is a formal system 𝕊 which consists of:  

(1) a formal language supplemented with 

(2) a nonempty basic set (a class) of formulas that are axioms (postulates, primitive 

statements - sentences asserted without a proof) or axiom schemata (each of which 

determines the form of an infinite set of instances) with  

(3) rules of inference, operations of a structural kind performable on formulas, that 

specify their sequences to count as derivations and proofs (called consequences).  

To define the given three components formally, we have that: 𝕊 = <𝚪, 𝔸, ℜ> (where 

𝔸 is a set of axioms, 𝚪 is a formal language, ℜ is a nonempty set of rules). Or, to define the 

whole enterprise even more formally: 𝕊: {𝔹 ⊆ 𝚪 (a set of well-formed formulae); 𝔹⊢𝔸 ⊆ 

𝚪;  𝔹,𝔸⊢𝕋 ⊆ 𝚪 (if and only if: 𝔸 = ∅, then 𝔹,ℜ⊢𝕋 ⊆ 𝚪); ℜ ∉ ∅}. 

Axioms in logic are not completely the same as in other areas of mathematics, 

although they share some partial similarities by their corresponding properties. To introduce 

the axiomatic system in action, we also need to unfold further notions related to the 

axiomatic systems in formal logic (and namely, those which are related to classic 

propositional logic). A proposition of a theory T (it’s wff) that is treated as fundamental or 

not admitting of a proof of a formula is an axiom. A set of propositions that are 

fundamental in presenting the underlying logic of T are logical axioms. A set of 

propositions that are fundamental in presenting the non-logical or substantive truths within 

T - proper axioms. Axioms lay epistemic groundings for the formal system a.k.a. axiomatic 

derivation system. 

Axiomatic deductive system in general may be defined as an assemblage of: a set of 

formulae treated as axioms, set of rules to derive new formulas from the previous. A system 

𝕊 = <𝔄, ℜ>, expressed by means of formal language and grammar 𝛤, where 𝔄 - is a set of 

axioms, and ℜ is a set of the rules of deduction, {P, Q, R, S} - propositional variables that 

can be assigned to any arbitrary well-formed formula of a system. Axiomatic deductive 
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system also always contains two subsets 𝔄i ⊆ 𝔄 (axiom instances) and 𝔄s ⊆ 𝔄 (axiom 

schemata). An axiom scheme is an exemplification pattern or template which stands for 

infinitely many axioms. While axiom schemata instances are any of the well-formed 

formulae resulting from a uniformal substitution of a well-formed formula of a formal 

language 𝛤 (not necessarily distinct) for each of the propositional variables [P, Q, R, S]. 

Uniformal substitution is made for every occurrence of the propositional variable 

corresponding to a pattern by the algorithm: 𝝋 / P, 𝜓 / Q, 𝝌 / R etc. 

Using the basic notions of any classic propositional formal logical system, we may 

add the following properties related to the family of proof systems considered as axiomatic 

deductive systems in the following way. The axiomatic deductive system is sound in classic 

propositional logic, if: (1) all its theorems are tautologies; and (2) whenever we have 𝛤 ⊨ 

𝝋, 𝝋 is always being entailed by 𝛤. Axiomatic deductive system is said to be weakly 

complete for classic propositional logic, if every classical tautology of a system is also at 

the same time by the same token is its theorem.  Axiomatic deductive system is said to be 

strongly complete, if it is weakly complete and, at the same time, if it is always the case 

that, when a set of formulae 𝛤 of a system entails a formula 𝝋, 𝝋 is derivable from 𝛤 within 

the system. Axiomatic deductive system is said to be adequate if and only if it is complete 

and sound at the same time and by the same token. Axiomatic deductive system is said to 

be decidable if and only if there exists a decision procedure for the formula membership in 

the set, that is, a mechanical (automatized) procedure that will, for any well-formed formula 

𝝋, in a finite number of steps will determine if 𝝋 ∈ 𝛤 = ⊤ or not. 

One of the most fundamental issues related to formal systems in classic propositional 

logic is the issue of proof of their non-contradiction. This is crucial since, by that, one 

proves that no contradictory formula can be proved to be true within the system and by its 

means. On the basis of its importance, it may be also added that one of the key steps of 

proving that is to overlook whether the formal system adequately corresponds (fits into) to 

the deduction meta-theorem, a base for any axiomatic deductive systems. The meta-

theorem itself, in one of its most brief formulations, may be represented in the following 

way: 

Q is derivable from P in the formal system of classical propositional logic iff P → Q is a 

theorem in the given formal system of classical propositional logic 
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For this meta-theorem, there, in fact, exists enormous number of ways to prove it, most of 

which are pretty long and full of additional technical details which are not the part of his 

course. But to demonstrate one of the most brief and basic ways of its proof, we would 

choose the following mathematical conditional three-step direct proof which goes as 

follows:  

(1) if P → Q is a theorem, then Q is derivable from P; 

(2) if 1. is true, then there is a proof of P → Q in CLA; 

⊢ if P is an assumption, then by the rule, Q is derived.  

To demonstrate the way such a system works, let us construct an arbitrary axiomatic 

deductive system which would be comprised from only three axiom schemata, one rule of 

inference and two logical connectives to form a functionally complete set, namely, {¬, →}. 

The axiom schemata are as follows: 

LA1: P → (Q → P) 

LA2: (P → (Q → R)) → ((P → Q) → (P → R)) 

LA3: (¬P → ¬Q) → (Q → P) 

And the Rule of inference is Modus Ponens (also known as Detachment rule): ‘from P and 

P → Q, infer Q’. 

Suppose we substitute (A ∧ B) for P and (C ↔ (D ∨ E)) for Q. For the case with 

(LA1), we would have the following formula: (A ∧ B) → ((C ↔ (D ∨ E)) → (A ∧ B)). 

Suppose that, for the same axiom scheme, we substitute: (M ∧ (L ∨ ¬K)) for P and (K ↔ 

(¬M ∧ O)) for Q. Then, we’d have that: (M ∧ (L ∨ ¬K))  → ((K ↔ (¬M ∧ O)) → (M ∧ (L 

∨ ¬K))). What, then, conditional proof would look like by means of our system? Let us take 

a look at two examples. First is a proof that, for our axiomatic formal system, the formula 

‘A → B’ is true. It goes as follows: 
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Now, the same is for another basic formula A → A: 

 

As for the set of derived axioms on the basis of substitutions made solely on the basis 

of use of three introduced axiom schemata, the derived axioms may be as follows (mind, 

that these are not full enumeration of the derivations of a kind, but the most basic and 

obvious which are derived here immediately): 

1. (Q → ¬¬Q) → ((P → Q) → (P → ¬¬Q)) 

2. Q → ¬¬Q 

3. (P → Q) → (P → ¬¬Q) 

4. (P → ¬¬Q) → ((¬¬P → P) → (¬¬P → ¬¬Q)) 

5. (¬¬P → P) → ((P → ¬¬Q) → (¬¬P → ¬¬Q)) 

6. ¬¬P → P 

7. (P→¬¬Q) → (¬¬P→¬¬Q) 

8. (P → Q) → (¬¬P → ¬¬Q) 

9. (¬¬P→¬¬Q) → (¬Q→¬P) 

10. (P → Q) → (¬Q → ¬P) 

2. Generalized properties of axiomatic deductive systems. For any given formal 

system of axiomatic proofs, there is a set of generalized properties which can be attributed 

to it with all the consequences that follow. These properties are as follows (with respect to 

all the descriptive aspects attributed to the system on the basis of the observed properties): 

Reflexivity. If φ ∈ 𝚽, then 𝚽 ⊢ φ. The assumption φ in ND is a derivation of φ 

where every assumption that is undischarged is itself in 𝚽.  

Monotonicity. If 𝚽 ⊆ 𝚪 and 𝚽 ⊢ φ, then 𝚪 ⊢ φ. Any derivation of φ from 𝚽 is also a 

derivation of φ from 𝚪.  

Transitivity. Let a and b be arbitrary formulae and A, B - sets of formulae (possibly, 

empty). Then, if A ⊢ a, {a} ⋃ B ⊢ b, then A ⋃ B ⊢ b.  
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Compactness. 1. If 𝚪 ⊢ φ, then there is a finite subset 𝚪₀ ⊆ 𝚪 such that 𝚪₀ ⊢ φ. 2. If 

every finite subset of 𝚪 is consistent, then therefore 𝚪 is consistent. 2. For 𝚪 ⊢ φ there is a 

derivation d of φ. Let 𝚪₀ be the set of undischarged assumptions of d. Since any derivation 

is finite, there are finitely many formulae in 𝚪₀. So d can only be a derivation of φ from a 

finite 𝚪₀ ⊆ 𝚪. 2. If φ≡⊥, then, conversely, we have the same as for ⊢ φ, but contrapositive to 

it. The following properties of a formalized axiomatic deductive system are unfolding 

immediately with regards to the aforementioned (however, they are not to be internalized as 

a yielded results, that is why we put these three aspects separately): 

If 𝚪 ⊢ φ and if 𝚪 ⋃ {φ} is inconsistent, then 𝚪 is inconsistent either. Let us have A → 

B, (A ∧ B) → ⊥. Then, by De Morgan's law + Material Implication rule, we have that ¬(A ∧ 

B) ∨ ⊥ [:≡ ((¬A ∧ B) ∨ ⊥) ∨ ((A ∧ ¬B) ∨ ⊥)]. Then, ⊬ A → B (is non-derivable). 

Therefore, the conjunction (union) of A and B is inconsistent.  

𝚪 ⊢ φ if and only if 𝚪 ⋃ {¬φ} is inconsistent. Suppose that we have φ₁ = 'A → B'. 

Now, translating the set theory union notion again onto logical syntax, we have that φ₂ = 'A 

∧ ¬B'. So, (φ₁ ∧ φ₂) → ⊥.  

For 𝚪 ⊢ φ, if ¬φ ∈ 𝚪 then 𝚪 is inconsistent. Obviously, if we consider φ to be 

derivable from 𝚪, then therefore there is a finite set of formulae from which φ is derived, 

and one of them is ¬φ. That is, on some of the derivation lines there is an intermediate or 

immediate conclusion, eventually: ¬φ → φ, which is a contradictory. 

Consider the other formal definitions related to the axiomatic deductive systems. A 

formula φ is derivable from 𝚪 (:= 𝚪 ⊢ φ) is there is a derivation from 𝚪 ending with φ. A 

formula φ is a theorem of an axiomatic deductive system if there is a derivation of φ from 

the empty set: ⊢ φ (⊬φ if φ is non-theorem). A set 𝚪 of well-formed formulae is consistent 

if and only if 𝚪 ⊬ ⊥ (otherwise - inconsistent). Reflexivity of an axiomatic deductive 

system: if φ ∈ 𝚪 ⇒ 𝚪 ⊢ φ (since φ is stated as a derivation from 𝚪). Transitivity in an 

axiomatic deductive system: if 𝚪 ⊢ φ and φ, 𝚽 ⊢ ψ ⇒ 𝚪, 𝚽 ⊢ ψ. The following diagram is 

demonstrative within the context of understanding soundness and completeness of the 

formal system in general and, particularly, for the classic propositional logic: 
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3. Why axiomatic deductive systems are problematic? The limited expressiveness 

of axiomatic deductive systems, their overreliance on minimal basic sets of rules and 

connectives, as well as the necessity of following the extremely limited amount of 

inferential patterns (represented by a set of axiom schemata), along with the longevity of 

formal proof (the amount of steps) needed to prove even the most basic formulae of classic 

propositional logic (take the second example of axiomatic proof, for instance) have 

eventually lead to the decline of the use of such proof systems in general (as a type or 

category) in contemporary formal logic and metamathematics (the latter should be 

considered as a ‘place of birth’ for such a systems). These systems have eventually been 

replaced by the other systems of proof which showed to be more efficient and robust by 

their results with respect to the initial aims and conventionality of their use. The most 

prominent of such proof system turned out to be Natural Deduction and Truth Trees 

Tableaux. But before the representation of the latter, we should take a look at the basic 

problems behind the axiomatic deductive systems ‘in vivo’.  

There are several justified reasons why AS on practice may turn into complete 

disaster and should be abandoned in favour of other proof systems. The five most instant, 

which come into one’s mind may be described as follows: 

1. The length of proof for even simplest formulae to be proven due to the general 

procedure of substitution as well as because of relatively small amount of the rules of 

inference (lengthening, as a result, the proof as such).  

2. The necessity of remembering the axioms and axiom schemata rather than general 

algorithms (rules) of proof applicable for any case (resulting into an instant deviation from 

the processes of everyday reasoning, which the system allegedly follows — in fact doing 

the opposite!).  
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3. The instant necessity to decide on each substitution, which scheme should be used 

for any particular singular case, as well as the same need of subjective decision, whether the 

scheme is suitable for a particular case.  

4. The result of 3 in this case would be an enormous level of subjectivity (with 

respect to each particular decision) which, in its turn, weakens the formal strength of the 

system itself.  

5. The differences between the axiomatic systems (in relation to each other) may be 

significant, regarding the overall list of the axioms, as a result, turning the proof procedures 

into the significantly incommensurable for one and the same formula within the framework 

of different axiomatic systems of proof. 

To show what have been mentioned above, let us consider the Axiomatic System of 

proof the formal logical expression based on the following set of 17 axiom schemata (as it 

would be clarified later, we cannot help but put the wholesome set of that exact amount of 

the axioms needed for its proper work – more or less proper, though): 

A0: φ ∨ ¬φ 

A1: φ → (ψ → φ)   

A2: (ψ→(φ1 →φ2)) → ((ψ → φ1) → (ψ → φ2)) 

A3: (φ ∧ ψ) → φ 

A4: (φ ∧ ψ) → ψ  

A5: φ → (ψ → (ψ ∧ φ)) 

A6: φ → (φ ∨ ψ) 

A7: ψ → (φ ∨ ψ) 

A8:  (φ1→ φ3)→ ((φ2 → φ3) → ((φ1 ∨ φ2) → φ3)) 

A9: ¬φ → (φ → ψ) 

A10: ∀xφ(x) → φ(c) 

A11: φ(c) → ∃xφ(x) 

A12: ∀x(ψ → φ(x)) → (ψ → ∀xφ(x)) 

A13: ∀x(φ(x) → ψ) → (∃xφ(x) → ψ) 

A14: 𝜏 = 𝜏  
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A15: ((𝜏1 = 𝜏1’) ∧…∧ (𝜏n = 𝜏n’)) → (R(𝜏1…𝜏n) → R(𝜏1’…𝜏n’)) 

A16: ((𝜏1 = 𝜏1’) ∧…∧ (𝜏n = 𝜏n’)) → (f(𝜏1, …, 𝜏n) = f(𝜏1’, …, 𝜏n’)) 

To deal with the natural numbers (for instance, to make this system usable for at least the 

arithmetic foundations), we need to add seven more axioms taken from one of the 

formalized versions of Peano Arithmetic: 

PA0: ¬∃x(s(x) = 0) 

PA1: ∀x∀y((s(x) = s(y)) → ( x = y)) 

PA2: ∀x((x + 0) = x) 

PA3: ∀x∀y((x + s(y)) = s(x + y)) 

PA4: ∀x((x • 0) = 0)  

PA5: ∀x∀y((x • s(y)) = ((x • y) + x)) 

PA6: (P0 ∧ ∀x(Px → Ps(x))) → ∀xPx 

In first-order notation which is more plausible for our course, these seven axioms would 

have the following outlook:  

PA0: ¬∃x(s(x) = 0) 

PA1: ∀x∀y((s(x) = s(y)) → (x = y)) 

PA2: ∀x(a(x, 0) = x) 

PA3: ∀x∀y(a(x, s(y)) = s(a(x, y))) 

PA4: ∀x(m(x, 0) = 0)  

PA5: ∀x∀y(m(x, s(y)) = a(m(x, y), x)) 

PA6: (P0 ∧ ∀x(Px → Ps(x))) → ∀xPx 

(NB! Mind, that unary function s( ) and binary functions a( , ) and m( , ) within the context 

of Peano Arithmetic would mean ‘successor’ (of the natural number), ‘addition’ and 

‘multiplication’ correspondingly.) 

With all that in consideration, basing on this set of axioms and their extensions, we 

may try to prove some basic formulae, namely, the arithmetical basics from the PA ⊢ 1+1 = 

2 or, in other syntactical notation, (since, according to the functions and notational 

particularities, we have that s(0) := 1 and s(s(0)) := 2) PA ⊢ a(s(0), s(0)) = s(s(0)). The 

proof of this basic arithmetical expression is as follows: 
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It is obviously that mathematicians in their major would find such a proof too long to 

use actually, in addition to the grounding algorithm considered as being simply ineffective 

and at the same time complicated in use, since it fails to provide merely a simple and 

illustrative procedure of proof for even such a simple, basic case. But, as it was said above, 

there are indeed some other approaches that may allow us to prove this expression, as well 

as other, more complicated ones, with much ease, as well as without need of additionally 

memorising of two (or more) sets of axiom schemata from different fields of formal 

sciences (which, in turn, require previous introduction, and independence proofs etc.,etc.). 

One of such a systems of formal proofs is a family of proof systems generally known as 

Natural Deduction Systems which, in their turn, would be the subject of the following 

lecture. 

4. Limits of Classical propositional logics. Despite their positive aspects (such as 

decidability), there is a series of limitations which occur in formal systems of propositional 

logics. The only way of overcoming these limitations is a procedure of their expansion into 

the logics of higher orders and, therefore, higher expressiveness (which, surely, won’t come 

cheap). But before the actual introduction of the first step to such an augmentations over the 

classical propositional logics, we would take a brief review of the aforementioned 

limitations (at least the most typical ones) to justify the need of the augmentations.  

Problem 1. Classical propositional logics are expressively poor. Take a look at the 

two arguments, informal and formalized versions, expressed by means of the formal 
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language of classic propositional logic:  

1. X is highly skilled (a hi-quality professional in his occupations). (S ∧ P) 

2. X has no qualifying degree diploma as the evidence of his skills. (¬Q → ¬E) 

⊢ X is an uneducated qualified professional  

[⊢ (S ∧ ¬Q) ↔ (P ∧ ¬E)] 

 

1. S is [formally] educated (by means of having a diploma). (E) 

2. S is ignorant (by means of having real knowledge on the subject). (I) 

(Intermediate conclusion): I ↔ ¬E (‘non-educated’ as a synonym to ‘ignorant’) 

⊢ X is educated and non-educated 

 

Both of these cases rely heavily on the interpretations of the exact terms inside the 

propositions themselves, but not on the propositions conceived as structural atomic units 

(the atomic compounds which are usually understood as building blocks in classical 

propositional logics). However, in classical propositional logics, we have no possibility in 

principle to get in closer, for instance, to deal with the lexical substructures of what the 

propositions are in fact made up. In addition, there is no possibility to deal with logico-

semantical aspects of propositions (that is, with the meaning of particular words, 

comprising the very atomic level of the meaning of each proposition and, thus, each 

particular propositional variable). Whatever proposition is denoted by a particular variable, 

whatever long would it be and, let all its words be semantically adequate, change one, only 

one word for its meaning to be inappropriate, inadequate, false – the whole proposition may 

in fact be considered as false from now on. Take such a falsified proposition to be a 

conclusion, and the whole argument, previously considered to be valid, may be 

compromised. However, no propositional logic is able to reflect such changes in adequate 

way, therefore, none is unable of tracking the changes of a kind.  

Problem 2. Classical propositional logic is overdependent from its interpretations. 

Consider eight subjects each having one’s own beliefs related to foundational worldview:  

A. believes in Christian God (C). 

B. believes in flying teapots (T). 
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C. believes in flying saucers (U).  

D. is a non-believer (¬B).  

E. believes in Flying Spaghetti Monster (F). 

F. believes in Krishna (K).  

G. is an Islamist (M).  

H. is a Salafi Jihad proponent (S). 

What should turn our attention here is not our own assessment and evaluation of the 

contents of beliefs of each of the proponents (since they have been assigned quasi-

arbitrarily and can be exchanged with ease by the same token). What matters is a way in 

which each of the proponents of a particular belief would, in that case, interpret the beliefs 

of other subject; for such an interpretation there exists, algebraically speaking, one-to-many 

correspondences, mapping from each subject to any other subject, where the point of 

mapping (the element of a set ‘subjects of belief’, that is) is a subjective interpretation of 

actual contents and correlations of all the other subjects of belief. We will not deal with 

such a mapping for it would demand 64 propositions to depict it, but will arbitrarily 

consider some of such interpretations and their formal representation accordingly to the 

formalization of the eight initial belief-propositions as taken above: 

Interpretation by (A): (¬B ∧ E) ↔ (C ∧ F) 

Interpretation by (D): C ↔ (G ∧ H) ↔ K ↔  

Interpretation by (H): ¬B ↔ …. to all 7 proponents except H 

Interpretation by (G): (M ↔ ¬S) ∧ (M ↔ K ↔ C) 

Interpretation by arbitrary subject from the outside (X): F ↔ T ↔ U 

We may conclude in general, that the context the way we read propositions reflecting 

the subjective belief here, taken separately, are not of a kind of being problematic. 

However, if one tries to establish the relations between these propositions taken as atomic 

compounds of a formalized language of classical propositional logics, there is enormous 

quantity of ways of establishing such relations, and each would demand in fact nothing but 

a separate formal system, each containing its own rules and axioms which would be 

mutually incommensurable due to the different interpretations. In short, to subsume: 

different interpretations entail divergent truth-valuations, and difference in truth-values of 
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one and the same proposition within the system would necessarily lead to internal 

contradictions within the system (one and the same formula / proposition is true and false at 

the same time). There is no opportunity to fix such a bug with the means of classical 

propositional logics only.  

Problem 3. Classical propositional logic is unable to express and reflect in adequate 

form logical relations between the propositions themselves. Take a look at the following 

argument: 

1. All humans are from Earth ⇒ H → E [:= ‘if something is human, therefore it is 

from Earth’] 

2. S is human ⇒ S → H [:= ‘if someone is S, therefore (s)he’s from Earth’] 

  ⊢ S → E [:= ‘if the one is identical with S, the one is earthling’] 

The given argument is valid, as well as it is sound. On the other hand the 

propositional attitudes of this argument are significantly distinct from the natural language, 

the formal representation of which its formalized expression in this argument is supposed to 

reflect (or at least schematically represent). For instance, it may be rightfully noted that the 

use of conditionals is generally not suitable (not satisfactory at least) for expressing having 

(or lacking) of properties of the object! What indeed should have been put for the given 

argument to reflect the propositional attitudes in a way closer to the natural language 

representation (and such a correlation is of a great importance in such fields of 

contemporary scientific and applied research fields as artificial intelligence, robotics, neural 

networks and other areas concerned with speech and pattern recognition) would be as 

follows: H, S ⊢ E. But this rewritten argument would now be an invalid inference. 

Reconsider: 

1. H → E [:= ‘if something is human, therefore it is from Earth’] 

2. S → E [:= ‘everything identical to S is from Earth’] 

⊢ S ↔ H [:= ‘being identical do S is equivalent to being from Earth’] 

By means of classical propositional logic, the argument would be absolutely invalid, 

despite the fact that we have a commonsense, ordinary, everyday, informal interpretation of 

it which seems to be valid or, at least, may be considered as indeed correct inference, 

regardless of the pattern.  
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Main reading: 7, 9, 15 

Further reading: 8, 10 

Self-assessment questions: 

1. Build up your own example of Axiomatic Derivation System for a Classical 

Propositional logic with a minimal set of logical connectives, axiom schemata and rules of 

inference. Perform a derivation using your system. 

2. With regards of the enumerated limitations of Classical Propositional Logic, 

provide your own instance of such limitations on a material of your choosing. 

 

Topic 6: First-Order Predicate Logic family 

Aims: To present a family of the formal systems with a level of expressiveness 

higher than that of propositional logics – predicate logics, subdivided into monadic 

and polyadic, each of them subdivided onto using or not the identity predicate. The 

presentation of a kind includes: introduction of a syntax for predicate logic, the 

concepts and additional operators, specifying the basic notions, unfolding the idea 

behind the concept of frames and the ways of formal and informal frames by 

instances of their use and differences behind them.   

Key concepts: first-order logic, predicate, individual constant, individual 

variable, frame, quantification scope, universal quantifier, existential quantifier, 

monadic and polyadic predication, relational predicate, identity predicate, domain, 

universe of discourse.   

Plan 

1. First-Order Predicate Logic: syntax and key concepts. 

2. Universe of Discourse and First-Order Frames. 

3. Key properties of first-order logics family. 

4. Identity versus Equivalence. 

Methodological recommendations 

1. First-Order Predicate Logic: syntax and key concepts. The most basic 

augmentation (extension) of propositional logics is commonly designated as a Monadic 

First-Order Predicate Logic – a formal system that is capable of expressing internal 

relations inside the sentences and propositions which atomic compound elements are 
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predicates and individual constants or individual variables and the relationships within 

them and between them. In short, individual constant or variable refer to the particular 

object or a generalized class of object of which the proposition tells something, while 

predicates are the properties of these objects or relational representations concerning the 

object in-between inter-objective correlations. The syntax of a formal system of FOPL has 

the following assigned extensions: 

Letters [a, b, c, …, w]  which stand for individual constants: singular terms - words, 

phrases, referring to a specific object, place, thing, person, process which are themselves 

particular and individual entities, not the classes of such entities.  

Letters [x, y, z] designating the individual variables, denoting the sets or classes of 

individual entities, that is, any indeterminate objects within the certain scope.  

The scope of variables is expressed through the two additional unary logical 

operators known as quantifiers: ’∀’ (universal quantifier) and ∃ (existential quantifier) used 

to enumerate sets and collections of objects, specifying them by corresponding domain, set 

or subset: the things we a talking about (or refer to).   

Capitalized letters A, B, C, …, Z which stand for n-ary predicates which are, 

generally speaking, anything we can say ABOUT an object (not only properties/adjectives, 

but also the relations between the objects).   

Binary logical operator ‘=’ expressing the relation of identity relation (which is not 

the same as equivalence relation we dealt with in classical propositional logic!). 

In details, individual constants are the designators for one particular individual object 

throughout the context, e.g., a person, or, also, any discontinuous attributable object in 

common, such as city, tree, car, book or abstract notion (such as number in mathematics). 

Individual variable is denoted by a lowercase letter, from a to w (usually, individual 

constants formalized by the principle of first letter of individual object’s proper or general 

name in a context, e.g.: a = Aristotle; t = Thanos [NB! but also, if needed: t2 = Thanatos]; c 

= cat; k = Kyiv; m = mathematicians, etc.). Individual constants in first-order predicate 

logic instantly bear a type of logical relation to some specified attributes, which they are 

alleged to have (or have not), in a way the element related to set (or domain of discourse, as 

it is also noted). Individual variable, on the contrary, is a ‘dummy’ marker that functionally 

isomorphic to a placeholder for the individual constant, relating to the whole class or set of 
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the elements of the constants or their parts (depending on the quantificational scope which 

would be discussed below). Therefore, individual variable may be said to indicate where 

exactly the individual constants may be written, which attribute, property or relationality 

may be correctly attributed to them. If we were to compare constants and variables by 

example, we may imagine that individual constant is a particular number (such as 21, 44, 60 

or 1089 in arithmetics or daily counting, whatever); then, by the same token and relation, 

any individual variable is — to such a number — like a variable in equation or inequality, 

e.g., x = [1, 4]; y = 60. In formalized expression, individual variables are denoted by the 

lowercase letters from x to z. Universal quantifier is a symbol which is put before 

individual variables, asserting that something is the case (or not the case) for the whole 

collection of objects (set or subset), for each of which the given variable may stand for. 

Universal quantifier in a formal expression is read as follows:  

(For) all …; 

Given any ..., it is …; 

Everything is …; 

This is the case that all … are … etc. 

e.g.:  ∀xFx := all x-s are F-s. If we have a particular designations on the variables and 

predicates in expression, the following instance is exhaustingly demonstrating the use of 

universal quantification in the expression: ∀x(Hx → ¬Ix) := for all humans this is the 

matter of fact that none of them is immortal ⇄ if x is human, then x is not immortal.  

Existential quantifier ∃ says that there exists at least one unspecified object of which some 

expression is true. It deals with either unique individual object that stands out from some 

wider class or with the subsets of objects within a wider scope. It is read as follows:  

there is at least one x, such that ... 

some of x’s are …   

this is the case that it is … 

x exists, such that … 

no x is … 

For instance, consider the following. If x means humans, and W is a predicate 

meaning being a weird fiction writer, and we have that l which refers to a weird fiction 

writer Howard Philips Lovecraft, we have the following expression: At least one x exists, 
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such that x is a weird fiction writer and HPL is a weird fiction writer. It is formalized as 

follows: ∃x(Wx ∧ Wl). 

Now, for the predicates, the most crucial part of FOPL, we have a twofold definition 

since some of them may be unary and the others – n-ary (and n>1). The simplest predicates, 

known as unary, denote some properties of individuals, states, activities, conditions 

attributed to the particular object (either as temporal, or as regular), exemplified by any 

lexeme (a verb, a noun, etc., e.g.: ‘has gills’ - G, ‘is a human’ - H, ‘is mortal’ - M, 'works in 

library’ - L, 'is planning the vacation at the moment’ - P), as well as they are attributed to a 

class of object or a subset (denoted by the individual variable, correspondingly). The 

example of unary predicate combined with a singular term: (Hp ∧ Hl) → (¬Hm ∨ Da) 

which reads as: If Paul and Lisa are happy, then either Max is unhappy or Ann is depressed. 

The example of unary predicate combined with individual variables: ∀x(Fx → Gx) ∧ 

¬∃y(Hy → Gy) which reads as: All fishes have gills, while no human does.  

In their turn, n-ary or polyadic predicates denote the relational properties, that is, they 

express some relations between the individual objects or correspondences between the 

objects and the classes (subsets) of objects within the scope of quantification (the domain) 

or between variables or between both variables and specified constants by establishing the 

ordered designated, particularized n-tuples. E.g.: Lgf which may stand for: Gemma loves 

Fitz; ∀xHxc which stands for: Everyone hates Chris; or, more entangled example: (Bam ∧ 

Bma) ↔ (Bta ∧ Bat) which may be read as: Agamemnon and Menelaus are blood brothers 

to each other and so do Thyestes and Atreus, and their relations to each other are 

equivalent; other more sophisticated expressions example: ∀x(Ax → Kca), read as: Codrus 

is the last King over the Athenians (taking the variable x with A as for all the citizens of 

Athens with addition of an individual constant c for the king Codrus denotation). Both 

‘everyone’ and ‘someone’ in natural language refer to something more modest then literal 

‘everyone as all’ or ‘someone’ in general as it may be - e.g. everyone who’s reading, 

everyone in the class, some part of applicants and whatever.  

2. Universe of Discourse and First-Order Frames. In propositional logic we had 

truth assignments in truth tables to tell us which propositional symbols were to be 

interpreted as being true and which as false. In first-order logic the analogous role is played 

by frames, which can be thought of as providing the dictionary for translations from the 
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formal language into the natural languages. A frame for a first-order formal metalanguage 

will tell us: 1.  What collection of things the universal quantifier symbol (∀) refers to, and 2.  

What the other parameters (the predicate and function symbols) denote. In order to 

eliminate the ambiguities of too ___-ness, we specify the domain, or, the Universe of 

Discourse. The domain is specified by quantifiers and their scope given to the classes of 

objects or their parts. Any meaningful domain must have at least one member or element 

(in other words, in cannot be an empty set). Every proper name must pick out exactly one 

member of the domain. However, at the same time, a member of the domain may be picked 

out by one, many or no names at all (in the last case still being a member of the discourse 

universe). Domain is an informal type of specification of quantification scope. For example, 

consider the Universe of Discourse: all the participants of this event;  

m1: Marrie  

m2: Marcus  

j: John  

c: Catherine   

Partial quantification: ∃xPx which would read as: there is someone who has participated in 

this event. Domain-scope level quantification: ∀xPx meaning: all the people participated in 

this event. Such a specification doesn’t allow precise formalization. The latter may be 

achieved only within the use of more rigid specification with formal rules of syntax and 

following interpretation, known as frames. We would use just the same Universe of 

Discourse, but build its description accordingly to the syntax of First-Order Frames — a 

sort of paradigm of interpretation, basically, reading the well-formed formulae and their 

truth-valuations as outputs, where the following data should be considered as an input data 

instead of such inputs as, for example, truth tables in classical propositional logics.  

ℱ: <𝜤, 𝔇>; 

𝜤(𝔇): {m1: Marcus, m2: Marrie, j: John, c: Catherine}; 

P(+): {m1, m2, j, c};  

F(+): {m2, c}; F(—): {m1, j}; 

M(+): {m1, j}; M(-): {m2, c};  

R(+): {⟨j, c⟩, ⟨c, j⟩}; 
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1-place function g: {j}; 1-place function b: {c};  

The additional axiom: ∀x∀y(Rxy → ((x = g(y)) ↔ (y = b(x))). 

Now it is possible to perform truth-valuations over the formulae in the context of the 

frame notions:  

1) v[Rjc ↔ Rb(c)g(j)] = 1 

2) v[∀xPx] = 1 

3) v[∃xRxx] = 0 

4) v[∀x(Fx ∧ ∃y(b(y) = x)) → ∀y(g(x) = y))] = 0 

5) v[∃x∃y((Fx ∧ My) ∧ (Ryx ↔ Rxy] = 1 

6) v[∀x∀y((Fx ∧ My) → (x ≠ y))] = 1 

7) v[∀x(x = j) → ¬∃x(Rxc ∨ Rcx)] = 0 

8) v[∃x(Fx ∧ Mx)] = 0  

9) v[∃x(x = g(m1)) ∨ ∃y(y = b(m2))] = 0 

10) v[∃x(Px ∧ Mx) ↔ ∃x(¬Fx ∧ ((x = j) ∨ (x = m1)))] = 1. 

To summarize, we may say that an Interpretation in First-Order Predicate Logic consists of: 

a) a collection of objects, called the interpretation's Domain. The domain always has 

at least one object; 

b) a name for each object in the domain; an object may have just one name or more 

than one name; 

c) a list of predicates (unary and n-ary); 

d) a specification of the objects of which each predicate is true (= mapping predicates 

to the objects and their ordered n-tuples) [sometimes + the objects of which each predicate 

is false]; 

e) an interpretation may also include atomic sentence letters (the interpretation 

specifies a truth value for any included atomic sentence letter). 

3. Key properties of first-order logics family. As we have seen previously, classical 

propositional logics possess a set of invariant algebraic properties also known as rules of 

transformation, allowing, on certain conditions, to rewrite the formal expression in a 

particular way according to the algebraic properties allowing such a transformation. The 

same, in fact, is also with First-Order Predicate Logics family. There are four rules of 
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transformation for quantifiers, as well as a set of properties for some of relational (n-ary) 

predicates as well. Since not any first-order logic is polyadic, we’d begin with more 

common and conventionalized, four rules of quantifier exchange, valid for both monadic 

and polyadic members of first-order logics family.  

 

More precisely, we have the following equivalences:  

Universal affirmative A: (∀x)(Px). E.g., (∀x)(Wx → Hx) [reads as: The chemical 

structure of all the molecules of water includes 2 Hydrogene atoms.]; which is the same as: 

¬(∃x)(Wx ∧ ¬Hx) [reads as: No water molecule exists such that it doesn't include 2H atoms 

in chemical structure.].  

Particular affirmative I: (∃x)(Px), E.g., (∃x)(Hx ∧ Wx) [reads as: Some humans are 

logicians.]; which is the same as: ¬(∀x)(Hx → ¬Wx) [reads as: Not all humans are non-

logicians.]. 

Universal negative E: (∀x)¬Px. E.g., (∀x)(¬Sx) [reads as: Everything is incapable of 

surviving the heat death of the Universe.];  which is the same as: ¬(∃x)(Sx) [reads as: 

Nothing exists such that would survive the heat death of the Universe.]. 

Particular negative O: (∃x)¬P(x). E.g., (∃x)(Ax ∧ ¬Nx) [reads as: Some animals have 

no nervous system.];  which is the same as:¬(∀x)(Ax → Nx) [reads as: Not all the animals 

have nervous system.].  

The other properties of first-order formulae that are unfolded immediately are as 

follows: Reflexivity: ∀xR(x, x). Reflexive relation is one that everything bears to itself: 

same shape as; as tall as; same colour as etc.; lives at the same city as. Irreflexivity: ∀x 

¬R(x, x). Irreflexive relation is one that nothing bears to itself: smaller then; conjoined 

with; occurred earlier than etc. Symmetry: ∀x∀y[R(x, y) → R(y, x)]. Symmetric relations 
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are reciprocal: as one object relates to other, so the other to the first one. To the examples 

we may relate such as having same shape, being sibling of someone, or, having a common 

border (if we talk about the country or meta-state assemblage). Asymmetry: ∀x∀y[R(x, y) 

→ ¬R(y, x)]. Asymmetrical relation is the one without reciprocity. As its instances, one 

may consider being of no means of bearing from second to first as first bears to second 

(when one element of relation is related to the other in a way that the other ontologically 

unable to relate to the former in the same way). E.g., asymmetrical relation would be: to 

own a car; to be larger; to give birth to someone etc. Antisymmetry: ∀x∀y[(R(x, y) ∧ R(y, 

x)) → x = y]. Antisymmetric relation is itself a logical identity of the same object by two 

extensions of the same intention. Such a relation generally denotes the impossibility of 

irreflexive and asymmetric relation of the object to itself. For instance: if x and y are the 

two extensions of one object, there is at most 0 (zero) object that is, say, Larger or Heavier 

than itself. Transitivity: ∀x∀y∀z [(R(x, y) ∧ R(y, z)) → R(x, z)]. By a transitive relation we 

understand the one that, if one thing bears it to the other, and this other is to some other (1st 

to 2nd and 2nd by same means to 3rd), then, therefore, the first thing bears the same 

relation to the third thing. Such are, for examples, the relations of inequalities between 

natural numbers (a < b < c); or, as the other example, such are any chronologically ordered 

events (where we take the sequence of events from a linear temporal perspective); any 

genealogical relations or a linear causality relation taken in its generality.  Intransitivity: 

∀x∀y∀z [(R(x, y) ∧ R(y, z)) → ¬R(x, z)]. Intransitive relations, obviously, are those, where 

we have a kind of ‘closures’ by means of ordered pairs of relations, from which transitive 

relation doesn’t follow. For instance, consider: x may be friend of y and y be a friend to z, 

but that doesn’t entail that x is a friend of z. The other instance (of a basic level) is that: my 

grandparents are in the same relation to my parents as they are to me, but they won’t relate 

to me in the same way that to them, as well as I won’t relate to my parents in the same way 

that I do relate to my grandparents, etc. Other formal properties of first-order predicate 

logics include: Right directedness: ∀x∀y∃z (R(x, z) ∧ R(y, z)); Right discretedness: 

∀x∀y[Rxy → ∃z(Rxz ∧ ¬∃v(Rxv ∧ Rvz))]; Dichotomy: ∀x∀y(Rxy ∧ Ryx); Trichotomy: 

∀x∀y∃z[Rxy ∨ Ryx ∨ (y = z)]. 

4. Identity versus Equivalence. As it has been said previously, one should 

distinguish between the identity and equivalence. The most basic demarcation notion is that 
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equivalence is a property attributed to the classical propositional logics family only, while 

the identity relation is, although it is not the instantaneous case, may be attributed only to 

first-order logic and its higher versions. To understand this distinction more profoundly and 

in proper sense, think of the following. When we have any given binary relations between 

the objects which are at the same time: transitive, reflexive, and symmetric, such relations 

between the objects are equivalent. However, if the relations are said to be equivalent but, 

at the same time, antisymmetric (that is, for instance transitive and reflexive with a 

symmetry (but not asymmetric) which shows that there exists an antisymmetry between the 

objects [such as, e.g.: (Rab ∧ Rbc) → (a = c)]), it is then concluded that the objects are 

identical. Identical (‘=‘) ‘objects’ ‘a’ and ‘b’ are the objects which are numerically the same 

[one] object ‘o’ such, that both a/o and b/o serve as two distinct denotations of this very 

same object. The operations of quantification with the use of identity operation (that is, a 

formal notations of particular arithmetic expressions in the first-order framework with the 

use of identity) are exemplified as follows:  

Only a is P: ∀x(Px ↔ (x = a)) 

All besides a is P: ∀x((x ≠ a) → Px) 

Every P is S: ∃x[Px ∧ ∀y(Py → (x = y)) ∧ Sx] 

This is not the case that P is S (wide scope): ¬∃x[Px ∧ ∃y(Py → (x = y)) ∧ Sx] 

The P is non-S (narrow scope): ∃x[Px ∧ ∃y(Py → (x = y)) ∧ ¬Sx] 

There is exactly one item: ∃x(Px ∧ ¬∃y(Py ∧ (x ≠ y))) 

There is at least one item: ∃xPx 

There is at most one item: ∀x1∀x2((Px1 ∧ Px2) → (x1 = x2)) 

There are exactly two items: ∃x1∃x2((Px1 ∧ Px2) ∧ (x1 ≠ x2)) ∧ ¬∃y(Py ∧ ((y ≠ x1) ∧ (y ≠ 

x2)))  

There are at least two items: ∃x1∃x2((Px1 ∧ Px2) ∧ (x1 ≠ x2)) 

There are at most two items: ∀x1∀x2∀x3((Px1 ∧ Px2 ∧ Px3) → ((x1 = x2) ∨ (x1 = x3) ∨ 

(x2 = x3))) 

There are exactly three items: ∃x1∃x2∃x3((Px1 ∧ Px2 ∧ Px3) ∧ ((x1 ≠ x2)) ∧ (x1 ≠ x3) ∧ 

(x2 ≠ x3)) ∧ ¬∃yPy ∧ ((y ≠ x1) ∧ (y ≠ x2) ∧ (y ≠ x3)) 

There are at least three items: ∃x1∃x2∃x3((Px1 ∧ Px2 ∧ Px3) ∧ ((x1 ≠ x2) ∧ (x1 ≠ x3) ∧ 
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(x2 ≠ x3))) 

There are at most three items: ∀x1∀x2∀x3∀x4((Px1 ∧ Px2 ∧ Px3 ∧ Px4) → ((x1 = x2) ∨ 

(x1 = x3) ∨ (x1 = x4) ∨ (x2 = x3) ∨ (x2 = x4) ∨ (x3 = x4))).  

Ordinary language has ‘empty names’, that is, the names which fail to pick out an 

object, yet which have a role in the language and don’t produce mere nonsense. In the 

Fregean terminology, it seems that ordinary names can have sense even if they lack 

reference. That is why it is adequate to be told that Luke Skywalker or angel Gabriel don’t 

really exist, but that there is such a real person as James Cagney. It might seem natural, 

then, to extend our formal logical languages by similarly allowing names to be non-

denoting. This will require to adopt a version of free logic, i.e. a logic free of certain 

existence assumptions. At the same time, adopting a free logic does involve significant 

revisions and complications. So, rightly or wrongly, we will cling to the simplicity of first-

order languages and standard logic as they stand. The issues aren’t quite the same, but the 

debates about whether to accommodate empty domains and empty names can have similar 

contours, so we won’t rehearse similar arguments pro and con again. The standard line is to 

note that there is, after all, a sense in which non-denoting names are linguistically defective 

when used in serious, fact-stating discourse, and by default we normally argue on the 

background assumption that what we are talking about exists: our standard formal logic can 

then aim to capture how we should argue given that assumption. And the logical truths on 

valuations of our formal languages are then the truths that are guaranteed once the 

assumption of non-empty domains and non-empty names is in place. 

To summarize, the identity operator is defined by the semantic rule that an atomic 

well-formed formula of the type f1 = f2 is true on the valuation v if and only if the terms f1 

and f2 have the same reference according to v. With an identity operator built in first-order 

formal metalanguage languages can now express basic laws like the reflexivity, symmetry, 

and transitivity of identity, and capture a form of Leibniz’s Law. First-order metalanguages   

have   the   resources   to   express   more   complex   quantifiers   like ‘Everyone other than 

X’, ‘Exactly three numbers’, etc. In addition, it should be posited that simple applied 

arithmetical truths of the kind ‘one F and two Gs’ makes three F-or-G’s (assuming that 

there is no factual overlap between F and Gs)’ are not only expressible by means of using 

quantifiers, connectives, and identity, but are valuation eligible truths of first-order 
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metalanguage. The likes of use of a formulae of a kind ∃x(x = n) also – perhaps less happily 

– come out as v-valid logical truths. However, this reflects the fact that the valid logical 

truths of first-order valuations are the truths that are guaranteed only on the basis of the 

assumption of non-empty domains and non-empty names is being put in its place. 

Main reading: 10, 12, 13, 15 

Further reading: 5, 8, 9 

Self-assessment questions: 

1. On the basis of syntax and algorithms exposed, build your own model of First-

Order Frames with instances and interpretations accordingly. 

2. Specify the set of basic properties of FOPL-family. 

3. Compare polyadic and monadic predicate logics. 

4. Specify the difference between the FOPLs with and without identity predicate.  

 

Topic 7: Natural Deduction Systems of Proof 

Aims: To introduce the system of proof, alternative to Axiomatic Deductive 

systems and Truth Tables, commonly designated as Natural Deduction Systems 

family of proof systems, specifying its differences from Axiomatic Systems, its 

advantages and shortages. To augment and renegotiate the concept of Rules of 

Inference with regards to Natural Deduction Systems, adding to its key components 

and the ways of the use of rules within the framework of absence of axioms and 

substitution procedure. The specification of a kind also requires the introduction of 

the algorithm, the overall way of procedure of proof itself, which is also unfolded 

within the proposed material.    

Key concepts: natural deduction, Fitch-style proof, Rules of Inference for natural 

deduction system, elimination rules, introduction rules, assumption, derived rules of 

inference, Leibniz Law, application tactics of proof.   

Plan 

1. Introduction to the Natural deduction systems. 

2. Rules of Inference: Propositional Logic. 

3. Rules of Inference: First-Order Predicate (Polyadic) Logic. 

4. Derived Rules of Inference. 
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Methodological recommendations 

 

1. Introduction to the Natural deduction systems. Previously, we have dealt with 

the axiomatic systems of formal proofs, specifying their counterintuitiveness and length of 

proof, as well as general inefficiency, noting that there are several alternatives to such 

systems, namely, the family of proof systems designated as Natural Deduction System — a 

formal proof systems made up by the principle of mimicking (imitation) of our everyday 

commonsense reasoning (that is why they are told off to be ‘natural’). Natural deduction 

systems differ from axiomatic systems family by their very basics and grounding. As it was 

mentioned, they are made up with a concern to closely reflect and parallel the informal 

reasoning used in mathematical proofs, as well as in daily life on a commonsense level. 

Unlike the axiomatic systems, the kernel of which is a set of axioms, natural deductive 

systems instead rely heavily on a rich palette of Rules rather than Axioms Schemata. That 

is, although it is possible to introduce axioms into proof system, they are not compulsory, 

unlike the rules of inference which are critical to natural deduction systems. A proof in 

natural deduction system in most cases begins with the assumptions: the lines which reflect 

hypothesizing on what would be, if some φ would be true (this unit is absent in axiomatic 

system). Then, the Rules of Inference are applied in certain order by certain conditions to 

the particular derivation lines, using the generalized principle [basis]: 'one Rule - one Line'. 

By their functional and structural principles, the rules in main are subdivided onto the rules 

of Introduction and Elimination, adding the derived (more complex) rules of inference on 

their basis. 

Let us now, on the basis of this basic sketch, define the key concepts related to the 

natural deduction systems family of formal proof systems. The Derivation of well-formed 

formula φ from some set of formulae of a metalanguage 𝚪 is a 'tree' (a sequence) of 

sentences (propositions, formulae, judgements) which would always satisfy some three 

conditions:  

1. the topmost sentences are either ∈ 𝚪 or are 'discharged' by and inference in the 

sequence; 

2. the bottom(most) formula is φ; 

3. aside from φ, each other formulae in a tree is a premise of a correctly applied rule 
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of inference whose conclusions (intermediate) stand directly below that formula in a 

sequence.  

Assumption - any sentence in the topmost position of any derivational sequence. 

Assumptions are 'discharged' by namely two Introduction and two Elimination Rules of 

Inference: ¬-Intro, →Intro, ∨-Elim and ∃-Elim. A formula φ is a theorem of a formal system 

of natural deduction if and only if there is a derivation ⊢ φ in natural deduction where all 

the assumptions are discharged. A formula φ is said to be derivable by means of a 

metalanguage 𝚪 (𝚪 ⊢ φ) if there is a derivation with φ as a conclusion such that every 

assumption is either discharged or is a member of 𝚪. 

2. Rules of Inference: Propositional Logic. The exact way of how the natural 

deduction system works cannot be demonstrated without the introduction of its kernel, that 

is, Rules of Inference: forward-chained algorithms and steps applied to the formulae for 

their corresponding intermediate transformations within the proof to obtain the desired 

result. Generally, in most of Natural Deduction Systems, there is a conventional division of 

the Rules of Inference onto the so-called ‘left-handed’ and ‘right-handed’ rules which are 

nothing other but Introduction and Elimination rules, meaning conceptually the introduction 

or elimination of one or the other basic logical connector on the intermediate stages of 

proof to obtain the eventual desired result or to prove the impossibility of such a derivation. 

The basic scheme and list of the rules are as follows (for propositional logics): 

Conjunction: 

∧-Introduction 

j. φ  

k. ψ  

l. φ ∧ ψ  

 

∧-Elim 

j. φ ∧ ψ  

k. φ  

or  

j. φ ∧ ψ  

k. ψ 
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Disjunction: 

∨-Introduction 

j. φ  

k. φ ∨ ψ  

or 

j. ψ  

k. φ ∨ ψ 

  

∨-Elimination-1 

j. φ ∨ ψ  

k. φ → γ (hyp.) 

l. ψ → γ (hyp.) 

m. γ 

∨-Elimination-2 

j. φ ∨ ψ  

k. ¬φ  

l. ψ 

or 

j. φ ∨ ψ  

k. ¬ψ  

l. φ 

Propositional Conditional: 

→-Introduction 

j. assume [φ]  

k. ψ (hyp.)  

l. φ → ψ 

 

→-Elimination 

j. φ → ψ  

k. φ  

l. ψ  
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(↑ MODUS PONENS ↑) 

Propositional Negation: 

¬-Introduction 

j. assume [φ]  

... 

n. ⊥ 

o. ¬φ 

 

¬-Elimination 

j. ¬φ  

k. φ  

l. ⊥ 

Propositional Falsum: 

⊥-Introduction 

j. ⊥ 

k. φ  

 

⊥-Elimination 

j. assume [¬φ]  

... 

n. ⊥  

o. φ 

Biconditional (Equivalence): 

≡-Introduction 

j. assume [φ]  

k. [ψ] 

l. assume [ψ] 

m. [φ] 

n. φ ≡ ψ  

 

≡-Elimination 
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j. φ ≡ ψ 

k. φ  

l. ψ  

or 

j. φ ≡ ψ  

k. ψ  

l. φ 

The Examples of derivations with the use of Rules of Inference and overall principles 

behind the Natural Deduction systems:  
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3. Rules of Inference: First-Order Predicate (Polyadic) Logic. Now, the same for 

the First-Order Predicate logics. The Rules of Inference for it are to be considered as an 

addition to the rules of inference we dealt with above. That is, the Rules for Classical 

propositional logic are to remain valid for FOPL-formulae, except for metavariables should 

be in effect for a particular compound part of well-formed first-order formula. At the same 

time, the we add the rules for quantifiers and identity predicate to deal properly with 

intrinsic components that of first-order logics – predicates, variables and constants: 

Existential Quantifier: 

∃-Intro 

j. Pa 

k. ∃xPx 

 

∃-Elim 

j. ∃xφ(x)  

k. φ(a) → ψ  

l. ψ  

(Where a is arbitrary constant not in premise, but an open supposition from φ or ψ.) 

Universal Quantifier: 

∀-Introduction 

(Considering that a and b are the only constants within the proof (or UD)):  

j. Pa  

... 

n. Pb 

o. ∀xPx 
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∀-Elim 

j. ∀xPx 

k. Pc 

Identity Predicate (aka Leibniz Law): 

=-Introduction 

i. c = c 

 

[i. is any line of the derivation] 

 

=-Elimination 

j. c = c' 

k. Pc 

l. Pc' 

The Examples of derivations with the use of Rules of Inference and overall principles 

behind the Natural Deduction systems:  
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4. Derived Rules of Inference. For both Propositional and First-Order Rules of 

Inference, there is a set of rules which are derived from the aforementioned basic rules. 

These derived rules (given the set of basic rules) is unfolded by the principle of induction, 

and the set itself goes as follows: 

Double Negation: 

j. ¬ ¬φ  

k. φ 

Modus Tollens: 

j. φ → ψ  

k. ¬ψ  
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l. ¬φ 

Biconditional Modus Tollens: 

j. φ ≡ ψ  

k. ¬ψ  

l. ¬φ 

or 

j. φ ≡ ψ  

k. ¬φ   

l. ¬ψ 

Biconditional Modus Ponens: 

j. φ ≡ ψ  

k. ψ  

l. φ 

or 

j. φ ≡ ψ  

k. φ   

l. ψ 

Hypothetical Syllogism: 

j. φ → ψ  

k. ψ → γ   

l. φ → γ 

Disjunctive Syllogism: 

j. φ ∨ ψ  

k. ¬ψ  

l. φ 

or 

j. φ ∨ ψ  

k. ¬φ   

l. ψ 

Exportation: 

j. (φ ∧ ψ) → 𝝌  



70 
 

k. φ → (ψ → 𝝌) 

Transposition: 

j. φ → ψ  

k. ¬ψ → ¬φ 

Explosion: 

φ → (¬φ → ψ) 

There are also some general strategies and specific tactics for proofs. They are as 

follows. General strategy is to: locate conclusion ‘inside’ premises. Tactic 1: when dealing 

with consequent, try using Modus Ponens. Tactic 2: when dealing with antecedent, try 

using Modus Tollens. Tactic 3: when dealing with conditional statement, try using 

Hypothetical Syllogism. Tactic 4: when dealing with disjuncts, try using Disjunctive 

Syllogism. Tactic 5: when dealing with conjuncts, try using the Conjunction Elimination. 

Tactic 6: when dealing with the conjunction itself, try using the Conjunction Introduction. 

Tactic 7: when dealing with new propositional variable or constant, try using the 

Disjunction Introduction. Tactic 8: when dealing with disjunction, try using the 

Constructive Dilemma. 

Main reading: 2, 6, 7, 11, 14 

Further reading: 3, 4, 6, 10 

Self-assessment questions: 

1. Unfold the idea of how the Rules of Inference are derived from the basic set of 

rules. 

2. Enumerate the key components of Natural Deduction Systems. Compare Natural 

Deduction and Axiomatic Derivational System. 

3. Think of, and specify the strong sides and weaknesses of Natural Deduction 

Systems. 

4. Perform a derivation with proving validity and invalidity of two formulae within 

the framework of Natural Deduction System (of your choosing).  

 

Topic 8: Tree Tableaux as a Decidable system of Proof in CPL and FOPL 

Aims: To augment the idea behind the key properties of Natural Deduction 

system. To revisit the previous topics concerned with the notion of formal proof, 
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particularly, to add the tokens of indirect proof in their use with the particular 

examples. Finally, the magistral aim of the topic is to introduced the fourth 

alternative system of proof, the most universal and powerful in the context of 

decidability problem (and, correspondingly, satisfiability problem as well), known as 

Truth Trees or Tree Tableaux, enabling full-scale decidability with regards to 

classical propositional logics and first order predicate monadic logics, adding to semi-

decidability (with a danger of infinite loops for some cases) to many-valued and 

polyadic predicate logics with identity. The algorithm of Tree Tableaux proof is 

unfolded, as well as its key concepts, such as Rules of Decomposition etc. 

Key concepts: reflexivity, compactness, transitivity, monotony, non-

monotonicity, inconsistency, proof by non-consequence, proof by counterexample, 

proof by contraposition, tree tableaux, node, branch, open tableaux, closed tableaux, 

alpha- and beta- Rules of Decomposition.   

Plan 

1. Properties of Natural Deduction Systems. 

2. Indirect Proofs II.  

3. Truth Trees (Tree Tableaux): proof systems behind Natural Deduction, Truth 

Tables et. al. 

4. Rules of Decomposition and Tableaux in use. 

Methodological recommendations 

1. Properties of Natural Deduction Systems. For natural deduction proof systems 

family, regardless of the system in particular, there is a set of already given properties 

which is the following:  

Reflexivity. If φ ∈ 𝚽, then 𝚽 ⊢ φ. The assumption φ in Natural Deduction is a 

derivation of φ where every assumption that is undischarged is itself in 𝚽.  

Monotonicity. If 𝚽 ⊆ 𝚪 and 𝚽 ⊢ φ, then 𝚪 ⊢ φ. Any derivation of φ from 𝚽 is also a 

derivation of φ from 𝚪.  

Transitivity. Let a and b be arbitrary formulae and A, B - sets of formulae (possibly, 

empty). Then, if A ⊢ a, {a} ⋃ B ⊢ b, then A ⋃ B ⊢ b.  

Compactness. 1. If 𝚪 ⊢ φ, then there is a finite subset 𝚪₀ ⊆ 𝚪 such that 𝚪₀ ⊢ φ. 2. If 

every finite subset of 𝚪 is consistent, then therefore 𝚪 is consistent. 1. For 𝚪 ⊢ φ there is a 
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derivation d of φ. Let 𝚪₀ be the set of undischarged assumptions of d. Since any derivation 

is finite, there are finitely many formulae in 𝚪₀. So d can only be a derivation of φ from a 

finite 𝚪₀ ⊆ 𝚪. 2. If φ≡⊥, then, conversely, we have the same as for ⊢ φ, but contrapositive to 

it. 

The following properties of a natural deduction system are unfolding immediately with 

regards to the aforementioned (however, they are not to be internalized as yielded results, 

that is why I thought that it is plausible to put and mention these three aspects separately 

from those which have already been considered): 

If 𝚪 ⊢ φ and if 𝚪 ⋃ {φ} is inconsistent, then 𝚪 is inconsistent either. Let us have A → 

B, (A ∧ B) → ⊥. Then, by De Morgan's law + Material Implication rule, we have that ¬(A ∧ 

B) ∨ ⊥ [:≡ ((¬A ∧ B) ∨ ⊥) ∨ ((A ∧ ¬B) ∨ ⊥)]. Then, ⊬ A → B (is non-derivable). 

Therefore, the conjunction (union) of A and B is inconsistent.  

𝚪 ⊢ φ if and only if 𝚪 ⋃ {¬φ} is inconsistent. Suppose that we have φ₁ = 'A → B'. 

Now, translating the set theory union notion again onto logical syntax, we have that φ₂ = 'A 

∧ ¬B'. So, (φ₁ ∧ φ₂) → ⊥.  

For 𝚪 ⊢ φ, if ¬φ ∈ 𝚪 then 𝚪 is inconsistent. Obviously, if we consider φ to be 

derivable from 𝚪, then therefore there is a finite set of formulae from which φ is derived, 

and one of them is ¬φ. That is, on some of the derivation lines there is an intermediate or 

immediate conclusion, eventually: ¬φ → φ, which is a contradictory. 

2. Indirect Proofs II. Having in availability brand new system of proof, knowing its 

properties, let us now take a step back and introduce additional forms of indirect proof that 

previously have been introduced only in a limited way. We would deal with both formal 

and informal indirect proofs.  

Proof by Counterexample is a ‘non-existence demonstration proof’, aimed to show 

that some universal affirmative proposition is false by restricting its quantification scope (in 

case of successful proof). ‘Case proof’ to such ends means in this case providing of the 

counterexample. The overall proof goes in two stages: Stage 1. Given a one-step argument 

whose validity is to be checked, firstly we should locate a form of inference 𝝋, such that the 

argument is relying on it (meaning, that 𝝋 serves as its’ ‘truthmaker’ i.e. it is reliably truth-

preserving for the argument validity. Stage 2. It, then, should be shown that 𝝋 is not a 
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generally reliable as a truthmaker by finding some other argument with the same pattern of 

inference but at the same time controversially ‘valid’ (say, having true premises and a false 

conclusion etc.). 

Proof by Non-Consequence is another indirect proof, similar to countermodel 

construction, but is itself an informal version of it. To perform this proof when searching 

for the countermodel, one attempts to show that: 𝚽 ⊭ 𝝋 (for classical propositional logic 

that would mean the attempt to prove that argument is invalid: 𝚽 is consistent, 𝝋 is false at 

the same truth-assignment; for first-order predicate logic this would mean that the argument 

is invalid: under the interpretation I<𝚽, 𝝋(𝜏)>, I(𝚽) = ⊤ (so it is also consistent), I(𝝋(𝜏)) = 

⊥). When performing the proof by non-consequence, one shows that 𝚽 ⊬ 𝝋, i.e., that the 

set 𝚽 of premises is semantically irrelevant to 𝝋, that is, whatever 𝚽 is at valuations and 

literals truth-assignments, the Universe of Discourse of 𝚽 is such that its members have no 

logical relation to 𝝋 such, that the set entails 𝝋 (that is: 𝚽⋂{𝝋} = ∅).  Let us take a look at 

the example of the algorithm of a proof for Classical Propositional Logic. In CPL it is 

obvious. Given: {A, B ∴ (A ∧ B) → C}. Task: Prove the argument is invalid. Proof. Semi-

formally speaking, when (∧I) is applied and we get A ∧ B, we may try, say, Natural 

Deduction System style of proofs and suppose that C. But in no way it is possible to apply 

(→I) then, by which we justify the step to deduce C from A ∧ B. 

Second example, for FOPL. Task: Suppose we need to show that [(∃xEx ∧ ∃yOy) → 

∀x∀y(Ex → Oy)] is false (that ‘Ex ∧ Ox’, otherwords, doesn’t entail ‘Ex → Ox’). In FOPL 

there are several ways to demonstrate the non-consequence. Proof 1. By interpretation. 

Suppose D: {1, 2}; a: 1, b: 2; ‘E’ is for ‘even [number]’, ‘O’ is for ‘odd [number]’, ‘x’ or 

‘y’ is a dummy variable for ‘any natural number’ [without specifying]. Obviously, we have 

the extension/counterextension of both predicates clear: E(+): {<b>}, E(—): {<a>}; O(+): 

{<a>}, O(—): {<b>}. So, the following would be true: ∀x∀y(x ≠ y) → ((∃xEx ∧ ∃yOy) → 

(Ea ∧ Ob)). But the following argument:  

1. ∃xEx ∧ ∃x(a = x); 

2. ∃y ∧ ∃y(y =b)  

∴ Ea → Ob 

would then be invalid under the interpretation above. 

Proof 2. We may use Natural Deduction to show that the argument is invalid as well. 
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But the proof would take us about 18-26 steps (depending on ND System). But we can also 

prove it metalogically, so that we won’t need to prove it by NDS. So we have 

(1) ∃xEx ∧ ∃x(a = x)  

(2) ∃yOy ∧ ∃y(y =b)  

But to make Ea → Ob true (which is possible!), the premises should be like:  

(1’) ∃x(Ex ∧ (a = x)) 

(2’) ∃y(Oy ∧ (y =b)). 

In this case, (1) says ‘There exists x such, that x is E AND there ALSO exists some x such, 

that x is identical to a’, while (1’) says ‘There exists x such, that x is E AND x is identical 

to a at the same time by the same token’; (2) says ‘There exists y such, that y is O AND 

there ALSO exists some y such, that y is identical to b’, while (2’) says ‘There exists y 

such, that y is O AND y is identical to b at the same time by the same token’;  

in (1): Ec ∧ (a ≠ c),  

in (1’): (Ec ∧ (c = a)) → Ea;  

in (2) Od ∧ (d ≠ b),  

in (2’) (Od ∧ (d = b)) → Ob 

But (1’) and (2’) aren’t deducible from (1) and (2). So then: ¬(∃xEx ∧ ∃x(a = x) → ∃x(Ex ∧ 

(a = x))) and ¬(∃yOy ∧ ∃y(y =b) → ∃y(Oy ∧ (y =b))). Complete!  

The third indirect proof which is more or less common is a Proof by Contrapositive. 

To grasp it in its entirety, one should recall the Laws of Logic, namely, the law of 

Contraposition of the Implication, namely: 𝝋 → 𝝍 ⇄ ¬𝝍 → ¬𝝋 or, in the other version, it 

goes like this: 𝝋 → 𝝍 ⇄ 𝝍 ∨ ¬𝝋. This logical equivalence may be used for various tasks. 

For example, in general form, we may try to prove that 𝝋 → 𝝍. If this is more plausible to 

prove either ¬𝝍 → ¬𝝋, or 𝝍 ∨ ¬𝝋 instead of direct proof of the initial implication in 

charge, one may perform the proof and, by the same token, proving that 𝝋 → 𝝍. For 

classical propositional logic, to perform the proof, it would be enough to build the Truth 

Table, showing that given any substitution to 𝝋 and 𝝍, if the formula is rewritten by the 

scheme, the truth-values for any assignment in a row would yield as equivalent to each 

other. However, it may not work properly for the formulae of First-Order Logic, since they 

are not completely decidable within the realm of truth-table performance of the proof. 
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3. Truth Trees (Tree Tableaux): proof systems behind Natural Deduction, Truth 

Trees et. al. Natural Deduction Systems have proven themselves to be not completely fine-

tuned to the natural aspects of our mind. In addition, their overreliance on the assumptions 

has lead them to a consequental question: ‘Is it at all makes sense to use a mimic of natural 

reasoning for the formal proofs?’ As an instance to reply to that, a set of alternative systems 

has appeared to replace the instances of natural deduction systems. One of these methods is 

known under the generalized name Tree Tableaux — alternative method of truth-functional 

determination to sets or singular formulas. Unlike the Truth Tables, Axiomatic Derivational 

Systems or Natural Deduction Systems, the Tree Tableaux provide a method of searching 

for truth value assignments on which a given 𝝋 of 𝚪 is υ(𝝋) = ⊥; truth value assignment on 

which the premises of the argument are true with false conclusions. Tree Tableaux also 

appeared to be capable of showing when no such assignments exists. They have also proved 

to be usable for any finite set 𝚽 ⊆ 𝚪 propositions at the same time. 

Unlike the case of Natural Deduction Systems, Truth Trees method of proof does not 

use assumptions, aside from the one, on which it is wholly based: the negation of the 

conclusion of what we need to prove, its ultimate result. (So it can be constituted to be an 

indirect proof by its general method.) However, two other features are relative to Natural 

Deduction proofs: Truth Trees have no Axiom Schemata or their derived instances, and 

they are based solely on the set of Rules, subdivided into Construction Rules and Rules of 

Decomposition (instead of the Rules of Inference). At the same time, unlike Natural 

Deduction Systems or Hilbert-style Axiomatic proof systems, it has nothing common with 

following the ‘natural patterns’ of human reasoning. Its rules are more like the mechanical 

procedures and algorithms. In addition, the use of truth trees is not about the derivation of a 

desired goal. Instead, Truth Trees are concerned with the procedure known as closure. 

Proofs are provided as follows: from initial premises and the negated version of the desired 

conclusion, we proceed to parse the decomposition of each formula of the argument in such 

a way, that to each atomic compound, to which each of the formulae if eventually 

decomposed, there is its negated version parsed as well (it is also called ‘complementary 

atomic’). If there is a complementary (doubled formula) occurs for each atomic formula, to 

which the initial sequent is decomposed, then the argument is valid. The tree with all it’s 

‘branches’ and ‘nodes’ containing those is known as closed. Otherwise, if for certain atomic 
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compounds there are unpaired cases left, the tree is open and, if it is, the argument or a 

formula is not a logical truth, contradiction or non-theorem (depending on what we are 

trying to prove). 

Branch is a subformula of compound formula or a literal, resulted after the finite 

number of applications of the Rules of Decomposition. Node is the further branch 

decompositions, that are either unary or binary subformulae, resulted from a rule-/step-

applications of the Rules of Decomposition. Branch is closed iff for each literal {𝝋} there is 

also its complementary {¬𝝋} on different nodes. Tableaux is closed iff each branch of the 

tree is closed. To perform a proof within the proof system of tree tableaux, one should go 

by the following algorithm: (1) Write down premises (if there are) in a column. (2) At the 

end, put a negated conclusion (¬-version of what You want to prove to be TRUE / check if 

it is). (3) One by one, decompose the formulae, applying the Rules of Decomposition.  

4. Rules of Decomposition and Tableaux in use. Rules of Decomposition are one-

rule – one-step rules of inference applied within the Tree Tableaux proof system. They have 

(a partial) correspondence to the performance of the operations in Truth Tables, and are 

subdivided into alpha- and beta-rules where the former don’t lead to branching (that is, the 

single node is preserved after the rule is applied) and the latter lead to branching (after the 

rule is applied, two nodes appear instead of one that has been prior to it). As for the 

correspondence to Truth Tables, the Rules of Decomposition go as follows: 

 

The Rules themselves for Classical Propositional Logic family are as follows: 
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To them, we should also add the additional rules for First Order Predicate Logic 

family, as it was the case with Natural Deduction systems. There are four Rules for the 

quantifiers: 

 

And two additional Rules for the identity predicate: 
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With these Rules of Decomposition and the proof algorithm in mind, let us now take 

a look at the examples of proofs using the Tree Tableaux: 

 

If these used to be the instances of successful proof, here is the example of the proof 

of falseness of the formula, that is, the open tree (and open Tableaux): 

 

Now, the same for First Order Predicate Logic:  
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Main reading: 1-3, 8, 11-15 

Further reading: 3-10 

Self-assessment questions: 

1. Compare Natural Deduction Systems and Tree Tableaux as systems of proof, the 

advantages and disadvantages of both. 

2. Unfold the idea behind Rules of Decomposition, their similarity with Truth Tables 

and their difference from Rules of Inference. 

3. Specify the algorithm of proof within the framework of Tree Tableaux. 

4. Perform two derivations (one – for CPL, the other – for FOPL well-formed 
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formulae / arguments) proving validity or invalidity of inference of your own makeup and 

choosing. 

 

Topic 9: Rule-Based Systems, Semantic Frames, Expert Systems. Beyond the First-Order 

Logics 

Aims: To exemplify and explicate logical and epistemological paradoxes 

generated within the frameworks set by First-Order Predicate Logics and, therefore, 

to enumerate the setbacks caused by it in use, both of syntactical and semantical 

dimensions, regardless of the particular system of proof. To introduce, define, specify 

the key elements and schematically represent and depict, with the comparison, 

manifold applications of First-Order Predicate Logics in fields of computer sciences, 

data science, information sciences and AI-research and development on the instance 

of such applications as: Rule-Based Systems of Reasoning (both Forward- and 

Backward-chained); Semantic Frames; Semantic Networks; Expert Systems; 

Knowledge Representations systems etc. The final part of the material deals with the 

comparison of automated deduction with another competing paradigm, that of 

computational paradigm.    

Key concepts: epistemological paradox, computation, deductive automated 

reasoning, expert system, first-order frames, semantic networks, knowledge 

representation, formalized reasoning, forward-chained reasoning, backward-chained 

reasoning, goal-driven reasoning systems, rule-based reasoning systems.   

Plan 

1. Limitations and Setbacks of First-Order Predicate Logics. 

2. Rule-Based Systems: Backward- and Forward-Chained Reasoning Systems. 

3. Formal Layout of Forward and Backward Reasoning.  

4. Semantic Networks and Expert Systems of Knowledge Representation. 

5. Computation VS. Deduction. 

Methodological recommendations 

1. Limitations and Setbacks of First-Order Predicate Logics. There are some 

expressions which are provable in FOPL, that contradict our intuition and common sense. 

As such, they may be viewed as limitations of this family of formal systems of logic, since, 
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despite the preservation of higher expressiveness (in comparison to other systems of logic), 

they may lead us to inferential failures, namely, related to the common sense, despite not 

directly leading us to contradictions. To demonstrate this, we would deal with five more or 

less commonly known problems and paradoxes attributed to the FOPL-family. 

1). ‘Drinker’s paradox’. Consider the following formula: ∃xPx → ∀yPy. One of its 

possible interpretations may go as follows: ’There is such a person in the bar that, if (s)he 

drinks, then everyone in the bar drinks’ (the original form). In more intuitively clear form it 

may be read as: ‘There is a person in the room who leaves the room after everyone, so, 

there is a person in the room such, that if it leaves the room, then everyone leaves the 

room’. The problem with such a reading and interpretations is that we cannot specify the 

situations, where this case holds and where it isn’t (e.g., when ‘x’ leaves the room not last, 

so the case won’t hold), since this is not a law of nature or something reminiscent of it. It 

may be shown with ease that ‘Drinker’s paradox’ is provable in several proof systems. 

Namely, for Natural Deduction systems, it goes like this: 

 

As for the Truth Trees, it goes as follows: 
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In both cases, we deal with the same problem, that is, the inability of specifying the cases 

for which this proven (as a theorem) formula would yield a positive result (and where such 

a result is in fact illegitimate).  

2). ‘Leibniz Law’ violations. Consider the following interpretation of the First-Order 

frame I, such that: 

D: {X.} 

a: X. [at 1 year old] 

b: X. [at 35 years old] 

Obviously, that is the case that a = b, but, supposing predicate ‘to be a baby’ (B), we’ll 

have: B(+): {<a>}, conversely: B(-): {<b>}. By all means, if we have ‘x’ such that (x = a) 

and Ba, then ∀xBx, but, for having ‘a = b’ (therefore, x = b as well) with ¬Bb,  we result 

into: ¬∀xBx (↔ ∃x¬Bx). Eventually, that leads us to controversial conclusion: 

(∃x¬Bx ∧ ∃xBx) ⇒ ∀x(Bx ∨ ¬Bx) 

The controversy is that here we deal with the inclusive disjunction that must hold for the 

simultaneous truth for ¬Bx and Bx correspondingly which, in its turn, eventually says that 

the contradictions (in a classical form) are not ruled out. Consider the same interpretation I: 

D: {S} 

a: S at 1 year old 

b: S at 35 years old 

Obviously, a = b, as it has been mentioned, but, supposing having the predicates B [‘is a 

baby’] and A ['is an adult’], one observes that each of them would rather reflect two sets of 

properties, some of which intersect, and some of them are specific, attributed to infants and 

adults only, but not both. We will have eventually the following case for the frame 

interpretation: 
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B(+): {<a>}, conversely: B(-): {<b>} 

A(+): {<b>}, conversely: A(-): {<a>} 

By all means, if we have ‘x’ denoting S such, that (x = a) and Ba, then ∀xBx, but, for 

having the identity relation that of ‘a = b’ (therefore, we conclude, x = b as well) with ¬Bb, 

we would get, firstly: ¬∀xBx (↔ ∃x¬Bx); after that, we eventually would arrive into the 

result: (∃x¬Bx ∧ ∃xBx) ⇒ ∀x(Bx ∨ ¬Bx). But that contradicts our interpretation! The same 

considerations would be acceptable for the case of ∃xAx for (x = b). Now, considering the 

extensional scopes of both predicates, we also have that '∀x((Ax → ¬Bx) ∧ (Bx → ¬Ax))' 

but, again, since we have that 'a = b' and x in I is either a or b, and 'Ab ∧ Ba',  what we have 

here is a violation of Leibniz Law which can be avoided only by introduction of temporality 

as a core property of formal system (as a lesser condition of overcoming of such a 

contradiction). 

3). Law of Excluded Middle violations. Consider the case: 𝝋 := Pa ∨ ¬Pb. By all 

means it is surely valid. If and only if we have P, a and b specified and have P’s extension 

and antiextension scopes designated in the interpretation I: <D: {Obj.1, Obj.2}; a: Obj.1, b: 

Obj.2; P(+): {<a>}, P(-): {<b>}; v(𝝋): {⊤, ⊥}>; (then, applying I to the atomics: v(Pa) = ⊤, 

v(Pb) = ⊥ (= ‘v(¬Pb) = ⊤’), we will surely get: v(Pa ∨  ¬Pb) = ⊤). The following well 

formed formula holds as well: 𝝋 := ∃x(Px ∨ ¬Px), if the domain of quantification is non-

empty, that is, for at least one interpretation with ∃-elimination by substitution of individual 

constant ∃xPx = ⊤. However, despite that, this is invalid: 𝝋 := ∃x(Px ∨ ¬Px) under the 

frame interpretation: ⟨I’: <D: {Object 1, Object 2, Object x}; a: <Object 1>, b: <∅>; P(+): 

{<a>}>⟩. Obviously, ∃xPx is true if ‘x = a’ by substitution. But ¬Pb → (∀x(x = b) → 

∃x¬Px) is not really true — because, by the given interpretation I’ it is empty with regards 

to the scope of quantification, that is, neither v(𝝋) = ⊤, nor v(𝝋) = ⊥ is applicable in case 

we have x = b, since b denotes nothing, literally: no - thing. So, by I’ it is actually 

undecidable. And the same would hold for any formulae with {x/c | c: ∅}.    

4). Being ‘Not really true’. Consider the following judgement: Miscatonic University 

is located in Arkham. And its formalised version in FOPL metalanguage: (Am ∧ ∀x(x = 

m)) → ∃xAx. From the viewpoint of common sense reasoning and paradigm of material 

move in language games, the following question is reasonable and justified: ‘But can the 



84 
 

fictional object (location, institution) be quantified within the scope of ‘existing things’?’ In 

a sense, the predicate ’fictional’ can only be predicated (i.e., Am ∧ Fm), however, no ‘F∃’-

quantification can be made. Since in First-Order Predicate Logic the objects are not 

distinguishable any sentence saying anything that is like predicate ‘non-existing institution 

is located in fictional — non-existing location’, may be true, by our interpretation of it as 

such. The same would be true for the negated formulae like ‘¬Im’ reading as ‘Miscatonic 

University is located in Innsmouth’. Which is not ‘¬∃xIx ∧ ∀x(x = m)’, but rather would be 

read as: ∃x(Ax ∧ ¬Ix) ∧ ∀x(x = m). So now we have ran into the proposition which reads as 

’Non-Existing institution is in Non-Existing location’ which has a model if and only if it 

refers to specific Non-Existing location etc. ad inf. Which is to say can be classified only as 

being not really true by means of its interpretation as a factual (material) truth, regardless of 

its logical truth-value and validity.  

5). Mental State Predications as a challenge to First-Order Logic. In a similar vein, 

one may consider French writer Louis-Ferdinand Celine, whose real name was Louis 

Ferdinand Auguste Destouches. It is easy to assume an agent S. who knows Louis-

Ferdinand Celine as writer, but who has no idea that it was his pen name, knowing not that 

his real name was Louis Ferdinand Auguste Destouches. In other words, that means that, 

knowing that Celine is writer, S. didn’t ‘know’ that Destouches is an ‘also’ writer, 

particularly of the featured works of literature. However, obviously, whatever S. knows or 

thinks, ‘c = d’. But, when S. Refers, from time to time, to c, S. is not thinking about d. 

2. Rule-Based Systems: Backward- and Forward-Chained Reasoning Systems. 

To the virtues of FOPL. Their introduction allowed eventually, within the overall 

development framework of the implementations of the formal systems of knowledge, to 

introduce the formal model and implement eventually the collection of knowledge-

representation systems which operate in terms of a set of rules, where each of the rules 

specifies any possible output that can be derived or reached inductively under given 

conditions, different context and situations. They have been widely known known as Rule-

Based systems. The general diagram representing their essence is as follows: 
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In more particular sense, let us take a look on the instance of the use of such a system for an 

evolutionary biology:
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The crucial subdivision of Rule-Based Systems is their classification as Forward- and 

Backward Chained Systems which would now be unfolded in full swing. In forward-

chained algorithm of reasoning we start from the initial (‘told’ or ‘given’) facts and keep 

using the rules to draw new intermediate conclusion (or system takes certain actions by its 

internal procedural means) given the facts from its Facts base [or any functionally 

isomorphic equivalence of such base]. Process terminates after the final conclusion is 

finally obtained. A major part of Forward-Chained Rule-Based Systems is data driven 

which means that they work mostly like a sort of performing the computations with 

substitutions performed for inference steps unless reaching the final conclusion (like it is 

performed in Axiomatic Systems of proof). Therefore, their most productive applications 

are those when (and where) we know all the initial data (inputs), but have no idea what a 

conclusion must follow, or, put simply, ‘to what end?’ would these input results lead us 

eventually. Backward-Chained Rule-Based systems are a form of expert systems which use 

deductive approach (or an algorithm), working with the output result as a part of initial 

(input) data set: when the conclusion is already known to us. They are used when one needs 

to test the hypotheses, explanations, theories, inferential steps to conclude whether they are 

valid as proofs for the conclusion or not. Another application field of them: if one needs to 

draw out only goal-relevant conclusions. Taken schematically, the two systems of inference 

and automated reasoning may be represented as follows:  
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To complete representation, we now would take a look at such systems pros and 

cons. One of the most prominent advantages of Rule-Based systems is a Modularity of their 

Structure: each rule is an independent piece of knowledge; ‘if’-part of the rules contains the 

application conditions for the use of rules; ‘then’-part of rules gives an algorithm of action 

to be taken; the rules themselves are independent of each other. Another prominent feature 

is that Modifications of the rules are done without any danger of side effects onto the whole 

structure, its integrity etc. To the disadvantages, we may mention the threat of inconsistency 

of the overall structure that arises in case of the rule-base growth. It arises due to the 

following pre-conditions: the two or more rules having similar conditions; conflicting of the 
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rules with each other; the process of conflicts resolution lengthens accordingly to the 

growth of the base of rules. Another problem with Rule-Based system is that, checking 

whether the new rule is already covered by some earlier rules is redundant in the case of big 

rule-bases, and is continuously enlarging. 

The last common problem is known as Uncertainty Problem and it is subdivided onto 

the two subsets (collections) of problem, that is: (a) the theories of domain being either 

vague, or incomplete, or both; (b) the data for the given observed or input-data Case is 

either imprecise, or has unreliable source, or both. The consequences of (a) are: (i) methods 

of accurate, exact or true knowledge generating are not known / in conflict / absent; (ii) 

methods of precision of the knowledge accuracy / degree of fullness are not known / in 

conflict / absent; (iii) methods of resolution may become inefficient and impractical due to 

lack, imprecision, absence of necessary data or the problems with data collection. The 

consequences of (b) are: (i) evidences (as factors of choice between several conclusions) 

are conflicting or go absent; (ii) conflicting decision-making factors for any possible 

resolution may arise; (iii) resolution-procedures (either the choice between conflicting rules 

or the preference within possible conclusions) may end up without any output at all, 

potentially generating into infinite loops. No generalized solution proven to be effective has 

been elaborated until now for solving the uncertainty problem. Yet, among the possible 

considered solutions is: building in some sort of probability or certainty a computing 

procedure on and above the normal condition-action format of rules. Within the framework 

of a kind, certainty computations in which the computation attaches a value p (of 

probability) p(v) = {min 0; max 1} with each fact assertion Ai, so the assertion certainty is 

reflected in a way of: p(Ai) = 0 {min} = ‘Ai is definitely false’; p(Aj) = 1 {max} = ‘Aj is 

definitely true’. As it was mentioned, the goal within the proof search in Rule-Based 

systems may overlap the rules, which may lead to matching the several conclusions at time. 

This dilemma is called choice point. By ‘if — then’ rules paradigmatic means, the normal 

behavior when reaching the choice point is to pick the first of the rules (in initially 

presented order and hierarchy - priority level of the rules that were overlapped). There is a 

kind of meta-rule (in metalogical sense) for the decision and eventual resolution yielding, 

which, if proof fails with the chosen rule, gives a command to try the second by priority and 

so on until the correct match is found. This process and rule-initiator is called backtracking. 
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3. Formal Layout of Forward and Backward Reasoning. Both Forward- and 

Backward-Chained reasoning can be represented by means of formal logical descriptions 

which are as follows:  

 

 

4. Semantic Networks and Expert Systems of Knowledge Representation. There 

exists several ways of use FOPL outside the described framework of Rule-Based systems, 

one of which is known as Semantic Networks, and the other – Expert Systems of 

knowledge. First-Order Predicate logics are a useful in providing the step-by-step algorithm 

of generating Knowledge Representation schemata and / or models of formal properties, 

applied for numerous cases. There are four crucial steps for building up a form of 

representation known as Semantic Networks. Step 1. Conceptualization: Enumeration, 



90 
 

definition and prescription of all the relevant entities and their relations with each other and 

one to the other as well. Step 2. Translation and Nomenclature: Giving the objects and 

relations their appropriate names and coded notation by means of formal (meta)languages. 

Steps 3 and 4. Reasoning Steps Decisions & Establishing the Hierarchy of Rules-Formulae 

Priorities: Generally speaking, these steps include a search for satisfiable, suitable, desired 

or desirable sequence of reasoning steps to perform; and the selection of appropriate rules 

and determination of formulae to which the rules are applied for reaching the conclusion. 

 Expert systems, in their turn, include three building tools which are crucial for their 

creation and appropriate work, which are as follows: (1) Expert system shells which are 

basically sets of programs and abstractions over one or more applications, conjoined as 

data-like structures, including indexing mechanisms, the interpreter of rules, data structures 

(hierarchies), organized into knowledge tables for representation and procedural use, along 

with decision-engines (sets of rules for the particular part of the whole algorithm); (2) High-

level programming languages which are the languages of programming with relatively 

higher levels of abstraction achieved by hiding the implementations details which do not 

affect the whole efficiency (e.g. OPS5 rule language); (3) Multiple programming 

environments which themselves are a set of software modules that allow the engineer to use 

and mix paradigms of programming (e.g. LOOPS which combines rule-based approach 

with object-oriented paradigm of programming). Let us now consider multiple areas of 

Expert Systems application in various fields of human activity, from science to everyday 

life: 

Knowledge depiction by user’s query: delivering the knowledge relevant to the user’s 

problem in the context of users’ queries. 

Diagnosis and solving procedures: suggestions of actions that should be performed in 

case of meeting a set of criteria concerning this or that fixed state of affairs, as well as 

deduction of some fault recognized with correctives advices. 

Goals scheduling / Planning strategies: the analysis of a sets or more complex 

hierarchies of goals in order to determine sets of actions to achieve these goals, as well as 

putting them into priority relations, if that is the case affecting the wholesome procedure 

(scheduling timetables, manufacturing process etc.). 

Process controls / troubleshooting monitoring: analysis of real-time data from 
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physical devices to detect errors; perform a prognosis for possible states and / or trends, as 

well as controlling errors correction with optimality performance conditions maintenance. 

Designing and manufacturing applications: Expert Systems are used for assistance in 

the design of physical objects and processes implementations, from high-level conceptual 

designing of abstract entities classes up to factory floor configurations settings for 

manufacturing processes. 

Financial decision-making advisory: using Expert Systems as risks analyzers and / or 

financial consultants. 

The following diagram aims to show in schematic way from which parts the Expert 

Systems are compound of, as well as their structure and order: 

 

5. Computation VS. Deduction. Within the scope of intersection of logic, computer 

science, AI-research and data sciences, there are two key paradigms. they are often viewed 

as opposite by their initial procedures (and so it is!), but, despite being a different 

approaches so far and from a scratch, they are not incommensurable [incommensurability is 

a notion, introduced into epistemology by philosopher Paul Feyerabend, referring to some 

sets of theories which cannot be integrated in any possible way since they are grounded on 

some mutually exclusive premises (e.g. such is fluid electricity theory to contemporary 

electromagnetic theory)]. These two paradigms are commonly known as a computation 

procedure and deductive reasoning. Both of them have their correlates within the 

programming paradigms. To represent the comparison between two paradigms of a kind, 

consider the following diagrammatic depiction of these two paradigms (with respect to their 

corresponding areas of application and use: 
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Main reading: 6-14 

Further reading: 1, 5, 6, 9, 10 

Self-assessment questions: 

1. Think about possible ways of overcoming the paradoxes generated by FOPL, and 

rule out those which are unable to be overcome by its own means. 

2. Which model, Expert Systems or Frames, is, in your opinion, fits the best for 

knowledge representational purposes? 

3. Compare computation model with inductive reasoning in a way similar to the 

given comparison of the former to deductive. 

4. Enumerate key components, advantages and disadvantages, as well as the principle 

of functioning for both subtypes of Rule-Based Systems. 

5. Compare Rule-Based and Goal-Driven systems of automated reasoning.  
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SELF-ASSESSMENT QUESTIONS AND DISCUSSION TOPICS 

1. Give a definition and compare knowledge, belief and opinion. 

2. Define and compare reasoning, thinking and inference. 

3. Define logic: as a branch of philosophy, formal science and metamathematics. 

4. Define logic: as applied science and describe its forms of activity.  

5. Distinguish formal and informal logic and reasoning.  

6. Define deductive inferential pattern. 

7. Define inductive inferential pattern. 

8. Define abductive inferential pattern. 

9. Give a review of history of logic in Ancient Greece.  

10. Give a review of history of logic in the Middle Ages.  

11. Give a review of history of logic of G.W. Leibniz.  

12. Give a review of history of logic in the Enlightenment.  

13. Give a review of history of logic in XIX century (in Great Britain and Germany).  

14. Describe the historical developments and trends in logic of XX-XXI centuries. 

15. Define the Argument in formal and informal logic and specify its structure.  

16. Define the Syllogism in formal and informal logic and specify its structure.  
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17. Specify, enumerate and provide the examples of term, figure and mood of the 

syllogism. 

18. Define and describe classical propositional logics family, their structure and key 

notions. 

19. Define, describe and characterize taxonomically the concept of proposition of 

classical propositional logic. 

20. Enumerate and specify the syntax of classical propositional logic and its terms. 

Give the examples of well-formed formulae. 

21. Enumerate and specify the semantics of classical propositional logic and its 

terms. Give the examples of well-formed formulae with interpretations of them. 

22. Define the concept of validity. 

23. Define the notions of logical truth and falseness. 

24. Compare and specify the differences between logical and factual truth with 

regards to formal logic.  

25. Define the concept of well-formed formula. 

26. Define the concept of soundness (of a system and a set of propositions). 

27. Define the concept of normal forms.  

28. Define the concept of truth-valuation. Provide an example of truth-valuations for 

true and false formulae.  

29. Define the concept of completeness (both weak and strong).  

30. Enumerate and give an example of the Rules of Equivalence (Rules of 

Transformation) of classical propositional logic. 

31. Define and specify the features of Truth Tables for Classical propositional logic 

with Boolean values. Specify the algorithm of building the truth table.  

32. Provide a detailed example of Truth Table with at least three propositional 

variables and at least four binary and two unary propositional connectives. Give a 

detailed description of the calculations for each step.  

33. Give the truth-tables meanings and algebraic / formal logical notations for the 

first eight (from f0 to f7) Boolean functions. 

34. Give the truth-tables meanings and algebraic / formal logical notations for the 

first eight (from f8 to f15) Boolean functions. 

35. Define the concept of functional completeness of the set of logical connectors. 

Give the example of functionally complete set (and prove its completeness for 

classical propositional logic).  

36. Define the concept of Axiomatic Systems family. Enumerate and define its 

compound elements.  
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37. Define the concepts of metalanguage and natural language. Specify their key 

features (such as ambiguity, etc.).  

38. Define and compare: axiom schemata; axiom; derived axiom; theorem; derived 

theorem. 

39. Unfold the idea behind the concept of the Rules of Inference.  

40. Unfold the idea behind the concept of Axiomatic Derivation.  

41. Provide the instance of Axiomatic system with all the necessary components 

(syntax, functionally complete set, axioms or their schemata, theorems (not 

necessary), rules of inference) and perform a derivation within the means of the 

system. 

42. Enumerate and specify the limitations and problems of Classical propositional 

logic syntax. 

43. Enumerate and specify the limitations and problems of Classical propositional 

logical semantics. 

44. Define the concept of First-Order Predicate Logics families. 

45. Unfold the idea behind the concept of Formal Proof. Distinguish between proof 

in sciences, mathematics and logic. Determine direct and indirect proofs subsets.  

46. Enumerate and specify the syntax of Monadic First-Order Predicate Logic and its 

terms. Give the examples of well-formed formulae. 

47. Enumerate and specify the syntax of Polyadic First-Order Predicate Logic and its 

terms. Give the examples of well-formed formulae. 

48. Enumerate and specify the semantics of Polyadic First-Order Predicate Logic and 

its terms.  

49. Unfold the idea behind the concept of First-Order Frames. Specify the 

differences between the interpretation in Classical Propositional Logic and First-

Order Predicate Logic. 

50. Define the concept of Natural Deduction Systems family. Enumerate and define 

their compound elements.  

51. Enumerate and give formal notations for the Rules of Inference for Natural 

Deduction systems in Classical Propositional Logic. 

52. Enumerate and give formal notations for the Rules of Inference for Natural 

Deduction systems in First-Order Predicate Logic (including the rules for 

identity). 

53. Give a definition and an instance of derivation in Natural Deduction System 

(e.g., Fitch-style, Quine-style, forall-x-style or others) for classical propositional 

logic. 

54. Give a definition and an instance of derivation in Natural Deduction System 

(e.g., Fitch-style, Quine-style, forall-x-style or others) for first-order predicate 
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logic. 

55. Specify and unfold key features and algebraic properties of FOPL-family (with 

identity predicate).  

56. Provide a generalized description of Second-Order and Higher-Order Logics, 

their expressiveness, propositional attitudes and idea behind their creation. 

57. Unfold the idea behind the concept of Backward-Chaining Reasoning (Goal-

Oriented systems of reasoning).  

58. Unfold the idea behind the concept of Forward-Chaining Reasoning (Rule-Based 

systems of reasoning). 

59. Unfold the ideas of practical use of First-Order logics in: programming, data 

science, robotics, knowledge bases, semantic frames etc. 

60. Enumerate and specify the limitations and problems of expressiveness in 

semantics and syntax of First-Order Predicate Logics.  

61. Define the concept of Tree Tableaux family of proof systems. Enumerate and 

define their compound elements and key concepts.  

62. Unfold the idea behind the concept of Rules of Decomposition. Enumerate the 

Rules of Decomposition for both Classical Propositional and First-Order 

Predicate logic (with identity).  

63. Unfold the idea behind the Deduction Meta-Theorem and give one of its proof or 

the sketch of proof (of your choice).  

64. Provide a generalized definitions and descriptions of Modal Logics (K, T, D, S4 

and S5), Temporal Logic and Epistemic Logic (as the derivatives of Modal 

Logic). Enumerate the components of syntax of Modal Logic families, their 

operators etc. 

65. Provide the generalized definitions, descriptions and unfold the general idea 

behind Many-Valued Logics and Fuzzy Logic. Give an instance of fuzzy-valued 

or n-valued logical system of your choice and specify its algebraic properties of 

the truth-values.   
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