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H.JI. JlenuceHko

NOCII/IKEHHS CTPYKTYPU MHOXWHW HEITEPEPBHO JTA®EPEHIINOBHUX
HA R* PO3B’4A3KIB CUCTEM JIIHIMHUX JUO®EPEHIIAJIbHO-®YHKIIOHAJIbHUX
PIBHAHD 13 JIHIMHO IIEPETBOPEHUM APTYMEHTOM

In this paper, we consider the structure of a set of continuously differentiable on R™ solutions for systems of linear
inhomogeneous differential-functional equations with the linearly transformed argument. Crucially, we focus on
equations with the delay. We utilize basic methods of the theory of ordinary differential and differential-functional
equations as well as the method of successive approximations. Furthermore, we obtain new sufficient conditions of
the existence of continuously differentiable on R* solutions for systems of linear differential-functional equations
with the linearly transformed argument and develop the method for constructing such solutions.

Beryn

Pi3Hi yacTMHHI BUMAAKW cuUCTeM IUdeEpeH-
LiaIbHO-(YHKIIOHAJIbHUX PiBHAHb i3 JiHIMHUMU
BIIXWUJIEHHSIMM apTyMEHTY JOCIIIXyBaIvMCh O6araThb-
Ma MaTeMaTUKaMM, i Ha ChOTOAHI psii MUTaHb 1X
Teopii JocuTh noOpe BuBYeHMI (nuB. [1—7] i Ha-
BeneHy TaM 0iOimiorp.). Tak, Hanpukiam, B [1] mo-
CUTh TIOBHO IOCTIIKEHO aCUMOTOTUYHI BJIaCTUBOC-
Ti pO3B’S3KiB JIIHIHHOTO CKaJSIpHOIO PiBHSHHS; B
[2] omepxxaHi gOCTaTHi YMOBU iCHYBaHHSI Ta €Ou-
HOCTi OOMEXXEHOT0o Ha BCili HiliCHIN oci pO3B’SI3KY
CUCTeMHU HEeNiHIHHUX audepeHLiaabHO-DYHKIIiO-
HaJIbHUX pPIBHSIHb HEWTpajbHOro TuIly; B [3] mo-
CIIIIKEHO MUTAHHSI iCHYBAaHHS HEIMEPEePBHUX MNpPU
t € R po3B’s3KiB JHIAHUX CUCTEM DIiBHSHB 3 JIi-
HIilfHO MEepPeTBOPEHUM apryMeHTOM; Y [4] BCTaHOB-
JIEHO JOCTaTHI YMOBU iCHyBaHHSI HEIIEPEPBHO M-
(epeHuitoBHux mpu f € RY po3B’sI3KiB HeiHii-
HUX CUCTeM audepeHLiabHO-(GYHKIIIOHATbHUX PiB-
HSIHb 3 JIIHIHO TIEpETBOPEHUM apTyMEHTOM.

ITocTanoBka 3amaui

MeToto cTaTTi € DOCHIIKEHHSI TMUTAHHS ICHY-

BaHHS HeMepepBHMX IpU ! € RY po3B’a3kiB cuc-
TeMu audepeHiaTbHO-(GYHKIIOHATLHUX PiBHSIHb
BUTJISIILY

x(1) :A(t)x(t)+§Bi(t)x(}‘it)+f(t)a (1

i=1
ae 0<x, <1, i=1,2,...; teR" =[0,+0); A(t),
B,(r), i=1,2,..., — niicHi MaTpu4Hi QyHKLi po3-
MipHOCTI nxn; f(f) — BeKTOp-(YHKIIS po3Mip-
HOCTI 7.

OcHoBHi pe3yibTaTH

Hna cucremu piBHSHbL (1) Mae wmicue Taka
Teopema.

Teopema 1. Hexait BUKOHYIOTBCSI YMOBM:

1) Bci enementn marpuub A(f), B(f), i=
=1,2,..., i BekTopa f(f) € HemepepBHUMHU OOMe-
KEHVMU TIpH | € RY GyHKLigMU, i

sup |A(?)| < a <+,
teR*

sup |B;(t)| < b; < +o0,i =1,2,...,

teR*

sup | f(D)]< f7 <+,

teR*

n
e |A()| = max a.()];
ne |A®)| 151’5n/§| O

+o00
2) uncyoBUi psan Y b, 30iraeThes.
=

Toxni cucrema piBHsHbL (1) Mae npuHalMHI
OIVH HerepepBHO AudepeHLiiioBHMii npu € RT
pO3B’s130K X (7) .

HoBeneHHs. Po3B’I30K cUCTeMU piBHSIHb
(1) mykaTuMeMo y BUIJISIAI PSLY

X(t) =D x. (1), (2)
k=0

ne x,(f), k=0,1,2,..., — gmesKi, NOKX LIO HEBi-

nmomi, ¢yHkuil. [diticHo, migcrasmsioun (2) B (1),
OIEPXKYEMO

+00 +00 +00 +00
Y X () = ADD x, () + D Bi(0) D x, (A 1) + f().
k=0 k=0 i=l k=0

3po3yMilo, AKIIO X, (f) BUOPATH TAKMMH, LIO

xo(0) = f(0),

X', (1) =A(t)xk71(t)+§Bi(t)xk71(kit), k=1,2,...,3)

i=1
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TO psan (2) Oyme ¢opMaJbHUM PO3B’SI3KOM CUCTeE-
MU piBHSAHB (1).

besnocepenHbo0 MigCTaHOBKOIO B (3) MOXKHA
MepeKOHATUCS, 1110 BEKTOPHI (hyHKIIil

xot) = [ f(2)dr,
0

x, (1) = I(A (t)x;_(0) + iBi(’c)xkil(Xit)) dt, 4)
0 i=1

k=12,..,

€ HEeIepepBHUMM IIpU ¢ € R™ po3B’sg3KaMu BiIIo-
BimHMX piBHSIHL cuctemu (3).

JoBeneMo, 1o psn (2), WieHU SIKOro BM3Ha-
yeHo (opmynamu (4), piBHOMIpHO 30iraeTbes ISt
IOBUIBHOTO f € R*. JIJIT bOTO HOCTAaTHHO ITOKa3a-
™, o npu Bcix k=0,1,2,..., teR* BHUKOHY-
IOThCST OLLIHKM

ek k+1

k+ 1)

%, (0] < ®)

e

Chpaai, B cuiy yMoBU 1 Teopemu 1 MaeMo
|xo)] = f71

T00TO Mpu k =0 ouiHka (5) Mae micue. Po3mip-
KOBYIOUM IHAYKTUBHO, IIPUITYCTUMO, IIIO0 OILIiHKA
(5) yxe nmoBenmeHa Ijis aesskoro k >0, i mokaxe-
MO, 10 BOHA HEe 3MIHUTbLCSA NpU Mepexoidi Big k
no k+1. JlikicHo, Gepy4yu A0 yBaru yMOBU Teope-
MU, 3 (4) ogepXKyeEMO

@] < [(A@ 12,0+ X 1 BEIx 00 de <
0 i=1

i . ekaJr] +o0 0 (}\’ T)k+1 -
S![af G & e

«nk +oo k+2
= /0 a+2bl.xf.‘” t—s
k& k+2
*nk +0 k+1  k+2
< S0 a+>b t’”z:f*e—t.
k2T & (k +2)!

Ilum camum goBeneHo, 1O oLiHKa (5) Mae
Micue IJ1s1 AOBiJIbHOro k > 0.

I3 BpaxyBaHHSIM TOTO, II0 HA OYIb-SIKOMY Bil-
pisky [0,7] < R* maeMo

*eka+1
x| ff——,k=0,1,2,...,
|x (]< f kD!
+00 ekaJrl
i Jerko 0OayuTH, IO YUCIOBUNA PsiI -_—
P2 e
+00 ktk+1
30ira€Thecsi, TO psi Z T piBHOMIpHO 30ira-
0 .

etbes Ha [0,7] < R*Y. Toni, BHacainok (5), paa (2)
TaKOX PIiBHOMIpHO 30ira€Thbcsl Ha OyIb-SIKOMY Bijl-
pisky [0,7] < R* 1o aesikoi HemepepBHOI BEKTOP-
¢yHKLiT X(f), Ka € po3B’SI3KOM CUCTEMU PiBHSIHb
(1). e nerko mokazaTu, SIKIIO B (4) mepeiTy A0
TPaHULI OpU kK —> +0.

IMokaxkemo, 110 MOOYTOBaHUI TaKUM YMHOM
po3B’s130K X (7) cuctemu piBHSIHB (1) € HemepepBHO
nugepeHuiiopuuM. JlilicHo, Oepyuyu [0 yBaru
YMOBU TeOpeMH, 3i CHiBBigHOIIEeHb (3) (3Baxarouyu
Ha (5)) oTpUMyEMO

Xy < 1"
X 0] < TAD | %0+ S 1B x 1 01) | <
i=1
k— k 400 k-14 k .k
s e 1 be 0 x

<f

klk kk
0 (a+ZbJ ek k=12,

Ockinbku Ha Oyab-skoMy Bipisky [0,7]c R*
Ma€eMO

e" T"

|xk(t)|<f k 01112

kk
30ira€ThCsl, TO PSA

i umcnoBuit psx )|

k=0 k!

+o00

Zx}((t) PiBHOMIpHO 30ira€thcsi Ha OyIb-SIKOMY
k=0

Bimpisky [0,7]c R* 1o meAKOi HENEpepBHOI BEK-
Top-(pyHkuii. TuM camMuM HOBeAEHO iCHYBaHHS
HemnepepBHO audepeHLifoBHoro mpu feR* (B
cuily HAoBibHOCTI 7T) po3B’sI3Ky X(f) cucremu
piBusiHB (1). Teopemy 1 moBeneHo.

ITponoBxkyound AOCHIIKEHHSI iCHYBaHHSI iH-
LIUX HeINepepBHO IUMEPEHLIMOBHUX PO3B’I3KiB
cucteMu piBHSAHB (1), BUKOHAEMO B3a€EMHO OIHO-
3HAYHY 3aMiHy 3MiHHUX

x()=y@®O+x@), (6)
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e X(f) — J4aCTMHHUI PO3B’SI30K 1Ii€l CUCTeMU PiB-
HSIHb, SIKWI BU3HAUCHUI CIiBBifHOLICHHSIMU (2),
(4). Toxi mocaimkeHHs1 cuctreMu piBHsSIHL (1) 3BO-
JIUTBbCS 10 AOCIIIXEHHSI OJHOPIIHOI CUCTEMU AU-
depeHLiaTbHO-(YHKIIOHATBHUX PiBHSIHb BUIJISILY

() = ADy()+ 3 B(OYO0), )

i=1
JIJIS SIKOI Ma€ Miclie Taka Teopema.

Teopema 2. Hexail BUKOHYIOTbCSI YMOBM:
1) Bci emementn Matpuubs  A(f), By(7),

i=1,2,..., € HENEepepBHUMU OOMEXKECHUMHU TMpPHU
t e R* dyHKUiAMH i
sup|A(?)| < a <+,
teR™
sup|B.(t)| < b; <+, i=1,2,...;
teR™
+0
2) YMCIOBUM psia Zb,. 30iraeTbesl.
i=1
Toni cucrema piBHSIHB (7) Mae ciM’i0 Heme-
pepBHO IudepeHLiHoOBHUX MPU € RT po3B’sI3KiB
y(#)=y@tc), ne c=(c,...,c,) , ¢, i=1n, — 10-
BiJIbHI CTaJi.
HoBeneHHs. lllykaTumMeMo po3B’SI30K CHUC-
TeMU piBHSHB (7) y BUIJISIAL PSRy

() = 3 3,0, ®)
k=0

ne y.(#), k=0,1,2,..., — #esKi, MOKA IO HEBi-
noMi, pynkuii. [TincraBuBim (8) y (7), orpruMaemMo

+00 +00 +00 +o©

DV =AD Y v &)+ By (1).

k=0 k=0 i=1 k=0

3BincK BUIUIMBAE, L0 AKIIO V,(f) BUOpaTH
TaKMH, IO

yo() =0,

+00
Vi) =A@y, () + ZBl.(t)ykfl(xl. N, k=1,2,...,0)
i=1
TO psan (8) Oyme ¢opMaJbHUM PO3B’SI3KOM CUCTeE-
MU piBHSHB (7).
MoxHa MOCIiZOBHO MOKAa3aTu, 10 BEKTOPHi
GyHKuwii
y() (t) =C,

e ¢ =(c,...,c,), ¢;eR, i=1n,

Y0 = [(A@ Y0 + 3 B Oy, (),
0 i=l1

k=1,2,.., (10)
€ HemepepBHO AMGEePEeHLIAOBHUMHU IIpU e R*
pO3B’I3KaMU BiIITOBITHUX CHCTEM PiBHSIHD (9).
HoBeneMo, 1o psn (8), WieHU SIKOro BM3Ha-
yeHo (opmynamu (10), piBHOMiIpHO 30iraeTbcs

UL JOBUTLHOTO ¢ € R*. Po3MipKOBYIOYM iHIyKTHB-
HO, MOXHa ITOKa3aTH, 110 A1 GYyHKUiA y,(f) Bu-
KOHYIOTBCSI OLIIHKU

0% t*
|yk(t)|S|C| k’ 1k=011121~~'3 (11)
e
+0
0=a+)b.
i=1

I3 BpaxyBaHHSIM TOTO, 10 Ha OyIb-SIKOMY BiI-
pisky [0,7] < R* maeMo

,k=0,1,2,...,

eka
1< lel ]

+oo nkk
i OYEBUOAHO, 1O YMCJIOBUU pAan Z
k=0

30ira-

+oo 0k k
1t . . .
€TBCA, TO PAL Z T PIBHOMIPHO 30iraeTbcsl Ha
k=0 :

[0,7]cR*. Toxni B cuny (11) psan (8) TakoxX piB-
HOMIpHO 30ira€TbCsi Ha OYyAb-SIKOMY BiIpi3Ky
[0,T]cR", |c|<c¢" (¢" — momarHa cTana) oo je-
SIKOI HerepepBHOI BeKTOp-(yHKLii y(f,c), sgKa €
po3B’s13KoM cucTemu piBHsHbL (7). Lle nerko moka-
3aty, gkumo B (10) mepeiiTu [0 TpaHULi HOpu
k—> +o.

JoBeneMo, 110 MHOOYIOBAaHMII TaKUM YWHOM
po3B’s130K  y(f,c) € HemepepBHO AUdepeHLiioB-
HuMm. JlificHo, 6epy4yu A0 yBaru yMOBU T€OpEMU, 3i
criBBimHolleHb (9) (3Baxkarouu Ha (11)) oTpumyeMo

lyo@®)] =0,

|y 0) 1<] A |y a3 1 B0 | 3Ot |<
i=l1

k-1,k-1 4o k=14 k-1 ,k-1
Salcle—t+2bilclu
k- & (k1)

k-1 k-1 +00 k k-1
< |c|e—t[a+2bl)=|c| o1 k =

Tl k=12,
k-1 - k —1)!

Ockinbku Ha Oynb-sikoMy Bidpisky [0,7]c R*
Ma€eMO
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gk k-1
(<l ——, k=1,2,...,
il <lel G,
+oo nk k-1
1 YUCIOBUI Psi Z— 30ira€rnocs, TO, BIAIIO-
o (k=1

+00
BimHO, psg Z Y, (f) piBHOMIpHO 30iraeTbcsi Ha

k=0
[0,7T]c R* mo mesikoi HerepepBHOI BEKTOp-(QyHK-
wii. TuM camMuM MU TOBeJU iCHYBaHHS CiM’1 Herle-
pepBHO IUMeEPEeHIIINOBHUX TIPU ¢ € R™ PO3B’SA3KiB
y() = y(t,c) cuctemu piBHsHD (7). Teopemy 2 no-
BEICHO.

Takum umHOM, i3 TeopeM 1, 2 Ha mimcTaBi (6)
BUILIMBA€E HACTYIIHA TeopeMa.

Teopema 3. SIKII0O BUKOHYIOTbCS BCi YMOBU
Teopemu 1, To cucrema piBHsIHBb (1) Mae ciM’10
HemepepBHO AM(EPEeHIIIMOBHUX TIpU f € R po3-
B’A3KiB x(f) = y(f,¢) + X(f), ne c=(c,...,c,), ¢,

i=1,n, — NOBiIBHI cTayi, y(f,c) BU3HAYEHO CIIiB-
BinHoweHHsIMU (8), (10), X(f) — cHiBBiZHOLIEH-
Hamu (2), (4).

AHaJIoriuyHi pe3yJbTaTh MOXHa OTpUMaTH i

I OiblI 3arajJlbHUX CHUCTeM IudepeHLiaIbHO-
(GYHKUIOHAILHUX PiBHSIHb BUIJISILY

(1) = ADx() + S Bx(o ) + f(1),  (12)

i=1

ae 0<a; <1, i=1,2,...; teR"; A(), B(),
i=1,2,..., — giiicHi MaTpWyHi (pyHKIIii po3mMipHOC-

1. Kato T., McLeod J.B. The functional-differential equation
¥Y'(x) = ay(Ax) + by(x) // Bull. Amer. Math. Soc. — 1971. —
77. — P. 891-937.

2. Camoiinenxo A.M., Ilearox I'Il. OrpaHndyeHHbIE Ha BCeld
BEIIECTBEHHOW OCU pEellieHUs CUCTEM HEJMHENHBbIX Tud-
bepeHMaNTbHO-QYHKIIMOHAIBHBIX ~ YPaBHEHMIT U MX
cBoiictBa // YKp. Mat. XypH. — 1994. — 46, Ne 6. —
C. 737-747.

3. UHenucenxko H.JI. Tlpo HemepepBHO AMQEpeHIIiiiOBHI Ha
R* po3B’a3KM cucTeM JiHIHHUX AudepeHiaTbHO-(PYyHK-
LiOHAJIBHUX PIBHSHB 3 JIHIWHO MEPETBOPEHUM apryMeH-
toMm // Heniniitni komuBanusa. — 2007. — 10, Ne 3. —
C. 322-327.

PexomeHnnoBaHa Panoro
HaByajbHO-HAYKOBOTO KOMILIEKCY
“IHCTUTYT MPUKIATHOTO CUCTEMHOTO
a”anizy” HTYY “KIII”

Ti nxn; f(f) — BeKTOp-(GYHKLiS PO3MIpPHOCTI #;
¢;(H):R" > R". 30okpema, Mae Miclle Taka Teo-
pema.

Teopema 4. SIKII0 BUKOHYIOTbCS BCi YMOBU
teopemu 1, a ¢,(f), i=12,..., € HenepepBHUMU
npu feR" dyHkuigMu, Takumu, wo 0 < g, (f) <

<t, To cucreMa piBHAHb (12) Mae ciM’10 Hemepeps-
HO audepeHLiioBHUX TIpu ¢ e RY  po3B’g3KiB
x()=x(c), ne c=(c,...,c,), ¢;, i=1,n, — no-
BiJIbHI CTaJli.

JloBemeHHsT TeOpeMU BUKOHYETBbCS aHAJIOTId-
HO TOMY, SIK Oy/u JoBeaeHi TeopeMu 1, 2.

BucHoBku

Y crarti BCTAaHOBJIEHO HOBi TOCTaTHI YMOBU
iCHYBaHHSI HemnepepBHO AU(EPEHLINOBHUX MpU
t e R" po3B’sI3KiB cHCTeM autepeHLiaTbHO-(PYHK-
LIIOHAJBHUX PiBHSHb i3 JIIHIHHUMM BigXWUJIECHHSIMU
aprymeHty Bunisgny (1) i po3pobiaeHo meronm ix
noOynoBu. OCKiJIbKM TaKi PiBHSIHHS BimirparoTb
BaXJIUBY POJIb Yy Teopii AudepeHLialbHUX PiBHSIHb
i IIMPOKO BUKOPMCTOBYIOTHCS MpPU TOCTIIKEHHI
OaraThoX 3aay HayKd i TEXHiKM, TO € BCi IiacTa-
BU CIIONiBaTUCh, 1O ILi pe3yJbTaTh TaKOX 3Hali-
IIyTh CBOE 3aCTOCYBaHHSI MPU BUBUYEHHI BaXKJIMBUX
NpakTUYHUX 3amad. Po3pobieHa B poOOTi MeToaU-
Ka MoOya0oBU HemnepepBHO AUGEPEHUINOBHUX PO3-
B’SI3KiB J1a€ MOXUJIMBICTb B MailOyTHHLOMY HOBECTHU
iCHYBaHHSI MEpiOAWYHUX PO3B’SI3KiB i AOCTIAUTH
iXHi BJIaCTUBOCTI.

4. Jenucenxo H.JI. Tlpo icHyBaHHS HemepepBHMX Ha R*
PO3B’SI3KiB CHUCTEM HEJIHIMHUX mndepeHIiaTbHO-(PYHK-
wioHanbHUX piBHSHb // Homosimi HAH VYkpainu. —
2008. — Ne 7. — C. 10—14.

5. Kwapisz M. On the existence and uniqueness of solutions
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