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PE®EPAT

TEOPEMA LIITEPHEPA, TEOPIA I'OJIOCYBAHHA, CUJIBHI TA CJIAB-
KI T'PYIIN, BAJJAHCYBAHHS CUCTEMU I'PA®IB

KBanidikamiiina podora mictuTh: 60 cTOpiHOK, 38 PUCYHKIB, 3 JKEpe.

VY Xoz1 1aHoi poOOTH MPOBEICHO aHAII3 JI0Ka31B MPOCTOrO BUIAJKY TEOPEMU
[nepHepa. 3anponoHOBaHO OCHOBHI Ta IiKaBl CIIOCOOU 3aCTOCYBaHHS TEOPEMU 3
BUKOPHUCTAHHSAM PI3HUX YACTKOBUX BHIAJKIB, sIKi Oynu moBeaeHl. OCHOBHHM 1 Haii-
I[IKaBIIIIUM CITIOCOOOM 3aCTOCYBaHHSI T€OpeMU Oyiia Teopisi ToJoCyBaHHsA. B 0CHOBI
Teopii I'omocyBaHHs JeKaTh CIMEMCTBAa MOMApPHO HE MEPETUHAHWX MHOXXHH, TOMY
OITIHKa TMOTYHOCT1 Takoi CiM’i Ba)KJIMBA, a JJI1 YaCTKOBUX BHUIIAJIKIB TEOPEMH, SIKi
Oynu JOBeeHi, 1 OlliHKa oTpuMaHa. HacTynmHUM MpUKIIaTHUM 3aCTOCYBAaHHSIM €
OanaHCyBaHHS CUCTEMH, SIKa MOKE OyTH MPEACTaBIICHA y BUIIISAI ABOJOIBHOTO Ipa-
¢da. Cnuparoyuch Ha YaCTKOBI JOBEJEHI BUMAAKU, MOKHA MTPOBECTH OaaHCyBaHHs
Takux cucteM. J[oBeJeH1 4acTKOBI BUIAJIKH MOXYTb OyTH BUKOPHCTaHI JJIsi CTBO-
PEHHS CHIIBHUX 1 CITA0OKUX TPyM, K1 MOKHA BUKOPHUCTOBYBATH JIUISI PI3HUX KPHUIITO-
rpadidHuX TPoOIeM, a TAaKOXK JJISI TEOPli TOJIOCYBaHHS.

Crnoci0® 10BeieHHs] OCHOBHOI T€OpeMH I1i€i poOoTH OyB MOKa3aHUM 1 BUKOPHU-
CTaHUW y MOil OakanaBpchKiil poOoti. Lleii MeTon BUKOPUCTOBYE J10Ka3 MPOCTOTO
BUIIAJIKy TEOPEMHU Ta MPOIOHYE CMOCIO MOBTOPHOTO BUKOPHCTAHHS I[HOTO JOKa3y
JUIs OB CKIaAHUX BUMAAKIB. OCHOBHHM aJTrOPUTMOM PO3B’S3yBaHHS CHUCTEMH
JTIHIAHUX piBHSIHB OyB Meron ['aycca, OCKUIBKM BIH JTy>K€ MPOCTHM 1 AyXKe Jier-
KO MPOTrpaMy€eThCsl, ajle MOXKHA BUKOPUCTOBYBATH OyJlb-sIKUI anroput™. Takox asis
KpaIoro po3yMmiHHs Oyia onucaHa Teopish MyJIbTUMHOKHH.

JloBeieHO pi3HI YAaCTKOBI BUMIAJKU MYJIBTUMHOXKHH, SIK1 33JJ0BOJIbHAIOTH YMO-
BaM TeopeMH. TakoX JesiKi 3 OMMMCAHUX TYT JOCHIKEHb Oy aHOHCOBaHI Ha KOH-
depenii, mo Bindynacs 5 auctonaga 2021 poky mix HazBoro «Modeling, control
and information technologies: Proceedings of V International scientific and practi-

cal conference».



ABSTRACT

SPERNER‘S THEOREM, VOTING THEORY, BALANCING THE GRAPH
SYSTEM, STRONG AND WEAK SUBSETS OF THE MULTISET

Qualification work contains: 60 pages, 38 figures, 3 sources.

In the course of this work the analysis of the proofs of the simple case of
the Sperner’s Theorem. There were proposed some main and interesting ways to
apply theorem using different partial cases that were proved. The main and the most
interesting way to apply theorem was the Voting Theory. In the main scope of the
Voting theory families of pairwise disjoint sets, so the estimation of the power of
such family was distinguished for partial cases. The next application is balancing
the system that could be represented as bipartite graph. Relying on partial cases
that were proved, the balancing of such systems could be made. The last but not
least, proved partial cases could be used for making strong and weak groups that
could be used for different cryptographic problems and also for the Voting Theory.

The way to prove the main theorem of this work was announced and used in
my bachelor’s work. This method uses the prove of the simple case of the theorem
and offers the way to reuse that prove for harder cases. The main algorithm for
solving the system of linear equations was the Gauss method, because it is very
simple and very easy to program, but any algorithm can be used. Also, the multiset
theory was described for better understanding.

There were proved a lot of different partial cases of multisets that are sati-
sfy the conditions of the theorem. Also some of the research described here was
announced on the conference that took place on the 5th of November 2021 named
"Modeling, control and information technologies: Proceedings of V International

scientific and practical conference".
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BCTYII

AKTYaJIbHICTh PO0OTH BHU3HAYAETHCS PO3LIUPEHHSAM JOBEICHb YACTKOBUX
BunaakiB Teopemu lllnepuepa mist MyTbTHMHOKHHHOTO BUTIAKY, Ta BEITUKOTO TIe-
PENIKY MOXJIMBUX 3aCTOCYBaHb TEOPEMHU.

06 ’ekm OocniodcenHs — TeOpeMa HIMEIBKOTO MaTeMaThKa, sIKa Ja€ OLIIHKY
MOTY>KHOCTI CIMEICTBA HEBKJIAJICHUX OJTHA B OJJHY MHOXKHH, Ky y3arajbHIOEMO Ha
OUThII HIMPOKHUM CHEKTP MaTeMaTUYHUX 00’ €KTIB.

Meta nocaixkeHHs TIONATae B TOMY, II00 OTPUMATU MOXJIMBI IUISXUA JO-
BEJCHHS YCKJIQJHEHOTO BMIIAJIKy TEOpPEMH AJii MYJIbTUMHOXXHHHM B LJIOMY(TOOTO
uist OyAb SIKOi MYJIBTUMHOXKHUHU). {7151 11p0T0 OyJ10 pPO3IVISSHYTO BEIUKY KUIBKICTD
YaCTKOBHMX BHUITQJIKIB, JUISI TOTO MO0 MOMJIMBO IMOOAUYUTH SKYCh 3aKOHOMIPHICTb,
a0o oTpuMaru 11ei A MOAAJIBIIOT0 PO3BUTKY 3alpPOIOHOBAaHOrO noka3y. Hacty-
Ha MeTa, JOCIIIUTH MOXKIMBOCTI 3aCTOCYBaHHsS TeopeMH. byno 3ampomnoHoBaHO
TP MPUKIAHI 3a/1a4i, y SAKUX TeOpeMa Biairpae BaxiuBy poiib: "Teopis [onocy-
BaHb "[lomin Ha cuabHI Ta cnadki rpynH "bamadncyBanHs cuctemu rpadi”.

3aBaaHHs HACTYITHI:

1) JlocniauTu MOXIMBOCTI MPUKIIATHOTO 3aCTOCYBAHHS YCKIIaIHEHOTO BUIAIKY
TEOPEMHU.

2) Po3poOutu BapiaHTH JOBEACHHS YCKIAAHEHOTO BUIAJKY TEOPEMH, HA OLIbII
3arajibHy KUIbKICTh YaCTUHHHMX BHMAJKIB, a00 K I MYJIBTUMHOXHUHU B IIi-
JOMY.

3) HdoBecTtu TeopeMy Il YAaCTMHHUX BHUMAAKIB, K1 MOXYTh OyTH BUKOPHCTaH1
y MPUKJJIAHAX 3a/1a9ax.

4) TlokazaTu MOXJIMBOCTI 3aCTOCYBAaHHS TE€OPEMHU JJIsl YACTUHHUX BUNAIKIB Te-
OpPEMH.

5) TloGymyBaru, abo 3ampoONOHYBaTH MOXJIMBOCTI KOMOIHATOPHOT OLIIHKHU TOTY-
KHOCT1 CIMEWCTBA HEBKJIAJACHUX OJHA B OJHY MYJIBTHUIIIAMHOXKHH.

6) Jlocniautu cUCTeMH, Ki MOKYTh OyTH MIPEACTAaBICH] Y BUIIIAII ABOJOIBHOTO



rpady Ta noTpedyroTh OaraHCyBaHHS.

IIpakTryHe 3HAYEHHS OJleP:KAHUX Pe3y/bTaTiB MOJSATraloTh B TOMY, 1110 Oy-
JO OTPUMAHO JOBEIECHHS TEOPEMHU JIi HOBUX YACTUHHHUX BHUIIAJKIB, Kl MOXYTb
OyTH BHUKOPHUCTaHI, K BXe OyJIO CKa3aHO, y Nepeliky NpukiagHux 3ajgad. [Ipu-
KJIQJH1 3aJa4l JJisi YaCTUHHUX BUIAJKIB HAJIalOTh MOXJIMICTh BUKOPUCTATHU Marte-
MaTU4H1 O00’€KTH $IK1 3aJI0BOJIbHSIFOTH YMOBaM TE€OpPEMH, TOOTO OyTH MEBHUM LIO
BEPXHS OI[IHKA MOTY>KHOCTI CIMEWCTBAa HEBKJIAJICHUX OHA B OJIHY MYJIBTUMHOXXUH

9
oGMesxena wuciom C 2.



HEPEJIIK YMOBHHUX ITO3HAYEHb

10

VY mpomy po3aiial Oyae HaBeAeHO HEOOXITHUN MEepelik YMOBHUX MO3HAYCHb,

HEOOXI1THUX IS TAyMaueHHS MaTepiajiB:

KpaTHICTh BXO/KCHHSI €JIEMEHTA Y MHOXKHHY
00’ €THaHHS MHOXXUH
MEePETUH MHOKHH

CTYMIHb BXO/DKEHHS pedep y BepiiuHy rpada
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1 TEOPETHUYHI BIJOMOCTI

VY upomy posaii Oyae po3mISHYTO Ta HaBEACHO HEOOXiTHUN MaTeMaTHIHUN
amapar Ta TeOpPETHUYHI BIJOMOCTI CTOCOBHO MPOOJIEMH sIKa JIS)KUTh B OCHOBI JIaHO1
MaricTepchkoi auceprailii. Po3risHEMO OCHOBHE TBEPJKEHHSI CTOCOBHO TEOPEMHU
[IInepHepa Ta yci CynyTHI BUSHAUCHHSI Ta TBEPXKEHHS HEOOX1HI JJIsi BUPIIICHHS

[IOCTABJIEHHOI 3a1ayl.
1.1 Orsag MaTeMaTU4YHOTO anapary

Teopema 1. Hexau M = {1,...,n} mHOdMCUHG 5IKG CKANAOEMbCA 3 €leMEHMIE HaNTy-
panvrozo psaoy, My,...,Mj. - nabip niommoorcun muoocunu M maxi, wo ¥ M;,M; -
M; ¢ M;, mooi euxonyemucs Oysce npocma Hepisnicmo k < A ve k - ye
KinbKicmos MHOMCUH Yy Haoopi My,....My, n - 3aeanvha KitbKicms elemMenmie MHO-
orcunu M (mobmo nomyowcnicmo muodxcunu M, oani 6yoemo nosnavamu sk |M|)
[1], C."2 - Ginomiansnuii koediyienm, [n)2] - yina wacmuna 6io dinnenns n Hag-

niu.

PosristHeMo ofHe 3 MOXKIIMBHUX JOBEIb TEOpeMHU 0a3yroduch Ha TBEPIKCHHI

JIOBEJICHHS SIKOTO Oyjie MpeCcTaBiICHe HUXKYE.

Teepmxenns 1. Hexau My,...,M, - nonapno ne nanexcams o0Ha 8 0OHIU NIOMHO-
orcunu muoocunu M = {1,....n}, nexau |My| = my,...,| M| = my, modi mae micye

HepIBHICMb:

+ bt ——<1 (1.1)



12

Jloseoenns. Posrnsaemo mis koxHoro M;, v = 1,...k meperacoByBaHHS MHOXHUHHU

{1,...,n} 3po0ieHi 3a HACTYIIHUM TPHHIUIIOM:

ap|ag | .|.|ag | Qg1 | | -] -] -] Qp

He aq,...,ar, € M;, a agy1,...,a,, - BCl 1HII €JIEMEHTH, TOJI TEpIIa YacTH-
Ha Takol MepeTacoBYBaHHs, TOOTO ay,...,a; MOXe matu (m;)! pi3sHUX BapiaHTiB, a
MpaBa YacTHHA, TOOTO Qjy1,...,dn, (N — m;)! PI3HUX BapiaHTiB, ¢ N - MOTYXHICTh
MHOHMHH {1,...,n}. Bapro 3a3naunTH, 1m0 11 pisHUX MHOXKH M;, M, BiAnoBigHi
nepeTacoBYBaHHS OyIyTh BIAPI3HATUCH. SIKIIO JIB1 IEPETACOBYBAHHS TBOX MHOXKHH
M;, M; cBnanaiors, ne o3Hauae, mo NM; C M;, abo M; C M;.
Tomy maemo:
mil(n —my)! + ...+ my!(n —myg)! < nl, ne n! - yucno ycix MOXIMBUX HepeTaco-
ByBaHb MHOXHUHH {1,...,n}. Po3ainumo oOH/IBI 4YaCTHHU OTPUMAHOI HEPIBHOCTI Ha
n! Ta OTpUMaEMO CyMy OOCpHEHUX OIHOMIaJIbHUX KOC(IIIE€HTIB 3 JIIBOi YaCTUHHU Ta

OJIMHUITIO 3 TIPABOI: ﬁ + # + ...+ ﬁ < 1, mo 1 Tpebda Oyno goBectu. [

Hacainox 1. Buxoosuu 3 ¢hopmynu (1.1) ompumaemo, wo Kinvkicmo pizuux M; ne

nepesuuyye C,"2 Tak ax €, < C, ymaemo [1n mtg [1,1/2] +.+ 1<

Ch C, A =
ﬁ ﬁ 4+ ...+ ﬁ < 1, y Haunisiwiti yacmuHi piGHAHHI O0OAHOK W
3ycmpivaemuvcs k paszie, moomo % < 1, abo s axwo 3anucamu y 36UUHOMY

suenaoi k < C’n[n/ 2l

[TocTaBnena 3ajaya y3araJlbHUTH JaHy TEOPEMY Ha BUIAJOK KOJIU MHOXKH-
Ha M = {l,...,n} Moxe MaTH eIEMEHTH sKi HaJeKaTh il JHeKinbka pasiB 1 <,
T0OTO MareMatuyHui 00’ ekT VM HaOyBae MyIbTUMHOXUHHUX BIacTHUBOCTEH. /laHa
3a/1ada BKe OyJia 4aCTKOBO PO3NISIHYTa y MOil OakallaBPChKIM JUIIOMHIA po0Oo-
Ti. Bylio po3misiHyTO Jesiki YaCTKOB1 BUIAIKU MYJIBTUMHOXHH, SIKi 33JI0BOJILHSIOTh
yMOBaM TeopeMu. Y AaHiil poOoTi Oyae Ouiblll AETalbHO PO3MVISTHYTO MPUKIIAIAHE
3aCTOCYBaHHS TEOPEMHM, Ta y3arajbHEHHS i Ha OUIbIIY KUTBKICTh OKPEMHX BUMAJ-

KiB MYJIBTUMHOXHH. J[J11 TOTO, 11100 MaTeMaTH4H1 BUKJIQJAKUA Ta MOCIIIOBHICTD JIIH
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Oyrna 3pOo3yMUIOI0 YHACTYITHOMY PO3ZUI HAaBOASTHCS HEOOXIJAHI TEOPETUYH! BiJO-
MOCTI Ta O3Ha4eHHs 0a3ylUuHCh Ha SKUX OyJIO OTPUMAHO PE3yNbTaTH, sAKi OymayTb

OMHCaH1 HIXKYE.
1.2 Teopisi MyJbTUMHOXKHH

Han MynsTUMHOXXMHAMHM BH3HA4Y€H1 Taki OCHOBHI omepailii: 00’ €IHaHHS, TIe-
peTuH, apudMeTHIHEe J0oAaBaHHsA, apuPMETHIHE BiJHIMAHHS, JOMOBHEHHS, CHUME-
TpUYHA PI3HMIIS, MHOKEHHSI Ha YHUCIO, apu(METUIHE MHOKCHHS Ta 3BEJACHHS B
apu(QMETHUYHY CTYIiHb, IPSIMHI TBIp Ta 3BEJCHHS Y MPsIMUI CTyHiHb. MU po3Iis-
HEMO JIUIIE JIeIKl OCHOBHI orepailii HeoOXiaH1 s MOoJadbIINX A1 HaJ MYJIbTH-

MHOXHWHaMH.

Busnavennst 1. Mynomumnooicuna - moougikosane nOHAMMA MHONCUHU, WO OO-
NYCKA€E HASIBHICMb 00OHO20 I MO20 JHC elleMeHmda & Hill no Kiibka pazis. Yucno ene-
MEHMIB Y MYTbMUMHONCUHI, 3 YPAXYEAHHAM €1eMeHMI8 SAKI NOSMOPIOIOMbCA, HA3U-

8aemMbCsl 1020 po3mipom abo nomyaicricmio [2].

BusnauenHs 2. 06 conannam mynomumnodicur [2] A ma B nazusaemuvcsa mynomu-
MHOJICUHA, AKIU HAZledcamv 3 YCi eneMenmu, sIKi NpUCymmi xoua 6 8 0OHIll 3 M)/b-
MUMHONCUH, 1 KLILKICMb 8X00NCEHb KOJICHO20 eleMeHmMAa OOPIBHIOE MAKCUMAIbHILL
KLIbKOCMI 8X00JICeHb BIONOBIOHUX elleMeHMI8 8 MYIbMUMHONCUHAX, U0 00 €OHYIO-

mvcsi:
ki ki k; kj
C=AUB = {max(z;",z;)},z; € A,z € B

Busnauenusi 3. Ilepemunom mynemumnoocun [2] A ma B nazusaemvcs mynomu-
MHOJICUHA, WO CKIAOAEMbCA 3 YCIX elleMeHmis, SKI NPUCYMHI Y KONCHIU 3 M)b-
MUMHONCUH, | KIIbKICMb BXOO0MCEHb KONCHO20 eleMeHmMAd OOPIBHIOE MIHIMAbHILL
KLIbKOCMI 8X00MCEHb BIONOBIOHUX elleMeHMI8 Y MYJIbMUMHONCUHAX, WO Nnepemu-

HaromvcA:
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C=ANB= {mm(a:f,g/z,“;%)},:rzfC € A,x?j €B

Busnauennsi 4. Apugpmemuunoro cymoro mynomumuoscur [2] A ma B nazusae-
MbCsL MYTbMUMHONCUHA, WO CKIAOAEMBCA 3 YCIX eleMenmis, AKI Halexcams xoua o
8 OOHIl 3 MYIbMUMHONCUH, | KDAMHICIMb KOJNCHO20 eleMeHmd OOPIBHIOE CYMI Kpa-

mHocmeil 8IONOGIOHUX eNeMENMIE Y MYTbMUMHONCUHAX, WO CKAAOQIOMbCAL:
C = A+ B = {zF|zF = oF —ijj},:zsfz €Az’ €B

BusnauenHsi 5. Apugmemuunoro pisnuyero mymomumnodcun [2] A ma B Hazu-
BAEMBCSL MYTLIMUMHONCUHA, WO CKIAOAEMbCSA 3 eleMeHMI8 MYIbIMUMHONCUHU A,
KDAMHICb AKUX Nepesuilye KpamHuicms 8i0N0GIOHUX eleMeHmi8 ) MYTbIMUMHONCU-
Hi B. Kpamuicms KodcHo2o enemenma pesyibmyodoi MHOMCUHU OOPIBHIOE DI3HUYI

Kpamuocmeti 8iONOBIOHUX elleMeHMIB 8 MYIbMUMHONCUHAX, WO BIOHIMAIOMbCSL!

C=A-B={a"z"=al - a:?j, ki > k;,0 otherwise}, z% € A,:z:?j €B
1.3 Teopis rpagis

Busnauenus 6. / pagp — mamemamuuna abcmpaxyis cucmemu 0y0b-sKoi npupoou,
00’exkmu axoi marome napui 36’a3xu. Ipagh sk mamemamuuynuti 00’ekm € CyKy-
HHICMb 080X MHONCUH. MHONCUHA 8ePUIUH | MHOXMCUHA pebep. Enemenmom MHOMCU-

HU pebep € napa elemeHmie MHONCUHU EPULUH.

Busnauenns 7. Ilpocmum epagpom G(V,E) € cykynnicmo 080X MHOMNCUH: HENYCMOL
mHoocunu V. ma mHooxcunu E nesnopsokoeanux nap pizHux eiemeHmie MHONMCU-
Hu V. Muoowcuna V' Ha3u8aemvcsa MHOMCUHOIO 8epuiut, MHOXCUHA F Hazusaemuvcs

MHOJCUHOIO pebep.
G(V,E)=(V.E), V4@, ECVxV, {vu}¢E, veV

Busnauenns 8. /[sodonvruii epagh abo 6iepag 6 meopii epaghie - ye epagh, mHod;CU-

HY 8epUIUH SIKO20 MOX}CHA pO30UmMu Ha 08I 00NI MAKUM YUHOM, WO KOMCHE pebpo
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Pucynok 1.1 — npuknan npoctoro rpady

epaghy 3’ €0Hye KOJNCHY GepuiuHy 3 OOHIEL Q0Ji 3 SAKOIOCb BePUIUHOIO 3 THULOI OO,
mobmo He iCHye pebep Midxc eepuiuHamu 0OHici i miei xc yacmunu ooni. Heopi-
eumosanutl epagh G = (W, E) nazusacmovcsi 08000AbHUM, SKUWO MHONCUHY U020
gepuiur ModcHa po3oumu Ha 08i niomuoxcunu W = U UV mak, wo:
- orcoona eepuuna 8 U He 3’eonana 3 sepuiunamu ¢ U
- oicoona eepuiuna 8 V' He 3°¢onana 3 eepuiunamu 8 V'
YV yvomy eunaoky niomuoocunu éepwun U ma V' Hazuearomvcs wacmkamu

080001bH020 epagha G.

Mpukaan 1. Pozensinemo npukiad npocmozco epagy:
V ={12,345,6}
E={(12),(1,5),(5,2),(54),(2,3),(3,4), (4,6)}

IMpuxnan 2. Pozensanemo npukiad 080001bHO20 epagy:
V ={1,2,3,4,5,6}
E={(1,4),(1,5),(2,4),(2,6),(3,5),(3,6)} ¥V oanomy eunaoxy mu moscemo po30i-

JIUMU MHONCUHY 8EPUIUH HA O8I
V=UUPP={123}malU = {4,5,6}.

Hemae scoonoeo pebpa sixe nos’szye sepuiunu muodicun P i3 epuiunamu MHOMCUHU

P, ananociuno ons mmnoorcunu U.
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Pucynok 1.2 — nmpukiiaa asogosbHoro rpady

Teopema 2. B 0godonvromy epaghi ona 6yob-axoeo namypaivHo2o k 6yovb-saKi eep-
WuHU OOHIEL 00, Oe k He nepesuwye Yucia eepulut 00ab, 08 SA3aHi NPUHAUMHI 3
k piznumu eepuiunamu inwioi 0oni mooi i 1uwe mooi, Konu epag pozdousacmovcs Ha

napu neputoro 4acnikoio.

1.4 IlocranHoBka 3amaui

Teopema 3. /[osecmu Teopemy 1 y momy euensoi, y sikomy 6oHa onucawa, 36a-
acarouu uue Ha me wo 06’ekm My meepodsxcenni meopemu menep modice Mamu

MYTbMUMHONCUHHY Npupoody [3].

Losedenns. Buxopucraemo miaxif, sikuit 6a3yetscs Ha Teopemi 2. Y naHoMy J10Be-
JieHH1 Oy/ie ONMMCYBAaTHUCh OAMH 3 MOXKJIMBUX MIIXOMIB PIIIICHHS Ta JTOBEICHHS TaHOL
TeOpeMH Yepe3 HaBaHTAKCHHS pedep IBOYACTKOBOTO rpady meBHHUMHU KoediIieH-

TamMu. Y MOil OakaIaBpChKiii poOOTI Oys0 pO3MISIHYTO TaKl BUIIAJIKU:
— m ,.m _ 2
A={z"am} B ={wjs, wy,...,w,}

Ax Bxke Oyno noBeneHo paxime y Teopemi 1 nns 3BUYaliHOTO THUIY MHO-
KUH 3aBXKJIM ICHY€ TapOCTONyYCHHS MPH JOAaBaHHI O CIMEHCTBAa HEBKJIAJACHUX
MHOXXHH PO3MIPY N OJHOTO €JIE€MEHTa I TOro, 00 yTBOPUTH CIMEMCTBO HEBKIIA-

JEHUX MHOKHMH SIKOMY HaJIe)KaTb MHOXKHHHU po3Mipy 1+ 1. [{is 3BugaitHoro BUIa-
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Pucynok 1.3 — rpad 3 Baramu, juis mynstumaoxuan A = {2,3,4}

Ka TEOPEMH 1€ 1 JOBOAUTH, [0 MAKCUMAJIbHO MOXKIIMBHI PO3MIP TAKOTO CiMENHCTBA
C,["/2 Jinst Bumajika KoM MHOXKHHA Mae MYJBTUMHOKHHHY IIPUPOY BUKOPHCTATH

Teopemy 1 y ToMy BUIJIAII K OMTMCAHO BHIIE HEMOXKIIHBO.

Mpuxnan 3. Pozensnemo muoncuny A = {2,3,4}, 36y0yemo nanoenenns o0Ho-
eIeMeHMHO020 CIMelCmMBa HeBKIIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000Y0yeEMO 00

080€e1eMeHMH020 CIMeLCmEda.

Ines nonsirae B Tomy, 1100 NEPEHECTH MIJIX1]] TAPOCIOIYYEHHSI BUKOPUCTOBY-

109 BaroBi KoeilieHTH. Ik MO)kKHA 0auuTH 3 MaJTIOHKA!

d_eg:n—t

AJne 11e MOXJIMBO JIMIIE JJIsl BUIMAJIKY KOJIM BIJNOBIIHI peOpa HaBaHTAXEH1 Baramu.

Hwuxue Oyne po3missHyTO A€KUIbKa MPUKIAAIB JJI pO3YMIHHS IOBHOT KapTUHU. [ ]

Mpuxaan 4. Posenanemo mnoxcuny A = {23.3%}, 36y0yemo nanoenenns osoene-
MEHMHO20 CIMelCmBa HeGKIIOYHUX 00HA 8 OOHY MHOJICUH, SKI 000YOVEMO 00 mMpu-

eleMeHmMHO20 ciMelicmaea.
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Pucynok 1.4 — rpad 3 Baramu, juis mynstumHOXUHE A = {2,3,4}

Pucynok 1.5 — rpad 3 Baramu, mis MyasTUMHOKHEN A = {2333}

Hpuknan 5. Posznanemo muoxcuny A = {2333}, maxooc 36y0yemo nanosuenns
080€e1eMeHMHO20 CIMEelCm8a HeBKIIOUHUX 00OHA 8 0OHY MHOJICUH, SKI 000YOVEMO 00

mpuejlemernHoco cimeticmea:

To6TO 00paxyHOK BEIETHCS 3a JIOIIOMOTO0 (GOPMYIT:

d_eg:n—t

N - MYJIBTUIIOTYKHICTh MHOXXMHHM Ha OCHOBI 5IKOT OyAy€ThCsl CIMEHCTBO HEBKJIaJe-
HUX OJIHA B OJJHY MHOXUH

t - MyJIBTHUIIOTY)KHICTh MHOKWHH SIKa HAJC)KUTh CIMEHCTBY HEBKJIQJICHMX OIHA B
OJIHY MHOXXHUH (J1J1s @, l - 11e TIOTY>KHICTh MHOKHUHU SIKa HAJICKUTh HIKHIN 101,
TUIS @, t - 11e TOTYHICTh MHOKUHHM SIKa HAJICKUTh BEPXHIM JI0JI1)

To6To ms Ilpukaany 4:



Pucynok 1.6 — rpad 3 Baramu, s MyJIsTuMHOXMEN A = {2333}

deg = 3 - ocximuin [{2°}] = [{223}] = {23}
deg = |A| — 2 = 3 - ockineku |A| = 5, {2} = [{2,3}| = [{3?}| = 2

Jlami ckmamaeTbesl cucTeMa JiHIMHUX PIBHSHD:

( (

X+y=3 y=0

7\

y+z=3 = § z=3
z+k=3 k=0

k+n=3 n=3

Jus Mlpuxiaany S:

deg = 3 - ocximexn |{2°}] = |{22.3}] = |{3%}
deg = |A| — 2 = 4 - ockineku |A| = 6,]{2%}| = [{2,3}| = [{3?}| = 2

Jlami ckmamaeTbesi cucTeMa JiHIMHUX PIBHSHD:

19
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Pucynok 1.7 — rpad 3 Baramu, s MyIsTuMHOXMEN A = {2333}

( (
x=3 x=3
Xx+y=4 y=1
y+z=3 z=2

{ = 3
z+k=4 k=2
k+m=3 m=1
n=3 n=3

\ \

Takum criocobom y OakanmaBpchKiii poOoTi Oymo noBeneHo Bumamku A =
{zma™}, B = {w3, wi,...,.w,}. Y HacTynHOMY po3aimi Gyjae pO3MIAHYTO JEKillb-
Ka 1HIIMX YAaCTKOBUX BUNAJKIB, JUIs sikux Oyne noseneHo Teopemy 1, Ta OymyThb
3anucaHi siBHI opMysid 0OpaxyHKy BariB ajis rpady. 3a I0MOMOrow 1ux GopmMyi
MOYKHA TIEPEKOHATHCh, IO MAPOCIOIYUYEHHs ICHY€E 1 moOyayBatu Horo siBHO. Ta-
KUM YHHOM JIOBOJUTHCS JUIsl MHOXKUH MYJIBTUMHOKUHHOT IPUPOJIU CIIPABEAIIUBICTD
Teopemu 1. I[Ipuxnane 3acTocyBaHHS MaTeMaTHYHUX 00’ €KTIB, K1 3aI0BOJIBHSIOTH

YMOBH TeopeMu Oyjie OMUCAaHO Yy pO3ayaax Mi3HIIIE.
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BucHoBku 10 posainy 1

Po3rmisiHyTo HEeoOXiHUN MaTeMaTUYHMI amapat, HeOOX1HUM i pO3B’ 3Ky
noctanieHoi 3aga4i. ChopMOBaHO TBEPKEHHSI YCKJIAJIHEHOTO BHIAJIKY TEOPEMH.
3anponoHoBaHO MiAX11 JUIs TOBEACHHS Ta MMOKa3aHO MaTepiaii, Kl Bke Oyau npe-

CTaBCHI y MOXH OakalaBpChKiil poOOTI.
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2 YACTKOBI BUITAJIKX TEOPEMH

2.1 Yacrtkosuii Bunagok A = {a™ b, c}

[TourHeMo po3IIsiIaTH HOBUiT BULIAIOK MyabTUMHOKUHHU By A = {a", b, c},
ska 3amgoBoibHsie ymoBu Teopemm 1 [3]. Ha enemenT o' HakmamaroThCs AesKi
oOMEXeHHsI, a came: m > 3, OCKUIbKM TpH m = 1 BHUCXIJHA MHOXXHWHA BTpa-
ya€ MYJbTUMHOXXHUHHI BJIACTHUBOCTI, IIOJI0 BUIAJAKY KOJIM M = 2, TO IIeH BUIa-
JOK BXKe OYB pO3IVISTHYTHUH y OakallaBpChKii poOOTI, Ta BKIIOYAETHCS y BHUIIAJIOK
B = {w}, wy,...,w,}. TlodHeMO 3 YaCTHHHUX BMIAJKIB KOJIM 1 HabyBae KOHKpE-
THUX 3HA4Y€Hb, 00 MOOAYNTH 3aKOHOMIPHOCTI Y 3a)KyBaHHI JIBOAOJILHOTO Tpady Ta

dbopMyH 3a AOMOMOTOI0 SIKMX OymnyTh 0OpaxoByBaTucCh Baru [3].

Mpukaan 6. Poseranemo mnoxcu ny A = {a3,b,c}, 36y0yemo nanoenenns 06o-
eIeMEeHMHO020 CIMelCMBa HeBKIIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000Y0yeEMO 00

mpuejilemerRmHoco cimeticmea:

Tax camo, 5K 1 y BUTIaJIKaX paHille MiapaxyeMo 3HAUYEHHS BariB 3a (OPMYIIOI0:

deg =3 - ocxinbkn [{a’}] = [{a*,b}| = [{a*c}| = [{a.b,c}|
deg = |A| = 2 =3 - ockineku |A| = 5, [{a’}| = {a.b} = [{b.c}] = [{a,c}| =2

Pucynok 2.1 — rpad 3 Baramu, s MyasTuMHEOKHEA A = {a3, b, c}
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Pucynok 2.2 — rpad 3 Baramu, s MyIsTuMHOKHEA A = {a3, b, c}

( (
x=3 x=3
xty+z=3 y=0
m+y=3 z=0
m+n=3 m=3

9 = <

z+k=3 n=0
k+p=3 k=3
ntpt+v=3 p=0
v=3 v=3

\ \

Jlnst BUnaIKy Kosi Bara pedpa gopiHioe (), BUKIIFOUaeEMO Take pedpo i3 rpady,
TOOTO OTpUMATHM TTOBHE MAPOCTIOTYYSHHS:

Posrnsanemo muoxuay A = {a*, b, c}, Tak camo 30ymyeMO HalOBHEHHS JIBO-
CJIEMEHTHOTO CiMEWCTBa HEBKIIIOYHHMX OJHA B OJHY MHOXHWH, SKI JIOOyIyeEMO JI0

TPUEIEMEHTHOTO CIMEINCTBA:

Tak camo sk AJI ITIONCPCAHLOIO BUIIAAKY:!

deg = 3 - ocximsicn |{a*}] = [{a2,b}] = [{a®.c}] = [{ab.c}]
deg = |A| =2 = 3 - ocximn [A] = 5, [{a?}] = {a,b}] = |{be}] = |{ac} =2
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Pucynok 2.3 — rpad 3 Baramu, s MyasTuMHOKHEA A = {a', b, c}

Pucynok 2.4 — rpad 3 Baramu, 1y MyastuMHOKMEE A = {a, b, ¢}

4 4
x=3 x=3
x+ty+tz=3 y=0
m+y=3 z=0
m+n=3 m=3

g = <

z+k=3 n=0
k+p=3 k=3
ntp+tv=3 p=0
v=3 v=23

\ \

Jlns BUmanky koiu Bara pedpa nopiBHIOE (), MM BHUKIIIOUa€EMO Take pelpo 13

rpady, TOOTO MU OTPUMAaJIH IMOBHE MAPOCIOIYICHHS:

Mu oTpumanu TOYHO Takui ke rpad, K 1 y NonepeagHOMY BHUMAJKY, HaBITh
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Pucynok 2.5 — rpad 3 Baramu, uis mynstumuoxuan A = {a™, b, ¢}

3 TaKUMHU ke Baram. JlaBaiite cipoOyeMoO y3arajibHUTH MIAX1A JJIsI BUTAAKY KOJIH
A = {a™,b,c}. 5l Oyny cumpaTHCh Ha TBEPIDKCHHS, siKe Oy/lO JOBEACHE Y MOTi

OakayiaBpChKiil poOOTi:

Ck < C*1) nna Bunanky xonu k < [n/2], ne n - e KibKICTh €I€MEHTIB

BHUCXI1JTHOT MHOXHWHH, k - MIOTY>KHICTh ITiIMHOKUHHU.

OTxe, 3a MPUIYIIEHHSIM HaWOUIbIle CIMEHCTBO MYJIBTUIIAMOXKHH, SIKI HEB-
KITIOYAIOTHCS O/IHA B OJIHY, TOOTO MaKCHUMaJIbHA MOTY>KHICTh TAKOTO CiMelicTBa Haly-
BAETHCSI KOJIM MIOTY)KHICTh KOKHOT OKPEMOi MHOXKHHH JIOPIBHIOE [n/2]. |A| = m+2,

TOJi MOOyIyeMo nepexiz Bix [(m+2)/2—1] eneMeHTHUX MiIMHOXUH 110 [(m+2)/2]:
IMpuxnan 7. Poszensnemo muoxcuny A = {a™, b, c}:
Tak camo sIK AJIs1 MONEePEAHBOTO BUIMAJIKY:

deg = [m/2] +1
Teg = |A| — [m/2) = m +2 — /2]
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x=[m/2]+1
x+ty+tz=m+2-[m/2]
m+y=[m/2]+1
m+n=m+ 2 -[m/2]
z+k=[m/2]+1
k+p=m+2-[m/2]

n+p+v=[m/2]+1

v=[m/2] +1

\

Jst Bunaaky xkomu A = {a”, b, ¢} mu oTpumanu siBHi GopMyiu MmiApaxyHKy
BariB pebep rpady, 11 3a4aHOro m Tpeda po3B’sA3aTU CUCTEMY JIHIMHUX PIBHSHb
MeTtoaoM ['ayca, Ta oTpuMaTu Baru, siki yBaHTaxaThb rpad.
k1o 3poOuUTH MEpeBipKy, Ta MiJICTABUTH M = 3, TOW BUIAJOK, IO BXKEe OyB po3-

msiHyTHi y Ilpukiaani 6:

( r
x=[m/2] +1 x=[m2]+1=2+1=3
x+ty+tz=m+2-[m/2] x+ty+z=m-+2-[m/2]=3
m+y=[m/2]+1 m+y=[m/22]+1=3
m+n=m+2-[m/2] m+n=m+2-[m2]=3
X = 3 =
z+k=[m/2]+1 z+k=[m2]+1=3
k+p=m+2-[m/2] k+p=m+2-[m/2]=3
n+p+v=[m/2]+1 ntp+v=[m/2]+1=3
v=[m/2]+1 v=[m/22]+1=3
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(
x=3
y=0
z=0
m=3
<
n=0
k=3
p=0
v=3
\

2.2 Yacrkorwuii Bunagok A = {a* b* c}

PO3IISIHEMO HACTYITHUI BHIIAJ0K MYJIbTHMHOXUHKA By A = {a?, b?, ¢}, axa
3anoBosbHSAE yMOBU Teopemu 1. Ha enemMeHTH HakiIaiarOThCs IEAKI OOMEXKEHHS, a
caMme MOTYXKHICTh YCIX €JIEMEHTIB PiBHA, a OJJUH €IUHUMN €JIEMEHT Ma€ MOTY>KHICTh

OJIMHUIIS.

Ipuknan 8. Posenanemo mmoncuny A = {a?,b%, c}, 36y0yemo nanosuenns déo-
eIeMEeHMHO020 CIMelCmMBa HeBKIIOUHUX OOHA 8 OOHY MHOMCUH, AKI 000Y0yeEMO 00

mpuejlemernHoco cimetricmea:
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Tax camo, 5K 1 y BUTIQJKaX paHille MiIpaxyeMo 3HAUYEHHS BariB 3a (OPMYIIOL0:

deg = 3 - ocKinbKH {a?,b}| = [{a®,c}| = |[{a,b,c}| = ...
deg = |A| =2 =3, A =5, {a*}| = {a,b}| = {b,c}| = Hac}| = ... =2

Po3B’sbxemMo cucTeMy JiHIMHUX PIBHSHb 3a JIONMOMOro metoxaa layca, 3amporpa-
MOBAHOIO Ha MOBI mporpamyBaHHs Java. ¥ mporpamy Tpeba BBeCTH KOe(DilllEHTU
P KOKHIM 3MIHHIN Ta PIBHAHHS MO KOXKHIM 3MiHHIN. Hrkue 3anucana cuctema Ji-
HIMHUX PIBHSHB Ta ii po3B’s30K. Sk MOkHA T00aYNTH yC1 KOS(DIIIEHTH HEBi €MHI

Ta 3aJI0BOJIbHSI0Th YMOBH Teopemu 1.

( (

X+ty=3 x=2
x+tm=3 y=1
k+y=3 m = 1
m+n+1=3 p=1
ptk=3 n=2

{ n+i=3 =1 k=2

t+v=3 v=2
t+b=3 t=1
ptl+v=3 1=0
1+1=3 1=1
t+o=3 0=2

\ \
OTxe oTpuMaiu 3BaKEHUN Ipad Mpu nepexo/il BiJl ABOCIEMEHTHUX MYJIbTH-

HiI[MHO)KI/IH n0 TPUCTICMCHTHHUX My.HBTI/IHiI[MHOX(I/IHI
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Pucynok 2.8 — rpad 3 Baramu, 11 MyastuMEOKUEE A = {a? b?, ¢*}

2.3 Yacrkosmii Bunagok A = {a? b?, c?}

Po3mIsHEMO HACTYIIHMI BUMIA0K MYJILTUMHOXKKHEN Buay A = {a?, b* ¢?}, axa
3amoBosbHSIE yMOBU Teopemu 1. Ha enemeHTH HakiIanarOThCs IEIKI OOMEXEHHS, a
caMe MOTYKHICTh YCIX €JIEMEHTIB piBHA, OCKUIBKH MPpU m = 1 BUCXigHA MHOKHHA

BTpavya€ MYJIBTUMHOKHHHI BJIACTUBOCTI.

Mpuknan 9. Posananemo mnoxncuny A = {a? b, c*}, 36y0yemo nanosnenns oeo-
eIeMEeHMHO020 CIMelCmMBa HeBKAIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000Y0yeEMO 00

mpuejlemernHoco cimeticmea:

Tak caMo, sIK 1 y BUNIaIKax paHillIe MigpaxyeMo 3HAYEHHs Bari 3a popMyIioLo:

deg = 3 - ockimekut [{a’}| = [{a®,b}| = {a®,c}| = [{a.b,c}] = ...
Teg = | A~ 2= 4, |A] = 6, [{a?}| = [{a.b}] = [{b.c}] = [{anc} = .. =2

Po3B’sbkeMo cucteMmy JHIMHUX PIBHSIHB 3a JIONOMOTOI0 MeTojaa [ayca, 3amporpa-
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MOBAHOIO Ha MOBI mporpamyBaHHs Java. ¥ mporpamy Tpeba BBecTH KOoe(DillleHTH
IIPY KOJKHIN 3MIHHIM Ta PIBHSIHHS 110 KOXKHIM 3MiHHINA. Hrokde 3anucana cucrema Jni-
HIMHUX PIBHSHB Ta ii po3B’s30K. Sk MOkHA T0OAYNTH yC1 KOSDIIIIEHTH HEBi €MHI

Ta 3310BOJIbHSI0Th YMOBH Teopemu 1.

( (
X+y=4 x=2
x+tm=3 y=2
pty=3 m = 1
m+n=4 p=1
ptk=4 n=3
k+p=4 k=3

< = <
ptv=3 v=2
t+b=3 t=1
b+1+t=4 b=2
1+1=3 1=1
1+o=4 1=2
y+t=3 0=2

\ \

OTxe oTpuMaiy 3BaXKeHU rpad mpu mepexoil BiJ JBOCIEMEHTHUX MYJIbTH-

MIIMHOXHWH JI0 TPUEIEMEHTHUX MYJIBTUIIMHOXHUH:

2.4 Yacrkosmii Bunagok A = {a3 b, c,d}

PO3IIsHEMO HACTYIHMII BUNAAOK MyJIbTHMHOxHHU Bumy A = {a,b,c,d},
siKa 3a710BoNTbHsIE YMOBU Teopemu 1. Ha enemeHnTn HakiIagatoThCs JIesIKI OOMEKeH-

Hs, @ caMe MOTYXKHICTh YCI1X €JIEMEHTIB PiBHA, a KPAaTHICTh OJHOTO €JIEMEHTa TPH.
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Pucynok 2.10 — rpad 3 Baramu, s MyastumMBEOkuEU A = {a3,b, ¢, d}

Mpuxnan 10. Posenanemo mnoxcuny A = {a,b, ¢, d}, 36y0yemo nanosnenns mpu-
e1eMeHMH020 CIMeluCm8a HeGKIIOYHUX OOHA 8 OOHY MHOMCUH, AKI 000Y0VEMO 00

yomupueiemeHnHoco cimeticmea:

Tak camo, sIK 1 y BUNIaIKax paHille MigpaxyeMo 3HAYEHHs BariB 3a PopMyIioro:

deg = 4 - OCKinbKK {a?b}| = [{a3,c}| = |{a®,d}| = [{a,b,c,d}| = 4
deg = |A| =3 =3, |4] = 6, [{a’}] = [{a>b}| = ... = 3

Po3B’sbkeMo cuctemy JiHIMHUX PIBHSHB 3a JIOMOMOTOI0 MeToaa [ayca, 3amporpa-
MOBAHOTO Ha MOBI IporpaMmyBaHHs Java. ¥ nporpamy Tpeba BBeCTH KOe(IlI€HTH
P KOKHIM 3MIHHIN Ta piBHAHHS MO KOXKHIM 3MiHHIN. Hikue 3anucana cucrema Ji-
HIMHUX PIBHSHB Ta i1 pO3B’SI30K. SIK MOXKHA MOOAUYUTH yCl1 KOE(PIIEHTH HEBIJ €MHI

Ta 3a/10BOJIbHSI0TH YMOBU Teopemu 1.
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x =1
4 Yy =
x+tz=4
k=3
z=3
m=1
Xx+ty+m=3
S =<4 v=3
yt+k=4
1=0
v+m=4
p=0
1+tp+s=4
) s=0
\ z=3

OTxe oTpuMaiu 3BaXeHUI Tpad mpu mepexoil BiJ JBOCIEMEHTHUX MYJIbTH-

Hi,Z[MHO)KI/IH A0 TPHUCICMCHTHHX My.HBTI/IHiI[MHO)KI/IHI

2.5 Yacrkosmii Bunagok A = {a* v? ¢, d}

PO3IIAHEMO HACTYNHHI BHIAJ0K MYyJIBTUMHOXKHHHM Bumy A = {a? V?, ¢, d},
sika 3a70BosIbHIE yMOoBU Teopemu 1. Ha enemenTu HakiagatoThes ekl 0OMexeH-

HSI, @ CaM€ MOTYKHICTh YCIX €JIEMEHTIB piBHA, a KPATHICTh OJHOTO €JIEMEHTa TPH.

HNpuxnan 11. Posenanemo muoocuny A = {a? b, c,d}, 36y0yemo nanosnenus
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Pucynok 2.12 — rpad 3 Baramu, mis MyasTuMHOKHHA A = {a® 0%, ¢, d}

MPUEIeMEeHMHO20 CIMelCmea HEeBKIIOYHUX 00OHA 8 OOHY MHOMNCUH, SIKI 000)0yeEMO

00 YomupuenremMenmHo20 Ccimeucmea:

Tak camo, K 1 y BUIIaJIKaxX paHIIIe IMapaxyeMo 3HaYCHHS BariB 3a (popMyIIoro:

deg = 4 - ocximexu |{a’b}| = [{a?,c}| = [{a*,d}| = {a.bc.d}| = 4
deg =|A] —3=3,]A4] =6, [{a®}| = [{a*b}| = ... =3

Po3B’sxemMo cucTeMy JIiHIMHMX PIBHSHb 3a JIOMOMOroio metoxaa layca, 3amporpa-
MOBAHOTO Ha MOBI TIporpaMyBaHHs Java. ¥ mporpamy Tpeba BBeCTH KOe]III€HTH
IIPY KOXKHIM 3MIHHIM Ta PIBHSIHHS 110 KOXKHIM 3MiHHINA. Hrkde 3anucana cucrema Jii-
HIMHUX PIBHSHB Ta 11 pO3B’SI30K. SIK MOXKHA MOOAUYUTH yCl1 KOe(PIIIEHTH HEBIJ €MHI

Ta 3aJ10BOJIbHSIOTH YMOBH Teopemu 1.

p

x+ty=2 (
x=15
x=35
y=35
y=35
z=0
y{ z+k=5 = {
k=5
ntm=>5
n=>5
z=2
m=0
m=2 \
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Pucynok 2.14 — rpad 3 Baramu, 1yist mynstumuo)kunn A = {a3, b?, ¢}

OTxe oTpuMaiy 3BaXKCHUU rpad MpU MEePeXoal Bl ABOCICMEHTHUX MYJIbTH-

MIIMHOXKHUH JI0 TPUEIIEMEHTHUX MYJIBTHUITIIMHOKHH:

2.6 UYacrkorwmii Bunagok A = {a3 b* c}

PO3IISIHEMO HACTYITHUI BHIIAJ0K MyJIbTHMHOXUHH BUny A = {a,b?, ¢}, axa
3a70BoJIbHSIE yMOBH Teopemu 1. Ha eleMeHTU HaKJIaIarOThCs JEeIKI OOMEXEHHS, a
caMe NOTYKHICTb eJeMeHTa a = 3,b = 2, a eJIeMeHT ¢ Ma€ MOTYKHICTh OJAMHHMIIS.
Jlis noBeneHHs OyeMO BUKOPHCTOBYBATH BXK€ BITOMMM MIAX11 Yepe3 3BaXKyBaHHS

JIBOYACTKOBOTO Tpady.

Hpuknan 12. Posananemo muoncuny A = {a’,b% ¢}, 36y0yemo nanosmenns 2-
eleMEeHMH020 CIMelCmMBa HeBKIIOYHUX OOHA 8 OOHY MHOMCUH, AKI 000)y0yeEMO 00

3-enemMeHmHo20 cimencmaea.
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Tax camo, 5K 1 y BUTIQJKaX paHille MiIpaxyeMo 3HAUYEHHS BariB 3a (OPMYIIOL0:

deg = 3 - ocximsku [{a*,b}] = |{a®,c}| = {a,b,c}| = ...
deg =|A] =2 =3, |A] = 5, [{a’}| = {a,b}| = {b.c}| = {a.c}H = ...

Po3B’spkeMo cuctemy JHIMHUX PIBHSIHB 3a JIONOMOTOI0 MeToaa [ ayca, 3amporpa-

MOBAHOTO Ha MOBI mporpamyBaHHs Java. Y mporpamy Tpeba BBecTH KOoe(DillleHTH

IpU KOXKHIM 3MIHHINM Ta PIBHSHHSA [0 KOXKHIM 3MiHHIN. Hikde 3anucana cucrema Ji-

HIMHUX PIBHSAHB Ta ii po3B’sa30K. Sk MOkHA T00AYNTH yC1 KOSDIIIEHTH HEBi €MHI

Ta 3aJ0BOJILHAIOTE yMOBU Teopemu 1. {151 po3B’sI3Ky CUCTEMHM JIIHIMHUX PIBHSHD

MO)Ke OyTH BUKOPUCTAHHM OyIb-IKUW BIJIOMHI METOJ, OCKUIBKH y IIbOMY BHUIAJIKY

BaXXJIMBA HE IIBUAKICTh PO3B’SI3KY, a oTpuMaHi AaHi. Ilicisa oTpuMaHHs BariB s

KOKHOTO pedpa, 30yayeMo JBOIOJIbHUM T'pad 3 OTpUMaHUMU BaraMu sl HaIvIsi JHO-

ro 300paXeHHsI OTPUMAHUX PE3yJbTaTiB. Y MOJIYJl NPUKIAJHI 3aCTOCYBaHHs Oyze

MOKa3aHo, K MOYKHAa BHKOPHUCTOBYBATH IiJIX1J] 3BAKEHHS Yy 3a/Jadax, Je pecypcu

HEOOX1THO 3pIBHATH IS IBOX YaCTHH CHUCTEMH.

4

x+ty=3
X +m=3
k+y=3

m+n+1=3
p+tk=3

n+i=23 = 3

t+v=3
t+b=3
ptl+v=3
1+1=3
tto=3

Xx=2
y=1
m = 1
p=1
n=2
k=2
v=2
t=1
1=0
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Pucynok 2.15 — rpad 3 Baramu, mis MyastuMHEOkHEU A = {a3, b2, ¢}

OTxe oTpuMaiu 3BaKEHUN Ipad mpu nepexo/il BiJl ABOCIEMEHTHUX MYJbTH-

HiI[MHO)KI/IH A0 TPpUCIICMCHTHHUX My.HBTI/IHiIIMHOX(I/IH:

2.7 Yacrkosmii Bunagok A = {a*, b?, c}

Po3mIssHEMO HACTYNHUI BUNan0K MyisTuMHOXMHU By A = {a*, b?, c}, sxa
3amoBonbHsIE yMOBU Teopemm 1. Ha enemenTn HakimagaroThCs ACsKi 0OMEKEHHS,
a camMe MOTYXHICTh a = 4,0 = 2,c¢ = 1. Po3msgaroun HamOBHEHHS CIMEMCTB
MYJIBTUIIIMHOKHH BiJl IBOCJIEMEHTHHX J0 TPUEICMEHTHHUX JUIS JCKIIBKOX BHIIA-
KkiB MHOkUHM A = {a", b? c} e n - HOTYXKHICTh BXOXKIEHHS €JIEMEHTY d, BapiroBa-
HHS TTOTY>KHOCTI €JIEMEHTa a Ja€ 3MOTY JOCIIIUTH ITOBOKCHHSI BariB ABOIOJIBHOTO
rpady s TOTo, MO0 OTPUMATH 3arajibHy KapTHHY, Ta OTPUMATH 3MOT'y y3araJbHH-

TH JTaHWK MIIX17 JOBEACHHS Ha OlIbINY KUIBKICTh BUIIAJIKIB.

HNpuxnan 13. Posenanemo mnoxcuny A = {a*,b%, c}, 36y0yemo nanosuenns 2-
eleMeHMHO020 CIMelCmBa HeBKIIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000Y0yeEMO 00

3-eeMeHmHo20 cimencmea.

Tak camo, 5K 1 y BUTIQJIKaX paHille MiapaxyeMo 3HAUYEHHS BariB 3a (OPMYIOL0:

deg = 3 - ockimsku [{a?b}] = |{a®,c}| = {a,b,c}H| = ...
deg =]A[ =2 =3,]A] = 5 [{a’}| = {a,b}| = [{b.c}| = {a.c}| = ... =2
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Pucynok 2.16 — rpad 3 Baramu, mis MyastumEOkuEU A = {at, b?, ¢}

Po3B’sbxemMo cucTemy JiHIMHMX PIBHSHb 3a JONOMOroio metoxaa layca, 3amporpa-
MOBAHOTO Ha MOBI mporpamyBaHHs Java. Y mporpamy Tpeba BBeCcTH KOoe(DilllEHTH
IIPY KOJKHIN 3MIHHIA Ta PIBHSHHS 10 KOXKHIM 3MiHHINA. Hrbkde 3anucana cucrema Jni-
HIMHUX PIBHSHB Ta ii po3B’s30K. Sk MokHA T00AUYNUTH yC1 KOSDIIIEHTH HEBi €MHI

Ta 3a10BOJIbHSI0TH YMOBH Teopemu 1.

( (

x+ty=3 X =2
x+tm=3 y=1
k+y=3 m=1
m+n+1=3 p=1
ptk=3 n=2

9 n+i=3 =4 k=2

t+v=3 v=2
t+b=3 t=1
ptl+v=3 1=0
1+1=3 1=1
t+o=3 0=2

\ \

OTxe oTpuMaiu 3BaKEHUN Ipad mpu nepexo/il BiJl ABOCIEMEHTHUX MYJbTH-

HiI[MHO}KI/IH A0 TPHUCIICMCHTHHUX My.HBTI/IHiI[MHOX(I/IHI
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Pucynok 2.17 — rpad 3 Baramu, mis MmyastumEOkuE A = {at, b?, ¢}

2.8 Yacrkosmii Bunagok A = {a° %, c}

PO3IIIHEMO HACTYNHUI BUNAJ0K MyJIsTHMHOXMHU By A = {a® b?, c}, sxa
3aoBoJibHsAE€ yMoBH Teopemu 1. Ha enemenTn HaknanarThes AesIKI OOMEXEHHS, a
caMe MOTYXHICTh yCIX €JI€EMEHTIB piBHA, a OJIUH €JUHUMN €JIEMEHT MAa€ MOTYX HICTb
onuHulst. OCKUIbKHA Bke Oyina po3mIsiHyTa MEeBHA KUIBKICTh BUIAJKIB TEOPEMU, Y
YacTHHI po0O0TH, e OyAe PO3TSIHYTO MPAKTUYHE 3aCTOCYBAHHS, € MOXKIIUBICTh Ha-
JaTh SIBHI MareMaTu4Hi 00’€KTH, SKI MO)KHA BUKOPHUCTOBYBAaTH y 3a/iadl PO3MOAi-
neHHs: HaBaHTaxkeHHA. g "Teopii rojgocyBaHp'"MOXKHA OTPUMATH BEPXHIO OLIIHKY
MOTY)KHOCTI CIMEWCTBa HEBKJIQJACHUX OAHA B OAHY MHOXKHH, SIKI MalOTh JTy>XE Ba-

JKJIMBE 3HAUCHHS Y TEOPii TOJIOCYBaHb.

Mpuknan 14. Posenanemo mmoocurny A = {a’,b*, c}, 36y0yemo nanosnenus 060-
e1eMeHMHO020 CIMelUCmBa HeGKIIOYHUX OOHA 8 OOHY MHOMCUH, AKI 000Y0VEMO 00

mpuenemeHmuo20 cimelcmea:
Tak camo, K 1 y BUIIaJIKaxX paHIiIIe MMapaxyeMo 3HaYEHHS BariB 3a (popMyIioro:

deg = 3 - ocximsku [{a®b}] = |{a®,c}| = {a,b,c}H| = ...
deg = |A] — 2 =3, |A| = 5, [{a’}] = {a.b}| = {b,c}| = {a.c}| = ... =2

Po3B’spkemMo cucteMy TiHIMHMX PIBHSHB 3a JOMOMOTOI0 MeTona [ayca, 3amporpa-

MOBaHOTO Ha MOBI mporpaMmyBaHHs Java. ¥ mporpamy Tpeba BBeCTH KOS(DIIlIEHTH
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Pucynok 2.18 — rpad 3 Baramu, mis MyasTuMHEOkHEU A = {a®, b?, ¢}

IPY KOKHIM 3MIHHIM Ta piBHAHHS MO KOXKHIM 3MiHHIN. Hibkue 3anucana cucrema Ji-

HIMHUX PIBHSIHB Ta i1 pO3B’SI30K. SIK MOXKHA MOOAUYUTH yCl1 KOE(PIIEHTHU HEBIJ €MHI

Ta 3aJJ0BOJIbHSI0TE YMOBH Teopemu 1.

;

\

x+ty=3
Xx+m=3
k+y=3

m+n+1=3

pt+tk=3
n+1=3
t+v=3
t+b=3
ptl+v=3
1+1=3
tto=3

= <

p
X =2
y=1
m=1
p=1
n=2
k=2
v=2
t=1
1=0
1=1
0=2

\

OTxe oTpuMaiM 3BaXeHUM rpad mpu mepexoil BiJ ABOCIEMEHTHUX MYJbTH-

MIIMHOXHH JI0 TPUETIEMEHTHUX MYJIBTUIIMHOXHUH:
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Pucynok 2.20 — rpad 3 Baramu, s MyiastuMHoxuan A = {a%, b?, c}

2.9 Yacrkoswuii Bunagok A = {a% b? c}

PO3IISHEMO HACTYITHUI BHIIAJ0K MyJIbTHMHOXUHHA By A = {a®, b?, ¢}, axa
3anoBosbHSAE yMOBU Teopemu 1. Ha eneMeHTH HaKiIaialOThCs IEAKI OOMEXKEHHS, a
caMme MOTYXHICTh YCIX €JIEMEHTIB PiBHA, a OJJUH €IUHUIN €JIEMEHT Ma€ MOTYKHICTh
onuHuiis. [IpoBiBIIM AEKITbKA 1T€palliil, Ta OTPUMABIIN PE3YJIBTATH JJII YACTUHHHUX
BUMAKIB, MO)KHa B MallOyTHROMY YIOCKOHAJIMTH MIIX1J, Ta pO3POOUTH Mporpamy,
sKa Oy/ie CaMOCTIHO MPOpPaxOBYBaTH Baru JJIsi KOXKHOTO YAaTUHHOTO BHUIAJKY, THM

CaMHMM PO3HIUPIOIOYH KUJIBKICTh YaCTUHHHUX BI/IHaI[KiB, SAKHUM 3a0BOJIBHAC TeopeMa

1.

Mpuxaan 15. Posananemo muoxncuny A = {a® b% c}, 36y0yemo nanosnenna 2-
eLeMEeHMHO20 CIMelCMBA HeBKAIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000)y0yeEMO 00

3-eleMeHmHo20 cimencmea.
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Tax camo, 5K 1 y BUTIQJKaX paHille MiIpaxyeMo 3HAUYEHHS BariB 3a (OPMYIIOL0:

deg = 3 - ockimsku [{a?b}] = |{a®,c}| = {a,b,c}H| = ...
deg = |A] — 2 =3, |A| = 5,[{a’}] = {a.b}| = {b,c}| = {a.c}| = ... =2

Hwmxue 3ammcana cucrema JMHIMHAX PIBHSIHB Ta i1 pO3B’SA30K. K MOXHA TOOAUYNUTH

yc1 Koe(dIIIEHTH HEB1J €MHI Ta 3aJI0BOJILHSIOTH yMoBU Teopemu 1.
( (

X+y=3 X=2
Xx+m=3 y=1
k+y=3 m = 1
m+n+1=3 p=1
p+tk=3 n=>2
§ n+i=3 =9 k=2
t+v=3 v=2
t+b=3 t=1
ptl+v=3 1=0
1+1=3 i=1
t+o=3 0=2

\ \
OTxe oTpuMalH 3BaKEHUH rpad Mmpu nepexoil BiJl 2-eJI€MEHTHUX MYJIbTHII-

JIMHOXKHH JI0 3-€IeMEHTHUX MYJIbTHUITIMHOXKHH:

2.10 Yacrxopmii Bunagok A = {a’ b? c}

Po3risiHeMO HACTYIHMI BHIaJA0K MYJIBETUMHOKHHU BUAY A = {a7, b2, c}, KA
3a70BoJIbHSIE YMOBH Teopemu 1. Ha enemeHnTH HaKJIagarOThCs JEsIKI OOMEXXEHHS, a
caMme MOTYKHICTh YCIX €JIEMEHTIB piBHA, a OJIMH €IMHUN €JIEMEHT Ma€ MOTYXKHICTb

OIHNHMUIIA.
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Pucynok 2.22 — rpad 3 Baramu, s MyistuMHoxuad A = {a’, bV, c}

Mpuxaan 16. Posenanemo muoxcuny A = {a’,b% c}, 36y0yemo nanosnenna 2-
@IeMEeHMHO20 CIMelCMBA HeBKAIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000Y0yeEMO 00

3-enemenmmuo20 cimenucmaea:
Tak caMo, SIK 1 y BUNIaIKax paHIlIe MiApaxyeMO 3HAYEHHS BariB 3a PopMyIioLo:

deg = 3 - ockineku [{a?b}] = |{a®,c}| = {a,b,c}| = ...
deg = |4 —2 = 3, |4] = 5, [{a?}] = [{a.b}] = [{b.cH = [{acH = ... =2

Hwuxye 3anucana cuctema JiHIMHUX PIBHAHB Ta 1i pO3B’SA30K. K MOXHA MOOAYUTH

ycl KoeIl€HTH HEBIJ €MHI Ta 3aJ0BOJbHAIOT YMOBU Teopemnu 1.
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Pucynok 2.23 — rpad 3 Baramu, mis MyasTuMHEOkHEU A = {a”, b?, ¢}

( (

x+ty=3 x=2
x+tm=3 y=1
k+y=3 m =1
m+n+1=3 p=1
p+tk=3 n=>2

< n+i=3 =4 k=2

t+v=3 v=2
t+b=3 t=1
ptl+v=3 1=0
1+1=3 1=1
tto=3 0=2

\ \

OTxe oTpuMaiy 3BaXEHUU rpad MPpH MEePeXoal Bl ABOCICMEHTHUX MYJIbTH-

MIJIMHOXKHH JI0 TPUEIEMEHTHUX MYJIBTHUITIIMHOKHH:

2.11 Yacrkosuii Bunagok A = {a® V? c}

PO3IIIHEMO HACTYITHUIA BHIIAJ0K MyJIbTHMHOXUHHA By A = {a®, b?, ¢}, saxa

3a70BoJIbHSIE yMOBH Teopemu 1. Ha eleMeHTU HaKJIaIarOThCs JEeIKI OOMEXEHHS, a
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Pucynok 2.24 — rpad 3 Baramu, jis MyasTuMHEOKHEU A = {a® b2, ¢}

caMe MOTYKHICTh YCIX €JIEMEHTIB piBHA, a OJMH €IMHUN €JIEMEHT Ma€ MOTYKHICTh

OIHNHMUIIA.

Mpuxaan 17. Posenanemo muoncuny A = {a®, b%, ¢}, 36y0yemo nanosnennsa 0so-
eeMEeHMHO20 CIMelCMBA HeBKAIOUHUX OOHA 8 OOHY MHOMNCUH, AKI 000)y0yeEMO 00

mpuenemMeHmHo20 CiMelcmea:
Tak caMo, SIK 1 y BUNIaIKax paHILIe MiApaxyeMO 3HAYEHHS BariB 3a PopMyIioLo:

deg = 3 - ockineku [{a?b}] = |{a®,c}| = {a,b,c}| = ...
deg = |4 —2 = 3, |4] = 5, [{a?}] = [{a.b}] = [{b.cH = [{acH = ... =2

Hwuxye 3anucana cuctema JIHIMHUX PIBHSHB Ta 1i pO3B’S30K. SIK MOXHA MOOAYUTH

ycl KoeIlleHTH HEBIJ €MHI Ta 3aJ0BOJIbHAIOT YMOBU Teopemnu 1.
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Pucynok 2.25 — rpad 3 Baramu, mis MyasTuMHEOKHEU A = {a® b2, ¢}

( (

x+ty=3 x=2
x+tm=3 y=1
k+y=3 m =1
m+n+1=3 p=1
p+tk=3 n=>2

< n+i=3 =4 k=2

t+v=3 v=2
t+b=3 t=1
ptl+v=3 1=0
1+1=3 1=1
tto=3 0=2

\ \

OTxe oTpuMaiy 3BaXEHUU rpad MPpH MEePeXoal Bl ABOCICMEHTHUX MYJIbTH-

MIJIMHOXKHH JI0 TPUEIEMEHTHUX MYJIBTHUITIIMHOKHH:

2.12 Yacrkosuii Bunagok A = {a° b* c}

PO3IIsHEMO HACTYITHUI BHIIAJ0K MyJIbTHMHOXUHEHA By A = {a”, b?, ¢}, saxa

3a70BoJIbHSIE yMOBH Teopemu 1. Ha eleMeHTU HaKJIaIarOThCs JEeIKI OOMEXEHHS, a
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Pucynok 2.26 — rpad 3 Baramu, mis Mmyastumaoxkuad A = {a” b2, ¢}

caMe MOTYKHICTh YCIX €JIEMEHTIB piBHA, a OJMH €IMHUN €JIEMEHT Ma€ MOTYKHICTh
. cen . A . n 2 v
onMHHUIL. 3YNMHUMOCH Ha iTeparii mis skoi MHOXHHA A = {a", b*, ¢}, npuiimMae
Bursan A = {a9, b2, c}, T06T0 N = 9. TakokK JyKe BOKIUBO 3a3HAYMTH, IO OTPH-
MaH1 MaTeMaTu4yHi 00’ €KTH MOXKHA BUKOPUCTOBYBATH Y 3aJladl CHJIbHUX Ta CIa0KUX

TpyII, siKa Oyae po3MISHYTa Y PO3AUT MPAKTUIHUX 3aCTOCYBaHb.

Hpuknan 18. Posensanemo muoocuny A = {a® V?, c}, 36y0yemo nanosnenns deo-
eIeMEeHMHO020 CIMelCmMBa HeBKIIOUHUX OOHA 8 OOHY MHOMCUH, AKI 000Y0VEMO 00

mpuenremMeHmHo20 CiMelucmea:
Tak camo, sIK 1 y BUMIaJIKax paHiiie miapaxyeMo 3HaYEHHs BariB 3a GopMyIoro:

deg = 3 - ockimsku [{a?b}] = |{a®,c}| = {a,b,c}| = ...
deg = |A] — 2 =3, |A| = 5,[{a’}] = {a.b}| = {b,c}| = {a.c}| = ... =2

Hwxde 3anucana cucreMa JIIHIMHUX PIBHAHDB Ta ii pO3B’s30K. Ik MOXHA MOOAYUTH

yc1 KoeiIieHTH HEBI €MHI Ta 3a0BOJLHAIOTH YMOBU Teopemu 1.
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Pucynok 2.27 — rpad 3 Baramu, mis Myastumaoxkuad A = {a” b2, ¢}

( (

x+ty=3 x=2
x+tm=3 y=1
k+y=3 m =1
m+n+1=3 p=1
p+tk=3 n=>2

< n+i=3 =4 k=2

t+v=3 v=2
t+b=3 t=1
ptl+v=3 1=0
1+1=3 1=1
tto=3 0=2

\ \

OTxe oTpuMaiy 3BaXEHUU rpad MPpH MEePeXoal Bl ABOCICMEHTHUX MYJIbTH-

MIJIMHOXKHH JI0 TPUEIEMEHTHUX MYJIBTHUITIIMHOKHH:

2.13 CrartuCTHYHUI aHAJI3 PO3MIPY AaHTHJIAHIIOTA

Hexaii mana mynstumHokuHa M = {ai",...,a""}. Ilizpaxyemo KimbKicTh

yCIX MOXJIUBUX MIIMHOXHH 31 3BaKEHOI0 MOTYKHICTIO k:
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0<k<|M|=m+..+m,

Toni Gynp-skiit migmuoxkuui L C M Buny {ay',...,a’"} craBuMO y BiAnoBiz-

HICTh BEKTOD:
7 = (1, oy p), me 0 <y <ml,....0 <z, < my,.

TpeGa po3e’si3aTy Iia3aady i 3HAWTH KiIBKICTh BEKTOpiB © = (1, ..., Tp),
K1 33JI0BOJILHSIIOTH yMOBaM ([ - meske uncio Take, mo 0 < [ < n):

(

Hexai le - BIJIMIOBIIb HA TiA3aHa4y I 3aJaHuX [ Ta k, TOA1 OYEBUJIHO, ITIO:

D =1, axmo k =0

DE =0, sxumo k # 0
Takoxx oyeBHIHO, 1110:
D}, = Df + Df~' + ...+ D} "

VY dopmyni HaBeneHI BHKYE KOXKEH IOJAHOK BHUITY le_l CTaBUTBHCS Y BIJI-
MOBITHICTD MIJIMHOKMHAM, B SIKUX KPATHICTh eJeMeHTa a;.1 AopiBHIOE b (0 < b <

my+1). PO3mIsHEMO MPOCTHIT BUIAIOK:
E<my,..k<m,
Toxi Ha BeKTOp 2 = (&1, ..., &) HAKIATACTHCS JIHIIE OIHA yMOBA:
T+ ... +x, =k, x1,...,2, € NU{0}

HepeHI/IH_IeMO IO YMOBY JOJaBIINA0 KOXHOTO I; OAUHHUIIO 3 JBO1 JaCTHUHU,

Ta A0JaBIIN 71 3 HpaBO'l':
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(1 + 1)+ (xp+1)=k+n
T1,...,x, € NU{0}
A Temep mepenuuieMo M GOopMyITy 3BaXardn Ha HOBI MO3HAYCHHS:

p=x1+1,..,y, =2, +1
Y1,y---5UYn € FJ

[IpencraBumo po30UTTS uncia k +n 'y cymy yi + ... + yp, SIK po3pi3 MOJIOCKU

po3mipom 1 X (k + n) Ha momocku po3mipamu 1 X yq,...,1 X y,:

Hpuxnan 19. Pozenanemo piguanus yy + yo + ys = 5:

5=3+1+1
5=2+2+1
5=2+1+2
5=1+3+1
5=1+2+2
5=1+1+3

Koxxen nepepis - e Bubip (n — 1) po3pisy 3(k + n — 1) MOXIHBUX, TOOTO:

(jn—l

k+n—1

Sk nosectu, mo DYMV? - nait6insma (uectporo) 3 ycix D} (0 < x < |[M])?

BukopurcroByroun 1HIYKIIIIO 1O 7 TOBEAEMO, II10:
0 1 [1M]/2]
D, <D, <..<Dy )
OueBupnuil ¢akrt, mo D7 = DLMF‘T - 1HBEpCisl MHOKHHHU.

Jloseoenns. Sxmo k < [|[M|/2], To DF < DE+L:

k= (n—1)/2, Tomi DF < DFt!
k<mn/2—1,toni DF = Dﬁ,lDij
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BukopucraeMo HEpiBHICTD:
k k-1 k+1 k
Dn—l + Dn—l < Dn—l + Dn—l

CKOpOTHBILIM OTPUMAEMO:

TBepmkeHHs THAYKIIIT:
D' <Dl <. <Dl
Ockimpku k <n/2—1,10 k < (n—2)/2, Tomi k < (n —1)/2.

k k—1
anl S anl

k k—1
Dy | <D,";
3anexnapyeMo MYJIBTUMHOXUHU:

_ A T
M ={ai',...;a

n

T xr1 Tn—1
M ={aj",...;a,";

Hexaii DfM‘ KUIBKICTh Kk €JIeMEHTHUX MYJIbTUBUOIpoK 3 M, Tomi D‘le =
k k-1 k—a _ ko M-k
DM + DW +...+ DW = 0, BpaxoByr0o4H, 110 D|M| =D :

JloBefieHHS 110 1HYKIIil: D|’“M| = D%)" 4.+ Dfﬁ', ne M =D \ a%ﬂ.

[

JIns migpaxyHKy OUIbII CKIJIAJIHUX BHUIAJKIB, KOJIU KUIbKICTh €JIEMEHTIB Y
MYJIETUMHOKHUHI JIOBUTbHA Ta MOTYXHICTh KOXKHOTO €JIE€MEHTa TEeX JIOBUIbHA, MO-
KHA BUKOpUCTATH (POpMyJy BKJIIOYCHb Ta BUKIIOUEHb 3aJ1s BHPIIICHHS 3aj]adi,
TOOTO OOpaxyHOK JJI KOXKHOTO €JIeMEHTa BEAETHCS ISl TUX MYJIBTHIIIMHOXHUH

SIKMM BI1H HaJIC)KHUTH Ta 3 SKHUX BUKIOYA€THCA, HIO6 BHUKIIOYHUTHU ITOBTOPHU:

n n

Jal =30 (3 a4,

=1 k=1 1< << <n



51

BucHoBku 10 po3ainy 2

Po3risiHyTO Ta MOBEACHO YaCTUHHI BUIIAIKH, SIKi 33I0BOJIBHSIIOTH YMOBH TEO-
peMu. Po3misHyTO Ta 3alpONOHOBAHO MOXKJIMBICTH CTaTHUCTUYHOTO OOpaxyHKY ITO-
TY>KHOCT1 CIMEMCTBA HEBKJIAJCHUX OJIHA B OAHY MYJBTHIIIMHOXKHH. 3alpONOHOBA-
HO HOB1 MOXXJIUBOCT1 JTIOBEJCHHS YCKJIaJHEHUX BHIMAJKIB TEOPEMHU Ta PO3ITUPEHO

YAaCTUHHI BHUITAJIKH, K1 MOKHAa BUKOPHUCTOBYBATH IS IPUKJIATHUX 3a]1a4.
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3 TMPAKTHUYHE 3ACTOCYBAHHA

3.1 Teopis rosiocyBanHs

Cucrema rojocyBaHHs Ha MHOXHHI Buny M = {ai',...,a’"} - ue taka dyH-

KIS

F = B(M) - {0,1}
VA,BC M :AC B, 10 F(A) < F(B)

e B(M) - cimeiicTBo BCix MyibTHiaMHoxkuH L C M

3BepHEMO yBary, 1o F' B3a€MHO-OJJHO3HAYHO 33JIa€ThCsl HAOOPOM ""MIHIMAJIb-

HUX MPOXITHUX MAMHOXHUH":

F(L)=1,LC M
VK CL:F(K)=0

CimelicTBO HEBKJIAJEHUX OJHA B OJHY MHOXHUH [3] Mae Jye BaKJIUBE 3Ha-
YEHHS, OCKUIbKM MpPEACTaBisie cO00I0 Hallp MHOXHH Kl HEMOXXIIHUBO MOPIBHATH
MK CO00I0 Yy paMKax 3ajadi Teopii rojlocyBaHb. MOXIIUBICTb MaTl HAa MPUMITKY
MHOXXHHH, K1 33JJ0BOJIbHSIIOTh YMOBH Teopemu 1 € qyke BaXTMBUM MPHUKIATHUM
MOMEHTOM, OCKIJTBKHM B TE€Opil rojlocyBaHb MH OyaemMo maTth Oe3MmoCepeaHbhO Ma-
TH CIIPaBy 3 IMMH MHOXXMHAMH, a OT)K€ MAaTH MPEACTABICHHS MPO MOTYXHICTh Ta
CTPYKTYpPY TaKMX MHOXHH € JTy’K€ BOXXJIMBUM IPUKIATHUM HIOQHCOM.

Muoxkuna M = {ai',...,a}"} MOXe MPEICTABISITH HAPTil, a KOXKEH SJIEMEHT
a; - OIMHMITIO TMAPTIi, TOOTO JIOAUHY, KA MOXE BiJjaru cBiit rosoc. KoxkHa sronu-
Ha sKa HAJICKHUTHh OJHIN MapTii Oyme po3JsHyTa, K C€KBiBaJEHTHA B paMKaxX JaHOI

naprii, TOOTO roJIOCH TaKMX BHOOPUYMX OAMHHUIB € piBHO3HaYHMMH. [lizcymyemo:

"L‘"

n}, CKIIAJA€ThCs 3 MApTii a;, a T; - e KUIbKICTh BUOOP-

muoxuaa M = {ai’,...,a

YUX OAWHUIIb y MapTii (Jroaei).
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3.2 Ilorokm y rpagax

VY Tteopii aliropuTMiB Ta AOCHIIIHKEHHI Orepalliii mpobjieMa MaKCUMalbHOTO
MOTOKY BKJIFOYAIOTh MOIIYK MOXKJIMBOTO MOTOKY Ha rpadi yepe3 Mepexy MOTOKIB.
Is 3amada Mae qy»e Ba)KJIMBE 3HAUCHHSI, OCKUTBKHU MPOOIEMHU, SKi BUPIIIYIOTHCS 32
JIOTIOMOTOI0 YPiBHOBaXKeHHsI rpady, Ta MOLIYKY HAWKOPOTIIOrO Ta HailJemeBIIoro
HUIAXY JIy’K€ BaXKJIUBI Y TPAHCIIOPTHUX 3a/1a4yax.

[TpoGrieMy MakCUMalIbHOTO MTOTOKY MOKHA pO3IVISAATH SIK OKPEMUI BUIIAJ0K
OUTBII CKJIQAHUX TPOOJeM, TaKuX SK MpobOjeMa IUPKYIsIii. MakcumaibHe 3Ha-
YEHHS MOTOKY JOPIBHIOE MIHIMAJIbHIM MPOIYCKHIN 31aTHOCTI pO3pI3y Y MEPEKi, SIK
3a3HAY€HO B MIHIMAJIbHOMY MaKCUMaJIbHOMY MOTOKY. 3 TOUKH 30py 3ajaul, sKa po3-
TSIa€ThCS Y JaHii poOOTi, MU PO3IISIHEMO YaCTKOBUN BUIIAJIOK TPAHCHOPTHOI 3a-
Jayi, 1€ pojb MYHKTIB 3ai31ly (IOCTaBKH) TOBAapiB BIAIrParOTh AOJI1 IBOYACTKOBOTO
rpady. 3aaua € BUOKPEMIICHOIO YaTUHOIO Ta € MIJIMHOKHUHOIO 3arajlbHUX TpaHC-
MOPTHUX 3ajad.

Po3ristHeMo 3acTocyBaHHS JaHOTO criocoOy OanmaHcyBaHHs rpady Ha MPUKIIa-

Imi:

Pucynok 3.1 — npukiaa cuctemu i OajaHCyBaHHS

3 Mo€i GakamaBpChkoi poOOTH BIIOMO BHIMAAOK, SIKMM OyJ0 JOBENEHO, a ca-
me K = {a™ "}, TOOTO eleMeHT a Ma€ MOTYXHICTb m, a eneMeHT b — n. Jlus
I[LOTO BUIAAKY OyJ0 OTpUMaHO SIBHUU BHA (OPMYJ, 3a JOIMOMOIOI0 SIKMX MOXKHA
yBaHTaxuTH rpad.

Tob6TO JJIs1 CUCTEMU, SIKa MOJXKC 6YTI/I npcacTaBJICHA Y BI/II‘JIHI[i ABOYaCTKOBOI'O
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rpady, Ae KoxHa J0JIsl MPEACTaBIIsIE COOOI0 OJHOTHUIIHI PIBHOBAXXKHI BY3JIH, 1HIIUMHU
CJIOBaMU BC1 BY3JIH, sIKI HaJI€XKaTh OAHIN 1011 rpady - €KBIBAJEHTHI Ta MAlOTh OJHY
Bary. Iy mpukiaay e MOXyTh OyTH JIKepellaMu CIOKMBaHHS HaIlpyrH, a pedpa
- 1Ie MPOBOJIM 3 BIJIMOBIIHUMH KoediienTamMu onopy (ayxe rpyouit npuxmnanm). To-
JI1 MOXKHA BIJTIOBITHO BUPIIIMBIIUA CUCTEMY PIBHSHB, IEPE] 1M 3aJaBIIU CTyIEHI
JUTSL BEpXHBOI Ta HIKHBOI JI0JT1, OTPUMATH HaBaHTAXKEHHS IS KOKHOTopeOpa 3a7yist
OanancyBanHs rpady. OTxe, SKIIO B3ATH 32 MPHUKIAA MYJIBTUMHOXKUHY, IJIS1 SKOX
BKe OyJI0 TOBEICHO YCKJIaJHEHUN BUIAJ0K TEOPEMHU, Ta 00paxyBaTH CTYIEHI BXO-
AKIACHHS JUIsl KOJKHOI JI0JII, MOXXHA OTPUMATH 3BaXEHY cuUcTeMy. ToxX po3IIsTHEMO
OPUKIAJL;

Hexait K = {2,2,2,3,3}, to6T0 MuOXHHa K C {a™,b"}.

Pucynok 3.2 — npukian cucteMu ajisi OajJaHCYBaHHS

Tak camo, sIK 1 y BUMIaJIKax paHiiie miapaxyeMo 3HaYEHHs BariB 3a GopMyIoro:

deg = 3 - ockimsku [{2%}| = [{2,3}] = |{3°}| =3
deg = |K|—2=3,|K| =5,|{3%,2}] = {2°.3}] = [{b.c}| = {2’} = 3

Sk moxHa Oauntu oTpuMainu deg = deg = 3, 33Ul 3pyYHOCTI MOXKHA PO3i-
JUTH OTpUMaH1 KoedilieHTH Ha 3, TOOTO MOTYKHOCTI CTYIIEHIB BXOJy Y BEpXHIO Ta

HIDKHIO JTOJI1 TOPIBHIOIOTH OJTMHMII].
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xty=1

y+z=

z+k=1

Pucynok 3.3 — mpukiaa cuctemu s OajaHCyBaHHS

Tak camo, K 1 y BUTIIQJIKaX paHIIIe MMapaxyeMo 3HaYEHHS BariB 3a (popMyIioro:

deg = 3 - ockimeku [{2%}| = [{2,3}] = [{3?,2}| =3
deg = |K| -2 =4, |K| =6,|{3%,2}] = {2°.3}| = [{b.c}| = {2’} =3

Ax moxHa O6aunTu oTpuManu deg = 3,deg = 4, 3amya 3pyYHOCTI MOXKHA
PO3LIUTH OTPUMaHI KOe(iIieHTH Ha 3, TOOTO MOTYKHOCTI CTYNEHIB BXOAY Y BEPXHIO

Ta HYKHIO JIOJI1 JIOPIBHIOIOTH OJIMHUIII.
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Pucynok 3.4 — rpad 3 Baramu, mis MyastumaoxkuEd A = {a” b2, ¢}

x+y=4
y+z=3
z+k=4
{
k+m=3
m+p=4
p=3
\
p
x =23
y=1
z=2
<
k=2
m=1
p=3
\

TakuMm e YMHOM MOYKHA 3aCTOCYBATH JaHUW TUT YBAaHTAKCHHS HA YaCTKOBHX
BHUMAJKaX, sIKi OyJIM JIOBEJICH] BUIIE, HAIPHUKIIA/;
o A= {d°. b?
JInst cuctemu, sika Mae BV, a00 omucyeTbest MuHokuHOWO A = {a”,b”, ¢},
3aJ1aHo rpad), IKWA SBHO MOYKHA YBaHTAXHUTH:

Tak caMo, SIK 1 y BUNIaJIKax paHIlIe MiApaxyeMO 3HAYEHHS BariB 3a POpMyIIoLo:
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Pucynok 3.5 — rpad 3 Baramu, mis MyastumaoxkuEd A = {a” b2, ¢}

deg = 3 - ocximsku [{a®b}] = |{a®,c}| = {a,b,c}H| = ...

deg = |A] — 2 =3, |A| =5, [{a’}| = [{a,b}| = {b,c}| = {a.c} = ...

(

xt+y=3
x+m=3
k+y=3

m+n+1=3

p+tk=3
n+i1=3
t+v=3
t+b=3
ptl+v=3
i+1=3

t+o0=3

= <

=2
(
x=2
y=1
m = 1
p=1
n=2
k=2
v=2
t=1
1=0
1=1
0=2
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3.3 CuiabHi Ta c1a0Ki rpynu

Posrstnemo Gynean muoxkunn A = {1,...,n} Ta nosnaunmo ioro sx 24, Toxi

uei OysjeaH MOXHa po30UTH Ha JBa kKjacu X Ta Y, npu4uoMmy:

XUY =24
XNy =10
VN e XNMeY : NM

Posrsaemo cimeilictBo A min CHIIBHMX HIIMHOXHH, TOOTO BCiX Takux N X,
mo YAN € X : Y X. Byap-sike po36utts (X,Y) 3anae Habip K. To6T0, 32 f0mOMO-
TOI0 JIOBEICHHS YCKJIAJIHEHOTO BHUIAJIKy TEOPEMH, OTPUMAHO MOXJIUBICTH OI[IHUTH

po3Mip cimeiicTBa K.

BucHoBku 10 po3aiay 3

Po3ristHyTO MpUKIIAIHI MOXIIMBOCTI 3aCTOCYBaHHS TeopeMu y 3amaqax: "Te-
opis [onocyBans "bamancyBanns Ha rpadi''ta "CunbHi Ta Cnabki rpynu". Ilpuse-
JICHO TIPHKJIAIA 3aCTOCYBAaHHS TEOPEMHU JJIs IuX 3aj1ad. HaBeaeHo Ta omucaHo Cy-
THICTH 33/1a4 Ta iX BaXKJIMBICTh y IMOBCSIKJICHHOMY CBiTi. PO3IIsSHYTO 3acTOCYyBaHHS

JOBCACHUX YaCTHHHUX BI/IHaI[KiB JJIA HaBCACHUX 3aday.



59

BUCHOBKHA

B pesynbrari BUKOHaHHSI pOOOTH BJAJIOCs JOBECTH YCKIIAHEHUN BUMAI0K Te-
OpeMHU VISl IeSIKOT KITbKOCTI YaCTUHHMUX BHIIAQJIKIB MYJIBTUMHOXHUHHU. TOOTO OTpH-
MaHO MaTeMaTU4H1 00’ €KTH, SIK1 3aI0BOJILHSIOTH YMOBAaM T€OPEMHU Ta BUKOPUCTAHO
11 00’€KTU JIg TOro, 100 TMOKa3aTh MPUKIAIHI MOXJIMBOCTI 3aCTOCYBaHHS TEO-
peMu. Po3missHyTO mpHKIagHI MOXJIMBOCTI 3aCTOCYBaHHS YCKJIAJHEHOTO BHUMAAKY
TEOpEMHU y TakuxX MNpukiIagHux 3agadax: "Teopis [onocysans "CuibHi Ta ciialki
rpynu "banancyBanHs aBomosnbHOro rpady". 3anpornoHOBaHO MOXKJIUBICTh CTaTH-
CTUYHO O0paxyBaTH MOTYXKHICTh CIMEHCTBAa HEBKIIFOYHMX OJIHA B OJHY MHOJKHH.
[IpuBeneHo pexypeHTHY (opmyiay 3a JOMOMOTOI0 SKOi MOXKHa 1TEpaTUBHO 0Opa-
XyBaTU KUIBKICTh PI3HUX MYJIBTUMHOXHUH PO3MIpYy k£ BUOpaHHMX 13 MHOXKHUHH MOTY-
KHICTIO n. PO3po0ieHo MeTon JoBeNeHHs YCKIAAHEHOTO BUITAJIKy TEOPEMHU, KU

0a3yeThCs Ha JOBEICHHI 3BUYAHHOTO BUMIAIKY TEOPEMHU.
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