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” ıÓ‰i ‰‡ÌÓø Ó·ÓÚË ÔÓ‚Â‰ÂÌÓ ‡Ì‡ÎiÁ ‰ÓÍ‡Ái‚ ÔÓÒÚÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË

ÿÔÂÌÂ‡. «‡ÔÓÔÓÌÓ‚‡ÌÓ ÓÒÌÓ‚Ìi Ú‡ ˆiÍ‡‚i ÒÔÓÒÓ·Ë Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË Á

‚ËÍÓËÒÚ‡ÌÌˇÏ iÁÌËı ˜‡ÒÚÍÓ‚Ëı ‚ËÔ‡‰Íi‚, ˇÍi ·ÛÎË ‰Ó‚Â‰ÂÌi. ŒÒÌÓ‚ÌËÏ i Ì‡È-

ˆiÍ‡‚i¯ËÏ ÒÔÓÒÓ·ÓÏ Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË ·ÛÎ‡ ÚÂÓiˇ „ÓÎÓÒÛ‚‡ÌÌˇ. ¬ ÓÒÌÓ‚i

ÚÂÓiø √ÓÎÓÒÛ‚‡ÌÌˇ ÎÂÊ‡Ú¸ ÒiÏÂÈÒÚ‚‡ ÔÓÔ‡ÌÓ ÌÂ ÔÂÂÚËÌ‡ÌËı ÏÌÓÊËÌ, ÚÓÏÛ

ÓˆiÌÍ‡ ÔÓÚÛÊÌÓÒÚi Ú‡ÍÓø ÒiÏ’ø ‚‡ÊÎË‚‡, ‡ ‰Îˇ ˜‡ÒÚÍÓ‚Ëı ‚ËÔ‡‰Íi‚ ÚÂÓÂÏË, ˇÍi

·ÛÎË ‰Ó‚Â‰ÂÌi, ˆˇ ÓˆiÌÍ‡ ÓÚËÏ‡Ì‡. Õ‡ÒÚÛÔÌËÏ ÔËÍÎ‡‰ÌËÏ Á‡ÒÚÓÒÛ‚‡ÌÌˇÏ ∫

·‡Î‡ÌÒÛ‚‡ÌÌˇ ÒËÒÚÂÏË, ˇÍ‡ ÏÓÊÂ ·ÛÚË ÔÂ‰ÒÚ‡‚ÎÂÌ‡ Û ‚Ë„Îˇ‰i ‰‚Ó‰ÓÎ¸ÌÓ„Ó „‡-

Ù‡. —ÔË‡˛˜ËÒ¸ Ì‡ ˜‡ÒÚÍÓ‚i ‰Ó‚Â‰ÂÌi ‚ËÔ‡‰ÍË, ÏÓÊÌ‡ ÔÓ‚ÂÒÚË ·‡Î‡ÌÒÛ‚‡ÌÌˇ

Ú‡ÍËı ÒËÒÚÂÏ. ƒÓ‚Â‰ÂÌi ˜‡ÒÚÍÓ‚i ‚ËÔ‡‰ÍË ÏÓÊÛÚ¸ ·ÛÚË ‚ËÍÓËÒÚ‡Ìi ‰Îˇ ÒÚ‚Ó-

ÂÌÌˇ ÒËÎ¸ÌËı i ÒÎ‡·ÍËı „ÛÔ, ˇÍi ÏÓÊÌ‡ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË ‰Îˇ iÁÌËı ÍËÔÚÓ-

„‡Ùi˜ÌËı ÔÓ·ÎÂÏ, ‡ Ú‡ÍÓÊ ‰Îˇ ÚÂÓiø „ÓÎÓÒÛ‚‡ÌÌˇ.

—ÔÓÒi· ‰Ó‚Â‰ÂÌÌˇ ÓÒÌÓ‚ÌÓø ÚÂÓÂÏË ˆi∫ø Ó·ÓÚË ·Û‚ ÔÓÍ‡Á‡ÌËÈ i ‚ËÍÓË-

ÒÚ‡ÌËÈ Û ÏÓøÈ ·‡Í‡Î‡‚Ò¸ÍiÈ Ó·ÓÚi. ÷ÂÈ ÏÂÚÓ‰ ‚ËÍÓËÒÚÓ‚Û∫ ‰ÓÍ‡Á ÔÓÒÚÓ„Ó

‚ËÔ‡‰ÍÛ ÚÂÓÂÏË Ú‡ ÔÓÔÓÌÛ∫ ÒÔÓÒi· ÔÓ‚ÚÓÌÓ„Ó ‚ËÍÓËÒÚ‡ÌÌˇ ˆ¸Ó„Ó ‰ÓÍ‡ÁÛ

‰Îˇ ·iÎ¸¯ ÒÍÎ‡‰ÌËı ‚ËÔ‡‰Íi‚. ŒÒÌÓ‚ÌËÏ ‡Î„ÓËÚÏÓÏ ÓÁ‚’ˇÁÛ‚‡ÌÌˇ ÒËÒÚÂÏË

ÎiÌiÈÌËı i‚ÌˇÌ¸ ·Û‚ ÏÂÚÓ‰ √‡ÛÒÒ‡, ÓÒÍiÎ¸ÍË ‚iÌ ‰ÛÊÂ ÔÓÒÚËÈ i ‰ÛÊÂ ÎÂ„-

ÍÓ ÔÓ„‡ÏÛ∫Ú¸Òˇ, ‡ÎÂ ÏÓÊÌ‡ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË ·Û‰¸-ˇÍËÈ ‡Î„ÓËÚÏ. “‡ÍÓÊ ‰Îˇ

Í‡˘Ó„Ó ÓÁÛÏiÌÌˇ ·ÛÎ‡ ÓÔËÒ‡Ì‡ ÚÂÓiˇ ÏÛÎ¸ÚËÏÌÓÊËÌ.

ƒÓ‚Â‰ÂÌÓ iÁÌi ˜‡ÒÚÍÓ‚i ‚ËÔ‡‰ÍË ÏÛÎ¸ÚËÏÌÓÊËÌ, ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ-

‚‡Ï ÚÂÓÂÏË. “‡ÍÓÊ ‰ÂˇÍi Á ÓÔËÒ‡ÌËı ÚÛÚ ‰ÓÒÎi‰ÊÂÌ¸ ·ÛÎË ‡ÌÓÌÒÓ‚‡Ìi Ì‡ ÍÓÌ-

ÙÂÂÌˆiø, ˘Ó ‚i‰·ÛÎ‡Òˇ 5 ÎËÒÚÓÔ‡‰‡ 2021 ÓÍÛ Ôi‰ Ì‡Á‚Ó˛ «Modeling, control

and information technologies: Proceedings of V International scientific and practi-

cal conference».



ABSTRACT

SPERNER‘S THEOREM, VOTING THEORY, BALANCING THE GRAPH

SYSTEM, STRONG AND WEAK SUBSETS OF THE MULTISET

Qualification work contains: 60 pages, 38 figures, 3 sources.

In the course of this work the analysis of the proofs of the simple case of

the Sperner’s Theorem. There were proposed some main and interesting ways to

apply theorem using di�erent partial cases that were proved. The main and the most

interesting way to apply theorem was the Voting Theory. In the main scope of the

Voting theory families of pairwise disjoint sets, so the estimation of the power of

such family was distinguished for partial cases. The next application is balancing

the system that could be represented as bipartite graph. Relying on partial cases

that were proved, the balancing of such systems could be made. The last but not

least, proved partial cases could be used for making strong and weak groups that

could be used for di�erent cryptographic problems and also for the Voting Theory.

The way to prove the main theorem of this work was announced and used in

my bachelor’s work. This method uses the prove of the simple case of the theorem

and o�ers the way to reuse that prove for harder cases. The main algorithm for

solving the system of linear equations was the Gauss method, because it is very

simple and very easy to program, but any algorithm can be used. Also, the multiset

theory was described for better understanding.

There were proved a lot of di�erent partial cases of multisets that are sati-

sfy the conditions of the theorem. Also some of the research described here was

announced on the conference that took place on the 5th of November 2021 named

"Modeling, control and information technologies: Proceedings of V International

scientific and practical conference".
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¿ÍÚÛ‡Î¸ÌiÒÚ¸ Ó·ÓÚË ‚ËÁÌ‡˜‡∫Ú¸Òˇ ÓÁ¯ËÂÌÌˇÏ ‰Ó‚Â‰ÂÌ¸ ˜‡ÒÚÍÓ‚Ëı

‚ËÔ‡‰Íi‚ “ÂÓÂÏË ÿÔÂÌÂ‡ ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌÌÓ„Ó ‚ËÔ‡‰ÍÛ, Ú‡ ‚ÂÎËÍÓ„Ó ÔÂ-

ÂÎiÍÛ ÏÓÊÎË‚Ëı Á‡ÒÚÓÒÛ‚‡Ì¸ ÚÂÓÂÏË.

Œ·’∫ÍÚ ‰ÓÒÎi‰ÊÂÌÌˇ — ÚÂÓÂÏ‡ ÌiÏÂˆ¸ÍÓ„Ó Ï‡ÚÂÏ‡ÚËÍ‡, ˇÍ‡ ‰‡∫ ÓˆiÌÍÛ

ÔÓÚÛÊÌÓÒÚi ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍÛ ÛÁ‡„‡Î¸Ì˛∫ÏÓ Ì‡

·iÎ¸¯ ¯ËÓÍËÈ ÒÔÂÍÚ Ï‡ÚÂÏ‡ÚË˜ÌËı Ó·’∫ÍÚi‚.

ÃÂÚ‡ ‰ÓÒÎi‰ÊÂÌÌˇ ÔÓÎˇ„‡∫ ‚ ÚÓÏÛ, ˘Ó· ÓÚËÏ‡ÚË ÏÓÊÎË‚i ¯ÎˇıË ‰Ó-

‚Â‰ÂÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚ ˆiÎÓÏÛ(ÚÓ·ÚÓ

‰Îˇ ·Û‰¸ ˇÍÓø ÏÛÎ¸ÚËÏÌÓÊËÌË). ƒÎˇ ˆ¸Ó„Ó ·ÛÎÓ ÓÁ„ÎˇÌÛÚÓ ‚ÂÎËÍÛ ÍiÎ¸ÍiÒÚ¸

˜‡ÒÚÍÓ‚Ëı ‚ËÔ‡‰Íi‚, ‰Îˇ ÚÓ„Ó ˘Ó· ÏÓÊÎË‚Ó ÔÓ·‡˜ËÚË ˇÍÛÒ¸ Á‡ÍÓÌÓÏiÌiÒÚ¸,

‡·Ó ÓÚËÏ‡ÚË i‰Âø ‰Îˇ ÔÓ‰‡Î¸¯Ó„Ó ÓÁ‚ËÚÍÛ Á‡ÔÓÔÓÌÓ‚‡ÌÓ„Ó ‰ÓÍ‡ÁÛ. Õ‡ÒÚÛ-

ÔÌ‡ ÏÂÚ‡, ‰ÓÒÎi‰ËÚË ÏÓÊÎË‚ÓÒÚi Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË. ¡ÛÎÓ Á‡ÔÓÔÓÌÓ‚‡ÌÓ

ÚË ÔËÍÎ‡‰Ìi Á‡‰‡˜i, Û ˇÍËı ÚÂÓÂÏ‡ ‚i‰i„‡∫ ‚‡ÊÎË‚Û ÓÎ¸: "“ÂÓiˇ √ÓÎÓÒÛ-

‚‡Ì¸ "œÓ‰iÎ Ì‡ ÒËÎ¸Ìi Ú‡ ÒÎ‡·Íi „ÛÔË "¡‡Î‡ÌÒÛ‚‡ÌÌˇ ÒËÒÚÂÏË „‡Ùi‚".

«‡‚‰‡ÌÌˇ Ì‡ÒÚÛÔÌi:

1) ƒÓÒÎi‰ËÚË ÏÓÊÎË‚ÓÒÚi ÔËÍÎ‡‰ÌÓ„Ó Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ

ÚÂÓÂÏË.

2) –ÓÁÓ·ËÚË ‚‡i‡ÌÚË ‰Ó‚Â‰ÂÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË, Ì‡ ·iÎ¸¯

Á‡„‡Î¸ÌÛ ÍiÎ¸ÍiÒÚ¸ ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚, ‡·Ó Ê ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚ ˆi-

ÎÓÏÛ.

3) ƒÓ‚ÂÒÚË ÚÂÓÂÏÛ ‰Îˇ ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚, ˇÍi ÏÓÊÛÚ¸ ·ÛÚË ‚ËÍÓËÒÚ‡Ìi

Û ÔËÍÎ‰‡ÌËı Á‡‰‡˜‡ı.

4) œÓÍ‡Á‡ÚË ÏÓÊÎË‚ÓÒÚi Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË ‰Îˇ ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚ ÚÂ-

ÓÂÏË.

5) œÓ·Û‰Û‚‡ÚË, ‡·Ó Á‡ÔÓÔÓÌÛ‚‡ÚË ÏÓÊÎË‚ÓÒÚi ÍÓÏ·iÌ‡ÚÓÌÓø ÓˆiÌÍË ÔÓÚÛ-

ÊÌÓÒÚi ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ.

6) ƒÓÒÎi‰ËÚË ÒËÒÚÂÏË, ˇÍi ÏÓÊÛÚ¸ ·ÛÚË ÔÂ‰ÒÚ‡‚ÎÂÌi Û ‚Ë„Îˇ‰i ‰‚Ó‰ÓÎ¸ÌÓ„Ó
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„‡ÙÛ Ú‡ ÔÓÚÂ·Û˛Ú¸ ·‡Î‡ÌÒÛ‚‡ÌÌˇ.

œ‡ÍÚË˜ÌÂ ÁÌ‡˜ÂÌÌˇ Ó‰ÂÊ‡ÌËı ÂÁÛÎ¸Ú‡Úi‚ ÔÓÎˇ„‡˛Ú¸ ‚ ÚÓÏÛ, ˘Ó ·Û-

ÎÓ ÓÚËÏ‡ÌÓ ‰Ó‚Â‰ÂÌÌˇ ÚÂÓÂÏË ‰Îˇ ÌÓ‚Ëı ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚, ˇÍi ÏÓÊÛÚ¸

·ÛÚË ‚ËÍÓËÒÚ‡Ìi, ˇÍ ‚ÊÂ ·ÛÎÓ ÒÍ‡Á‡ÌÓ, Û ÔÂÂÎiÍÛ ÔËÍÎ‡‰ÌËı Á‡‰‡˜. œË-

ÍÎ‡‰Ìi Á‡‰‡˜i ‰Îˇ ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚ Ì‡‰‡˛Ú¸ ÏÓÊÎËiÒÚ¸ ‚ËÍÓËÒÚ‡ÚË Ï‡ÚÂ-

Ï‡ÚË˜Ìi Ó·’∫ÍÚË ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚‡Ï ÚÂÓÂÏË, ÚÓ·ÚÓ ·ÛÚË ÔÂ‚ÌËÏ ˘Ó

‚ÂıÌˇ ÓˆiÌÍ‡ ÔÓÚÛÊÌÓÒÚi ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÛÎ¸ÚËÏÌÓÊËÌ

Ó·ÏÂÊÂÌ‡ ˜ËÒÎÓÏ Cn/2
n .



10

œ≈–≈ÀI  ”ÃŒ¬Õ»’ œŒ«Õ¿◊≈Õ‹

” ˆ¸ÓÏÛ ÓÁ‰iÎi ·Û‰Â Ì‡‚Â‰ÂÌÓ ÌÂÓ·ıi‰ÌËÈ ÔÂÂÎiÍ ÛÏÓ‚ÌËı ÔÓÁÌ‡˜ÂÌ¸,

ÌÂÓ·ıi‰ÌËı ‰Îˇ ÚÎÛÏ‡˜ÂÌÌˇ Ï‡ÚÂi‡Îi‚:

an Í‡ÚÌiÒÚ¸ ‚ıÓ‰ÊÂÌÌˇ ÂÎÂÏÂÌÚ‡ Û ÏÌÓÊËÌÛ

[ Ó·’∫‰Ì‡ÌÌˇ ÏÌÓÊËÌ

\ ÔÂÂÚËÌ ÏÌÓÊËÌ

deg,deg ÒÚÛÔiÌ¸ ‚ıÓ‰ÊÂÌÌˇ Â·Â Û ‚Â¯ËÌÛ „‡Ù‡
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1 “≈Œ–≈“»◊ÕI ¬IƒŒÃŒ—“I

” ˆ¸ÓÏÛ ÓÁ‰iÎi ·Û‰Â ÓÁ„ÎˇÌÛÚÓ Ú‡ Ì‡‚Â‰ÂÌÓ ÌÂÓ·ıi‰ÌËÈ Ï‡ÚÂÏ‡ÚË˜ÌËÈ

‡Ô‡‡Ú Ú‡ ÚÂÓÂÚË˜Ìi ‚i‰ÓÏÓÒÚi ÒÚÓÒÓ‚ÌÓ ÔÓ·ÎÂÏË ˇÍ‡ ÎÂÊËÚ¸ ‚ ÓÒÌÓ‚i ‰‡ÌÓø

Ï‡„iÒÚÂÒ¸ÍÓø ‰ËÒÂÚ‡ˆiø. –ÓÁ„ÎˇÌÂÏÓ ÓÒÌÓ‚ÌÂ Ú‚Â‰ÊÂÌÌˇ ÒÚÓÒÓ‚ÌÓ ÚÂÓÂÏË

ÿÔÂÌÂ‡ Ú‡ ÛÒi ÒÛÔÛÚÌi ‚ËÁÌ‡˜ÂÌÌˇ Ú‡ Ú‚Â‰ÊÂÌÌˇ ÌÂÓ·ıi‰Ìi ‰Îˇ ‚Ëi¯ÂÌÌˇ

ÔÓÒÚ‡‚ÎÂÌÌÓø Á‡‰‡˜i.

1.1 Œ„ˇ‰ Ï‡ÚÂÏ‡ÚË˜ÌÓ„Ó ‡Ô‡‡ÚÛ

“ÂÓÂÏ‡ 1. ÕÂı‡È M = {1,...,n} ÏÌÓÊËÌ‡ ˇÍ‡ ÒÍ‡Î‡‰∫Ú¸Òˇ Á ÂÎÂÏÂÌÚi‚ Ì‡ÚÛ-

‡Î¸ÌÓ„Ó ˇ‰Û, M1,...,Mk - Ì‡·i Ôi‰ÏÌÓÊËÌ ÏÌÓÊËÌË M Ú‡Íi, ˘Ó 8Mi,Mj :

Mi 6⇢ Mj , ÚÓ‰i ‚ËÍÓÌÛ∫Ú¸Òˇ ‰ÛÊÂ ÔÓÒÚ‡ ÌÂi‚ÌiÒÚ¸ k  Cn
[n/2], ‰Â k - ˆÂ

ÍiÎ¸ÍiÒÚ¸ ÏÌÓÊËÌ Û Ì‡·Ói M1,...,Mk, n - Á‡„‡Î¸Ì‡ ÍiÎ¸ÍiÒÚ¸ ÂÎÂÏÂÌÚi‚ ÏÌÓ-

ÊËÌË M (ÚÓ·ÚÓ ÔÓÚÛÊÌiÒÚ¸ ÏÌÓÊËÌË M , ‰‡Îi ·Û‰ÂÏÓ ÔÓÁÌ‡˜‡ÚË ˇÍ |M |)

[1], Cn
[n/2] - ·iÌÓÏi‡Î¸ÌËÈ ÍÓÂÙiˆi∫ÌÚ, [n/2] - ˆiÎ‡ ˜‡ÒÚËÌ‡ ‚i‰ ‰iÎÎÂÌÌˇ n Ì‡‚-

ÔiÎ.

–ÓÁ„ÎˇÌÂÏÓ Ó‰ÌÂ Á ÏÓÊÎË‚Ëı ‰Ó‚Â‰¸ ÚÂÓÂÏË ·‡ÁÛ˛˜ËÒ¸ Ì‡ Ú‚Â‰ÊÂÌÌi

‰Ó‚Â‰ÂÌÌˇ ˇÍÓ„Ó ·Û‰Â ÔÂ‰ÒÚ‡‚ÎÂÌÂ ÌËÊ˜Â.

“‚Â‰ÊÂÌÌˇ 1. ÕÂı‡È M1,...,Mk - ÔÓÔ‡ÌÓ ÌÂ Ì‡ÎÂÊ‡Ú¸ Ó‰Ì‡ ‚ Ó‰ÌiÈ Ôi‰ÏÌÓ-

ÊËÌË ÏÌÓÊËÌË M = {1,...,n}, ÌÂı‡È |M1| = m1,...,|Mk| = mk, ÚÓ‰i Ï‡∫ ÏiÒˆÂ

ÌÂi‚ÌiÒÚ¸:

1

Cn
m1

+
1

Cn
m2

+ ... +
1

Cn
mk

 1 (1.1)
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ƒÓ‚Â‰ÂÌÌˇ. –ÓÁ„ÎˇÌÂÏÓ ‰Îˇ ÍÓÊÌÓ„Ó Mi, i = 1,..,k ÔÂÂÚ‡ÒÓ‚Û‚‡ÌÌˇ ÏÌÓÊËÌË

{1,...,n} ÁÓ·ÎÂÌi Á‡ Ì‡ÒÚÛÔÌËÏ ÔËÌˆËÔÓÏ:

a1 a2 . . ak ak+1 . . . . an

ƒÂ a1,...,ak 2 Mi, ‡ ak+1,...,an - ‚Òi iÌ¯i ÂÎÂÏÂÌÚË, ÚÓ‰i ÔÂ¯‡ ˜‡ÒÚË-

Ì‡ Ú‡ÍÓø ÔÂÂÚ‡ÒÓ‚Û‚‡ÌÌˇ, ÚÓ·ÚÓ a1,...,ak ÏÓÊÂ Ï‡ÚË (mi)! iÁÌËı ‚‡i‡ÌÚi‚, ‡

Ô‡‚‡ ˜‡ÒÚËÌ‡, ÚÓ·ÚÓ ak+1,...,an, (n �mi)! iÁÌËı ‚‡i‡ÌÚi‚, ‰Â n - ÔÓÚÛÊÌiÒÚ¸

ÏÌÓÊËÌË {1,...,n}. ¬‡ÚÓ Á‡ÁÌ‡˜ËÚË, ˘Ó ‰Îˇ iÁÌËı ÏÌÓÊËÌ Mi,Mj ‚i‰ÔÓ‚i‰Ìi

ÔÂÂÚ‡ÒÓ‚Û‚‡ÌÌˇ ·Û‰ÛÚ¸ ‚i‰iÁÌˇÚËÒ¸. flÍ˘Ó ‰‚i ÔÂÂÚ‡ÒÓ‚Û‚‡ÌÌˇ ‰‚Óı ÏÌÓÊËÌ

Mi,Mj ÒÔi‚Ô‡‰‡˛Ú¸, ˆÂ ÓÁÌ‡˜‡∫, ˘Ó Mi ✓ Mj , ‡·Ó Mj ✓ Mi.

“ÓÏÛ Ï‡∫ÏÓ:

m1!(n�m1)! + ...+mk!(n�mk)!  n!, ‰Â n! - ˜ËÒÎÓ ÛÒiı ÏÓÊÎË‚Ëı ÔÂÂÚ‡ÒÓ-

‚Û‚‡Ì¸ ÏÌÓÊËÌË {1,...,n}. –ÓÁ‰iÎËÏÓ Ó·Ë‰‚i ˜‡ÒÚËÌË ÓÚËÏ‡ÌÓø ÌÂi‚ÌÓÒÚi Ì‡

n! Ú‡ ÓÚËÏ‡∫ÏÓ ÒÛÏÛ Ó·ÂÌÂÌËı ·iÌÓÏi‡Î¸ÌËı ÍÓÂÙiˆi∫ÌÚi‚ Á Îi‚Óø ˜‡ÒÚËÌË Ú‡

Ó‰ËÌËˆ˛ Á Ô‡‚Óø: 1
Cn

m1 +
1

Cn
m2 + ...+ 1

Cn
mk  1, ˘Ó i ÚÂ·‡ ·ÛÎÓ ‰Ó‚ÂÒÚË.

Õ‡ÒÎi‰ÓÍ 1. ¬ËıÓ‰ˇ˜Ë Á ÙÓÏÛÎË (1.1) ÓÚËÏ‡∫ÏÓ, ˘Ó ÍiÎ¸ÍiÒÚ¸ iÁÌËı Mi ÌÂ

ÔÂÂ‚Ë˘Û∫ Cn
[n/2]. “‡Í ˇÍ Cn

mi  Cn
[n/2] Ï‡∫ÏÓ 1

Cn
[n/2] +

1
Cn

[n/2] + ... + 1
Cn

[n/2] 
1

Cn
m1 + 1

Cn
m2 + ... + 1

Cn
mk  1, Û Ì‡ÈÎi‚i¯iÈ ˜‡ÒÚËÌi i‚ÌˇÌÌˇ ‰Ó‰‡ÌÓÍ 1

Cn
[n/2]

ÁÛÒÚi˜‡∫Ú¸Òˇ k ‡Ái‚, ÚÓ·ÚÓ k
Cn

[n/2]  1, ‡·Ó Ê ˇÍ˘Ó Á‡ÔËÒ‡ÚË Û Á‚Ë˜ÌÓÏÛ

‚Ë„Îˇ‰i k  Cn
[n/2].

œÓÒÚ‡‚ÎÂÌ‡ Á‡‰‡˜‡ ÛÁ‡„‡Î¸ÌËÚË ‰‡ÌÛ ÚÂÓÂÏÛ Ì‡ ‚ËÔ‡‰ÓÍ ÍÓÎË ÏÌÓÊË-

Ì‡ M = {1,...,n} ÏÓÊÂ Ï‡ÚË ÂÎÂÏÂÌÚË ˇÍi Ì‡ÎÂÊ‡Ú¸ øÈ ‰ÂÍiÎ¸Í‡ ‡Ái‚ 1 ,

ÚÓ·ÚÓ Ï‡ÚÂÏ‡ÚË˜ÌËÈ Ó·’∫ÍÚ M Ì‡·Û‚‡∫ ÏÛÎ¸ÚËÏÌÓÊËÌÌËı ‚Î‡ÒÚË‚ÓÒÚÂÈ. ƒ‡Ì‡

Á‡‰‡˜‡ ‚ÊÂ ·ÛÎ‡ ˜‡ÒÚÍÓ‚Ó ÓÁ„ÎˇÌÛÚ‡ Û ÏÓøÈ ·‡Í‡Î‡‚Ò¸ÍiÈ ‰ËÔÎÓÏÌiÈ Ó·Ó-

Úi. ¡ÛÎÓ ÓÁ„ÎˇÌÛÚÓ ‰ÂˇÍi ˜‡ÒÚÍÓ‚i ‚ËÔ‡‰ÍË ÏÛÎ¸ÚËÏÌÓÊËÌ, ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸

ÛÏÓ‚‡Ï ÚÂÓÂÏË. ” ‰‡ÌiÈ Ó·ÓÚi ·Û‰Â ·iÎ¸¯ ‰ÂÚ‡Î¸ÌÓ ÓÁ„ÎˇÌÛÚÓ ÔËÍÎ‡‰ÌÂ

Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË, Ú‡ ÛÁ‡„‡Î¸ÌÂÌÌˇ øø Ì‡ ·iÎ¸¯Û ÍiÎ¸ÍiÒÚ¸ ÓÍÂÏËı ‚ËÔ‡‰-

Íi‚ ÏÛÎ¸ÚËÏÌÓÊËÌ. ƒÎˇ ÚÓ„Ó, ˘Ó· Ï‡ÚÂÏ‡ÚË˜Ìi ‚ËÍÎ‡‰ÍË Ú‡ ÔÓÒÎi‰Ó‚ÌiÒÚ¸ ‰iÈ
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·ÛÎ‡ ÁÓÁÛÏiÎÓ˛ ÛÌ‡ÒÚÛÔÌÓÏÛ ÓÁ‰iÎi Ì‡‚Ó‰ˇÚ¸Òˇ ÌÂÓ·ıi‰Ìi ÚÂÓÂÚË˜Ìi ‚i‰Ó-

ÏÓÒÚi Ú‡ ÓÁÌ‡˜ÂÌÌˇ ·‡ÁÛ˛˜ËÒ¸ Ì‡ ˇÍËı ·ÛÎÓ ÓÚËÏ‡ÌÓ ÂÁÛÎ¸Ú‡ÚË, ˇÍi ·Û‰ÛÚ¸

ÓÔËÒ‡Ìi ÌËÊ˜Â.

1.2 “ÂÓiˇ ÏÛÎ¸ÚËÏÌÓÊËÌ

Õ‡‰ ÏÛÎ¸ÚËÏÌÓÊËÌ‡ÏË ‚ËÁÌ‡˜ÂÌi Ú‡Íi ÓÒÌÓ‚Ìi ÓÔÂ‡ˆiø: Ó·’∫‰Ì‡ÌÌˇ, ÔÂ-

ÂÚËÌ, ‡ËÙÏÂÚË˜ÌÂ ‰Ó‰‡‚‡ÌÌˇ, ‡ËÙÏÂÚË˜ÌÂ ‚i‰ÌiÏ‡ÌÌˇ, ‰ÓÔÓ‚ÌÂÌÌˇ, ÒËÏÂ-

ÚË˜Ì‡ iÁÌËˆˇ, ÏÌÓÊÂÌÌˇ Ì‡ ˜ËÒÎÓ, ‡ËÙÏÂÚË˜ÌÂ ÏÌÓÊÂÌÌˇ Ú‡ Á‚Â‰ÂÌÌˇ ‚

‡ËÙÏÂÚË˜ÌÛ ÒÚÛÔiÌ¸, ÔˇÏËÈ Ú‚i Ú‡ Á‚Â‰ÂÌÌˇ Û ÔˇÏËÈ ÒÚÛÔiÌ¸. ÃË ÓÁ„Îˇ-

ÌÂÏÓ ÎË¯Â ‰ÂˇÍi ÓÒÌÓ‚Ìi ÓÔÂ‡ˆiø ÌÂÓ·ıi‰Ìi ‰Îˇ ÔÓ‰‡Î¸¯Ëı ‰iÈ Ì‡‰ ÏÛÎ¸ÚË-

ÏÌÓÊËÌ‡ÏË.

¬ËÁÌ‡˜ÂÌÌˇ 1. ÃÛÎ¸ÚËÏÌÓÊËÌ‡ - ÏÓ‰ËÙiÍÓ‚‡ÌÂ ÔÓÌˇÚÚˇ ÏÌÓÊËÌË, ˘Ó ‰Ó-

ÔÛÒÍ‡∫ Ì‡ˇ‚ÌiÒÚ¸ Ó‰ÌÓ„Ó i ÚÓ„Ó Ê ÂÎÂÏÂÌÚ‡ ‚ ÌiÈ ÔÓ ÍiÎ¸Í‡ ‡Ái‚. ◊ËÒÎÓ ÂÎÂ-

ÏÂÌÚi‚ Û ÏÛÎ¸ÚËÏÌÓÊËÌi, Á Û‡ıÛ‚‡ÌÌˇÏ ÂÎÂÏÂÌÚi‚ ˇÍi ÔÓ‚ÚÓ˛˛Ú¸Òˇ, Ì‡ÁË-

‚‡∫Ú¸Òˇ ÈÓ„Ó ÓÁÏiÓÏ ‡·Ó ÔÓÚÛÊÌiÒÚ˛ [2].

¬ËÁÌ‡˜ÂÌÌˇ 2. Œ·’∫‰Ì‡ÌÌˇÏ ÏÛÎ¸ÚËÏÌÓÊËÌ [2] A Ú‡ B Ì‡ÁË‚‡∫Ú¸Òˇ ÏÛÎ¸ÚË-

ÏÌÓÊËÌ‡, ˇÍiÈ Ì‡ÎÂÊ‡Ú¸ Á ÛÒi ÂÎÂÏÂÌÚË, ˇÍi ÔËÒÛÚÌi ıÓ˜‡ · ‚ Ó‰ÌiÈ Á ÏÛÎ¸-

ÚËÏÌÓÊËÌ, i ÍiÎ¸ÍiÒÚ¸ ‚ıÓ‰ÊÂÌ¸ ÍÓÊÌÓ„Ó ÂÎÂÏÂÌÚ‡ ‰Ói‚Ì˛∫ Ï‡ÍÒËÏ‡Î¸ÌiÈ

ÍiÎ¸ÍÓÒÚi ‚ıÓ‰ÊÂÌ¸ ‚i‰ÔÓ‚i‰ÌËı ÂÎÂÏÂÌÚi‚ ‚ ÏÛÎ¸ÚËÏÌÓÊËÌ‡ı, ˘Ó Ó·’∫‰ÌÛ˛-

Ú¸Òˇ:

C = A [B = {max(xkii , x
kj
j )}, x

ki
i 2 A, x

kj
j 2 B

¬ËÁÌ‡˜ÂÌÌˇ 3. œÂÂÚËÌÓÏ ÏÛÎ¸ÚËÏÌÓÊËÌ [2] A Ú‡ B Ì‡ÁË‚‡∫Ú¸Òˇ ÏÛÎ¸ÚË-

ÏÌÓÊËÌ‡, ˘Ó ÒÍÎ‡‰‡∫Ú¸Òˇ Á ÛÒiı ÂÎÂÏÂÌÚi‚, ˇÍi ÔËÒÛÚÌi Û ÍÓÊÌiÈ Á ÏÛÎ¸-

ÚËÏÌÓÊËÌ, i ÍiÎ¸ÍiÒÚ¸ ‚ıÓ‰ÊÂÌ¸ ÍÓÊÌÓ„Ó ÂÎÂÏÂÌÚ‡ ‰Ói‚Ì˛∫ ÏiÌiÏ‡Î¸ÌiÈ

ÍiÎ¸ÍÓÒÚi ‚ıÓ‰ÊÂÌ¸ ‚i‰ÔÓ‚i‰ÌËı ÂÎÂÏÂÌÚi‚ Û ÏÛÎ¸ÚËÏÌÓÊËÌ‡ı, ˘Ó ÔÂÂÚË-

Ì‡˛Ú¸Òˇ:
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C = A \B = {min(xkii , x
kj
j )}, x

ki
i 2 A, x

kj
j 2 B

¬ËÁÌ‡˜ÂÌÌˇ 4. ¿ËÙÏÂÚË˜ÌÓ˛ ÒÛÏÓ˛ ÏÛÎ¸ÚËÏÌÓÊËÌ [2] A Ú‡ B Ì‡ÁË‚‡∫-

Ú¸Òˇ ÏÛÎ¸ÚËÏÌÓÊËÌ‡, ˘Ó ÒÍÎ‡‰‡∫Ú¸Òˇ Á ÛÒiı ÂÎÂÏÂÌÚi‚, ˇÍi Ì‡ÎÂÊ‡Ú¸ ıÓ˜‡ ·

‚ Ó‰ÌiÈ Á ÏÛÎ¸ÚËÏÌÓÊËÌ, i Í‡ÚÌiÒÚ¸ ÍÓÊÌÓ„Ó ÂÎÂÏÂÌÚ‡ ‰Ói‚Ì˛∫ ÒÛÏi Í‡-

ÚÌÓÒÚÂÈ ‚i‰ÔÓ‚i‰ÌËı ÂÎÂÏÂÌÚi‚ Û ÏÛÎ¸ÚËÏÌÓÊËÌ‡ı, ˘Ó ÒÍÎ‡‰‡˛Ú¸Òˇ:

C = A+B = {xk|xk = xkii + x
kj
j }, x

ki
i 2 A, x

kj
j 2 B

¬ËÁÌ‡˜ÂÌÌˇ 5. ¿ËÙÏÂÚË˜ÌÓ˛ iÁÌËˆÂ˛ ÏÛÎ¸ÚËÏÌÓÊËÌ [2] A Ú‡ B Ì‡ÁË-

‚‡∫Ú¸Òˇ ÏÛÎ¸ÚËÏÌÓÊËÌ‡, ˘Ó ÒÍÎ‡‰‡∫Ú¸Òˇ Á ÂÎÂÏÂÌÚi‚ ÏÛÎ¸ÚËÏÌÓÊËÌË A,

Í‡ÚÌiÒÚ¸ ˇÍËı ÔÂÂ‚Ë˘Û∫ Í‡ÚÌiÒÚ¸ ‚i‰ÔÓ‚i‰ÌËı ÂÎÂÏÂÌÚi‚ Û ÏÛÎ¸ÚËÏÌÓÊË-

Ìi B.  ‡ÚÌiÒÚ¸ ÍÓÊÌÓ„Ó ÂÎÂÏÂÌÚ‡ ÂÁÛÎ¸ÚÛ˛˜Óø ÏÌÓÊËÌË ‰Ói‚Ì˛∫ iÁÌËˆi

Í‡ÚÌÓÒÚÂÈ ‚i‰ÔÓ‚i‰ÌËı ÂÎÂÏÂÌÚi‚ ‚ ÏÛÎ¸ÚËÏÌÓÊËÌ‡ı, ˘Ó ‚i‰ÌiÏ‡˛Ú¸Òˇ:

C = A� B = {xk|xk = xkii � x
kj
j , ki > kj, 0 otherwise}, xkii 2 A, x

kj
j 2 B

1.3 “ÂÓiˇ „‡Ùi‚

¬ËÁÌ‡˜ÂÌÌˇ 6. √‡Ù — Ï‡ÚÂÏ‡ÚË˜Ì‡ ‡·ÒÚ‡Íˆiˇ ÒËÒÚÂÏË ·Û‰¸-ˇÍÓø ÔËÓ‰Ë,

Ó·’∫ÍÚË ˇÍÓø Ï‡˛Ú¸ Ô‡Ìi Á‚’ˇÁÍË. √‡Ù ˇÍ Ï‡ÚÂÏ‡ÚË˜ÌËÈ Ó·’∫ÍÚ ∫ ÒÛÍÛ-

ÔÌiÒÚ¸ ‰‚Óı ÏÌÓÊËÌ: ÏÌÓÊËÌ‡ ‚Â¯ËÌ i ÏÌÓÊËÌ‡ Â·Â. ≈ÎÂÏÂÌÚÓÏ ÏÌÓÊË-

ÌË Â·Â ∫ Ô‡‡ ÂÎÂÏÂÌÚi‚ ÏÌÓÊËÌË ‚Â¯ËÌ.

¬ËÁÌ‡˜ÂÌÌˇ 7. œÓÒÚËÏ „‡ÙÓÏ G(V,E) ∫ ÒÛÍÛÔÌiÒÚ¸ ‰‚Óı ÏÌÓÊËÌ: ÌÂÔÛÒÚÓø

ÏÌÓÊËÌË V Ú‡ ÏÌÓÊËÌË E ÌÂ‚ÔÓˇ‰ÍÓ‚‡ÌËı Ô‡ iÁÌËı ÂÎÂÏÂÌÚi‚ ÏÌÓÊË-

ÌË V . ÃÌÓÊËÌ‡ V Ì‡ÁË‚‡∫Ú¸Òˇ ÏÌÓÊËÌÓ˛ ‚Â¯ËÌ, ÏÌÓÊËÌ‡ E Ì‡ÁË‚‡∫Ú¸Òˇ

ÏÌÓÊËÌÓ˛ Â·Â:

G(V,E) = hV,Ei , V 6= ?, E ✓ V ⇥ V, {v,v} /2 E, v 2 V

¬ËÁÌ‡˜ÂÌÌˇ 8. ƒ‚Ó‰ÓÎ¸ÌËÈ „‡Ù ‡·Ó ·i„‡Ù ‚ ÚÂÓiø „‡Ùi‚ - ˆÂ „‡Ù, ÏÌÓÊË-

ÌÛ ‚Â¯ËÌ ˇÍÓ„Ó ÏÓÊÌ‡ ÓÁ·ËÚË Ì‡ ‰‚i ‰ÓÎi Ú‡ÍËÏ ˜ËÌÓÏ, ˘Ó ÍÓÊÌÂ Â·Ó
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6

4

5

1

2

3

–ËÒÛÌÓÍ 1.1 — ÔËÍÎ‡‰ ÔÓÒÚÓ„Ó „‡ÙÛ

„‡ÙÛ Á’∫‰ÌÛ∫ ÍÓÊÌÛ ‚Â¯ËÌÛ Á Ó‰Ìi∫ø ‰ÓÎi Á ˇÍÓ˛Ò¸ ‚Â¯ËÌÓ˛ Á iÌ¯Óø ‰ÓÎi,

ÚÓ·ÚÓ ÌÂ iÒÌÛ∫ Â·Â ÏiÊ ‚Â¯ËÌ‡ÏË Ó‰Ìi∫ø i Úi∫ø Ê ˜‡ÒÚËÌË ‰ÓÎi. ÕÂÓi-

∫ÌÚÓ‚‡ÌËÈ „‡Ù G = (W,E) Ì‡ÁË‚‡∫Ú¸Òˇ ‰‚Ó‰ÓÎ¸ÌËÏ, ˇÍ˘Ó ÏÌÓÊËÌÛ ÈÓ„Ó

‚Â¯ËÌ ÏÓÊÌ‡ ÓÁ·ËÚË Ì‡ ‰‚i Ôi‰ÏÌÓÊËÌË W = U [ V Ú‡Í, ˘Ó:

- ÊÓ‰Ì‡ ‚Â¯ËÌ‡ ‚ U ÌÂ Á’∫‰Ì‡Ì‡ Á ‚Â¯ËÌ‡ÏË ‚ U

- ÊÓ‰Ì‡ ‚Â¯ËÌ‡ ‚ V ÌÂ Á’∫‰Ì‡Ì‡ Á ‚Â¯ËÌ‡ÏË ‚ V

” ˆ¸ÓÏÛ ‚ËÔ‡‰ÍÛ Ôi‰ÏÌÓÊËÌË ‚Â¯ËÌ U Ú‡ V Ì‡ÁË‚‡˛Ú¸Òˇ ˜‡ÒÚÍ‡ÏË

‰‚Ó‰ÓÎ¸ÌÓ„Ó „‡Ù‡ G.

œËÍÎ‡‰ 1. –ÓÁ„ÎˇÌÂÏÓ ÔËÍÎ‡‰ ÔÓÒÚÓ„Ó „‡ÙÛ:

V = {1,2,3,4,5,6}

E = {(1,2), (1,5), (5,2), (5,4), (2,3), (3,4), (4,6)}

œËÍÎ‡‰ 2. –ÓÁ„ÎˇÌÂÏÓ ÔËÍÎ‡‰ ‰‚Ó‰ÓÎ¸ÌÓ„Ó „‡ÙÛ:

V = {1,2,3,4,5,6}

E = {(1,4), (1,5), (2,4), (2,6), (3,5), (3,6)} ” ‰‡ÌÓÏÛ ‚ËÔ‡‰ÍÛ ÏË ÏÓÊÂÏÓ ÓÁ‰i-

ÎËÚË ÏÌÓÊËÌÛ ‚Â¯ËÌ Ì‡ ‰‚i:

V = U [ P, P = {1,2,3} Ú‡ U = {4,5,6}.

ÕÂÏ‡∫ ÊÓ‰ÌÓ„Ó Â·‡ ˇÍÂ ÔÓ‚’ˇÁÛ∫ ‚Â¯ËÌË ÏÌÓÊËÌ P iÁ ‚Â¯ËÌ‡ÏË ÏÌÓÊËÌË

P , ‡Ì‡ÎÓ„i˜ÌÓ ‰Îˇ ÏÌÓÊËÌË U .



16

1 2 3

4 5 6

–ËÒÛÌÓÍ 1.2 — ÔËÍÎ‡‰ ‰‚Ó‰ÓÎ¸ÌÓ„Ó „‡ÙÛ

“ÂÓÂÏ‡ 2. ¬ ‰‚Ó‰ÓÎ¸ÌÓÏÛ „‡Ùi ‰Îˇ ·Û‰¸-ˇÍÓ„Ó Ì‡ÚÛ‡Î¸ÌÓ„Ó k ·Û‰¸-ˇÍi ‚Â-

¯ËÌË Ó‰Ìi∫ø ‰ÓÎi, ‰Â k ÌÂ ÔÂÂ‚Ë˘Û∫ ˜ËÒÎ‡ ‚Â¯ËÌ ‰ÓÎ¸, ÔÓ‚’ˇÁ‡Ìi ÔËÌ‡ÈÏÌi Á

k iÁÌËÏË ‚Â¯ËÌ‡ÏË iÌ¯Óø ‰ÓÎi ÚÓ‰i i ÎË¯Â ÚÓ‰i, ÍÓÎË „‡Ù ÓÁ·Ë‚‡∫Ú¸Òˇ Ì‡

Ô‡Ë ÔÂ¯Ó˛ ˜‡ÒÚÍÓ˛.

1.4 œÓÒÚ‡ÌÓ‚Í‡ Á‡‰‡˜i

“ÂÓÂÏ‡ 3. ƒÓ‚ÂÒÚË “ÂÓÂÏÛ 1 Û ÚÓÏÛ ‚Ë„Îˇ‰i, Û ˇÍÓÏÛ ‚ÓÌ‡ ÓÔËÒ‡Ì‡, Á‚‡-

Ê‡˛˜Ë ÎË¯Â Ì‡ ÚÂ ˘Ó Ó·’∫ÍÚ M Û Ú‚Â‰ÊÂÌÌi ÚÂÓÂÏË ÚÂÔÂ ÏÓÊÂ Ï‡ÚË

ÏÛÎ¸ÚËÏÌÓÊËÌÌÛ ÔËÓ‰Û [3].

ƒÓ‚Â‰ÂÌÌˇ. ¬ËÍÓËÒÚ‡∫ÏÓ Ôi‰ıi‰, ˇÍËÈ ·‡ÁÛ∫Ú¸Òˇ Ì‡ “ÂÓÂÏi 2. ” ‰‡ÌÓÏÛ ‰Ó‚Â-

‰ÂÌÌi ·Û‰Â ÓÔËÒÛ‚‡ÚËÒ¸ Ó‰ËÌ Á ÏÓÊÎË‚Ëı Ôi‰ıÓ‰i‚ i¯ÂÌÌˇ Ú‡ ‰Ó‚Â‰ÂÌÌˇ ‰‡ÌÓø

ÚÂÓÂÏË ˜ÂÂÁ Ì‡‚‡ÌÚ‡ÊÂÌÌˇ Â·Â ‰‚Ó˜‡ÒÚÍÓ‚Ó„Ó „‡ÙÛ ÔÂ‚ÌËÏË ÍÓÂÙiˆi∫Ì-

Ú‡ÏË. ” ÏÓøÈ ·‡Í‡Î‡‚Ò¸ÍiÈ Ó·ÓÚi ·ÛÎÓ ÓÁ„ÎˇÌÛÚÓ Ú‡Íi ‚ËÔ‡‰ÍË:

A = {zm,xm}, B = {w2
0, w1,...,wn}

flÍ ‚ÊÂ ·ÛÎÓ ‰Ó‚Â‰ÂÌÓ ‡Ìi¯Â Û “ÂÓÂÏi 1 ‰Îˇ Á‚Ë˜‡ÈÌÓ„Ó ÚËÔÛ ÏÌÓ-

ÊËÌ Á‡‚Ê‰Ë iÒÌÛ∫ Ô‡ÓÒÔÓÎÛ˜ÂÌÌˇ ÔË ‰Ó‰‡‚‡ÌÌi ‰Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ‡‰ÂÌËı

ÏÌÓÊËÌ ÓÁÏiÛ n Ó‰ÌÓ„Ó ÂÎÂÏÂÌÚ‡ ‰Îˇ ÚÓ„Ó, ˘Ó· ÛÚ‚ÓËÚË ÒiÏÂÈÒÚ‚Ó ÌÂ‚ÍÎ‡-

‰ÂÌËı ÏÌÓÊËÌ ˇÍÓÏÛ Ì‡ÎÂÊ‡Ú¸ ÏÌÓÊËÌË ÓÁÏiÛ n+1. ƒÎˇ Á‚Ë˜‡ÈÌÓ„Ó ‚ËÔ‡‰-
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{2} {3} {4}

{2,3} {2,4} {3,4}

–ËÒÛÌÓÍ 1.3 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {2,3,4}

Í‡ ÚÂÓÂÏË ˆÂ i ‰Ó‚Ó‰ËÚ¸, ˘Ó Ï‡ÍÒËÏ‡Î¸ÌÓ ÏÓÊÎË‚ËÈ ÓÁÏi Ú‡ÍÓ„Ó ÒiÏÂÈÒÚ‚‡

Cn
[n/2]. ƒÎˇ ‚ËÔ‡‰Í‡ ÍÓÎË ÏÌÓÊËÌ‡ Ï‡∫ ÏÛÎ¸ÚËÏÌÓÊËÌÌÛ ÔËÓ‰Û ‚ËÍÓËÒÚ‡ÚË

“ÂÓÂÏÛ 1 Û ÚÓÏÛ ‚Ë„Îˇ‰i ˇÍ ÓÔËÒ‡ÌÓ ‚Ë˘Â ÌÂÏÓÊÎË‚Ó.

œËÍÎ‡‰ 3. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {2,3,4}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ Ó‰ÌÓ-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

‰‚ÓÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

I‰Âˇ ÔÓÎˇ„‡∫ ‚ ÚÓÏÛ, ˘Ó· ÔÂÂÌÂÒÚË Ôi‰ıi‰ Ô‡ÓÒÔÓÎÛ˜ÂÌÌˇ ‚ËÍÓËÒÚÓ‚Û-

˛˜Ë ‚‡„Ó‚i ÍÓÂÙiˆi∫ÌÚË. flÍ ÏÓÊÌ‡ ·‡˜ËÚË Á Ï‡Î˛ÌÍ‡:

deg = t

deg = n� t

¿ÎÂ ˆÂ ÏÓÊÎË‚Ó ÎË¯Â ‰Îˇ ‚ËÔ‡‰ÍÛ ÍÓÎË ‚i‰ÔÓ‚i‰Ìi Â·‡ Ì‡‚‡ÌÚ‡ÊÂÌi ‚‡„‡ÏË.

ÕËÊ˜Â ·Û‰Â ÓÁ„ÎˇÌÛÚÓ ‰ÂÍiÎ¸Í‡ ÔËÍÎ‡‰i‚ ‰Îˇ ÓÁÛÏiÌÌˇ ÔÓ‚ÌÓø Í‡ÚËÌË.

œËÍÎ‡‰ 4. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {23,32}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚ÓÂÎÂ-

ÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó ÚË-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:
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{22} {2,3} {32}

{23} {22,3} {2,32}

3
0

3
0 3

–ËÒÛÌÓÍ 1.4 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {2,3,4}

{22} {2,3} {32}

{23} {22,3} {2,32} {33}

3
1

2
2 1 3

–ËÒÛÌÓÍ 1.5 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {23,33}

œËÍÎ‡‰ 5. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {23,33}, Ú‡ÍÓÊ Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ

‰‚ÓÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“Ó·ÚÓ Ó·‡ıÛÌÓÍ ‚Â‰ÂÚ¸Òˇ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÙÓÏÛÎ:

deg = t

deg = n� t

n - ÏÛÎ¸ÚËÔÓÚÛÊÌiÒÚ¸ ÏÌÓÊËÌË Ì‡ ÓÒÌÓ‚i ˇÍÓø ·Û‰Û∫Ú¸Òˇ ÒiÏÂÈÒÚ‚Ó ÌÂ‚ÍÎ‡‰Â-

ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ

t - ÏÛÎ¸ÚËÔÓÚÛÊÌiÒÚ¸ ÏÌÓÊËÌË ˇÍ‡ Ì‡ÎÂÊËÚ¸ ÒiÏÂÈÒÚ‚Û ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚

Ó‰ÌÛ ÏÌÓÊËÌ (‰Îˇ deg, t - ˆÂ ÔÓÚÛÊÌiÒÚ¸ ÏÌÓÊËÌË ˇÍ‡ Ì‡ÎÂÊËÚ¸ ÌËÊÌiÈ ‰ÓÎi,

‰Îˇ deg, t - ˆÂ ÔÓÚÛÊÌiÒÚ¸ ÏÌÓÊËÌË ˇÍ‡ Ì‡ÎÂÊËÚ¸ ‚ÂıÌiÈ ‰ÓÎi)

“Ó·ÚÓ ‰Îˇ œËÍÎ‡‰Û 4:
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{22} {2,3} {32}

{23} {22,3} {2,32}

x
y

z
k n

–ËÒÛÌÓÍ 1.6 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {23,33}

deg = 3 - ÓÒÍiÎ¸ÍË |{23}| = |{22,3}| = |{2,32}|

deg = |A|� 2 = 3 - ÓÒÍiÎ¸ÍË |A| = 5, |{22}| = |{2,3}| = |{32}| = 2

ƒ‡Îi ÒÍÎ‡‰‡∫Ú¸Òˇ ÒËÒÚÂÏ‡ ÎiÌiÈÌËı i‚ÌˇÌ¸:
8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

x = 3

x + y = 3

y + z = 3

z + k = 3

k + n = 3

)

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

x = 3

y = 0

z = 3

k = 0

n = 3

ƒÎˇ œËÍÎ‡‰Û 5:

deg = 3 - ÓÒÍiÎ¸ÍË |{23}| = |{22,3}| = |{33}|

deg = |A|� 2 = 4 - ÓÒÍiÎ¸ÍË |A| = 6, |{22}| = |{2,3}| = |{32}| = 2

ƒ‡Îi ÒÍÎ‡‰‡∫Ú¸Òˇ ÒËÒÚÂÏ‡ ÎiÌiÈÌËı i‚ÌˇÌ¸:
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{22} {2,3} {32}

{23} {22,3} {2,32} {33}

x
y

z
k m n

–ËÒÛÌÓÍ 1.7 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {23,33}

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

x = 3

x + y = 4

y + z = 3

z + k = 4

k + m = 3

n = 3

)

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

x = 3

y = 1

z = 2

k = 2

m = 1

n = 3

“‡ÍËÏ ÒÔÓÒÓ·ÓÏ Û ·‡Í‡Î‡‚Ò¸ÍiÈ Ó·ÓÚi ·ÛÎÓ ‰Ó‚Â‰ÂÌÓ ‚ËÔ‡‰ÍË A =

{zm,xm}, B = {w2
0, w1,...,wn}. ” Ì‡ÒÚÛÔÌÓÏÛ ÓÁ‰iÎi ·Û‰Â ÓÁ„ÎˇÌÛÚÓ ‰ÂÍiÎ¸-

Í‡ iÌ¯Ëı ˜‡ÒÚÍÓ‚Ëı ‚ËÔ‡‰Íi‚, ‰Îˇ ˇÍËı ·Û‰Â ‰Ó‚Â‰ÂÌÓ “ÂÓÂÏÛ 1, Ú‡ ·Û‰ÛÚ¸

Á‡ÔËÒ‡Ìi ˇ‚Ìi ÙÓÏÛÎË Ó·‡ıÛÌÍÛ ‚‡„i‚ ‰Îˇ „‡ÙÛ. «‡ ‰ÓÔÓÏÓ„Ó˛ ˆËı ÙÓÏÛÎ

ÏÓÊÌ‡ ÔÂÂÍÓÌ‡ÚËÒ¸, ˘Ó Ô‡ÓÒÔÓÎÛ˜ÂÌÌˇ iÒÌÛ∫ i ÔÓ·Û‰Û‚‡ÚË ÈÓ„Ó ˇ‚ÌÓ. “‡-

ÍËÏ ˜ËÌÓÏ ‰Ó‚Ó‰ËÚ¸Òˇ ‰Îˇ ÏÌÓÊËÌ ÏÛÎ¸ÚËÏÌÓÊËÌÌÓø ÔËÓ‰Ë ÒÔ‡‚Â‰ÎË‚iÒÚ¸

“ÂÓÂÏË 1. œËÍÎ‡‰Â Á‡ÒÚÓÒÛ‚‡ÌÌˇ Ï‡ÚÂÏ‡ÚË˜ÌËı Ó·’∫ÍÚi‚, ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸

ÛÏÓ‚Ë ÚÂÓÂÏË ·Û‰Â ÓÔËÒ‡ÌÓ Û ÓÁ‰ÛÎ‡ı ÔiÁÌi¯Â.
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¬ËÒÌÓ‚ÍË ‰Ó ÓÁ‰iÎÛ 1

–ÓÁ„ÎˇÌÛÚÓ ÌÂÓ·ıi‰ÌËÈ Ï‡ÚÂÏ‡ÚË˜ÌËÈ ‡Ô‡‡Ú, ÌÂÓ·ıi‰ÌËÈ ‰Îˇ ÓÁ‚’ˇÁÍÛ

ÔÓÒÚ‡‚ÎÂÌÓø Á‡‰‡˜i. —ÙÓÏÓ‚‡ÌÓ Ú‚Â‰ÊÂÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË.

«‡ÔÓÔÓÌÓ‚‡ÌÓ Ôi‰ıi‰ ‰Îˇ ‰Ó‚Â‰ÂÌÌˇ Ú‡ ÔÓÍ‡Á‡ÌÓ Ï‡ÚÂi‡ÎË, ˇÍi ‚ÊÂ ·ÛÎË ÔÂ‰-

ÒÚ‡‚‰ÂÌi Û ÏÓıÈ ·‡Í‡Î‡‚Ò¸ÍiÈ Ó·ÓÚi.
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2 ◊¿—“ Œ¬I ¬»œ¿ƒ » “≈Œ–≈Ã»

2.1 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {am, b, c}

œÓ˜ÌÂÏÓ ÓÁ„Îˇ‰‡ÚË ÌÓ‚ËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {am, b, c},

ˇÍ‡ Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1 [3]. Õ‡ ÂÎÂÏÂÌÚ am Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi

Ó·ÏÂÊÂÌÌˇ, ‡ Ò‡ÏÂ: m � 3, ÓÒÍiÎ¸ÍË ÔË m = 1 ‚ËÒıi‰Ì‡ ÏÌÓÊËÌ‡ ‚Ú‡-

˜‡∫ ÏÛÎ¸ÚËÏÌÓÊËÌÌi ‚Î‡ÒÚË‚ÓÒÚi, ˘Ó‰Ó ‚ËÔ‡‰ÍÛ ÍÓÎË m = 2, ÚÓ ˆÂÈ ‚ËÔ‡-

‰ÓÍ ‚ÊÂ ·Û‚ ÓÁ„ÎˇÌÛÚËÈ Û ·‡Í‡Î‡‚Ò¸ÍiÈ Ó·ÓÚi, Ú‡ ‚ÍÎ˛˜‡∫Ú¸Òˇ Û ‚ËÔ‡‰ÓÍ

B = {w2
0, w1,...,wn}. œÓ˜ÌÂÏÓ Á ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚ ÍÓÎË m Ì‡·Û‚‡∫ ÍÓÌÍÂ-

ÚÌËı ÁÌ‡˜ÂÌ¸, ˘Ó· ÔÓ·‡˜ËÚË Á‡ÍÓÌÓÏiÌÓÒÚi Û Á‡ÊÛ‚‡ÌÌi ‰‚Ó‰ÓÎ¸ÌÓ„Ó „‡ÙÛ Ú‡

ÙÓÏÛÎË Á‡ ‰ÓÔÓÏÓ„Ó˛ ˇÍËı ·Û‰ÛÚ¸ Ó·‡ıÓ‚Û‚‡ÚËÒ¸ ‚‡„Ë [3].

œËÍÎ‡‰ 6. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊË ÌÛ A = {a3, b, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a3}| = |{a2,b}| = |{a2,c}| = |{a,b,c}|

deg = |A|� 2 = 3 - ÓÒÍiÎ¸ÍË |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = 2

a2 ab ac bc

a3 a2b a2c abc

x y z
m

n
k

p
v

–ËÒÛÌÓÍ 2.1 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a3, b, c}
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a2 ab ac bc

a3 a2b a2c abc

x = 3 m = 3 k = 3 v = 3

–ËÒÛÌÓÍ 2.2 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a3, b, c}

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 3

x + y + z = 3

m + y = 3

m + n = 3

z + k = 3

k + p = 3

n + p + v = 3

v = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 3

y = 0

z = 0

m = 3

n = 0

k = 3

p = 0

v = 3

ƒÎˇ ‚ËÔ‡‰ÍÛ ÍÓÎË ‚‡„‡ Â·‡ ‰Ói‚Ì˛∫ 0, ‚ËÍÎ˛˜‡∫ÏÓ Ú‡ÍÂ Â·Ó iÁ „‡ÙÛ,

ÚÓ·ÚÓ ÓÚËÏ‡ÎË ÔÓ‚ÌÂ Ô‡ÓÒÔÓÎÛ˜ÂÌÌˇ:

–ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a4, b, c}, Ú‡Í Ò‡ÏÓ Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ ˇÍ ‰Îˇ ÔÓÔÂÂ‰Ì¸Ó„Ó ‚ËÔ‡‰ÍÛ:

deg = 3 - ÓÒÍiÎ¸ÍË |{a3}| = |{a2,b}| = |{a2,c}| = |{a,b,c}|

deg = |A|� 2 = 3 - ÓÒÍiÎ¸ÍË |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = 2
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a2 ab ac bc

a3 a2b a2c abc

x y z
m

n
k

p
v

–ËÒÛÌÓÍ 2.3 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a4, b, c}

a2 ab ac bc

a3 a2b a2c abc

x = 3 m = 3 k = 3 v = 3

–ËÒÛÌÓÍ 2.4 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a4, b, c}

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 3

x + y + z = 3

m + y = 3

m + n = 3

z + k = 3

k + p = 3

n + p + v = 3

v = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 3

y = 0

z = 0

m = 3

n = 0

k = 3

p = 0

v = 3

ƒÎˇ ‚ËÔ‡‰ÍÛ ÍÓÎË ‚‡„‡ Â·‡ ‰Ói‚Ì˛∫ 0, ÏË ‚ËÍÎ˛˜‡∫ÏÓ Ú‡ÍÂ Â·Ó iÁ

„‡ÙÛ, ÚÓ·ÚÓ ÏË ÓÚËÏ‡ÎË ÔÓ‚ÌÂ Ô‡ÓÒÔÓÎÛ˜ÂÌÌˇ:

ÃË ÓÚËÏ‡ÎË ÚÓ˜ÌÓ Ú‡ÍËÈ ÊÂ „‡Ù, ˇÍ i Û ÔÓÔÂÂ‰Ì¸ÓÏÛ ‚ËÔ‡‰ÍÛ, Ì‡‚iÚ¸
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a[m/2] a[m/2]�1b a[m/2]�1c a[m/2]�2bc

a[m/2]+1 a[m/2]b a[m/2]c a[m/2]bc

x y z
m

n
k

p
v

–ËÒÛÌÓÍ 2.5 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {am, b, c}

Á Ú‡ÍËÏË ÊÂ ‚‡„‡ÏË. ƒ‡‚‡ÈÚÂ ÒÔÓ·Û∫ÏÓ ÛÁ‡„‡Î¸ÌËÚË Ôi‰ıi‰ ‰Îˇ ‚ËÔ‡‰ÍÛ ÍÓÎË

A = {am, b, c}. fl ·Û‰Û ÒÔË‡ÚËÒ¸ Ì‡ Ú‚Â‰ÊÂÌÌˇ, ˇÍÂ ·ÛÎÓ ‰Ó‚Â‰ÂÌÂ Û ÏÓøÈ

·‡Í‡Î‡‚Ò¸ÍiÈ Ó·ÓÚi:

Ck
n  Ck+1

n , ‰Îˇ ‚ËÔ‡‰ÍÛ ÍÓÎË k < [n/2], ‰Â n - ˆÂ ÍiÎ¸ÍiÒÚ¸ ÂÎÂÏÂÌÚi‚

‚ËÒıi‰ÌÓø ÏÌÓÊËÌË, k - ÔÓÚÛÊÌiÒÚ¸ Ôi‰ÏÌÓÊËÌË.

ŒÚÊÂ, Á‡ ÔËÔÛ˘ÂÌÌˇÏ Ì‡È·iÎ¸¯Â ÒiÏÂÈÒÚ‚Ó ÏÛÎ¸ÚËÔi‰ÏÓÊËÌ, ˇÍi ÌÂ‚-

ÍÎ˛˜‡˛Ú¸Òˇ Ó‰Ì‡ ‚ Ó‰ÌÛ, ÚÓ·ÚÓ Ï‡ÍÒËÏ‡Î¸Ì‡ ÔÓÚÛÊÌiÒÚ¸ Ú‡ÍÓ„Ó ÒiÏÂÈÒÚ‚‡ Ì‡·Û-

‚‡∫Ú¸Òˇ ÍÓÎË ÔÓÚÛÊÌiÒÚ¸ ÍÓÊÌÓø ÓÍÂÏÓø ÏÌÓÊËÌË ‰Ói‚Ì˛∫ [n/2]. |A| = m+2,

ÚÓ‰i ÔÓ·Û‰Û∫ÏÓ ÔÂÂıi‰ ‚i‰ [(m+2)/2�1] ÂÎÂÏÂÌÚÌËı Ôi‰ÏÌÓÊËÌ ‰Ó [(m+2)/2]:

œËÍÎ‡‰ 7. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {am, b, c}:

“‡Í Ò‡ÏÓ ˇÍ ‰Îˇ ÔÓÔÂÂ‰Ì¸Ó„Ó ‚ËÔ‡‰ÍÛ:

deg = [m/2] + 1

deg = |A|� [m/2] = m+ 2� [m/2]
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8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = [m/2] + 1

x + y + z = m + 2 - [m/2]

m + y = [m/2] + 1

m + n = m + 2 - [m/2]

z + k = [m/2] + 1

k + p = m + 2 - [m/2]

n + p + v = [m/2] + 1

v = [m/2] + 1

ƒÎˇ ‚ËÔ‡‰ÍÛ ÍÓÎË A = {am, b, c} ÏË ÓÚËÏ‡ÎË ˇ‚Ìi ÙÓÏÛÎË Ôi‰‡ıÛÌÍÛ

‚‡„i‚ Â·Â „‡ÙÛ, ‰Îˇ Á‡‰‡ÌÓ„Ó m ÚÂ·‡ ÓÁ‚’ˇÁ‡ÚË ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸

ÏÂÚÓ‰ÓÏ √‡ÛÒ‡, Ú‡ ÓÚËÏ‡ÚË ‚‡„Ë, ˇÍi Û‚‡ÌÚ‡Ê‡Ú¸ „‡Ù.

flÍ˘Ó ÁÓ·ËÚË ÔÂÂ‚iÍÛ, Ú‡ Ôi‰ÒÚ‡‚ËÚË m = 3, ÚÓÈ ‚ËÔ‡‰ÓÍ, ˘Ó ‚ÊÂ ·Û‚ ÓÁ-

„ÎˇÌÛÚËÈ Û œËÍÎ‡‰i 6:
8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = [m/2] + 1

x + y + z = m + 2 - [m/2]

m + y = [m/2] + 1

m + n = m + 2 - [m/2]

z + k = [m/2] + 1

k + p = m + 2 - [m/2]

n + p + v = [m/2] + 1

v = [m/2] + 1

)

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = [m/2] + 1 = 2 + 1 = 3

x + y + z = m + 2 - [m/2] = 3

m + y = [m/2] + 1 = 3

m + n = m + 2 - [m/2] = 3

z + k = [m/2] + 1 = 3

k + p = m + 2 - [m/2] = 3

n + p + v = [m/2] + 1 = 3

v = [m/2] + 1 = 3

)
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a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.6 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a2, b2, c}

8
>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 3

y = 0

z = 0

m = 3

n = 0

k = 3

p = 0

v = 3

2.2 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a2, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a2, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Ó‰ËÌ ∫‰ËÌËÈ ÂÎÂÏÂÌÚ Ï‡∫ ÔÓÚÛÊÌiÒÚ¸

Ó‰ËÌËˆˇ.

œËÍÎ‡‰ 8. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a2, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:
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“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-

ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.7 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a2, b2, c}

a2 ab b2 bc c2 ac

a2b a2c b2a b2c c2a c2b abc

x y
m

n
k

p
v

t

i
o

p l b

–ËÒÛÌÓÍ 2.8 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a2, b2, c2}

2.3 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a2, b2, c2}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a2, b2, c2}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ÓÒÍiÎ¸ÍË ÔË m = 1 ‚ËÒıi‰Ì‡ ÏÌÓÊËÌ‡

‚Ú‡˜‡∫ ÏÛÎ¸ÚËÏÌÓÊËÌÌi ‚Î‡ÒÚË‚ÓÒÚi.

œËÍÎ‡‰ 9. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a2, b2, c2}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a3}| = |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 4, |A| = 6, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-
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ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 4

x + m = 3

p + y = 3

m + n = 4

p + k = 4

k + p = 4

p + v = 3

t + b = 3

b + l + t = 4

i + l = 3

i + o = 4

y + t = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 2

m = 1

p = 1

n = 3

k = 3

v = 2

t = 1

b = 2

l = 1

i = 2

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.4 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a3, b, c, d}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a3, b, c, d},

ˇÍ‡ Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌ-

Ìˇ, ‡ Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Í‡ÚÌiÒÚ¸ Ó‰ÌÓ„Ó ÂÎÂÏÂÌÚ‡ ÚË.
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a2 ab b2 bc c2 ac

a2b a2c b2a b2c c2a c2b abc

2 2
1

3
3

1
2

1

2
2

1
1 2

–ËÒÛÌÓÍ 2.9 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a2, b2, c2}

a3 a2b a2c a2d abc abd bdc

a3b a3c a3d abcd

x y z
m k v i p s

–ËÒÛÌÓÍ 2.10 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a3, b, c, d}

œËÍÎ‡‰ 10. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a3, b, c, d}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ÚË-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

˜ÓÚËËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 4 - ÓÒÍiÎ¸ÍË |{a3b}| = |{a3,c}| = |{a3,d}| = |{a,b,c,d}| = 4

deg = |A|� 3 = 3, |A| = 6, |{a3}| = |{a2,b}| = ... = 3

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-

ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
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a3 a2b a2c a2d abc abd bdc

a3b a3c a3d abcd

1 1 3
1 3 3 0

0 0

–ËÒÛÌÓÍ 2.11 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a3, b, c, d}

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

x + z = 4

z = 3

x + y + m = 3

y + k = 4

v + m = 4

i + p + s = 4

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 1

y = 1

k = 3

m = 1

v = 3

i = 0

p = 0

s = 0

z = 3

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.5 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a2, b2, c, d}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a2, b2, c, d},

ˇÍ‡ Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌ-

Ìˇ, ‡ Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Í‡ÚÌiÒÚ¸ Ó‰ÌÓ„Ó ÂÎÂÏÂÌÚ‡ ÚË.

œËÍÎ‡‰ 11. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a2, b2, c, d}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ
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a2b2 a2cd b2cd abcd

a2b2c a2b2d a2bcd b2acd

x y
z k vv

–ËÒÛÌÓÍ 2.12 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a2, b2, c, d}

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ

‰Ó ˜ÓÚËËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 4 - ÓÒÍiÎ¸ÍË |{a3b}| = |{a3,c}| = |{a3,d}| = |{a,b,c,d}| = 4

deg = |A|� 3 = 3, |A| = 6, |{a3}| = |{a2,b}| = ... = 3

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-

ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
8
>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>:

x + y = 2

x = 5

y = 5

z + k = 5

n + m = 5

z = 2

m = 2

)

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

x = 5

y = 5

z = 0

k = 5

n = 5

m = 0
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a2b2 a2cd b2cd abcd

a2b2c a2b2d a2bcd b2acd

5 5
0 5 00

–ËÒÛÌÓÍ 2.13 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a2, b2, c, d}

a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.14 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a3, b2, c}

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.6 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a3, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a3, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÂÎÂÏÂÌÚ‡ a = 3, b = 2, ‡ ÂÎÂÏÂÌÚ c Ï‡∫ ÔÓÚÛÊÌiÒÚ¸ Ó‰ËÌËˆˇ.

ƒÎˇ ‰Ó‚Â‰ÂÌÌˇ ·Û‰ÂÏÓ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË ‚ÊÂ ‚i‰ÓÏËÈ Ôi‰ıi‰ ˜ÂÂÁ Á‚‡ÊÛ‚‡ÌÌˇ

‰‚Ó˜‡ÒÚÍÓ‚Ó„Ó „‡ÙÛ.

œËÍÎ‡‰ 12. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a3, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ 2-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

3-ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:
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“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-

ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1. ƒÎˇ ÓÁ‚’ˇÁÍÛ ÒËÒÚÂÏË ÎiÌiÈÌËı i‚ÌˇÌ¸

ÏÓÊÂ ·ÛÚË ‚ËÍÓËÒÚ‡ÌËÈ ·Û‰¸-ˇÍËÈ ‚i‰ÓÏËÈ ÏÂÚÓ‰, ÓÒÍiÎ¸ÍË Û ˆ¸ÓÏÛ ‚ËÔ‡‰ÍÛ

‚‡ÊÎË‚‡ ÌÂ ¯‚Ë‰ÍiÒÚ¸ ÓÁ‚’ˇÁÍÛ, ‡ ÓÚËÏ‡Ìi ‰‡Ìi. œiÒÎˇ ÓÚËÏ‡ÌÌˇ ‚‡„i‚ ‰Îˇ

ÍÓÊÌÓ„Ó Â·‡, Á·Û‰Û∫ÏÓ ‰‚Ó‰ÓÎ¸ÌËÈ „‡Ù Á ÓÚËÏ‡ÌËÏË ‚‡„‡ÏË ‰Îˇ Ì‡„Îˇ‰ÌÓ-

„Ó ÁÓ·‡ÊÂÌÌˇ ÓÚËÏ‡ÌËı ÂÁÛÎ¸Ú‡Úi‚. ” ÏÓ‰ÛÎi ÔËÍÎ‡‰Ìi Á‡ÒÚÓÒÛ‚‡ÌÌˇ ·Û‰Â

ÔÓÍ‡Á‡ÌÓ, ˇÍ ÏÓÊÌ‡ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË Ôi‰ıi‰ Á‚‡ÊÂÌÌˇ Û Á‡‰‡˜‡ı, ‰Â ÂÒÛÒË

ÌÂÓ·ıi‰ÌÓ Ái‚ÌˇÚË ‰Îˇ ‰‚Óı ˜‡ÒÚËÌ ÒËÒÚÂÏË.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.15 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a3, b2, c}

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.7 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a4, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a4, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ,

‡ Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ a = 4, b = 2, c = 1. –ÓÁ„Îˇ‰‡˛˜Ë Ì‡ÔÓ‚ÌÂÌÌˇ ÒiÏÂÈÒÚ‚

ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ‰Ó ÚËÂÎÂÏÂÌÚÌËı ‰Îˇ ‰ÂÍiÎ¸ÍÓı ‚ËÔ‡‰-

Íi‚ ÏÌÓÊËÌË A = {an, b2, c} ‰Â n - ÔÓÚÛÊÌiÒÚ¸ ‚ıÓÊ‰ÂÌÌˇ ÂÎÂÏÂÌÚÛ a, ‚‡i˛‚‡-

ÌÌˇ ÔÓÚÛÊÌÓÒÚi ÂÎÂÏÂÌÚ‡ a ‰‡∫ ÁÏÓ„Û ‰ÓÒÎi‰ËÚË ÔÓ‚Ó‰ÊÂÌÌˇ ‚‡„i‚ ‰‚Ó‰ÓÎ¸ÌÓ„Ó

„‡ÙÛ ‰Îˇ ÚÓ„Ó, ˘Ó· ÓÚËÏ‡ÚË Á‡„‡Î¸ÌÛ Í‡ÚËÌÛ, Ú‡ ÓÚËÏ‡ÚË ÁÏÓ„Û ÛÁ‡„‡Î¸ÌË-

ÚË ‰‡ÌËÈ Ôi‰ıi‰ ‰Ó‚Â‰ÂÌÌˇ Ì‡ ·iÎ¸¯Û ÍiÎ¸ÍiÒÚ¸ ‚ËÔ‡‰Íi‚.

œËÍÎ‡‰ 13. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a4, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ 2-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

3-ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2



37

a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.16 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a4, b2, c}

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-

ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.17 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a4, b2, c}

2.8 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a5, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a5, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Ó‰ËÌ ∫‰ËÌËÈ ÂÎÂÏÂÌÚ Ï‡∫ ÔÓÚÛÊÌiÒÚ¸

Ó‰ËÌËˆˇ. ŒÒÍiÎ¸ÍË ‚ÊÂ ·ÛÎ‡ ÓÁ„ÎˇÌÛÚ‡ ÔÂ‚Ì‡ ÍiÎ¸ÍiÒÚ¸ ‚ËÔ‡‰Íi‚ ÚÂÓÂÏË, Û

˜‡ÒÚËÌi Ó·ÓÚË, ‰Â ·Û‰Â ÓÁ„ˇÎÌÛÚÓ Ô‡ÍÚË˜ÌÂ Á‡ÒÚÓÒÛ‚‡ÌÌˇ, ∫ ÏÓÊÎË‚iÒÚ¸ Ì‡-

‰‡ÚË ˇ‚Ìi Ï‡ÚÂÏ‡ÚË˜Ìi Ó·’∫ÍÚË, ˇÍi ÏÓÊÌ‡ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË Û Á‡‰‡˜i ÓÁÔÓ‰i-

ÎÂÌÌˇ Ì‡‚‡ÌÚ‡ÊÂÌÌˇ. ƒÎˇ "“ÂÓiø „ÓÎÓÒÛ‚‡Ì¸"ÏÓÊÌ‡ ÓÚËÏ‡ÚË ‚ÂıÌ˛ ÓˆiÌÍÛ

ÔÓÚÛÊÌÓÒÚi ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi Ï‡˛Ú¸ ‰ÛÊÂ ‚‡-

ÊÎË‚Â ÁÌ‡˜ÂÌÌˇ Û ÚÂÓiø „ÓÎÓÒÛ‚‡Ì¸.

œËÍÎ‡‰ 14. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a5, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

–ÓÁ‚’ˇÊÂÏÓ ÒËÒÚÂÏÛ ÎiÌiÈÌËı i‚ÌˇÌ¸ Á‡ ‰ÓÔÓÏÓ„Ó˛ ÏÂÚÓ‰‡ √‡ÛÒ‡, Á‡ÔÓ„‡-

ÏÓ‚‡ÌÓ„Ó Ì‡ ÏÓ‚i ÔÓ„‡ÏÛ‚‡ÌÌˇ Java. ” ÔÓ„‡ÏÛ ÚÂ·‡ ‚‚ÂÒÚË ÍÓÂÙiˆi∫ÌÚË
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a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.18 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a5, b2, c}

ÔË ÍÓÊÌiÈ ÁÏiÌÌiÈ Ú‡ i‚ÌˇÌÌˇ ÔÓ ÍÓÊÌiÈ ÁÏiÌÌiÈ. ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ Îi-

ÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi

Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.19 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a5, b2, c}

a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.20 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a6, b2, c}

2.9 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a6, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a6, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Ó‰ËÌ ∫‰ËÌËÈ ÂÎÂÏÂÌÚ Ï‡∫ ÔÓÚÛÊÌiÒÚ¸

Ó‰ËÌËˆˇ. œÓ‚i‚¯Ë ‰ÂÍiÎ¸Í‡ iÚÂ‡ˆiÈ, Ú‡ ÓÚËÏ‡‚¯Ë ÂÁÛÎ¸Ú‡ÚË ‰Îˇ ˜‡ÒÚËÌÌËı

‚ËÔ‡‰Íi‚, ÏÓÊÌ‡ ‚ Ï‡È·ÛÚÌ¸ÓÏÛ Û‰ÓÒÍÓÌ‡ÎËÚË Ôi‰ıi‰, Ú‡ ÓÁÓ·ËÚË ÔÓ„‡ÏÛ,

ˇÍ‡ ·Û‰Â Ò‡ÏÓÒÚiÈÌÓ ÔÓ‡ıÓ‚Û‚‡ÚË ‚‡„Ë ‰Îˇ ÍÓÊÌÓ„Ó ˜‡ÚËÌÌÓ„Ó ‚ËÔ‡‰ÍÛ, ÚËÏ

Ò‡ÏËÏ ÓÁ¯Ë˛˛˜Ë ÍiÎ¸ÍiÒÚ¸ ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚, ˇÍËÏ Á‡‰Ó‚ÓÎ¸Ìˇ∫ “ÂÓÂÏ‡

1.

œËÍÎ‡‰ 15. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a6, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ 2-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

3-ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:
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“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ ÎiÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË

ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ 2-ÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi-

‰ÏÌÓÊËÌ ‰Ó 3-ÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.10 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a7, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a7, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Ó‰ËÌ ∫‰ËÌËÈ ÂÎÂÏÂÌÚ Ï‡∫ ÔÓÚÛÊÌiÒÚ¸

Ó‰ËÌËˆˇ.
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.21 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a6, b2, c}

a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.22 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a7, b2, c}

œËÍÎ‡‰ 16. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a7, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ 2-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

3-ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ ÎiÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË

ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.23 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a7, b2, c}

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.11 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a8, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a8, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡
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a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.24 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a8, b2, c}

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Ó‰ËÌ ∫‰ËÌËÈ ÂÎÂÏÂÌÚ Ï‡∫ ÔÓÚÛÊÌiÒÚ¸

Ó‰ËÌËˆˇ.

œËÍÎ‡‰ 17. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a8, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ ÎiÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË

ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.25 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a8, b2, c}

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.12 ◊‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ A = {a9, b2, c}

–ÓÁ„ÎˇÌÂÏÓ Ì‡ÒÚÛÔÌËÈ ‚ËÔ‡‰ÓÍ ÏÛÎ¸ÚËÏÌÓÊËÌË ‚Ë‰Û A = {a9, b2, c}, ˇÍ‡

Á‡‰Ó‚ÓÎ¸Ìˇ∫ ÛÏÓ‚Ë “ÂÓÂÏË 1. Õ‡ ÂÎÂÏÂÌÚË Ì‡ÍÎ‡‰‡˛Ú¸Òˇ ‰ÂˇÍi Ó·ÏÂÊÂÌÌˇ, ‡
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a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 2.26 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a9, b2, c}

Ò‡ÏÂ ÔÓÚÛÊÌiÒÚ¸ ÛÒiı ÂÎÂÏÂÌÚi‚ i‚Ì‡, ‡ Ó‰ËÌ ∫‰ËÌËÈ ÂÎÂÏÂÌÚ Ï‡∫ ÔÓÚÛÊÌiÒÚ¸

Ó‰ËÌËˆˇ. «ÛÔËÌËÏÓÒ¸ Ì‡ iÚÂ‡ˆiø ‰Îˇ ˇÍÓø ÏÌÓÊËÌ‡ A = {an, b2, c}, ÔËÈÏ‡∫

‚Ë„Îˇ‰ A = {a9, b2, c}, ÚÓ·ÚÓ n = 9. “‡ÍÓÊ ‰ÛÊÂ ‚‡ÊÎË‚Ó Á‡ÁÌ‡˜ËÚË, ˘Ó ÓÚË-

Ï‡Ìi Ï‡ÚÂÏ‡ÚË˜Ìi Ó·’∫ÍÚË ÏÓÊÌ‡ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË Û Á‡‰‡˜i ÒËÎ¸ÌËı Ú‡ ÒÎ‡·ÍËı

„ÛÔ, ˇÍ‡ ·Û‰Â ÓÁ„ÎˇÌÛÚ‡ Û ÓÁ‰iÎi Ô‡ÍÚË˜ÌËı Á‡ÒÚÓÒÛ‚‡Ì¸.

œËÍÎ‡‰ 18. –ÓÁ„ÎˇÌÂÏÓ ÏÌÓÊËÌÛ A = {a9, b2, c}, Á·Û‰Û∫ÏÓ Ì‡ÔÓ‚ÌÂÌÌˇ ‰‚Ó-

ÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ, ˇÍi ‰Ó·Û‰Û∫ÏÓ ‰Ó

ÚËÂÎÂÏÂÌÚÌÓ„Ó ÒiÏÂÈÒÚ‚‡:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

ÕËÊ˜Â Á‡ÔËÒ‡Ì‡ ÒËÒÚÂÏ‡ ÎiÌiÈÌËı i‚ÌˇÌ¸ Ú‡ øø ÓÁ‚’ˇÁÓÍ. flÍ ÏÓÊÌ‡ ÔÓ·‡˜ËÚË

ÛÒi ÍÓÂÙiˆi∫ÌÚË ÌÂ‚i‰’∫ÏÌi Ú‡ Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1.
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 2.27 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a9, b2, c}

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2

ŒÚÊÂ ÓÚËÏ‡ÎË Á‚‡ÊÂÌËÈ „‡Ù ÔË ÔÂÂıÓ‰i ‚i‰ ‰‚ÓÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË-

Ôi‰ÏÌÓÊËÌ ‰Ó ÚËÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ:

2.13 —Ú‡ÚËÒÚË˜ÌËÈ ‡Ì‡ÎiÁ ÓÁÏiÛ ‡ÌÚËÎ‡Ìˆ˛„‡

ÕÂı‡È ‰‡Ì‡ ÏÛÎ¸ÚËÏÌÓÊËÌ‡ M = {am1
1 , ..., amn

n }. œi‰‡ıÛ∫ÏÓ ÍiÎ¸ÍiÒÚ¸

ÛÒiı ÏÓÊÎË‚Ëı Ôi‰ÏÌÓÊËÌ Ái Á‚‡ÊÂÌÓ˛ ÔÓÚÛÊÌiÒÚ˛ k:
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0  k  |M | = m1 + ...+mn

“Ó‰i ·Û‰¸-ˇÍiÈ Ôi‰ÏÌÓÊËÌi L ✓ M ‚Ë‰Û {ax1
1 , ..., axn

n } ÒÚ‡‚ËÏÓ Û ‚i‰ÔÓ‚i‰-

ÌiÒÚ¸ ‚ÂÍÚÓ:

�!x = (x1, ..., xn), ‰Â 0  x1  m1, ..., 0  xn  mn.

“Â·‡ ÓÁ‚’ˇÁ‡ÚË Ôi‰Á‡‰‡˜Û i ÁÌ‡ÈÚË ÍiÎ¸ÍiÒÚ¸ ‚ÂÍÚÓi‚ �!x = (x1, ..., xn),

ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚‡Ï (l - ‰ÂˇÍÂ ˜ËÒÎÓ Ú‡ÍÂ, ˘Ó 0  l  n):
8
>>>>><

>>>>>:

x1 + ...+ xn = k

0  x1  m1, ..., 0  xl  ml

xl+1 = ... = xn = 0

ÕÂı‡È Dk
l - ‚i‰ÔÓ‚i‰¸ Ì‡ Ôi‰Á‡‰‡˜Û ‰Îˇ Á‡‰‡ÌËı l Ú‡ k, ÚÓ‰i Ó˜Â‚Ë‰ÌÓ, ˘Ó:

Dk
0 = 1, ˇÍ˘Ó k = 0

Dk
0 = 0, ˇÍ˘Ó k 6= 0

“‡ÍÓÊ Ó˜Â‚Ë‰ÌÓ, ˘Ó:

Dk
l+1 = Dk

l +Dk�1
l + ...+Dk�ml+1

l

” ÙÓÏÛÎi Ì‡‚Â‰ÂÌiÈ ‚ËÊ˜Â ÍÓÊÂÌ ‰Ó‰‡ÌÓÍ ‚Ë‰Û Dk�l
l ÒÚ‡‚ËÚ¸Òˇ Û ‚i‰-

ÔÓ‚i‰ÌiÒÚ¸ Ôi‰ÏÌÓÊËÌ‡Ï, ‚ ˇÍËı Í‡ÚÌiÒÚ¸ ÂÎÂÏÂÌÚ‡ al+1 ‰Ói‚Ì˛∫ b (0  b 

ml+1). –ÓÁ„ÎˇÌÂÏÓ ÔÓÒÚËÈ ‚ËÔ‡‰ÓÍ:

k  m1,..., k  mn

“Ó‰i Ì‡ ‚ÂÍÚÓ �!x = (x1, ..., xn) Ì‡ÍÎ‡‰‡∫Ú¸Òˇ ÎË¯Â Ó‰Ì‡ ÛÏÓ‚‡:

x1 + ...+ xn = k, x1,...,xn 2 N [ {0}

œÂÂÔË¯ÂÏÓ ˆ˛ ÛÏÓ‚Û ‰Ó‰‡‚¯Ë‰Ó ÍÓÊÌÓ„Ó xi Ó‰ËÌËˆ˛ Á Îi‚Óø ˜‡ÒÚËÌË,

Ú‡ ‰Ó‰‡‚¯Ë n Á Ô‡‚Óø:
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(x1 + 1)...+ (xn + 1) = k + n

x1,...,xn 2 N [ {0}

¿ ÚÂÔÂ ÔÂÂÔË¯ÂÏÓ ˆ˛ ÙÓÏÛÎÛ Á‚‡Ê‡˛˜Ë Ì‡ ÌÓ‚i ÔÓÁÌ‡˜ÂÌÌˇ:

y1 + ...+ yn = k + n

y1 = x1 + 1, ..., yn = xn + 1

y1,...,yn 2 N

œÂ‰ÒÚ‡‚ËÏÓ ÓÁ·ËÚÚˇ ˜ËÒÎ‡ k+n Û ÒÛÏÛ y1+ ...+ yn, ˇÍ ÓÁiÁ ÔÓÎÓÒÍË

ÓÁÏiÓÏ 1⇥ (k + n) Ì‡ ÔÓÎÓÒÍË ÓÁÏi‡ÏË 1⇥ y1,...,1⇥ yn:

œËÍÎ‡‰ 19. –ÓÁ„ÎˇÌÂÏÓ i‚ÌˇÌÌˇ y1 + y2 + y3 = 5:

5 = 3 + 1 + 1

5 = 2 + 2 + 1

5 = 2 + 1 + 2

5 = 1 + 3 + 1

5 = 1 + 2 + 2

5 = 1 + 1 + 3

 ÓÊÂÌ ÔÂÂiÁ - ˆÂ ‚Ë·i (n� 1) ÓÁiÁÛ Á(k + n� 1) ÏÓÊÎË‚Ëı, ÚÓ·ÚÓ:

Cn�1
k+n�1

flÍ ‰Ó‚ÂÒÚË, ˘Ó D[|M |/2]
n - Ì‡È·iÎ¸¯‡ (ÌÂÒÚÓ„Ó) Á ÛÒiı Dx

n(0  x  |M |)?

¬ËÍÓËÒÚÓ‚Û˛˜Ë iÌ‰ÛÍˆi˛ ÔÓ n ‰Ó‚Â‰ÂÏÓ, ˘Ó:

D0
n  D1

n  ...  D[|M |/2]
n .

Œ˜Â‚Ë‰ÌËÈ Ù‡ÍÚ, ˘Ó Dx
n = D|M |�x

n - iÌ‚ÂÒiˇ ÏÌÓÊËÌË.

ƒÓ‚Â‰ÂÌÌˇ. flÍ˘Ó k  [|M |/2], ÚÓ Dk
n  Dk+1

n :

k = (n� 1)/2, ÚÓ‰i Dk
n  Dk+1

n

k  n/2� 1, ÚÓ‰i Dk
n = Dk

n�1D
k�1
n�1
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¬ËÍÓËÒÚ‡∫ÏÓ ÌÂi‚ÌiÒÚ¸:

Dk
n�1 +Dk�1

n�1  Dk+1
n�1 +Dk

n�1

—ÍÓÓÚË‚¯Ë ÓÚËÏ‡∫ÏÓ:

Dk�1
n�1  Dk+1

n�1

“‚Â‰ÊÂÌÌˇ iÌ‰ÛÍˆiø:

D0
n  D1

n  ...  D[|M |/2]
n

ŒÒÍiÎ¸ÍË k  n/2� 1, ÚÓ k  (n� 2)/2, ÚÓ‰i k < (n� 1)/2.

Dk
n�1  Dk�1

n�1

Dk
n�1 < Dk�1

n�1

«‡‰ÂÍÎ‡Û∫ÏÓ ÏÛÎ¸ÚËÏÌÓÊËÌË:

M = {ax1
1 , ..., axn

n }

M = {ax1
1 , ..., axn�1

n�1 }

ÕÂı‡È Dk
|M | ÍiÎ¸ÍiÒÚ¸ k ÂÎÂÏÂÌÚÌËı ÏÛÎ¸ÚË‚Ë·iÓÍ Á M , ÚÓ‰i Dk

|M | =

Dk
|M | +Dk�1

|M | + ...+Dk�x
|M | = 0, ‚‡ıÓ‚Û˛˜Ë, ˘Ó Dk

|M | = D|M |�k
|M | .

ƒÓ‚Â‰ÂÌÌˇ ÔÓ iÌ‰ÛÍˆiø: Dk
|M | = Dk�bn

|M | + ...+Dk
|M |, ‰Â M = D \ abnn .

ƒÎˇ Ôi‰‡ıÛÌÍÛ ·iÎ¸¯ ÒÍÎ‡‰ÌËı ‚ËÔ‡‰Íi‚, ÍÓÎË ÍiÎ¸ÍiÒÚ¸ ÂÎÂÏÂÌÚi‚ Û

ÏÛÎ¸ÚËÏÌÓÊËÌi ‰Ó‚iÎ¸Ì‡ Ú‡ ÔÓÚÛÊÌiÒÚ¸ ÍÓÊÌÓ„Ó ÂÎÂÏÂÌÚ‡ ÚÂÊ ‰Ó‚iÎ¸Ì‡, ÏÓ-

ÊÌ‡ ‚ËÍÓËÒÚ‡ÚË ÙÓÏÛÎÛ ‚ÍÎ˛˜ÂÌ¸ Ú‡ ‚ËÍÎ˛˜ÂÌ¸ Á‡‰Îˇ ‚Ëi¯ÂÌÌˇ Á‡‰‡˜i,

ÚÓ·ÚÓ Ó·‡ıÛÌÓÍ ‰Îˇ ÍÓÊÌÓ„Ó ÂÎÂÏÂÌÚ‡ ‚Â‰ÂÚ¸Òˇ ‰Îˇ ÚËı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ

ˇÍËÏ ‚iÌ Ì‡ÎÂÊËÚ¸ Ú‡ Á ˇÍËı ‚ËÍÎ˛˜‡∫Ú¸Òˇ, ˘Ó· ‚ËÍÎ˛˜ËÚË ÔÓ‚ÚÓË:
�����

n[

i=1

Ai

����� =
nX

k=1

(�1)k+1

 
X

16i1<···<ik6n

|Ai1 \ · · · \ Aik|
!
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¬ËÒÌÓ‚ÍË ‰Ó ÓÁ‰iÎÛ 2

–ÓÁ„ÎˇÌÛÚÓ Ú‡ ‰Ó‚Â‰ÂÌÓ ˜‡ÒÚËÌÌi ‚ËÔ‡‰ÍË, ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë ÚÂÓ-

ÂÏË. –ÓÁ„ÎˇÌÛÚÓ Ú‡ Á‡ÔÓÔÓÌÓ‚‡ÌÓ ÏÓÊÎË‚iÒÚ¸ ÒÚ‡ÚËÒÚË˜ÌÓ„Ó Ó·‡ıÛÌÍÛ ÔÓ-

ÚÛÊÌÓÒÚi ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ. «‡ÔÓÔÓÌÓ‚‡-

ÌÓ ÌÓ‚i ÏÓÊÎË‚ÓÒÚi ‰Ó‚Â‰ÂÌÌˇ ÛÒÍÎ‡‰ÌÂÌËı ‚ËÔ‡‰Íi‚ ÚÂÓÂÏË Ú‡ ÓÁ¯ËÂÌÓ

˜‡ÒÚËÌÌi ‚ËÔ‡‰ÍË, ˇÍi ÏÓÊÌ‡ ‚ËÍÓËÒÚÓ‚Û‚‡ÚË ‰Îˇ ÔËÍÎ‡‰ÌËı Á‡‰‡˜.
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3 œ–¿ “»◊Õ≈ «¿—“Œ—”¬¿ÕÕfl

3.1 “ÂÓiˇ „ÓÎÓÒÛ‚‡ÌÌˇ

—ËÒÚÂÏ‡ „ÓÎÓÒÛ‚‡ÌÌˇ Ì‡ ÏÌÓÊËÌi ‚Ë‰Û M = {ax1
1 , ..., axn

n } - ˆÂ Ú‡Í‡ ÙÛÌ-

Íˆiˇ:

F = B(M) ! {0,1}

8A,B ✓ M : A ✓ B, ÚÓ F (A)  F (B)

ƒÂ B(M) - ÒiÏÂÈÒÚ‚Ó ‚Òiı ÏÛÎ¸ÚËÔi‰ÏÌÓÊËÌ L ✓ M

«‚ÂÌÂÏÓ Û‚‡„Û, ˘Ó F ‚Á‡∫ÏÌÓ-Ó‰ÌÓÁÌ‡˜ÌÓ Á‡‰‡∫Ú¸Òˇ Ì‡·ÓÓÏ "ÏiÌiÏ‡Î¸-

ÌËı ÔÓıi‰ÌËı Ôi‰ÏÌÓÊËÌ":

F (L) = 1, L ✓ M

8K ⇢ L : F (K) = 0

—iÏÂÈÒÚ‚Ó ÌÂ‚ÍÎ‡‰ÂÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ [3] Ï‡∫ ‰ÛÊÂ ‚‡ÊÎË‚Â ÁÌ‡-

˜ÂÌÌˇ, ÓÒÍiÎ¸ÍË ÔÂ‰ÒÚ‡‚Îˇ∫ ÒÓ·Ó˛ Ì‡·i ÏÌÓÊËÌ ˇÍi ÌÂÏÓÊÎË‚Ó ÔÓi‚ÌˇÚË

ÏiÊ ÒÓ·Ó˛ Û ‡ÏÍ‡ı Á‡‰‡˜i ÚÂÓiø „ÓÎÓÒÛ‚‡Ì¸. ÃÓÊÎË‚iÒÚ¸ Ï‡ÚË Ì‡ ÔËÏiÚÍÛ

ÏÌÓÊËÌË, ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚Ë “ÂÓÂÏË 1 ∫ ‰ÛÊÂ ‚‡ÊÎË‚ËÏ ÔËÍÎ‡‰ÌËÏ

ÏÓÏÂÌÚÓÏ, ÓÒÍiÎ¸ÍË ‚ ÚÂÓøø „ÓÎÓÒÛ‚‡Ì¸ ÏË ·Û‰ÂÏÓ Ï‡ÚË ·ÂÁÔÓÒÂÂ‰Ì¸Ó Ï‡-

ÚË ÒÔ‡‚Û Á ˆËÏË ÏÌÓÊËÌ‡ÏË, ‡ ÓÚÊÂ Ï‡ÚË ÔÂ‰ÒÚ‡‚ÎÂÌÌˇ ÔÓ ÔÓÚÛÊÌiÒÚ¸ Ú‡

ÒÚÛÍÚÛÛ Ú‡ÍËı ÏÌÓÊËÌ ∫ ‰ÛÊÂ ‚‡ÊÎË‚ËÏ ÔËÍÎ‡‰ÌËÏ Ì˛‡ÌÒÓÏ.

ÃÌÓÊËÌ‡ M = {ax1
1 , ..., axn

n } ÏÓÊÂ ÔÂ‰ÒÚ‡‚ÎˇÚË Ô‡Úiø, ‡ ÍÓÊÂÌ ÂÎÂÏÂÌÚ

ai - Ó‰ËÌËˆ˛ Ô‡Úiø, ÚÓ·ÚÓ Î˛‰ËÌÛ, ˇÍ‡ ÏÓÊÂ ‚i‰‰‡ÚË Ò‚iÈ „ÓÎÓÒ.  ÓÊÌ‡ Î˛‰Ë-

Ì‡ ˇÍ‡ Ì‡ÎÂÊËÚ¸ Ó‰ÌiÈ Ô‡Úiø ·Û‰Â ÓÁÎˇÌÛÚ‡, ˇÍ ÂÍ‚i‚‡ÎÂÌÚÌ‡ ‚ ‡ÏÍ‡ı ‰‡ÌÓø

Ô‡Úiø, ÚÓ·ÚÓ „ÓÎÓÒË Ú‡ÍËı ‚Ë·Ó˜Ëı Ó‰ËÌËˆ¸ ∫ i‚ÌÓÁÌ‡˜ÌËÏË. œi‰ÒÛÏÛ∫ÏÓ:

ÏÌÓÊËÌ‡ M = {ax1
1 , ..., axn

n }, ÒÍÎ‡‰‡∫Ú¸Òˇ Á Ô‡ÚiÈ ai, ‡ xi - ˆÂ ÍiÎ¸ÍiÒÚ¸ ‚Ë·Ó-

˜Ëı Ó‰ËÌËˆ¸ Û Ô‡Úiø (Î˛‰ÂÈ).
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3.2 œÓÚÓÍË Û „‡Ù‡ı

” ÚÂÓiø ‡Î„ÓËÚÏi‚ Ú‡ ‰ÓÒÎi‰ÊÂÌÌi ÓÔÂ‡ˆiÈ ÔÓ·ÎÂÏ‡ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó

ÔÓÚÓÍÛ ‚ÍÎ˛˜‡˛Ú¸ ÔÓ¯ÛÍ ÏÓÊÎË‚Ó„Ó ÔÓÚÓÍÛ Ì‡ „‡Ùi ˜ÂÂÁ ÏÂÂÊÛ ÔÓÚÓÍi‚.

÷ˇ Á‡‰‡˜‡ Ï‡∫ ‰ÛÊÂ ‚‡ÊÎË‚Â ÁÌ‡˜ÂÌÌˇ, ÓÒÍiÎ¸ÍË ÔÓ·ÎÂÏË, ˇÍi ‚Ëi¯Û˛Ú¸Òˇ Á‡

‰ÓÔÓÏÓ„Ó˛ Ûi‚ÌÓ‚‡ÊÂÌÌˇ „‡ÙÛ, Ú‡ ÔÓ¯ÛÍÛ Ì‡ÈÍÓÓÚ¯Ó„Ó Ú‡ Ì‡È‰Â¯Â‚¯Ó„Ó

¯ÎˇıÛ ‰ÛÊÂ ‚‡ÊÎË‚i Û Ú‡ÌÒÔÓÚÌËı Á‡‰‡˜‡ı.

œÓ·ÎÂÏÛ Ï‡ÍÒËÏ‡Î¸ÌÓ„Ó ÔÓÚÓÍÛ ÏÓÊÌ‡ ÓÁ„Îˇ‰‡ÚË ˇÍ ÓÍÂÏËÈ ‚ËÔ‡‰ÓÍ

·iÎ¸¯ ÒÍÎ‡‰ÌËı ÔÓ·ÎÂÏ, Ú‡ÍËı ˇÍ ÔÓ·ÎÂÏ‡ ˆËÍÛÎˇˆiø. Ã‡ÍÒËÏ‡Î¸ÌÂ ÁÌ‡-

˜ÂÌÌˇ ÔÓÚÓÍÛ ‰Ói‚Ì˛∫ ÏiÌiÏ‡Î¸ÌiÈ ÔÓÔÛÒÍÌiÈ Á‰‡ÚÌÓÒÚi ÓÁiÁÛ Û ÏÂÂÊi, ˇÍ

Á‡ÁÌ‡˜ÂÌÓ ‚ ÏiÌiÏ‡Î¸ÌÓÏÛ Ï‡ÍÒËÏ‡Î¸ÌÓÏÛ ÔÓÚÓÍÛ. « ÚÓ˜ÍË ÁÓÛ Á‡‰‡˜i, ˇÍ‡ ÓÁ-

„ˇ‰‡∫Ú¸Òˇ Û ‰‡ÌiÈ Ó·ÓÚi, ÏË ÓÁ„ÎˇÌÂÏÓ ˜‡ÒÚÍÓ‚ËÈ ‚ËÔ‡‰ÓÍ Ú‡ÌÒÔÓÚÌÓø Á‡-

‰‡˜i, ‰Â ÓÎ¸ ÔÛÌÍÚi‚ Á‡øÁ‰Û (‰ÓÒÚ‡‚ÍË) ÚÓ‚‡i‚ ‚i‰i„‡˛Ú¸ ‰ÓÎi ‰‚Ó˜‡ÒÚÍÓ‚Ó„Ó

„‡ÙÛ. «‡‰‡˜‡ ∫ ‚ËÓÍÂÏÎÂÌÓ˛ ˜‡ÚËÌÓ˛ Ú‡ ∫ Ôi‰ÏÌÓÊËÌÓ˛ Á‡„‡Î¸ÌËı Ú‡ÌÒ-

ÔÓÚËı Á‡‰‡˜.

–ÓÁ„ÎˇÌÂÏÓ Á‡ÒÚÓÒÛ‚‡ÌÌˇ ‰‡ÌÓ„Ó ÒÔÓÒÓ·Û ·‡Î‡ÌÒÛ‚‡ÌÌˇ „‡ÙÛ Ì‡ ÔËÍÎ‡-

‰i:

x
y

z
k

m n

–ËÒÛÌÓÍ 3.1 — ÔËÍÎ‡‰ ÒËÒÚÂÏË ‰Îˇ ·‡Î‡ÌÒÛ‚‡ÌÌˇ

« ÏÓ∫ø ·‡Í‡Î‡‚Ò¸ÍÓø Ó·ÓÚË ‚i‰ÓÏÓ ‚ËÔ‡‰ÓÍ, ˇÍËÈ ·ÛÎÓ ‰Ó‚Â‰ÂÌÓ, ‡ Ò‡-

ÏÂ K = {am,bn}, ÚÓ·ÚÓ ÂÎÂÏÂÌÚ a Ï‡∫ ÔÓÚÛÊÌiÒÚ¸ m, ‡ ÂÎÂÏÂÌÚ b — n. ƒÎˇ

ˆ¸Ó„Ó ‚ËÔ‡‰ÍÛ ·ÛÎÓ ÓÚËÏ‡ÌÓ ˇ‚ÌËÈ ‚Ë‰ ÙÓÏÛÎ, Á‡ ‰ÓÔÓÏÓ„Ó˛ ˇÍËı ÏÓÊÌ‡

Û‚‡ÌÚ‡ıËÚË „‡Ù.

“Ó·ÚÓ ‰Îˇ ÒËÒÚÂÏË, ˇÍ‡ ÏÓÊÂ ·ÛÚË ÔÂ‰ÒÚ‡‚ÎÂÌ‡ Û ‚Ë„Îˇ‰i ‰‚Ó˜‡ÒÚÍÓ‚Ó„Ó
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„‡ÙÛ, ‰Â ÍÓÊÌ‡ ‰ÓÎˇ ÔÂ‰ÒÚ‡‚Îˇ∫ ÒÓ·Ó˛ Ó‰ÌÓÚËÔÌi i‚ÌÓ‚‡ÊÌi ‚ÛÁÎË, iÌ¯ËÏË

ÒÎÓ‚‡ÏË ‚Òi ‚ÛÁÎË, ˇÍi Ì‡ÎÂÊ‡Ú¸ Ó‰ÌiÈ ‰ÓÎi „‡ÙÛ - ÂÍ‚i‚‡ÎÂÌÚÌi Ú‡ Ï‡˛Ú¸ Ó‰ÌÛ

‚‡„Û. ƒÎˇ ÔËÍÎ‡‰Û ˆÂ ÏÓÊÛÚ¸ ·ÛÚË ‰ÊÂÂÎ‡ÏË ÒÔÓÊË‚‡ÌÌˇ Ì‡ÔÛ„Ë, ‡ Â·‡

- ˆÂ ÔÓ‚Ó‰Ë Á ‚i‰ÔÓ‚i‰ÌËÏË ÍÓÂÙiˆi∫ÌÚ‡ÏË ÓÔÓÛ (‰ÛÊÂ „Û·ËÈ ÔËÍÎ‡‰). “Ó-

‰i ÏÓÊÌ‡ ‚i‰ÔÓ‚i‰ÌÓ ‚Ëi¯Ë‚¯Ë ÒËÒÚÂÏÛ i‚ÌˇÌ¸, ÔÂÂ‰ ˆËÏ Á‡‰‡‚¯Ë ÒÚÛÔÂÌi

‰Îˇ ‚ÂıÌ¸Óø Ú‡ ÌËÊÌ¸Óø ‰ÓÎi, ÓÚËÏ‡ÚË Ì‡‚‡ÌÚ‡ÊÂÌÌˇ ‰Îˇ ÍÓÊÌÓ„ÓÂ·‡ Á‡‰Îˇ

·‡Î‡ÌÒÛ‚‡ÌÌˇ „‡ÙÛ. ŒÚÊÂ, ˇÍ˘Ó ‚ÁˇÚË Á‡ ÔËÍÎ‡‰ ÏÛÎ¸ÚËÏÌÓÊËÌÛ, ‰Îˇ ˇÍÓı

‚ÊÂ ·ÛÎÓ ‰Ó‚Â‰ÂÌÓ ÛÒÍÎ‡‰ÌÂÌËÈ ‚ËÔ‡‰ÓÍ ÚÂÓÂÏË, Ú‡ Ó·‡ıÛ‚‡ÚË ÒÚÛÔÂÌi ‚ıÓ-

Ê‰ÂÌÌˇ ‰Îˇ ÍÓÊÌÓø ‰ÓÎi, ÏÓÊÌ‡ ÓÚËÏ‡ÚË Á‚‡ÊÂÌÛ ÒËÒÚÂÏÛ. “ÓÊ ÓÁ„ÎˇÌÂÏÓ

ÔËÍÎ‡‰:

ÕÂı‡È K = {2,2,2,3,3}, ÚÓ·ÚÓ ÏÌÓÊËÌ‡ K ✓ {am,bn}.

22 23 32

23 223 322

x
y

z
k

m

–ËÒÛÌÓÍ 3.2 — ÔËÍÎ‡‰ ÒËÒÚÂÏË ‰Îˇ ·‡Î‡ÌÒÛ‚‡ÌÌˇ

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{22}| = |{2,3}| = |{32}| = 3

deg = |K|� 2 = 3, |K| = 5, |{32,2}| = |{22,3}| = |{b,c}| = |{23}| = 3

flÍ ÏÓÊÌ‡ ·‡˜ËÚË ÓÚËÏ‡ÎË deg = deg = 3, Á‡‰Îˇ ÁÛ˜ÌÓÒÚi ÏÓÊÌ‡ ÓÁi-

ÎËÚË ÓÚËÏ‡Ìi ÍÓÂÙiˆi∫ÌÚË Ì‡ 3, ÚÓ·ÚÓ ÔÓÚÛÊÌÓÒÚi ÒÚÛÔÂÌi‚ ‚ıÓ‰Û Û ‚ÂıÌ˛ Ú‡

ÌËÊÌ˛ ‰ÓÎi ‰Ói‚Ì˛˛Ú¸ Ó‰ËÌËˆi.
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8
>>>>>>>>><

>>>>>>>>>:

x + y = 1

y + z = 1

z + k = 1

k + m = 1

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

x = 1

y = 0

z = 1

k = 0

m = 1

ÕÂı‡È K = {2,2,2,3,3,3}, ÚÓ·ÚÓ ÏÌÓÊËÌ‡ K ✓ {am,bn}.

22 23 32

23 223 322 33

x
y

z
k

m p

–ËÒÛÌÓÍ 3.3 — ÔËÍÎ‡‰ ÒËÒÚÂÏË ‰Îˇ ·‡Î‡ÌÒÛ‚‡ÌÌˇ

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:

deg = 3 - ÓÒÍiÎ¸ÍË |{22}| = |{2,3}| = |{32,2}| = 3

deg = |K|� 2 = 4, |K| = 6, |{32,2}| = |{22,3}| = |{b,c}| = |{23}| = 3

flÍ ÏÓÊÌ‡ ·‡˜ËÚË ÓÚËÏ‡ÎË deg = 3, deg = 4, Á‡‰Îˇ ÁÛ˜ÌÓÒÚi ÏÓÊÌ‡

ÓÁiÎËÚË ÓÚËÏ‡Ìi ÍÓÂÙiˆi∫ÌÚË Ì‡ 3, ÚÓ·ÚÓ ÔÓÚÛÊÌÓÒÚi ÒÚÛÔÂÌi‚ ‚ıÓ‰Û Û ‚ÂıÌ˛

Ú‡ ÌËÊÌ˛ ‰ÓÎi ‰Ói‚Ì˛˛Ú¸ Ó‰ËÌËˆi.
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a2 ab ac bc b2

a2b a2c b2a b2c abc

x y
m

n
lk

p t v
i

o

–ËÒÛÌÓÍ 3.4 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a9, b2, c}

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

x + y = 4

y + z = 3

z + k = 4

k + m = 3

m + p = 4

p = 3

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

x = 3

y = 1

z = 2

k = 2

m = 1

p = 3

“‡ÍËÏ ÊÂ ˜ËÌÓÏ ÏÓÊÌ‡ Á‡ÒÚÓÒÛ‚‡ÚË ‰‡ÌËÈ ÚËÔ Û‚‡ÌÚ‡ÊÂÌÌˇ Ì‡ ˜‡ÒÚÍÓ‚Ëı

‚ËÔ‡‰Í‡ı, ˇÍi ·ÛÎË ‰Ó‚Â‰ÂÌi ‚Ë˘Â, Ì‡ÔËÍÎ‡‰:

ƒÎˇ ÒËÒÚÂÏË, ˇÍ‡ Ï‡∫ ‚Ë„Îˇ‰, ‡·Ó ÓÔËÒÛ∫Ú¸Òˇ ÏÌÓÊËÌÓ˛ A = {a9, b2, c},

Á‡‰‡ÌÓ „‡Ù, ˇÍËÈ ˇ‚ÌÓ ÏÓÊÌ‡ Û‚‡ÌÚ‡ÊËÚË:

“‡Í Ò‡ÏÓ, ˇÍ i Û ‚ËÔ‡‰Í‡ı ‡Ìi¯Â Ôi‰‡ıÛ∫ÏÓ ÁÌ‡˜ÂÌÌˇ ‚‡„i‚ Á‡ ÙÓÏÛÎÓ˛:
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a2 ab ac bc b2

a2b a2c b2a b2c abc

2 1
1

2
02

1 1 2
1

2

–ËÒÛÌÓÍ 3.5 — „‡Ù Á ‚‡„‡ÏË, ‰Îˇ ÏÛÎ¸ÚËÏÌÓÊËÌË A = {a9, b2, c}

deg = 3 - ÓÒÍiÎ¸ÍË |{a2,b}| = |{a2,c}| = |{a,b,c}| = ...

deg = |A|� 2 = 3, |A| = 5, |{a2}| = |{a,b}| = |{b,c}| = |{a,c}| = ... = 2

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x + y = 3

x + m = 3

k + y = 3

m + n + l = 3

p + k = 3

n + i = 3

t + v = 3

t + b = 3

p + l + v = 3

i + l = 3

t + o = 3

)

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

x = 2

y = 1

m = 1

p = 1

n = 2

k = 2

v = 2

t = 1

l = 0

i = 1

o = 2
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3.3 —ËÎ¸Ìi Ú‡ ÒÎ‡·Íi „ÛÔË

–ÓÁ„ÎˇÌÂÏÓ ·ÛÎÂ‡Ì ÏÌÓÊËÌË A = {1,...,n} Ú‡ ÔÓÁÌ‡˜ËÏÓ ÈÓ„Ó ˇÍ 2A, ÚÓ‰i

ˆÂÈ ·ÛÎÂ‡Ì ÏÓÊÌ‡ ÓÁ·ËÚË Ì‡ ‰‚‡ ÍÎ‡ÒË X Ú‡ Y , ÔË˜ÓÏÛ:

X [ Y = 2A

X \ Y = ;

8N 2 X8M 2 Y : NM

–ÓÁ„ÎˇÌÂÏÓ ÒiÏÂÈÒÚ‚Ó K min ÒËÎ¸ÌËı Ôi‰ÏÌÓÊËÌ, ÚÓ·ÚÓ ‚Òiı Ú‡ÍËı NX ,

˘Ó Y @N 2 X : Y X . ¡Û‰¸-ˇÍÂ ÓÁ·ËÚÚˇ (X,Y ) Á‡‰‡∫ Ì‡·i K. “Ó·ÚÓ, Á‡ ‰ÓÔÓÏÓ-

„Ó˛ ‰Ó‚Â‰ÂÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË, ÓÚËÏ‡ÌÓ ÏÓÊÎË‚iÒÚ¸ ÓˆiÌËÚË

ÓÁÏi ÒiÏÂÈÒÚ‚‡ K.

¬ËÒÌÓ‚ÍË ‰Ó ÓÁ‰iÎÛ 3

–ÓÁ„ÎˇÌÛÚÓ ÔËÍÎ‡‰Ìi ÏÓÊÎË‚ÓÒÚi Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË Û Á‡‰‡˜‡ı: "“Â-

Óiˇ √ÓÎÓÒÛ‚‡Ì¸ "¡‡Î‡ÌÒÛ‚‡ÌÌˇ Ì‡ „‡Ùi"Ú‡ "—ËÎ¸Ìi Ú‡ —Î‡·Íi „ÛÔË". œË‚Â-

‰ÂÌÓ ÔËÍÎ‡‰Ë Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓÂÏË ‰Îˇ ˆËı Á‡‰‡˜. Õ‡‚Â‰ÂÌÓ Ú‡ ÓÔËÒ‡ÌÓ ÒÛ-

ÚÌiÒÚ¸ Á‡‰‡˜ Ú‡ øı ‚‡ÊÎË‚iÒÚ¸ Û ÔÓ‚ÒˇÍ‰ÂÌÌÓÏÛ Ò‚iÚi. –ÓÁ„ÎˇÌÛÚÓ Á‡ÒÚÓÒÛ‚‡ÌÌˇ

‰Ó‚Â‰ÂÌËı ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚ ‰Îˇ Ì‡‚Â‰ÂÌËı Á‡‰‡˜.
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¬»—ÕŒ¬ »

¬ ÂÁÛÎ¸Ú‡Úi ‚ËÍÓÌ‡ÌÌˇ Ó·ÓÚË ‚‰‡ÎÓÒˇ ‰Ó‚ÂÒÚË ÛÒÍÎ‡‰ÌÂÌËÈ ‚ËÔ‡‰ÓÍ ÚÂ-

ÓÂÏË ‰Îˇ ‰ÂˇÍÓø ÍiÎ¸ÍÓÒÚi ˜‡ÒÚËÌÌËı ‚ËÔ‡‰Íi‚ ÏÛÎ¸ÚËÏÌÓÊËÌË. “Ó·ÚÓ ÓÚË-

Ï‡ÌÓ Ï‡ÚÂÏ‡ÚË˜Ìi Ó·’∫ÍÚË, ˇÍi Á‡‰Ó‚ÓÎ¸Ìˇ˛Ú¸ ÛÏÓ‚‡Ï ÚÂÓÂÏË Ú‡ ‚ËÍÓËÒÚ‡ÌÓ

ˆi Ó·’∫ÍÚË ‰Îˇ ÚÓ„Ó, ˘Ó· ÔÓÍ‡Á‡ÚË ÔËÍÎ‡‰Ìi ÏÓÊÎË‚ÓÒÚi Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÚÂÓ-

ÂÏË. –ÓÁ„ÎˇÌÛÚÓ ÔËÍÎ‡‰Ìi ÏÓÊÎË‚ÓÒÚi Á‡ÒÚÓÒÛ‚‡ÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ

ÚÂÓÂÏË Û Ú‡ÍËı ÔËÍÎ‡‰ÌËı Á‡‰‡˜‡ı: "“ÂÓiˇ √ÓÎÓÒÛ‚‡Ì¸ "—ËÎ¸Ìi Ú‡ ÒÎ‡·Íi

„ÛÔË "¡‡Î‡ÌÒÛ‚‡ÌÌˇ ‰‚Ó‰ÓÎ¸ÌÓ„Ó „‡ÙÛ". «‡ÔÓÔÓÌÓ‚‡ÌÓ ÏÓÊÎË‚iÒÚ¸ ÒÚ‡ÚË-

ÒÚË˜ÌÓ Ó·‡ıÛ‚‡ÚË ÔÓÚÛÊÌiÒÚ¸ ÒiÏÂÈÒÚ‚‡ ÌÂ‚ÍÎ˛˜ÌËı Ó‰Ì‡ ‚ Ó‰ÌÛ ÏÌÓÊËÌ.

œË‚Â‰ÂÌÓ ÂÍÛÂÌÚÌÛ ÙÓÏÛÎÛ Á‡ ‰ÓÔÓÏÓ„Ó˛ ˇÍÓø ÏÓÊÌ‡ iÚÂ‡ÚË‚ÌÓ Ó·‡-

ıÛ‚‡ÚË ÍiÎ¸ÍiÒÚ¸ iÁÌËı ÏÛÎ¸ÚËÏÌÓÊËÌ ÓÁÏiÛ k ‚Ë·‡ÌËı iÁ ÏÌÓÊËÌË ÔÓÚÛ-

ÊÌiÒÚ˛ n. –ÓÁÓ·ÎÂÌÓ ÏÂÚÓ‰ ‰Ó‚Â‰ÂÌÌˇ ÛÒÍÎ‡‰ÌÂÌÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË, ˇÍËÈ

·‡ÁÛ∫Ú¸Òˇ Ì‡ ‰Ó‚Â‰ÂÌÌi Á‚Ë˜‡ÈÌÓ„Ó ‚ËÔ‡‰ÍÛ ÚÂÓÂÏË.
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